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8 Abstract
9 Exposure data with repeated measures from occupational studies are commonly right-skewed 

10 and in the presence of detection limits. The use of linear mixed effects models incorporating 
11 maximum likelihood method for repeated measures data with non-detects has been discussed to 
12 model log-normal exposure outcomes. However, this modeling has a disadvantage that assumes a 
13 correctly specified distribution for the random effect, which is practically unknown, and the 
14 estimation methods can result in bias and imprecision in finite-sample data even when 
15 distributional assumptions are met.

16 In contrast with random effects modeling, which addresses subject-specific means by explicitly 
17 modeling subject-to-subject heterogeneity for the regression parameters, marginal modeling 
18 provides an alternative to analyzing data with repeated measurements, in which the parameter 
19 interpretations are with respect to marginal or population-averaged means. The interpretations 
20 are the same as for the ordinary linear regression, but in the presence of correlated data. 

21 In this study, we outline the theories of three marginal models, i.e., generalized estimating 
22 equations (GEE), quadratic inference functions (QIF), and generalized method of moments. With 
23 these approaches, we propose to incorporate the fill-in methods, including single and multiple 
24 value imputation techniques, such that any measurements less than the limit of detection are 
25 assigned values. In a simulation study and application examples, we demonstrate that the GEE 
26 method works well in terms of estimating the regression parameters, particularly in small sample 
27 sizes, while the QIF outperforms in large-sample settings, as parameter estimates are consistent 
28 and have relatively smaller mean squared error. No specific fill-in method can be deemed superior 
29 as each has its own merits.
30
31 Key words: marginal analysis, left censoring, right skewness, limit of detection, repeated 
32 measures, environmental exposure.
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42 1. Introduction
43 In environmental or occupational studies, repeated concentration measurements not 
44 detected or falling below limits of detection (LOD) of laboratory instruments are called left-
45 censored repeated measures data. The unquantified non-detects are generally low-level 
46 concentrations with values between zero and LOD. Statistical models continue to arise for 
47 industrial hygienists to analyze left-censored exposure data with repeated measures in cluster and 
48 longitudinal studies because the estimation of the effect of exposure on risk of disease and the 
49 importance of within- and between-worker variability in occupational exposure have been 
50 increasingly acknowledged. Analytical results from laboratories, environmental contaminants, and 
51 occupational exposures, e.g., the concentration of an analyte in a biological urine or serum 
52 sample, or an environmental hand wipe or personal breathing zone air sample, are often subject 
53 to non-detects or left censoring and the data are skewed to the right. These measurements are 
54 usually collected from the same subject or the same study site. In such cases, statistical modeling 
55 of exposure data can be complicated when repeated measurements are collected in a cluster or 
56 longitudinal study.

57 The use of linear mixed effects models incorporating maximum likelihood (ML) method for 
58 left-censored data with repeated measurements has been discussed for modelling log-normal 
59 data in longitudinal infectious disease studies, in which correlation among measures is modeled 
60 using a random effect (Thi´ebaut and Jacqmin-Gadda, 2004; Thi´ebaut et al., 2006; Vaida and Liu, 
61 2009). Another study recommended the use of mixed effects model for occupational exposure 
62 data with repeated measures while accounting for different levels of censoring (Jin et al., 2011). 
63 Nevertheless, this modeling has a disadvantage that assumes a correctly specified distribution for 
64 the random effect, which is practically unknown, and the existing literature assumes the data with 
65 correlated outcomes were log-normally distributed. Therefore, the data are transformed using 
66 the natural logarithm to follow a log-normal distribution (Leidel et al., 1977). However, the 
67 estimation methods can result in bias and imprecision in finite-sample data even when 
68 distributional assumptions are met (Helsel, 1990).

69 In contrast with random effects modeling, which address subject-specific means by explicitly 
70 modeling subject-to-subject heterogeneity for the regression parameters, generalized estimating 
71 equations (GEE) are a special type of marginal analysis for data with repeated measurements, in 
72 which the parameter interpretations are with respect to marginal or population-averaged means. 
73 The interpretations are the same as for ordinary linear regression, but in the presence of 
74 correlated data. Consistent regression parameter estimates can often be obtained under the 
75 assumption of a mis-specified working correlation structure (Liang and Zeger, 1986). However, 
76 accurately modeling of the correlation structure can improve estimation efficiency, i.e., smaller 
77 standard errors (SEs) of regression parameters (Wang and Carey, 2003). Another method of 
78 marginal analysis discussed in this manuscript is the generalized method of moments (GMM) 
79 (Hansen, 1982), which takes advantage of all estimating equations and has widely developed in 
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80 econometrics. Additionally, based on GEE and GMM methods, the quadratic inference functions 
81 (QIF) method (Qu et al., 2000) has been proposed to improve efficiency of estimators when the 
82 working correlation structure is mis-specified and in large-sample settings. This method rewrites 
83 GEE as a linear combination of sets of unbiased estimating equations for representing the inverse 
84 of the working correlation matrix. These marginal models are promptly available and regularly 
85 used for quantifying repeated measures data without censoring; however, they have not been 
86 carried out for data with repeated measurements and non-detects. 

87 Statistical methods have been continuously proposed to analyze left-censored data sets. The 
88 substitution or single value imputation method, e.g., assigning a value (LOD/2 or LOD/ ) 2
89 (Burstyn and Teschke, 1999; Hornung and Reed, 1990) for measurements less than the LOD, is 
90 commonly adopted by industrial hygienists. Unfortunately, there is no unique replaced value for 
91 this substitution or single value imputation method, and regression parameter estimation of the 
92 substitution method can be biased for high censoring proportion (Hornung and Reed, 1990). This 
93 substitution approach is also not advisable unless less than 10% of values are below the LOD 
94 (Lubin et al., 2004). Comparatively, the multiple random value imputation technique, e.g., 
95 creating imputed values based on throughout scatter of the dataset, has been advocated 
96 (Baccarelli et al. 2005; Huybrechts et al. 2002; Lubin et al., 2004). In addition, the use of a ML 
97 approach has been shown to perform best in terms of producing less biased estimates for the 
98 mean and standard deviation (Amemiya, 1973; Helsel, 1990, 2006; Hewett and Ganser, 2007), but 
99 this method performs poorly for small data sets with fewer than 50 detectable values (Helsel, 

100 2006) and highly skewed data under log-normal and Weibull assumptions (Gilliom and Helsel, 
101 1986; Helsel and Cohn, 1988; Shoari et al., 2015), even though the data distribution is correctly 
102 specified (Shoari et al., 2015). The nonparametric Kaplan-Meier (KM) method which assumes no 
103 distribution for the data has been recommended over the ML method for sample sizes less than 
104 50 and censoring less than 50% (Helsel, 2005). Alternatively, the ML method outperforms the KM 
105 method when the data are log-normal and are generated by combining two lognormal 
106 distributions (Hewett and Ganser, 2007). Recently, the β-substitution method was presented to 
107 produce results comparable to the ML method, even when sample sizes were less than 20 (Ganser 
108 and Hewett, 2010). Another multiple imputation method utilized the actual data distribution to 
109 generate the relatively conjunct and ordered values has also been added to the approaches for 
110 handling left censoring (Pleil, 2016a, 2016b). 

