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ELECTROMAGNETIC SURFACE FIELDS DUE TO A MAGNETIC
DIPOLE BURIED IN A THREE-LAYERED EARTH

By Steven M. Shope'!

ABSTRACT

The Bureau of Mines electromagnetic trapped miner location and commu-
nications system requires a thorough understanding of through-the-earth
electromagnetic wave propagation. An earth model incorporating a mag-
netic dipole buried in a three-layered earth has been developed,. The
dipole source is located in the second subsurface layer. By applica-
tion of proper limiting values, the three-layered model is reduced to
two different two-layered models and eventually to the homogeneous
half-space model. The solutions are in the form of infinite integrals.
A numerical analysis was carried out and a computer program written to
evaluate the surface magnetic fields. Numerical values for the magnet-
ic field at the point above the source are presented in a variety of
models.

TElectrical engineer, Pittsburgh Research Center, Bureau of Mines, Pittsburgh, Pa.



INTRODUCTION

The Bureau of Mines electromagnetic
trapped miner location and communication
program requires a thorough understanding

of subsurface wave propagation since the
effective design of such a system re-
quires a quantitative knowledge of both

characterigtics of the
earth, and the radiational characteris—
tics of the subsurface magnetic dipole.
To gain this understanding of the propa-
gation, it is necessary to combine this
theoretical analysis with the results of
field measurements.

the propagation

Subsurface transmission experiments
have been conducted at a diverse collec-
tion of coal mines throughout the United
States under Bureau contract (8).2 This
has provided the Bureau with a large data
base upon which the analytical propaga-
tional models could be validated. The
data from these field tests present an
opportunity to determine the electrical
conductivity structure at each mine. The
data consist of the surface vertical mag-
netic field strength at four frequencies.
The receiver and source location were
fixed, with the receiver on the surface
directly above the source, Recent anal-
ysis of these data by the Bureau and a
Bureau contractor (1) has suggested that
a model employing the dipole embedded in

a homogeneous half-space does not suffi-
ciently describe the experimental data,

It is the purpose of this discussion to
formulate analytical models that include
a layered subsutrface. This will accommo-
date the surface field effects due to ma-
jor overburden stratification, The de-
velopment begins with the formulation of
a three-layered model from Maxwell's
equations. The source 1s located in the
gsecond layer. By applying proper limit-
ing values to approprilate variables, the
three-layered model reduces to less com-
plex stratifications.

A sgeries of computer programs were
written that numerically evaluate the in-
tegrals which represent the solutions,
The programs allow fields to be computed
at arbitrary points on or above the
earth's surface. 1In this report results
for a number of examples are given. 1In
each case the vertical magnetic field on
the surface directly above the source is
compared with the field strength that
would result for a homogeneous earth with
the electrical conductivity of the source
layer. Field strengths were computed
directly above the source to allow ini-
tial comparison with field data,
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DEFINITION OF

The half-space mwmodel representing the

earth 1s comprised of three regions
of varying conductivity. The boundaries
are located at z = h, b, and -¢, as seen

in figure 1. For the purpose of this

Zinderlined numbexs in parentheses re-
fer to the list of references preceding
the appendix.
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THE PROBLEM

derivation, each regilon is horizontally
infinite, isotropic, and homogeneous,
The electrical characteristics of each
region as expressed by ¢ and £, the con-
ductivity and dielectric constant, re—
spectively, are known to be frequency
independent for most geological materials
aside from certain metallic ores and



frequencies above 1 GHz. Also, the spe-
cific magnetic permeablility u/yp, will
be assumed unity for the subsurface
materials (2, 4).

The buried antenna will be considered
a circular current loop possessing a mag-
netic moment entirely in the z direction.
The geometry of this problem lends itself
to the use of a circular cylindrical co-
ordinate system, with an origin at the
loop axes. As noted in figure 1, the
radial loop axis divides the second layer
into region 2* and 2-. The two regions
are electrically identical, and the pur-
pose of this additional boundary is to
readily include the source by a boundary
conditional at this interface.

Throughout this paper, the rationalized
MKSA (meter, kilogram, second, ampere)
unit system is employed.

DERIVATION OF

The proper field solutions will be
obtained from Maxwell's egquations via
Hertz potentials and application of the

=1 = 9B
VxE+--—a-—t-— 0

7 xH- - gE = 0

at

The analysis of
netic fields 1is

certain electromag-
often facilitated by
use of potentials. The derivation of
field solutions for the problem at hand
will wutilize Hertzian potentials., Hertz

- 3 - -k
E=nq 3¢ (V xIT)

and

H =

- = %
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FIGURE 1. - Magnetic dipole buried in a three-
layered earth, cose A.

