


Supplement A
Mathematical analysis
In this section, we consider the following nonlinear model, whose relation to the system (1) in the main text will be established in the following:

The parameters in (A1) are similar to those in (1) in the main text, with the addition of the compartment  (for eligible, denoted as such to avoid confusion with the  compartment) denotes the eligible (or susceptible) population,  is the total living population,  (units Persons/Time) is the rate-of-entry into the eligible population, and  (units 1/Time) is the mortality rate of the eligible (susceptible) population.  ,  have the same function and units as  in main text (1), however, their values are different in general.
For ease of notation, we will also denote the eligible (susceptible) population fraction as:

We now prove several results regarding the system (A1).
Proposition 1: The system (1) in the main text is the linearized infection subsystem of (A1) linearized about .
Proof: Following the procedure outlined in [1], [2], [3], we first note that, in (A1), the infection can be transferred by all compartments except . We then define:

And write (1) in the form:

Where  defines new infections and  defines all other movement in the system. 



By inspection of (A1), we find:
.
We now compute the Jacobian matrices  and  of  and , respectively, evaluated at :

Standard computations give:

The linearized infection subsystem about  is then given by:

letting for , gives the system:

which is the same as the system (1) in the main text, completing the proof.
Proposition 2: The effective reproduction number  for  of the system (A1) and (A4) is given by:

Proof:
As detailed in [1], [2], [3], [4],  is given by the largest eigenvalue of the next generation matrix , where  and  are the matrices defining the linearized infection subsystem. In the proof of Proposition 1, we found that, for the system (A1)  and  are given by (A2) and (A3) respectively.


Computation yields:

, where  indicates the -th entry of . 
Denoting the -th column of  as , and letting , we immediately verify that:

 is then obtained as the spectral radius of , denoted as , the magnitude of the largest eigenvalue of  [1], [2], [3], [4]. 
Observe that  has only one non-zero row, implying  has rank one, hence only one nonzero eigenvalue [5]. One immediately finds that the only eigenvector corresponding to a nonzero eigenvalue is  with eigenvalue . It follows that:
) = 
Theorem 1:  At each , the derivative of the susceptible population fraction:

in (A1) obeys the bound:

Where the dependence of , and  on time is understood if not denoted explicitly. Further, assuming  for some , for all 

Proof: We consider the system (A1) and observe:
 is given by the first equation in (A1), and  by summing all the equations in (A1). This yields:

Noting that  by definition,  in general, and 
Again exploiting that ,   and observing that  and in general:


which establishes (A5). The claim (A6) follows immediately by noting that  and by definition.





Corollary of Theorem 2: The difference between the true susceptible fraction at a time  and the linearized susceptible fraction at time  is bounded by:

with  for each  and by:

for all 
Proof: As both  and  are both at least once differentiable by definition and assumed nonzero, their quotient  may be expanded in a Taylor series about  for each  such that:

for some  in  From (A5):

Establishing (A7).  (A8) follows by an identical argument but applying (A6) rather than (A5).
Note that the bound (A8) is not a particularly sharp bound and can likely be improved, however, it is useful as it provides a uniform bound throughout the domain.
In practice, however, (A7) provides an effective bound. Generally, , and, by the continuity of , we then expect  for  close to , ensuring that the bound (A7) remains sharp for  not excessively large. 
We also note that (A7) and (A8) can likely be improved. , while it provided a convenient upper bound for ease of analysis, is generally higher than the overall transmission rate, and not representative of its true value in practice. Additionally, the term  is quite small in general, as  is several orders of magnitude larger than . 
The bound (A7) is thus easy to interpret: it states that our linearized approximation of the system (A1) may remain quite accurate provided that:
· New entries to the eligible (susceptible) population are small compared to the overall population.
· Mortality and transmission remain low.
· The prevalence of HIV in the population is low.
The scenarios examined in the current document satisfy these conditions, and so we expect the linearized system (1) in the main text to provide a good approximation to (A1) throughout our time horizon.
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