111 In this manuscript, we outline the theories of three marginal models, i.e., GEE, GMM, and QIF, 
112 and with these approaches, we propose to incorporate the fill-in methods, including single and 
113 multiple value imputation techniques, and β-substitution method such that any measurements 
114 less than the LOD are assigned values. We also will consider small-sample bias corrections for the 
115 empirical covariance estimators of regression parameter estimates (Chen and Westgate, 2017; 
116 Ford and Westgate, 2017, 2018; Mancl and DeRouen, 2001; Westgate, 2012, 2013a, 2016). 
117 Therefore, the resulting approaches will have the potential to perform better than the existing 
118 methods in small-sample settings. Secondly, we conduct a simulation study to compare the 
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119 proposed methods and evaluate how well they estimate regression parameters for exposure data 
120 with repeated measurements under a range of sample sizes and LOD proportions. Finally, we 
121 illustrate the proposed methods using a longitudinal chlorpyrifos dataset and a cluster flame 
122 retardant exposure dataset. 
123

124 2. Materials and methods
125 In this section, we described the marginal models popularly used for analyzing repeated 
126 measures data without censoring, the substitution approaches proposed for filling in left-
127 censored data without repeated measures, and the proposed methods for data with repeated 
128 measures and non-detects. With these proposed approaches, a simulation study will be presented 
129 later to examine the validity of inference and two motivating applications will be demonstrated.

130 Suppose we have a cluster or longitudinal study in which N independent subjects have M 
131 distinct number of cluster sizes or time points for ease of illustration. For example, in a cluster 
132 study, M biological samples (dependent variable) of study participants measured for each of the N 
133 independent companies are used to examine their association with hand wipe or breathing zone 
134 air samples (independent variable). Repeated measures from the same company are typically 
135 positively correlated, which must be accounted for when performing data analysis. The measures 
136 are equally correlated because no ordering occurs with the participants within the company or 
137 industry, hence, the outcomes should be equally correlated. In a longitudinal study, M samples 
138 are collected over time for each of the N participants. Here the correlation between any two time 
139 points decreases as the time lag increases. Note that unbalanced repeated measures (cluster sizes 
140 or time points) are permitted with the discussed study designs. 

141 Marginal models. Generalized estimating equations (GEE) provide consistent regression 
142 parameter estimates as long as the mean structure is assumed to be correctly specified. Although 
143 the data analyst is required to incorporate a working correlation structure within the GEE, the 
144 structure need not be correctly clarified. However, accurately modeling this structure has the 
145 impact on improving estimation, i.e., reduce SEs of regression parameters (Wang and Carey, 
146 2003). We denote the observed exposure outcome for the ith subject as , which 𝒀𝑖 = [𝑌𝑖1,…,𝑌𝑖𝑀]𝑇

147 connects to a marginal mean given by . The marginal mean is linked to independent 𝐸(𝒀𝑖|𝑿𝑖) = 𝝁𝑖

148 variables via a function, , where  and , i = 1, …, 𝑓(𝜇𝑖𝑗) = 𝐱𝑇
𝑖𝑗𝜷 𝐱𝑖𝑗 = [1,x1𝑖𝑗,…,x𝑝𝑖𝑗]𝑇 𝜷 = [𝛽0,𝛽1,…,𝛽𝑝]𝑇

149 N; j = 1, …, M. The working covariance matrix for  is , diagonal matrix 𝒀𝑖 𝑽𝑖 = 𝑨1/2
𝑖 𝑹𝑖𝑨1/2

𝑖 𝑨𝑖 = diag
150  represents marginal variances, including a scale parameter, , assuming [𝜙𝜐(𝜇𝑖1), …, 𝜙𝜐(𝜇𝑖𝑀)] 𝜙
151 common dispersion and a known function, , and  is asymmetric working correlation matrix. 𝜐(.) 𝑹𝑖

152 Let  and incorporate the GEE approach into marginal model, the estimates of 𝑹𝑖 = ∂𝝁𝑖/∂𝜷𝑇

153 regression parameters, , can be obtained by iteratively solving 𝜷𝑮𝑬𝑬 ∑𝑁
𝑖 = 1𝑫𝑇

𝑖 𝑨 ‒ 1/2
𝑖 𝑹 ‒ 1

𝑖 𝑨 ‒ 1/2
𝑖 (𝒀𝑖

154 .                                                                                       [1]‒ 𝝁𝑖) = 𝟎
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155 Generalized Method of Moments (GMM) method constructs a vector, , consisted of all 𝐠𝑖(𝜷)
156 moment conditions from ith subject, i = 1, …, N, corresponding to the p+1 parameters’ estimation 
157 such that . The vector is created by stacking all  valid moments according to each 𝐸[𝐠𝑖(𝜷)] = 𝟎 𝑀2

158 parameter so that the maximum length of  is . The GMM estimator, , 𝐠𝑖(𝜷) 𝑀2 × (𝑝 + 1) 𝜷𝑮𝑴𝑴

159 derived by minimizing the quadratic form, , asymptotically resolves the 𝑁𝐠𝑻
𝑵(𝜷)𝑪 ‒ 𝟏

𝑵 (𝜷)𝐠𝑵(𝜷)
160 estimating equations , where , 𝑁𝐠𝑻

𝑵(𝜷)𝑪 ‒ 𝟏
𝑵 (𝜷)𝐠𝑵(𝜷) = 𝟎 𝐠𝑵(𝜷) = 𝐸[∂𝐠𝑵(𝜷)/∂𝜷𝑇] 𝐠𝑵(𝜷) = (

161 , and  is an empirical covariance matrix 1/𝑁)∑𝑵
𝒊 = 𝟏𝐠𝑖(𝜷) 𝑪𝑵(𝜷) = (1/𝑁)∑𝑵

𝒊 = 𝟏𝐠𝑖(𝜷)𝐠𝑻
𝒊(𝜷)

162 (Hansen, 1982).

163 Quadratic inference functions (QIF) method rewrites GEE as a linear combination of k sets of 

164 unbiased estimating equations through correlation structures such that . With 𝑹 ‒ 1
𝑖 ≈ ∑𝑘

𝑟 = 1𝛼𝑟𝑖𝑴𝑟𝑖

165 this approach, , r = 1, …, k; i = 1, …, N, are known basis matrices and  are functions of 𝑴𝑟𝑖 𝛼𝑟𝑖

166 correlation parameters that can be neglected. These estimating equations can then be optimally, 
167 linearly stacked through the GMM method (Qu et al., 2000). Two basis matrices are typically 
168 employed for exchangeable and first-order autoregressive (AR-1) working correlation structures 
169 used in cluster and longitudinal studies, correspondingly. For both structures,  is an identity 𝑴1𝑖

170 matrix.  is a matrix with 0 on the diagonal and 1 elsewhere for exchangeable structure, and 𝑴2𝑖

171 with 1 on the sub-diagonal and 0 elsewhere for AR-1 structure.

