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ARCH CANOPY VERIFICATION TESTS

By Richard A. Allwes' and C. P. Mangelsdort®

ABSTRACT

This U.S. Bureau of Mines report presents the results of verification tests conducted on arch canopies
constructed of liner plate. Verification tests were conducted to demonstrate the use of the static and
dynamic test procedures developed for arch canopies and to establish the validity and conservativeness
of the arch canopy design procedure developed by the Bureau. Physical dynamic tests served as the
basis for evaluating the design procedure. Actual dynamic response of the arch canopies was compared
with their predicted response utilizing the design procedure. The dynamic tests demonstrated that the
actual energy absorption capacity of the arch canopies exceeded the predicted capacity from 18.2 to 30.9
pct, for an average conservative error of 23.5 pct. These tests showed that the arch canopies possess
more energy absorption capacity than the design procedure allocates and that the design procedure
yields conservative designs. The results of the dynamic tests were also used to develop an empirical
factor, which relates the energy of impacting loads to the energy absorption capacity of arch canopies.
Use of this empirical factor improved the design procedure by decreasing the average conservative error
in predicting the energy absorption capacity of arch canopies to 4.6 pct.

lMining engineer, Pittsburgh Research Center, U.S. Bureau of Mines, Pittsburgh, PA.
2Civil engineer, Pittsburgh Research Center; faculty member, University of Pittsburgh, Pittsburgh, PA.




INTRODUCTION

Fifty-six fatalities and thirteen injuries are attributed to
rehabilitating high-roof-fall areas using conventional meth-
ods of resupport for the years 1966-86 (1, pp. 18-21; 2).2
The failure of the conventional methods of resupport to
protect mine personnel from recurring roof falls precip-
itated the use of arch canopies for caved mine entry re-
habilitation in 1977 (fig. 1).

When an arch canopy is installed in a mine entry for
this type of application, its function is to protect mine
workers from roof falls and not to stabilize and support
the highly disturbed mine entry. Therefore, reasonable
sized roof falls that occur should be withstood by the struc-
ture without injury to mine personnel. The potential safety
problem, which arises with the use of these structures, is
that an improperly designed arch canopy may collapse
under the impact loading of a roof fall.

The use of arch canopies for protection against roof
falls raises two important issues. The first concerns the
magnitudes of the static and dynamic loadings that the
structures will most likely encounter in the field. The
second concerns the design of arch canopies to ensure
their safe use. In 1987, the U.S. Bureau of Mines
addressed these safety concerns by developing an arch
canopy design procedure and by identifying static and
dynamic loading criteria (I, pp. 21-29).

The design procedure is based on a balance of the
energies involved—loss in potential energy of the roof fall
and the strain energy absorbed by the structure. When an
arch canopy is subjected to an impact loading at its crown
and deflects from its unloaded state to maximum crown
deflection, the structure absorbs elastic and plastic strain
energy. Thus, the loss in potential energy of the roof fall
must be equal to the strain energy absorbed by the arch
canopy. The energy absorption capacity of an arch canopy
can be derived from its resistance function (static load-
displacement diagram). The area under the resistance
function, which corresponds to a specific crown deflection,
represents the amount of energy that an arch canopy is
capable of absorbing. The benefit of the energy approach
to solving the problem of designing an arch canopy for
dynamic loading situations is that once a resistance func-
tion is established for a particular structure, the design of
an arch canopy is relatively straightforward.

The decision was made at the outset of this research
project to conduct verification tests after the development
of the design procedure. This in effect would demonstrate
the use of the arch canopy design and test procedures,
establish the validity and conservativeness of the design
procedure, and help ensure a smooth transition of tech-
nology from the Bureau to the mining community.

DESIGN PROCEDURE PRINCIPLES

Before presenting the physical testing procedures and
the results of the verification tests, it is important to dis-
cuss the principles involved with the development of the
arch canopy design procedure. Although some of these
principles are presented in a previous publication (J,
pp- 23-28), it is appropriate to discuss all of these prin-
ciples for clarification and continuity of this report.

Furthermore, the structural analyses and physical tests
conducted to date provide more insight into the static and
dynamicbehavior of arch canopies. This knowledge serves
to further reinforce the use of the principles in the design
procedure.

IDEALIZED MATHEMATICAL MODEL

One of the major problems encountered in the begin-
ning of the project was developing an idealized mathe-
matical model, which would reasonably represent the dy-
namic response of an arch canopy to impact loading. The
following three issues were addressed before an appro-
priate model was selected: treatment of an arch canopy as
a ring or a shell, location of an applied load that creates
the most severe deflections, and the potential for an arch
canopy to sidesway or buckle during loading.

*Italic numbers in parentheses refer to items in the list of references
preceding the appendixes at the end of this report.

The first issue is a question of whether an arch should
be treated as a ring (two-dimensional structure where only
radial deflections vary) or as a shell (three-dimensional
structure where radial and longitudinal deflections vary).
The consideration of two loading scenarios—point and
distributed loads—provides an answer to this question. If
a point load is applied to an arch, the directly loaded
member (unit length) does not by itself carry the total
load. The adjoining members will contribute to the sup-
port of the point load. The result is that the arch resists
the point load in a three-dimensional manner, as evidenced
by the resultant deflections that vary longitudinally as well
as circumferentially. One can also rationalize that the
deflections are a maximum at the site of the applied load
and diminish to zero at a finite longitudinal distance away
from the location of the applied load. Alternatively, if a
uniformly distributed load is applied to the entire length of
an arch canopy, each member must resist its own load
independent of the other adjoining members. The deflec-
tions for this load case will be the same at every cross
section so that the structure can be viewed as resisting the
distributed load in a two-dimensional manner. Deflections
will only vary radially. Furthermore, it can also be rea-
soned that a distributed load applied to the entire length
of an arch canopy is the worst load case. To clarify this
point, consider a distributed load with a length of 10 ft
applied to an arch canopy that is 100 ft in length. The



Figure 1.-Installatlon of arch canopy for rehabilitation of high-roof-fall area. (Courtesy Camber Corp.)

most conservative design and worst case loading is to con-
sider the arch to be only 10 ft long. The isolation of the
directly loaded members from the adjoining members
guarantees a conservative design. As a consequence, the
arch will have a considerable reserve of strength. This is
because the additional load carrying capacity of the ad-
joining members is not considered in the overall design.
The concept of viewing a load as a distributed (uniform or
line) load whose length corresponds to the length of the
arch allows the arch canopy to be treated as a ring, For

convenience as well as practicality, therefore, all engineer-

ing properties for an arch canopy and applied loadings will
be expressed in terms of their unit length.

The second issue is the location of an applied distrib-
uted load on an arch canopy that will produce the most
severe deflections. With respect to the issue of symmet-
rical (center) versus asymmetrical (off-center) loading,* it
was assumed in the early stages of this investigation that
asymmetrical loading would be less severe for the reason
that more energy would likely be required to produce the
same vertical deflection for loadings applied at or near the

4Loading will imply distributed loading for the entirety of this report
unless explicitly stated.

crown. When an eccentric vertical load is applied to a

symmetric frame structure, there is a tendency for the
structure to shift the load horizontally towards the center.
If at the instant of maximum vertical deflection, the struc-
ture is still in motion in the horizontal direction, by defi-
nition, not all of the energy transmitted to the structure
at impact has gone into vertical displacement. Actually,
the approximate model one must use to simulate this
behavior must possess at least three degrees of freedom as
compared with only one for the symmetric case. In addi-
tion to translation of the crown in the vertical and hori-
zontal directions, there is a rotational freedom. This is
best imagined by thinking of the combined mass of the
rock (M,) and the effective mass of the arch canopy (M,)
as having a rotational inertia and mounted on a coil spring
at the effective center of gravity of the two masses. Since
this effective center lies neither at the crown nor at the
point of impact, maximum vertical deflection of the crown
will not necessarily occur concurrently with the maximum
vertical deflection at the point of impact.

Although a mathematical solution to this problem is
quite possible, a simple experimental program was con-
ducted at the University of Pittsburgh, Pittsburgh, PA to
determine qualitatively the effects of asymmetrical loading.




