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PREFACE 

An attempt is made here to collect together various reports and publica­
tions that are based on research supported all or in part by Contract No. 
H0155008 for the past two years. The subject matter deals primarily with the 
excitation, transmission, and reception of electromagnetic waves in mine en­
vironments. 

This contract from the U.S. Bureau of Mines with the Office of Telecommuni­
cations supports the efforts of James R. Wait (Principal Investigator and Con­
sultant to OT), David A. Hill (Co-Investigator), and various associates within 
the Boulder scientific community. The contributions of Samir F. Mahmoud were 
supported, in part, by the contract while he was a Visiting Fellow with the 
Cooperative Institute for Research in Environmental Sciences at the University 
of Colorado. Administrative assistance in CIRES has been provided by Mrs. Lana 
R. Hope. 

Much of the work carried out under the contract has been submitted in the 
form of Preliminary Reports to the Technical Project Officer at irregular but 
frequent intervals. Copies of this material have also been sent to other in­
dividuals and organizations including the following: 

Mr. Arnold J. Farstad (Westinghouse Electric Corp., 8401 Baseline Rd., 
Boulder, CO 80303) 

Mr. Robert L. Lagace (Research & Development Div., Arthur D. Little, Inc., 
Acorn Park, Cambridge, MA 02140) 

Dr. A.G. Emslie (Research & Development Div., Arthur D. Little, Inc., 
Acorn Park, Cambridge, MA 02140) 

Mr. John N. Murphy (Pittsburgh Mining & Safety Research Center, U.S. 
Bureau of Mines, Pittsburgh, PA 15213) 

Dr. Howard E. Parkinson (Pittsburgh Mining & Safety Research Center, 
U.S. Bureau of Mines, Pittsburgh, PA 15213) 

After suitable revision and with the aid of in-house projects within CIRES 
and the Department of Commerce, publication versions of the Preliminary Reports 
were prepared. Reprints of these articles, when available, are included in 
this summary report. In other cases, the Preliminary Reports themselves are 
included with any appropriate revision that has been considered desirable. 

The principal objective in this project is to analyze the transmission 
characteristics of electromagnetic waves in tunnels and similar structures in 
mine environments. The approach is to postulate certain mathematical models 
that, while idealized, do allow for the various complications that may arise 
in an operational environment. The philosophy is to treat these complications 
first on a selective basis. Then, as appropriate, the combined influence of 
the various factors is considered. 
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. The first two chapters or issuances are introductory reviews of the tunnel 
waveguide problem. They are based on presentations given at international con­
ferences in Europe in 1974 and, hopefully, they serve as an introduction to the 
subject. The following group of chapters deal with the tunnel geometry of rec­
tangular cross-section while the subsequent group of chapters deal with circular 
cross-section. In each case, the analysis becomes progressively more involved 
as additional complications are treated. 

In most cases, the modes that propagate in the tunnel structures, have 
vastly different properties. An understanding of the excitation and propagation 
characteristics of these modes is vital if an optimum communication system is 
ever to be achieved. 

Related guided wave problems included in this summary are the coal seam 
treated as a parallel slab waveguide and the mine hoist considered as a coaxial 
or cylindrical waveguide. 

In carrying out this work, we have benefited greatly by contact with the 
following individuals: Quin Davis, Paul Delogne, Louis Deryck, R.H. Lagace, 
R. Liegeois, David Martin, J.N. Murphy, H. Parkinson, H.K. Sacks, and R.H. 
Spencer. 

15 November 1976 James R. Wait 
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Radio Science, Volume 10, Number 7, pages 753-759, July 1975 

Theory of EM wave propagation through tunnels 

James R. Wait 

Cooperative Institute for Research in E11viro11me11tal Sciences, University of Colorado, Boulder, Colorado 80302 

(Received March 13, 1975.) 

A rather ingenious communication technique is being developed for use in Belgian coal mines. 
The idea is to use a two-wire transmission line or equivalent loosely braided coaxial cable that 
can be suspended from the upper wall. A transmitter placed in the vicinity of the line excites 
a strongly unbalanced mode that normally would propagate like a coaxial or TEM mode with 
relatively high attenuation. The key step in the Belgian system, and the closely related French 
system, is to convert this unbalanced mode to a balanced mode that is much less attenuated because 
the return current flows mostly in the second wire rather than through the surrounding rock. The 
physical basis of this system has many similarities with the leaky feeder device described by Martin 
and used in British coal mines. We summarize the analysis of the propagation characteristics for 
an idealized mine tunnel of circular cross section. The extension to a rectangular tunnel is also 
considered. Some comparison is made with relevant experimental data. Actually, we deal only 
with the twin open wire pair that is the basic ingredient of the so-called INIEX/Deryck system. 
However, as suggested above, the leaky braided cable system and the slotted cylindrical shielded 
cables have common features. The important point is that propagation modes which depend on 
current flow in the tunnel walls will suffer excessive attenuation while modes which utilize the 
second conductor as a return current path will have less attenuation. 

INTRODUCTION 

It is probable that Marconi was aware of the 
limitations of electromagnetic wave transmission 
through rock media. In all cases reported in the 
literature, Marconi chose signal paths that favored 
propagation of energy through the atmosphere. 
However, in some cases he observed the adverse 
influence of intervening hills and ridges. 

For this centennial dedication to Marconi, we 
would like to select a subject that finds its motivation 
in a need to communicate from point to point in 
the Earth. While direct transmission is certainly 
possible over limited ranges, a much more attractive 
possibility is to utilize tunnels or other waveguiding 
channels in the Earth's crust. 

Our immediate interest is to consider applications 
to coal mines where nature has provided us with 
extensive quasihomogeneous conductive regions. 
With a little help from man, such regions are often 
interspersed with tunnels whose cross sections vary 
from circular to rectangular form. Also, in such 
tunnels, we often find longitudinal conductors such 
as pipes and tracks that may or may not be grounded 
to the surrounding medium. In some cases, enter­
prising engineers have strung transmission lines of 

Copyright© 1975 by the American Geophysical Union. 
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various forms that act as active or passive conveyors 
of electromagnetic energy [Deryck, 1970, 1972, 
1973; Delogne, 1973; Delogne et al., 1973; Martin, 
1970; Fontaine et al., 1973; Goddard, 1973]. 

We should mention that there is a closely related 
class of problems in antenna theory. For example, 
if we locate a radiating system in highly conductive 
media such as the Earth, it should come as no 
surprise that the structure needs to be insulated 
over at least part of its length. This topic, which 
is the subject of a special journal issue [ Wait, 1974], 
is not discussed here. 

The plan of this paper is to consider the guided 
mode theory of transmission in an air-filled cy­
lindrical tunnel in a conductive medium. Also, we 
allow for tht: possibility that the tunnel contains 
an axial conductor or system of conductors of a 
specified form. We outline the analysis of the 
permissible modes that may propagate along this 
structure. Our derivations will be quite brief but 
the interested reader can find further details in the 
quoted references. 

CIRCULAR TUNNEL MODEL 

Specifically, we consider an air-filled tunnel of 
circular cross section with radius a bounded by 
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Fig. I. Geometry for single wire conductor in a circu­
lar air-filled tunnel in homogeneous Earth. 

a lossy dielectric medium. Within this uniform 
tunnel we locate a single relatively thin metal 
conductor of radius cs whose conductivity is CT • 

The situation is illustrated in Figure 1 where w•e 
have chosen a cylindrical coordinate system (p,<!>, z) 
to be coaxial with the guide. For the interior region 
p < a the permittivity and permeability are E and 

• 0 
µ,0 respectively. For the exterior region, the per-
mittivity, conductivity and permeability are E CT e' e, 
and µ, e respectively. The thin axial conductor is 
located at p = Po and <I> = <!> 0 ; its corresponding 
electric properties are E 5 , CT•' and µ •· Here we 
restrict attention to the case O < Po < a. Later, we 
consider the effect of a second wire conductor that 
is parallel to the first. 

We now consider the complex propagation con­
stant of the dominant modes of the structure. Thus, 
we assume that the field of an individual mode 
varies with z according to exp( - fz) for an implied 
time factor exp(iwt) where the values of r are to 
be determined. As indicated elsewhere [ Wait and 
Hill, 1974a], the fields can be determined by two 
scalar functions V and V that are, respectively, 
the z components of (axially directly) electric and 
magnetic Hertz vectors. 

The current on the axial conductor can be desig­
nated I exp ( - r z). The primary field within the 
tunnel from this travelling wave of current may 
be derived from the electric-type Hertz function 
ur. It is well known that 

where )'J = -E0 µ,0 w
2, 

· cos(<!> - <!> 0 )] 
112, and 

(I) 

Pd= [p 2 + P~ - 2ppo 
K 0 is the modified 

4 

Bessel function of the second kind. Now the total 
Hertz function within the guide can be written 
V = UP + U ', where V' is the secondary part. 
The latter, for the region p < a, can be constructed 
by superimposing solutions of the type I ( vp) 
· exp( - im<!>) exp( - r z) where I"' is a modifiet Bes­
sel function of the first type, v = ()'ii - r 2 ) 

112 and 
m is any integer. 

The above considerations, and the addition 
theorem for K 0 in ( 1), leads us to the representation 
[ Wait and Hill, 1974a] 

U= L U.,,exp[-im(«f>-4> 0 )] (2) 
l'tl=-oc 

where 

U.,. = (iµ. 0 w/21r-y~) le -r, I,,.(vp 0 ){K.,, (vp) 

- Rm[Km(va)/Im(va)] Im(vp)} (3) 

for the region p0 < p < a where Rm is yet to be 
determined. Similar considerations lead us to the 
corresponding representation for the magnetic type 
Hertz function for the region p < a. Thus, 

(4) 

where 

Vm=(iµ. 0 w/21r-y~)Ie-r'Ll,,Jm(1>p 0 )lm(vp) (5) 

For the external region p > a the Hertz functions 
are both made up from solutions of the form 

K'" (up) exp (-fz) exp (-im <!>) 

where 

The boundary conditions at the wall p = a are 
that the tangential fields are continuous. Using these 
we may obtain expressions [ Wait and Hill, 1974b] 
for the coefficients Rm and 6. min terms of modified 
Bessel functions of arguments va and ua. Then 
we can express the axial electric field E anywhere 
within the guide in terms of the still unkno'wn current 
I exp(- fz) on the wire. 

Now the boundary condition at the wire is 

E, = I Zsexp(-fz) (6) 

at pd = cs for all values of z where Z is the series 
impedance of the wire. Because of 'the assumed 
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thinness of the wire, we can apply this condition 
at any point of the wire circumference. Thus, we 
choose the matching point at p = p0 + cs and <I> 
= q, 0 • Thus (6) leads to the mode equation 

• (-iµ 0 wv 2/2'1T-y~) { K 0 (vc) - m~~ Rm[Km(va) 

+Jm(va)] lm(vp 0 )1m[v(p 0 + cs)]}= Zs (7) 

where the explicit result for the series impedance 
is 

(8) 

where -y; = iµ, 5 w(a 5 + ie.w)and 1ls = iµ,.wf'y •. 
We now consider the extension [Hill and Wait, 

1974a] of the solution to the case where two axial 
conductors of radii c0 and c I are present. The 
situation is illustrated in Figure 2. Now 10 , the 
current on the conductor at (p 0 ,q> 0 ,z), is arbitrary, 
w bile I 1, the current on the conductor at (p 1,<I> 1, z), 
is unknown. By superimposing solutions of the 
earlier single-wire source, we can construct an 
appropriate solution for E z-

(9) 

E,=11 Z.ie-r, at p=p 1 +cl'qi=qi 1 (10) 

where z.0and z., are the appropriate series imped­
ances. The unknowns are 11 (or 11/ 10 ) and r. We 
can easily eliminate 11 to yield a mode equation. 

The method can be generalized to an arbitrary 
number of N thin axial conductors located within 
the guide. An impedance condition, as indicated 
above, can be assumed for each wire. This yields 

Fig. 2. Geometry for two arbitrarily located axial 
wires within tunnel. 
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/ I ,' ; - / 

,, ., ., 

,' :4~ 
1':ao , 

~I 

,,...,,,.___,,,/ ~ 

Fig. 3. Geometry for two axial wires located in a 
horizontal plane in the upper quadrant of the tunnel 
cross section. The mean distance to the tunnel wall 

is a -a0 • 

a system of N linear equations for the N unknown 
wire currents. The system has a solution only if 
the following determinant is zero: 

(11) 

ANI AN2 

where Aii is the z component of the electric field 
(primary plus secondary) produced at the match 
point on wire i by a unit current on wire j and 
Ziis the series impedance of wire j. In what follows, 
we will just consider the case of two axial conduc­
tors, i.e., N = 2. 

The modes that have transmission-line character 
as the frequency is lowered are of particular interest 
here. As we shall see, there are two classes of 
these: in one case the current ratio 11/ 10 is approxi­
mately + 1 and in the other case the ratio is approxi­
mately -1. For obvious reasons, these are designat­
ed the monofilar and bifilar modes, respectively. 
Actually, in the unlikely case that Po = p 1• we have 
exactly I 1 = ± 10 • Using an adaptation of Newton ·s 
method, solutions of the desired type have been 
obtained for the specific configuration shown in 
Figure 3. This is considered a reasonable idealization 
of the situation encountered in practice where the 
transmission line is suspended from the tunnel wall 
but offset from the centerline. An example is shown 
in Figure 4 where the following parameters are 
assumed: a= 2 m, e, = 10€. 0 , a e = 10-2 mhos m- 1

, 

as = I 0 6 mhos m - i, cs = 10 - 3 m = 1 mm, and d = 
0.02 m = 2 cm. Various values of the ratio a 0 / a 
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Fig. 4. The normalized attenuation rate as a function of fre­
quency for the monofilar and bifilar modes for a wire conductivity 

a, = 106 mhos m 1
• 

are shown for the monofilar mode but only the 
value 0.8 for the bifilar mode. In the latter case, 
the corresponding values for 0.9 and 0.6 are indis­
tinguishable. Here the real part of (fa), which is 
proportional to the attenuation rate, is plotted as 

db/lOOm 
60 

40 

w 30 

~2 
z 
0 

~ 
~ 
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~ 5 

( .... 

.... ~ ........ 

-------- - ____ t 
d 

i----------------
3.__...__ _ ___._ __ ...._ __ ..._ 

l60 80 40 20cm 
DISTANCE TO WALL 

Fig. 5. Comparison of calculated (solid curves) and 
Deryck 's observed (broken curves) data of attenuation 
rate as a function of the distance of the transmission 
line from the tunnel wall. Curves a and b are for 
the monofilar mode for 27 and 68 MHz, respectively, 
while curves c and d ure for the bifilar mode for 

27 und 68 MHz. 

6 

a function of frequency from 0.2 to 200 MHz. The 
increase of the monofilar mode attenuation as the 
wire conductor approaches the wall is apparent. 
Actually, the attenuation rates are quite dependent 
on the assumed wire conductivity but the depen­
dence on the other parameters, such as cs and d, 
is not so severe. 

For the geometry of the tunnel guide considered 
in the preceding example, we can expect higher­
order waveguide modes to appear when the fre­
quency exceeds the cutoff value for the empty tube. 
This occurs at approximately 50 MHz in this case. 
For higher frequencies, we can expect the situation 
to be quite complicated. However, it appears we 
can always identify the monofilar and bifilar modes 
as the ones that are significantly influenced by the 
location and the series impedance of the wire 
conductor. Actually, we have calculated also these 
"waveguide modes" for various cylindrical geome­
tries but the results are not given here. Suffice 
it to say that such modes have a very weak depen­
dence on the conductivity of the axial wire conduc­
tors within the tunnel. 

We can make a specific comparison of our calcu- _ 
lated results of the attenuation rates with some 
experimental data published by Deryck [ 1973] for 
monofilar and bifilar mode propagation in a tunnel 
in Lanaye, Belgium. The actual tunnel has a total 
height of the order of 4 to 5 m and the width is 
of the order of 3 to 4 m. The comparison is indicated 
in Figure 5, where the abscissa is the distance of 
the transmission line from the tunnel wall and the 
ordinate is the attenuation rate in db per m. The 
calculated results use the same parameters as in 
Figure 4. As both the experimental and the theoreti­
cal curves show, there is a strong dependence on 
the proximity of the tunnel wall for the monof ilar 
mode at both 27 and 68 MHz. On the other hand, 
there is virtually no dependence on the location 
of the transmission line for the case of the bifilar 
mode. This, of course, is an attractive feature for 
long distance communication. As Deryck [ 1972] 
indicates, conversion from the easily excited mono­
filar mode to the bifilar mode permits efficient 
point-to-point communication, even when the 
transmitting and/ or receiving antennas are not 
closely coupled to the transmission line. 

RECTANGULAR TUNNEL MODEL 

A rigorous modal equation for the monofilar mode 
of a single wire in a rectangular tunnel has been 
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E'e,o-e ,fl-o 
2a ---1....i 

Fig. 6. The open wire T.L. (transmission line) inside 
a waveguide model of a rectangular tunnel. 

recently obtained by Mahmoud and Wait [ 1974a] 
under some simplifying assumptions concerning the 
two side walls of the tunnel. Also, extensive nu­
merical results on the properties of this mode have 
been reported [Mahmoud and Wait, 1974a; Mah­
moud, 1974a]. We consider the configuration of 
the T.L. (transmission line) as shown in Figure 6. 
The two side walls of the tunnel are assumed to 
behave as either perfect electric or perfect magnetic 
conductors, while the other two walls are taken 
as generally lossy dielectric media. We adopt the 
nonrestrictive assumption that d ~ c • where cs is 
the radius of any of the wires. As before, f is 
the complex propagation constant of the mode. So, 
apart from this common term, the currents in the 
two wires are given by J1 and J2• The boundary 
condition at the surf ace of each wire requires that 
the longitudinal electric field be equal to the current 
multiplied by the series impedance Zw per unit length 
of the wire. Following Mahmoud [ 1974b], these 
conditions can be put in the convenient forms: 

( 12) 

z,,. (f) I I + z,2 (f) /2 = zw2 12 (13) 

where z. 1 (f) is defined as the iongitudinal electric 
field at the surface of the first wire due to a unit 
current in that wire and a similar definition applied 
to Z, 2 (f). Here Zm (f) is the longitudinal electric 
field at the surface of one wire due to a unit current 
in the other wire. 

By the elimination of / 1 and 12 in (12) and (13), 
we obtain the modal equation for the unknown f 
as 

(14) 
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This equation is greatly simplified when th<; two 
wires are identical since then zwl = Z w2 = zw. 
Furthermore, we can put Z, 1 (f) = Z., 2 (f) = z. 
· (f), which is a very good approximation since 
d is much less than the guide width. Under the 
above conditions, the modal equation, (14), reduces 
to two simple equations given by 

Z, (f) + Z m (f) - Z w = 0 

and 

(15) 

(16) 

where the first equation implies that J1 = 12 and 
the second implies that I 1 = - I 2• These are the 
two equations that correspond to the monofilar and 
the bifilar modes respectively and their solutions 
give the propagation constants of these modes. 

Equations 15 and 16 were solved numerically by 
Mahmoud [ 1974b] for several configurations in the 
frequency range 200 kHz to 200 MHz. The resulting 
values of the attenuation O'. monofilar and O'. bifilar are 
plotted in Figures 7 and 8 for the case of interest 
here. The following physical constants are assumed 
in Figure 7: 2a = 4 m, 2b = 3 m, x0 = a /2, d 
= a/ 100, cs= l mm. Here er s (the conductivity of 

--MONOFILAR MODE 

----BIFILAR MODE 

104 ......__ _ _,____.____,__........,_ _ _,___ _ _,___ _ __,__ _ _.______, 

02 05 l0 2.0 5.0 100 200 50.0 IOO.0 200.0 

FREQUENCY (MHz) 

Fig. 7. Attenuation constant of the monofilar and the bifilar 
modes versus frequency for various values of b0 / b. Wire radii 

c, = I mm, 
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-2 
10 

-- MONOFILAR MOOE 

---- BIFILAR MOOE: 

104 ....... "-""'""--...__--''---...1-.-'----L--..____, _ __, 
0.2 05 LO 2.0 50 100 20.0 50.0 IOOO 2000 

FREQUENCY (MHz) 

Fig. 8. Attenuation constant of the monofilar and the bifilar 
modes of configuration A versus frequency for various values 

of b0 / b. Wire radii c, = 2 mm. 

the wires) = 10"mhom·· 1,ee= lOt: 0 ,andrr,.= 
IO · 2 mho m - 1• 

In contrast with the monofilar mode, the attenua­
tion of the bifilar mode is almost insensitive to 
variations of the parameter b0 / b in the frequency 
range considered and hence a bifilar is shown for 
only one value of this parameter. To show the effect 
of varying the intrinsic parameters of the T.L., 
the wire radii are increased to 2 mm in Figure 8. 
By comparing with Figure 7 it is seen that a bifilar 

is appreciably reduced at all frequencies, while 
a monofilar is hardly affected for frequencies above 
about 12.5 MHz and considerably reduced at lower 
frequencies. Apparently, as the frequency is re­
duced below about 100 MHz, the guide walls behave 
more as good electrical conductors, hence reducing 
the attenuation of the monofilar mode. Thus, at 
low frequencies (of the order of few MHz and less), 
the attenuation of both modes becomes solely 
dependent on the intrinsic parameters a., and c •. 
Furthermore, the ohmic losses of the T.L. are 
normally higher for the bifilar mode than those for 
the monofilar mode and hence the higher attenuation 
of the former mode at the low frequency end. 

It is evident that the results presented here for 
I 

8 

the rectangular tunnel are very close to those for 
the circular tunnel. In fact, there is a complete 
consistency between the mode characteristics in 
the two guide geometries. This provides some 
confidence in the adequacy of the model used here 
for the rectangular tunnel. 

Actually, the results shown in Figures 7 and 8 
are obtained for a waveguide model with side walls 
that are perfect electric conductors. An alternative 
model is one in which these walls are perfect 
magnetic conductors. We computed values of at­
tenuation rates for this model and it was found 
that the monofilar modes show much higher atten­
uation rates for frequencies below 25 MHz, while 
near 200 MHz the attenuation rates are only slightly 
different from those obtained for the first model. 
We believe, however, that the model with perfect 
electric side walls is a better approximation to the 
actual tunnel in the frequency range considered 
here, since the tunnel walls do tend to behave as 
good electrical conductors as the frequency is 
lowered. 

FINAL REMARKS 

In this paper, we have only considered the freely 
propagating modes of the axial structures. An 
important aspect in any communication design is 
how wdl these modes are excited. Hill and Wait 
[ 1974a; b] have considered the excitation mecha­
nisms for both single and twin conductors in a 
circular tunnel model. Also, Mahmoud [ 1974a] had 
earlier treated the excitation by a dipole transmitter 
for the rectangular tunnel model. Other complicating 
factors that have been discussed are the effect of 
curvature of the tunnel axis [Mahmoud and Wait, 
1974b] and the degrading influence of wall 
roughness [Mahmoud and Wait, 1974c]. An al­
ternative method for allowing for finite wall con­
ductivity using a geometrical optical approach is 
also given in the latter reference. In this method, 
all four walls of the rectangular waveguide may 
be lossy. 

Acknowledgments. I am very grateful to D. A. Hill and 
S. F. Mahmoud for their contributions to this paper. 
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SUMMARY 

Using a boundary value analysis, the transmission 
of the propagation modes in the tunnel are 
considered. As expected, there is a conventional 
TEM-like mode that has relatively high loss due to 
the finite conductivity of the tunnel walls. In 
addition, however, we find that other modes exist 
when there are two or more axial conductors present 
in the tunnel. These have relatively low attenuation 
but such modes are difficult to excite. The optimum 
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modes. The object of this paper is to provide the 
analytical framework that can be used for the 
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CHAPTER 2 

A rather ingenious communication technique is being 
developed for use in Belgian coal mines. 1 

-
3 The idea is 

to use a two-wire transmission line or equivalent loosely 
braided coaxial cable that can be suspended from the 
upper wall. A transmitter placed in the vicinity of the 
line excites a strongly unbalanced mode that normally 
would propagate like a coaxial or TEM mode with 
relatively high attenuation. The key step in the Belgian 
system, and the closely related French system, 3 is to 
convert this unbalanced mode to a balanced mode that 
is much less attenuated because the return current flows 
mostly in the second wire rather than through the sur­
rounding rock. . The physical basis of this system has 
many similarities to the leaky feeder device described 
by Martin4 and used in British coal mines. 

Here we carry out an analysis of the propagation 
characteristics for an idealized mine tunnel of circular 
cross section. The extension to a rectangular tunnel is 
also mentioned. The theory is developed only for a 
uniform structure so that mode conversion is not 
accounted for, but in all other respects the problem is 
quite general. Some comparison is made with relevant 
experimental data. Actually, we deal only with a twin 
open wire pair that is the basic ingredient of the so-called 
INIEX/Deryck system. However, as suggested above, 
the leaky braided cable system and the slotted cylindrical 
shielded cables have common features. The important 
point is that propagation modes, that depend on current 
flow in the tunnel walls, will suffer excessive attenuation 
while modes that utilize the second conductor at a return 
current path will have less attenuation. While such 
features have been recognized by current workers, we 
have undertaken an analytical study that permits a 
quantitative understanding of the loss mechanisms. 

Specifically, we consider an air-filled tunnel of circular 
cross-section with radius a bounded by a lossy dielectric 
medium. Within this uniform tunnel we locate a single 
relatively thin metal conductor of radius cs whose 
conductivity is a •. The situation is illustrated in Fig. 1 (a) 
where we have chosen a cylindrical coordinate system 
(p, ¢, z) to be coaxial with the guide. For the interior 
region p < a the permittivity and permeability Bo and 
µ0 respectively. For the exterior region, the permittivity, 
conductivity and permeability are Be, <10 and µ0 respec­
tively. The thin axial conductor is located at p = p0 

and ¢ = ¢0 ; its corresponding electric properties are 
B., a. and µ8 • Here we restrict attention to the case 
0 < p0 < a. Later, we consider the effect of a second 
wire conductor that is parallel to the first. 

We now consider the complex propagation constant 
of the dominant modes of the structure. Thus, we 
assume that the fields of an individual mode varies with z 
according to exp (- f'z) for an implied time factor 
exp (jwt) where the values of r are to be determined. 
As indicated elsewhere, 5 the fields can be determined by 
two scalar functions U and V that are, respectively, the 
z components of (axially directly) electric and magnetic 
Hertz vectors. 

The current on the axial conductor can be designated 
/ exp ( - f'z). The primary field within the tunnel from 
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this travelling wave of current may be derived from the 
electric-type Hertz function ur. It is well known that 

p jJloW o 2 ½ ] U = --2 / exp (-rz)Ko[(yij-r) Pd 
2n}'o 

(1) 

where 

)'6 = -eoµow2, Pd= [p 2 +p~-2PPo cos (</>-</>o)]½, 
and K 0 is the modified Bessel function of the second kind. 
Now the total Hertz function within the guide can be 
written, U = ur + us, where us is the secondary part. 
The latter, for the region p < a, can be constructed by 
superimposing solutions of the type 

Im(vp) exp (-jm<f>) exp (-rz) 

where Im is a modified Bessel function of the first type, 
v = (y 2 -r2)+ and mis any integer. 

The above considerations and the addition theorem 
for K 0 in (1) leads us to the representation 

+ 00 u = I um e-jm(,J,-,J,o> (2a) 
m=-oo 

where 

U jµow - rz I ( ) 
m = --2 / e III VPo X 

2ny0 

[ 
Km(va) ] 

x K,,,(t>p)-Rm I,,,(ra) I,n(vp) (2b) 

for the region p0 < p < a where R., is yet to be deter­
mined. Similar considerations lead us to the correspond­
ing representation for the magnetic type Hertz function 
for the region p < a. Thus, 

+ 00 

V = L v;,. e-jm(q,-,J>o) (3a) 
m=-c:o 

where 

j11ow -r= V,,. = 
2
- 2 I e Ll,,,Im(vp0 )I,,,(t>p). (3b) 

lt')'o 

For the external region p > a the Hertz functions are 
both made up from solutions of the form 

K,,,(up) exp (-rz) exp (-jm</>) 

where u = (y;-r2)t and y; = jp 0w(a0 -je0w). 

The boundary conditions at the wall p = a are that 
the tangential fields are continuous. Using these we 
obtain the following explicit results 5 for the coefficient 
Rm in (2b) 

[(y0 /v)K;,.(va)/K,,,(va)] + Y,,,t/0 + o,nt/o (
4
) 

R,,, = [(y0 /v)I;,,(va)/Im(va)] + Y,,,t/o +omt/o 

where 

(jm r/a)2[v- 2 -11- 2] 2 

0 I/ - -- ---- - - -- --- --- (5) 
"' 

0 [(y0 /v)I;,,(va)/I,,,(t>a)] + (Z,,,/17o) 

and 17o = jµ 0w/y0 '.'.:::'. 120n ohms, where 

z.; = -(j110w/u)K;,,(ua)/K111(ua), 
and 

Y,,, = (jy;/uµ 0w)K;11(ua)/Km(ua). 

We can express the axial electric field E= anywhere 
within the guide in terms of the still unknown current 
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(a) Geometry for single wire conductor in circular air-filled tunnel 
in homogenous earth. 

(b) Geometry for two arbitrarily located axial wires within tunnel. 

(c) Geometry for two axial wires located in a horizontal plane in 
the upper quadrant of the tunnel cross section. The mean distance 

to the tunnel wall is a - ao, 

Fig. 1. 

/ exp ( -rz) on the wire. On combining (I), (2b) and 
the relation Ez = - v2 U, it fo!!ows that 

E = _j/L0Wlt>2 e-rz [K (vp )- I R K,,,(!:'._a) x 
= 2ny6 ° d 111= -oo "' I,,,(va) 

X 1,,,(t>p0)(I,,,(t>p) e-Jm(</>-,/>o)]. (6) 

Now the boundary condition at the wire is 

E= = /Zs exp (-rz) (7) 

at Pd = l's for all values of z where Zs is the series 
impedance of the wire. Because of the assumed thinness 
of the wire, we can apply this condition at any point of 
the wire circumference. Thus, we choose the matching 
point at p = Po+ cs and </> = </> 0 • Thus (7) leads to the 
mode equation 
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-jµwv 2
[ +«, K(va) 

---
0
- - K (vc)- I R --'"----- x 

2nyl O 
m=-oo m I,,,(va) 

X Im(vp0 )I,,,[v(p0 +cs)]] = Z, (8) 

where the explicit result for the series impedance is 

Z = _!ls_ J.Q(y.c,) (9) 
• 2nc, I 1 (y.c.) 

where y2 = j11,w(a. + je,w) and 11s = jµ.w/y •. 
We now consider the extension of the solution to the 

case where two axial conductors of radii c0 and c1 are 
present. The situation is illustrated in Fig. l(b). Now 
/ 0 , the current on the conductor at (p 0 , </> 0 , z), is arbitrary, 
while / 1, the current on the conductor at (p 1, </> 1, z), is 
unknown. By superimposing solutions of the form (6) 
we can write 

-jµwv
2 

-rz { [ ~ Kn,(va) 
E, = 

2 2 e 10 K 0(vpd)- L, Rm -
1 

( ) X 
ny m= -co m va 

X Im(t'Po)lm(vp) e-Jm(,J,-,fo)] + I 1 [ K0(up~)-

~ K,,,(va) ( ( ) 
- L, Rm -I ( ) I,,, vpl)Im vp X 

m= -,:o m va 

Xe- jm(,J,-,J,1) ]} 

where 

and 

Pd= [p 2 +pf-2PP1 cos(</>-</>1)]-l-, 
The two relevant boundary conditions are now: 

Ez = IoZso e-rz at P = Po+co, </> = <f>o, (11) 

E, = 1,zsl e-rz at p = Pi +c1, </> = c/>1, (12) 

where z.0 and Z, 1 are the appropriate series impedances. 
The unknowns are / 1 (or 11/10 ) and r. We can easily 
eliminate 11 to yield a mode equation. 

The method can be generalized to an arbitrary number 
of N thin axial conductors located within the guide. An 
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Fig. 2. The normalized attenuation rate as a function of frequency 
for the coaxial (or monofilar) and bifilar modes for a wire con­

ductivity a. = 106 S/m. 
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impedance condition as indicated above can be assumed 
for each wire. This yields a system of N linear equations 
for the N unknown wire currents. The system has a 
solution only if the following determinant is zero: 

(A11-Z1) A12 A1 
A21 (A22 -Z2) Au, 

=0 (13) 

ANI AN2 ANN 

where Au is the z component of the electric field (primary 
plus secondary) produced at the match point on wire i 
by a unit current on wire j and Zi is the series impedance 
of wire j. In what follows, we will just consider the case 
of two axial conductors, i.e. N = 2. 

