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Supplemental methods

For each CBSA and season combination, we computed a family of 11
correlation matrices where the time series of this CBSA lagged
0,1, £ 2 =3, £ 4 and = 5 weeks relative to the time series of the
other CBSAs. We limited the analysis to = 5 weeks for clarity and be-
cause we considered longer than a month one category. We computed
the first singular value (SV) for each of the 11 correlation matrices in
this family. Among these 11 SVs, we chose the time lag corresponding
to the largest SV as a measure of relative timing of that CBSA relative to
the United States for that season. This time lag also corresponded to the
strongest collective correlation between CBSAs compared to the other
time lags considered.

Next, we provide the definitions neccesary for this analysis. Let
{1, ..., N} index the CBSAs included for analysis, and let n € {1, ..., N}.
Let {1, .., T} index the weeks of the 2010-2011 through 2015-2016
seasons. Denote the remainder of the seasonal-trend decomposition
using LOESS of the weekly case counts as
X={X,li=1,.,Nandt=1,.,T} (Cleveland et al., 1990). Let I
€ {-5,...,5} be a time lag in weeks. Let s €{2010-2011,...,2015-2016}
be an influenza season. Let S C {1,..., T} be those weeks in season s, and
let S+1)={t+1]|te S} Define (X;5) as the average of X;, over
t € S for a fixed i € {1,...,N}. Define (X; s4i) as the average of X;, over
te Sn (S+ ) withafixedi € {1,..,N}, where the intersection limits
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the data to season s. Define (X;s,; X)) as the average of (X4 X,)
overt € (S—1)Nn S, with fixed i,j € {1,..,N} such that i #j. Define
(Xis Xj,s41) similarly. Denote the standard deviation of X;, overt € S
as o;; with a fixed i € {1,...,N}. Because we assume the time series is
stationary, we use this value of the standard deviation for all values L
Define /,s; = [m;;] as the N X N correlation matrix where the n-th
component of X during season s lags by [ weeks:

«ifi = j, thenm;; = 1,

*ifi = nandi = j, then m;; = (KX 5+ X s> - <X s+ <Xs>)/0;50;s

. lf] =nandi = J» then m;; = (<X1;S)(j,5+l> - <Xi,S><Xj,S+l>)/0i,so}',s; and

«ifi # nandj = n, then m;; = (X5 Xj s> - <X;s><Xj,s>)/0;0;s.

Write the singular values of ./, 5; in decreasing order: Aq (M) =
No(Mns) = = An(Mnsp). Then, the spectral norm of /,; is
||| Mnsill|2 = N1(MysD, the matrix norm induced by the usual l,-norm
(Horn and Johnson, 2013). Take 7z € {-5, ..., 5} such that |||#p.|||> =
||| #ns1|||2 for all 1 € {-5, ..., 5}. Finally, define 7 as the time lag cor-
responding to the n-th CBSA during season s. In summary, the pairwise
correlations of the N CBSAs during season s are collectively larger with
respect to the spectral norm when the n-th component lags by = weeks
compared to when the n-th component lags by any other time between
-5 weeks and 5 weeks. We use this time lag as the estimate of “how
many weeks influenza activity in this CBSA precedes or follows influ-
enza activity in the other CBSAs?”

The mathematics underpinning our use of the the spectral norm for
investigating collective phenomena are straightforward. Let M be a
correlation matrix of order n. By definition, M= XX for some matrix X,
so M is positive semidefinite; and, every eigenvalue of M is non-nega-
tive. As M is real symmetric, we may find a real orthogonal matrix Q
such that M=QDQ?, where D is a diagonal matrix such that the diag-
onal elements of D are in non-increasing order. As QDQ" is also a sin-
gular value decomposition of M, the eigenvalues of M coincide with the
singular values of M. So, the first singular value of M, the spectral radius
of M, and the spectral norm of M are all identical. As the diagonal of M
is all ones, the sum of the eigenvalues of M is n. If the columns of X are
perfectly uncorrelated, then the off diagonal elements of M are all zeros,
and every eigenvalue of M is one. In this case, the largest singular value
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of M is one. By the pigeonhole principle, one is the greatest lower
bound on the first singular value; otherwise, the trace of M is strictly
less than n. If the columns of M are perfectly correlated, then the off
diagonal elemests of M are all ones, the rank of M is one, and the row
sums of M are all equal to n. Further, the column vector of all ones is an
eigenvector of M corresponding to the eigenvalue n. In this case, the
largest singular value of M is n. By Ger$gorin’s Theorem, n is the least
upper bound on the first singular value (Horn and Johnson, 2013). To
summarize, the spectral norm ranges from one to n, representing the
range of collective behaviour.