FIELD SOLUTIONS

appropriate boundary conditions and
charge distribution. Maxwell's equations
for a homogeneous conducting space are

VeD=p H (1)
VeB=0. (2)
showed it possible to define an elec-
tromagnetic field in terms of a single
vector quantity ﬁ* by the following

relationsghips:
(3)

ke —%
21 (4)

+ -
at Y
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I must be a solution to the following second-order differential equation:

* Bzﬁ* aﬁ*
Vzﬁ - —_— - —= 0 ,
ME v uo Yo (5)

Without any loss of generality, I can be assumed to be a harmonic function with a
time dependence _of e-!w? Denoting the solution 1in each region by subscript 1,
i=0,1, 2, 3,; 1 must satisfy

—% —
VZHI + (NSI + iG]) H! = 0 (6)
in each region.
The above will simplify to
g=* g=¥
Vﬂi“Yiﬂ["O (7
with the substitution of
'Y% = (we; + 10(). (8)

Solutions to this equation are obtained by the separation-of-variables technique
with solutions of the form

. (A2 + v.2)172;, - (32 + y 2)1/2 9
HT = [J, o) + ¥, (Ap)][cosmy + sin mp] [e Yit) i e v z] z . N

Immediately, the symmetry of the problem will reduce this solution.  Since ﬁT must
remain finite as p+0, the Neumann functions Y, (Ap) must be excluded from the solu-
tion owing to their infinite behavior at p = 0. The angular homogeneity of all re-
gions dictates no angular field variation; thus,

-k
oIl
3 ¢ for all 1. (10)
This demands periodic functions; hence only integral values are permitted for m. The
above condition is satisfied for

m cos{m ¢) = m sin (mp) ;
hence
m=0 .

%
The above conditions reduce H; to the general form

172

* 2 2




Since H. has

only a z component, the vector notation will be eliminated.

Allowing

the substitution k, = A2 ¢+ Y[; the solution takes the well-known form

IF = J, (Ap) e

k; can be associated with a complex wave number.

tkiz (12)

Since the fields propagating in the

+z and -z direction may not be of equal amplitudes, the introduction of amplitude co-
efficients ¥{(A) and ¥7()) will generalize the solution:

k z
o= J Op) 197 (e 1% 49t (M e ). (13)
The complete form is the superposition of all soclutions:
= -k k
I =3 Jo (p) {¥7 (e 1% + vt (e 1%} . (14)
A=0

Since ) is a continuum over
integral:

= [T 35 ) {¥7 e

the region o + o,

% 4yt e1%ar .

the summation may be replaced by an

(15)

It was previously shown that the electric and magnetic fields could be expressed in

terms of Hi.

-~

and the magnetic field is

%*
a2ny |
p+ (Y

Hi""

dpaz

It 1s noted that the electric field has
only a ¢ component, while the magnetic
field contains only p and z terms., These
are the expected field orientations pro-
duced by a magnetic dipole with a 2z
moment,

To obtain explicit expressions for E
and H, one must first derive an explicit
expression for Hi. This requires deter-
mination of the coefficients ¥7 (X)) and

E¢|=1 apo

Since Hi has only a z component,

36 o) 197 (e

the electric field is

A} «
E;: = ipyw -—mm
i up¢’

(16)
2 32
"5z nz. (17)

¥f (XA) for the region i of observation.
This will be accomplished by proper ap-
plication of boundary conditions at all
boundaries, The boundary condition that
tangential E and H must be continuous
will be sufficient to solve for all un-

knowns. From the previous expressiong
for E and_H, only the _¢ component of E
and the p component of H are needed to
apply the boundary conditions. Express-
ing these fields as
Zy vt (n)ek12
i e } da (]_8)




and
H = - 32 * -k;z k. z
I T T3 az o Qe trr (eTHE 4wt ()% ay (19)
and utilizing the identity
a =
35 o (A0) = =A3; G) (20)
the above expressions for Eq and H, reduce to
E = * - -k z k
$1 e oI }‘J] (AD) {!’l (X )e = + E[’?' ())e ,Z} dj (21)
and
H ” K
= - K2
ot = [ ki ady Qo) (47 (e ™F -yt ()eFi%gy , (22)

where ¥7 (X) and ¥} (A) are as-yet-undetermined expansion coefficients.