For the high-frequency modes of interest in air-filled 
tunnels, we expect r to be of the order of )'o = jk where 
k = w/c is the free space wave number. Also, the bound­
ing medium will have a conductivity and/or permittivity 
sufficiently high that ll'cal ~ I. Thus, we find that 
Zm ~ (jpew)/(y 2 +k2)t and Y,,, ~ y2/[jpcw(i+k 2)t]. 
Also, in most cases at high frequencies, the conductivity 
of the metal wire will be sufficiently high that both 
l)',csl ~ I and l15 ~ B5W. Then we can write 

z. ~ (11,w/'2a,)½ (1 + j)/(rrc.). 

In the actual calculations, these approximations are 
only made when they are valid. 

The modes that have a transmission-line character as 
the frequency is lowered are of particular interest here. 
As we shall see, there are two classes of these: in one 
case the current ratio lif 10 is approximately + l and 
in the other case the ratio is approximately - 1. For 
obvious reasons, these are designated the coaxial and 
bifilar modes, respectively. Actually, in the unlikely case 
that p0 = p 1, we have exactly 11 = ±10 . Using an 
adaptation of Newton's method, solutions of the desired 
type have been obtained for the specific configuration 
shown in Fig. I (c). This is considered a reasonable 
idealization of the situation encountered in practice 
where the transmission line is suspended from the tunnel 
wall but offset from the centreline. An example is shown 
in Fig. 2 where the following parameters are assumed: 
a = 2m, e0 = 10e0 , a. = 10- 2 S/m, a. = 106 S/m, c, = 
10- 3 m = I mm, and d = 0·02 m = 2 cm. Various 
values of the ratio a0 /a are shown for the coaxial or 
monofilar mode but only the value 0·8 for the bifilar 
mode. In the latter case, the corresponding values for 
0·9 and 0·6 are indistinguishable. Here the real part of 
(ra), which is proportional to the attenuation rate, is 
plotted as a function of frequency from 0·2 to 200 MHz. 
The increase of the coaxial mode attenuation as the wire 
conductor approaches the wall is apparent. Actually, 
the attenuation rates are quite dependent on the assumed 
wire conductivity but the dependence on the other 
parameters, such as C5 and d, is not so severe. 

For the geometry of the tunnel guide considered in the 
preceding example, we can expect higher-order wave­
guide modes to appear when the frequency exceeds the 
cut-off value for the empty tube. This occurs approxi­
mately at 50 MHz in this case. For higher frequencies, 
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Fig. 3. Comparison of calculated (solid curves) and Deryck's 
observed (broken curves) data of attenuation rate as a function of 
the distance of the transmission line from the tunnel wall. Curves 
a and b are for the coaxial mode for 27 and 68 MHz, respectively, 
while curves c and d are for the bifilar mode for 27 and 68 MHz. 

we can expect the situation to be quite complicated. 
However, it appears we can always identify the coaxial 
and bifilar modes as the ones that are significantly 
influenced by the location and the series impedance of 
the wire conductor. Actually, we have calculated also 
these 'waveguide m9des' for various cylindrical geo­
metries but the results are not given here. Suffice it to 
say that such modes have a very weak dependence on the 
conductivity of the axial wire conductors within the 
tunnel. 

We can make a specific comparison of our calculated 
results of the attenuation rates with some experimental 
data published by Deryck1 for coaxial and bifilar mode 
propagation in a tunnel in Lanaye, Belgium. The actual 
tunnel has a total height of the order of 4 to 5 m and 
the width is of the order of 3 to 4 m. The comparison is 
indicated in Fig. 3, where the abscissa is the distance of 
the transmission line from the tunnel wall and the 
ordinate is the attenuation rate in decibels per metre. 
The calculated results use the same parameters as in 
Fig. 2. As both the experimental and the theoretical 
curves show, there is a strong dependence on the 
proximity of the tunnel wall for the coaxial mode at 
both 27 and 68 MHz. On the other hand, there is 
virtually no dependence on the location of the trans­
mission line for the case of the bifilar mode. This, of 
course, is an attractive feature for long distance com­
munication. As Deryck1 indicates, conversion from the 
easily excited coaxial mode to the bifilar mode permits 
efficient point-to-point communication, even when the 
transmitting and/or receiving antennas are not closely 
coupled to the transmission line. 
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In our analysis, we have adopted an idealized circular 
cross-section for the tunnel. Thus, strictly speaking, 
the calculated data are not valid for actual tunnels or 
haulageways in operational mines. However, it is 
interesting to note that the present results for the coaxial 
and bifilar modes are very similar to corresponding 
calculations carried out by Mahmoud6 for rectangular 
tunnels. Unfortunately, an exact modal analysis 7 for 
the rectangular-shaped tunnel is only possible when the 
side walls are either perfectly electric or perfect magnetic 
conductors. Nevertheless, as we have illustrated in 
detail elsewhere, 8 the principal characteristics of the 
coaxial and bifilar modes are very similar. in the two 
geometries. This suggests that the derived characteristics 
are qualitatively valid for non-circular tunnels provided 
the cross-sectional area is approximately the same. 
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CHAPTER 3 

Radio Science, Volume 9, Number 3, pages 417-420, March 1974 

Theory of wave propagation along a thin wire inside 
a rectangular waveguide 

Samir F. Mahmoud and James R. Wait 

Cooperative Institute for Research in Environmental Scienct•s, University of Colorado, 
Boulder, Colorado 80302 

( Received December 12, l 97 3.) 

A modal equation for the propagation constants along a thin wire located inside a rec­
tangular waveguide is derived. The regions external to the two horizontal broad walls are 
homogeneous lossy dielectrics. To facilitate the analysis, the two narrow vertical walls 
are assumed to be either perfect electric or perfect magnetic reflectors. Special cases that 
have been treated earlier [Wait, 1972] are recovered. 

INTRODUCTION 

The problem of wave propagation along an infi­
nitely long straight wire located in a stratified medium 
has recently received attention [Wait, 1972] due to 
its importance in several applications. A related 
problem, which arises in dealing with radio propaga­
tion in coal mines (A. E. Goddard, personal com­
munication, I 972; A. G. Emslie, R. L. Lagace, and 
P. F. Strong, personal communication, 1973) is that 
of wave propagation along an infinite wire located 
inside a rectangular waveguide with imperfectly 
reflecting boundaries. Here, we investigate a simpli­
fied version of this problem where one parallel 
pair of the guide boundaries is considered to be a 
perfect reflector. The other two boundaries are plane 
interfaces that separate the inside medium (air) 
from the outside media, which are lossy dielectrics 
in general. 

We deduce a modal equation for the propagation 
constants along the wire which is in a suitable form 
to yield numerical results. These will be reported 
subsequently ( by S. F. M.). The derivation is basi­
cally similar to that introduced by Wait [1972] and 
the obtained modal equation reduces to that in the 
above reference when the appropriate boundaries 
recede to oo. 

FORMULATION 

ductivity or infinite permeability, respectively). The 
semi-infinite media above the plane y = 2b and be­
low the plane y = 0 have electrical constants q, 1-41 

and c:!, JL<i respectively. Here the permittivities c1 and 
£:) may be generally complex to account for ohmic 
l.osses. The interior of the guide is filled with air 
~,ith constants £ti. JL<i taken to be the same as free 
space. As before [Wait, 1972], we assume that the 
wire carries a current of the form I exp (iwt - r z) 
where w is the angular frequency and r is the prop­
agation constant that is to be determined. The fac­
tor exp ( iwt - r z), common to all fields, is dropped 
for convenience in what follows. 

SOLUTION 

The total electromagnetic fields in each medium 
can be obtained from any two appropriate scalar 
potentials. In the present problem, it is most con­
venient to choose these potentials to be axial and 
transverse. electric potentials IT 0 and IT1, rather than 
two axial electric and magnetic potentials as used 
before [Wait, 1972]. This choice results in a con­
siderable simplication of the algebra because the 
incident l Iv on any of the interfaces y = 0 and y = 
2b does not couple with a reflected n, ( although 
the reverse is not true). However, now both poten­
tials are coupled by the axial conductor. 

Now assuming that the boundaries x = 0 and x = 
2a are perfect electric walls, appropriate forms for 
IT,, and ITµ, in region 1, 2b 2 y 2 y0 are 

The geometry of the problem is illustrated in 
Figure 1. The boundaries along the whole planes 
x = 0 and x = 2a are assumed to be either perfect 
electric or perfect magnetic walls (i.e., infinite con- II,1 = L A,,. sin (m,rx/2a){ exp [um(2b - y)] 

Copyright © 1974 by the American Geophysical Union, + R,,.1 exp [-u,,,(2b - y)]\ (1) 

417 
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1 J_ 1--...........,..,~.,...,.,.__ 

Fig .. I. Geometry for an infinite wire inside a 
rectangular waveguide. 

Il,, 1 L A,.R,. 1 * sin (1mrx/2a) 

:exp [-u,.(2b - y)] + A,,.*sin (m1rx/2a) 

· I exp [u .. (2b - y)] + s,.1 

·exp [-u .. (2b - y)]} 

Similarly for the region y ~ 2b, we write 

IT,, = L A~, T,. 1 sin (1111rx/2a) 

(2) 

cbefficients are given by 

R,.1 = (u.., - 11.,,1)/(u,.. + 11.,1) 

R ... 1 * = 2r[(u,,, + ll,.1)-
1 

(5) 

- k//(k/u'" + k/u.,1)] (6) 

In a similar manner we obtain the potentials I10 

and I111 in region 2, y0 ~ y :2: 0, as: 

Il,2 = L B., sin (1111rx/2a) 
m 

· [exp (u,.y) + R.,2 exp (-u,.y)] (8) 

rr.2 = L - B,.R,.. 2* sin (nnrx/2a) 

· exp (-u.,y) + B,. * sin (m1rx/2a) 

'[exp (u.,,y) + s .. 2 exp (-u .. y)] (9) 

where the reflection coefficients R1112, R,,,z *, and S1112 
are given by (5), (6), and (7) with a change of the 
subscript 1 to 2. 

To proceed, we note that the coefficients A .. ,, Am*, 
B 11 ., and 8 111 "' are as yet unknowns to be determined 
from the boundary conditions at y = Yn, The source 
which has the form I 8 (x - Xo) 8(y - Yo) can be 
expanded in a Fourier series of the form 

I o(x - Xo) o(y - Yo) 

= o(y - y 0 ) L I .. sin (m1rx/2a) 

· exp [11,.1(2b - y)] 

L (A.,T,.1* + A.,*r,.1) 

(3) where 

I,,, = (I/a) sin (11111"Xo/2a) ( 11) 

where 

·sin (1111rx/2a) exp [Um1(2b - y)] 

u., = [-k/ - r 2 + (m'11"/2a)2
]

112 

11.,1 = [-k/ - r 2 + (m'11"/2a)2 ]1 12 

(4) The tangential fields at y = Yo are continuous for 
each value of m, except for H,. which has a discon­
tinuity equal to 1111 • This reduces to the continuity 
of I10 , Ilv, and an11/ay, and the discontinuity of 
an,/ ay such that 

while k,,2 = <,iµ,o(o, k1~ = <u2P-11£ 1, and the integer m 
takes all values from O to oo. The unknown reflec­
tion and transmission factors R .. ,1, R11,1 "', T,.,1, T1111 * 
and S1111, and r,,, 1 are to be determined from the 
boundary conditions at the interface y = 2b. It is 
important to note that we can separately match those 
terms in equations 1 through 4 which involve the 
first four factors and those which involve the last 
two. The field components are related to the scalar 
potentials Ilz and IT1, by well-known formulas [Wait, 
1959]. Thus we find that the resulting reflection 

[c'HI,2/e1y].- •• - - [e1II,i/e1yJ.- •• , 

L l.,,/iwE0 sin (m11'xl2a) 

Using ( 1 ) and ( 8) in the above equation and in 
the equation of the continuity of TI,, and solving for 
the coefficients A"' and B111 we obtain: 

A,,, = (/,,./ iWEollm)f ,,.2(Yo)/ t:.,,. (12) 

B,. = Um/ iweou,,.)fmi(d)/ t:.., (13) 

where 
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/m1<2>(Y) = (l/2)[eKp (11.,y) + R.,1<2> eKp (-u,.y)] 
(14) 

6,. = exp (2umb)[l - R,,.,R., 2 eKp (-4umb)] 
(15) 

the radius of the wire and Zw is the series impedance 
of the wire. This is given in terms of the modified 
Bessel functions by Wait [1954], 

Z.,, = 17.,Io(-Y,,p)/[21rpl1(y.,,p)] 

The remaining two boundary conditions at Y = Yo where 
give A111* and B,,.* as 

A .. * 

(16) 

·eKp (-2u.,b)]/6 .. * (17) 

where 

A.,*= exp(2u.,b)[l - Sm1S.,. 2 eKp(-4u.,.b)] (18) 

In passing, we note that the natural modes of the 
empty guide are given by solutions of A,,. = 0 and 
A,,,* = 0, corresponding to horizontally and vertically 
polarized modes respectively [Wait, 1970]. 

Now that all the terms in (1) and (2) are deter­
mined, we can obtain the axial electric field E,1 in 
region 1 as: 

(19) 

where 

B(r) = (I + r 2
/k/) I: P,.(x; Xo)lmiYo) .. 

·/.., 1(2b - y)/u,. 6,.. - (r/k/) I: Pm(x;xo) 
m 

· /.,.,(d)g,.i(2b - y))/ Am .6., * (20) 

The only undefined terms in tHe above are 

P .. (x; x 0 ) = (27T/a) sin (m1rx/2a) sin (1111rx0 /2a) (21) 

and 

Emt<z>(Y) = (l/2)[eKp (u,.y) - S.,1< 2 > eKp (-umy)] 
(22) 

In the case when the planes x = 0 and x = 2a 
correspond to perfect magnetic walls, equations 19 
through 22 apply except that P,11 (x; x0 ) is now 
redefined as 

P,.(x; Xo) = (27T/a)E,. cos (m1rx/2a) cos (m1rx0 /2a) 

where "m = 1 for m > 0 and 1 /2 for m = 0. 
Subject to the thin-wire assumption, we now 

obtain the desired modal equation for r by equating 
E,1 at x = Xo and y = Y◄ > + p by Z 11,/ where p is 

and £,,., a,,., and J.lu• are the electrical parameters of 
the wire. Our modal equation is thus given by 

D(r) + Z.,/(iwµ 0 /1r) = 0 (23) 

where 

D(r) = (I + r'/k/) L P,.(xo; Xo)/ .. 2(Yo) 

·fm,(d - p)/u,,. Am - (r/k/) L Pm(Xo; Xo) 

· [R..,, */ .. iYo)g .. ~(.1·0 + p) + R .. 2* 

· f m,(d)g.,i(d - p))/ .6,. A.,.* 

SPECIAL CASES 

(24) 

We now recover some of the important special 
cases of the modal equation, (23). First, wlien the 
wire lies on the upper boundary y = 2b, i.e., Yo = 
2b - p, and if Z'" = 0, a valid solution for r can 
be obtained from the behavior of the mth term in 
the summation of ( 23) as m ➔ oo. Under this con­
dition, the following approximations can be made: 

11 .. - 1111r/2a 

R..,, * - r[(E, - Eo)/(e, + Eo)l/u., 

/.i1(Y), g.,,,(y) - exp (11.,y) 

.6,.,. A.,.* - exp (2u.,b) 

Then the modal equation, (23), reduces to 

(1 + r 2/k/) - r 2/k/(e, - Eo)/(e, + Eo) = 0 

whose solution is r 2 = -(k0 ~ + k1
2 )/2. 

This agrees with the result obtained earlier [Cole­
man, 1950; Wait, 1972] for the case of a thin wire 
on the interface between two semi-infinite homo­
geneous media. 

Another important case is the case when the 
boundaries x = 0 and x = 2a recede to + oo and 
the structure reduces to the parallel plate guide. In 
this case, the summation over m changes into an 
integration from - oo to + oo over the parameter 'A 
which replaces m1r/2a everywhere. The trigono­
metric functions of x change into exp (-i'A.x) and the 
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function P.,.(x; x0 ) becomes simply exp ( -i>..x) (for 
Xo = 0), 

Furthermore, if we allow the upper boundary 
y = 2b to recede to + oo ( 2b ➔ oo ) , we will have 
the case of a wire above a plane interface between 
two half spaces which has been treated earlier [Wait, 
1972). Upon using the following substitutions in 
(24): 

2b---► co; R 1 , R 1*, S 1 ---► O; and Ll, A*---► exp (2ub) 

we obtain D ( r) in the form 

D(r) = (1/4)(1 + r 2
/k/) 1_: (exp(-up) 

+ R2 exp [-u(2Yo + p)]\u-
1 

dX 

- (1/2)(r
2/k/) 1_: [1/(u + U2) 

- k.//(k/u + k/112)] 

· exp [- u(2Yo + p)] dX (25) 

where the quantities u, u2, R2 are understood to be 
functions of .\. Equation 25 can be put in a slightly 
different form if we recognize that (see equation 5) 

R2 = -1 + 2u/(u + u2) 

Hence 

D(r) = (1/2)(1 + r
2/k/){ K0 [i(k/ + r

2
)

112
p] 

- Ko[i(k/ + r 2)1 12(2Yo + p)]\ 

· exp [ - u(2Yo + p)] dX (26) 

Equation 26 is the same as the corresponding one 
in [Wait, 1972] except for a different choice of the 
matching point on the wire perimeter. 

CONCLUSIONS 

The modal equation for the propagation constants 
along a thin wire located inside a rectangular wave­
guide is derived in a fashion similar to that used 
earlier [Wait, 1972). The merits of the derived equa­
tion is that it is in a suitable form for a numerical 
treatment. Some of the important special cases are 
recovered and are seen to agree with previous work. 
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Characteristics of Electromagnetic Guided Waves for 

Communication in Coal Mine Tunnels 

SAMIR F. l\IAHMOUD, MEMBER, IEEE 

Abstract-We obtain numerical results of the attenuation and 
phase constants of the lowest order modes in a rectangular tunnel 
with an axial wire for various values of physical parameters that are 
important in intramine communications and remote control. Besides 
the perturbed free modes of the empty guide, a TEM-like mode, 
which is highly influenced by the wire impedance and location, is 
identified. Also the excitation mechanisms of the modes are con­
sidered from the standpoint of point-to-point communication within 
a mine tunnel. 

INTRODUCTION 

THE IMPORTANCE of telecommunication in the 
operation of underground mine-tunnels is well recog-

Pnper approved by t.he Associate Edit.or for Communication 
Systems Disciplines of the IEEE Communications Society for 
p11blicntion without oral presentation. Manuscript received February 
'2fi, 1974; revi11Pd .June :l, 1!174. 

Thr author is ll'ith Cairo UnivPrsit~·. Cairo, Egypt. He is on leave 
111 t.lH' Cooperntive Inst.itulr for RP11e11rch in Environmental SciPnres, 
l lnivPrnity nf Colnrndn, RouldN, Colo. R(l:l0'2. 

nized. For many years tc>lephone lines have provided for 
such communication between th£' surface and the haulugl'­
ways. However, recent measurements in mine tunnels [1] 
have shown that UHF radio signals can be effectively 
propagated through the tunnel and hence can provide a 
reliable alternativl' means of communication as well as 
remote control [2]. This means is considered more suit.rd 
to modl'rn mines where instantaneous communication to 
and among mobile ml'n in the underground haulageways 
is increasingly in demand. 

Normally, the haulageways are close to rectangular in 
cross section with dimensions of the order of few metl'rs 
in width and height. Radio frequencies above about 
:°)00 l\IHz propagate> through the tunnel via succrssive 
rl'flections from thr tunnel walls. Due to the large dinwn­
sions of the erosB section relative to the wavelrngth. tlw 
wnvrs fall nt almost. grazing nnglrs on the walls nnd hPIH'<' 

suffer low loss. At lnw<'r frpquPnriPs (than rioo 1\fHz) tlw 



19 

losses in the walls obviously increase while at higher 
frequencies than about 2 GHz, the excess loss due to the 
wall roughness becomes increasingly important as has 
been observed by Emslie et al. [3]. Thus the working 
range of radio frequenc:es for free propagation is con­
sidered to lie roughly between 500 MHz-2 GHz. How­
ever, haulageways usually contain longitudinal metallic 
pipes which can effectively alter the properties of the 
guided radio waves. The most important effect of these 
is the appearance of a coaxiallike mode which extends 
the lower end of the operating range of frequency, since 
this mode has a zero cutoff frequency. 

Besides the possibility of free radio propagation in the 
tunnel, electromagnetic (EM) waves can also be guided 
along specially designed transmission lines (TL) working 
at frequencies well below the UHF band. Various types 
of TL's include the single-wire cable, the ribbon feeder 
[4], and coaxial lines that are designed to provide part 
of the fields outside the line (such as, the braided coaxial 
line [5], the coaxial cable with annular slots [6], etc.). 
Basically, there are two distinct modes of wave propaga­
tion along a two-wire TL, the monofilar, and the bifilar 
modes. The monofilar, or the single-wire mode, is guided 
mainly between the TL and the inner walls of the tunnel 
while the bifilar, or the balanced mode, is characterized 
by antiphased current in the two wires of the TL and 
hence a less ·accessible signal in the tunnel. Obviously, 
the attenuation of the bifilar mode is considerably lower 
than that of the monofilar mode, since the latter suffers 
higher loss by the tunnel walls. In any given situation, 
it is very desirable to have means to control the amount 
of excitation of each of these modes in order to obtain 
the proper compromise between the signal accessibility 
in the tunnel and the total attenuation of the guided signal 
inside the cable. Some of these techniques are described 
by Deryck [7]. 

It is quite clear that a theoretical investigation of the 
various modes of propagation inside an actual tunnel is 
very complicated unless many simplifying assumptions 
are adopted. Emslie et al. [3] have derived an approxi­
mate formula for the attenuation constant of the lowest 
order modes of free preparation at UHF inside a rec­
tangular tunnel. An estimate of the effect of roughness 
of the tunnel walls is also given by these authors. In a 
recent paper by l\Iahmoud and Wait [8], the authors 
have obtahied a modal equation for the propagating modes 
for the case of a single wire inside a rectangular tunnel. 
To make possible a rigorous satisfaction of all the bound­
ary conditions, the narrow walls of the guide were ideal­
ized as perfect electric or perfect magnetic walls. The 
resulting waveguide model is, nevertheless, believed to 
reveal the important characteristics of the propagating 
modes, as will be shown by the numerical results pre­
sented here. 

NUMERICAL RESULTS 

Tlw grometry of the problem treated by ;\Iahmoud 
and Wait [8] is shown in Fig. 1. The met.angular tumwl 
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Fig. I. A waveguide model of the tunnel. 

is assumed to have horizontal and vertical dimensions 
equal to 2a and 2b, respectively. The side walls are ideal­
ized as either perfect electric or perfect magnetic walls 
while the upper and lower walls are assumed to be lossy 
nonmagnetic homogeneous media of permittivity t, and 
conductivity "•· The interior of the tunnel is filled with 
air with constants Eo,µo, The wire radius is p, the conduc­
tivity is uw and it is located at the point (:i.:o,Yo) insidP 
the tunnel. 

The modal equation developed in the prt>vious papPr 
is solved here for the propagation constant r = a + i'.{3 1 

where ex and f3 are the attenuation and the phase constants, 
respectively. In Figs. 2-5, the following values are as­
sumed: frequency= 1 GHz, 2a = 4.2667 m <~ 14 ft), 
2b =a= 2.1333 m (~7 ft), p = l cm, .ro = a/2, f, = 
lOEo, u. = 10-2 mho/m, uw = 1~ mho/m, and Yo varies 
between b and 2b - p. In Figs. 2-11, the solid curves 
refer to the case of perfect magnetic side walls, while the 
broken curves refer to the case of perfect electric side walls. 

In Figs. 2-5, three types of modes are identified. The 
coaxial mode (labeled as CM) is a TEi\'1-like mode which 
resembles the dominant mode in a coaxial circular guide. 
The other two types of modes are perturbed frer modrs 
of the empty guide and are labeled as Eh (m,n) and E, ( m,n) 
according to their dominant polarization (horizontal or 
vertical polarization, re!>prctively). The integrrs m and n 
describe the mode order for the horizontal- and verticnl­
field variations in the usual sense. The following observa­
tions are derived from Figs. 2-5. 

1) The phase velocity of the CM increases as the wire 
approaches the tunnel wall (Fig. 2). 

2) The attenuation of the CM increases sharply as the 
wire approaches the tunnel wall (Fig. 3). This agreC's 
with measurement in Belgium mine tunnels [2]. 

3) The E,(1,1) mode is significantly more affeekd by 
the wire than the Eh(l,1) mode. The first may bP related 
to the familiar vertically polarized ground wave with thP 
forward wave tilt, hence the high interaction with the 
axial wire. 

Figs. 6-9 show the effect of varying the win· conduc­
tivity er,.. It is seen that both the phase constant and the 
attenuation of the CM are highly dependent on that 
pitrameter (Figs. 6 and 7). The Cl\I hPcomc's v1rt11nlly 
cut off as the wirC' conductivity is dt•crpnsc•d. On the• 
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other hand, (Figs. 8 and 9), t.lw H.(1,1) and P.\(1,1) 
modes show slight dependence on er,, and tend to ~lwir 
unperturbed form as the latter bcconws small. 

The effect of reducing the wire radius to 1 mm is shown 
in Figs. 10 and 11. By comparing these with Figs. 2 and 3 
( where p = 1 cm), it is clear that the increase in the 
phase velocity and the attenuation, as the wire approaches 
the guide wall, is more pronounced for the smaller wire 
case. The small differences observed between the electric 
and magnetic side-wall cases when p = 1 mm, suggest 
that the fields of the CM are concentrated near the wire. 

Figs. 12 and 13 show that the attenuation of the CM 
increases as the frequency is reduced below 1 GHz, 
attains a peak which is accompanied by a reduction in the 
phase velocity, and then decreases monotonically as the 
frequency is further reduced. This effect can be easily 
explained since below 1 GHz the wall losses increase due 
to more p('nPtrating fields. For considernbl~• lower frr-

qu('nci('s ( ,..__,30 1\IHz or Jess) tlH' walls behnvr more' or 
less like good electrical conductors, and hence the ntt.cnu­
nt.ion is decreased. On the other hand, the frrl' modcR of 
the guide have monotonically incre11,sed attenuation (due 
to a cut.off phenomenon) with reduced frequency, and 
hence the coaxial mode becomes the dominant mode at. 
low frequencies (i.e., 50 MHz or less for the pr0sPnt 
guide). 

It is very constructive to compare the present. n•sult.R 
on the rectangular guide to those on the circular guide 
geometry treated by Wait and Hill [9]. We find a com­
plete consistency betwern the mode characteristics in 
both guide geometries. This provides some Rllpport for 
the adequacy of the model m1ed in this pap0r for tlw 
rectangular tunnel. 

It is possibk to estimat.0 tlw pffrct. of n finitP lnss in 
tlw sidP walls on tlw propagnt.ion constants of tlw mndl'S 
by assuming that. Uwse wnlls behavP ns constant admit--
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Fig. 13. 

tance or impedance boundaries and by using the simple 
perturbation technique. Unfortunately, however, this ap­
proach is found to have a very limited applicability in 
the present context since it applies only when the fields 
at the side walls are very small. Some of the results on 
the relative increase of the attenuation of the CM that 
are based on the perturbation technique are shown in 
Fig. 14. The side walls were assumed to have a constant 
impedance Z = iwJJo/[w2JJo(e. - Eo) - iwµou.] 112, which was 
obtained from a consideration of the Fresnel-reflootion 
coefficient from the dielectric walls. 

EXCITATION OF MODES 

In the following we discuss the modal excitation by a 
dipole located inside the waveguide of Fig. 1. The purpose 
is to calculate the excited power in each of the lower 
order modes due to an assumed current distribution in 
the dipole. 
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Fig. 14. Percentage increase in attenuation constant of the CM 
due to finite loss in the side walls versus frequency. Other param­
eters are as in Fig. 2. 

First, assume that the s01,1rce is a small dipole of moment 
P, located at the point (xa,Ya) in the z = 0 plane and 
lies totally, in an arbitrary direction, in this plane. The 
current density of the source can thus be written as 

ja(x,y,z) = P/,(x - Xa)o(y - Ya)li(z). (1) 

Let the axial electric field due to the source be denoted by 
E.,.(x,y,z), which is, as yet, unknown. In order to deter­
mine this field, we shall use the known fields of an axial 
current at the point (xo,Yo), which have been obtained by 
:'\fahmoud and Wait [8], and the reciprocity theorem. 
So assume a unit axial current at Xo,Yo such that the current 
density is given by 

J,(:c,y,z) = exp (-i{Jz)o(.1; - Xo)o(y - Yo) (2) 

where - oo ~ (3 ~ oo and let the total electric field pro­
duced by this current be 

e(x,y,{3) = {ec(x,y,{3) + ie.(x,y,{3) I exp (-if3z) (3) 

where e, denotes the transverse components of the electric 
field and e, the axial component. Explicit expressions for 
e1 and e, are given in Appendix I. 

Now we apply the reciprocity theorem to the two cur­
rent densities given by (1) and (2) and their fields. 
Hence we get 

f j.(x,y,z) •e,(x,y,{3) exp ( -if3z) dxdydz 
Z,f/,S 

= f J,(x,y,z)Era(x,y,z) dxdydz. (4) 
:t,11,z 

Upon substituting from (1) and (3), (4) is reduced to 

F•e 1(x.,y.,f3) = /"" E,a(xo,Yo,z) exp ( -i{3z) dz 
_,. 

~ E,a'(xo,!/o,/3) (5) 

wlH'n' E,.' (xo,Yo,/3) is recognizrd as the Fourier transform 
of E •• (xo,!/o,z), which in turn repr0sents thP average axial 
electric fiC'ld at the surface of the wire du0 to the dipole 
current. Now WC' are in a position to obtain the induced 
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current in the axial wire /,(z). First, we expand t.his in 
a Fourier series, thus 

1 /'° I,(z) = - I,'({3) exp (ifJz) d{3. 
211' -oo 

(6) 

The boundary condition on the wire surface requires that 

E.,,' (xo,Yo,f3) + I.' (fJ)e,(xo,Yo + p,{3) = Z,.l •' (f3), 

- 00 ::::; f3 :::; 00 • (7) 

Using (5) in (7) and solving for I,'({3), we obtain 

I.'({3) = -P•e,(xa,Ya,f3) 
e,(xo,Yo + p,{3) - Z,. 

(8) 

Introducing the quantities F (xa,Ya,f3) and D ({3), defined by 

F(:-ca,Ya,fJ) = (-iwµ,o/11')e,(xa,Ya,f3) (9) 

and 

D(f3) = (-iwµ,ol,r)e.(xo,Yo,f3) (10) 

we can write (8) in the alternative form 

1 
P•F(xa,Ya,f3) 

1• (fJ) = - D(fJ) + Z.,,/(iwµ,o/11') 
( 11) 

We notice that the zeros of the denominator on the right­
hand side (RHS) of (11) determine the characteristic 
values of the propagation constants fJp of the waveguide 
modes [8]. So upon substituting from (11) into (6) and 
changing the integration into a summation of modes, we 
obtain 

,...,,, . " P•F(xa,Ya,f3p) (- 'fJ ) (l2) 
J,(z) __ -i sgn (z) ';' (dD(/3)/dfJ)p-fl, exp i pZ 

where Im (f3p) < 0 and Z,. is considered constant for the 
important range of {Jp, Equation (12) applies for suffi­
ciently high values of I z I so that the neglect of the branch­
cut contribution is justified. The total induced axial 
current in mode p due to an arbitrary line current la(la) 
in the x-y plane is then given by 

l,p = -if IaUa)F(xa,Ya,/3p) •dla/[dD(/3)/d(/3)]p-fl, 
la· 

•exp < -i/3p I z D (13) 

where the integration is taken over the line current la, 
The complex power carried by the pth mode (in the 
positive or negative z directions) is given by 

Pp= I l,p 12 Ni (14) 

where 

Ni = f e,(x,y,f3p) X h,•(x,y,/3p) •z dxdy (15) 
orou S&Mlon 

with h/(x,y,(3p) being the complex conjugate of the 
transverse magnetic field which is produced by tlw unit 
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axial current givf'n by (2). A more explicit. expression for 
N v2 is given in Appendix II. 