172 The robust and empirical sandwich estimator of marginal models increasingly used in practice 
173 is because it provides consistency for estimates of regression parameter SEs whether the working 
174 correlation structure is correctly specified. However, when the number of subjects, N, is not large, 
175 this estimator can be negatively biased because the estimated residuals, , i = 1, …, N, 𝒆𝑖 = 𝒀𝑖 ‒ 𝝁𝑖

176 are too small on average (Mancl and DeRouen, 2001) and, when estimating , the covariance 𝜷
177 inflation, increasing estimation variability, for  results from the use of estimated 𝐶𝑜𝑣(𝜷)
178 correlation parameters in  or estimated covariance parameters in  (Westgate, 2012, 2016; 𝑹𝑖 𝑪𝑵

179 Windmeijer, 2005). Therefore, corrections were utilized for the bias from the use of residual 
180 vectors, such as the corrections of Mancl and DeRouen (2001) and Kauermann and Carroll (2001). 
181 The two well-known methods, along with other corrections, have been demonstrated to 
182 outperform for bias correction. Nonetheless, in practice, either the correction of Kauermann and 
183 Carroll (2001) and the average of these two corrected methods from Ford and Westgate (2018) 
184 may be most desirable (Ford and Westgate, 2018; Westgate, 2016). Adjustment to any covariance 
185 inflation occurring with the use of empirical covariance matrix or correlation matrix for the three 
186 estimating equation approaches was also recommended (Chen and Westgate, 2017; Westgate, 
187 2012, 2013a, 2016).

188 Substitution methods. There are two major imputation techniques that are generally used for 
189 exposure assessment samples measured less than or below the LOD. We did not advocate direct 
190 truncation for the left-censored values because this method might alter the results of central 
191 tendency and variability or dispersion, thus decreasing accuracy and precision. Zero replacement 
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192 for values below the LOD is also not supportive because the logarithmic zero is undefined if the 
193 underlying data distribution is assumed to be log-transformed.

194 Single value imputation assigning a value to a range between 0 and the LOD is the most 
195 popular technique adopted for conducting summary statistics. Most often, the use of LOD/  as 2
196 the assigned value was demonstrated to provide more accurate estimation of the mean and 
197 standard deviation than the use of LOD/2 when the data are less skewed, while the LOD/2 should 
198 be considered when the data are highly skewed or have geometric standard deviation 
199 approximately 3.0 or greater (Hornung and Reed, 1990; Burstyn and Teschke, 1999). Another 
200 single value imputation technique is β-substitution method (Ganser and Hewett, 2010). The β-
201 substitution method deriving the calculation of a β factor for adjusting each value below the LOD 
202 is based on the uncensored data. This β factor relies upon whether the mean or geometric mean 
203 is estimated. See section for β-substitution method algorithm of Ganser and Hewett (2010) for 
204 detailed calculation steps. Through a simulation study, parameter estimates resulting from the β-
205 substitution method have smaller biases and improved root mean squared errors relative to the 
206 LOD/2 and LOD/  substitution methods.2

207 Multiple value imputation techniques provide an increasingly attractive alternative for the 
208 exposure data with left censoring (Baccarelli et al. 2005; Huybrechts et al. 2002; Lubin et al., 
209 2004). They employ a ML estimation and a bootstrap procedure, i.e., randomly sampling with 
210 replacement, to estimate distribution parameters based on the uncensored data and the 
211 censoring proportion so that a common parametric distribution with the estimated parameters 
212 can be used for imputing values for observation below the LOD. Because the imputed values 
213 cannot be represented as real measurements, the imputation process is repeatedly computed to 
214 create multiple data sets. Once each data set is completely analyzed, the multiple data sets are 
215 then independently combined to take into account the uncertainty or variability due to the 
216 imputation (Little and Rubin 2002). With these methods, the imputed values can also be 
217 generated using a regression of an exposure measurement on covariate(s) (Lubin et al., 2004). 
218 More recently, Pleil (2016a, 2016b) proposed multiple order value imputation by depicting the 
219 natural logarithm of the uncensored exposure concentration levels versus the Z-scores to fit a 
220 linear equation regularly presented in a QQ-plot. The linear best fit equation is then utilized to 
221 regress or calculate imputed values for the entries of censored data on the corresponding 
222 calculated Z-scores. That is, imputed values are projected onto the space spanned by the Z-scores.

223 Proposed methods. Because of the popularity of marginal models and lack of the use of these 
224 models in exposure assessment, we propose to develop marginal models in which the 
225 observations of exposure outcome, , i = 1, …, N, below the LOD are substituted 𝒀𝑖 = [𝑌𝑖1,…,𝑌𝑖𝑀]𝑇

226 with either single value imputation, multiple random value imputation, or multiple ordered value 
227 imputation method. This outcome or dependent variable represents the exposure level measured 
228 for the in ith subject at the jth measurement. Substitution is performed for each non-detectable 
229 jth, i = 1, …, M, observation measured in the ith subject. The proposed marginal models then 
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230 utilize all estimating equations, and estimations of regression parameter, standard error (SE), and 
231 correlation parameter in  or  are carried out in the same manner as with marginal models. 𝑹𝑖 𝑹 ‒ 1

𝑖

232 When repeated measures are in a cluster study, exchangeable or compound symmetry structure 
233 is accommodated to the working correlation matrix, , while AR-1 will be used in a longitudinal 𝑹𝑖

234 data set. We note that small-sample corrections of estimated residuals and SE, such as the ones 
235 discussed for the existing marginal models, can be applied with our modified marginal models. 

236 Simulation study. We now compare the performances of finite-sample regression parameter 
237 estimation of the proposed approaches featuring combinations of two estimation approaches 
238 (GEE and QIF) with an AR-1 working correlation structure and five substitution methods for right-
239 skewed and left-censored exposure data with correlated exposure outcomes. Note that the GMM 
240 method performed poorly in terms of finite-sample regression parameter estimation and validity 
241 of inference and therefore, we initially do not consider it within this manuscript. Instead, we place 
242 its results of estimation and inference in Supplementary Material. The substitution methods 
243 include:
244 (1) Single value imputation with the use of LOD/2.
245 (2) Single values imputation calculating a β factor to adjust each non-detectable value below 
246 the LOD, i.e., LOD/β.
247 (3) Multiple random value imputation using bootstrapping and omitting covariate information 
248 that corresponds to exposure outcome. The imputed values are obtained through the 
249 miWQS package employing weighted quantile sum regression in the multiple imputation 
250 framework (Hargarten and David, 2021).
251 (4) Multiple random value imputation, also via the miWQS package, accounting for covariates 
252 that contain cluster identification number used in both cluster and longitudinal studies and 
253 order of time points within each cluster regularly required in a longitudinal study.
254 (5) Multiple ordered value imputation using a linear equation fit in a QQ-plot to obtain the 
255 imputed values regressed on the calculated Z-scores.