The set of boundary conditions requiring tangential E and H to be continuous across

all boundaries follows:

H - H

P3 P2

Epy = Ep, =0

By~ Hop_

Bgp,” Egp_ =0

le - sz+ =0

Ep) = Bgp, =0

Hpg —Hp, =0

Eog ~ E¢; =0

It can be noted in equation 27, at the
2%, 2 boundary, that H, is discontinuous
across this boundary by an amount equal
to the surface current density j¢ (p).
Since the current loop (antenna) has been

']
[ S
-
~~
©
St

@z=-c (23)
@z=-c (24)
@z=0 (25)
@z =0 (26)
@z=05> (27)
@z="> (28)
@z=nh (29)
@z=nh (30)
modeled as an infinitesimally thin ring

of current, j¢(p) will be the source term
for the field. No bound charges are pre-
sent anywhere 1in the model; thus, there
will be no electric source terms present.



The above set of 8 equations contains 10 unknown coefficients:

F ¥ ¥ + F
Yo (M), ¥ (W), ¥q (A, ¥ (W), ¥, (D)

However, some immediate simplifications
can be made: ¥3 (X) = O since there are
no sources below z = -¢; also ?3 () =0
since there are no sources above z = h.
This reduces the set to eight equations

and eight unknowns.

iple) = I &(p - a),

Before going further, an explicit ex-
pression for the current density, ji(p),
existing at z = o must be obtained. The
loop antenna may be described as a two-
dimensional ring of current, expressed
mathematically as

(31

which can be represented by a Fourier-Bessel integralz

36(0) = [ £ () 3p (o) Mx

(32)

where the expansion coefficient £(A) is defined as

£00) = [ 54(e)9y (Redode

or

£G) = [T 8(p - a) Iy (Apdpdp

(33)

(34)

Owing to the delta function, the integral is readily evaluated to be

f () = Ia Jy(ra) .

(35)

Thus the source term may be represented by the following Fourier-Bessel integral:

igle) = f 1aJj(he)rd

where n = 1 has been chosen to keep the
Fourier-Bessel representation of the
current density in the same functional
space as that of the Hp representation.

The set of eight equations generated
by the boundary conditions 23-30 is given
in the appendix (equations A-1-A-8).
For the purpose of this paper, the sur-
face will be the only region for which
fields are explicitly derived. Hence, an

(36)

*
expression for ﬁh must be obtained. This
requires an explicit form for the coeffi-
cient ¥5(A), which entails simultaneous
evaluation of the eight equations in the
appendix, The lengthly process associ-
ated with this has not been included in
this discussion; however, the final form
of ¥5 (A) is included in the appendix.
Utilizing this, H: may be explicitly ex-
pressed, from which the surface electro-
magnetic fields will follow.



Explicit Field Forms

The form of the vertical magnetic field in region i is

32 *
-2 - S 37
Hyp = . o , (37)
which in region o is
- -k 2z
Hyo = [ 1 v~ ¥ | Jo Gp) ¥5 (e ax . (38)
Likewise, the form of the horizontal magnetic field is
*
LT 39)
Hp! apaz ¥ (
which yields the following in region o:
H % _ -k 2z
po =/ ko Ay (Ap) ¥5 (M)e "07dx . (40)

By including of the expression for ¥7 () into the above integrals, a set of com—
plete solutions may be had for the vertical and radial magnetic fields. The integral
forms for H,, and H,, are

Yoz-koz Jo(lp) IaJl (Aa) T}.Z 1 + Rzae

op
zZ0 -]

2k, (h-b
(kg + k1) {Bp3 [ROI + Bype? )] (41)

s s = e e dA
2k, (b + c) 2k (h-b)
+e Ry Ry, + e }
and
Hpo = of . v @

(ky + k;) {Bys | Rpyp + Ryye

0
e d) (42)

2k1(h-b)]

- - L] e e

+ e R01 R12 + e

2k2(b+c)[
}




where the R;; and T;, terms are the amplitude reflection and transmission coeffi-
clents, respectively, defined as

ki "kJ Zkl
T gEE ™ Tt gEE 3
Recall that y; is defined as
v% = pwlwe; + 10;) & (44)

For low frequencies (<1 MHz)}, the ohmic currents will be muich greater than any
displacement currents; thus Y, can be approximated by

Yi = -luwo; . (43)

Obviously y, = 0; hence k, = ).