Now, it is convenient. to define an excitation factor Ap 
for the pth mode as the ratio between the complex power 
PP given by (14) and the maximum power excited by a 
X/2 antenna, with a unit maximum current, in the domi­
nant mode of an empty waveguide. The latter is similar 
to the original guide except that all the walls are perfect 
electric conductors. In such a guide, the dominant mode 
is the familiar TE10 mode and the maximum power 
excited in that mode by the assumed antenna is equal to 
Z0X2/([1 - (X/4a) 2] 1'28?rab). Thus, combining (13) and 
(14), we can write AP as 

8rab[l - (>-/4a)ZJ1'2jf - - j' 
Ap = xizo lo l(J,(la)F(xa,Ya,fJp) ,Jlo 

I dD(/3)/d/3111-11,2 • 
(16) 

Some computed values of Ap for the Cl\:1, E11 (1,1) and 
the E.(1,1) modes under various excitation conditions are 
given in Table I. The antenna locations are chosen accord­
ing to the modal electric-field distributions, so as to maxi­
mize the power delivered by the antenna. The antenna 
current is assumed to have a sinusoidal variation and a 
maximum amplitude of unity (at the feeding point). At 
1000 MHz, the horizontally polarized mode has the 
highest excitation coefficient when a X/2 horizontal dipole 
is used. Furthermore, since this mode is the lea.st attenu­
ated mode, it will dominate over all other modes. For a 
X/2 vertical dipole excitation, the Cl\1 and the E. ( 1, 1) 
mode have comparable excitation coefficients which are 
considerably higher than that of Eh(l,1) mode. For this 
type of excitation, the field polarization in the guide is 
mixed: the vertical and horizontal components of the 
electric field are of comparable magnitudes. 

At 100 MHz and lower frequencies, the CM becomes 
the dominant mode in the guide. While the perturbed 
free modes are excited by the dipoles, they will be sig­
nificant only in the near region of the source. 

CONCLUSIONS 

The modal equation derived earlier [8] for the geometry 
of Fig. 1 is solved numerically for the propagation con­
stants of the lowest order modes. The results should have 
a direct use for intramine communication and .remote 
control. A new TEM-like mode which depends heavily on 
the wire looation and impedance is identified. This mode 
becomes the dominant mode of the guide at frequenci<'s 
below the cutoff frequencies of the frl'e modes, while at 
frequencies as high as 1 GHz it can have an attenuation 
constant which is lower than the vertically polarized mode. 

The dipole excitation of the modes is considered and 
it is seen that the CM can be efficiently excited by ( or 
received in) simple dipole antennas that lie in the trans­
verse plane of the tunnel. 
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TABLE l 
EX('ITATIO~ C'm:vvwrn~:T ,\,, 