31

Epidemics 26 (2019) 23-31

References for supplemental methods

Cleveland, R.B., Cleveland, W.S., McRae, J.E., Terpenning, I., 1990. STL: a seasonal-trend
decomposition procedure based on loess. J. Off. Stat. 6, 3-33.

Horn, R.A., Johnson, C.R., 2013. Matrix Analysis, 2 ed. Cambridge University Press, New
York, NY.


https://doi.org/10.1016/j.epidem.2018.08.002
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0005
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0005
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0005
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0005
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0005
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0005
http://www.azdhs.gov/documents/preparedness/epidemiology-disease-control/flu/surveillance/2016-2017/influenza-2016-17-week12.pdf
http://www.azdhs.gov/documents/preparedness/epidemiology-disease-control/flu/surveillance/2016-2017/influenza-2016-17-week12.pdf
http://www.azdhs.gov/documents/preparedness/epidemiology-disease-control/flu/surveillance/2016-2017/influenza-2016-17-week12.pdf
https://doi.org/10.1017/S0950268816002727
https://doi.org/10.1093/aje/kwx334
https://doi.org/10.1093/aje/kwx334
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0025
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0025
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0025
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0025
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0025
https://doi.org/10.18637/jss.v061.i06
https://doi.org/10.18637/jss.v061.i06
https://doi.org/10.1371/journal.pcbi.1005382
https://doi.org/10.1371/journal.pcbi.1005382
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0040
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0040
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0045
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0045
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0050
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0050
https://doi.org/10.1111/irv.12552
https://doi.org/10.1111/irv.12552
https://doi.org/10.15585/mmwr.mm6522a3
https://doi.org/10.1098/rstl.1797.0004
https://doi.org/10.1098/rstl.1797.0004
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0070
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0070
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0070
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0070
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0070
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0075
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0075
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0075
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0075
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0075
https://doi.org/10.15585/mmwr.mm6722a4
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0085
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0085
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0090
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0090
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0095
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0095
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0095
https://doi.org/10.1198/016214502760047140
https://doi.org/10.1016/S1473-3099(14)71087-4
https://doi.org/10.1016/S1473-3099(14)71087-4
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0110
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0110
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0110
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0110
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0115
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0115
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0120
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0120
https://doi.org/10.1371/journal.pcbi.1006020
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0130
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0130
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0130
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0130
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0135
https://doi.org/10.1209/0295-5075/90/68001
https://doi.org/10.1209/0295-5075/90/68001
https://doi.org/10.1371/journal.pone.0118369
https://doi.org/10.1371/journal.pone.0118369
https://doi.org/10.1186/s12879-017-2197-z
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0155
http://refhub.elsevier.com/S1755-4365(18)30014-8/sbref0155
https://nationalmap.gov/small_scale/mld/bound0m.html
https://nationalmap.gov/small_scale/mld/bound0m.html
https://doi.org/10.1111/j.1750-2659.2012.00422.x
https://doi.org/10.1111/j.1750-2659.2012.00422.x
https://doi.org/10.1126/science.1125237
https://doi.org/10.1371/journal.pone.0102429
https://doi.org/10.1080/01621459.1963.10500845
https://doi.org/10.1371/journal.pcbi.1005201
https://doi.org/10.1371/journal.pcbi.1005201