Model arches made of halves of tin cans (approximately
4 in. in diam) were subjected to a line loading tup® of
standard weight and drop height, but at varying angles
away from the crown. Springless, low mass, displacement
transducers (LVDT’s) were attached to the crown to mea-
sure horizontal and vertical motion, and their signals were
fed to a two-channel oscillograph running at 4 in/s. Max-
imum vertical deflection (both dynamic and final) occurred
at 0°, while maximum horizontal displacement took place
between angles of 25° and 30°. For drops at 10° angles or
less (where the rotational effect would be minimal), the
maximum dynamic vertical deflection occurred before the
arch had begun any significant horizontal motion. For
drops involving larger angles, the plastic hinge or crease in
the surface associated with the positive bending moment
was downhill from the point of impact indicating that the
tup rolled or slid relative to the arch. This indicated that
the impact was not perfectly plastic (i.e., zero relative
velocity during maximum deformation) as assumed in the
symmetrical drops. While these limited tests do not verify
the assumption that symmetrical loading is the worst con-
dition, they do suggest that, if not, only slightly asymmetri-
cal loading might be worse, but not to a significant degree.

Two asymmetrical dynamic tests were also conducted
on full-scale liner plate arch canopies, as will be discussed
later in this report. The tests support the premise that an
arch canopy subjected to an impact loading at its crown is
the worst load case. Until further research or tests prove
otherwise, the assumption that symmetrical loadings are
most severe in terms of maximum vertical deformations
will be used.

The third issue is the question of whether or not an
arch will buckle® or sidesway when it is subjected to an
impact loading at its crown. Early into the project, it was
estimated that the distributed load (applied to the crown
of an arch) required to buckle an arch in its plane was 1.1
to 2 times the distributed load required to collapse an arch
(i.e., sufficient number of plastic hinges’ to develop in the
structure to form a mechanism). This led to the conclu-
sion that an arch canopy will deform symmetrically when
it is subjected to static and dynamic loadings applied to its
crown. However, static pull tests conducted on model and
full-scale arches showed that the structures would sidesway
as shown in figure 2. The observed sidesway in all of the
static tests is attributed to the asymmetrical formation of
plastic hinges.

The reason for the asymmetrical formation of plastic
hinges can be explained as follows. When a load is ap-
plied to the crown of an arch (with base supports pin

S'I‘up is an impacting weight whose length corresponded to the
length of the model or full-scale arches.

6Buckling of an arch canopy out of its plane is not a consideration
because of the lateral restraint offered by the adjoining members of the
steel set or liner plate arches.

"When the cross section of a steel member totally yields due to the
effect of bending with or without axial load, it is termed a plastic hinge.
Additional bending deformation can occur without an increase in stress
and therefore without increase in resistance. The cross section is then
considered a plastic hinge.

connected), a plastic hinge will form at the crown of the
arch first because this is the site of the maximum bending
moment and thrust. As the load is increased, two more
plastic hinges should form ideally at the locations of max-
imum negative moment simultaneously. Because the load
is never precisely at the crown and the arch is never per-
fectly symmetrical in geometry and material, only one
additional plastic hinge forms. As a result, the arch will
move laterally (sidesway) in the direction where the addi-
tional plastic hinge forms. The arch is on the verge of
collapse because a sufficient number of plastic hinges have
formed to produce a mechanism.

The observed behavior of the arch canopies under stat-
ic loading raised the concern that they may sidesway when
subjected to impact loading at their crowns. To address
this concern, dynamic tests were conducted on model and
full-scale arches. For the dynamic tests, a tup was drop-
ped from predetermined heights above the crowns of the
arches, and the resultant deformations were measured at
various locations. Figure 3 shows an impact test conducted
on a full-scale arch and is representative of the behavior
observed in all of the dynamic tests. The important ob-
servation to be made from this photograph, which was
seen in all of the dynamic tests, was that the tendency of
the arches to sidesway was suppressed when subjected to
impact loadings at their crowns. The vertical momentum
of the load caused another plastic hinge to form symmet-
rically so that lateral movements of the structures were
negligible or small in comparison with the large vertical
deflections at the crowns.

The problem created by sidesway (fig. 2) is that it oc-
curs at loads less than the ultimate strength the structure
would exhibit if lateral displacement at the crown was not
permitted. Since lateral displacement did not appear to
be significant in all of the early dynamic tests conducted,
the presumption was made that the proper resistance of
the arch canopy can only be obtained from static tests in
which lateral crown displacements do not occur. As a
result, the arch canopy was restrained from lateral dis-
placement at its crown so that its static behavior would
resemble its dynamic behavior.

The observed minimal lateral movement of the crown
of the arches during impact loading and the ability to treat
an arch canopy as a ring led to the conclusion that a single
spring-mass system could be used to represent the dynamic
response of an arch canopy at its crown during impact
loading, Structural damping of an arch canopy is not
addressed because of its small contribution to energy
dissipation during the structure’s first quarter cycle of
response to impact loading. This decision is warranted
when considering the fact that the first quarter cycle of
response is the most critical, since this is the period when
the maximum plastic deformation occurs in the structure.
After the first quarter cycle, damping is an important
factor in dynamic structural behavior and would have to be
accounted for if the residual structural response was of
interest.

The realization that an arch canopy can be treated as
a simple oscillator provided the foundation required to



Figure 2.-Static test. A, Zero pull force; B, 18.8-kips pull force; C, 19.0-klps pull force; D, 23.3-kips pull force;
E, 23.4-kips pull force; F, pull force released.




Figure 3.-Symmetric dynamic test.

develop a design procedure for arch canopies. The ide-
alized model for an arch canopyis shown in figure 4. The
effective mass (M,) of an arch is the mass required to
represent its first vertical mode of vibration as a single
spring-mass system in simple harmonic motion. The ef-
fective mass (slug per foot) will always be less than the
actual mass of the arch per linear length. The reason for
the difference in mass can be explained by considering the
fact that although the frequency of vibration, arch canopy
stiffness (K), and maximum deflection must be the same
for the two systems, the configuration and distribution of
the masses are not. When an arch is vibrating at its first
vertical natural frequency, the radial displacements that
the differential masses travel vary along the periphery of
the arch. The radial displacement at the crown is a max-
imum, and it is this displacement that the idealized model
must undergo when vibrating at the same natural frequen-
cy as the arch. Since each differential mass is displacing

Figure 4.-ldeallzed mathematical model of arch canopy-single
spring-mass system.

by different amounts, but at the same frequency, a lumped
mass equivalent to the entire mass of the arch cannot be
used in the model. This in effect would require each dif-
ferential mass of the arch to travel the same distance,
which is impossible. As a result, the effective mass is
always less than the total mass of an arch.



The effective mass can be calculated from the work of
Henrych (3), a structural dynamics computer program (4),
Rayleigh’s method (5), or an experimental method.®> One
consideration in the use of the effective mass for design
purposes is that the value obtained is for a structure un-
dergoing elastic deformations, not plastic deformations.
The significance of this is when an arch is deformed into
its plastic range, the effective mass, frequency, and stiff-
ness of the structure decrease, due to the large geometric
changes occurring in the arch. In all of the full-scale
dynamic tests conducted to date, the stiffness, frequency,
and the effective mass changed for each arch tested. How-
ever, the change in stiffness did not account for the total
changes in the fundamental frequency of vibration of the
structures. Therefore, the effective mass also changed as
large plastic deformations occur in an arch. The exact
relationship between effective mass andlarge plastic defor-
mations is not known at this time. However, this problem
can be handled empirically using the dynamic test data and
this is discussed in a later section in this report.

The stiffness (K) of the model represents the stiffness
((kip per foot) per foot) of an arch and is the relationship
between applied load and resultant deflection. Although
stiffness is an important design parameter for structures in
their elastic range, it is not of significant importance in the
arch canopy design procedure because of the large plastic
deformations occurring in the arch canopies.

RESISTANCE FUNCTION

Figure 5 shows a resistance function (crown load-
displacement curve) obtained from a static pull test. The
resistance function is fundamental to the design of an arch
canopy. The presumption made in the early stages of this
investigation was that the static resistance function is re-
presentative of the dynamic resistance function. All of the
dynamic tests conducted support this belief.

Once a resistance function is established for an arch
canopy, the resistance (load-carrying capacity) (R) and
strain energy absorption capacity (E,) can be determined
for specific crown deflections. The area under a resistance
function for a given deflection represents the amount of
strain energy a structure is capable of absorbing up to that
deflection. For an arch canopy, the strain energy occurring
during deformation will always be expressed as energy per
linear foot for this design procedure. This will allow a
comparison to be made between the amount of energy that
an arch canopy is capable of absorbing and the energy of
a roof fall (foot kip per foot). These two engineering
properties, R and E,, are important in the design of an
arch. They determine whether or not an arch can carry
the static weight and absorb the energy of a roof fall.