CoMl'l'TED RY (I(\) rnH Cl\!, E,,(1,I) Allll E,.(1,1) MoDEst 
! 1\ntr'nr:,i L<·11,·.th I i\nLcc:,,1 I.,,l':lt i;,:i 

~~~--~-f----'-'_1r_;_c1_1t __ "_1 ,_· ''-"--1,l---'~x'~•~:1 a~) _______ c_.)_: ·----,"'--c~"-(!-•_1 ) ____ 

1 

__ :j.' ~ · ~' 

; horiumt•d I (0,2,1, b) (,.2i. ! 0
-

3 -l.!.7° 2.5 '+,004° ! :.':l • lf'-;,: ~:.-

1 l<JIJO :-ii', 1,,,rti•:,11 (0.~:1, b) 

I ;'.,149 dB/:-:},.. '0.0137 dB/r) 

100 MIiz 

½ horizontal 

½vertical 

(. 25a, 1. 2 '.>b 

<,, 1. 25b) 

_____ __ [.!..12(~ dE/rJ [1.82.? dB/~) ['.'.791:' '.:B/>r:~___J 

t The wire coordinate!! x 0, Y• are (0.5a, 1.87/ib) in all raRes. The other guide parameters are as those in Fig. 2. 
• The numherR in square brackets are attenuation constants of the morles. 

APPENDIX I 

THE MODAL FIELDS 

Thi· fidd:,; of t IH' pt.h 111001' <·an lw obt.ainr<l from two 
:-wnlnl' 1-IP<'iri,• pot<,ntinl:,; 1r, nn<l 1rv ns [10] 

I' -r -

h, 

- i(3 !_ 1r + (k 2 + ~) 1r 
p ay . • o a y2 u 

( ko2 - (3p2) 11'' - 1'./3p !_ 11'11 
ay 

iWEo(d1r,/iJy + i(3,,11'u) 

- iwEQ81r,/a,r 

(I.l) 

11h<'l'<' tlw fncto!' <'XP ( - 1'./31,z + iw/) 1:,; nRHunw<l to lw 
<·11mrno11 to all fiPldH. 

From [8], tlH' potpntinl:,; 1r, and 1ru in tlH' intc'l'ior rqz;iPn 
;1f tlu• guide•, ph>dur<'d by the nxial <'lllTPnt of (:!), 1·1111 
b,; writtP11 11:s 

"' 
,r,(.1',//,/j,,) cc· ( -iwµo/1rko2 ) L /'m(,i:,.l'o) 

y ~ ,1/o (I.'.!.) 

11'11 (.r,.11,fi,,) 

whc•n• 

I fm ( //) I 
1 ( ,',,, ( .11) 

1

f IR"'I ] j l'Xp (+llml/) + -, ('XJ) (-11,,,!J) 
8m 

8m 

Rm* 

lino 

ll1111 

m PXp ( - '.!.umb) R 21 
,, 2 ,~m 

(k.211m - ki11 ... 1) 
1 (k/11., + ko211,,,,) 

:2if3p1Ii(llm + 11.,1) - k/· (k,211., + /;o"llm11 ! 

( (1111r,12a)z + f3/ - ko2) 112 

' 
( ( m1r/2a) z + /3/ - k,2) itz 

·> sin ( ) sin ( ) -11' fm • 71111'.ro . ~n7f'J'. 

a '.!.a '.!.a cos ('(18 

for perfPC't PIPctric or pPrfrct magrwtic sidP wnll. l'!':'lJWl'­
tivPl:v. k,2 = w2µ0(E, - iCT,1w). and t,,, = I :2 f11r 111 = 0 
and unity othnwisP. 

APPE'\1DIX II 

COJ\[PLEX POWER OF A :\lODE 

TIH' ,·ompl<'x po\\'l'f cnrri1•d i11sid1• tlw gui,k Ii_\· a giv,•11 
ll\ll<k is dPfi11t•d n:,; 

dl.l l 

whPI'<' tlH' suiwrscript. c dl'IWtPs tlw cornpkx l'<llljugntl' 
01wrn.tio11. Using (I. l), Hw abm'P rnn bP 1'xpr1'ss1'd in 
tnms of t.hP potentials 1r, and 1r 11 as 

.v,,2 = 

( 11.:2) 
wh<•n' tlw prim<' indicatps n diffNPntintinn with l'<'SJW!'I 

to ,11. 
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Before substituting (I.2) and (I.3) in (Il.2), it is 
convenir-nt to rewrite the first two equations in the follow­
ing form 

.. 
1r 1 (x,y,fjp) = (-u,,JJ-O/'lf'ko2

) I: P .. (x,xo)1r,,,.(y) (II.3) -.. 
1r11 (x,y,fjp) = ( -iwJJ,o/1rko2) I: P,..(x,xoh·11,..(Y) (II.4) -

with ,r,,,.(y) and '11'11m(y) defined to make (Il.3) and (Il.4) 
identical to (I.2) and (I.3), respectively. ko is the free­
space wavenumber. 

Now we substitute from (Il.3) and (II.4) in (11.2) 
and use the orthogonality of the sin or cos functions of x 
to obtain 

.., 
Np2 = (2UJJJJ,o/-irko2a) I: P,,.(xo,Xo) 

...-o 

(11.5) 

Since 1r, .. ,w11,.. and their derivatives satisfy the wave equa­
tion q,11 = u .. 1q,, they integrations in (11.5) can be readily 
performed with due care to the discontinuity in 'If,,,.' by 
- 1/2 at y = y0• The summation over m can be performed 
numerically. 
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On the Attenuation of Monofilar and Bifi.lar Modes in 
Mine Tunnels 

SAMIR F. MAHMOUD 

Abstract-The modal equations for both the monofilar and bifilar 
modes of a two open wire transmission line located in a waveguide 
model of a rectangular mine tunnel are derived by extending an 
earlier general analysis. Attenuation curves of both modes in the 
frequency range 200 kHz-200 MHz are presented for two distinct 
configurations of the transmission line that may be used in practice. 
It is demonstrated that the proximity of the lossy tunnel wall tends 
to increase greatly the attenuation rate for the monofilar modes but 
has relatively little effect on the bifilar modes. 

INTRODUCTION 

Radio communication in mine tunnels can be provided by the 
free propagat.ion of UHF waves in the tunnel which acts as a natural 
waveguide at, this band of frequencies [1 ]. H is also possible to use 
much lower frequenc.ies if a longitudinal conductor is stretched along 
the tunnel. Such a conductor will support. a TE:\1-like mode, usually 
referred to as the monofilar mode, which is characterized by a zero 
cutoff frequenry [2]. However, the fields of such a mode are ac­
ces.~ible in the whole cross section of the tunnel at the expense of a 
high-power absorption by the tunnel walls. In order to reduce such 
loss, a t.wo (or more) wire transmission line (TL) system should be 
used, whereby a new mode that has antiphased currents in the two 
wires is <·reated. This mode, which is usually referred to as the 
bifilar mode, has fields that. are concentrated in the near vicinity of 
the TL and hence suffers relativelv low loss. 

Attenuation measurements in ;ome Belgium mine tunnels at 27 
and 68 '.\I Hz affirm the lower at.tenuat.ion of the bifilar mode relative 
to t.hat of the monofilar mode [3]. The obviously important. require­
ment. of arhieving C'ontrolled conversion between these two modes 
has been extensively studied by Delogne [2] and Deryck [4]. 

A rigorous modnl equation for the monofilar mode of a single wire 
in 11 re<'tangulnr tunnel bus recently been ohtained by Mahmoud 
:rnd W11it. [5] under some simplifying 1v•sumptions ron<'erning the 
two side walls of the tunnel. Also, extensive numeriml results on the 
properties of this mode hnve been reported by the nuthor [6]. In 
the prrsent. lrtte1·, we extrnd the anal~·sis in [5] to derive the 
modal equations of the monofilar and hifiliir modes of n t.wo open 
wirr TL inside the rectnngulnr tunnel. Some speciti<' result:s of 
the nttenuation 1•1mst11nts of these modes in a wide rnnge of frequen­
<'ies are presented. 

THE :\WDAL EQUATIONS 

We consider two eonfigurations A and R of the TL as shown in 
Fig. 1. As in [5 ], the two side walls of t.he t-unr1el are assumed to 
behave as either perfect. electric or perfect. magnet.ir ronductors, 
while the other two walls are taken as generally lossy dielertric 
media. In both ronfigurations, A and B, we shall adopt the non­
restrictive assumption that d » p where p is the radius of any of 
the wires. For a part.icular mode of propagation, all the fields in the 
guide and the currents in the two wires behave as exp (iwt - rz) 
where w is the angular frequency and r is the romplex propagation 
t~onstant of the mode. So, apart from this rommon term, let the 
<'Ul'l'ents in I.he !,wo wires be given by / 1 nnd h The boundary condi­
tion at. the surface of each wire requires that, the longitudinal electric 
field be equal to the rurrent multiplied by the series impedance Z., 

;\lo.nuscrlpt received ltebruary 28, 1974: revised ;\lay 0, 1974. 
The author le with t.110 Coopomt-lve Instlt,ut.e for Resuo.rch In Environ­

. mont,al Sclencos, the llnivorsity of Colorado, Boulder, C'olo. 80302. 
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Two configurations A and B of opNt wire TL insldE> n wav('guide 
model or a rectangular tunnel. 

per unit length of the wire. These conditions can be put in the con­
venient forms: 

Z,,(r)I, + Z,.,(r)J, = Z.,i/, 

Z,.(r)I, + Z,,(r)I, = Z.,,,.J, 

(1) 

(2) 

where Z.i (r) is defined as the longitudinal electric field at the 
surface of the first wire due to a unit. current in that wire and a 
;;imilar definition applies to z,,(r). Zm(r) is the longitudinal elec­
tric field at the surface of one wire due t.o 11 unit current in the other 
wire. These quantities are directly obtainable from (19) and (20) 
in [5] after the appropriate substitutions for the coordinates of the 
source and the observation point; e.g., Z,i( r) and Zm ( r) for con­
figuration A in Fig. 1 are given by 

Z,,(r) = (-iwµo/ ... )R(r) I 

Z.,(l') ( - iwµo/,r )/J ( r) i 

where B(r) is given in [5]. 

:ro-> :ro - d/'2. 
1/o-> b + bo 
X-> :ro - d/2 
11----+b+bo+P 

:ro-> :ro - d/'2. 
/lo-> b + bo 
X-> :ro + d/2 
y----+ b + bo + P 

By the elimination of I, and /,in (1) and ('2.), we obtain I he modal 
equation for the unknown r as 

(4) 

This equation is greatly simplified when the two wires are identiral 
sinl'e then, Z,,., = Z.,.2 = Z,, .. Furthermore, we rnn pul Z.si(I') c:--: 
Z.,,(r) = Z,(r), whirh is an exnrt equation for rontignrntion n in 
Fig. 1 ( due to srmmetry) and a ver~· good approximn t ion fur 1·on­
figuration .·I sin<'e d is mul'h if.ss than the guide width. limier the 
preceding !'onditinn>', equation (4) redures to t.wo simple eqnntinns 
given by 

Z,(r) + z,.(l'l - z,. = o (5) 

and 

Z,(r) - Zm(r) - Z., = 0 (6) 

where the first. equation implies t.hat. / 1 = / 2 and the ;;econd implies 
that. / 1 = -/2• These are the two equations that, rorre..~pond tot.he 
monofilar and the bifilnr modes, respectively, and their solut.ions 
give t.he propagnt.ion constnntR of the..~e modes . 
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J<'ig. 2. AttenuMion constant of thEI monofllar and tbe bifllar mocks of 
configuration A, versus frequt>ncy for various values of b,/1>. "-ire 
radii p = 1 mm. 
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Fir;. 3. Attenuation constant of the mnnnfllar ancl the hifilar moclps of 
conflguration A Yt'rsus frr•qut\nr-:i..- for varioHs value~ of b~rn. "·ire 
rnclii p = 2 nun. 

".'IU:mmICAL m-:;:;ULTS 

Equations (t>) and (6) are solved numeric-ally for the two cun­
figurations A a11d JJ in the frequency rnnge 200 kHz-200 :\!Hz. The 
re~u lt i11g values of the a ttrnun.tion Clrnonnfi 1,, and "'bHo\-, are plotted 
in Figs. 2--1. Thr fullowin11: physi<'al eonNtants are assumrd in Fig. 2: 
2a = -1 m, '.U, ~ 3 m, x0 = a/'2, d = a/100, p = 1 mm, ~,,. (the 
<'onductivity of the wires) = 10" mho/m, ,, = 10,o, and "' = 
10 ·2 mhll/fll. 

ln Ct\lttrast with the monofilar m,,de, the n.ttenuation t>f the 
hifil:n modr is almo:-11 insensitive to variations of the parnrnelN' bn/b 
iu nil the frC'quency ranges l'Onsidered and hence C<bifil-, is :shown fur 
only one v:tlne of thi8 pn.rameter. To show the effect of varying th!' 
i11trit1sir parameters of the TL, th!' wire radii are inere11sed to 2 nun 
in Fig. :1. Hy enmparing with Fig. 2, it is ;;el.'n that C<hifil"r iN :1pprrci-

ably redured nt :di frequenries, while <tn,onofihr is hardl,v ntfrete<l fpr 
fr!)quenries nbove about 13.5 ~!Hz nn<l considerably reduced :it 
lower frequeurie,.;. H is interC'sti11g to note thP higher values of 
attenuation displa~·,,d by the bililn.r mode ov,ir thn mnnufilar mod,• 
for frequen<'i(•, lwlow a eC'rtnin value in both Fig". 2 and :L 

The preceding observa lions ran he explained ns follows: n,.; th,· 
frequen<'y io, redur,·d below nhout 1()0 l\Jllz, the guidt> walls hehnv<' 
more as good rle<·tric:11 roll(l\lrtors, hence redut'ing the at.tenuatio11 
of the 1nonofilar mode. Thus, at low freqnencir,.; (of the order of a 
few megahertz ancl Je,.;s), the :ittennation of both mode,; li<>comes 
soh•ly dependent on the TL intrin"ic parnmeter~ ""' and p. Ful'thl'r­
mnrP, the> ohmir lo"Sl''- of th<> TL nre nonnv.lly hip;lwr fnr the liifihr 
mnde th:rn tho,P f,n· the I\\OtH>fil:tr mode aml hence thl' hi1,hPr 
11tt,•m1ation of tlH' f,>1•mpr mud,•. 

The attenuatinn rnrve,; fut· ronfigurntion Ji are "hown in Fii,. ·.I 
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Fig. 4. Att,enuation constant of the monofllar and the bifllar mmles of 
configuration B versus frequency for various values of bo /b. "'ire 
radii = 1 mm. 

for (lw Hnme physirnl cornit11nts of Fig. 2. In this !'ase, the bifilar 
mode shows strong depcnden<'e on the p11rnmeter b0/b, supposed\~· 
he1·n11sc its field,-; are Npn1nd over the guide cross Rr<'lion 11nd nre 
signifi<'nntly 1tffo<'l!•d by t.he tunnel wnlls. As I\ furt.lwr t·onseq11r1H'l' 
of that, r11,lfil•• is muc•h more frequent·y d<•pend!•nt thnn it is for 
t•011figumtion A. 

It is relevant. to nwntion here that. similnr result.~ to thosp pre­
sented here are oht.ained for n drrular guide with los.~y di<•leetrit· 
walls by Wait and Hill (private <·ommunimtion). WP find a com­
plett, eonsist!'JH'.Y between the mode <'ham<'teristil's in l){)th guide 
geometries. This provides some confidence in the ndequnry of the 
model used here for the rect.nngulnr tunnel. 

A final remark on the prereding model is now due. All the results 
of Figs. 2--4 arc obtained for a waveguide model with side wnlls 
llrnt. 11re perfect elertric conductors. An altern11tive model is one in 
whil'l1 t.hese walls are perfect. magnetic eonduetors [6]. We com­
puted values of attem111tion rates for this model nnd it. was found 
that the mnnofilnr modes (and the bifilar mode of eonfiguration R) 
.~how mueh higher 11ttenuation rnte~ for frequencies below 25 :-[Hz, 
while nenr 200 :-[Hz the attenuation rntes are only slightly different 
from those obtained for the first model. \Ye believe, however, that 
the model with perfe('(, electrie side walls iis a better npprnximntinn 

to the nl'lual tunnel in tlw freqUl'lll'~- rnnge eonsidered here, ,-;in<'e 
the tunnel wnlls do teml to behnve Hs good electrical l'onductors Hs 

the frequenc~· is lowl'rl'd. 
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The transmission of VHF electromagnetic waves in a curved mine tunnel is analyzed using an 
idealized model in a cylindrical geometry. The tunnel cross section is assumed to be rectangular 
and the broad curved walls are imperfectly reflecting. The computations of the modal characteristics 
are facilitated by using a modified Airy function approximation of the rigorous cylindrical wave 
functions. The results indicated that the curvature of such tunnels will seriously increase the attenua­
tion of the dominant low-order modes that are used for communications. 

INTRODUCTION 

The problem of guided wave propagation in 
waveguides with imperfectly reflecting boundaries 
arises in several applications, such as propagation in 
mine tunnels and in screened surface waveguides. 
It is observed that curvatures in these waveguides have 
a pronounced effect on the wave propagation losses 
[e.g., Emslie et al., 1973]. In this paper we describe a 
quantitative investigation of this effect for the domi­
nant modes of the guide. 

We adopt a.model of a rectangular waveguide with 
curved walls that are assumed to present a constant 
impedance or admittance to the tangential fields. 
The situation is illustrated in Figure 1. The other two 
straight walls are considered to behave as perfect 
electric or perfect magnetic conductors. In spite of 
the simplicity of such a model, it is believed to be 
capable of revealing the important characteristics of 
the dominant guided waves in a curved guide. 

A great deal of work on curved rectangular wave­
guides has been carried out in the past. Attention, 
however, has been restricted to perfectly conducting 
waits. In this connection we mention the contribu­
tions of Rice [1948], Waldron [ 1957], Cochran and 
Pecina [1966], and Wu [1973]. 

FORMULATION 

The geometry of the problem is illustrated in 
Figure I. The fields are assumed to satisfy impedance 

1 CIRES is a cooperative venture between the University of 
Colorado and the National Oceanic and Atmospheric Admini­
stration. 
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boundary conditions on the walls p = a - b and 
p = a + b for O ::; z ::; 2h, white the planes z = 0 
and z = h for a - b ::; p ::; a + b are either electric 
or magnetic waits. Quite generally, the field compo­
nents in the waveguide can be obtained from two 
z-directed electric and magnetic potentials II and II* 
[Wait, 1959] for a time factor exp (iwt), as: 

E, = (--l + <i/al)IT 

Ep (a 2/ap az)IT - (iwµ/p) an*/act> 

(cJ 2/cJcp az)(II/ p) + iwµ an* /ap ( I) 

H, (-•y2 + a 2 
/ az 2)IT* 

Hp = (- ;,y2 /wµp) cJil/cJcf> + cJ2IT* /ap az 

H¢ = (i,,2/wµ) an/ap + (1/p) cJ2IT*/cJcf> cJz (2) 

General expressions of II and IT* are given as a 
double summation over alt the possible modes, thus 

where the Bessel and Hankel functions, J, and H, u, 

respectively, are the conveniently chosen independent 
solutions; A,. = mrr/2h, m being any integer including 
zero, and 11 .. = -y2 

- A,.,2; ,,:1 = -w 2
µf = --k/ 

and ,, = v1, ,, 2 , • • • are the characteristic propagation 
constants to be determined from the boundary 
conditions. 

In (3), it is assumed that the straight walls are 
perfect electric walls. In the case of perfect magnetic 
walls, we merely exchange the sine and cosine terms. 
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Fig. 1. Geometry of the problem. 
(Note that the medium within the tunnel 
is a homogeneous lossless medium with 
permittivity • and permeability µ. Later 
we set these equal to their free-space 
values •o and µo,) 

THE CHARACTERISTIC MODES 

The boundary conditions at the surfaces p = a ± b 
require that 

E, = =FZH9 

H, = ± YE~ 

(4) 

(5) 

with the higher sign applying to p a + b and the 
lower sign to p = a - b. The impedance Z and the 
admittance Y are assumed to represent the surface 
immittances presented by the outside media and should 
be chosen accordingly. Now we substitute in (4). 
from (I), (2), and (3), to obtain four homogeneous 
equations in the four coefficients, am,,, b.,,,,, c "'·,, and 
d.,,, ,. For a nontrivial solution, it is required that the 
determinant of coefficients should vanish; thus we 
have: 

(,i2 J, + Z1UJ+') (112 H+ <2> + Z 111H, 1 <21
) 

30 

with similar definitions for H, u, and H. "~,. 
Now, for most cases of interest, the mean radius 

of curvature a is much greater than the free-space 
wavelength. Hence, both the order and the arguments 
of the Bessel functions in (6) are large, i.e., lvl , 
lu.,,(a ± b)I » l and for the important lower-order 
modes, the difference Iv - um(a ± b)I is small. These 
conditions allow us to use the Airy function approx­
imations for the Bessel functions [Wait, 1964, 1967], so 

J,( X) ~ 1f -1/2<2/ X)l/3V(f) (7) 

H,<2>(X) ~ i1r-l/2(2/ X)l/3W1(1) (8) 

where 

v(t) = 1r 112 Ai(t) 

w1(1) = 1r112
[Bi(I) - i Ai(I)] 

and the functions Ai(t) and Bi(/) are those tabulated 
by Miller [ 1946]. The argument I is given by 

(9) 

or 

(10) 

The above form oft results in a better approximation 
of the Bessel functions as compared to the more 
familiar form used by Wait [1964]. For a complete 
discussion on the range of validity of the approxima­
tions in (7) and (8), the reader is referred to Wait [1967]. 
The logarithmic derivatives can also be approximated 
by: 

J,'(X)/ J,(X) ~ -(2/ X) 11\·'(t)/v(t) (11) 

(12) 

l+Ziv>../(a + b) H+< 21 Ziv>../(a + b) 

(1i2 J_ - Z111 J_') (1i2 H - <2> - Z 111H_ 1 <21
) - J_Ziv'J,../(a - b) - H_ <2 'Ziv}../(a - b) 

0 (6) = 
- J, Yiv}../(a + b) (2) / - H+ Yiv>- (a + /,) (1l J, - Y111J, ') (112H+ <21 - Y111H+'<2

') 

J_ Yiv>-/(a - b) H_ <
2

> Yiv}../(a - b) (,,2 J_ + Y1II J_') (112 H_ <21 + Y,11H _1 (2)) 

where the following abbreviations are used: }.. = }..,,,, 
11= Um,Z1 = Zi-.//wµ, Y1 = Yiwµ,J, = J,[u,,,(a±b)], 

[u
2
v(t+) + Q1Ukov'(t+)l [11

2
w(I+) + q1ukow'(t+)l 

[u2v(t_) - q1uk0v'(t_)] [u2 w(t_) - Q1llkow'(t_)] 

- (k0 
2 
q211}../ x +wµ)v(t +) -(k0

2 q2v}../ X+wµ)w(t +) 

(k/ q211}../ x _wµ)v(t_) (k0
2 q211>-/ x_wµ)w(t_) 

Now using (7) through (12), the modal equation, (6). 
can be recast into the form: 

(wµv}..q1/x+)v(I+) (wµv}..q1/ x +)w(t +) 

-(wµ,v}..qJ x_)v(t_) -(wµv}..qJ x_)w(t _) 
(ll 

[u
2
v(t+) + q2 ukov'(t+)l [11

2
w(I+) + Q2Ukow'(t+)l 

[112v(I_) - Q2llkov'(t_)] [1/w(t_) - CJ2Ukow'(I_)] 
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where w(t) = w1(t) and f+ and L are given by (9) 
or (10) with X replaced by um(a ± b) respectively. The 
normalized quantities qi, q2, X+, x_ are given by 

Qi = (iZ/110)(2/uma)1
13 

Q2 = (i Y110)(2/uma)
113 

X± = k0(a ± b)(2/uma)
113 

where Tio = (µ/ E)
112 is the plane wave impedance. In 

what follows, µ = µo and E = Eo, so Tio ~ 12071". 
It is important to notice that when m = O(X = 0), 

equation 13 reduces to two uncoupled modal equa­
tions for the LSE0 •• modes (Longitudinal Section 
Electric: E, = 0) and the LSM0 •• modes (Longitudinal 
Section Magnetic: H, = 0), corresponding to a 
waveguide with perfect magnetic or perfect electric 
narrow walls respectively. In this case 1/ = u/ = k/ 
and the modal equations of these modes are given by: 

l[w,(I+) + Q1.2W1'(/+)l/[v(t+) + q1,2v'(t+)]) 

· I [v(L) - q1,2v'(t_)]/[w1(L) - Q1.2W1'(L)]l 

1 2in • = = e 

n = 0, 1, .. · (14) 

where q1 is used for the LS Mo,. modes and q2 for the 
LSE0 ," modes. The above equation can also be 
written in terms of the functions w,(t) and ll'2(t) by 
use of the relation [Wait, 1970], 

v(t) = i[w1(t) - W2(t)] 

Equation 14 then takes the form 

l[wiCt+) + q1,2wi'(l+)l/[w2(t+) + q1.2w/(t+)l1 

· I [w2(L) - Q1.2W/(L)]/[w1(L) - q1,2w1 '(t_)Jl 

= 1 = e2··· (15) 

which is similar to the modal equation obtained 
earlier [Wait, 1964] for TM modes in a cylindrical 
model of the earth-ionosphere waveguide. 

Equation 14 is particularly suitable for numerical 
solution of the slow modes for which Re (I) > 0 
since then w1(t) is exponentially growing and v(t) is 
exponentially decaying. These slow modes are 
analogous to the whispering gallery modes treated 
earlier [Wait, 1967). On the other hand, (15) is more 
suitable for fast modes (Re (1) < 0). 

NUMERICAL RESULTS 

For the purpose of numerical investigation of the 
modal equations, (13) through (15), values of Zand Y 
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are chosen to represent an external lossy dielectric 
medium with a dielectric constant E, (assumed » Eo) 

and conductivity u,. This can correspond to a mine 
tunnel waveguide. From a consideration of the 
Fresnel reflection coefficients of TE and TM plane 
waves on the Walls, we obtain Zand Y approximately 
as: 

Z/110 = ko/(k.2 - k/)
112 

(16) 

Yl/o = k,2/ko(k,
2 

- k/)
112 

(17) 

where k,2 = w
2µ,(E, - iu,/w). 

The quantities (I - (3/k0 ) and a/k0 are plotted 
versus the curvature parameter b/a in Figures 2 
through 5 for two values of the guide half-electrical 
length k0b. Here a and f3 are given by 

a + i{3 = iv/a 

The quantity tan b, = u ,/ wE, in Figures 2 and 3 is 
fixed at 0.018 and in Figures 4 and 5 at 0.045. E,/ Eo is 
taken equal to 10. In fact, one set of physical param­
eters that correspond to the above figures is as 
follows: b = 3.5 ft (,,..,_, 1.067 m), E, = IOEo, u, = 

10- 2 mho m- 1
, and the frequency f = 1000 MHz 

(in Figures 2, 3) and 400 MHz (in Figures 4, 5), but 

0 
Q 
)( 

0 
-"" ...... 
(Il, 

....!. 

2.0 

Fig. 2. Phase constants vs. b /a for kob = 22.4, ,,/ •o = 10, 
and tan 6, = 0.018. 



570 MAHMOUD AND WAIT 

0.10 

100 

(/) 

ffi 
I-

~ 
0 
Q 

' .Cl .., 
z 

10 o 
£i 
::, 
z 
w 
1-
!;i 

.05L----'----...1-.-_,Ji.,,.---='::--:::-:-=----::-! I 
.02 ,04 ,06 .08 0,10 0.12 

(b/a) 

Fig. 3. Normalized attenuation rate vs. b/u for kob = 22.40, 
,,/ •o = 10 and tan o, = 0.018. The scale on the right-hand 
side gives the attenuation in db/100 m al 1000 MHz when 

2b = 2. 133 m <~ 7 ft), and u, = 10-•mho m-•. 

with the dimensionless parameters used, the results 
are equally applicable to other sets of parameters. 
In the above figures, m = 0 and hence the modes are 
pure LSE0 . n or LSM 0 • n according to type of walls at 
z = 0, 2h. In order to be consistent with the work of 
others [e.g., Cochran and Pecina, 1966], we choose 
the integer n to start from 0 for the LSE modes and 
from I for the LSM modes. The effect of curvature on 
the lowest-order mode (LSE0 ,o or LS Mo, 1) is to lower 
its phase velocity and increase its attenuation. This 
mode tends to have its fields concentrated near the 
p = a + b surface and hence behaves as the whispering 
gallery modes discussed by Wait [1967). The curvature 
effects on the next higher order mode (LSE0 , 1 or 
LSM0 , 2) may be quite different; in particular, the 
attenuation of the LSEo,, mode may decrease with 
greater curvatures as a result of more grazing incidence 
of the rays on the guide wall at p = a - b, and hence 
this mode may become less attenuated than the 
lowest-order LSE0 , 0 mode (Figures 3 and 5). 

Normalized attenuation rates are plotted against 
the parameter kob for LSEo,o and LSM0 , 1 modes in 
Figure 6. Here the product tan o, • k 0b, rather than 
tan o, , is kept constant. This corresponds to a situa­
tion where the external medium of the guide has a 
constant conductivity O', while the frequency is 
varying. The ratio a/b takes the discrete values: oo 
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Fig, 4. Phase constants vs. b./a for kob = 8.96, •./ •o = 10 and 
tan o, = 0.045. 

(for a straight guide), 50, and 10. The typical decrease 
of attenuation with frequency observed in a straight 
waveguide is no longer a general characteristic in a 
curved waveguide. Similar effects are observed for the 
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Fig. 5, Normalized attenuation rates vs. b/a for k0b = 8.96, 
,,/ , 0 = 10 and tan o, = 0.045, The scale on the right-hand side 
gives the attenuation in db/100 m at 400 MHz when 2b 

2.133 m <~ 7 ft) and u, = 10-•mho m-1• 
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next higher-order modes (LSE0 ,, and LSM 0 .~) as 
illustrated in Figure 7. Of particular interest is the 
minimum of attenuation versus k 0b (or frequency) 
exhibited by the LSE0 , 1 mode. The same phenomenon 
is observed with VLF modes in the earth-ionosphere 
guide [Wait, 1970, chap. 7) and is now considered to 
be a well-understood phenomenon. 

When m > 0 (i.e., X. > 0), the modes are no longer 
pure LSE or LSM modes. However, we may continue 
to use the same nomenclature with the understanding 
that, e.g., LSE'"·" is a hybrid mode that reduces to a 
longitudinal section electric mode when m becomes 
zero. , 

The attenuation of the modes LSE1 •0 and LSM1,1 
is plotted versus k 0b in Figure 8. It is seen that the 
attenuation rates show very little change from the 
corresponding case in Figure 6 where m = 0. This 
means that the coupling between the LSE and LSM 
modes is not appreciable in the range of electrical 
guide widths shown in these figures. It is worth 
mentioning that a reduction of tan o, to one tenth 
of its value in Figures 6 through 8 does not affect the 
attenuation rates by any significant amount. This is 
probably due to the fact that tan o, in these figures is 
already small (it has a maximum of 0.09) and hence 
the excess attenuation is due to more radiation rather 
than ohmic losses. 

.Q 

" 
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10 ............. ::---------------..?.Q ___ _ 
............... 
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Fig. 6. Normalized attenuation rates vs. k0b. ,, / •o = IO and 
the product tan li, · kob is kept constant and equal to 4.032. 
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o/b=I0 -------
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.................. -----
o/b=I0 

-­ro----

16
1 
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kob 
Fig. 7. Normalized attenuation rates vs. k 0b1 for the same 

parameters as in Figure 6. 

CONCLUDING REMARKS 

In this paper, we have analyzed the propagating 
modes in a curved rectangular guide with imperfect 
but smooth walls. We found that the lowest-order 
mode has a whispering gallery character and as a 
result, the attenuation rate is increased significantly 
by the curvature. Actually, the attenuation of the 
LSEo. 1 mode may be decreased by the curvature and 
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..... ................ 
o/b=I0 -.. .... 

LSMl,I 

---- LSE1,0 

.... ........ .......... 
CO 

... _ ...... -----

16''"=-~-~--'c----:-':---'---',--...L...-..L--..L-_ 
5 6 8 10 12 14 15 18 20 22 

k0 b 

Fig. 8. Normalized attenuation rates vs. k 0b for the same 
parameters as in Figure 6. 
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hence this mode can become less attenuated than 
the lower LSEo, 0 mode. 
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Electromagnetic wave propagation inside an empty rectangular mine tunnel with imperfect 
walls is considered. The modal expansion of the fields is complicated by the coupling of the 
basic modes by the imperfect walls. To avoid this difficulty, and in view of the large guide 
dimensions relative to the free space wavelength. a geometrical ray approach is proposed. To 
provide a theoretical foundation for the method, we first consider an idealized waveguide model 
with two perfectly reflecting side walls. The modal field expansion for this prototype model is 
fully analyzed to provide a satisfactory comparison between the modal and the geometrical 
ray sums. The proposed general ray method is then applied to the rectangular waveguide when 
all four walls are imperfectly conducting. Finally, the influence of wall roughness is considered 
by a relatively simple method. 

INTRODUCTION 

Recently, much attention has been paid to the 
possibility of radio communication in a mine tunnel 
environment [e.g., Goddard, 1973; Emslie et al., 
1973]. An interesting and rather fundamental prob­
lem arises in relation to electromagnetic wave propa­
gation in a rectangular waveguide (representing the 
tunnel) which is assumed perfect in shape but whose 
four walls are generally characterized by a lossy 
dielectric medium. A close investigation of this 
problem shows that, although the Helmholtz wave 
equation is separable in Cartesian coordinates, the 
boundary conditions on the walls of the guide necessi­
tate the coupling of the basic modal functions. As 
indicated by Wait (1967], this raises a fundamental 
difficulty in obtaining the modal eigenvalues and 
eigenfunctions for such a waveguide or any other 
whose cross section is different from the circular 
shape. 

In this paper, a geometrical ray approach is 
proposed to obtain the fields at any point in the 
waveguide as a summation of rays from the source 
and all possible images, avoiding the elaborate task 

1 Present address: Electrical Engineering Department. 
Cairo University, Egypt. , 

~ Consultant to the Institute for Telecommunication Sci-
cnccs, Office of Telecommunications. 

CopyriRht @ 197•1 by the Amrrkan Geophysit'al lTnio11. 

of determining the modal propagation constants. 
This approach is applicable when the waveguide 
dimensions are somewhat greater than a free-space 
wavelength, a condition that is usually satisfied in 
mine tunnel applications. 

PROTOTYPE MODEL AND MODAL 
FORMULATION 

An important idealized model of the above rec­
tangular waveguide is one with perfectly reflecting 
side walls while the top and bottom walls are still 
lossy dielectric media. For this waveguide. the free 
modal propagation constants and modal fields are 
straightforward to obtain [Mahmoud and Wait, 
1974] and hence it provides a means of checking 
the modal versus the geometrical ray sums for the 
field. For this reason, we present a detailed field 
analysis for the above guide in the next section. 
This is followed by a formulation of the geometrical 
ray sum for the general waveguide with four imper­
fect walls. The effect of roughness of the guide walls 
is also considered by using an approximate tech­
nique. Finally, some numerical results are presented 
for specific situations of practical interest. 

The geometry of the problem is shown in Figure 
1. The source is assumed to be an infinitesimally 
short horizontal dipole of moment P exp(i,,,t) and 
located at the point (x0 , y0 , 0) in the Cartesian frame. 
The resulting current density in the guide can be 
expressed, apart from the time factor exp (i<,,t). as 

1147 
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L PERFECT ELECTRIC 
SIDE WALLS 

Z 
; 
/ 

I-
Fig. I. A horizontal dipole inside a rectangular waveguide 

with perfect side walls. 

J(x, y, z) = P o(x - Xo) o(y - Yo) o(z)x (1) 

where x is a unit vector in the x direction. Applying 
the z Fourier transform operator, we transform 
J(x, y, z) into J(x, y; /3) given by 

J(x,y;/3) = f_
00

00 

exp(if3z)J(x,y,z)dz 

= p O(X - Xo) 0()' - ,l'o)X (2) 

All the fields in the waveguide are transformed in 
a similar fashion and, as a result, the derivative 
a;az is now equivalent to the multiplication factor 
(-i/3). Generally, the fields can be obtained from 
two appropriate scalar potentials. The most con­
venient two potentials, for the present waveguide, 
are electric and magnetic potentials directed nor­
mally to the two imp,erfect walls (i.e., in they direc­
tion). Let these be denoted by IIv and IIv * respec­
tively. This choice simplifies the analysis to follow 
since I1 11 and TT11 * are not coupled at the interfaces 
y = 0 and y = b (although they are coupled by 
the source). It should be noted here, however, that 
for the general waveguide with four imperfect walls, 
any two chosen potentials will always be coupled at 
two or more of the walls. 

The lossless waveguide region O < x < a, 0 < 
y < b has electrical characteristics % µ,.1 that can 
be assumed to be the same as free space. The lossy 
regions for O < x < a and, y < 0 and y > b have 
corresponding parameters f:, µ,.1 where r = r1 - ia,/<,, 
in terms of the real permittivity r 1 and real conduc­
tivity rr1. 

Suitable expansions for n,, and TT 11 * ( assuming 
perfect electric side walls) are given below. For 
b 2 Y 2 Yo, 

n,, = I: Am sin (tn'll'X/a)I exp [um(b - y)] 

+ Sm exp [-u"'(b - y)]l (3) 
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+ R., exp [ - 11.,(h - y)]} 

'while for y ~ b, 

n, 1 = I: T"' sin (m'll'xia) exp [11.., 1(b - y)] (5) 

(6) 

where the above potentials are functions of ,B which 
appears in 11 111 and u,,, 1 as 

k/ = w\to€o, k/ = w
2
µ 0 € 

and the , summation over m is from O to + oo. The 
tangenti~,I field components at the interface y = b 
are giver- in terms of n 11 and II/ as follows [Wait, 
1959]. 

e, = o"II,,/a.\· a.1· + wµ 11prr,,* 

,., - i/3 arr,. 1<1y - i<.,1µ,, arr/ /a.\· 

h, = -wEo/3rr,, + 02
IT,,* /o.\· oy 

I,, iw€o an,Jo.\' - i/3 an,,* 'ay 
for b 2 y 2 Yt•, while for y 2 b, ,;, is replaced by r. 

The continuity of these field components at y = b 
reduces to the continuity of IT 11 , II 11 *, and their y 
derivatives. This results in S,,, and R,,, given by 

(8) 

While A,,, and A,,,* are still arbitrary and unrelated. 
This means that the two potentials are uncoupled 
by the interface as stated above. We recognize S,,, 
and R,,, as the Fresrtel reflection coefficients for 
vertically and horizontally polarized waves respec­