256 Settings of the simulation study consist of either 30, 100, or 500 subjects (N) presenting small, 
257 moderate, and large sample sizes. Each subject contributes three repeated measures (M) that 
258 represents the size of cluster or the number of time points. Each setting is conducted through 
259 1,000 simulations. All simulations with results provided in Tables 1-4 for the proposed approaches 
260 were carried out using R version 4.1.2 (R Core Team, 2021). The results of N = 500 were provided 
261 in supplementary Tables S1 and S2. Moreover, we utilized one data generating model motivated 
262 by the literature of parametric repeated measures models (Chen and Westgate, 2017; Jacqmin-
263 Gadda and Thi´ebaut, 2000; Jin et al., 2011) with the censoring proportions subjected to 10%, 
264 20%, 30%, and 40% censoring. The linear model is generated from log 𝑌𝑖𝑗 = 𝛽0 + 𝛽1𝑥1𝑖 + 𝛽2𝑥2𝑖 +
265 , i = 1, …, N; j = 1, …, M, where  is the jth measurement for the ith subject,  and  𝛾𝑖 + 𝜀𝑖𝑗 𝑌𝑖𝑗 𝑥1𝑖 𝑥2𝑖

266 are independent variables following Bernoulli and uniform distributions of Bernoulli(0.5) and 
267 Uniform(0, 1), respectively, and  and , are mutually independent random effects, in which two 𝛾𝑖 𝜀𝑖𝑗
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268 scenarios are accounted for in the model. Scenario 1 assumes that the random effects are 
269 normally distributed with mean 0 and variance 1 (Tables 1 and 2), whereas a true AR-1 correlation 
270 structure is formed in scenario 2 (Tables 3 and 4). Tables 1 and 3 present results of the GEE 
271 method, while Tables 2 and 4 are used for the QIF method. Because the working correlation 
272 structures employed in this study are AR-1, all structures are mis-specified in scenario 1 but 
273 correctly specified in scenario 2. The true values of  and  are corresponded to 𝛽0 = 0 𝛽1 = 𝛽2 = 1
274 the marginal intercept and slopes. The two scenarios were also carried out using the GMM 
275 approach, as the results were shown in Supplementary Material (Tables S3 and S4). If , 𝑌𝑖𝑗 < LOD𝑖𝑗

276 then  is replaced using the listed substitution methods. In addition to assume that the random 𝑌𝑖𝑗

277 effects are log-normally distributed, we further account for a highly skewed pattern, assuming the 
278 random effects follow a chi-squared distribution with two degrees of freedom (d.f.) and the 
279 working and true structures are different. The results are provided in Tables S5 and S6 of 
280 Supplementary Material.

281 To assess the differences in estimation performances of the two estimation approaches and 
282 the five substitution methods, we present empirical biases, empirical mean squared errors 
283 (MSEs), and ratios of MSEs from non-intercept parameters, in which we refer to as relative 
284 efficiencies (REs), in Tables 1-4. For any given RE, the numerator is the MSE from the use of 
285 LOD/2, and the denominator is the MSE for the other substitution method. The modeling option 
286 that performs best therefore has the largest ratio. We also present empirical coverage 
287 probabilities (CPs) from corresponding 95% confidence intervals (CIs) which utilize the average of 
288 Mancl and DeRouen (2001) and Kauermann and Carroll (2001) corrections from Ford and 
289 Westgate (2018), denoted by CPAVG.
290

291 3. Results
292 Simulation study. For scenario 1 with structures incorrectly specified, the empirical CPs using 
293 the average of corrections were around the nominal value of 0.95 for the marginal models 
294 utilizing either the GEE or the QIF estimation approach and incorporating different substitution 
295 methods when N ≤ 100 and censoring ≤ 20% (Tables 1 and 2). When censoring reached 30%, only 
296 β-substitution and QQ-plot methods resulted in near-nominal empirical CPs. Moreover, the GEE 
297 approach had relatively lower MSEs compared to the QIF approach in either sample size setting. 
298 The REs indicated that the use of β-substitution method performed best overall in terms of 
299 regression parameter estimation. However, when sample size is large (N = 500), the QIF 
300 demonstrated an efficiency advantage over the GEE based on the results of MSEs, and the QQ-
301 plot method outperformed the other substitution methods, especially for censoring = 30% (Table 
302 S1). When the working and true structures were AR-1 in scenario 2, the QQ-plot method still 
303 maintained near-nominal 95% CPs for censoring ≤ 30% (Tables 3 and 4). Regarding censoring ≤ 
304 30%, the CPs of the β-substitution method were close to the value of 0.95 in either N = 30 or 100, 
305 whereas the LOD/2 substitution method had appropriate CPs when N = 30. MSE results of the GEE 
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306 and QIF approaches were similar to the results observed in scenario 1 (result of N = 500 was in 
307 Table S2). However, RE results corresponding to the QQ-plot method worked very well among all 
308 sample size and censoring settings. When a skewed chi-squared distribution occurred with the 
309 exposure outcome data, the GEE approach was recommended for small (N = 30) and moderate (N 
310 = 100) sample sizes, while the QIF was favorable for large sample size (N = 500). Based on the 
311 simulation results of CPs and REs, both the LOD/2 substitution and β-substitution methods were 
312 advocated. The two multiple imputation techniques were also considerable because the empirical 
313 CPs were near nominal (Tables S5 and S6).

314 Motivating examples. We applied the existing and proposed methods to a longitudinal study 
315 conducted by the National Institute for Occupational Safety and Health (NIOSH), in which termite 
316 control workers who utilized chlorpyrifos-containing termiticides to commercial and residential 
317 structures in North Carolina in 1998 (Hines and Deddens, 2001). Thirty-seven male applicators 
318 participated in the study (number of independent subjects or N is 37). A total of 184 full-shift 
319 breathing zone air samples for determination of exposure levels of chlorpyrifos were measured 
320 from each applicator on consecutive days during a five-day workweek (number of repeated 
321 measures of M is 5). Only one applicator had four-day air samples (M is 4). The analytic LODs 
322 ranged from 0.05 to 0.2 µg/sample and the maximum chlorpyrifos exposure level was 73 
323 µg/sample. All laboratory air mass data in µg/sample were converted to concentrations in µg/m3 
324 by dividing by the air sample volumes. The percentage of chlorpyrifos levels below the LOD was 
325 1.63%, i.e., only three of 184 samples were censored. The distribution of the concentrations was 
326 skewed to the right and, based on an examination of quantile-quantile (Q-Q) plot, the exposure 
327 data were considered being log-normally distributed. 