The experimental method requires mechanically deflecting and then
releasing the crown of an arch and measuring the displacement history
as a function of time. The resultant load-displacement diagram
obtained when the arch was deflected can be used to calculate the
stiffness for the structure. Once stiffness and frequency are known, the
effective mass is easily calculated.

RESISTANCE , kips /ft

1 1 1 i !
0.5 1.0 1.5 2.0 2.5 3.0

CROWN DEFLECTION, ft

Figure 5.-Arch canopy crown load-displacement curve.

A resistance function can be determined for an arch
canopy using an elastic-plastic structural analysis. How-
ever, the resistance curve obtained from the structural
analysis may not be representative of the true behavior of
the arch canopy. The predominant reason for the differ-
ence between the experimental and analytical curves is that
in the structural analysis the abrupt changes in moment of
inertia (I) due to the presence of joints cannot be readily
accounted for. The joints reduce the flexural rigidity of an
arch and its overall stiffness and strength. As a result, the
actual resistance function and stiffness will be different
than those obtained from a structural analysis.

PROTECTION HEIGHT

Figure 6 shows the dimensions and notation used for
design calculations. The mine operator is responsible for
establishing the intended functions for the protected entry.
The functional requirements of the entry will dictate the
size of the effective area under the arch. The height of the
effective area is designated as the protection height (h,).
The protection height is an important design parameter
because it establishes the minimum clearance of the crown
at the time of maximum crown deflection. The void height
(H) is the floor-to-roof dimension (after the primary mas-
sive roof fall occurs). The height of the arch canopy under
consideration is designated as h, and W, is the weight of
roof fall per unit of length expressed in terms of kip per
foot.

LOADING CRITERIA

A study of roof-fall rehabilitation accidents that oc-
curred from 1966 to 1986 led to the development of static
and dynamic loading criteria for arch canopies (1, pp. 18-
24; 2). Figure 7 shows the cumulative frequency of the
kinetic energies of the rehabilitation roof falls. The ener-
gies shown in the graph represent the kinetic energies of
the roof falls on impact with the mine floor. This graph
shows that a majority (87 pct) of the roof falls possessed
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Figure 6.-Dimensions for design calculations.
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Figure 7.-Cumulative frequency of kinetic energy of roof falls
upon impact with mine floor.

less than 20 ft-kip/ft of kinetic energy. As can be seen
in figure 7, this kinetic energy level represents the point
at which the slope of the cumulative frequency graph
changes significantly. An argument can be made that this
point also represents a reasonable economic constraint
for specifying energy absorption requirements for arch
canopies. For example, if a mine operator wanted to
design an arch canopy to provide protection against 90 pct
of the rehabilitation roof falls instead of 87 pct, the energy
absorption capacity required of an arch would increase
from 20 to 30 ft-kip/ft. This example demonstrates that
a 3 pct gain in safety requires a 50 pct increase in energy
absorption capacity for the arch. Furthermore, it can also
be reasoned that a 3 pct gain in safety will also increase
the material costs of the arch by approximately 50 pct.
In view of the facts that a majority of the roof falls
possessed kinetic energy levels of less than 20 ft-kip/ft
and the diminishing returns associated with designing
structures to absorb energy above this level, the decision
was made to establish an energy absorption requirement

of 20 ft-kip/ft” The implication of this statement is that
if an arch canopy is capable of absorbing the energy of a
roof fall whose kinetic energy is 20 ft - kip/ft upon impact
with the mine floor, then it will be expected to provide
protection against at least 87 pct of the roof-fall
rehabilitation accidents that occurred from 1966 to 1986.
Once an energy absorption capacity is established for
arch canopies, a design energy curve (fig. 8) can be plotted
that relates the weight of the rock, W, (kip per foot), that
must fall to create a kinetic energy level of 20 ft - kip/ft on
impact with the mine floor. This curve suggests that the
greater the void height, the smaller (lighter) the secondary
roof falls will be. While this is not strictly true, 87 pct of
the roof-fall data referenced above are <20 ft - kip/ft.
For purposes of design, the design energy curve
provides the necessary static and dynamic loading criteria.
The mine operator can calculate from this curve the
weight of the roof fall that must drop from a specific void
height (the new mine roof height after the primary roof
fall occurred) to create an energy level of 20 ft-kip/ft
upon impact with the mine floor. This weight represents
the maximum static weight that the arch canopy must be
capable of supporting. With this in mind, the large
geometric changes that occur in the arch during its
structural response to impact loading (fig. 3) decrease the
static strength of the structure (fig. 5). Therefore, the
resistance of the arch at maximum crown deflection
(Ryma (first quarter cycle of dynamic structural response)
must be greater than the weight of the roof fall or the
structure will collapse. The weight of the roof fall is also
used in the calculation of the maximum crown deflection
(Ymax) and energy absorption requirement for an arch

(Eo)-
ENERGY CONSIDERATIONS

The gross energy available for deforming an arch can-
opy (E,) is the loss in potential energy of the rock fall
and the M, of the arch, namely,

E, = W, (H-h) + (W, + g M,) Ymax, 1

where E, = gross energy available to deform arch,
ft - kip/ft,
g = acceleration due to gravity, 32.2 ft/s
M, = effective mass of the arch canopy; the

mass required to represent the arch
as a single spring-mass in simple
harmonic motion, slug/ft,

maximum crown displacement that
occurs during the first quarter cycle
of the response of the arch, ft.

and Ymax

*The meaning of this statement is that an arch should be capable of
absorbing the energy of a roof fall, which would have a kinetic energy
level of 20 ft-kip/ft if it was to strike the mine floor. This concept will
be further explained in this section of the paper.
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Although equation 1 provides an expression for the
gross energy available to deform the arch, it does not
represent the amount of energy that the arch canopy must
be capable of absorbing (E,). The reason for this is that
during the impact of the rock fall with the arch, notall of
the kinetic energy of the rock fall is transferred to the
arch. A portion of the kinetic energy is transformed into
noise, heat, local deformation of the rock fall and arch,
and the excitation of the natural frequencies of the arch.
The expression that relates the transfer of kinetic energy
of the rock fall to the arch is called the transmission ratio
(r); it is based on the conservation of momentum and is
governed by the equation (I, p. 25),

M

... S 2
M, + M, @

where M, is the mass of roof fall.

The transmission ratio (r,) is only applicable to the
kinetic energy of the rock fall at the instant of impact [the
energy given by the expression W, (H-h) where h is height
of arch canopy] and not the gross energy available as given
in equation 1. The conclusion can be made that E, will
always be less than E,, due to the loss of kinetic energy of
the rock on 1mpact with the arch. The question imme-
diately raised then is, what is the relationship of E, to E,?
It was proposed in thc early stage of the project that the
ratio of E, to E, be greater than a factor that was called
the energy absorptlon ratio (r,). A decision was also made
at that time to make r, equal to r, until the full-scale phys-
ical tests proved otherwise. Eight full-scale impact tests of
arch canopies were conducted and these tests showed that
r, is approximately equal to 0.9 r, (fig. 9). Therefore, a
recommendation is made that r, should be made equal to
0.9 r. This represents a conservative value for r, and
should only be used for arch canopies that are similar in
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Figure 9.-Energy absorption ratio (r,) versus transmission
ratio (r).

shape and size to the ones utilized in the dynamic tests.
For other types of arches or when the use of the empirical
factor 0.9 is in doubt, use r, for r,.

CROWN DEFLECTION CALCULATION

The resultant maximum crown deflection (Ymax) dur-
ing the first quarter of response to impact loading may be
obtained from the limit of the inequality relating E, and
E,, namely

=2 =1, 3)

where E, is given by equatlon 1, r, is obtained from the
semlempmcal expressxon 091r, and E, is equal to the
area under the resistance function up fo Ymax for the
particular arch canopy under consideration. Ymax must
be solved for by an iterative process and is obtained when
E,isequal to 0.9 r, E,.