tively [ Wait, 1970]. The present choice of y-dirccted 
Hertz wctors is a simplification over the forms used 
previously by Mahmoud and Wait [1974]. 

In a similar fashion. the potentials IT,, and flv* for 
0 ~ )' ~ Yo arc obtained as 

II,, = I: Bm sin (11171'.\'/a)[exp (11,,,y) 

+ Sm exp (- llmY)l (9) 

IT * u I: Bm* cos (m'll'x/a)[exp (u,,,y) 

+ Rm exp (- llm)')] (10) 
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The four coefficients Am, A.,,*, B111, and B,11* are 
to be determined from the continuity of e.,, e,, and 
h.,. at y = y0 plane and the discontinuity of h, by 
the source. This reduces to the continuity of ITµ* and 
uII 11 / ay at y = Yo and the discontinuity of both 
n11 and anv * / ay such that 

+ (u/ux)[(oIT,,*/uy)v,+ - (uIT//uy),,,-] = 0 (11) 

h, 1,,. + - h, 1,,. - = iweo(o I ux)(IT. Iv.+ - IT,, I,,,-) 

- i/3[(ol1v*/uy)v,+ - (cJil,,*/cJy),,,-] = p o(X - Xo) 

= (2P/a) :E Om cos (n11rxo/a) cos (1111rx/a) (12) 

where 8,,. = 1 for m ¥= 0 and = ½ for m = 0. The 
last equality is obtained by expanding the delta 
function in a cosinusoidal series in the interval ( 0, a). 

Substituting from ( 3), ( 4), ( 9), and ( l O) in 
(I 1) and ( 12), we obtain 
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where 

!:*} = exp (11,.,b) - {;::} exp (- 11,.,b) ( 19) 

Hence we obtain IIµ and rr.v* in (3), (4), (9), and 
(10) in the form 

. .._-, c 1111r I a) 
11,, = (4P/1weoa) ~ ,. 2 + 2 o., cos (m1rxo/a) 

m /\o llm 

. ( , ) { g.,'(Yo)gm(b - y) }/ A 
·sm lll1T'Xo·a _ '(b _ 1) ( 1) 1-lm g,,, )o g,., ) 

(20) 

1 
11/ = (4P/ia);3 :E ,. 2 + 2 o,,, cos (1111rx 0 /a) 

m Ko Um 

( 
1 ) {/,,,(.1•0)!,,,(b - y)}/ ,. * 

· cos 1111r.,· a .f m(b __ i·o)/ mCI') u,.,1-l,,, 

f rb 2 Y 2 Yo 
or I 

,.l'o 2 Y 2 0 

(21) 

( 13 ) Finally, we take the inverse transform of ( 20) and 
A,.,*f.,'(b - Yo)+ B,..*f.,,'(Yo) = Y,,, (14) (21) to obtain n1, and II.v* as functions of x, y, ::: 

where 

X,.. = (P/iwe0a) o,.. cos (1111rx0 /a)(1111r/a)/(k.,2 + 11.,
2

) 

Y., = (P/ ia)/3/[um(k/ + 11,/)J 
and the functions fm (y), g111 (y), fm' (y), and gm' (y) 

arc defined by 

/,,,(y)} (1/2) ( ) , ( ·) = exp 11,.._r 
~Ill J 

+ (I /2){;:::} exp (- 11,..y) (15) 

/,,,'(y)} (1/2) ( ) ,. '( ') = exp 11,.,_r 
I;"' ) 

- (1 /2){~::} exp (-11,.,y) (16) 
The equations for the continuity of TIµ* and arr,,; ay 
at y = Yt1 give 

- A,,,g.,,'(b - Yo) = B,,,g.,'(y .. ) 

A,,,*f,.,(b - Yo) = B,,,*/,.(.1\,) 

( 17) 

( 18) 

Now, solving equations ( 13 ), ( 14 ), ( 17), and ( 18), 
we obtain 

A,,, = 2g'" '(Yo) X.,/ A,,, 

lI,,(.,·,y,z) = (1/21r) 

· L: exp (- i/3z)( R HS of 20) d/3 

lI,,*(x,y,z) = (1/21r) 

(22) 

· L: exp (-i/3z)(RHS of 21) d/3 (23) 

where RHS refers to the right-hand side. 
The integration over {3 in (22) and ( 23) can be 

changed into a summation of residues in the com­
plex f3 plane in a routine manner to obtain 

II,,(x, y, z) ~ (-4 sgn (z)P 'c..•e0 a] 

:E :E [exp (-i/3.,,., iz!)F,,,'(x, Xn)(mrr a) (k/ 
ta• l ,2, • • • 111 

(24) 

n.*(x, y, ::) '.'-' (-4P,'a) :E 
n- I ,2, • • • 

.._-, * 11 ' ., + ., · ~[exp (-i/3,.,,, :: )F,,,(x, X11) (/.:,,· 11,,')] 

'" 
· f11(Yo)f,,(y)/(uA* /011).,

0 
(25) 

where fn(y) = f,,,(y)l~a~,, etc. and where Un and lln*, 

n = 1, 2, · · • are the roots of the equations A(u) = 0 
and A*(u) = 0 respectively. Also note that 
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and 

/3,..n* = [k/ - (m'TT'/a)2 + 11.* 2
]"'

2 

The functions F,,,(x, x0 ) and F,,,'(x, x0 ) are given by 

( F,.(x, Xo), Fm'(x, Xo)l = 5m cos (m'TT'Xo/a) 

· {cos (m'TT'x/a), sin (m'IT'x/a)l 

Actually, the representations given by (24) and 
(25) are not exact since we have neglected the con­
tinuous spectrum associated with the branch line 
integrations around the branch point at f3 = [k 1

2 -

(mrr/a)ip 1
~. The corresponding lateral waves are 

heavily damped when the external media are finitely 
conducting, e.g., qw/cr 1 < 10. 

RAY SUM FOR PROTOTYPE MODEL 

To cast equations (22) and (23) into a summa­
tion of rays, the terms l/t1111 and 1/ A,,,* are first 
expanded in the manner 

1/~,,,} {S,,,2"} 
1/~m* = exp (-llmb) ~ Rm2 " exp (-21111mb) 

Upon substituting back into (22) and (23), we 
encounter the following type of integral 

I,,,;= (l/2'1T') 1-: exp(-i{3z) 

· exp [- u,,.(y - Y;)]q({3) d/3 

This can be evaluated by the method of stationary 
phase to obtain: 

I,,,;= exp (i'IT'/4)}..,. cos <P;q(}..., sin <P;) 

· exp (- O,,,,r;)/(21T'}..,,,r;)1 12 

valid for A,,,r; » 1. In the above q is a slowly vary­
ing function of /3. In addition, 

Am = (/32 
- 11,/)112 = [k/ - (mir/a)2] 112 

cf,; = tan 'z/jy - Y;I 

r; = (z2 + jy - y;j2)112 

The symbol j runs over all the images in the y = O 
and y = b walls in any arbitrary order that we need 
not specify here. The location of these images are 
Y1 = 2/b ± Yo; I = -oo to oo. We finally obtain 
rr,, and n,, * as the following summation of images 

TI/x, Y, z) = (P/iwEoa) L (mir/a)Fm'(x, x0 ) 

m 

· L [(S)"'/(k/ - }.."' 2 cos2 <P;)] 
I 
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ll/(.r, y, :) = (P• ia) L F",(.,·, Xo) 

"' 

' L [(R)"i /(k/ - A,./ COS
2 <P;)] 

I 

· [exp (- iAmr; + iir/4)](27l'Amr;)-L 2 (27) 

where IIJ is the number of reflections on the y = 0 
and y = b walls involved in forming the jth images. 
It is easy to verify that for images at y1 = 2lb + Yo, 
n1 = 2111 and for images located at Yi = 2lb-y0 , 

ni = Ill + ll-1 I, We note that Sand Rare functions 
of Um (see equations 7 and 8) for which we sub­
stitute (iA111COS 'Pi), 

The fields excited by a vertical dipole can be 
obtained by following a similar analysis as above. In 
this case, however, the fields may be obtained from 
only one scalar potential n,, (i.e., IIµ* = 0). Alterna­
tively, we can use the reciprocity theorem to derive 
these fields from those excited by the horizontal 
dipole. Here we shall only state the results. Thus, 
as a modal expansion, II/' excited by an infinites­
imally short vertical dipole of moment P located 
at (.,·o, Yo, 0), is given by 

rr;(x, y, z) ':" (-4P/wEoa) L 
n = 1 ,2, • • • 

· L exp (-i/3mnz)Fm'(x, X0 ) 

m 

· g.(Yo)g.(y)//3 ... (aAjau),,, (28) 

where F,,,"(x, Xo) = sin(mrrX0 /a) sin (m11'x/a). 
Then, the corresponding ray sum is 

n;(x, y, z) = (P/iwt0 a) L F.,"(x, x0 ) L (S)"i 
tl1 ; 

· exp (- iA,,,r; + iir/4)/(2irA.,,1';)112 (29) 

where the symbols occurring above have the same 
meaning as in (26). It should be noticed that the 
summation over 111 in (26), (27), and (29) can 
also be transformed into a ray sum from images in 
the side walls; however, this is not exploited here. 

COMPARISON OF MODES AND RAYS FOR 
PROTOTYPE MODEL 

A comparison between mode and ray summations 
of the electric field is shown in Figures 2 and 3. In 
Figure 2, the source is a ,\/2 horizontal dipole and 
in Figure 3, it is a A/2 vertical dipole. The following 
physical constants are assumed: a = 2b = 4.26 ~ 
(c:::: 14 ft), Xo = a/4, :Vo = 0.2b, v = 0.3b. The 
frequency is 1 GHz and the effective ;all impedances 
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2 1,, for horizontal polarization, and Z,, for vertical 
polarization, are given by 

Zh = 7/o/(E/ Ea - 1 )
112 

z, = 7/o(E/ Ea - 1 )1 12 
/(E/ Eo) 

where f. is the complex dielectric constant of the 
walls, f. = ~1 - iai/ w£0, with q = 10 {() and a1 = 10-2 

mho m-1 • The electric fields E.r and E,, in the figures 
are obtained from the potentials rrv, I1y *, and 
lT/ by 

Erlhori•.dipolo = an/jay ax+ iwµo arru*laz 
Eulvert. dipole = (k/ + a2/a_i)rr: 

The comparison in Figures 2 and 3 shows a very 
close agreement between the mode and ray sums 
up to a distance of 2000 m for the horizontal dipole 
case and about 500 m for the vertical dipole case. 
The disagreement for distances greater than 500 m 
in the latter case is possibly due to the high total 
attenuation of the field and hence the severe can­
cellation of the terms of the ray series. 

LIMIT TO THE PARALLEL PLATE GUIDE 
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Fig. 2. Horizontal electric field versus distance z from the 
source. Modal and geometrical ray sums. 

where 11,,, 11 = l. 2, ... , are the roots of the equa­
tion ~*(u) = 0 and,\/= k0

2 + u,,~ - {32. As be­
fore, we have neglected the continuous spectrum 
associated with the branch-line integration. 

Now making use of the integral representation 
for the Hankel function 

The above results can be specialized to the parallel Ho (21 [k(z2 + x 2
)'

12 ] = (1/,r) _/_·~ exp (- i{3z) d{3 
plate waveguide by allowing the two side walls to · -
recede to - oo and + oo in the negative and positive . exp [- i(k2 _ {32)112x]/(k2 _ {32)112 
x directions. In this case, the o(x-x0 ) term in (2) 
is expanded as equation 31 reduces finally to 

(1/21r) L:"' exp [- it<(.\· - x0)] dt< 

and hence all the preceding summations over m arc 
replaced by a similar integral. Hence, as an example, 
equation 23 for n,,* now becomes 

H,,*(x, J', z) = ( I /21r) r exp (- i{3z){3 d{3( P/ i1r) 
.. -•\''O 

· .{~ exp (- ir<x) di.{;~~"~!?)'t~i::~} / [11,i*(k/ + 1/)J 

for {b~Y~Yo (10) 
~~y~O . 

where 1P = -ko2 + /32 + x2, and x0 is taken to be 
zero. To reduce the above expression into a modal 
sum, the second integral is transformed in the x 

plane into a residue sum to give 

II/(x, y,z) = (-P/1r) r exp (-i{3z){3 d{3 
• -0, 

I: exp (- i>,nt<)/n(yo)fn(Y) 
"- l ,2, • • • 
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Fig. 3. Vertical electric field versus distance z from the 
(31) source. Modal and geometrical ray sums. 
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IT,,*(-", y, z) = - iP L (e1/oz) 
o•l,::I,••• 

(32) 

To obtain a ray sum equivalent to (32), we expand 
the term 1/ii* in (30) as before and perform the x 

integration to get 

(k/ + a 2 /a/)II/(x, y, z) = -(P/2) 

· .r_: exp (- i/3z)/3 d/3 ~ (R)" 1 H0 <
2

> ((k/ - 132)1 12 
p] 

= -(P/41rko) L (R)" 1(a/az)[exp (- ikor;)/r;] (33) 

where p = [x 2 + (y-yi) 2]112, ri = (l + z2 )1
1

\ and 
j and llj are defined as in equation 27. Similar ex­
pressions to ( 32) and ( 33) can also be derived for 
If,, and If/. 

SUMMATION OF RAYS FROM ONE-DIMENSIONAL 
ARRAY OF SOURCES 

In what follows, an analytical expression for the 
geometrical ray sum from a source and its images 
in a parallel plate guide is obtained. The situation 
is illustrated in Figure 4 where the source at y = )'o, 

z = 0 produces images at Yi = 2nb ± Yo, z = 0. 
The total field at an observation point (y, z) can be 
expressed as 

(34) 

where S' is the contribution of the source and images 
as Y_; = 2nb + Yo while s- is the contribution of· 
images at Yi= 2nb - Yo, n = -oo to oo. It is easy 
to verify that the number of reflections involved in 
producing an image at Yi = 2nb + Yo is 2 JnJ and 
at y; = 211b - Yo is Jnl + Jn - 1 J. Hence, apart from 
a possible directive pattern of the source. s· and s­
aro given by 

z - -

-· 
r n -- -------------

y j _:,.;;--- :§;___ _;........-----~ 
+ . 

!------- --- - z 

j__ 
1- b 
rYoT 

Fig, 4. The images in a parallel plate waveguide. 
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.,, 
s' = L (R) 21

"
1[exp (-ik.,r,,')/r.'l (J.'i) 

II"" ,\\ 

ro 

s-- = L (R)lnl 'In-I I [exp (- ikor .. -)/r,.-] (36) 

where r,,' = [z 2 + (2nb ± Yo - y) 2
]'

12 and R is the 
reflection coefficient from the guide walls given by 

R = -(Cu - !l)/(C,, + !l) 

with Cv = J2nb ± Yo - yJ/r', and .i is a quantity 
related to the effective surface impedance. (This Ii 

should not be confused with that used in the pre­
vious section.) In particular, when lr 1 » ro, 

!l = (E/Eo - 1 + C/)1
/
2 ~ (t/t,, - 1)112 

for horizontally polarized waves or 

!:,. = (E/Eo - 1 + C,,2)1 12 /(E/En) .---...,(E/Eo - 1) 11 \\E.'Eo) 

for vertically polarized waves, £ being the complex 
pem1ittivity of the guide walls. 

Since the images become weaker as thev move 
away from the guide plates, we can assume that for 
the images of significant contribution to the field 
::: » J2nb ±·Yo - y,. 1

• which is valid as long as z is 
not in the very near field zone. Under this assump­
tion we can use the following approximations: 

r' ,....., z + l2nb ± )',, - yl 2/2z (37) 

R ,..__., -exp (-2Cu/ll) 

= -exp (-2 l2nb ± )'o - Yl/zll) (38) 

Substituting back in ( 35), s- becomes 

s· = (exp (- ikoz)/z] {t, exp [- ik0(2nb 

+ _l'o - ,d/2z - 4(2nb + y,, - y)11lz!l] 
ro 

+ L exp [- iki2nh - .l'n + ,,•f/2z - 4(211/J - _l'o 
11'"1 

+ y)n/z!l] + exp [- ik,i(y0 - y)2/2z]} 

[exp (- ikoz) /z] [,t, exp (-a11
2 

- {3n - ,y) 

+ ,,t, exp (-a11
2 + {311 - ,y) + exp (-')')] 

[exp (- ik0z)/z][exp ( -')')] 

· [ 1 + 2 .. t cosh /311 exp (-wi2)] 



where 

a = 2ik0 b
2 
/z + Sb/z!:. 

/3 = 2ik0()'0 - y)b/z + 4(Yo - y)/z!:,. 

'Y = ikiYo - y)
2 
/2z 

41 

The above expression can be written in terms of the 
Jacobi theta function of the third kind [Gradshteyn 
and Ryzhik, 1965] defined by 

ro 

0J(q, u) g, 1 + I,: q-n' COS 21111 
n=l 

ro 

- II (1 + 2q2n-l COS 211 + q212
n-l))(l - q2") (39) 

Hence 

s' = [exp (- ik,,z)/z] exp (--y)03V
0

, i/3/2) (40) 

Similarly we obtain 

s- = -[exp(-ik0z)/z] exp(--y-)0ie-a, i/T/2) (41) 

where 

/3 
and 

'Y = ik,/1•0 + y)" /2z + 2(J'o + y)/:~ 

The validity of the above expressions depends mainly 
on the approximation ( 3 8) for the reflection coeffi­
cient R. For horizontally polarized waves, the nu­
merical results in Figure 5 show a close agreement 
between direct summation of the ray series and 
expressions (34), ( 40), and ( 41). For vertically 
polarized waves, however, we have found poor 
agreement. This is a consequence of the invalidity 
of ( 38) which fails to approximate R due to the 
existence of a Brewster angle. The computation of 
the 0:1 function is very much facilitated by using the 
product expression in ( 39) since part of this prod­
uct, between n = N ( a sufficiently large number) 
and oo, can be obtained in a simple form. 

GENERAL RECTANGULAR GUIDE 

Here we consider the general case of a rectangular 
guide with four imperfect walls that arc characterized 
by a complex dielectric constant t, The fields arc 
obtainable from any two suitable scalar potentials 
which arc generally coupled at the guide walls. The 
two scalar potentials chosen here are the electric 
Hertz potentials n.r and llv. 

In developing a ray series for the fields inside the 
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waveguide, we need first to obtain the reflection co­
efficients of the potentials II.,. and IIv at any particu­
lar air-dielectric interface in the waveguide. Assume 
an incident plane wave 11)"0 at the y = b interface 
to be 

II,inr = A exp [- ik,x - ik.(y - h) - ik,:] 

Let the reflected TT,/''n and the transmitted TT_,.trnn, be 

IT t rnn!I 
I 

AR exp [- ik,x + ik.(y - b) - ik,=J 

AT exp [- ik,x - ik" 1(y - b) - ik,z] 

Beside the above waves, we find that a 'y-directed 
potential IIµ is needed in both media to satisfy the 
boundary conditions at the interface. Let TT/"11 and 
n/rnns be given by 

rr;•n = AR* exp [- ik,x + ik,,(y - b) - ik,z] 

and 

IJ trnn!\ 

" 
where 

and 

AT* exp [-ik,x - ik" 1(y - b) - ik,z] 

By satisfying the boundary conditions at the inter­
face, we readily find the Fresnel reflection coeffi­
cients R and R* to be 

and 

R*(k,, k,,) 

I 

n 201 
u 1 

~.;-('i 
I 

·J ___ _ 

2k,[l .1(k,, + ku1) 

- Eo/(Ek,, + €0 /.: 1,1)] (43) 

b~ 213m 

f l GHz 

- - SMOOTH WALLS· DIRECT 
RAY SUM 

---- SMOOTH WALLS-SUM BY P, 
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.......... '-....,, ""-i._l.,,1,1, 

---.., ~C\,,.,,. 
--......_,,..._~/~ ~ 
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Fig. 5. Horizontal electric field versus distance z from the 
source inside a parallel plate waveguide. Smooth and rough 

walls. 



1154 MAHMOUD AND WAIT 

In the case of an incident flµ plane wave on the 
y = b interface, the Fresnel reflection coeflkient is 
given by 

S(k.) = (Eku - Eokv1)/(Ek 11 + Eok,,1) (44) 

while no 11.r is needed. 
Although the above reflection coefficients are 

strictly valid only for incident plane waves on in­
finite plane interfaces, they are practically as valid 
for incident spherical waves when these are several 
wavelengths from the source and when the interface 
is only of finite extent. In other words, the wave9 
emanating from the source are assumed to be sharply 
defined rays far enough from the source, and hence 
their reflections are affected only by the local con­
ditions of the interface. This is actually the basis of 
developing the ray series to follow for the fields in 
the waveguide whose cross-sectional dimensions are 
sufficiently greater than a free-space wavelength. 

Now we define a 2 X 2 reflection coefficient 
matrix [r] for each interface as follows: 

This will be given by 

[ 

R(k 11 ) 

= ±R*(k,, k
11

) 

(45) 

for the interfaces at y = b and .v = 0 where the 
plus sign applies to the first interface and the minus 
sign to the second. Similarly 

[

S(k,) 
[r] = 

0 

y 
I I 

±R*(kv, k,)] 
R(k,) 

I I I 

(46) 
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Fig. 6. The set of images in a rectangular waveguide. 
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fnr t hl' intl'rfaccs at .r = a and .r = 0 respectively. 
In the abm·c, R. R*. and S arc defined by (42-44). 
The total field in the guide due to a given source is 
thus equal to the sum of ray contributions from all 
images added to that of the source. This situation is 
illustrated in Figure 6. Hence we have 

= (1/4rriwEo) L 
[

II,1(x, Y, z)] 
IT/(x, y, z) 

1 

· ~ [ e,p ( - lk0,,, )!,,, ][ M,, I [::] ( 47) 

where P.,. and P1, are the x- and y-directed dipole 
moments of the source which is assumed to be an 
infinitesimally short dipole located at (x0 , Yo, 0). 
The integers / and j run over all the images (and 
the source) in any arbitrary order that we need not 
specify here. 

r,; = [=2 + (x - x,)2 + (y - y,)2]112 

(x1, Yi) are the coordinates of the /-j image, where 

.x:, 

Y; 

2ma ± Xo, 

2nb ± Y,, 

m = - ro to ro 

fl = - ro to ro 

and [M1i] is the product of all the reflection coeffi­
cient matrices involved in producting the 1-j image 
with due care to the exact order of multiplication 
and the dependence of the reflection coefficients on 
the directional cosines of the ray. The horizontal 
and vertical electric field components are obtained 
from (47) and the following relations [Waitj 19591: 

£,(.,·, y, z) = (k/ + 82/8.Y2)I1, 1 + 82I1//ay ax 

£,,(.\', y, z) = a2I1, 1 /ax ay + (k./ + 82/8/)II,/ 

Equation 4 7 is actually an exact equation, provided 
that the geometrical ray approximation is valid, since 
it takes account of the coupling between the II.r and 
TTi, potentials through the term R*. From equation 
43 we see that for grazing rays (k.,./ko « 1, k11 « k111 , 

and ( kµ « EJ.1k111 ), R* :::::::· 2k.,k 11 , i.e., R* becomes 
of a second-order magnitude relative to R and S 
( 42 and 44 ), which then approaches unity. Since 
these grazing rays contribute most to the field, we 
may conclude that the coupling term R* is of little 
importance. However, .this statement is only true if 
we are interested in the fields of major polarizatio, 
e.g., IT.,. ( or E,,.) due to a horizontal dipole momenL 
P,,. in which case, however, ni, is appreciably affected 
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Fig. 7. Horizontal electric field versus distance z from the 
source inside a rectangular waveguide. Smooth and rough 

walls, 1 GHz. 

by the coupling term. Hence, if we neglect R* in 
( 4 7) we can obtain the approximate formulas 

rr,'(.\', Y, z) ~ (l/41riwEo) L 
I 

· L exp (-iko1·,;)S"'R"iP, (48) 
I 

and 

II,,'(.,·, y, z) ~ (l/41riwEo) L 
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Fig. 9. Horizontal electric field versus distance z from the 
source inside a rectangular waveguide. Smooth and rough 

walls. 2 GHz. 

where n1 and llj are the numbers of reflection on the 
vertical and horizontal walls, respectively, involved 
in forming the 1-j image. 

Some specific numerical results for the horizontal 
and vertical excitations at 1 and 2 GHz arc shown 
in Figures 7 through I 0. The solid curves are com­
puted from the approximate equations ( 48, 49) and 
the small circles in Figures 7 and 8 represent points 
computed on the basis of the more exact expression 
( 47). It is seen that the agreement between the 
exact and approximate expressions is very good. 

CONSIDERATION OF WALL ROUGHNESS 

So far the wall roughness has been negle{;ted. 
This, however, may be important at the range of 
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frequencies considered. For example, at 2 GHz the 
standard deviation of the mine tunnel walls may be 
of the order of >..0/2. The simplest way to account 
for the roughness is to modify the Fresnel reflection 
coefficient in the specular direction while neglecting 
the nonspecular scattering. Using results obtained 
theoretically by Beckmann and Spizzichino [1963) 
and experimentally by Beard (1961 ], the specular 
Fresnel reflection coefficient R from a rough surface 
is given by 

R = R0 exp(-q//2) 

where Ro is the Fresnel reflection coefficient from 
an average smooth surface, and cf, = 4-rnT sin f/>..o. 
Here the rough surface is assumed to have a gaussian 
distribution with a standard deviation equal to a, 

while If is the grazing angle of ray incidence. This 
expression is valid for values of a sin If/ Ai:1 < 0.1 
[Beard, 1961 ], i.e., cf, < 1.256. Actually, for all 
cases of interest in the present investigation, this 
condition is well satisfied. 

The simplicity of formula (50) makes it easy to 
incorporate the roughness effect in the geometrical 
ray series for the parallel plate waveguide (see Fig­
ures 5 and 11) as well as ·for the general rectangular 
waveguide (see Figures 7 through 10). We notice 
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in these figures that the percentage increase of the 
attenuation due to roughness is greater when the 
horizontal polarization is dominant than when the 
vertical polarization is dominant. Also, this increase 
is greater for the higher frequencies ( compare Fig­
ures 7 and 8 for 1 GHz with Figures 9 and 10 for 
2 GHz). 

Equation 50 can also be incorporated in the 
modal equation for the parallel plate waveguide to 
study the effect of roughness on the first few domi­
nant modes. This study should also help understand 
the same effect in the general rectangular waveguide. 
The modal equation for the parallel plate waveguide 
of width bis given by Wait (1970] as 

R\k,,) exp (- i2k,,b) = exp (- i2mr) (51) 

For a rough surface guide, we substitute for R ( k,,) 
from ( 50), hence 

/ ' 2 2 R(k,,) = - [(k,, - kot:,,), (k,, + kot:..)] exp (- 2k,, (J' ) 

where cf, is replaced by 2kµ<J', k.u is the wave number 
in the y direction (see Figure 4) and A is given by 
j, = A,, ::::. (£,/£0 - l ) 112 for horizontally polarized 
waves and .1 = ~ .. '.:::'. (£/£0 - 1 ) 1'2/(</£0) for ve11i­
cally polarized waves. Under the condition n71'/k0bA 
« I, which is usually valid for lower-order modes, 
we can rewrite R ( kµ) in the approximate form 

R(k,,) '.:'.,-' - exp (- 2k,,, 1k 11 t:.. - 2k,,20' 2
) 

Hence (51) reduces to the quadratic equation 

k/0'
2 + k,,(1/knt:,, + ib) - imr = 0 

whose solution can be put in the form 

where ' 

k,,n mr/(h -- i2/k0 t:,,) 

and 

M:,,o = i2(mr h)20'2(I + i<J'//,·,1/Jt:-.)/b 

The corresponding longitudinal attenuation constant 
" is ob!l1ined from the relation 

; 

where 

ao = 2(111r/b)
2
/k/t:,,b 

oa '.:'.,-' 2(11r./b)3 0'2 /k 0 b 

(52) 

(53) 
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and hence 

(54) 

In the above, kvo and a.i apply to the case of smooth 
walls ( u = 0) and okv and 8a are the changes in 
these quantities due to roughness. 

According to ( 54) we can see that ( oaf a.)) is a 
monotonically increasing function of frequency. 
However, the overall a'ttenuation a +oa decreases 
with frequency due to more grazing incidence of 
rays on the guide walls. Since ~ .. is smaller than ~,, 
by a factor approximately equal to €./ 41, we also 
find from ( 54) that &/ C<-O, for horizontal polariza­
tion, is greater than that for vertical polarization. 

Numerical solutions of the modal equation (51) 
are presented in Figures 12 and I 3 for horizontal 
and vertical polarizations. The parameter tj,' on these 
figures is defined as 2117r'<T/b and it is approximately 
equal to tj, in ( 50) since sin If ::::: n-rr / kob, These 
results arc seen to agree with the remarks stated 
above. We should admit, however, that this 
rough surface modification of the mode equation 
is certainly not rigorous. For one thing, it ignores 
the possible reconversion of the incoherent energy 
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Fig. 12. Effect of roughness on the attenuation of hori­
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Fig. 13. Effect of roughness on the attenuation of verti­
cally polarized modes in a parallel plate waveguide. The 

lower horizontal scale corresponds to b = 2.13 m. 

back into the coherent portion following the multiple 
bounces in the guiding structure. We feel confident. 
however, that the present approach should give a 
reasonable estimate on the expected modification of 
the attenuation rate to roughness. If anything, it 
will lead to a more pessimistic picture than if we 
fully accounted for the reconverted energy from the 
incoherent waves. 

CONCLUSIONS 

Electromagnetic field excitation in a rectangular 
waveguide with imperfect walls, which may repre­
sent a mine tunnel. has been considered. Modal and 
geometrical ray sums have been obtained for the 
prototype model (i.e .. when the two narrow side 
walls are assumed to be perfect reflectors). Whic'n all 
walls are imperfect, the modal propagation constants 
are not easy to obtain since the simple modes arc 
intrinsically coupled. For this case, a geometrical 
ray summation has been derived, taking into account 
the coupling between the horizontally and vertically 
polarized rays. It is found, however, that this cou­
pling can be neglected if only the field components 
of major polarization arc of interest. Finally, the 
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effect of small roughness in the guide walls has been 
incorporated in the geometrical ray summation as 
well as in the modal equation for the case of a 
par all el plate waveguide. It has been demonstrated 
that the percentage increase in modal attenuation 
due to a typical wall roughness for mine tunnels 
increases with frequency although the overall attenu­
ation is always a decreasing function of frequency 
due to a more grazing incidence of rays on the guide 
walls. 
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Calculated Channel Characteristics of a Braided Coaxial 
Cable in a Mine Tunnel 

SAMIR F. MAHMOUD, MEMBER, IFFF. AND JAMES R. WAIT, FELLOW. IEEE 

Abstract-The braided coaxial cable is studied as a communication 
scheme in a mine tunnel. A simplified rectangular waveguide model 
is adopted for the tunnel, and the shield of the cable is assumed to 
behave as a single inductive transfer impedance. Specific results on the 
attenuation of the monofilar and bifilar (or coaxial) modes of propaga­
tion, taking into account the possible existence of a thin lossy film on 
the cable, arc presented. In order to estimate the maximum possible 
range of communication, we consider the coupling factors of these 
modes to transmitting and receiving dipoles inside the tunnel, and we 
present results on these factors for various cable parameters and over 
a wide range of frequencies. 

INTRODUCTION 

SEVERAL communication sche1~1es in mine tunn~ls have 
recently heen discussed. These mclude the two-wire open 

transmission line [I], the slotted coaxial cable [2), and the 
braided coaxial line [3), [41, all of which provide what is 
usually termed "continuous access guided communication." 
For any of these lines, one can identify two principal modes of 
propagation: the monofilar mode which provides a low 
coupling loss to the receiving or a transmitting antenna inside 
the tunnel, but which has a relatively high rate of attenuation: 
and the bifilar ( or coaxial) mode which has the opposite 
properties. The design problem of a communication scheme in 
a given tunnel environment involves the best utilization of the 
properties of these two modes in order to achieve the longest 
range of communication. 

In this paper, we consider the braided coaxial cable as a 
scheme of communication in mine tunnels. Thus. theoretical 
design data on the attenuation rates and coupling losses of the 
monofilar and hifilar modes are presented for various cable 
parameters and mine environments. Previous related work in 
the literature includes that due to Fontaine et al. [3], who 
considered the imperfect shield of the braided cable to provide 
a continuous coupling between two transmission lines. the first 
consisting of the outer shield of the cable and the earth. and 
the second being the l'able itself with an assumed perfect 
shield. However, in their work, no detailed analysis of the 
tunnel walls and tunnel environment is attempted. Wait and 
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Hill [4] have considered such effects on the attenuation of 
the modes in a circular tunnel. 

MODELING OF THE TUNNEL AND CABLE 

The mine tunnel is modeled as a rectangular waveguide 
whose broad walls are a lossy dielectric medium with per­
mittivity Ee and conductivity ae. However. the narrow side 
walls are considered to behave as perfect electric conductors 
in order that a rigorous analytical treatment of the modes of 
propagation becomes possible. This tunnel model has been 
previously used. and has provided results for the case of a 
single wire inside the tunnel [5] that are in good agreement 
with measurements in an actual tunnel [I) and with theoretical 
results for a circular tunnel [ 6]. 

The outer shield of the braided coaxial cable is modeled as 
a transfer impedance ZT(S1/m) which is taken equal to jwL. 
L being an inductance per unit length. A dielectric jacket of 
permittivity Ee and an outer radius c surrounds the braid and 
is assumed to be covered by a thin outer lossy layer of mine 
dust or conducting fluid with a transfer impedance ZL which 
is purely resistive. The filling dielectric of the cable has a per­
mittivity E, an outer radius b. and an inner radius a. and the 
inner conductor has a conductivity aw with a resulting series 
impedance Zw(S1/m). As indicated in Fig. I, the cable is lo­
cated with its axis at distances (s - s0 ) and (/ - /

0
) from the 

top and the side walls, respectively. The outer radius c of the 
jacket is sufficiently small compared to distances from all the 
walls, so that an azimuthally symmetrical current distribution 
inside the cable can be assumed for the important modes of 
the tunnel. In the following, we derive an equation for the 
modal propagation constants inside the rectangular tunnel 
containing the braided cable by extending a previous deriva­
iion [7]. 

MODAL PROPAGATION CONSTANTS 

The fields for a giwn mode are assumed lo have thl' depen­
dence exp(it01 I'::) where w is the applied angular frl'quen­
cy. r is the modal propagation constant for which solutions 
are being sought. and z is a distance along the axis of the tunnel. 
Looking from outside the cable, this appears to the tunnel 
as a line source with a longitudinal current le= 2rrclfq, where 
Hq, is the azimuthal magnetic field on the outside surface of 

the jacket (p = c). This current produces fields everywhere 
inside the tunnel. and the average longitudinal electric field E: 
at p = c + 0, i.e .. just outside the jacket, has been derived in 
an earlier paper [7) and is given by 
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Fig. I. (a) Rectangular waveguide model showing the location nf the 
cable. (b) Internal structure of thL' braided coaxial cable. 

(I) 

where D( I') is a function of the propagation constant I' among 
other parameters pertaining to the tunnel dimensions, wall 
electrical constants. and the location and radius of the cable. 
/)( [') is given explkitly by a rather lengthy expression in the 
above reference. and hence will not be reproduced here. 

In order to satisfy the boundary conditions requiring the 
continuity of Ez al the jacket outer surface. it is necessary to 
obtain this field at p = c - 0 from a consideration of the 
currents and fields inside the cable. Generally, this task in­
volves expressing the fields in different regions in terms of 
appropriate Bessel functions and applying the boundary 
conditions at the respective interfaces. Considerable simplifi­
cation results, however, if a quasi-static solution is used [4]. 
Such a solution requires that the condition {3h. {3c ¢ 1 be 
satisfied whL•re /3 is any transverse wavenumber in one of the 
dicleL·tric regions inside the cable. This condition is usually 
met for tht' important modes of propagation except. perhaps. 
at LIHF. 

Wait and Hill (--l] show that the effective series impedance 
per unit length Z(l'). defined as Fz(P = c -- 0)/lc, is given by 

(2) 

where 

(J) 

where 

(4) 

and 

This is just the input impedance looking to the right at point 
(c) 11f the circuit shown in Fig. 2. Here the series impedances 
Z'(I') aml le()') ac,·ount for the fiUing dielectric and the 
jacket. The currents /0 , lb, and (. are interpreted as .¢11,:,dl 
where llq, is the azimuthal magnetic field integrated over the 
circumferences at p = a, b, and c, respectively. 

l 

/ l'I 
,t,' 1-1 

., --7_ :-- 7 

It I 

L~ T 

I 
I 

hf!. 2. Transverse equivakn t drcui t of the braided coaxial c·abk 
[4]. Solid and broken arrows represent the rurrent tlow lines for the 
monofilar and hifilar nwdes, respectively. 

Now the modal equation is obtained by equating (I) by 
fcZ(l'), and thus 

(- iwµ 0 /rr) • D(l') = Z(r). (6) 

In relation to the equivalent circuit of Fig. 2. (-iwµ 0 /rr)·D(l') 
is equal to minus the external impedance Zext(l') looking into 
tilt' tunnel from the jad.:et oult'r surface. SolutiLlllS of the 
modal equation (6) restilt in the' monofilar mode. the bifilar 
mode. and the perturbed normal modes of the empty tunnel. 
The latter. hmvever. ha\'e tilt' property of being c'Ut Liff ;11 

frequencies lower than about 50 Mil, for typical tunnel di­
nwnsions. and hence will not be illlportant for transtllissiL1n 
in this range of frequen·cy. 

NUMERICAL SOLUTION OF THE MODAL EQUATION 

The modal equation (6) has been solved for r of the 1110110-