328 The marginal model we adopt was suggested in Hines and Deddens (2001), given by 𝜇𝑖𝑗 = 𝛽0

329 , where  is the ith applicator’s mean log-transformed airborne + 𝛽1(𝑥1𝑖𝑗 = 1) + 𝛽2𝑥2𝑖𝑗 𝜇𝑖𝑗

330 chlorpyrifos concentration during the jth 5-day workweek,  is an indicator for enclosed crawl 𝑥1𝑖𝑗

331 space, and  is minutes of chlorpyrifos application on the sample collected day. The data were 𝑥2𝑖𝑗

332 analyzed using GEE and QIF estimation approaches, along with five substitution methods, with an 
333 AR-1 working correlation structure. The GMM approach was excluded because of its low precision 
334 in finite-sample estimation. Table 5 provides regression parameter estimates and bias-corrected 
335 empirical SE estimates. To explore repeated measures data with higher censoring proportion, the 
336 laboratory air mass data were also censored at the 20th percentile (20%). All approaches yield 
337 same directions and similar magnitudes for regression parameter estimates when the data were 
338 subject to low censoring. Both β-substitution and QQ-plot methods in either GEE or QIF approach 
339 produces smaller SE estimates when censoring level reached 20%, revealing the two method’s 
340 potential for efficiency improvement and being consistent with the simulation results. Specifically, 
341 minutes chlorpyrifos applied and whether crawl space was treated were significantly associated 
342 with increased chlorpyrifos exposure. The correlation parameter estimates used to construct the 
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343 AR-1 correlation structure ranged from 0.50 to 0.56, expressing moderate correlation among air 
344 samples collected from the same applicator.

345 The discussed methods were also carried out in a cluster study of NIOSH, which recruited four 
346 nail salons (number of independent subjects) located in the San Francisco area in California in 
347 2016 (Estill et al., 2021). Each nail salon had three workers (number of repeated measures) and a 
348 total of twelve workers on site were asked to participate. Workers were required to provide spot 
349 urine samples at the workplace prior to their first-day shift and after their second-day shift for 
350 determination of exposure level of diphenyl phosphate (DPhP), a metabolite of triphenyl 
351 phosphate (TPhP) which is one of the commonly used organophosphorus flame retardants. The 
352 analytic LOD was 0.16 µg/L and the maximum DPhP metabolite level was 2.39 µg/L. All urinary 
353 sample data in µg/L were converted in µg/g by adjusting for their creatinine levels in mg/dL. There 
354 were three of 12 workers’ DPhP pre-shift levels subject to censoring or below the LOD, i.e., 25% 
355 censoring. A visual determination of the Q-Q plot indicated that the data were normal. Therefore, 
356 no transformation was applied to the DPhP pre-shift concentrations. 

357 The marginal model from Estill et al. (2021) was given by , where  is 𝜇𝑖𝑗 = 𝛽0 + 𝛽1(𝑥1𝑖𝑗 = 1) 𝜇𝑖𝑗

358 the mean concentration collected from the jth urine pre-shift sample of the ith worker and  is 𝑥1𝑖𝑗

359 an indicator of whether the worker worked the previous day or worked two or more days ago. We 
360 analyze the data using the same methods as in the longitudinal example, but with an 
361 exchangeable working correlation structure. Table 6 presents the estimates of regression 
362 parameter and empirical SE are presented. Results demonstrated that workers who had last 
363 worked two or more days ago had lower DPhP pre-shift concentrations relative to those who 
364 worked the previous day. When focusing on the preferable GEE approach for small number of 
365 clusters, all substitution methods yield same directions and but have different magnitudes for 
366 regression parameter estimates and SE estimates. To choose an appropriate method, we extend 
367 the correlation information criteria (CIC) for use in the setting, as it has gained popularity in 
368 simultaneously selecting estimation approaches with different working correlation structures (Hin 
369 and Wang, 2009; Westgate, 2014; Chen and Westgate, 2017). Specifically, the CIC value is 

370 calculated by utilizing the trace of , in which  and  denotes 𝚺 ‒ 1
𝐼 𝚺𝐵𝐶 𝚺𝐼 = (∑𝑵

𝒊 = 𝟏𝑫𝑻
𝒊𝑨 ‒ 1

𝑖 𝑫𝑖)
‒ 1

𝚺𝐵𝐶

371 finite-sample corrected estimate of  for any candidate method under consideration. 𝐶𝑜𝑣(𝜷)
372 Therefore, the method yielding the smallest CIC will result in the least variable regression 
373 parameter estimates. In short, the CIC values indicate that the methods of β-substitution and 
374 multiple random value imputation with covariate of cluster identification number are preferable 
375 for this data set (Table 6).
376

377 4. Discussion 

378 Exposure data with repeated measurements in longitudinal and cluster studies are known to 
379 generally be subject to left censoring. Marginal models are appropriate when focusing on 
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380 inferences about the population average (Diggle et al., 2002) but these models have not been 
381 carried out in the literature on exposure data with repeated measures and non-detects. 
382 Therefore, we proposed incorporating available fill-in or substitution methods for utilizing detects 
383 below the LOD into three estimating approaches, i.e., GEE, QIF, and GMM, in which consistent 
384 regression parameter estimates can be obtained even when a working correlation structure is 
385 incorrectly specified (Liang and Zeger, 1986). Additionally, we implemented recently developed 
386 small-sample corrections to estimators of covariance matrix corresponding to regression 
387 parameter estimates. Through bias corrections, the GEE approach is expected to potentially 
388 improve upon the QIF performance when the number of subjects (N) is small. The QIF approach 
389 performed better in terms of estimating the regression parameters in moderate and large sample 
390 sizes in the simulation study in consequence of its theoretical efficiency. In Supplementary 
391 Material, the GMM approach was shown to have invalid inference if the sample size is not large 
392 even when small-sample corrections are implemented, for instance, CPs had notable departures 
393 from the nominal 0.95 level. The finding was consistent with the study of Newey and Smith 
394 (2004), which specified that unreliable inferences for the GMM would result from utilizing many 
395 moment conditions, e.g., increasing the number of time points or cluster sizes, relative to the 
396 sample size. The GMM was demonstrated to have valid inferences when the sample size is large. 
397 However, we do not advocate its use in practice because the validity of inference would be 
398 questionable when the number of time points increases.

399 Even though we only accounted for parsimonious AR-1 and exchangeable working correlation 
400 structure for marginal models in this manuscript, other working matrices are available for the GEE 
401 approach, including Toeplitz and unstructured working structures (Westgate, 2013a). The 
402 unstructured form can also be incorporated with the QIF approach (Westgate, 2013b). Including 
403 an AR-1 working structure to longitudinal exposure data with repeated measures and non-detects 
404 is an additional advantage because it is favored over the other structures in a longitudinal study. 
405 Furthermore, based on literature, random effects models used for analyzing left-censored 
406 repeated measures exposure data do not accommodate the use of AR-1 because the covariance 
407 matrix of the random error term corresponding to the subject level cannot be clarified (Jin et al., 
408 2011). 