DESIGN CRITERIA

Three criteria must be satisfied in order for an arch
canopy to be considered acceptable for a particular reha-
bilitation project. The first is that the arch canopy must be
capable of absorbing the energy of the roof fall by satis-
fying equation 3. The second is that the weight of the rock
fall W_, determined from the design energy curve, must be
less than the resistance Ry, of the arch canopy at the
calculated maximum crown deflection Ymax. If this re-
quirement is not fulfilled, the arch will collapse under the
static weight of the rock fall. The third is that the max-
imum crown deflection may not exceed the allowable
crown deflection (h-h,).
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DESIGN PROCEDURE

The design procedure is based upon a limiting design
energy of less than 20 ft -kip/ft (fig. 8), the weight of the
rock fall W, , and designated protection height h,. With
these in place, the mining engineer proceeds as follows:

1. By visual observation, determine the void height, H.

2. Using H and the design curve (fig. 8), determine the
weight of the rock per linear foot (W) that must fall to
create an energy level of 20 ft - kip/ft if it was to strike the
mine floor.

3. Calculate the effective mass (M,) for the arch can-
opy under consideration using table A-2, if applicable, or
another method previously discussed in the report.

4. Using equations 1, 2, and 3, determine if the arch
canopy can absorb the energy of the roof fall and calculate
the maximum crown deflection (Ymax).

5. Check that Ymax < h-h,,.

6. Check that the resistance of the arch canopy at
maximum crown deflection (R,,) is greater than the
weight of the rock (W,).

TEST ARTICLES

The test articles selected for the verification tests were
arch canopies constructed of liner plate. Although liner
plate arches were used to demonstrate the test procedures
and to establish the validity of the design procedure, steel
set arches would have been equally suitable.

Two different types of test articles were used and will
be designated as test article A (arch A) and test article B
(arch B). Test articles A and B were constructed of two-
and four-flange liner plate, respectively. Each test article
was comprised of three or four rings of liner plate to pre-
vent it from buckling out of its plane, and also to represent
reasonably the behavior of the arch canopies.

The configuration of the two-flange liner plate for test
article A and its dimensions are shown in figure 10. Each
ring was composed of nine liner plates (four 12-Pi and five
16-Pi plates) to form a semielliptical arch. Arch A had a
radius of 9 ft 10-9/16 in turning an angle of 194° a span
(width) of 19 ft 7-1/2 in, a rise (height) of 11 ft 5/8 in, and
a length of 4-1/2 ft (three rings) or 6 ft (four rings). All
of the liner plates were made of a 5-ga material (0.2092-
in thick). The plate material and dimensional properties
are given in table 1.

The configuration of the four-flange liner plate for
test article B and its dimensions are shown in figure 11.

Alternating rings were composed of nine 12-Pi plates and
eight full and two half 12-Pi plates. The liner plates
formed a semicircular arch with a radius of 9 ft, a span of
18 ft, a rise of 9 ft, and a length 4 ft (three rings) or 5 ft
4 in (four rings). All of the liner plates were made of a
5-ga material (0.2092-in thick). The material and dimen-
sional properties of the four-flange liner plate are also
given in table 1.

Table 1.-Properties and dimensions of liner plate

Properties and dimensions 2-flange 4-flange
Thickness . . .....ovvvvv s in .. 0.2092 0.2092
Af€a .......ooiiui.n, in?/lin ft .. 3.263 1.5818
Section modulus .. .... in*/linin .. 0.0298 0.0511
Moment of inertia .. . ... in4/lin in .. 0.1031 10.1081
Radius of gyration .......... in .. 0.616 0.64
Approx weight, including bolts, Ibf:

12-Pifullplate ................. 61 51.8
12-Pihalfplate . ................ NAp 27.8
16-Piplate .................... 79 NAp

NAp Not applicable.
Manufacturer recommends for design use 75 pct of the actual
radius of gyration given.

PHYSICAL TESTING PROCEDURES

Arch canopies were physically tested with the use of the
impact test structure (ITS). The ITS was designed to
provide a versatile frame for the static and dynamic testing
of various arch canopy and arch canopy-backfill system
configurations (fig. 12). Static tests were conducted by
utilizing a hydraulic cylinder, which provided a downward
load (pull force) to the crown of the arch canopy. The
ITS also accommodates impact testing of arch canopies by
the use of a crane-mounted release hook assembly that
drops a tup from various heights. [A tup (fig. 3) is an
object of significant weight that is dropped from above a
test article to create an impact load.] Sidewalls and end
walls permit the placement of backfill on the sides or on

top of the arch canopies to accommodate testing of arch
canopy-backfill systems (soil-structure interaction).

STATIC TESTS

Static tests were performed on three- and four-ring lin-
er plate arch canopies to establish their elastic and plastic
behavior, and also to obtain crown load-displacement
diagrams for the structures. These tests also provided a
detailed understanding of the failure processes that the
arch canopies underwent. As noted previously, the area
under a load-displacement curve represents the amount of
energy that an arch canopy is capable of absorbing for
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Figure 12.-Front elevation of the impact test structure.

specific crown deflections. The load-displacement curve
also shows the amount of resistance an arch canopy is
capable of mobilizing for a specific crown deflection. As
was discussed earlier in this report, energy absorption
capacity and the resistance of an arch canopy are critical
parameters in the design of arch canopies for impact
loading,

Test Apparatus

For the static testing of liner plate arch canopies, the
pull force of the hydraulic cylinder was distributed along
the entire length of the test article at its crown (figs. 13-
14). This was done in order to force the structure to be-
have as a ring (two-dimensional structure) and not as a
shell (three-dimensional structure). A loading beam (wide
flange beam) was selected so that its center would not
deflect elastically more than 1/200th of its length relative
to its ends under the maximum loading the arch canopy
was expected to carry. The loading beam was also selected
to be torsionally stiff enough to prevent its own lateral
torsional buckling. Each lip (fore and aft) of the arch
canopy was tack welded once to the loading beam to fur-
ther prevent its lateral movement.

An adjustable strut (with respect to its length) was
attached to each lip of the arch to prevent the arch canopy
from sideswaying during the static test (figs. 14-15). The
arch canopy was restrained from lateral displacement at its
crown so that its static behavior would resemble its dy-
namic behavior.

The arch canopy base supports were restrained against
translation, but were free to rotate as shown in figure 14.
This was done in order to duplicate the support reactions
employed in the field.
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Figure 13.-Schematic of arch Installation for static test-side view.

Instrumentation and Data Acquisition System

The installation of the test instruments and data acqui-
sition system are shown in figures 14 and 15. Operation of
the equipment was as follows. Hydraulic cylinder (3)
exerted a downward force on the crown of the arch, which
was transmitted through the load cell (1). A bridge ampli-
fier (2) provided excitation voltage for the load cell and
amplified the low-level force signal. Vertical displacement
transducers (4) and (5), and the horizontal transducers (6)
and (7) produced output signals relating to the position of
the arch crown in two dimensions. The 10-V source (9)
provided excitation for the displacement transducers while
the +15-V supply (10) provided power for the buffer am-
plifiers within the displacement transducers. Connections
between the displacement transducers, load cells, voltage
supplies, and tape recorder were made at junction box (8).
Analog data from each sensor were stored on the magnetic
tape recorder (11) for subsequent data processing. The
X-Y plotter (12) was connected to the playback of the tape
recorder to ensure that the data were going onto the tape
during the test.

Test Conduct

The structure was cycled several times by applying a
light load with the hydraulic cylinder. This was done to
takeup any play in the system in order to provide a more
stable starting position. Following this, the arch canopy
was deflected in steps of 3 in by reference to an X-Y plot-
ter. At each3-inincrementalstep a photograph was taken
of the structure. When the deflection of the structure was
approximately equal to one half of the desired maximum
crown deflection, the load was slowly released. This was




14

Figure 14.-Arch canopy Installation for static test.

done to determine the new stiffness of the arch canopy due
to the large geometric changes that occurred in the struc-
ture. Testing was then resumed at 3-in increments until
the desired maximum crown deflection was reached. The
load was then slowly released and the static test was
terminated.

SYMMETRIC DYNAMIC TESTS

Symmetric dynamic tests of three- and four-ring liner
plate arch canopies were conducted in order to determine
their dynamic response to impact loading. A dynamic test
involved dropping a tup from specified heights above the
crown of an arch canopy and measuring the response (re-
sultant horizontal and vertical crown deflections) of the
structure to the impact loading. The measurement of the
maximum vertical crown deflection is critical in a dynamic
test because it is used to determine the actual energy ab-
sorption ratio (r,) and the total amount of energy the arch
canopy absorbed during the impact test.