Utilizing a well-known convention (6), the fields may be expressed as

Hyy = -bQ, (46)
and
Hyo = by (47)
M
where b = 2yh3 and M 1is the magnet— condition). P, and Q, can be viewed as
ic moment, INA, For observations di- the transmission loss due to the presence

rectly above the buried loop, b is of a conducting earth. Thus Q, and P,
the vertical magnetic field strength may be written as
for a nonconducting earth (free space

"’2k2C
A2Ty, Jo(Ap) 2J,a) [ [Ty | 1+ Ryze
Aa
3
h o - * »
QQ ’E"“' J
Rza—Zkzc Rloe-Zklh + Rlze-Zkzb
(48)

—kl(h+b) kzb ko(h-z)

. s 0. e e e dx
2k, b -2kih —2k1b

+ e ROl Rlze + e
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and
o 2 3, (Aa) ~2k,c
J ATy 91 Ge) Aa Tiz | 1+ Ryze
o3 ..
Po =5
-2k, ¢ -2k, h ~2k b 2k, b
Ry 3 Rje + R),e + e (49)

e da

~2kih =2k;b
RO]. Rlze + e

The above terms in double brackets may be replaced by 1 for small a, this 1Is the di-
pole approximation.3 For J;(Aa), when Aa << 1, 2J,(Aa) .1

Aa

Numerical Evaulation

The above forms simplify for numeri- depth (h). The following new variables
cal evaluation if the dimensional vari- are introduced:
ables are normalized with respect to

D =p/h B = b/h C = c/h Z=12/h
Also,
H = (uuop)’? n, (51)
H is the ratio of source depth to skin The conductivities of regions 1 and 3
depth, In the low—frequency limit the are normalized to the conductivity of the
skin depth becomes infinite; thus H = 0, source layer, region 2. These normalized

and Q, has the value for free space. For conductivities are defined as
a fixed source depth, H is proportional
to the square root of frequency.

$2, = 0,/0; (52)
and 2
S;3 = 03/0; (53)

3The function Jn(x) may be expanded as follows:

J (%) = —X" ] - —X2 + x4
n 2" (n+1) 2 (2n+2) 2 @ 4(2n+2)(2n+4)

- (50)
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It follows that the wave numbers may be expressed as

1
Ky = (22 + 1H25T)H1/2 (54)
ky = (x2 + 1H2)1/2 (55)

and
kg =-%— (x2 + iHZS§3)1/2 . (56)

Introducing a new variable of integrationm,
x = >h,

the Q, and P, expressions for a dipole source become

- 2 23172 —(x24+iH2g2
X2T01T12 1+ ste 2C(x + iH ) e (X +HH Slz) (1 + B)

l [ - L -

Q=3 of
~2(x2 + 102)V %¢ ~2(x2+1628%, )1/ 2 2(x2+iH2)1/ 2B
Rza Role + Rlze
(x2 + iH2)1/ 2B x(1-2)

. .. e J,(xD)e dx (57)

and
-2(x2+iH2)1/2¢

Tg1Typ %2 | 1 + Ryge

l e
PO = 2_0-[

~2(x2+iH2)L/2¢ -2(x2+iH282, )1/2 -2(x2+iH282,)1/28
R23e ROle + Rlze

il 2 2g2 yi/2 2 2y1/72 -
o (¥PHHZSE HU/2(148) + GRHEDV 2B, (o py x(1-2), . (58)

2(x24iH2)1/28 -2(x2+1H28),2)1/2 -2(x2+iH2s,,2)1/2p
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Since the coefficients R;; and T;. are
dimensionless ratios, they remain  nu-
merically unchanged by the variable
transformations. The infinite integrals
contained in Q, and P, have been numeri-
cally evaluated by means of 12-point
gaussian quadrature.

The results of the integration are pre-
sented graphically, as Q, versus H for
various numeric values of the parameters
S;2s 853, B, and C.  These graphs may be

seen in figure 2, Only the fields ob~
gserved coaxially above the source have
been presented, D = 0; here the radial
fields are zero. The dashed curve on

each plot is Q versus H for a homogeneous
half-space with conductivity g,. Compar-
ison of the other curves with the dashed
one shows how the more complicated struc—
tures affect the variation of §, with H
and how the variation differs from thar
of the homogeneous half-space model.

As seen in the graphs, the presence of

would. This is in part due to the
flecting layer below the source.