fil:.ir and bifilar modes using the Newton-Raphson method. 
Previous results on I' of the monofilar mode in a tunnel c·on­
taining a single wire (5 l have been USL'd as initial roots in thl' 
alwve iterative mcthDd. For the bit11ar lllode. vny good 
starting values of I' are readily obtained from the equivalent 
circuit of Fig. 2 ifwe assume that both Z1, and /,exi are much 
greater than 7-.,.. hence. by neglecting their effect, the modal 
equation takes the approxilllate form 

(7) 

Using (4) in (7). we obtain the approxilllate result 
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Sllm<' 1111111crical computations on the attl'nuation rail's of 
the monofilar and bifilar modes arc shown in Figs. J and 4. 
llcrc z,, '" I/ad with ad varying from 10- 3 to 10 · 1 U and 
ZT = iwl, with/,= 40 and 4 nll/m in Figs. 3 and 4, respec­
tively. The following observations arc evident from Figs. 3 
and 4. 

I) The attenuation of the bifilar mode is markedly 
affected by the conductivity of the inner conductor of the 
cable as it varies from aw = 106 to 5.7 X 107 U/m (Fig. 3). 
This is due to a concentration of the fields of this mode inside 
the cable. 

2) The effect of the outer lossy film is to increase the 
attenuation of both modes, this increase being higher at higher 
frequencies and more pronounced for the bifilar mode. 

3) The attenuation of the bifilar mode in Fig. 4 is seen to 
be mu.ch less sensitive to the conductivity of the outer lossy 
film. This is a result of reducing the braid transfer impedance 
Zr relative to its value in Fig. 3. S:;;;h a reduction, however, 
causes a higher coupling loss to receiving or transmitting 
dipoles in the tunnel, as will be shown in the next section. 

4) As has been observed in prrvious work [ 1] , l 5] , [ 61, thl' 
attc11u:1lil)ll of the mnnontar mode increases as till' cable 
approaches tlw t111rnd wall (Fig. J), while the hifilar mlltk 
rernains almost unaffected. 

It is quite interesting to notice a rema1kabk similarity be­
tween the ahove results and those obtained by Wait and Hill 
[4] for a circular tunnel model. The main difference occurs 
for the monofilar mode at the lower frequencies where the 
attenuation rate is very small in any case. Such differences 
can be attrihuted to the particular tunnel model being adopted. 
We may conclude, however, that the remarks 1)-4) stated 
above are, to a great extent, independent of the particular 
shape of the tunnel. 

COUPLING LOSS AND COMMUNICATION RANGE 

A transmitting dipole located insidl' the tunnel excitl's 
hoth the n1rnwt1lar and bifilar modes among the normal moth's 
of the empty tunnel. The l:1tter, hmv<'Ver, are of less i1111wrt:lll<'l' 
due tl, th<'ir cutoff properties. Let Ii\, ii"] expt· 1'1,::) for 
p I. 2.· ·· rt'pl't!Sl'nt the wctor ckctric and magnetic field 
distrihuti<ins of the 11th mode, p being an integer th:1t runs 
over all possible modes. Thus, a short dipole of moment Ji ,c: 11. 
locHted at the point (x 0 , y 0 • 0), will excite a summation of 
these modes given by 

[£,fl] =I:1\,,(x0,y0)[ep,Trp] exp(-rp lz~. (9) 
p 

Here, Ap(x0 , y 0 ) is the excitation factor of the pth mode, and 
is a function of the dipole orientation and location in the tun­
nel cross section [8] . Thus, 

Aµ(Xo,J'o) =fl· ep(xo,Yo) /[.l ep X hp · z cts] (10) 

where the last integration is taken over the tunnel cross section. 
Now, \\'l' assume that a similar dipole is used for reception 

and is lncated al (\· 1 ,y 1 , z 1 ); then. the received oprn-circuited 
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voltage Vis givrn by 

V = I: 7 · cp(.~1 ,Yi )Ap(Xo,Yo) exp (- rµzl) 
p 

which, upon using (I 0), becomes 
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Now, it is convenient to define another excitation factor. say. 
A,, '(x,v ), according to 

A/(x,y) :;;-,: 7. ep(x,y) I [ ri£ ep X hp. zdS J'2 

(12) 

where T/ = ,/µ 0 /1: 0 is the free-space wave impedance which has 
been added only to render A/(x,y) a dimensionless quantity. 
Hence, expression ( 11) can' be recast in the form 

( V/r,f) = ~ A/(x0 ,y0 )A/(x1 ,Yi) exp (- rpz 1 ). (13) 
p 

We thus find that the received voltage is made up of a 
summation of individual voltages induced by each propagating 
mode in the tunnel. It is clear that as z1 increases. there comes 
a distance beyond which only one mode is responsible for the 
total received voltage. This mode is the least attenuated mode 
which, in our case. is the bifilar mode. The maximum possible 
range of communication is clearly a function of the properties 
of I his mode alone. specifically. its excitation factors and 
attenuation rate. To express these ideas more thoroughly. we 
define a total loss I.P {in decibels) for the pth mode as follows: 

where O'.p = 8.7 Re (rp). For a given transmitted power and 
minimum S/N ratio at the receiver. the total loss LP of the 
bil1lar mode cannot exceed a certain maximum Lp, which in 
turn determines the maximum possible communication range. 
In the following. we shall find an estimate to the quantity I.P 
for !he monofilar and bifilar modes. 

As is apparent from (14). /,P is dependent on the locations 
of 1he transmitting and receiving dipoles and their orienta• 
lions. Ilowever. in order to obtain meaningful results without 
the specification of any particular dipole location or orienta­
tion. and which can still reflect the effects of the line and 
tunnel parameters. we use the following argument. The fit'lds 
of the monofilar and the bifilar modes outside the cable are 
linearly proportional to their respective modal c·urrents on the 
outside surface of the cable. that is. le= 2TTcH,, (at p = c). 
Furthermore. it' we assume that the dipoles are always oriented 
to haVL' maximum possible interaction with the modal fields. 
then a reasonable approximation to AP' in ( 12) is 

,I,' ~ "'"" ""' I (I, ),/(I', /k 0 ) / [ 1 i', X h,, • E dS ]' "I 
(15) 

where k0 is the free-space wavenumber and .f(r p/k0 ) is a 
function that represents the dependence of the modal fields 
on the modal propagation constant l'P and is, as yet. un­
known. A look at the appropriate formulas [5. Appendix I] 
for the modal fields shows that the dependence on rP is quite 
complicated. However. in the low-frequency limit. it is readily 
shown in Appendix I of this paper that the transverse fields are 
linearly proportional to rP: hence, f(,_f p/k0 ) in (15) is taken 
to he (['p/k 0 ). This low-frequency approximation is believed 
to to be quite valid up to frequencies for which 2k0 1 ~TT. and 

probably is still acceptable for higher frequencies. For typical 
tunnel dimensions. 2 I= 4 m: hence. the upper frequency limit 
is about 3 7 .5 MHz. 

Now the current le for the monofilar and bifilar modes 1, 

easily obtained from the circuit of Fig. 2 under the normaliD;­
tion /0 = 1. The flow of currents of the monofilar and bifilar 
modes are different. and are shown in Fig. 2 by solid and 
dashed arrows. respectively. It is straightforward to obtain 
le.mono and fe.bif as 

/c,mono = [(Zc(r mono)+ ZL )(Z'(r mono)+ Zr+ z".) 
+Zr(Z'(rmono)+Zw)l/ZLZT (1(1) 

and 

fe,bif = ZLZr/[(Ze(Zbit) + Z-r)(ZextO~bif) + ZL) 

+ Zext(rbir)Zd. ( 17) 

In the special case when the outer lossy film is absent. i.e .. 
ZJ. = 00 • (lb) and (17) take the simple forms 

le.mono= [Z'(rmono) + z1' + Zw l /Zr (I::;) 

fc,bif = ZT/[Zextlrbif) + Ze(rbif) + ZT], ( ll)) 

and as a check. if Zr = 0. corresponding to a perfect shield in~ 
of the cable, the above two equations will imply that tht' 
bifilar mode has zero fields outside the cable. while the mono­
filar mode has zero fields inside the cable. as we would expect. 
Finally. the integration in ( 15) is obtained by a seminumerical 
method using expressions for the modal fields that were given 
before (5]. 

By combining ( 15) and ( 14 ). we arrive at 

LP= const -20 log10I ri(rp/k0 ) 2 lep 2/ 

• [ £ ev x hp •.: ds] / + O'.p.:: 1 . c~o) 

The coupling l,)SS may be obtained from the above by put ting 
.:: 1 = 0. Computed results of Umono• a:bif• and the ct111pling 
loss for the mono111ar and bifilar modes are tabulated for :i 

range of frequencies in Tables I-Ill for the following thrl't' 

Case 11: I,= 40 nH/111. f = 2.5c0 . 

Case h: I,= 4 nH/m. f = 2.5e0 . 

Case c: I, = 40 nH/n1. E = l .5f0 . 

The other cable parameters are held constant in :111 thrc,' 
cases. These are I /ad= I 03 n. u,,, = 5.7 X I 07 n1111. Ee "3e0 . 

and the cable and tunnel dimensions are the same as in Fig. 3. 
In case b, the cable has the least braid leakage. and in case 

c. the permittivity of the dielectric filling is chosen low lo 
allow for a higher coupling between the fields of the bifilar 
mode and a transmitting or a receiving dipole. As would be 
expected, the coupling loss for the bifilar mode is highest in 
case b and lowest in case c. The quantity Rmin in the last 
columns of Tables I-III is defined as the communication range 
at which both the monofilar and bifilar modes contribute 
equally to the received signal. Hence, at this range (: 1 °~ 



TABI.F I 
COUPLING LOSS (C'ASF n) 
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·-----·-- --· ·---- ·-- -·----------· ---- -- ---- --------- -----­----. ---------· -----~------------- --·-----------------------· 

Freq. 
(!'IIH1.) 

lflfl 
50 
25 
12.5 
6.25 

I req. 
(1'tH7) 

)()() 

so 
25 
12.5 

6.25 

Freq. 
(~!Hz) 

- --- -·- ---· 

100 
50 
25 
l 2.5 
6.25 

---- --~·-

Coupling. L0,s 
Ct1nono 01,if ------------· --- ---

(Jll/km) (dB/km) Monofibr Hifilar 
--------- - ·----- . 

521.2 19.2 7 .22 88.7 
419.5 I 2.5 7 .75 91.1 
203.6 8.60 8.33 92.4 

72.1 5.91 9.10 93.1 
20.3 4.10 9.84 93.8 

TABLE JI 
COUPLING LOSS (CASE h) 

Couplinii Loss 
G.n1ono Ol,jf -- - - -~----------- ----

(dB/km) (dll/km) Monofilar Bifilar 

Rmin 
(km) 

0. 162 
0.205 
0.4 31 
1.26 
5.26 

Rn1in 
(km) 

-- ·---·- ·- ---·-·- - - - . -· 

SJ4.5 
428.6 
206.2 

73.1 
20.4 

0 mono 

16.8 7.55 
11.9 7.99 

8.42 8.52 
5.95 9.24 
4.24 10.04 

TABLE![( 
COUPLING LOSS (CA.SE c) 

I 39.4 
140.2 
141.S 
141.3 
140.6 

Coupling. Loss 

(dB/km) 
"bif 

(dB/km) Monofilar Bifibr 

0.255 
0.316 
0.&71 
I.% 
!:l.25 

Rmin 
(km) 

---- --- ------ -------------·-----·--
516.8 19.8 7 .33 7 5.4 0. I 37 
415.0 13.6 7.79 76.7 0.172 
201.0 9.42 8.40 76.2 0.354 

71.1 5.84 9.11 75.5 1.02 
20.0 3.55 9.91 73.4 3.85 

------------- ··-----

Rm in), /.mono =0 /,bif• and at distances grl'ater than Rmin· the 
bifilar rnnde becomes the dominant prnp:1gating mock. In any 
wcll-dt'sirned communication sclwnw. the received signal-Ill· 
noise 1;1tio S/:\' at R 01 ; 11 is well abtWt? the minimum allowabil' 
ratin; h,•11,e the maxin1um possil,Je comrnunicaliLm range /x 
slllluld he gr,';ll,~r than /::.min· /\s an ex:1111ple. assuming that 
the tr:i:1smi11er pu\\'l~r and !he n•ceiVt'd noise are Slll'h that the 
llltal sign:tl llm l,i,;c is limill'd to. s:1y. 150 dB for accepLlhlc 
reccplilHl, then from Tables 1-111 we find that the ma:-,;imum 
possible communication ranges at ::s i\ill1 in the thr,'e 
tabulated cases arc, respectively./?= 6.69, 1.08. and 7.-;:,~ km. 

To study the clependl~nce of Ron the operating frequency. 
a 1k1:1ilerl cnn~icler:1tion or the maximum transmitter pt)\\'l'l 
and re-:ei\'ed noise as functions of. the frequency should be 
investigated. This is outside the scopt> of this paper. The alww 
results. huwevcr, show clearly the effects of the main cihk 
parameters on the communication range. ar.d slllluld help in 
lhl' d,",ign of a communiL'ation link in an actual tunnel. 

CONCLUSIONS 

A ·;tut.ly of the important characteristics of the braided 
co,1.\.i:11 c;1ble fnr cornmunication in a mine tunnel ha, been 
pres,•nfl'd. Tht) analysis used accounts fully f,n the CLllltinuous 
C'Xl·han;c of en,'q;y b,~tween the tunnel and the cable. This is 
in cont1ast Ill tilt' method of Fontaine cl al. [3]. who 
empl,iy,·d a perturbation-lyp,' coupled mode formalism. The 
results on th· attcnu:ilion rates and coupling losses of the two 

11:1-T 11( ·\NS.\l' 1 l(}NS UN t'()~l~ILINlt'l\'l lONS, JAN\l·\l(Y l'lfo 

principal 11ll1,k, (,r pr,,pagatilll1 obtai11t'd :11,' hdi,,,·ed tt, r,'\\'al 
th,· 1\1k of th,' \;11i,,u, ,·ahlt' p:1ran1t'lt'rs in syst,'lll lksign. \\',, 
should str,'ss. hO\\\'YC'r. that in llw 1ncs,•nt anal~·si,. tl1t' hraid,•d 
cable? :i1hi thc lilllnl'l ar,' assuni.:-d In be c,)n\pl<'tl'ly unif,nrn in 
the axial dir,:,cti,,n. L:iteral vari:itions of the c:1bk p;1r.1m,:,t,·1~ 
,,·ill cause additional coupling between the propagating bifila1 
and monofilar modes and the higher order cutoff modes. 
These mode conversion effects, whether intentional or acci­
dental, pby a i'ole in the overall performance of the leaky 
cable systems in a mine tunnel environment. This aspect of 
the subject is recei,~ng our attention. 

APPENDlX l 

In this Appendix. '""' prove that the transverse nwdal 
fields ar,• line:irly propnrtional to the nwclal prngagation con­
st:1111 I' in the hi\\'-fr,,quency limit. The re:ider is refcrrt•d lo an 
earlier paper (5, Appendix I] for the basic equations and the 
symbols that will be used here. 

The transw1se modal fields [5] ex and e:,., are given by 

ex= - rall,/ox + a2 11~./axay 

ey = -- l'oll:,ia_1· + (k0
2 + a2 /ay 2 )1ly 

(1-1) 

( 1-::) 

where fl, and IL,. ;ire two electric potentials th:it are not re­

produced here. In the low-frequency limit, k0 . k,.. and I' are 
neglected relative to (a/ib:) or (a/uy); hence. the following 
substitutions are valid: 11 111 --> 1t1111 ·➔ mr./::t, Rni ➔ 0, S,,, ··> 

(E1 Eo)/(f1 + fo), Rm* -➔ f{E1 Eo)/((E1 + fo)II"' ) . 
..'.,,, --> .:'.'. 111 *~exp (211 1,,s). Using th<:? :1bove substitutions in th,' 
e:-,;pressions or 11,- :l!ld lly, \\'C find 

"' 
ilil,/ilx -➔ l· · hu{lolcin" 0

2 ) ~ (2r,/{) ~in (111,;xo/l) 
Ill ccQ 

• cc,, (111,;x//) e:\J' (-- 11,,, \y · _l'o I) 

= (- iw{10 /)k 0
2 !) Im ~ t exp I- (1117i/.1./) 

rn=O 

· ( IY - .,·o I·- i(x + x 0 )] -- exp l -- (mrr/2/) 

· (\y-··.,·o 1--·i(x-xo)l~ 

= (-· i17/k 0 /) lm I [ l -. exp (- (.:/ 21) 

·(lr-r l-i(x+x ))J- 1 
. . 0 0 

[l-e:--;p(··(11/2l)(\.1·-.r0 \·-·it,Y .\oll] 'l 

where x 0 ,_, / ·! /0 . r 0 .· .. ,··I· s0 . and Im stands for th,· i111:1;:in.11~ 
p:1rt. Simila1 npressinns are obtained for i):!lJ~/;lxily, illl_./;J1·. 
and il 2 liy/ily 2 Substituting in (1-1) and(!-.'). Wl' anht' :1llc'1 
simple algebra at 

<'x -, (h1lcl'fkofl l111 [X( ly ···yo I) 

-· c'X(3s -- s0 -· y) ··· <:
1X(J' + )'0 ) 

r' 2 X(3s --s0 + y) -- c' 2X(..J.s + Yo --y)] (1-3) 
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ey ➔ (iT/fcffko[) Re[± Xlly -yo!) 

- E
1X(3s -a0 -y) - E'X(1• +Yo) 

- E
1 2 X(3s - s0 + y) - E

1 2 X{4s + _1·0 - y)] . 

. v ~ Yo {1-4) 

where Re stands for the real part and the function X(1·) is 
defined as 

X(y) = [ 1 - exp {- (rr/J[)(v - i{x + Xo ))]-l 
- [I -exp(-(rr/2[)(y-i(x-x0 ))J- 1 

and E
1 = {E1 - E0 ')/(E1 + E0 ). Equations (1-3) and (14) show 

that the transverse fields are linearly proportional to r in the 
low-frequency lirni t. 
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CHAPTER 9 
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Comments on "Calculated Channel Characteristics of a 
Braided Coaxial Cable in a Mine Tunnel" 

PAUL P. DELOGNE 

In the above paper1 numerical evaluations of the coupling 
loss o__f_11_Hertz dipole to the monofilar and bifilar mode are 
presented in a normalized rrrnae. rne~pufpose of c!ITscorre­
spondence is to draw the attention of potential users to the 
practical significance and limitations of these results. 

In most works related to this subject, a bifilar coupling loss 
Cbif is defined as the ratio of the power radiated by a mobile 
dipole antenna to the part of that power converted into the 
b'ifilar mode or, equivalently, as the ratio of the power trans­
ported by the bifilar mode to the power available at the 
output of a mobile receiving dipole antenna. A monofilar 
coupling loss Cmono is defined in a similar way. It is clear that 
Cbif and Cmono are only useful concepts allowing range 
(i.e., signal-to-noise ratio) calculations if some conditions are 
met; this requires that the transmitter power and receiver noise 
are intrinsic characteristics of the equipment. They should 
thus be independent of the fact that the antenna is located in 
a tunnel, which requires that its input impedance and particu­
larly the real part of it remains constant. This seems to be the 
case to some extent in the VHF and UHF bands. At lower 
frequencies, however, this- is not ·at all true because the an­
tenna is closer to an inductive or capacitive coupling device 
than to a radiating one. If, indeed, the antenna is small com­
pared to the wavelength, the power radiated in free space and 
the one excited in the monofilar and bifilar modes can be 
quite different; hence, what should be called the coupling 
loss is not at all evident. 

Mahmoud and Wait propose a normalized definition of two 
coupling losses Lbif and L mono, but this calls for some com­
ments. The first one is that according to their definition, Lbif 
and Lmono are relative to a mobile-to-mobile transmission and 
include twice the coupling etlt>l't of tht' an!t'nna to the mode 
considerrd. A st·cond comment is that /,bif and /,mono art' 
only defined to somr unknown rnnstant K. whkh is till' 
samr for the two modes and which is imkpl'tHlent on till' 
frequency. As a result, as far as the classical coupling losst·s 
have meaning, one may wrik 

Cmono = tLmono + K)/2 

Cbif (Lbif + K)/2. 

The authors have shown that Lm ono and Lbif are to a large 
extent independent on the frequency, and this is consequently 
true for Cmono and Cbif too. Experience has confirmed this 
in the VHF and UHF range and has shown that Cmono is in 
the range 20-35 dB according to the positions of the cable and 
antenna in the tunnel cross section. So the contant K is in 
the range 32-62 dB and Cbif is very high (53-60 dB for case 
a, 78-86 dB for case b, and 46-53 dB for case c). Note also 
that the range called Rmin by Mahmoud and Wait does not 
depend on K for mobile-to-mobile communication, and their 
numerical values are thus correct, but the range Rmin would 
depend on K for fixed-to-mobile communications. 

These values can be used for realistic range calculations in 
the VHF and UHF bands. However, it should be nott'd that 
the values of O:bif quoted by Mahmoud and Wait arc optimistic 
because they do not take tht> influrm·e of the braid loss into 
account; actual values are easily 50-100 pert·ent hight·r. More­
over, it is expected that with transfer inductances as high as 
40 nH/m, there will be a marked incn·ase of Cl'bif when the 
cable comes close~to.:::......:t.::h~e...:w...:a:::1:::1.~--------

The author is with the Laboratoire de Telecommunications, Louvain­
La-Neuve, Belgium. 

'S. F. Mahmoud and F. R. Wait, IEEE Trans. Commun .. vol. COM-
24, pp. 82-87, Jan. 1976. 

At lower frequencies, conclusions are not straightforward. 
They require a detailed analysis of the coupling process for 
actual transmitting antennas; the noise generated in the loss 
resistance of the receiving antenna can be another important 
factor because the real part of the coupling impedance can be 
very small. 

Reply by J. R. Wait2 

JAMES R. WAIT 

Prof. Delogne has made some very useful and pertinent 
comme~ts on the subject of this paper. 

An lm_Proved b~t, alas,. a more complicated approach to 
the co~p!mg losses 1s contamed in a recent paper, "Calculated 
tra~sm1ss1on loss for a leaky feeder communication system in 
a circular tunnel," by D. A. Hill and J. R. Wait, Radio Sci 
vol. 11, pp. 315-321, Apr. 1976. ·• 

IEE~P6er app~ove_d by th~ Editor for Transmission Systems of the 

t
. M .omm~mcat1o~s Society for publication without oral presenta-
1on. anuscnpt received April 30, 1976. 

The author. is with the Environmental Research Laboratories 
NfaCttonal Oceanic and Atmospheric Administration U.S. Departmen; 
0 ommerce, Boulder, CO 80302. ' 

Reply by S. F. Mahmoud 3 

S. F. MAHMOUD 

The comments of Prof. Delogne on our paperl seem very 
appropriate and instructive. I do agree with Prof. Delogne that 
at low frequencies, questions related to the receiver noise 
and perhaps the receiver matching become of primary impor­
tance. 

The coupling loss in the aforementioned paper1 is actually 
related only to the mutual impedance bt•twcen the transmitt­
ing und receiving antennas hut does not indudt• the input re­
sistances of these antennas. This drawback has been repaired 
in the paper "Calculated transmission loss for u leakv feeder 
communication systL1111s in a circular tunnel" hy Hill and 
Wait [ 1]. However, by limiting the antenna input resistance 
to a certain minimum value at the lower frequl'ncies. the two 
definitions of the coupling loss in our paper1 and [ 1 ] become 
identical ( within a constant). 

It is interesting to notice that both papers confirm the 
result that the coupling loss is a very slowly varying function 
of frequency for frequencies less than about 3 5 MHz. This 
is so in spite of the different approaches used in the two 
papers. Specifically, the coupling loss in Mahmoud and Wait's 
paper1 is obtained without assigning any particular location or 
orientation of the antennas; hence, it can be considered as 
some kind of average coupling loss over various locations and 
orientations. 

REFERENCES 
I 1) D. A. Hill and J. R. Wait, "Calculated transmission loss for a leaky 

feeder communication system in a circular tunnel." Radio Sci. 
(Special issue 011 Subs111Jacc Telem1111111111imtio11.v alt(/ (,'eoplrysi­
col Probi11g). vol. I), pp. 315-321. Apr. 1976. 

3 Pur~r approved by the Editor for Transmission Systems of the 
IEEE Communications Society for publication without oral presen­
tation. Manuscript received May 28, 1976. 

The author is with the Department of Electrical En,!inccring. Cairo 
University, Giza, Egypt. 
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CHAPTER 10 
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Guided Electromagnetic Waves Along an Axial Conductor 
in a Circular Tunnel 

JAMES IL WAIT AND DAVID A. HILL 

Abstract-A method to calculate the propagation characteristics 
of the guided modes in a circular tunnel bounded by lossy dielectric 
media is presented. The effect of an axial thin wire within the tunnel 
is also accounted for in the boundary value treatment of the problem. 
It is found that the attenuation of the transverse electromagnetic 
(TEM) or coax type mode is greatly increased when the conductor is 
moved toward the tunnel wall. 

INTHOUUCTION 

Tn many opernt.ional coal mines, it, is desired to communicate along 
tunnel-like Htructures that, may extend up to 7 or 8 km. While con­
vent.ional telephone lines may be used, it has been found very con­
venient. and effent.ive to transmit VHF radio signals dire<'t.ly through 
Uw haulageway [I]. Normally, these tend to be rectangular in 
croHH section and arc located within coal seams. In lJnited Htates 

,l\la11uscript reci,ive_d Decemho~ 12, 1973: revised ~'ehruary rn, IH74. 
I lw authors arn with the Institute for T<,lecornmunication /-lcicncos, 

Office or Tlllecommunications, United States Department of Commerce, 
llouldor, Colo. 80302. 

mines, these tunnels are crisscrossed by approximate)~· an Pqual 
number at right angles. Also, within most. tunnels, there is a high 
voltage power cable that is suspended from the top wall. In addi­
tion, numerous metal roof bolts are located throughout the mine. 
It is evident that the transmission of electromagnetic 11·avP., i11 ,ud1 
a structure is very complicated. Nevertheless, in order tu under,1and 
observat.ions and to improve communication procedure.,, it "'-'<·m, 
worthwhile to anal~•ze some ide~ilized models of thP situation, 

Emslie cl al. [2] have developed an approxirnatP tlwory fnr tht> 
empt~· reetangular guide with lossy dieleetric walk Their ingenious 
development is an extension of an earlier analysis by :\larf'at iii and 
Schmeltzer [3] for rectangular dielectric rods surroundPd h.Y free 
space. :\lore recently, :\lahmoud and Wait. [4] and :\lahnwud [5] 
have considered a reetangular waveguide bounded on the horiwntal 
walls by a finite condu('tivity and permittivity, hut the (11arrnwPr) 
side wall was idealized as having perfect magnetic or electrie bound­
aries. This model permitted the rigorous satisfaction of the boundary 
conditions. Also, it was feasible to include the effect of axial ,·on­
ductors within the tunnel. The latter are obviously important if the 
frequency is sufficiently low that the modes for the empty guidP>< 
are "cut off." Here we consider another idealized model that. should 
provide new insight into the problem. 

Specifically, we consider an air-filled tunnel of circular ('ross sP<·t ion 
with radius a bounded by a los._,y dielectric medium. Within this 
uniform tunnel we located a relatively thin metal conductor l)f radius 
c, whose conductivity is u. The situation is illustrated in Fiµ;. I wh<·n• 
we have chosen a cylindrical <'.oordinate system (p,q,,z) t,, be ('r,axial 
with the guide. For the int€rinr region p < a, the permittivity a11d 
permeability are •o and µo, respectively. For the exterior region, the 
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Fig. I. G<>ometry of circular tunnPI waveguide with axial conductor at 
distancP Po from tunnel axis. 

pcnuittivity, <'onduetivity, and permeability are '" "'' and µ, 
m,;pe<·tively. The thin axial <·onductor is located at p = po and 
,t, = ,pr,; its corrCRponding electric properties are <,, "'' and µ,. Here 
we restrict attention to the ease O < Po < a. 

FOHl\IULATION 

Our object.ivl' now is to rnleulatl' t lw <'ompll'x propagation <·on­
stnnt of th!' dominant. 111odl'1< of till' ,;trn<'lun•. Thu,; WP a,;sumP that 
t.lw fil'ld of an individual modl' vnrie::s with z a<'l'ording to Pxp ( - J'z) 
for an implil'd time fa<'tor Pxp (iw/) where the vahH'S of rare to he 
clPtPr111i1wd. To obtain the solution, WC' exploit tlw fact thnt tlw 
fiPlds can bC' eomplC'te>ly determined by two scalar funl'tions [" and 
F that nn•, n•s1w!'tively, the z components of the (axinlly direetl~-) 
ele<"tri<' and magnC>tic Hertz vectors. 

The <'lll'ren t on th!' axial conductor can be designated I exp ( - rz). 
The primary field within the tunnel from thi" traveling wave of 
,·1irrent. may be derived from the electrie-type Hertz function ["P, 
It i.s well known that [6] 

(1) 

wliern ,,,2 = -,0µ,,w 2, p,1 = [p' + p0
2 - '2.pp,, cos ( ,j, - ,t,,,) ] 112, and /(,, 

iH the modified Bessel function of the second kind. Now the total 
HPrtz function within the guide ean be written [' = [;P + C• 
where {J• is the seecrndary part. The latter, for the region p < a, 
<·irn l,e <'()!lstrueled by superimposing solutions of the type 
/,,.(vp) exp (-im,t,) exp (-I'z) when Im is a modified Bessel func­
tion of the first type, v = (,0

2 - f 2) 112, and mis any integer. 
The nbove ronsiderntions and the addition theorem for Ko in (1) 

ll'nd us to the representation 

+co 

~ U,,, exp [ - i111 (,J, - </>o) J (2a) 
m--oo 

or 

iµow +00 
[ K.,(rn) ] 

U=--lexp(-rz) ~ lm(VPo) K,,,(1•p)-R,.-l--)lm(l'p) 
21!")'0'l ,n=--CD l'J (f(l 

•exp[-i111(,J,-,J,o)] (2b) 

for the regiim Po < p < a, whPro R .. , i~ yet to be determined. Similar 
r·onsidPrations lrnul us to the corresponding representation for the 
111ag11C't i,· t.ype llert-7. function for the region p < a. Thus 

-joo 

V= 2: Vmexp[-im(,t,-,J,o)] (3a) 
m--U) 

or 

iµow +oo 
V = --/exp (-l'z) ~ t1,.[,,.(vpn)l,,,(vp) !'Xp [-im(,t, - ,t,0)]. 

27r')'o2 m--ro 

(3b) 

For thl' external l'Pgion p > a the Hertz funet-ions are both made 

(i,/) a[·... (imr) . Ho ... = - -- + -- l .., 
µ,,.,_. ap P 

then, for example, the total axial field is 

+D 

E,= ~ E, .. ,exp[ 1111(,t,-<1>,,)J 

Fnr the region p > a, tlw e,,rrt>:sponding field qu:rntitiP, :ll'l' nhtainPd 
by replaPing µo, 1/, :ind I' h~- µ,, 1,'i and 11, rpspedh·t>I~--

\\" . .\LL WW'.'s])Alff C'ON})ITION::-

The boundary c·,,1Hiiti<,n.s nt the wall p = a arP that thP tangential 
fo•lds are eontinunu.s. For the pre.sent problem thi.s is equivalent tn 
appl)·ing the following conditions on the internal fields at p = a: 

(6) 

(i I 

where 

O'm 

_ (iµ,w) Kn'!ua) 
1l Km(va) 

(() 

and 

l,., - ---. , -(i,,')Km'(ua) 
11µ,w I(.,, (ua) 

'](), 

The wall impedance condition,.; in this form can be readily generalizPd 
to a concentrically layered Pxternal media and to certnin anisntrupi,· 
media. Here we will re:strict attention to the homogene<,us isotrnpic 
extPrnal region. 

Fsing (~b), 1:,b), and (4), we readily obt:,in the folh>winl! alg,'­
brnie pair 

nnd 

where the arguments of the Bc>.ssel funl'lions and their dPrivatiHs 
a·re t·a. Eliminating ..'i,,, from (11) and (12), we obtain thl' pxpli,·it 
result. 

R,,, 
[()o/1·)K,,,'(l'al/K,,,(m)] + L,,7,. + o .. ,, 
[110;1·)/,.,'(m);L(m)] + L.,,71, + t, .. ,,, .. 

up frntn ~olut.ions of the form/(,,, (up) exp ( - l'z) exp ( -im,t,) where where 
1t = (,,' 1'2) 112 and-y,Z = iµ,w(r,, + i,,w), 

For t.he rngion p < a, the tangential field components for the mth 
harmonic can lie obtained from the mth harmonic of the Hertz 

limr/a)'[v-2 - u-2J2 

o,,,"J)o = --------------
[ 1 ,•0/v) l,,,' (va) / l,,, (va)] + (Z,,,1170) 

• 1-l , 
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Fig, 2. Attmmation rate of COAX or TEl\I type mode as function of 
froquoncy for various locations of wire conductor. :Multiply ordinate 
by l:i2.4 to convt,rt to dB/JOO ft.. 

\ 
itlld 

'10 = iµoW/,·o = 120,r n. 
W1, 110w <'fill expreHs the axial electric field E, anywhere within the 

p;uick in terms of the still unknown current I exp ( -I'z) on the wire. 
lfHinp; (I), (2b), and (4), this is given b~· 

J,,', = - iµ,,wlv
2 

t•xp (-l'z) [Ko(l'p,1) - +~ R,,, K.,,(l'a) l,,,(Vpo) 
21r)11'2 m--ro /,,. (t'a) 

\\'IHE BOllNDAHY CONDITION 

Thi• ho11ndary condition at the wire is 

E, = IZ, exp ( - I'z) (16) 

at p,1 = c .. , for all values of z, where Z, iH the series impedance of the 
wil'('. Bi,1•a11se of the assumed thinness of the wire, we can apply this 
1•011tlit ion nt any point of the wire circumference. Thus we choose 
thP matd1inp; point at p = Po+ c, and q, = c/>o, Thus (16) lends to 
the mode equat,ion 

- iµ,,wv2 [ • \"': K'" (va) ] 
-.-,-_-;- ho(t•c)- ._ R.,,-

1
-
1

-,-1.,,(vpo)Im[V(po+c,)] =Z,. 
.._7f)(l ,n""·-n.:i m ta) 

(17) 
The t•xpli<·it result for the series impedance [OJ is 

(18) 

wh,•rt• 1:' = iµ,,,,(u, + i, .• w) and 11., = iµ,w/1·,. 
I II pri11<'iph•, !ht' prol,Jpm 11s posrd is solv!•d wht•n \' is dl't!'l'lllinl'd 

frnm \Ii). This modl' l'qt1at ion iH t'Xllt't, suhjt•,·t only to t hr nssumPd 
thin111•,.;s of thl' mPtnl win• <'l'lltt'r(•d at (p.,,cf,0 ) inside the 11:uid('. In 
onkr to 1·,•ndl'r th(• prohlPm tn\l't11hlP, \\'(' will mnke a numhl•r of 
Himplifyin!,!: assumptions thnt 11rl' WPII justifit,d on ph~•siml 11:nn1mb. 

NO:'lrn Nlll\lEHICAL HENllLTN 

1"11r thl' hip;h-frequl'n<',\' modrs of interest we expel't r to br on the 
ordt•r of ,·o = ik, whPn' k = w/c iH the free spaC'e w11ve numlwr. Alw, 
lhl' ltou11dinp; medium will haven <'ond11C'tivity and/or permittivity 
sufli1·iP11t ly hip;h thal I 1,a I » I. In vol king thrse assumptions, we 1·11n 
approximate (!}') and ( 10) as follows: 

(iµ,w) z 111 ~ --'---'-'--'--

(-y ,2 +k2)112 
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Fig, 3. Atte.nuation rate of COAX and TE modes for frequency of 
1 ~I Hz as function of wire conductor offset. 

Fii,: . .\, l'hnse !'harn!'tt'ristk for COAX mode at. 1 Ullz. 

and 

}' ~ 1/ 
'" - [iµ.w ( 1·,2 + k') 11'] 

Also, in most C'ases II thigh frequencies, the condurtivit~· of the metal 
wire will be sufficiently high that both I ,•,c, I » 1 and <1, » '•"''· 
Then from (18) we ran obviously write 

Z, :::-c. (µ.w)''2 (1 + i) . 
:.?u, (:.?,re,) 

With the simplifiC'ation, indicated, some numerical solutions of 
(li') have been obtained. Of particular interest is the mode that has 
a transverse electromagnetil' (TE:'11) character as the frequen<'y 
i,- lowPred. Using an adaptation of Newton's method, solutions of 
this type have been obtained. An example is shown in Fip;. :.? wht>rt' 
the following pammeter.s are nissumed: a = :.?111, ,, = 10,,,. er,- = 
w- 2 mho/m, (]', = I()' mhn/m, c, = 10-2 m = I <·m. H<'n' till' n'nl 
part of (\'a) whit•h is pn1porti011:1l to thl' :1ttl'nu:1tion rntl', is plottt'd 
as II ftllll'tion ,,f fn•qt1Pnt•~· from I to 1()00 :'II Hz. Thrl'l' ,·:tlm•s nf 
p,,;'a, nanwly 0, 0.:1, 11ml 0.S an' indil'att'd. The ordi11a/c i11 Fio. :.? is 
<'Olll't'l'lfll /() dU /1<'1' ltltl /I i11 (0/1.sofrfl') H11ult'sh 1111ils {,y 11111/tipl11t'11u 
by /8,' .. 4. '/'l,c11 lhc 1•crtical s,·<1/c l'.l'lrnds/1·0111 r,mr1ltly 0./,'/ lo .,'ti dli /()() 
/1. 'l'hl' itH"rt':tSl' of thl' :1tt1•m111ti,11111s thl' \\'in• ,·,111d11l'tor 11pprn11d11•s 
th!• wnll is in 11,·,·,11·d1111,•p with tin• ohsprvntions 11f lh•h1µ;11t• l'I 11/. [_7 I 
in BPl!,!:inn 1'0111 ntim•s. :\lso :'ll11hmot1d [:, J in his nunH•ri<'al st11di,•s 
of t ht• l'l'<'l/\ np;ula r p:11itll• has 1·,11ifi1·mt'd th is pff1•,·t. 

For tlw J.:!'!Hl\t'tr~· 11f th<' t111111l'l p:11idl• l'Onsid(•l'('d in th,• prt'<'l•dinp; 
l'xampk, \\'l' <'Hn rxpl'<'t hip;hl'r ord!•r wnvl'µ;11idl' modl•s 1,1 appt'lll' 
whPn th!' frP(j\ll'll<')' l'Xl'l'l'ds th!' <'U!off vnlue for the empty tulll'. This 
Ot'('Urs apprnxim:1 tel,\· n t ;ill :'lllh in this mse. For high!'!' fn•qul'll<'il's, 
\\'e l'nn expet·t till' situation to hp quill' eomplil':lted. lloll'l'Vl'I', it 
appears we can al\\'a~·s identif~· thl' TEt\I or COAX t,qw mode as 
the one that is signifimnth· influeneed l,y the lornlion a11d tlw sPl'il's 
impetlunee of the wire l',;mlu<'tor, In l~igs. :l and 4, we show tht• 
at ternmtion and phase <'harncterist ics fnr this COAX modt' at a 
freq11en<•~· of 1 UHz where the abseissa is t.he rntio p0/a. The 11tht'r 
parameters are the same as those shown in Fip;. 2. \Ve abo sho\\' t.ht• 
attenuation rates for the TE01 and TEo, modes in Fig. 3 for thl' s:wtl' 
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Htruetures whi<·h are determined from the simplified mode equation 
u0- 1 = 0. In this ease the wire eonductor has no effeet whatsoever 
on the modes of this type since the eleetric field has only n cJ, eom­
ponent. There is another class of modes here that ean be d<'s<'l'ibed 
as pertmbed T:\[ and perturbed hybrid EH modes' that do internet 
with the wire condurtor. A numerictil study of these mode.,; is pr<'S­
ently underway. However, at. least for the present geometry, they 
would 1ippt•ar to have attenuations greater than those shown in 
Fig. :l. 