The resistance function established for the particular
arch canopy was used in the calculation of the total
amount of energy the structure absorbed during the dy-
namic test. The area under the load-displacement curve,

corresponding to the maximum crown deflection measured
during the dynamic test, represented the total amount of
energy the arch canopy absorbed during the impact load-
ing. Once the energy absorbed by the arch canopy was
determined, the actual energy absorption ratio was deter-
mined, and the conservativeness of the design was
evaluated.

Test Apparatus

For the dynamic testing of liner plate arches, the im-
pact loads were provided with the use of 1,161-, 2,305.3-,
3,316-, and 3,796-1bf tups. The tups were sized according
to weight such that the drop height for the first dynamic
test would be at least 6 ft. This was an arbitrarily selected
requirement. The uniform weight of the tup is equal to its
total weight divided by the length of the test article. The
tups were at least as long as the test articles in order to
distribute the impact loading along the entire length of the
arch canopies and to ensure ring type behavior. The mass
of the tup (M) is equal to its uniform weight divided by
the acceleration due to gravity. The arch canopy base
supports were restrained against translation, but were free
to rotate as shown in figures 3, 12, and 16.
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Instrumentation and Data Acquisition System

In measuring the dynamic response of an arch canopy,
two sets of redundant displacement transducers (fig. 16)
were used to ensure accuracy and reliability, since it was
quite conceivable that one transducer set could fail during
the impact loading. Linear potentiometers were used as
displacement transducers because of their ability to re-
spond to large accelerations. (Previous dynamic tests
showed that the response of wire-pull transducers were
poor and this was attributed to the failure of the reeling
mechanism contained in these transducers to retract the
wire fast enough to follow the displacement of the arch
canopy crown during impact.) It was not certain, however,
whether the shock transmitted through the rods of the
potentiometers would damage the transducers. The trans-
ducers were, therefore, mounted in pairs in both vertical
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and horizontal positions and special shock isolators were
built into the mounting hardware. The weight of the
moveable part of the assembly was determined to be
19.53 Ibf.

Five channels of data characterizing the behavior of the
arch were recorded on magnetic tape. Figure 15 shows a
block diagram of the instrumentation and data acquisition
setup. Displacement transducers (1), (2), (3), and (4) are
used to monitor the movement of the crown in two di-
mensions. The voltage source (6) provided excitation for
the transducers, and the power supply (7) powers the buf-
fer amplifiers within the transducers. The junction box
(5) provided a common connection point for the various
instruments. The tape recorder recorded the four chan-
nels of analog displacement data and one channel of step
change voltage (10) derived from a trigger located on the
tup. A trigger contact connected to the tup would break
after the tup had fallen a predetermined distance, and the
resultant step decrease in voltage provided a marker on
the tape recorded data and acted as a reference point for
data processing. The strip chart recorder (9) was used for
real-time data monitoring and also for redundant moni-
toring of the deflection and trigger signals.
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Test Conduct

Prior to each impact test, the tup was leveled to ensure
an even contact between the bottom surface of the tup
and the crown of the arch canopy. The tup was then lifted
and positioned to the specified drop height above the arch
canopy and centered so that the centerline of the tup par-
alleled the centerline of the arch canopy. A still photo-
graph was taken of the arch canopy before and after each
impact test. Just prior to the release of the tup, the tape
and strip chart recorders and the high-speed motion cam-
era were started. During the ensuing impact, pictures
were taken at a speed of 200 frame/s. The tape and strip
chart recorders captured the four channels of displacement
data, plus the trigger signal.

Following each impact test, the tup remained on the
arch. Displacement data were again recorded as the tup
was lifted off of the arch canopy. The resultant elastic
spring-back deflection (4,) was used to calculate the new
stiffness of the structure for the large geometric changes
that had occurred in the structure.

ASYMMETRIC DYNAMIC TESTS

The purpose of the asymmetric dynamic tests was to
verify the premise that the worst loading condition that can

occur is when a rock fall strikes the crown of an arch.
Off-center impact tests on model arches supported this
belief, as was previously discussed in this report. However,
the question remained as to whether full-scale arch can-
opies would exhibit similar behavior.

Four-ring liner plate arch canopies served as test ar-
ticles for the asymmetric dynamic tests. Four rings were
used as opposed to three primarily to preserve symmetry
in the structure and to negate the influence of the joints
within a longitudinal cross section on the location of the
plastic hinges developing in the regions of maximum bend-
ing moment. The tests consisted of dropping a tup from
an identical drop height as was previously used for the
symmetric dynamic tests. The two tups used in the tests
weighed 2,305.3 and 3,763.2 Ibf. Each tup was fabricated
so that its bottom surface was tangent to the arch canopy’s
surface at the impact site. The impact site on an arch
canopy was located 10° off-center from its crown (fig. 17).
The instrumentation, data acquisition system, and test
conduct were identical to those used for the symmetric
dynamic tests.

Figure 17.-Arch canopy deformation due to asymmetric dynamic test.
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TEST RESULTS

STATIC TESTS

Figures 184 and 194 present the results of four static
pull tests conducted on two- and four-flange liner plate
arch canopies. As previously discussed, the numeric value
for resistance is the applied static load divided by the
length of the test article. The peak of a curve represents
the maximum resistance (R,) that an arch canopy can
mobilize against loading and is also indicative that a mech-
anism has formed in the structure. The portion of the
curve to the left of R, represents the elastic range for an
arch canopy and the remainder represents the plastic
range. Actually, some plastic action has taken place at the
crown by the time R, has been reached. However, the
structure is not yet a mechanism until then.

A comparison of the resistance curves for arch A shows
that they are quite similar, except for the last 2 ft of crown
deflection (fig. 184). No explanation can be given for the
greater load-carrying capacity the three-ring two-flange
arch canopy demonstrates at the tail end of the resistance
curve. It can only be reasoned that the resistance curve of
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Figure 18.-Arch A design curves. A, Resistance functions; B,
strain energy curves.

the four-ring arch canopy is more representative of the
actual strength and load-carrying capacity of all two-flange
arch canopies of this geometry. This becomes apparent
when the influence of the number of joints and full plates
that are present when a plastic hinge develops in an arch
canopy is considered. A more representative behavior of
an arch canopy will be established when the number of
joints and full plates in the longitudinal cross section
match.

Figure 194 shows that the four-ring test article has a
greater load-carrying capacity than the three-ring test ar-
ticle. This is attributed mainly to the influence that the
number of joints has on the static load required to cause
a plastic hinge to form in the structure. In general, an
arch canopy should always have an even number of joints
within its longitudinal cross section. (Figures 10 and 11
demonstrate that joints and plates are staggered with re-
spect to one another.) It is for this reason that the sugges-
tion is now made that all liner plate arches tested statically
or dynamically be composed of an even number of rings
and that the minimum number of rings to be used is four.
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The sudden loss in resistance of the four-ring arch can-
opy (fig. 194) was caused by local fracturing and tearing
of the liner plate at the crown. The fractures initiated at
the bolt holes in the liner plate are the result of large
strains the liner plate experienced at the crown.

Strain energy curves are provided in figures 18B and
198 for all of the arch canopies statically tested. The
strain energy curves were obtained from calculating the
area under the resistance curves. These curves represent
the energy absorption capacity of the arch canopies and
are essential for the design of an arch canopy. A com-
parison of the strain energy curves for the three- and four-
ring arch canopies show that they are relatively similar.
However, for purposes of design, the energy curves of the
four-ring arch canopy should be used.

SYMMETRIC DYNAMIC TESTS

Table 2 provides all of the design data, test data, and
test results for the eight symmetric dynamic tests con-
ducted. Four arch canopies were involved in the tests.
Three test articles were subjected to two or three consec-
utive dynamic tests.

The first section of table 2 provides, the data used for
the design of the dynamic tests. The effective masses for
the arch canopies were determined with the use of tables
1 and A-1. The drop height for each test was found by
solving equation 3 iteratively for Ymax such that rE, or
09rE, and E, balanced. (Use of equations 1 and 3 and
the strain energy curve for the appropriate test article
allowed the maximum crown deflection (Ymax) for the
first quarter cycle of response to be determined.) The
energy absorption ratio (r,) was made equivalent to r, for
the first five dynamic tests and involved only the three-ring
test articles. The last three dynamic tests conducted in-
corporated the use of the empirical factor of 0.9, which
was derived from data of the previous five dynamic tests.