Ire—

Limiting Cases

From the three-layered half-space solu-
tion, fleld expressions for less complex
layering can be derived by inspection.
Figures 1 and 3-5 characterize the cases
for which solutions will be obtained;
"case A" is the three~layer-earth model
already discussed. These limiting solu-
tions are obtained either by reducing a
layer's vertical dimension to zero or by
letting the conductivity of twe adja-
cent layers be identical; for example,
Gz = 03'

Case B: Two-Layered Half-Space

In this model the half-space has two
layers, with the interface located at
z = b, In this case, the solution is
obtained by allowing o3 = o,; thus 5,5 +1
or C + = in the three-layered expression.

layering may actually produce larger The dipole solutions are
fields than a  homogenecus half-space
~k; (h+b) k,(h-z)
h3 .w AZTOIlee e Jo(lp)dl (59)
Q = 3"}f
e Ry1R;2e + e
PO [ e
2 o
e RO 1R12e + e
The ahove expressions agree with comparison with their work can be made,
an earlier derivation of a dipole buried the following coordinate transformation
in a two-layered earth by Wait and would have to be made: Z+ z + h, and
Spies (7). However, before a direct b > h - b.
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done in case A, the above

(x2+iH282 )1/ 2(1+B)
12 J
[*]

x(1-2)

(xD)e dx

two expres-—

e

(x2+iH)1/ 2B
Ry1Ry2e

(x2+H2s§2)(1+B)

—2(x2+1HZS§2)1/2 ~2(x2+iHZ28

+e

x(1-2)
Jl(xD)e

dx

2 y1/2p
12

e(x2+-1H2)1/2 B

Roi1Rjpe

~2(x241H252 )1/2

+ e

—2(x2+iH28%2)1’2 B

(61)

(62)
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FIGURE 3. - Magnetic dipole buried in a two-
layered earth, case B.
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FIGURE 5. - Magnetic dipole buried in a homo-

geneous half-space, case D,

Graphs of the numerical integration may
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FIGURE 4. - Magnetic dipole buried in a two-
layered earth, case C.

presence of a reflector below the loop,

it is possible to have surface fields
larger than the homogeneous half-space
situation. Conversely, the fields may
also be smaller, depending wupon the
parameters of layer thickness and
conductivity.

Case C: Two-Layered Half-Space

This model 1is comprised of an earth
contalining two layers, with the layer in-
terface located at z = —c. The layer lo-
cated below the loop should serve as a
reflector, causing larger surface fields
than would be expected with a homogeneous
half-space.

This model 1s derived from the three-
layered expression by allowing o; = o,,
hence S),2 »+l, or by setting B = 1. The
case C solutions for the vertical and ra-
dial magnetic fields are

~k,h kg (h-z)

e e Jo(Ap)dx

be seen 1in figure 6. Even without the
‘ —2k2 c
ATy, |1 + Ryge
h3
U = 7,7

(63)

~2kyc -2k,h
R23 Rpze + 1
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and =2k,c =koh ko(h-z)

hd = . (64)
of

~2kye  =2k,h

After transformation of variables to facilitate numerical evaluation

~2(x2+1H2)1/2¢ 7} —(x2+iH2)1/2

e
1 - » -
QO =2 of
-2(x2+iH2)1/2 (Cc + 1)
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. e J,(xD)e dx
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and

-2(x2+iH2)C

x2 Ty 1 + Rpze

~(x2+iH2)1/2 x(1-2)
e J1(xD)e dx

. (66)

-2(x2+1H2) 1/2(C+1)

1 + R02R23e

Graphs created by the evaluation of the
previous expressions may be seen in fig-
ure 7, Again, depending wupon the value
of the lower layer's conductivity and
position, the surface fleld may be larger
or smaller than the homogeneous half-
space case. By examining the graphs, one
can see that when o3 1s greater than o),
the surface field decreases. The phase
of the reflected field is reversed from
that of the primary field; thus, there is
a degree of cancellation at the surface.