Another int.mP.;;ting point illustrnted in Fig. 4 is that tlw phase 
vl'io<'it\' of the COAX mode i,; le.ss than c when the win' eondu<'tor 
is at. tiw l'Pnt.er of the guide, but. it. becomes greatPr than c as thP 
wire moves toward the wall. An analogous effpet. has been nbsPrved 
by Mahmoud [7] in his study of the rel'langular guide. 

1 1~11 is standard nonwnclature for modes t-hat are neither E nor H 
typu. 
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Abstract. We consider the axial propagation characteristics of a two-wire transmission 
line in a circular tunnel bounded by lossy dielectric media. The two modes of greatest 
interest correspond to conditions when the currents are either in-phase or anti-phase. 
The effect of the proximity of the tunnel wall is also accounted for in the boundary value 
treatment of the problem. The attenuation of the coaxial (unbalanced) mode is found to be 
greatly increased when the conductor is moved toward the tunnel wall but the bifilar 
(balanced) mode is much less affected. 

In coal mines, it may be desired to communicate at 
distances up to 10 or 20 km along tunnels and 
haulageways [ t. 2]. A rather ingenious communica­
tion technique is being developed for use in Belgian 
coal lines [3]. The idea is to use a two-wire transmis­
sion line or an equivalent loosely braided coaxial 
cable that can be suspended from the upper wall. 
A transmitter placed in the vicinity of the line 
excites a strongly unbalanced mode that normally 
would propagate like a coaxial or TEM mode with 
relatively high attenuation. The key step in the 
Belgian system, is to convert this unbalanced mode 
to a balanced mode that is much less attenuated 
because the return current flows mostly in the 
second wire rather than through the surrounding 
rock. 
Herc we carry out an analysis of the propagation 
characteristics for an idealized mine tunnel of 
circular cross section. The theory is developed only 
for a uniform structure so that mode conversion is 
not accounted . for. but in all other respects, the 
problem is qt1ite general. Some comparison is made 
with relevant experimental data. 
Specifically. we consider an air-filled tunnel of 
circular cross-section with radius a bounded by a 
lossy dielectric medium. Within this uniform tunnel 
we locate a single relatively thin metal conductor of 

radius cs whose conductivity is CJ. The situation is 
illustrated in Fig. la where we have chosen a cylin­
drical coordinate system (Q. cp. :) to be coaxial with 
the guide. For the interior region Q < a the permit­
tivity and permeability are i:0 and 11 0 • respectively. 
For the exterior region. the permittivity. conductivity 
and permeability are 1:, .. a, .. and 11, .. respectively. The 
thin axial conductor is located at Q = Qo and¢= ¢ 0 : 

its corresponding electric properties are Bs• CJs• and l's· 
Here we restrict attention to the case O < eo < a. 
Later. we investigate the effect of a second wire 
conductor that is parallel to the first. 

Formulation 

We now consider the complex propagation constant 
of the dominant modes of the structure. Thus. we 
assume that the fields of an individual mode varies 
with : according to exp( r :) for an implied time 
factor exp (i wt). where the values of r are to be 
determined. The fields can be determined by two 
scalar functions U and V that are. respectively, the 
: components of (axially directly) electric and 
magnetic Hertz vectors. 
The current on the axial conductor can be designated 
I exp(- r :). The primary field within the turyncl 
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Fig. I. (a) Geometry for single wire conductor in circular air-rilled 
tunnel in homogeneous earth. (bl Geometry for two arbitrarily 
located axial wires within tunnel. (c) Geometry for two axial wires 
located in a horizontal plane in the upper quadrant of the tunnel 
cross-section. The mean distance to the tunnel wall is a - a0 

from this travelling wave of current may be derived 
from the electric-type Hertz function UP. It is well 
known that [4] 

uP = ~t!!!!1l_ I exp(-r z) Ko [(i'6 - r 2 )½ Qd]. 
2ny6 

(1) 

where 1'6 = - c0 1,0 oi, Qd = [Q 2 + Q6 - 2QQ0 cos(</> 
- ¢ 0 )] 1, and K0 is the modified Bessel function of 
the second kind. The total Hertz function within the 
guide can be written, U = UP+ us, where us is the 
secondary part. The latter, for the region 12 < a, can 
be constructed by superimposing solutions of the 
type I111 (v12)exp(-im</>)exp(-fz) where Im is a 
modified Bessel function of the first type, v = (,'6 
- f 2

) 1• and m is any integer. 

Thl' abnw cnnsidnatit)I\S and thl' additit)I\ thc,,r,-m 
ftw K 0 in (I) kads us In the: reprc.:sc.:ntat it)I\ 

+ ,l.' 

u = L Ullle-im\</>-</>o\. (2a) 
rn=-:c 

where 

·[K ')-R _Km(!'a) I l 
111 (1 Q III I ) m(rg) 

,,,(!'a 

(2b) 

for the region Qo < Q < a, where R,,, is yet to be 
determined. Similar considerations lead us to the 
corresponding representation for the magnetic-type 
Hertz function for the region Q < a. Thus. 

+X' 

V= L vn,e-im(.P-<J,o\. (3a) 
m= - oc 

where 

(3b) 

For the external region Q > a the Hertz functions 
are both made up from solutions of the form 
K'"(u12)exp(-f=)exp(-im</>). where u=()';-T 2 )½ 
and)';= i 11,.w(a, + i c,. w). 
For the region Q < a. the tangential field components 
for the m'th harmonic can be obtained from the m'th 
harmonic of the Hertz functions as follows 

E.pm = (i m f/12) um+ i /lo(/) c l'm, f Q 

H</>m = (i,'6//Jo w) C Um,CQ + (imI'iQ) l'm 

E=m = - r 2 Um and H=m = - r 2 J,;,, 

(4) 

(5) 

(6) 

then. for example. the total axial field 1s given by 

+x 

E= = L E:me-imut>-¢0). 
m=-x 

For the region (J >a.the corresponding field quanti­
ties are obtained by replacing µ 0 , ·;l and ,: by µ,,. -,,; . 
and u. respectively. 

Application of Boundary Conditions 

The boundary conditions at the wall Q = a are that 
the tangential fields are continuous. For the present 
problem this is equivalent to applying the following 



conditions on the internal fields at Q = a 

E<l>m = cim E=m + Zm H=m 

H,pm= YmE: 111 +etmHzm• 

where 

a,,,= -imI'/(u 2 a), 

Z,,, = - (i JI., w/u) K;,,(11 a)/Km(II a), 

and 

(8) 

(9) 

(10) 

(11) 

( 12) 

As usual. the primes above denotedifferentiation of 
the Bessel function with respect to the indicated 
argument. The wall impedance conditions in this 
form can be readily generalized to a concentrically 
layered external media [4]. Here we wilt restrict 
attention to the homogeneous isotropic external 
region. We readily obtain the following explicit 
results for the coefficient R,,, in (2b) 

[(y0 /v) K;,,(va)/Km(va)] + Yml/ 0 + <>ml/o 
R,,, = [(1•0 /v) l~1(va)/l,,,(va)] + Yml/ 0 + <>m'lo ' 

where 

(imI'/a)2 [v- 2 - II- 2]2 

?i,,,l/o = [(}•0/v) l~
1
(va)/l'"(va)] + (Z,,,/170) 

and 17 0 = i11 0 wl",1
0 ~ 120n Q. 

(I 3) 

(14) 

We now can express the axial electric field E= 
anywhere within the guide in terms of the still 
unknown current / exp(- rz) on the wire. Using 
(I). (2b), and (6). this is given by 

iJLoWlt•2 -1·-r F - - ·•-------,---- e - K (1"1) 
.,; .. - ,.,,'ff'"\1- 0 t;,:,J 

- "I 0 

~- R . K"'(t'a) I ( ) 
L, "' I ,,, 11 l!o 

111 (Pa) 

The boundary condition at the wire is 

E= = I Zs exp(- I'z) 

( 15) 

( 16) 

at (}J = c, for all values of z, where Zs is the series 
impedance of the wire. Because of the assumed 
thinness of the wire, we can apply this condition at 
any point of the wire circumference. Thus, we choose 
the matching point at Q = Q0 + cs and ¢ = ¢ 0 . Thus 

60 

(16) leads to the mode equation 

( 17) 

The explicit result for the series impedance [4] is 

(18) 

where i = i11_,w(a, + it:scll) and 1/s= iJlsW/)'s· 

Extension to Two-Conductor System 

We now consider the extension of the solution to the 
case where two axial conductors of radii c0 and c 1 

are present. The situation is illustrated in Fig. I b. 
Now /0 • the current on the conductor at (Q 0 , <Po, z). is 
arbitrary, while / 1, the current on the conductor at 
(Q 1 , ¢ 1, z), is unknown. By superimposing solutions 
of the form ( 15) we can write 

· ( 19) 

where !!,, = [l!~ + !!G - 2Q!!o cos(¢- ¢ 0 )] 1 and !!;, 
=[Q 2 +Qf-2QQ 1 cos(<j,-¢ 1)]l. The two relevant 
boundary conditions are 

(20b) 

where Zso and Zs I are the appropriate series im­
pedances. The unknowns are / 1 (or fi/10 ) and r. We 
can easily eliminate / 1 to yield a mode equation. 
This can be written as follows 

(21) 
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where the elements of the above determinant are 

10 2nZso 
A0 = ·-v-2---- + K 0 (vc0 ) 

110 (22) 
, K,,,(va) [ )] I ) 

- L, R"' I (, ) I"' t'(Qo + c0 m(l'Qo 
m m ia 

(23) 

(24) 

(25) 

In (23), Q~ is evaluated at Q = Qo + c0 and ¢ = ¢ 0 • 

and in (24), QJ is evaluated at Q = Q 1 + c I and ¢ = ¢ 1• 

In the case of identical wires we have: Zso = Zs 1 = Zs. 
c0 = c 1 = c •. In what follows this assumption will be 
adopted. 
For the high-frequency modes of interest we expect f 
to be of the order of )'o = i k. where k = <o/c is the free 
space wave number. Also, the bounding medium 
will have a conductivity and/or permittivity suf­
ficiently high that h'eal ~ I. Invoking these assump­
tions. we can approximate (9) and ( 10) as follows 

Z,,,:::: (ip,.w)/(1•i + k2
) 1 

and 

Y,,,:::: y;/[i /1,,W()'; + k2)1] , 

(26) 

(27) 

Also, in most cases at high frequencies. the con­
ductivity of the metal wire will be sufficiently high 
that both ll'.c.l~ I and as~c.co. Then from (18) we 
can obviously write 

(28) 

With the simplifications indicated. some numerical 
solutions of (21) have been obtained. The actual 
computer program utilizes the approximations in (26) 

nnd (27) only when b•,al is sufficiently large and 
utilizes the approximation in (28) only when h·.c.l is 
sufficiently large in order to keep the frequency range 
completely general. Of particular interest are the 
modes that have a transmission-line character as the 
frequency is lowered. As we shall see. there are two 
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Fig.~. The 1wrmalized attenuation rate as a function of frequency 
for the coaxial and bifilar modes for a wire conductivity 
a.,= 10" mhos m 

classes of these: in one case the current ratio / 1
1/ 0 is 

approximately + I and in the other case the ratio is 
approximately - I. For obvious reasons. these are 
designated the coaxial and bifilar modes. respectively. 
Actually. in the unlikely case that Qo = Q1• we have 
exactly / 1 = ± /0 . Using an adaptation of Newton's 
method. solutions of the desired type have been 
obtained for the specific configuration shown in 
Fig. I c. This is considered a reasonable idealization 
of the situation encountered in practice where the 
transmission line is suspended from the tunnel wall 
but offset from the centerline. An example is shown 
in Fig. 2 where the following parameters are assumed: 
a= 2m. c,,= 10c0 • ae = 10- 2 mhos/m. a.= t06 mhos/m. 
c. = 10- 3 m = I mm. and d = 0.02 m = 2 cm. Various 
values of the ratio a0 ;a are shown for the coax mode 
but only the value 0.8 for the bifilar mode. Actually. 
in the latter case. the corresponding values for 0.9 and 
0.6 are indistinguishable. The attenuation <Jf the 
bifilar mode is also insemitive to the; oric;ntaticJn qf 
the two-wire line, and an approximate; attenuali/Jn 
expression which neglects tunnel effech is given in 
the Appendix. Here the real part of r a, which is 
proportional to the attenuation rate. is plotted as a 
function of frequency from 0.2 to 200 MHz. The 
increase of the coaxial mode attenuation as the wire 
conductor approaches the wall is apparent. Also 
Mahmoud [5]. in his numerical studies of the 
rectangular guide. has confirmed this effect. Actually. 
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the attenuation rates are quite dependent on the 
assumed wire conductivity. As illustrated in Fig. 3, 
the losses are greatly increased when as is assigned the 
value of t 0 5 mhos/m corresponding to a steel cable, 
for example. Actually, the dependence on the other 
parameters, such as cs and d, is not so severe. 
For the geometry of the tunnel guide considered in 
the preceding example, we can expect higher-order 
waveguide modes to appear when the frequency 
exceeds the cut-off value for the empty tube. This 
occurs approximately at 50 MHz in this case. For 
higher frequencies. we can expect the situation to be 
quite complicated. However. it appears we can 
always identify the coax and bifilar modes as the 
ones that are significantly influenced by the location 
and the series impedance of the wire conductor. 
Modes that do not depend on the wires have been 
considered elsewhere by the authors and by Mah­
moud [5]. 
Now we can make a specific comparison of our 
calculated results of the attenuation rates with some 
experimental data published by Deryck [6] for 
coaxial and bifilar mode propagation in a tunnel in 
Lanaye. Belgium. The actual tunnel has a total 
height of the order of 4-5 m and the width is of the 
order of 3-4 m. The comparison is indicated in 
Fig. 4, where the abscissa is the distance of the 
transmission line from the tunnel wall and the 
ordinate is the attenuation rate in dB per meter. The 
calculated results use the same parameters as in 

dB/IOOm 
60 

40 

30 

20 

7 

b 

d 

DISTANCE TO WALL 

Fig. 4. Cnmparis,,n of c,1kulatcd (s,,lid curws) and Deryck's 
,,bsc•ned (bn,kcn curves) data ,,f attcnuati,,n rate as a functi,,n ,,f 
th,· dist an,·,· ,,f the transmissi,,11 line from the tunnel \\all. Cur,·es 
11 and/, arc f,,r the n>axial nwdc r,,r 27 and o~ l\lH1. rcspcctivd>. 
while cun-cs <' and d arc for the bifilar nwdc for 27 and (:,i, l\ I Hz 

Fig. 2. As both the experimental and the theoretical 
curves show. there is a strong dependence on the 
proximity of the tunnel wall for the coaxial mode at 
both 27 and 68 MHz. On the other hand. there is 
virtually no dependence on the location of the 
transmission line for the case of the bifilar mode. 
This. of course. is an attractive feature for long 
distance communication. As Deryck [7] indicates, 
conversion from the easily excited coaxial mode to 
the bifilar mode permits efficient point-to-point 
communication. even when the transmitting and or 
rccei\'int antennas are not closely coupled to the 
transmission line. 

Concluding Remarks 

In our analysis. we have adopted an idealized 
circular cross-section for the tunnel. Thus, strictly 
speaking, the calculated data are not valid for actual 
tunnels or haulageways in operational mines. How­
ever, it is interesting to note that the present results 
for the coaxial and bifilar modes are very similar to 
corresponding calculations carried out by Mahmoud 
for rectangular tunnels. Unfortunately. an exact 
modal analysis for the rectangular shaped tunnel is 
only possible when the side walls are either perfect 
electric or perfect magnetic conductors. Nevertheless. 
the principal characteristics of the coaxial and 
bifilar modes are very similar in the two geometries. 
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This suggests that the derived characteristics are 
qualitatively valid for non-circular tunnels proYided 
the cross-sectional area is approximately the same. 

Appendix 

Since the tunnel has only a small effect on the bifilar mode. it is 
possible to derive an approximate expression for the propagation 
wnstant by considering only the primary fields of the two-wire 
line. The current ratio / 11'/0 is approximately - I. and the mode 
equation reduces lo 

.-lo-.-1 1 =0, 

where 

and 

(29) 

Since !!;, is approximately equal to the wire spal'ing d and the 
modified Bessel functions can be replaced by the log term in the 
small argument expansion. (29) can be solved for r: i.e. 

I 2rrZ, ll 
r=)'o I+---'-----

l'o 1/o In (d/c) 
(30) 

wherl.' Z_, is g.i,l.'n by p:,) L'r the simplifit:'d r,,rm in\~~). nw ,lb,,,c· 
expression for r was actually ust:'d as a starting. r,ilu<' 111 the· 
numerical determination of r by :-:ewton·s method. L. nf,,rtunatel,. 
no such conn:nient expression is ,n·ailable' for the cc,axial nwck 
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CHAPTER 12 

Excitation of monofilar and bifilar modes on a transmission line 
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We consider the excitation of monofilar and bifilar modes on a transmission line in a circular tunnel 
by a short dipole antenna. As expected, the monofilar mode is excited more strongly by an antenna 
placed in the tunnel, but the bifilar mode has lower attenuation. The excessive losses in the 
monofilar or coaxial mode are attributed to the return current flow along the tunnel walls. In the 
bifilar or transmission-line mode the fields are more confined to the region of the wire conductors. 

I. INTRODUCTION ciprocity-:- The method was used by Mahmoud6 for a 

In coal mines it is desirable to communicate for long 
distances along tunnels and haulageways. An ingenious 
communication technique which is being developed for 
use in Belgian coal mines1 •2 utilizes a two-wire trans­
mission line that can be suspended from the upper wall. 
A transmitter placed in the tunnel excites mainly the 
monofilar mode which propagates like a coaxial or TEM 
mode. The key step in the Belgian system is to convert 
this mode to a bifilar mode which is less attenuated 
because the return current flows in the second wire 
rather than through the surrounding rock. This mode 
converter, in its simplest form, 1 •2 is often just an in­
ductance inserted in one line and a capacitor inserted 
in the other so that the monofilar mode is transformed 
into the bifilar mode. The monofilar mode could also be 
called the balanced or symmetrical mode, and the 
bifilar mode could be called the unbalanced or asym­
metrical mode. In other cases, this conversion is 
achieved by random imperfections in the system such as 
nonuniformities in the tunnel cross section and/or 
changes in the wire spacing, Here we consider only the 
excitation of the modes on an idealized uniform 
structure. 

The propagation constants of these modes have been 
examined by Mahmoud 3 for a rectangular tunnel and by 
Wait and Hi11'1 for a circular tunnel. Here, we examine 
the excitation of these modes by an electric dipole in a 
circular tunnel containing a two-wire line. The same 
principles would apply to the excitation of the corres­
ponding type modes on a single braided coaxial cable 
that is often used in mine communications. 5 However, 
we do not consider this situation explicitly here. 

II. FORMULATION 

The geometry, of the tunnel and the source dipole of 
moment Pin the plane z =0, is shown in Fig. 1. Con­
sequently, the source current density J. can be written 

(1) 

where o is the Dirac delta function. As indicated cy­
lindrical coordinates (p, cf>, z) are adopted so that the 
source is located at (P., cf>., 0). This current source 
produces an axial electric field E""(p, cf>, z) that can be 
determined by an application of the method of re-

3402 Journal of Applied Physics, Vol. 45, No. 8, August 1974 

rectangular tunnel containing a single axial conductor. 
The technique of exploiting the reciprocity theorem has 
been used extensively in the calculation of excitation 
efficiencies for VLF modes in the earth-ionosphere 
waveguide. 7

'
8 

We will also determine the wire currents 10(2) and 
11(2) excited by the current source at (p

0
, cf>., 0). These 

wire currents are indicative of the strength of the 
excited monofilar and bifilar modes, 

To facilitate our analysis, we write the axial current 
density for z > 0 carried by the wires J, in the form 

J ,(p, cf>, z) = exp(- i/32)p·1 [106(p - p0)0( ¢ - c/>0) 

(2) 

for a time factor exp(iwt). Here ip is the propagation 
constant of a given mode on the structure. The total 
field e of this current can be separated into transverse 
and axial components in the following manner: 

e(p, ¢, z) = exp(- ipz){ I0 [e 10(p, c/>, /3) + ze ,0(p, ¢, p)] 

+Ii(e 11(p,¢,/3)+ze,1(p,cp,/3)]}. (3) 

Explicit field expressions can be derived from z com­
ponents of electric and magnetic Hertz vectors4 and will 
be given later. 

We now apply the reciprocity theorem 9 to the current 

FIG, 1. Geometry for two wires and a source dipole in a cir­
cular air-filled tunnel in a homogeneous earth, 

Copyright© 1974 American Institute of Physics 3402 
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densities given by Eqs. ( 1) and (2) and their fields to 
yield the following: 

C 1/' .,:~ J,(p, 0, z) · [1
0 

e 10 (p, ¢, (3) 

- I1e nlP, ¢, /3)) exp(- i{3z)p dp d<f> dz 

= J: f' f'J,(p, </>, z)E,.(P, </>, z)pdpd<f>dz. (4) 

The integrations in Eq. (4) can be carried out to obtain 

10P · ~10(P., <I>., f3)+l1 P• e 11(P., <I>., {3) 

= Io r E • .<Po, <l>o, z) exp(- i{3z) dz+ 11 I"' E .,,(Pi, </>1, z) 
~- -0 - 90 

xexp(- i/3z)dz 

(5) 

where£~. is the Fourier transform of E, •. Since /0 and 
/ 1 are arbitrary at this point, we can derive the 
following from Eq. (5): 

E',.(Po, <f>o,f3)=P· eto(P., <l>.,{3), 

E~.(Pp </>1, /3) = p. eu(P., <I>., {3). 

In order to obtain the induced wire currents, 
11(2), we write them as Fourier transforms 

1 ["' 
I 0(z) = 2rr J.. I~(/3) exp(if32) dz, 

Ii(z)= 
2
~ .l~l~({3)exp(i/32)d2. 

The boundary conditions at the wire match points re­
quire that 

E~a (Po + C, ¢ 0 , /3) + 1~((3)e ,o(Po + C, <f>o, /3) 

+ l~((3)e ,/Po+ c, </>0 , /3) = I~((3)Z s, 

E',.,(P1 + c, </> 1, /3) + l~(/3)e ,o(P1 + C, </> 1 , /3) 

+?i(/3)e.i(P1 + c, ¢ 1 , /3)=/~(/3)Z., 
where 

Z - ...!k. Io(y,c)' Y~ :::iwµ.a., 11 = iwµ.' 
s - 21rc / 1(y,c) • Y, 

a. is the wire conductivity, and c is the wire radius. 

(6) 

(7) 

(8) 

The above expression for the wire series impedance per 
unit length10

•
11 Zs is actually an approximation which is 

valid for I Y, 12 »1/31 2
• For sufficiently small vah1es of 

c, Eq. (6) can be substituted into Eq. (8) to obtain 

where 

A0 (/3) = e ,o(P0 + c, ¢ 0 , /3) - Z 5 , 

Ai(/3) = e ,1(Po + c. <f>o, /3), 

Bo(/3) = e ,o(P1 + c, i/>1 , /3), 

B1 (.8) = e ,i(P1 + c, ¢ 1 , /3) - z •. 
Using Cram er' s rule, I~(f3) can be written 

/~(f.l) 0-=[-B1(fl)P• ero(P
0

, ¢
0
,µ} 

+A1(/3)P· e 11 (p
0

, <f>., /3)1 [t:.((3)]-1, (10) 

where t:.(fl} = A0(.B)B1(/3)- A1(/3)B0((3). 

A similar expression can be written for l'i(/3). The 

zeros of t:.(/3) are the characteristic values µ,, of the 
waveguide modes that were examined previously. 4 

The wire current / 0(2) is obtained by substituting 
Eq. ( 10) into Eq. (7) and converting the integral into 
the following residue series: 

l 0(z)::::i~ [-B1(/3,,)P• eto(P., <f>.,f3,,) 
p 

+ A 1({3,,)P · e 11(P., if>•' /3,,)) [(dt:./ d(3) I 8• 8,,]-
1 

x exp(- i(3,,z), ( 11) 

where I m(f3,,) < 0 and I z I is sufficiently large that the 
heavily damped branch cut contribution can be ignored. 
At resonance, it is easy to see that 

( 12) 

Also, for sufficiently small c, B0 ({3) ::eA 1 (13). Consequent­
ly, Eq. (11) can be rewritten in the following convenient 
form: 

I ( ) ~ ( ) ·",' B,(/31>) 
oz ~- sgn z 1-L.. (dt:./dr:l}I 

P f' B=Bp 

( 13) 

where 

) ( ) l't ((:J ,,) ( ) 
e1(P., if>., f3,, = eto Pa, <I>., f3p + Io(f3,,) e11 P., if>., f3,, • 

Since e 1(P., cf>., f3p) can be considered the transverse 
modal field normalized to unity current in wire zero, 
Eq. (13) now contains the expected form of P dotted into 
the modal field. The denominator of Eq. ( 13) and the 
factor B1 (/3 p) have actually been computed in solutions of 
the mode equation t:.({3) = 0 by means of Newton's method 
for specific cases. 4 The behavior of e I is considered in 
Sec. Ill. 

Ill. TRANSVERSE FIELD VARIATIONS 
The transverse electric field variation of a given 

mode is of interest in both the excitation problem as 
shown in Eq. (13) and the reception problem. For 
normalization purposes, let the current in wire zero be 
unity and the other current be l'i(f3). For the monofilar 
mode, /'i(/3,,) "'1, and for the bifilar mode, /~((3,,)"' - 1. 
The exact values emerge from the solution of the mode 
equation. 4 All electric and magnetic field components 
can be derived from z components of electric and mag­
netic Hertz vectors, n, and n;. The transverse elec­
tric field required in Eq. (13) is 

e 1(p, if>, {3) = pep(p, if>, (3) + ef>e~(p, if>, /3), ( 14) 

where 

and 

r an, . an, 
e~ = - p a7p + twµ. ap. 

Here we have let r= i(3, and the z variation is exp(- rz). 
By substituting the known expressions4 for n, and n: 
into Eq. (14) and carrying out the differentiations, the 
following expressions for eP and e.,, are obtained in a 
form suitable for computation: 
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FIG, 2. Special ~eomctry for a two-ll'irc transmission line in 
a circul::tr tunnel. 

X [Im( vp0 ) COS/II ( <P - ¢ 0 ) + Ii ((3)1 m( 1'P1) COS/II(<!> - </> 1 )]l 
( 15) 

c = !1.!_[.!:._ (1·p0 sin(¢ - c/> 0 ) K (l'P ) 
~ 2~ y \ pd I d 

+l'(/3)up1sin(¢-¢1)K (vp')\ 
1 p~ I d / 

- 2 t (I...mR Km(z•a) I ( 1'P) ..L 1'ir1 A I' (11p)\ 
m=l yp m lm(va) "' 'IO mm 'J 

X [I'"( up0 ) sin111( ¢ - ¢ 0 ) + li(/:l)I m( 1'P1 ) sinm( ¢ - ¢ 1) ]j 
where p < a, 

pri = [p2 + p~ - 2PPo cos(¢ - ¢0) ]' '?' 

~ = [p 2 + P~ - 2pp 1 cos( cp - ¢ 1) ]
112 . 

1• (y2 _ r2)112, 

tm = 1, Ill 0 
= 2, //1 C,C o. 

is the free-space propagation constant, .a is the tunnel 
radius, r, 0 is the characteristic impedance of free space. 
and 1"' and J{ m are modified Bessel functions of order 
111, The quantities Rm and Am are determined from the 
tunnel boundary conditions and are given by4 

R = {(y/1)K;,,(va)[Km(va)]- 1}+Ym11o+f)mT/o, 
~ {(y '1 )I;,,(ua) [Im(ua)J- 1

}-'- Y m11o + {jmlJo 

where 

Zm = - (iwµ/11) K;,,(ua)[Km(ua) 1-1
, 

Y m = (iy;/1111w) K;n(,w) [Km(u/a) 1- 1
, 

ll=(y;- r2)1/2 1 

y; = iwµ( a.+ iwe.), 

w is the angular frequency, and a. and E
6 

are the con­
ductivity and permittivity of the surrounding rock. In 
the numerical evaluation of Eqs. (15) and (16), the re­
quired modified Bessel functiorts are quickly computed 
by recurrence (backward for Im and forward for K"'). 

In order to treat a specific numerical example. con­
sider the special geometry of Fig. 2. Let x and ,, be 
the horizontal and vertical coordinates where a hrJrizr,n­
tal two-wire transmission line of wire spacing r/ is 
centered at p a0 and ¢=45°. The horizontal and verti­
cal electric field components, e, and e,, at the 
observation point (p, cp) are given by 

e, = e, cos</) - e<P sin¢, 

ey=e.sincp+e<t>coscp. (17) 

These rectangular components are the ones of interest 
when considering transmission or reception with hori­
zontal or vertical dipoles. For convenience, we consider 
a case for which the propagation constants of the mono­
filar and bifilar modes have already been computed4

: 

frequency = 20 MHz, a 2 m, E,,/~0 = 10, a,.= 10-2 mho/m, 
wire conductivity a

5 
106 mho/m, wire radius c = 10-3 m, 

d 0. 02 m, and a0 /a=0. 8. Solutions of this mode equa­
tion for this case yield for the monofilar mode: 

T/o 
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FIG. 3. Magnitude of the horizontal eloctricnl field as a func­
tion of uzimuth angle cp for both monofilnr and bifllnr modes. 
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a!eyl 
"lo 

- MONOFILAR MODE 

----BIFILAR MODE 

a0 /a =0.8 

FIG. 4, Magnitude of the vertical electric field as a function of 
azimuth angle ¢ for both monofilar and bifilar modes., 

ra = 5. 478 x 10·2 + i8. 882 x 10·1, 

I 1 /l 0 =D, 9189L -0.898°; 

for the bifilar mode: 

rrt = 7. 809 X 10"3 + i8. 547X 10"1
, 

Ii/10 = - 1. 0127 LO. 264°. 

( 18) 

Here we have designated the wire closest to the wall as 
wire zero. Note that the R,( ra), which proportional to 
the attenuation, is about seven times greater for the 
monofilar mode, and that the current ratios I jI0 are 
close to ± 1 as expected. For the frequency and tunnel 
size considered here, only the monofilar and bifilar 
modes carry significant power since all other modes 
are "cut off". 

Substitution of the numerical re suits oi Eq. ( 18) into 
Eq. (15) yields the desi:red field quantities. In Fig. 3, 
the normalized horizontal field a I e, I /11 0 is shown as a 
function of cf> for p/a =0. 6 and 0. 9 for both modes, and 
in Fig. 4 the normalized vertical field a I e YI /11 0 is shown 
for the same cases. The field variations are rather 
complicated in the vicinity of the transmission line 
( ¢ = 45°), but the important point is that field strength 
of the bifilar mode is generally down by a factor of 
about 100 from that of the monofilar mode throughout 
the tunnel. 

In order to demonstrate that the above trends do not 
depend on the location of the transmission line, we con­
sider a second example where the distance of the line 
from the wall is doubled, a0/a=0. 6. All other param­
eters are the same as above. Solution of the mode 
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equation yields for the monofilar mode 

ra =0 3. 505 X 10-2 + iB. 610 X 10-1, 

and 
IjI0 = 0. 9324 L - 0, 810°. 

For the bifilar mode, ra and I 1/I 0 are virtually un­
changed from the previous values. In Figs. 5 and 6, 

( 19) 

the normalized horizontal and vertical electric fields 
are shown for pl11=0. 3 and 0. 9. Again, the field 
strength of the bifilar mode is generally down by a fac­
tor of about 100 from that of the monofilar mode 
throuf!,'hout the tunnel. 

V. CONCLUDING REMARKS 

We have examined the excitation of monofilar and 
bifilar modes on a two-wire transmission line in a 
circular tunnel. Although the circular tunnel model is 
highly idealized, previous attenuation calculations4 have 
agreed quite closely with those of Mahmoud 3 for a 
rectangular tunnel with perfectly conducting side walls 
and with experimental data of De ryck 1 taken in actual. 
mine tunnels. 

The. transverse field variations shown in Figs. 3 and 
4 illustrate the expected result that the monofilar mode 
is much easier to excite or receive than the bifilar mode. 
Below about 50 MHz, these are the only modes which 

are not cut off. However, at higher frequencies (e. g, , 
greater than about 50 MHz), there are perturbed empty 
tunnel modes which will propagate. 
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CHAPTER 13 

Gap excitation of an axial conductor in a circular tunnel 
David A. Hill and James R. Wait 

Jnsitute for Te/ecomma11icatio11 Sciences. Office of Telecommu11icatio11s, U. S. Department of Commerce, Boulder. 
Colorado 80302 
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We consider the exdtation of modes on an axial conduc'tnr in a drn1lar tunnel by a circumferential 
gap. Numerical results are presented for the power into the monolilar mode and the attenuation of 
the mode. The power delivered to the monofilar mode increases as the conductor approaches the 
tunnel wall, but the attenuation also increases. The results have 11pplication to systems which use 
conxial cables for long-distance communication in mine tunnels. 

I. INTRODUCTION 

In order to communicate for long distances along mine 
tunnels and haulageways, it has been found advantageous 
to utilize a two-conductor transmission line which will 
support two types of dominant modes, 1 monofilar and 
bifilar. In the monofilar mode, the forward curren't is 
carried by the transmission line and the return current 
is carried by the tunnel walls. In the bifilar mode, the 
return current is carried by the second conductor. The 
monofilar mode has the advantage that it is readily ex­
cited (or received) by an antenna located in the tunnel, 
but also the disadvantage of higher attenuation due to 
loss in the surrounding rock. A key step in practical 
systems is the conversion from the monofilar or sym­
metrical mode to the bifilar or asymmetrical mode. 

Bessel'functions of order m, and F(X) is unknown at this 
point. For p <p0 , p and Po are interchanged. The bound­
ary conditions at the tunnel wall (p = a) are that the tan­
gential fields (E., Eob, H,, Hob) are continuous. Conse­
quently, the total fields in the tunnel can be derived 
from the following z components of the electric and 
magnetic Hertz vectors, 4 •

7 n and nm: 

The actual transmission line can be either a two-wire 
line, as in the INIEX/Deryck2 system, or a coaxial 
cable. The attenuation and excitation of the modes on a 
two-wire line have been studied both analytically3

•
4 and 

experimentally. 2 When the transmission line is a coaxial 
cable, the bifilar mode propagates between the inner and 
outer conductors, and the monofilar mode propagates 
between the outer conductor and the tunnel walls. Mode 
conversion is accomplished either discretely by spaced 
slots as in the INIEX/Delogne system 1 or continuously 
through a loosely braided outer conductor. 5 Here we 
examine the excitation of a circular conductor by a cir­
cumferential voltage source. As far as the external 
fields are concerned the conductor itself appears to be 
solid metal. 

In what follows, all field quantities vary harmonically 
with time according to the time factor exp(iwt), where 
w is the angular frequency. 

II. FORMULATION 

A circular conductor of radius c. is located W'.thin a 
circular tunnel as shown in Fig. 1. Since the co~tductor 
radius is assumed small compared to both a wav,elength 
and the tunnel radius a, the priinary fields 6 of the con­
ductor current can be determined from the z component 
of a Hertz vector n P: 

nP = f _:: F(.\.)K0(vp4) exp(- i.\.z) d.\. (1) 

= lQ F(,\) t 1.,(vp0 )Km(1;p) exp[- im(<f:, - <f:,0 )) 
'"""° m=...c:o 

x exp{-i.\.z)d.\. (p>p0), 

where Pd=[p2 +p~-2pp0 cos(<{:,-<f:,0 )]1 12 , 1·=(.\.2 -k2
)
112, Ji 

is tl1e free-space wave number, 1., and K., are modified 
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n = I: F(X) ~ lm(vp0 )(Km(vp) - Rm(.\) /~:t::~ lm(vp~ 

Xexp[ - im( <f:, - <f:,0 )) exp(- i.\.z) d.\., 

11'" = J.::, F(.\.) ~ A,,,(.\) 1,.(vp0 ) lm(vp) exp[ - im( <f:, - <f:,0 ) 

Xexp(- i.\.z)d.\., 

where 

R (.\.)= (ik/v)K~(~a)[K,.(va)]· 1 + Ym11o +0,.170 , 

'" (ik/v)l~(va)[lm(va)]·1 + Ym11o + <'>,.110 

(m.\./a)2 (v•2 - u•2)2 
0m1Jo=(ik/l1)/~(va)[/,.(va)]· 1 +Z,./710 ' 

Z,,. = -(iwµ 0 /u)K~(ua)(Km(ua)]"1, 

(2) 

FIG. 1, Geometry for an axial conductor in a circular tunnel. 
The conductor is excited by a gap at z = 0, 
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The conductor is excited by a gap of width 2d centered 
at z = 0. In the gap, the electric field E. is approximate­
ly given by V/2d, where Vis the gap voltage, In order 
to determine F(.\) in Eq. (2), we assume that E, and the 
conductor current /(z) satisfy the following impedance 
relationship for all z: 