The middle section of the table provides the actual
test data measured. The parameter represents the funda-
mental period of vibration (7) for the tup resting on the
oscillating arch after the transient vibrations are damped
out. The fundamental period of vibration is required to
calculate the new effective mass of the arch canopy for a
subsequent impact test. The change in effective mass of
the arch canopy is a result of the large geometric changes
that have occurred.

Table 2.-Symmetric dynamic tests—design data, test data, and test results

Test identification® .............. A-3R-1 A-3R-2 A-3R-3 A-4R-1 A-4R-2 B-3R-1 B-3R-2  B-4R-1
DESIGN DATA
Tup:

Total weight .. .......... kip.. 332 3.32 3.32 3.80 3.80 1.16 1.16 2.31
Uniform weight . . ... ... kip/ft .. 074 0.74 0.74 0.63 0.63 0.29 0.29 0.43
Drop height .............. in .. 88 60 42 161 75 95 37 7
M, o slug/ft .. 3.61 255 1.15 3.61 3.65 2.88 1.06 2.89
M slug/ft .. 375 2.69 1.29 3.74 3.78 3.03 1.21 303
F et e 0.86 0.90 0.95 0.84 0.84 0.75 0.88 0.82
g v ft-kip/ft 6.50 5.18 4.28 NAp NAp 2.44 1.22 NAp
O9RE, « v ft- kip /ft NAp NAp NAp 8.29 4,61 NAp NAp 3.05
= ft-kip/ft 6.50 5.18 4.28 8.29 4.61 2.44 1.22 305
Ymax ... ft 253 2.59 2.49 3.29 2.77 2.48 1.48 3.00
TEST DATA
T s 0.50 0.55 ND 0.53 ND 0.46 ND ND
YMax ..o ft 2.12 205 1.93 3.19 2.49 2,09 1.23 3.08
Ba o in 2,19 2.78 3.74 2.30 3.40 1.81 2.10 4.13
TEST RESULTS
E, ... . 00 ft-kip/ft ..  7.23 5.37 4.08 10.89 5.75 3.11 1.30 4.19
SO ft-kip/ft .. 550 4,14 327 8.08 4,11 2.04 0.99 307
Fy e e e 0.76 0.77 0.80 0.74 0.72 0.66 0.80 0.73
K4 (kip/f)/ft .. 4.04 3.18 2.36 3.30 223 1.92 1.66 1.26
MP slug/ft .. 255 1.15 ND 3.65 ND 1.06 ND ND
M2 slug/ft .. 269 1.29 ND 3.78 ND 1.21 ND ND

NAp Not applicable.
ND Not determined.

IFirst letter specifies test article type, arch A or B; next gives number of rings used; last number designates sequence of tests.

Period of vibration of arch and tup.
New.

%K = uniform tup weight divided by a,.
Based on equation 4.



Once the maximum crown deflection is established, the
actual strain energy E, absorbed by the structure can be
found from a strain energy curve, such as the one provided
in figure 184. The static rebound A, (due to removal of
tup) is used to determine the new stiffness K for the
structure.

The stiffness of the structure decreases significantly as
a result of the large geometric changes. This is reflected
in the table for each consecutive dynamic test. The stiff-
ness of the structure is important for the consecutive im-
pact tests because it represents the new elastic response
of the structure to static and dynamic loading, as shown in
figure 204. The two additional linear load-displacement
curves are plotted on the original resistance curve for arch
A and represent the stiffnesses K, and K, for consecutive
dynamic tests 2 and 3. Figures 20B and 20C provide the
amount of energy arch A is capable of absorbing for each
consecutive dynamic test.

The actual amount of energy each test article absorbed
(E,) was determined from the its strain energy curve (orig-
inal or revised) and the measured maximum dynamic
crown deflection. The gross energy available to deform
the test articles was calculated using equation 3 for the test
articles. The actual energy absorption ratio (r,) was ob-
tained by dividing E, by E,.

The new effective mass of the test articles following a
dynamic test was calculated from the equation (I, p. 42)

2

M, - K2 o, @
4

where M, is the mass of the tup, and M,, is the mass of the
transducer assembly divided by the length of the test ar-
ticles. The results show that for each consecutive test
conducted, the test articles progressively became weaker,
less stiff, and their effective masses became smaller in
magnitude.

A review of the transmission ratios and the energy
absorption ratios show that estimating r, as r, is too con-
servative. Therefore, an empirical factor is used to adjust
the transmission ratio so that it is more representative of
the actual relationship of E, and E,. Figure 9 shows a plot
of r, versus r, and curves for r, equal to r, and 0.9r,. The
linear curve demonstrates that the use of the empirical
factor of 0.9 is still conservative. Another factor, which
contributes to the conservativeness of this procedure, is
that the arch canopy will almost always be longer than the
roof fall. This ensures that the structure will resist the
roof fall in a three- instead of a two-dimensional manner.
As a result, the arch canopy will always experience less
damage than the design procedure predicts for a given
roof fall.

The error between the predicted E, (using the design
procedure and r, equal to r) and the actual E, ranged
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from 18.2 to 309 pct, for an average conservative error
of 23.5 pct. The error for predicting E, using r, equal to
0.9r, ranged from -0.9 to 12.3 pct, for an average error
of 4.6 pct. Likewise, the average error between the pre-
dicted Ymax using r, equal to r, and the actual Ymax was
222 pct. Using r, equal to 0.9r, improved the average
error in predicting Ymax to 39 pct. Overall, these errors
are conservative and demonstrate the validity and conser-
vativeness of the design procedure.
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ASYMMETRIC DYNAMIC TESTS

Two asymmetrical dynamic tests were conducted on
four-ring two-flange and four-flange liner plate arch can-
opies. The tests supported the premise that an arch can-
opy subjected to an impact loading at its crown is the
worst load case. The first asymmetric test consisted of
dropping a 3.796-kip tup from a height of 161 in onto a
two-flange arch canopy. The impact site was 10° off-center
from the crown of the test article (this corresponds roughly
to the first set of joints off-center from the crown). This
test mirrors the symmetric dynamic test A-4R-1. The
resultant maximum crown deflections were 37 in (3.08 ft)
vertical and 1.6 in horizontal. A review of table 2 shows

that the resultant vertical crown deflection is slightly less
than the vertical crown deflection (3.19 ft) for the sym-
metric dynamic test. The second asymmetric dynamic test
involved dropping a 2.3-kip tup from a height of 71 in onto
a four-flange arch canopy, which is similar to the sym-
metric dynamic test B-4R-1. The impact site was also 10°
off-center from the crown of the arch canopy. The re-
sultant maximum crown deflections were 26.85 in (2.24 ft)
vertical and 1.9 in horizontal. The vertical crown deflec-
tion for test B-4R-1 was 3.08 ft. These two asymmetric
dynamic tests and the asymmetric tests conducted on mod-
el arches support the premise that the worst dynamic load
case is a symmetric one.

CONCLUSIONS AND RECOMMENDATIONS

A design procedure was developed for unbackfilled arch
canopies constructed of liner plate and/or steel sets and
lagging, Static and dynamic loading criteria were also
established for arch canopies. The purpose of the loading
criteria and the design procedure is to provide mine per-
sonnel with a reasonably conservative method of selecting
and designing arch canopies for the purpose of rehabil-
itating high-roof-fall areas.

Verification tests were conducted on arch canopies
constructed of two- and four-flange liner plate. The ver-
ification tests served to demonstrate the use of the static
and dynamic test procedures developed for arch canopies
and to establish the validity and conservativeness of the
design procedure. Physical dynamic tests conducted on
full-scale and model arches served as the basis for eval-
uating the design procedure. Actual dynamic response of
the arch canopies was compared with their predicted

response utilizing the design procedure. The first five dy-
namic tests demonstrated that the actual energy absorption
capacity of the arch canopies exceeded the predicted ca-
pacity by an average conservative error of 23.4 pct. The
average conservative error in predicting the maximum
crown deflection for these tests was 22.2 pct.