409 Our simulation study and two application examples conducted marginal models for 
410 continuous responses and multiple covariates, i.e., univariable and multivariable analyses. The 
411 longitudinal example was demonstrated that subjects with varying numbers of time points are 
412 allowable. Similarly, unbalanced cluster sizes can also be implemented to any cluster exposure 
413 data. Note that software such as the SAS procedure GLIMMIX (SAS Institute Inc.,2011), e.g., which 
414 can be used for GEE analyses and data with varying numbers of time points or cluster size, can 
415 accommodate the user with the two well-known corrections and further average these two 
416 corrections. In the simulations and examples, a single LOD or unique censoring proportion and 
417 multiple LODs were also permittable. A follow-up topic for future research using longitudinal data 
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418 is to account for time-varying covariates and to choose the type of time-dependency a covariate 
419 belongs to (Chen and Westgate, 2017, 2018).

420 The study has some limitations. The substitution methods we considered as options are 
421 generally used for calculating summary statistics for real-world left-censored environmental and 
422 biological data. Regardless of the chosen method, all imputed values are not real data but rather 
423 estimated values for measurements that are subject to LOD of laboratory instruments and contain 
424 unobserved errors. Additionally, the methods of multiple imputation and Q-Q plot require a 
425 common parametric distribution, e.g., log-normal distribution, with the estimated parameters 
426 obtained from the uncensored data to impute values for observations below the LOD. These 
427 methods might result in biased or unstable statistics when exposure data are asymmetric after 
428 log-transforming (Helsel, 1990). Although the methods of LOD/2 and β-substitution are difficult to 
429 perform standard normality tests, they are easier to implement and calculate. Another limitation 
430 is that all imputed values for measurements falling below the LOD are assumed to be 
431 independent. There is no difference in the estimate of interest when incorrectly ignoring the 
432 correlation. However, disregard of the correlation will result in positively biased SE estimates, i.e., 
433 incorrect estimates of the sampling variability. In such cases, future work can be developed by 
434 imputing values based on truncated multivariate normal distribution for log-normal repeated 
435 measures data with non-detects (Lubin et al., 2004) or taking truncated multivariate gamma 
436 distribution into account for right-skewed data. However, the desired imputation techniques are 
437 still constrained by the distributional assumption. Although the replacement for non-detectable 
438 values is warranted, through the simulations, we suggested the uses of β-substitution and QQ-
439 plot methods for log-normal data with repeated measurements and left censoring, and LOD/2 and 
440 β-substitution, as well as multiple imputations, were recommended for highly skewed data.

441 Because of the increasingly multilevel or hierarchical exposure data regarding multiple levels 
442 of outcomes, future work for other marginal models is needed. Although the primary focus in this 
443 manuscript is on statistical inference, improvement of empirical power can be further considered 
444 for other topics of interest corresponding to exposure assessment data. The simulation and 
445 application R code and functions for implementing the proposed approaches in this manuscript 
446 are presented in Supplementary Material or can be acquired by contacting the author at 
447 okv0@cdc.gov.
448
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Table 1. Results from scenario 1 for settings in which GEE model with an AR-1 working correlation 
structure is employed. True structure is constructed by random effects.

LOD/2 
Substitution

Beta-
Substitution

Imputation 
Without 

Covariates

Imputation 
With 

Covariates
QQ-plot

N % Censoring β1 β2 β1 β2 β1 β2 β1 β2 β1 β2

30 10 Bias 0.005 -0.069 -0.051 -0.112 -0.001 0.026 -0.033 0.001 -0.004 0.025
MSE 0.188 0.628 0.181 0.604 0.192 0.596 0.197 0.575 0.202 0.660
RE 1.000 1.000 1.037 1.039 0.977 1.053 0.951 1.092 0.930 0.952

CPAVG 0.964 0.942 0.950 0.935 0.951 0.946 0.942 0.952 0.949 0.941

20 Bias -0.071 -0.113 -0.089 -0.121 -0.039 -0.034 -0.003 -0.054 0.002 -0.055
MSE 0.193 0.537 0.173 0.495 0.197 0.613 0.196 0.630 0.197 0.680
RE 1.000 1.000 1.116 1.085 0.981 0.876 0.985 0.852 0.978 0.789

CPAVG 0.945 0.953 0.945 0.948 0.950 0.951 0.945 0.944 0.949 0.929

30 Bias -0.160 -0.129 -0.134 -0.134 -0.069 -0.094 -0.068 -0.018 -0.024 -0.022
MSE 0.179 0.501 0.180 0.480 0.209 0.604 0.194 0.570 0.202 0.593
RE 1.000 1.000 0.994 1.044 0.858 0.829 0.924 0.879 0.886 0.844

CPAVG 0.929 0.941 0.936 0.957 0.932 0.945 0.943 0.945 0.947 0.941

100 10 Bias -0.027 -0.034 -0.029 -0.050 -0.002 -0.026 -0.026 -0.006 -0.011 0.003
MSE 0.056 0.163 0.053 0.161 0.058 0.176 0.059 0.165 0.052 0.175
RE 1.000 1.000 1.052 1.013 0.961 0.928 0.940 0.990 1.075 0.930

CPAVG 0.951 0.949 0.957 0.951 0.948 0.946 0.935 0.946 0.958 0.949

20 Bias -0.082 -0.071 -0.040 -0.038 -0.033 -0.038 -0.030 -0.051 0.001 -0.016
MSE 0.058 0.149 0.055 0.160 0.061 0.171 0.054 0.167 0.055 0.170
RE 1.000 1.000 1.057 0.931 0.948 0.875 1.076 0.895 1.046 0.879

CPAVG 0.927 0.946 0.943 0.942 0.938 0.944 0.944 0.940 0.958 0.949

30 Bias -0.128 -0.152 -0.043 -0.050 -0.074 -0.083 -0.077 -0.078 -0.003 0.001
MSE 0.060 0.165 0.056 0.160 0.062 0.163 0.067 0.165 0.059 0.165
RE 1.000 1.000 1.075 1.034 0.969 1.012 0.903 1.000 1.026 1.001

CPAVG 0.901 0.915 0.944 0.946 0.922 0.950 0.919 0.946 0.940 0.953

N, number of subject; Bias, empirical bias; MSE, empirical mean squared error; RE, relative efficiency is a ratio that, for each sample size (N) and 
percent censoring, compare the empirical MSE from the LOD/2 substitution method to the MSE from the other substitution method; CPAVG, coverage 
probability from corresponding 95% confidence intervals which utilize the average of two bias corrections. The coverage probabilities falling within a 
near-nominal range of 0.936 and 0.964 are highlighted in bold.
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Table 2. Results from scenario 1 for settings in which QIF model with an AR-1 working correlation 
structure is employed. True structure is constructed by random effects.