Case D: Homogeneous Half-Space

As a final example, the homogeneous
half-space expression may be derived from
the case A (three-layered half-space)
expresgsions. This is done by simply com—
bining the limiting factors introduced in
the previous two cases; that is, §5;52 = 1
and $,32 = 1,

The case D solutions for the vertical
and radial magnetic surface fields are

QO - h3 fm Ave JO(AP)E dXx (67)
° (Atk,)
and
, ~koh ko(h-z)
Ave Ji(Aple dx
P_ = h3 f°° 1P . (68)
° ° (A+k,)
As in the previous examples, the variable of integration may be changed to facili-
tate numerical integration:
-(x%+iH2) /& x(1-2)
Q = f“ x’e Jo(xD)dx (69)
° e x + (x2+in2)1/2
and
-(x2+iH2)1/ 2+ x(1-Z)
x3e J, (xD) dx
L 1 D) . (70)
Py =S X ¥ (xZHHAZ)172Z
The above expressions for Q, have been cases; thus, mno separate graph of the
evaluated and superimposed as a dashed homogeneous half-space model is included.

line on the graphs of the previous three
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FIGURE 7. - Normalized H, for a dipole buried in a two-layered earth, case C,

CONCLUSIONS

This discussion has shown the electro-
magnetic surface field solutions for a
magnetic dipole buried in a three-layered
earth as derived from Maxwell's equa-
tions. Two approximations were made, the
first ©being that the displacement cur—
rents are negligible as compared with the
ohmie currents; this is certainly valid
in the frequency range of interest (less
than 5 kHz). The other assumption is
that the loop radius is small compared
with the burial depth and may be consid-
ered a dipole source.

Even in instances when this may not be
valid, the approximation was made late in
the formulation and the final solutlons

may be readily adapted to account for a
finite-size loop.

As seen 1in the three cases involv-
ing stratified half-space models, the ef~-
fects of layering produce nontrivial
changes in the surface fields as compared
with the homogeneous half-space model.
The magnitude of these effects 1is wholly
dependent upon the characteristics of
the layers as expressed by conductivity,
thickness, frequency, and position. Not
only are the surface fields diminished,
but in some instances the stratification
may cause larger filelds than expected.
The mechanisms responsible for altering
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the fields appear to be attenuation, re~
flection (transmission) effects of the
interfaces, and constructive (destruc-
tive) addition of fields due to phase
shifts caused by interface reflections.

The programs developed will be use-
ful for several purposes——interpreting
data from past field tests, planning
search procedures, developing location

procedures, and predicting the signal to
noise ratios for calculation of signal
detection probabilities. However, the
primary objective of this work is to
compare existing and ongoilng experimental
data with the various theoretical models.
From this, it may be found that VF (voice
frequency) through-the-earth propagation
may be best represented by one particular
model in a majority of cases.
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APPENDIX.~—BOUNDARY EQUATION SET

The set of eight equations generated by application of tangential continuity bound-
ary conditions follows:

—kzc kzc k.a -k3c
¥3 (Mde - ¥3_ e "%, ¥E (Me =0 (A-1)
-k k k -k
¥ (e 2 +v3 (e 2 - I ¥i Qe R (A-2)
Ia J] (Aa)
w§+ W -vs Q) -v3_ ) +¥3_ Q)= T (A-3)
¥73,(0 +¥d Q) -3 ) -¥5_ () =0 (A-4)
-k, b kb k -k,b  k k,b
O -yt el mgw e T ady, et -0 (a-5)
¥T (e +yf e - ¥5 (Ve —¥3, We =0 (A-6)
ko “kgh -k, h k;h
B Y (Ae = ¥7 (We +¥t (We " =0 (A=7)
~k h -k, h k,h
¥s (Ae - ¥7 (Ve -¥f (A)e =0 (4~8)

By simultaneous evaluation of the above eight expressions, an explicit form for the
coefficient of interest Y5(A) may be found. Explicit forms of ¥7(1) and ¥{(2) have
also been presented, which would be valuable in developing subsurface field expres-
sions; this, however, is beyond the scope of this paper.

Ia J; (Aa) Ty, |1 + Ryge e e e

(A-9)

¥5(A) =

2k, (h=b)
+ e

2k, (b+e) [

2k, (h=b)
Bg1Ryp t e

(kg + k) {Ry3 [R01 + Ryye
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Zkye | -2k h blk +k,)
(kl - ko) Ia J] ()La) 1+ ste e e

¥t = ‘ te

2k2(b+c) + 2k2(b—h)
(kg + ky)(k; +k,) {Rlz RgiRjyze + 1

. & @ (A_].O)

2k) (b-h) 2k, (bte)

2k,c 2k;h b(k,+ k,)
Ia J;(aa) | I14R,ze e e

¥7(x) = T a-11)

2k, (bte) + 2k, (b-h)
(k; +ky) {Rj, | Rp1Ry3e + 1

2k, (b-h) 2k, (btc)
+ By, e + R,3e

It may be noted that

) = |1 Xo |- (A) = =Ry, ¥ (1) (A-12)
1 k; + kg ¢l *1
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