The results of the dynamic tests were also used to de-
velop an empirical factor that relates the energy of im-
pacting loads to the energy absorption capacity of arch
canopies. Use of this empirical factor improves the design
procedure by decreasing the conservative error in pre-
dicting the energy absorption capacity of arch canopies to
an average of approximately 4.6 pct. Additionally, the
error associated with predicting crown deflections was
reduced to an average of 3.9 pct. The recommendation is
made that the empirical factor 0.9r, should be used for r,
in the energy calculations, as discussed in the report.
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APPENDIX A.-EFFECTIVE MASS OF AN INCOMPRESSIBLE CIRCULAR
TWO-HINGED ARCH CANOPY

The effective mass M, of an arch is the mass required
to represent an arch as a single spring-mass system in
simple harmonic motion. The Rayleigh Method (5)! will
be utilized in the determination of M, for an incompres-
sible circular two-hinged arch turning an angle of 28 (fig.
A-1). The effective mass will be calculated from an es-
timate of the stiffness and frequency of vibration for sym-
metric deformations of an arch.

The Rayleigh Method is based on the conservation of
energy and relates the potential energy of the structure at
maximum displacement to its maximum kinetic energy
when it is at its equilibrium position. Since the deflections
of the arch are mainly attributed to flexural and not axial
deformations, the maximum potential energy is equal to
the flexural strain energy stored in the structure and the
arch is considered to be incompressible. In order to cal-
culate the maximum potential and kinetic energies of the
arch, an assumption must be made concerning the shape
of the structure at maximum deformation during vibration.
It will be assumed that the deflected shape of the arch at
maximum displacement can be represented by the static
deflection of the structure due to a uniform load (P) ap-
plied to its crown (fig. A-2).

The first task is to calculate the vertical and horizontal
reactions of the two-hinged arch (fig. A-1) so that the vari-
ation of moment around the structure can be determined.
The vertical reactions (V) are both equal to P/2, and this
is due to symmetry of the loading and the structure.

'Italic numbers in parentheses refer to items in the list of references
preceding the appendix.

Figure A-1.-Notatlon for circular arch canopy.

The horizontal reactions (H) are also equal, but cannot
be calculated from static equilibrium alone. They can be
determined from Castigliano’s Second Theorem (6), which
states that at an unyielding support

au _o A-1
U _y, (a-)
2
where U = fL—I\L dx, the flexural strain (A-2)
0 2EI energy, ft-Ibf]
H = reaction force, Ibf,
and El = flexural rigidity, Ibf 2,

The moment for the left hand side of the arch (fig. A-1)
is

M(a) = Hr(cosB - cosa) + Vr(sinB - sina), (A-3)
where r is the radius of the arch. Substituting equations
A-3 and A-2 into equation A-1, multiplying equation A-2
by a factor of 2, since the use of equation A-3 represents
only one-half of the moment variation in the arch, substi-
tuting rda for dx, and changing the limits of integration,
yields

0 = ZEI I g[Hr(cosB - cosa) + Vr(sinB - sina)]

* r(cosB -cosa) rda. (A-4)

Figure A-2.-Symmetric point load and arch canopy deflection.
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Integrating equation A-4 and solving for H as a function
of B gives

H(B) = C,B)P, (A-5)

1- 3cos” B + cos(1- BsinB) . (A

here C,;(B) =
where C,(8) 4cosB(BcosB - 2sinB) + 2B + sin2B

Once the reactions for the arch are established, the next
step is to determine the fundamental frequency of vibra-
tion for the symmetric deformation of the structure. The
maximum potential energy (6, p. 35) of the arch is

(PE),,, =B M(a)P rde.

A-7
2EIT 0 (A7

The maximum kinetic energy (6, p. 36) of the arch is

2
(KB) = £ L qw?dx, (A-8)
2¢g 70
where q = weight of arch per unit surface area,
Ibf/ft,

g = acceleration due to gravity, 32.2 ft/s?,

p = frequency of vibration, rad/s,
and w = radial deflection of the arch (ft) due to a

concentrated load at the crown.

The moment variation [M(a)] in the left-hand side of
the arch is found by substituting equations A-5 and A-6
into equation A-3. The result is

M(a) = Pr[C{(B)*(cosB - cosa) + %(sinB - sina)] (A-9)

The principle of virtual work (7) will be used to cal-
culate the arch radial deflections. The virtual structure
shown in figure A-3 and subjected to a radial virtual unit
load will be used in the derivation of the radial deflections.
The reaction V, is found from summing the forces in the
vertical direction and is equal to cos¢. The virtual mo-
ment variations in the arch for the two arc segments are

A

M, (@) = r[cos¢sinB3 - singcosa] for 0 <a <¢ (A-10)

and  M,(a) = rcosg(sinf3 -sina) for ¢ <ar <B. (A-11)

The radial deflection w(¢) is obtained from the
equation

1 - w($) = ff; M(a)Ef'il(O‘) rda

(A-12)

b [P M@ My@) 1gq
¢ EI

Substituting equations A-9, A-10, and A-11 into equa-
tion A-12 and integrating yields
3
w(¢) = _ELI- {cosgsinB[C,(B) (BcosB - sinf3)
+ %(BsinB + cosf} - 1)] -cos¢[:9%(£)-(cosﬂ - cos¢$)2
+ %(sinB(cosqS - cosf3) + %(¢ -B) + i(sinZB - sin2¢))]
- sing[C,(B)*(singcosB - —;ﬁ - i‘izé )

2
+ %(sinq&sinﬁ + £9§-¢ - %)}. (A-13)

Figure A-3.-Virtual structure and notation.



The maximum potential energy for the arch is obtained
by substituting equation A-9 into equation A-7. The max-
imum kinetic energy of the arch is calculated by substi-
tuting equation A-13 into equation A-8, changing the limits
of integration, and multiplying by a factor of 2 since the
limits of integration are only for one-half of the arch. The
result is

(KE)max - (A’14)

229 [B [P rdg.
g 0

Integration of equations A-7 and A-14 is tedious and
prone to error. A simpler method is to evaluate the func-
tions M(a) and w(¢) at each incremental value for a and
¢ from 0 to B, calculate [M(a)]* and [w(¢)]? and integrate
[M(a)J? and [w(¢)]® using the trapezoidal rule (8). Ta-
ble A-1 is an excerpt from a spreadsheet and only the
values of [M(a)]? and [w(#)]® evaluated at angles that are
multiples of 10° are listed. This table demonstrates the
procedure for integrating [M(a)]? and [w($)]? for a semi-
circular arch (2B is equal to an angle of 180°). For this
particular example C, is equal to 1/x. All angles are re-
ferenced to the crown of the arch (figs. A-1 and A-2). The
numericalintegration for this particular example yields that

2 2 - p2 ]
T2 (@ rdg = 1 [0.000153(?137] (A-15)
and [ g [M(@)]? rda = r [0.009476 (Pr)%].  (A-16)
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The frequency of vibration may now be calculated by set-
ting equation A-7 equal to A-14 and substituting equations
A-15 and A-16 for their respective terms. The circular
frequency of vibration is

1/2
p = ‘613381?' i
qr

The next step is to recall that the square of the frequency
of vibration p? is equal to the stiffness of the structure
K(B) [where the angle 3 represents one-half the total angle
the radius is turned] divided by its effective mass [M,(B)].
The stiffness for the arch is equal to the applied load (P)
divided by the deflection of the arch at its crown. The
deflection of the arch at its crown is the value for w(0°)
and can be found in table A-1 as being equal to
0.018942 - (Pr’/EI). The stiffness K(90°) of the arch is
P/w(0°). Substituting P/w(0°) for K(90°) and
K(90°)/M,(90°) for p? in equation A-17 and solving for
M, (90°) yields

(A-17)

qr__,
1171¢g

M, (90°) (A-18)

Equation A-18 represents the effective mass for a semi-
circular arch. The same procedure may be used to calcu-
late the effective mass for other values of B or for any
arch configuration.