LOD/2 
Substitution

Beta-
Substitution

Imputation 
Without 

Covariates

Imputation 
With 

Covariates
QQ-plot

N % Censoring β1 β2 β1 β2 β1 β2 β1 β2 β1 β2

30 10 Bias 0.011 -0.064 -0.038 -0.090 -0.003 0.015 -0.024 0.007 0.003 0.024
MSE 0.200 0.675 0.187 0.640 0.195 0.642 0.210 0.616 0.215 0.697
RE 1.000 1.000 1.067 1.055 1.021 1.052 0.949 1.097 0.930 0.970

CPAVG 0.970 0.947 0.954 0.940 0.958 0.953 0.954 0.949 0.949 0.936

20 Bias -0.055 -0.101 -0.069 -0.105 -0.030 -0.018 -0.005 -0.047 0.005 -0.043
MSE 0.208 0.571 0.185 0.540 0.205 0.639 0.212 0.663 0.204 0.709
RE 1.000 1.000 1.123 1.058 1.011 0.893 0.982 0.862 1.018 0.805

CPAVG 0.944 0.954 0.948 0.956 0.958 0.953 0.948 0.944 0.952 0.932

30 Bias -0.141 -0.118 -0.125 -0.112 -0.061 -0.081 -0.060 -0.013 -0.014 -0.027
MSE 0.186 0.549 0.190 0.520 0.222 0.637 0.209 0.604 0.213 0.658
RE 1.000 1.000 0.978 1.056 0.837 0.862 0.889 0.909 0.874 0.834

CPAVG 0.943 0.936 0.942 0.954 0.928 0.945 0.939 0.950 0.940 0.941

100 10 Bias -0.022 -0.031 -0.026 -0.043 0.000 -0.028 -0.027 -0.003 -0.013 0.004
MSE 0.056 0.162 0.053 0.160 0.059 0.183 0.060 0.169 0.052 0.176
RE 1.000 1.000 1.062 1.013 0.948 0.888 0.925 0.962 1.074 0.921

CPAVG 0.952 0.950 0.958 0.954 0.943 0.942 0.935 0.942 0.957 0.942

20 Bias -0.077 -0.064 -0.033 -0.036 -0.032 -0.034 -0.028 -0.051 0.000 -0.013
MSE 0.058 0.151 0.055 0.165 0.062 0.171 0.053 0.171 0.055 0.170
RE 1.000 1.000 1.066 0.917 0.943 0.886 1.090 0.886 1.065 0.889

CPAVG 0.922 0.945 0.944 0.947 0.934 0.944 0.947 0.947 0.958 0.952

30 Bias -0.122 -0.144 -0.036 -0.042 -0.072 -0.077 -0.078 -0.074 -0.004 -0.002
MSE 0.060 0.166 0.056 0.164 0.063 0.164 0.067 0.166 0.059 0.165
RE 1.000 1.000 1.071 1.015 0.953 1.014 0.899 1.001 1.014 1.007

CPAVG 0.911 0.924 0.947 0.947 0.928 0.939 0.914 0.945 0.938 0.952

N, number of subject; Bias, empirical bias; MSE, empirical mean squared error; RE, relative efficiency is a ratio that, for each sample size (N) and percent 
censoring, compare the empirical MSE from the LOD/2 substitution method to the MSE from the other substitution method; CPAVG, coverage probability 
from corresponding 95% confidence intervals which utilize the average of two bias corrections. The coverage probabilities falling within a near-nominal 
range of 0.936 and 0.964 are highlighted in bold.
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Table 3. Results from scenario 2 for settings in which GEE model with an AR-1 working correlation 
structure is employed. True structure is AR-1.

LOD/2 
Substitution

Beta-
Substitution

Imputation 
Without 

Covariates

Imputation 
With 

Covariates
QQ-plot

N % Censoring β1 β2 β1 β2 β1 β2 β1 β2 β1 β2

30 10 Bias 0.030 0.017 -0.050 -0.065 -0.007 -0.021 0.002 -0.022 0.004 0.005
MSE 0.105 0.345 0.097 0.297 0.107 0.348 0.111 0.340 0.112 0.334
RE 1.000 1.000 1.083 1.160 0.977 0.991 0.946 1.015 0.937 1.033

CPAVG 0.944 0.938 0.960 0.953 0.953 0.941 0.951 0.949 0.950 0.942

20 Bias 0.001 -0.009 -0.036 -0.067 -0.018 -0.061 -0.018 -0.058 -0.012 -0.023
MSE 0.110 0.323 0.104 0.309 0.120 0.327 0.120 0.337 0.104 0.319
RE 1.000 1.000 1.053 1.045 0.916 0.987 0.918 0.957 1.052 1.010

CPAVG 0.940 0.951 0.942 0.953 0.933 0.948 0.939 0.940 0.956 0.959

30 Bias -0.059 -0.091 -0.031 -0.055 -0.073 -0.100 -0.039 -0.075 -0.025 -0.007
MSE 0.107 0.292 0.106 0.289 0.129 0.338 0.126 0.320 0.106 0.328
RE 1.000 1.000 1.009 1.009 0.831 0.862 0.847 0.912 1.013 0.888

CPAVG 0.950 0.957 0.956 0.954 0.914 0.932 0.923 0.945 0.954 0.946

100 10 Bias 0.012 0.004 -0.006 -0.002 -0.006 -0.022 -0.014 -0.010 0.005 -0.014
MSE 0.033 0.098 0.031 0.089 0.033 0.100 0.032 0.096 0.033 0.090
RE 1.000 1.000 1.060 1.095 0.974 0.980 1.031 1.023 0.983 1.091

CPAVG 0.938 0.946 0.943 0.958 0.944 0.932 0.937 0.945 0.945 0.954

20 Bias -0.010 -0.037 0.028 0.031 -0.036 -0.041 -0.028 -0.033 -0.005 0.008
MSE 0.031 0.093 0.033 0.098 0.034 0.099 0.034 0.098 0.032 0.092
RE 1.000 1.000 0.949 0.944 0.924 0.938 0.920 0.948 0.975 1.008

CPAVG 0.947 0.935 0.944 0.951 0.930 0.944 0.938 0.932 0.943 0.953

30 Bias -0.072 -0.095 0.089 0.030 -0.056 -0.066 -0.054 -0.077 -0.011 0.008
MSE 0.034 0.085 0.048 0.109 0.037 0.102 0.038 0.095 0.034 0.094
RE 1.000 1.000 0.715 0.782 0.933 0.833 0.904 0.900 1.014 0.912

CPAVG 0.928 0.936 0.895 0.954 0.917 0.928 0.911 0.938 0.941 0.957

N, number of subject; Bias, empirical bias; MSE, empirical mean squared error; RE, relative efficiency is a ratio that, for each sample size (N) and 
percent censoring, compare the empirical MSE from the LOD/2 substitution method to the MSE from the other substitution method; CPAVG, coverage 
probability from corresponding 95% confidence intervals which utilize the average of two bias corrections. The coverage probabilities falling within a 
near-nominal range of 0.936 and 0.964 are highlighted in bold.
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Table 4. Results from scenario 2 for settings in which QIF model with an AR-1 working correlation 
structure is employed. True structure is AR-1.