Table A-1.-Integration of [M(a)]® and [w(¢)]*

Cumulative sum of

Cumulative sum of

2
g ora w(g) [w(g)]® 89 ([w(e.)) + W)y M@ (M(@)] 8 {[M(e;)]° + [Mie))?
Deg  Rad [ grf] [EELG ] 2 [ p%s ] (Pr) (Pr)? 2 (Pr)?
El ()% [EH

0 0.0000 0.018942 0.000359 0.000000 0.181690 0.033011 0.000000
10 1745 .016324 000266 000057 099702 009940 003510
20 3491 .010149 .000103 000089 .029876 .000893 004291
30 5236 002721 .000007 000097 025664 ,000659 004337
40 6981 -.004049 .000016 .000098 065233 004255 004743
50 8727 -.008759 000077 .000106 087628 007679 005809
60 1.0472 -.010585 .000112 .000123 092168 .008495 007267
70 1.2217 -.009334 000087 .000141 078715 006196 008588
80 1.3963 -.005453 .000030 .000151 047678 002273 009331
[e0] 1.5708 .000000 .000000 .000153 .000000 .000000 009476
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In order to reduce the computational effort associated
with the calculation of M,(8), table A-2 contains a list of
values for the parameter (£), which is to be used in the
equation

M,(B) = g_rg, (A-19)
where M,(B) = effective mass, slug/ft,
q = arch weight per unit surface area,
Ibf /£t
r = arch radius, ft,
and g = acceleration due to gravity, 32.2 ft/sz.

Equation A-19 is only valid for circular, incompressible,
two-hinged arch canopies.

The stiffness for a circular arch turning an angle 28 can
be derived for the structure using the principle of virtual
work. Figure A-4 shows the virtual structure and unit load
placed at the crown. The moment variation, calculated
from statics, is

M(a) = Ysinf3 - sina). (A-20)

The arch crown deflection (A,) due to a uniform load (P)
is obtained from the equation

1.8, = 2 [BM(@) M() 4, (A-21)
P 0~ EI

The integral in equation A-21 is multiplied by a factor of
2 since the integral represents only one-half of the ener-
gy stored in the structure. Substituting equations A-9 and
A-20 into equation A-21, integrating, and solving for P/A,
which is the stiffness for the structure K(B), yields

K(B) = EI [ 1 ] (A22)
R3 [C;(B) Cy(B) + Cy(B)

where Cy(B) = cosB (Bsinf3 - 1) + %(3cos2B - 1), (A-23)

and Cy(B) = %[sinﬁ (BsinB + 2cosB - 2)

+ %(B - %sinZB]. (A-24)

Equation A-22 may be used to check accuracy of the
stiffness calculated for the structure using the numerical
approach. This derived stiffness equation is only appli-
cable for circular arches. The same methodology outlined
in this section may be used to calculate the stiffness for an
arch of any configuration.

Table A-2.-Effective masses for circular, incompressible,
double-hinged arch canopies

Bl E Bl E B! E

deg deg deg

80 .. 1.325 89 .. 1.185 98 ... 1.071
81 .. 1.308 90 .. 1.171 99... 1.059
82 .. 1.291 91 .. 1.157 100 .. 1.048
83 .. 1.275 92 .. 1.145 101 .. 1.037
84 .. 1.259 93 .. 1.131 102 .. 1.026
85 .. 1.243 94 .. 1.119 103 .. 1.015
86 .. 1.228 95 .. 1.106 104 .. 1.005
87 .. 1.214 96 .. 1.094 105 .. 995
88 .. 1.199 97 .. 1.082 106 .. .989

Figure A-4.-Virtual loads and notation.
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APPENDIX B.-DESIGN EXAMPLE

A two-flange liner plate arch canopy, arch A, is to be
evaluated for a mine entrythat experienced a massive roof
fall. The new height of the entry, H, is 17 ft. Eachring of
the arch is composed of four 12-Pi and five 16-Pi plates (a
12-Pi plate is 37-3/4 in long) (fig. 10). Each liner plate is
made of 5 materials (thickness of 0.2092 in). The arch is
circular with a constant radius of 118 - 9/16 in turning
193.47° (fig. 10). The weights of the 12- and 16-Pi plates,
including bolts and nuts, are 61 and 79 Ibf, respectively.
Each plate is 18 in wide. A load-displacement curve for
this particular arch canopy is shown in figure 184 and
certain values for this curve are given in table B-1. The
elastic and plastic strain energy (E,) stored in the structure
for specific crown deflections is also listed in table B-1 and
shown in figure 18B.

Table B-1.-Static pull-test data and field
evaluation for 17-ft void height

Static test Applied energy

Deflection, Resistance, Strain energy, (0.9rE,),

ft kip/ft ft- kip/ft ft-kip/ft
00..... 0.00 0.00 5.83
33 ..., 2.18 .43 6.18
76 .. .. 2.93 1.55 6.64
1.08 .... 3.03 2.51 6.98
152 .... 293 3.84 7.44
193 .... 274 5.01 7.88
233 .... 2.54 6.07 8.31
268 .... 2.39 6.91 8.67
311 ... 2.20 7.91 9.13
350 .... 2.03 8.73 9.54
391.... 1.78 9.52 9.98
433 .... 1.57 10.23 10.42
467 .... 1.45 10.75 10.78
500 .... 1.30 11.19 11.13

The weight of the roof fall (W,) that must occur from
17 ft to create an energy level of 20 ft - kip/ft on impact
with the mine floor is 1.18 kip/ft, which is determined with
the use of figure 8. The protection height (h)) for this
particular installation is 6 ft. Since the height of the struc-
ture (h) is 11 ft, the allowable maximum crown deflection
during the structure’s first quarter cycle of response to
impact loading is 5 ft (h-h).

The next step involves calculating the effective mass
(M,) for the arch canopy. Equation A-19 and tables 1 and
A-2 provide the necessary information for the calculation
of M,. For 8 equal to 96.7°, £ is interpolated to be equal
to 1.085. The weight of the liner plate per radial length
and unit width for this particular example is

q- 4*611Ibf + 5 * 79 Ibf * 144 in?
(18 in) (19347°) (n/180°) (118 - 9/16 in) ft?

= 12.8 Ibf/ft.

Given that q = 12.8 Ibf/ft?, g = 322 ft/s’, and R = 9.88
ft, the effective mass (M,) is determined to be 3.27 slug/ft
using equation A-18. The next step is to calculate the
transmission ratio, r, (equation 2). The transmission ratio
is calculated to be 0.92. Therefore, the energy absorption
ratio (r,) is 0.826 (0.9r)).

Once H, W, h,, h, M,, r,, and a resistance function are
established for an arch canopy; equations 1 and 3 and the
resistance function may be used to evaluate the ability of
the arch to absorb the energy of the roof fall. The values
for E, and 0.91,E, are tabulated in table B-1 and shown in
figure B-1. A review of table 1 and figure B-1 reveals that
the arch canopy can absorb the impact loading of the roof
fall since the values for E, and r, E, are equal for a crown
deflection equal to approximately 4.8 ft. The next step is
to check that Ymax equal to 4.8 ft is less than or equal to
h-h,, and it is. Finally, the resistance of the arch at max-
imum crown deflection (Ry,,,,) must be greater that the
static weight of the roof fall (W,) or the arch canopy will
collapse under the static weight of the roof fall. The resis-
tance of the arch at 4.8 ft is 1.41 kip/ft. Therefore, the
arch canopy can support the static weight of the roof fall
(1.18 kip/ft). The conclusion may now be made that the
arch canopy can be used in the mine and that it will pro-
vide protection against at least 87 pct of the roof falls that
occurred from 1966-1986.

KEY
—o— Strain energy
—&— Energy of roof fall

STRAIN ENERGY, ft-kips/ft

CROWN DEFLECTION, ft

Figure B-1.-Energy balance diagram.
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APPENDIX C.-SYMBOLS AND ABBREVIATIONS USED IN THIS REPORT

vertical arch canopy crown deflection

vertical static rebound of crown of an arch
canopy

modulus of elasticity

strain energy absorption capacity for an arch
canopy

gross energy available to deform an arch canopy
acceleration due to gravity

void height or the horizontal base reaction of an
arch canopy

height of arch canopy

protection height

moment of inertia

arch canopy stiffness

length

moment

effective mass of the arch canopy

effective mass of an arch canopy and mass of
transducer assembly

mass of roof fall
mass tup
mass of transducer assembly

uniform load applied to crown of an arch canopy

Pi

£ < c o

€

Ymax

used in reference to the length of liner plate,
where Pi is equivalent to 3.14 in

pi
weight of arch per unit surface area

resistance (load-carrying capacity) for an arch
canopy at a specific crown deflection

maximum resistance of an arch canopy

resistance of an arch canopy at maximum crown
deflection

arch canopy radius

energy absorption ratio

transmission ratio

circular frequency

period of vibration

flexural strain energy

vertical base reaction of an arch canopy
weight of roof fall

radial arch deflection

effective mass parameter for an arch canopy
maximum crown displacement of an arch canopy

partial derivative
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