LOD/2 
Substitution

Beta-
Substitution

Imputation 
Without 

Covariates

Imputation 
With 

Covariates
QQ-plot

N % Censoring β1 β2 β1 β2 β1 β2 β1 β2 β1 β2

30 10 Bias 0.032 0.033 -0.038 -0.051 -0.012 -0.025 -0.001 -0.026 0.002 0.008
MSE 0.116 0.374 0.104 0.326 0.118 0.379 0.116 0.369 0.117 0.360
RE 1.000 1.000 1.118 1.147 0.987 0.986 0.997 1.013 0.994 1.038

CPAVG 0.949 0.943 0.956 0.957 0.953 0.942 0.954 0.946 0.950 0.949

20 Bias 0.016 0.000 -0.021 -0.046 -0.018 -0.068 -0.023 -0.061 -0.013 -0.023
MSE 0.119 0.341 0.113 0.335 0.120 0.351 0.124 0.355 0.112 0.346
RE 1.000 1.000 1.047 1.017 0.985 0.972 0.955 0.959 1.060 0.986

CPAVG 0.947 0.950 0.950 0.952 0.948 0.948 0.939 0.957 0.954 0.965

30 Bias -0.038 -0.078 -0.001 -0.035 -0.066 -0.098 -0.039 -0.071 -0.026 -0.008
MSE 0.112 0.317 0.113 0.318 0.131 0.352 0.133 0.353 0.111 0.371
RE 1.000 1.000 0.994 0.998 0.853 0.901 0.845 0.898 1.009 0.856

CPAVG 0.945 0.952 0.951 0.962 0.926 0.939 0.918 0.949 0.963 0.947

100 10 Bias 0.011 0.005 -0.005 0.001 -0.008 -0.021 -0.016 -0.009 0.004 -0.011
MSE 0.034 0.101 0.031 0.092 0.034 0.101 0.033 0.097 0.033 0.093
RE 1.000 1.000 1.090 1.096 1.009 1.004 1.034 1.041 1.019 1.085

CPAVG 0.931 0.948 0.950 0.963 0.943 0.939 0.938 0.949 0.944 0.959

20 Bias -0.005 -0.034 0.033 0.034 -0.037 -0.041 -0.029 -0.036 -0.006 0.008
MSE 0.033 0.096 0.034 0.102 0.034 0.100 0.034 0.100 0.033 0.095
RE 1.000 1.000 0.950 0.944 0.959 0.963 0.954 0.957 1.000 1.014

CPAVG 0.948 0.933 0.944 0.951 0.939 0.946 0.934 0.929 0.945 0.957

30 Bias -0.065 -0.088 0.100 0.039 -0.056 -0.063 -0.055 -0.078 -0.011 0.009
MSE 0.034 0.087 0.052 0.115 0.038 0.103 0.039 0.097 0.035 0.097
RE 1.000 1.000 0.663 0.760 0.891 0.849 0.879 0.897 0.983 0.897

CPAVG 0.939 0.940 0.892 0.955 0.923 0.930 0.910 0.943 0.942 0.948

N, number of subject; Bias, empirical bias; MSE, empirical mean squared error; RE, relative efficiency is a ratio that, for each sample size (N) and 
percent censoring, compare the empirical MSE from the LOD/2 substitution method to the MSE from the other substitution method; CPAVG, coverage 
probability from corresponding 95% confidence intervals which utilize the average of two bias corrections. The coverage probabilities falling within a 
near-nominal range of 0.936 and 0.964 are highlighted in bold.
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Table 5. Parameter estimates, bias-corrected standard error estimates (in parentheses), and 
corresponding correlation parameter estimates resulting from analyses of the chlorpyrifos data.

% Censoring Covariate

LOD/2 
Substitution

Beta-
Substitution

Imputation 
Without 

Covariates

Imputation 
With 

Covariates
QQ-plot

1.63 GEE Minutes 
Applied

0.006
(0.002)

0.006
(0.002)

0.006
(0.002)

0.006
(0.002)

0.006
(0.002)

Crawl Space 
Treated

0.612
(0.103)

0.614
(0.102)

0.614
(0.102)

0.613
(0.102)

0.618
(0.102)

Estimated 
Correlation 0.546 0.557 0.558 0.555 0.568

QIF Minutes 
Applied

0.008
(0.002)

0.007
(0.002)

0.007
(0.002)

0.007
(0.002)

0.007
(0.002)

Crawl Space 
Treated

0.638
(0.105)

0.636
(0.104)

0.635
(0.104)

0.636
(0.104)

0.635
(0.104)

20 GEE Minutes 
Applied

0.008
(0.002)

0.007
(0.002)

0.008
(0.002)

0.007
(0.002)

0.005
(0.002)

Crawl Space 
Treated

0.713
(0.130)

0.664
(0.116)

0.726
(0.129)

0.549
(0.159)

0.540
(0.090)

Estimated 
Correlation 0.556 0.553 0.532 0.501 0.564

QIF Minutes 
Applied

0.009
(0.002)

0.008
(0.002)

0.009
(0.003)

0.007
(0.002)

0.007
(0.002)

Crawl Space 
Treated

0.725
(0.137)

0.683
(0.120)

0.734
(0.132)

0.621
(0.143)

0.568
(0.091)

GEE, generalized estimating equations; QIF, quadratic inference function.
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Table 6. Parameter estimates, bias-corrected standard error estimates (in parentheses), and 
correlation parameter estimates resulting from analyses of the flame retardant data.

Covariate

LOD/2 
Substitution

Beta-
Substitution

Imputation 
Without 

Covariates

Imputation 
With 

Covariates
QQ-plot

GEE Last Shift Worked
Previous Day
Two or More Days Ago

Reference
-0.76 (0.17)

Reference
-0.72 (0.11)

Reference
-0.80 (0.09)

Reference
-0.59 (0.12)

Reference
-0.36 (0.43)

Estimated Correlation 
Parameter in 𝑹𝑖

-0.03 -0.21 -0.03 -0.25 -0.29

CIC 1.67 0.95 1.35 0.89 1.18

QIF Last Shift Worked
Previous Day
Two or More Days Ago

Reference
-0.73 (0.08)

Reference
-0.69 (0.08)

Reference
-0.59 (0.10)

Reference
-0.91 (0.17)

Reference
-0.71 (0.21)

GEE, generalized estimating equations; QIF, quadratic inference function; CIC, correlation information criteria.
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