where 

Piz)=l, lzl<d 
=0, lzl>d. 

(3) 

z. is the series impedance per unit length which is ex­
plicitly given by6 

(4) 

where k! = - iwµ 0(a. + iwE5 ), 11. = wµ 0 /k5 , and CJ5 and E5 are 
the conductivity and permittivity of the axial conductor. 
The following expression for E, at the match point 
(cf>=cf> 0 ,p=p0 +c.) can be derived from Eq. (2): 

= - f ~ 11
2F(,\) exp(- i.\z) (K0 (11c,) - ~ R,,,(X) (5) 

X ~:(\~;; I.,(vp0 )I,,,[1 1(Po +c.)))d,\, 

The current /(z) can be determined approximately by 
examining the azimuthal magnetic field H"', around the 
conductor. Thus 

k
2 f = ""-21Tc.-. - vF(x)K1(vc.)exp(-iXz)dx. iwµ

0 
_ 

Since vc. is small, Eq. (6) reduces to 

-21Tk2 f= 
l(z)"" -.-- F(,\)exp(- iXz)dX. 

lWµ 0 _ 

The following expansion for the source function in Eq. 
(3) is also useful: 

V V f = sin(Xd) . 
2dPa(z)= 27T ·= ~exp(-i.\z)dX. 

By substituting Eqs. (5), (7), and (8) into Eq. (3), we 
can solve for F(,\): 

(6) 

(7) 

(8) 

F(x) = - V sin(.\d) , (9) 
2 7TD(X) .\d 

where 

D(X) 1•
2(K0(t-c5 )-~ R,,,(X)~:(~,:; Im(up0 )/,,,[11(p0 +c.)J) 

21Tik Z +-- S' 

110 

The zeros of D(,\) are the characteristic values of the 
waveguide modes.\, which have been e.xamined previous­
ly. 7 There is also a branch point at X = ke, but the branch 
cut contribution corresponds to lateral waves in the 
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lossy external medium and is heavily damped. Conse­
quently, the branch cut contribution can be neglected 
for most applications (sufficiently large I zl ). In evaluat­
ing the ,\ integrations in Eq. (2) by the residue theorem, 
it is necessary to close the contour in the lower half­
plane for positive z and in the upper half-plane for nega­
tive z with the following results: 

n = iVL sin(.\.d) exp(- i.\8 I z I) 
s X,d D'(.\.) 

XL exp[-im(cf>-c/)0 )]1,,,(v.po) 
m 

n"' _ ·v ( ) , sin(.\5d) exp(- i.\8 I z I) 
- i sgn z ~ .\,d D'(x.) 

xI; exp[-im(cf>-c/)0 )] t..,,,(.\,)/m(v,po)/,,,(v,p), 
m 

where v; = ,\! - k2, 

sgn(z)= +1, z >0, 

=-1, z <0, 

(10) 

and the branch cut contribution has been neglected. The 
actual field components are given by 

E, = (k3 +t)n, H, =(ka + i3::)nm, 
E = a2n _ iwµ 0 an'" , 

p azclp p acp 

H = iWEo an + a2n'" , (11) 
p p acp azap 

1 a2n . anm 
E~= P azacp +iwµ 0 ""'ap, 

an 1 a2nm 
H = - iwe - + - -- • 

"' 
0 ap p az acp 

Ill. CALCULATION OF POWER 

In order to judge the effectiveness of the modal excita­
tion, it is useful to calculate the power which is supplied 
to the waveguide modes by the source gap. The total 
power supplied to the tunnel is most easily determined 
by integrating the Poynting vector over the entire axial 
conductor and tunnel wall surfaces. The p component of 
the Poynting vector SP, at the tunnel wall (p =a) is given 
by 

(12) 

where • denotes complex conjugate and the usual factor 
of ½ is omitted because rms values are assumed for the 
field quantities. The normal component of the Poynting 
vector SP. at the conductor surface is approximately 
given by 

s •. =-(E,n:>IP'•c =-(Z./27rc,)/(z)/*(z). (13) 
s 

From Eqs. (7) and (9) and the residue theorem, /(z) is 

l(z) = 21Tk V L sin(A.,d) exp(~ iA, I z I) . 
110 • X.,d D (A,) 

(14) 

The total power P is given by 

P=P1 +Pw, (15) 
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where 

P,=2 j/ ftRe(Sp)adq,dz, 

Pu,= -411cs ,l'° Re(Sp.)dz, 

Re indicates the real part, and the evenness of SP and 
SP. in z has been utilized. The azimuthal symmetry of 
SP. in </>' has also been used in P w· To simplify the 
following numerical results, it is useful to set d equal 
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to zero. The singularity in the susceptance due to a 
delta-gap source is well known in linear antenna theory ,8 

but the delta gap presents no problem in the calculation 
of real power here. 

When the actual field expressions are substituted into 
Eq. (15), the </> and z integrations are easily performed 
because only exponentials are involved. The resultant 
forms for P1 and P w are · 

_-411V2ReLI: 1 (1) 
P, - 1J O • P D'(A

8
)D'(Xp)*i(A. - At) 6 

and 

x~ lm(v.Po) lm(~pPo>· {rv:1104,.(Ap) lm(vpaW 

x{mA. Km(v ,a)[l - Rm(A5 )] + ikaV81]0Am(A.)l~(v_,a)} 

+ GlApTJ0~(Ap) lm(vpa) + ikavp (K~(t'pa) - R.,(Ap) 

X ~=(~::? l~(vpa))r {v!K.,(11.a) [1 - R.,(A.) n} 

2 V 
2 

( )a (b. , Y-· 1 ) 
Pw= --;i;;- 211k Re Tio 1"' 'p' D'(A.)D'(Ap)•i(A. -At) . 

In a lossless waveguide, the modes are orthogonal and 
the cross terms in the summation (s 1 p) have no contri­
bution. However; for the lossy waveguide case, 9 this 
is not necessarily true. 

If only the total power P is desired, it can be der.ived 
in a simpler manner by integrating the Poynting vector 
over the source gap. For d = 0, this is equivalent to 
multiplying the real part of the current at z = 0 by V. 

1 
!g .5 

z 
0 P0 /o =.85 ti .2 
::) EXPERIMENT z 
UJ 
I- .I 
I-
<l 
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. 02 

.01 
2 5 10 20 

FREQUENCY (MHz) 

FIG, 2. Attenuation of the monofilar mode as a function of 
frequency for three conductor locations. The experimental 
curve corresponds to po/a=0,85. 
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Consequently, from Eq. (14) the total power is given by 

V 2211k ., ( 1 ) 
P= VRe[/(0))= ~~Re D'(A.) · ( 17) 

Strictly speaking, Eq. (14) is not valid in the gap 
( I z I <d), but the same result for P in Eq. (17) can be 
obtained by rigorously integrating the Poynting vector 
over the gap and letting d approach zero. 10 

We now consider a numerical example which is appli­
cable to the use of a coaxial cable in a mine tunnel. The 
following tunne 1 para mete rs are assumed: a= 2 m, E./ E0 

= 10, and a.= 10-2 mholm, The conductor parameters 
are a.= 105 mholm and c. = O. 35 cm, where c. is a fair­
ly standard value. 5 The frequency range of interest1

•
5 is 

roughly 1-20 MHz. In this frequency range, the per­
turbed empty twmel modes are essentially "cut ofr• and 
can be neglected. However, at frequencies above about 
50 MHz they can be important and their attenuation has 
been studied. 11 The first step is the numerical solution 
for the characteristic value of the monofilar mode, Au 
from the equation D(A)=O. Newton's method has been 
used to solve this equation with the advantage that the 
solution automatically yields D'(A1) which is needed in 
Eq. (16). The attenuation 0 1 is given by 

a 1 =8.686Im(-A1 ) (dBlm), (18) 

where Im refers to the imaginary part. The attenuation 
as a function of frequency is plotted for three values of 
p0la in Fig. 2. Also plotted is an empirical curve for 
a 1 which is derived from coal mine measurements. 5 The 
tunnel shape was different, but the separation between 
the conductor and the wall was 0. 3 m which corresponds 
to the p0la =0. 85 curve. Considering the uncertainties 
in the parameters, the agreement is quite good. The in­
crease in attenuation with increasing frequency and de­
creasing wall conductor separation has been noted both 
experimentally2 and theoretically. 7 

• 
12 

The preceding values of A1 and D'(A1) can be used to 
calculate the power into the monofilar mode as given 
by Eq, (16) with only the s =P = 1 term included or by 
Eq. (17) with only the s = 1 term included. Higher-order 
modes should be negligible because they have large 
negative imaginary parts of A8 , The normalized power 
is shown in Fig. 3 for the same parameters as used in 
Fig. 2. It is interesting that there is a slight local 
maximum at about 7 MHz which was determined by a 
different analysis to be the optimum frequency in the 
braided coaxial cable system. 5 The total power and the 
power into the conductor are shown as a function of p0la 
for 7 MHz in Fig. 4. As expected, the power lost in the 
conductor P w is a small fraction of either the total 
power P or the power lost through the tunnel walls P1 • 

The attenuation is also shown and is seen to increase as 
p0la increases . 

IV. CONCLUDING REMARKS 

We have examined the gap excitation of modes on an 
axial conductor in a circular tunnel and given numerical 
results for the monofilar mode. For the range of fre­
quencies and parameters of interest in mine communica­
tions, the power into the monofilar mode is increased 
as the conductor approaches the wall, but the attenua­
tion also increases. Although the circular tunnel is 
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FIG, 3, Power supplied to the monofilnr mode ns n f\lnction 
of frequency for three conductor locations. 

highly idealized, attenuation results 3
•
7 have shown good 

agreement with theory for a rectangular tunnel12 and 
with experimental data taken in actual mine tunnels. 1 

The results here have application to coaxial cable 
systems for both discrete slot excitation and continuous 
excitation as through a leaky outer braid. However, a 
useful extension would be to solve a more complicated 
modal equation inc~uding directly the effects of the 
dielectric filler, the braid, and the jacket of the cable. 

In this paper we have not considered the effect of the 
higher-ord11r modes in the tunnel. A numerical evalua­
tion of Eq. (17) for all integer values of s is needed to 
specify the total power supplied by the gap in the outer 
conductor of the coaxial cable, Also, for a complete 
systems design, we need to analyze the coupling of all 
the modes inside the coaxial conductor with all the 
modes in the tunnel region. These tasks are now occupy­
ing our serious attention. 
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suggesting the simpler alternative method of calculating 
the power. 
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An expression for the gap admittance of a coaxial cable within a circular tunnel is derived using a 
quasistatic method. Coupling between the TEM mode within the cable and the monofilar mode within the 
tunnel is computed, and 25% of the cable power is typically transferred to the tunnel from a single cable 
gap. The results have application to the use of leaky coaxial cables for communication in mine tunnels. 

PACS numbers: 84.40.N 

I. INTRODUCTION 

One method of communication along mine tunnels 
utilizes a two-conductor transmis9ion line which will 
support two dominant modes designated as monofilar 
and bifilar. 1 If the transmission line is an ideal coaxial 
cable, the bifilar mode is simply the TEM mode within 
the cable. In the monofilar mode, the forward current 
is carried by the cable shield and the return current is 
carried by the tunnel walls. The monofilar mode is 
readily excited or recieved by an antenna in the tunnel, 
but suffers from higher attenuation due to loss in the 
surrounding rock, 2 The INIEX/Delogne system3 utilizes 
a circumferential gap in the cable shield to achieve con­
version betw'een the two modes. 

In order to gain a quantitative understanding of this 
mode conversion, we examine such a coaxial cable in 
an idealized circular tunnel. The fields external to the 
cable for this geometry have been analyzed previously. 4 

Here we consider the complete problem of coupling from 
a TEM mode inside the cable to the modes in the tunnel, 
particularly the monofilar mode. This situation is il­
lustrated in Fig. 1 and is described in more detail 
below. 

The gap voltage and field distribution are not assumed, 
but are determined from a quasistatic method similar 
to that employed by Chang5 and Hurd6 in a free-space 
analysis, The final result of our analysis is an ef­
ficiency factor for the coupling between the TEM cable 
mode and the monofilar mode. This is an essential 
parameter in the design of such systems for 
communications. 

II. GAP ADMITTANCE 

We first derive an expression for the gap voltage when 
a TEM wave within the coaxial cable is incident upon the 
gap. The cable geometry is shown in Fig. 1 with re­
spect to a cylindrical coordinate system ( p, <fJ, z). The 
solid inner conductor of radius II and the shield or radius 
b and of ne~~i:;iblc thickness :ire :,ssm:!od to be pc:·fcet 
conductors. The insulation (a< p < b) has permittivity 
E. A circumferential ~ap in the shield is centered at ,. 
,-- 0. The rlrn1lar tunn<'l of radius a' is nlsn shown in 
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Fig. 1 with respect to a tunnel-centered cyHndrical co­
ordinate system ( p', </J', z). The tunnel region for p' < a' 
and p > b is characterized by zero conductiv\ty and free­
space permittivity e0 ; and the external region p' ~, a' is 
characterized by conductivity a

0 
and permittivity E

0
• 

Free-space permeability µ,0 is assumed everywhere. 
Finally, we note that the axis of the coaxial cable is 
located at Po, ¢ 0 • 

We first consider the fields in the tunnel (p'<a'), 
but external to the cable ( p > b). If the cable radius is 
small compared with a wavelength and the tunnel radius, 

( 
.,: 

) 

"o•>'o 

-.i•°ii.,_.o 

lo 

••flo 

p'=a' 
p•O 
p=b 

t 
T.E.M. 
INCIOENTWAVE 

FIG, 1. Coaxial cable with an Interrupted shield contained 
within a clroular tunnel. A TEM lncldent wave ls propagating 
in the positive Ill dlrectlon, (Note drawing ls not to scale since 
/, ls much smaller tlmn a'.) t1:1p ls loontud al z "O or .i' "l'! ti• 
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the primary fields can be derived from the following 
electric Hertz vector that has only a z component nP, 

lip= J: F(>..)K0 (vp) exp(- {ll.z)d>.., (1) 

where ,, = (>..2 
- k~) 11 2, kO =w(/lOEO) 112, K 0 is a modified 

Bessel function of zero order, and F(>..) is unknown at 
this point. The time variation of all field quantities is 
exp(iw/), where w is the angular frequency. The second­
ary fields are determined by applying the boundary con­
ditions that the tangential electric and magnetic fields 
(E ,, , E 0 ,, H,,, H 

0
,) are continuous at the tunnel wall ( p' 

=a'). As indicated before, 4 the total fields in the tunnel 
region can be obtained from electric and magnetic 
Hertz vectors that have only z components n. and nm. 
These are given explicitly by 

fl"= ( F(>..) {K0 (1 1p) - .0 mRm(>..)[Km(m')/ /m(l'a')] 

X lm(l'p0 )lm(1•p') exp( - i111(</>' - </>0 )]} exp(- i>..z) d>.., 

Ilm = ( F(>..) .0 m 6.m(>..)/m(1•p0 )/m(11p') 

Xexp[- i111(cp' - cp0 )]exp(- i>-z)d>.., 

where 

R = (ikJ1•)lC'm(1 1a')(Krn(va')+ Yrn17o+ 6w1Jo 
"' (ik/v)/~(va');/m(va')+ Ym1]0 +6m1Jo 1 

6 1) = (1111/a')2(v·2-11-2)2 
"'

0 [(ik/1,)I~(va')/lm(va')]+ Zj1Jo' 

- (iwµ/11)K~(11a') 
zm Km(ua') 

y - (k~/iW/lqll)K:,.(ua') 
m- Km(ua') ' 

11=(>-2 -k!)11 2, k!=-iwµ0 (a.+iwE,}, 7)O=(Jl/EO) 112, 

Im and Km are modified Bessel functions of order 111, 
and the summations on 111 run over integers from - oo 

to 00 , The explicit expression for 6.m ( >..) has been given 
previously4 but is not required here. 

In order to derive the desired Green's function, we 
consider first a delta gap at z = 0, The axial electric 
field E, at p = b is thus given by 

(2) 

E,lp=b V6(z) (V/2ir)J~:exp(-i>-z)d>.., (3) 

where Vis the delta gap voltage and the second expres­
sion is the integral representation of a delta function. 
We can also determine E • by operating on n. and evaluat­
ing the expression at an equivalent point, cp' = cp0 and 
p' Po+ b. Thus 

E, p'=po+b = (k~+ a~) n. p'=po+b 

0'=00 ~'=~o 

where 

D(,\)= 1·~{K,,(11b)-6 R (,\)[K (1 1a1 )/I (ua')] 
m m m m 

x I.,(l'p0 )lm[1 1(p0 + b ))}, 

By equating (3) and (4), F(>..) is found to be 

F(>-)= - V/2rrD(>..). 

(4) 

(5) 

The azimuthal magnetic field in the unprimed space H<t, 
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74 
is given by 

H __ , an.+.!_ J::!!.m_ 
¢,- ZWEo ilp p ?zilcp. 

Now it is convenient to define an average magnetir 
field evaluated at p = b: 

ii0 = (2ir)-l t· H0 I dcp. 
- 0 p=b 

Then H 
0 

is approximately given by 

(6) 

(7) 

- an I i., H<t, "'- iwe0+ "'iWE0 vF(>..)K1(vb)exp(- i>-z)d>.., (8) 
t•P p=b ., 

bearing in mind that b is small compared with the wave­
length. By introducing Hankel functions of the second 
kind H~2

> and H?' and using (4) and (5), H0 in (8) can be 
rewritten 

(9) 

where 

A(>-)=~ .0R (>..)KW(va') lm(1•p
0
)Im[l,(A,+ b)], 

711 m m I m(va') 

/3= - iv= (k~ - ;,.._2)1/2. 

We now consider a finite gap of width 6 centered at z 
=;: 0 with a voltage V and an electric fiel~ distribution 
f(z). The field distribution is normalized such that 

1
6/2 A 

I 
f(z)dz= 1. 

-6 2 
(10) 

From (9), it is seen that the external field ii</, can now 
be written as an integral of a Green's function over the 
gap 

(11) 

where 

( '). J"'Hi2'(f:lb)exp(-i>-lz-z'I) 
Gob,z,z =tWEo i'(n<2>(f3b)+A(>..)) d>-. 

_., 0 

The internal magnetic field at the gap ( p b") can be 
written as the sum of an incident TEM mode and an in­
tegral over the gap: 

6/ 2 

- 1 V f A H<t, ~ exp(- ikz) + 2 71<
5 

/(z')G(b, z, z')dz', 
-6/ 2 

(12) 

where k= w(/l0 €) 1 12, 10 = 2irbh0 , '10 is the incident magne­
tic field at the center of the gap, and G(b, z, z') has been 
given previously. 7 By equating (11) and (12), we obtain 
the following integral equation for f(z'): 

~ exp(- ikz) 

V i0/2A . 
--

2 
/j f(z')[G0(b,z,z')-G(b,z,z')]dz'=O. 

1T •6/2 

(13) 

This integral equation is of the same form as that ob­
tained by Chang5 and Hurd6 and by Wait and Hill7

•
8 for 

a coated cable. However, Go{b, z, z'), as given by ( 11) 
is considerably more complicated because it includes 
the effect of the tunnel boundary. 

In order to solve (13), we employ a quasistatic method 
which assumes that 6 is small compared to a wave length. 
Some of the details are omitted because the procedure 
is the same as that employed for the coated cable in free 
space. 8 As it turns out, G0 (b, z, z') can be approximated 
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in the following manner: 

G0(/1, z, z') 

, [loo 1 ( H1 2
)(/3lJ) •) . 1 

=tWEo _
00 

(3 H~2>(t3b)+J\.(;>,,)-1 exp(-z;>,,lz-z l)dA 

+ i too~ exp(- i A I z - z' I) d A] (14) 

_ . [f~ 2 ( Hj
2
>(µb) ) . . , ] 

- Iv.IE,, 
0 

'j3 H~2>(µb) + A(;>,,) dA - 2l\ 0 (1k 0 I Z - Z I) 
"'2iwc0 [N0 + ln I z - z' I + ln(Sk0 ) + C] 

= 2iwE0 ln[K0 I z - z' I], 

and C = 0. 5772 ° • • is Euler's constant. Since the interior 
problem has already been solved, we merely restate 
the desired approximation8 for G(b, z, z'), 

G(b, z, z')"" - 2icw (1nK I z - z' I+ 2kb ;
1
:(b/ a)) , (15) 

where 

K= [11/(b - a)] expN, 

N = fi (!. + i11 [Jo(11.a)]2 ) 
· s=t s bs [J0 (u 5a)]2 -[J0 (11

5
b)]2 

' 

u.= (k2 _ x.;)1/2, 

J 0 is the zero-order Bessel function, and ,\ is the 
propagation constant of the s-order evanescent TM 
mode. Since the dependence of G,, and G on z and z' has 
been reduced to lnl z- z'I, (13) can be solved for f(z'): 

~ /j/ 2 
/(z') = 11[(/J/2)2 - (z')2Jl/2 ' (16) 

~ 

where it has been noted that f(z') has the correct edge 
behavior as lz'I -½5. 

By substituting (14)-(16) into (13), it is possible to 
relate V to /0 in terms of a total gap admittance Y1 which 
is the sum of an external admittance Y., an internal 
admittance Y;, and a small capacitance term iwC0 • Thus 

(17) 

where 

iwC
0
= Zikob (1 + i.) ln(2), 

110 Eo 
(18) 

Y = - 2ikob [1n (~) + ,v + c] ,, ,,,, 4 ,, ' (19) 

Y, =f -i2~·b [ 1n(2(:~ a)) + N]' (20) 

and where Y0 =2rr (11111(/; a)l-1 :md 17cc:(µ,/f) 112
• 1'0 is 

the characteristic admittance of the TEM mode in the 
cable. The expression for V in ( 17) is used in Sec. III 
to derive a coupling factor between the cable and the 
tunnel. 
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Ill. POWER COUPLING FACTOR 

At frequencies of most interest to mine communica­
tions (< 50 MHz), most of the power supplied by the 
cable gap to the tunnel goes into the monofilar mode. 
Also, the small amount of power which goes into the 
waveguide modes and the continuous spectrum is rapidly 
attenuated away from the gap because the waveguide 
modes are evanescent and the continuous spectrum cor­
responds to heavily damped lateral waves in the lossy 
rock walls. Consequently, we consider the useful tunnel 
power to be the power in the monofilar mode Pm• Thus 
we define a power coupling factor Cm as the ratio 

Cm=Pm/PTEM• (21) 

where PTEM=J l/0 !2/y0 is the power in the coaxial cable 
incident on the gap. 

The propagation constant of the monofilar mode ;>,,0 

has been computed for a wide range of parameters from 
the mode equation2 

(22) 

where D(;>,,) has been defined in (4). For small gaps, the 
power in the monofilar mode is given by4 

Pm=W;:- IV2jRe(n)Ao)) 

!!EJL~ ( 1 ) = 17
0 

I Y
1

12 Re D'(Ao) ' (23) 

where (17) has been used in obtaining the second expres­
sion for Pm· By substituting (23) into (21), 

(24) 

If we had considered all power external to the cable as 
useful power, as assumed by Delogne, ~ the external 
cqupling factor Ce would have been 

(25) 

In general, Cm< c., although for frequencies well be­
low 50 MHz the difference is small, in some cases. 

IV. NUMERICAL RESULTS 

Before considering a specific numerical example, we 
must consider some computational aspects involved in 
evaluating N0 as given by the integral in (14). In order 
for the integral to converge, J\(X.) must approach zero 
more rapidly than H0 <2 >(f3b) as ;,,,- 00 • By employing 
asymptotic expansions, the ratio for large ;,,, is found to 
be 

J\(;>,,)/ H/ 2 >(13b) ~ j(;>,,) exp[- 2A(a' - Po - b)], (26) 

where f(;>,,) is algebraic in ;>,,, Note that (a' - p0 - h) Is the 
distance from the edge of the cable to the tunnel wall. 
If \ is the actual upper limit used in the numerical in­
tegration, then (26) implies that :1.1(a' - Po - b) » 1. If 
this condition is satisfied then the asymptotic behavior 
of the integrand is the same as in the free-space case. 
However, even then it is req11 ired that ;,,,/, » 1 for a 
small truncation error and that ,\6« 1 in order to 
neglect the factor exp(- iA I?. - z' I) in (14). In order to 
be able to choose At to satisfv ,hesf) three conditions, 
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TABLE I. N 0 and ex1:ernal admittance Y6 • 

Free space (a'= oo) 
Frequency ( MHz) No Y6 (mmhos) 

5 - 54. 7 +i230, 6 1. 281 +iO, 359 

10 - 32, 5 +il28, 6 1. 428 +iO, 464 

:lO - 19, 29 + i72. 56 1. 612 + iO, 620 

50 - 9, 58+i34. 89 1. 939+i0, 958 

In tunnel (a'=2 m, «:6/e 0=10, o-8 =10"2 mhos/m) 

Frequency Po (m) N 0 Y0 (mmhos) 

5 0,0 -16.0+i270,2 1. 501 +iO, 144 
5 1. 0 -16. 2+i279, 2 1. 551+i0, 145 
5 1. 7 -16,9+i314,5 1. 747 +iO, 149 

10 o.o -ll,9+il37,0 1. 523 +iO, 235 
10 1.0 -11. 5+{142,0 1. 577 +i0, 231 
10 1. 7 - 11, 0 + i160. 2 1. 780 +iO, 226 
20 o.o -10,78+i69,90 1. 553 +i0, 430 
20 1.0 - 9, 86 + i72. 72 1. 616+{0,410 
20 1. 7 - 8, 68 + i82. 65 1,837 +i0, 384 
50 0,0 -12, 70 +i31. 73 1. 763 +il. 132 
50 1.0 - 10, 11 + i32, 65 1. 814+i0, 988 
50 1. 7 - 6,04+i36,68 2, 038 + i0. 726 

the following two conditions must be satisfied: 

6/ b ,, 1 and 6/ (a' - Po - b) ,<- 1. (27) 

These are not serious restrictions, so long as large 
gaps are not considered. 

We now consider a numerical example which is ap­
plicable to mine communic.ations. The following tunnel 
parameters are assumed: a'=2 m, E/E0 =10, and a, 
= 10·2 mhos/m. The following cable parameters are 
typical9 :a=2.68mm, b=l cm, ande/e0 =2.5. A gap 
width 6 of 1 mm is assumed, but the results are not ver~· 
sensitive to changes in 6. We consider various cable 
locations in the tunnel and a frequency range from 5 to 
50 MHz. 

Table I contains numerical values of X,1 given by (14) 
and Y, given by (19). Note that Re(Y) increases both 
with frequency and with p0 , The values for p0 = 1. 7 m 
are probably most representative of operational condi­
tions since the cable will generally be located near the 
wall. For compru·ison, free-space results were also 
computed from (14) by setting A(,\)= 0 and are shown in 
Table I. Again Re( Y

8
) increases with frequency. 

Table II contains numerical values of N given by (15), 
iu.lC 0 given by (18), and Y; given by (20). Note that Re 
Re( Y1) is independent of frequency and Im( Y1) increases 
with frequency. Since these quantities are properties 
of the cable only, they are independent of p0 • 

Table III contains results for Cm given by (24) and the 
attenuation rate. The attenuation rate in dB/100 m is 
given by 868. 8 Im(-,\) where ,\ is given by (22). The 
numerical solution of (22) is accomplished by a modifica­
tion of Newton's method.~ Note that attenuation rate in­
t'l'l'ases considerably with both frequency and p0 • How­
L'\'Pl', C"' has a rather weak frequency dependence and 
i11<·rca::ws only slightly with p,,. Consequently, it appc>art-, 

TABLE II. N, iwC 0, and internal admittance (Y1), 

Frequency N iwC 0 Y1 
(MHz) (mmhos) (mmhos) 

5 - o. 0514 iO. 01:1 10,006 + iO, 022 

10 - o. 0514 i0.027 10,00ti+iO,OH 

20 - 0, 0514 '°· 054 10,006 +iO. 088 

50 - 0, 0514 (0, 135 10, OOG + iO, 221 

that lower frequencies are more advantageous because 
of the lower attenuation rate which would permit a 
greater distance between slots for a given signal level. 

V. CONCLUDING REMARKS 

We have obtained results for coupling between a TEM 
mode within a coaxial cable and the monofilar mode 
within the surrounding tunnel resulting from a circum­
ferential gap in the cable shield. The actual INIEX/ 
Delogne cable has a dielectric coating which we have 
neglected here for simplicity. This simplification is not 
important in the frequency range which we consider here 
(5-50 MHz), but could be important at higher frequen­
cies where the dielectric coating can support a tightly 
bound surface or Goubau wave. 7 •

9 The INIEX/Delogne 
cable also utilizes lumped circuit elements at the cable 
gap in order to control the radiated power (proportional 
to Re( Y

8
)] and to minimize the reflection of the TEM 

mode within the cable. Our calculations show that about 
25% of the cable power is released to the tunnel, where­
as the lumped circuit elements of the INIEX/Delogne 
cable are adjusted to release only about 10% of the 
power to the tunnel. 3 It would be a useful theoretical 
extension to modify the gap voltage expression in ( 17) 
to allow for lumped circuit elements. 

The numerical results in Table III indicate that the 
decrease in attenuation of the monofilar mode with fre­
quency favors lower frequencies for coupling from the 
cable to the tunnel at a significant distance from the gap. 
However, the efficiency of the receiving antenna de -
creases as the frequency is decreased. Consequently, 
we can expect a minimum in coupling loss at some fre­
quency. It would be a useful extension to include the 
antenna efficiency and cable attenuation to enable a com-

TABLE III, Coupling factor (C,,.) and attentuation rate, 

Frequency Po Coupling factor, Attenuation rate 
(MHz) (m) cm(%) (dB/100 m) 

5 0,0 23,3 3.42 
5 1.0 23,7 4,26 
5 1.7 25,6 7,04 

10 o.o 22,8 6,04 
10 1.0 23,4 8,13 
10 1. 7 25,6 15, 50 
30 0,0 22.9 9.51 
30 1.0 23,6 14,1 
20 1. 7 26,0 31,8 
50 0,0 21. 7 12,0 
50 1. 0 23,3 20,0 
50 1,7 27,0 65,0 
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plete calculation of path loss between two antennas in the 
presence of a cable with arbitrary gap locations. These 
extensions are now occupying our attention. 
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CHAPTER 15 

IEEE TRAXf'ACTJONS ON MICROWAVE THEORY .\:-.D TECHNIQPES1 VOL, MTl'-23, NO, 5, MAY 1975 ·IOI 

Propagation ·Along a Braided Coaxial Cable 

in a Circular Tunnel 

.TA"i\lE8 n. WA lT, ncLUlW, IEEE, A.ND DAVID A. HILL, ;\IJ,;l'l!Rlm, rn1,:1c 

Abstract-The modes of propagation along a coaxial structure 
contained within a circular tunnel are considered. The primary ob­
jective is to develop an approximate impedance boundary condition 
at the outer surface of the shielded cable that can be used in pre­
viously developed formalisms for axial conductors in tunnels. It is 
assumed that the metal braid can be characterized by a surface­
transfer impedance, We also account for the possibility that a lossy 
film exists ·on the outer surface of the dielectric jacket of the cable. 

INTRODUCTIOX 

THERE IS A NEED to understand how dectromag­
netic waws propagate in tunnPls if improved com­

munication systems in minPs are to be dPwloped in a 
logical fashion. One approach now being developed in to 
exploit the leaky-feeder principle [1]. In this metf;od, 
which can be described as rontinuous~access communtca­
tions, the signals are guided b~· transmission li1ws or 
shielded conductors. The principal idea is that energ~· ran 
be coupled into and out of th(' transmission channl'l b~· 
antennas that only need be in the gPtll'rnl vicinit~· ofthe 
two-wire line or cable. 

In developing the theory of mode propagation along 
axial conducting structures in cylindrical tumwls, we 
need to apply an impedance boundnr~· condition at thP 
outer surface of the guiding struetun'. In thP case nf a 
bare metallic wire, the appropriate expression to USP is 
the series impedance Z; ddined at- follows: Z; = Ea/ I 
where I= j, H 1 ds. Here, E 0 is tlw average axial field at 
the surface of the conductor, while H, is the azimuthal 
magnetic fidd. For a thin circular wire of radius a with 
electromagnetic constants cr 11., Eu·, and µw, ,ve can use the 
following argument. 

FOR:\IULATION FOR L\IPEDANCE OF AN 
INNER CONDUCTOR 

A cylindrical coordinate system (p, cf,, z) is adopted 
such that the surface of the wire is p = a. If the external 
fields are now locally uniform, we can neglect the azi­
muthal variation around the wire and consider only the 
axial current flow. For fields that vary as exp ( - rz + iwt) 
where r is a propagation constant, the Hertz vector has 
onl? a z component Il 11 .. Thus, within the wire p ::; a, we 
ran writl' 

l\lanuseript. received July :ll, l\li'-1; revised November 22, 1!}7-1, 
The nuthors are with tlie Institute for Teleconununictition Sci­

ences, Office of Telecommunications, l1.S. Department of Commerce, 
Boulder, Colo. 80302. 

when' 

E, = (k .. ,2 + a2/az2)n ... = (k,/ + r 2)n"' 

H,. = -(er.,,+ iEu,w)oIIu./op 

ikw = [(iµ,,,w) (crw + ?°Eww)] 112. 

(l) 

The appropriate form of the solution for Ilu, is th(' modific,d 
Bessel function Io[i(k.,.2 + r2) 112p] tinws n constant factor. 
Thus according to our basie definition 

or 

In thl' usual east' where I r 2 I « .j k!.,2 i this simplifit•s to 

(iµww) l/ 2 lo(ikwa.) 
z 1 ~ · ' ) 1/2 /-(--;-/.,-) :!1ncr.,. + IEu,W a I I 'u,G 

(4) 

In the de limit (i.P., w - O) Wt' Rl'P that Z, rc•duct'S to the 
t'xpected form ( 1ra2cr •. )-1• 

In previous papers on this subject, Wt' hnvL' Usl'd th<' 
boundary condition E, = IZ; to apply to the surftH'P of 
the thin wire even wlwn the exkrnnl region is eomph'x. 
Two t•xamp!Ps wen' axial eonduetors in a circular tumwl 
[:2] and an axial conduetor in a rectangular tumwl [:~]. 
The justification for this type of boundary condition is 
that the external fields are locally uniform. Thus, on 
physical grounds, we expect the results to be valid when 
the wire radius is small compared with the distance tu 
neighborhood surfaces and when the quantity I {3a I « 1. 
Here f3 i:s the effective transverse wavenumber in the 
external region. There is some experimental support for 
this analytical approach to such problems [ 4]. 

EXTENSION TO BRAIDED SHIELD, DIELECTRIC 
LAYERS, AND OUTER LOSSY FIL:\I 

We now wish to extend this series-impedance concept 
to the case where the axial win• conductor iH covtirnd by a 
layer of pNfect insulation of radius b with dielectric con­
stant E and free-space permeability µo, To allow for the 
presence of a metal braided shield, we assume that there 
is a thin uniform sheath of radius b with a designated 
transfer impedance Zr in ohms/meter. Surrounding this, 
we haw a coating whose dielPctrie constant is Ee; it is 
also assumed lossless and a hns a free-space pPrmeabilit?, 
Finally, to allow for a layer of mine dust or conducting 
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fluid, \\'t' nssunw thNl' is n thin outt•r ln)·l'r of C'onductivt' 
nuttl'l'inl \\·ith a trnnsfrr impPdnnel' ZL, This situation is 
illustrntl'd in Fig. 1 wlwn' tht• cross Sl'l'tion of this brnidrd 
coaxial cabll' with lossy outer shl'ath is dqiietl'd. 

Tlw situation is admittt>dly simplifird, pnrtieularl~· with 
rq~ard. tll tht• thin uniform shl'nth l'l'Jll'l'St'ntation of tlw 
hraidl•d shield. In fact, tlw nonuniformitil'S of tlw hrnid 
and random 1wrforntions of tlw shit•ld will pla)· an impor­
tant rnll' in tlw pl'rformanl'(' of an aetunl systl'm. Howl'ver, 
for prcst•nt purposes WP will considl'r just a uniform or 
smoothed-out version of tlw braid. \Ve ean rely on other 
wmk [;i] to givr us an l'Stimatr on the expPC'ted valur of 
tlw transfer im1wd.anee Zr, In a similar fashion, Wt' justify 
tlw ust' of the trnnsfer impedancl' Z L for the extrnu1l lossy 
film. Tht• appropriak value here C'tUl be t•stimated from 
the approximah' formula ZL ......, ('21rccnl)-1 11/m, where ud 
is thP eonductivity-thit'knrss product of the lossy film. 
Such an msily n•cogniznhlt• l'XPI'l'ssion is justifil•d wlwn d 
is small compared with tlw deetric skin drpth (:.? ·uµ,0) 1/~ 

of tht' film mntt•rial, and also d should bl' small compnrt•d 
with thl' radius c. 

Tlw brid d.Privation µ;iwn bdow for thl' eft\,etiw st•rit'S 
impt•d:mC'l' follows the classiC"al approach for c·)·lindrical 
structum, [GJ, [i]. 

ThP axial elcetric field and the azimuthal magnetic field 
for the threr regions thus have the following form for fields 
that vary as exp (iwt - I'z): 

E, (k2 + I'2) IT = /32IT 
for a< p < b (.'>) 

H,:, -i·EwoIT/ ap 

E, ~ (k/ + r') rr, - ~;rr 'l 
for b<p<c (G) 

H" = - iE,.woITcl ap 

and 

E, ~ (k"_' + r')n• - ;J,m,l 
for p > C (i) 

Jf </> = - /Eowan,, Up 

whl'l'l' TI, Ile, and Ilo an• the Hertz potentials for tht• three 
rpspectivr regions. Also /3, /3c, and {30 are the corresponding 
transverse wayenumbers and they are defined as indicated 
abow. :\'ow in any of the three regions, the Hertz poten­
tials can be written as linear combinations of the Bessel 
functions Jo and Yo with arguments /3p, /JeP, and /JoP, 
respectively. Then, for example, for the first region we 

Fi~. I. 

COMJUCTOR 
p•o 

INSULATION 

LOSSY FILM 

'l'ht> ~l'OllH.'try of tht> \'011xinl str11l't11re slwwin~ th,• ,,ril•ntn­
tion of th<' 1•.vlindrh-111 <'11onlin11ll' s~·~h•m, 

dt'durc l'l'ndily that 

E, = /3lPJo(f3p) + Ql'o(/3p)] I 
for 

/1,p itw/3[Ali(f3p) + QY1U,p)J 
a < p < Ii (S) 

and 

J,;c, = /3/[J/Jo(/JcP) + ll/Yo(/3ep)] I 
for b < p < c. 

He¢= i€eW/3e[J/Ji(f3eP) + N1\(/3ep)J 
(0) 

Here P, Q, JI, and Narc constants yl't to be dderrni1wd. 
\Ve havt' similar Pxpressions in the external region, but hl're 
Wl' utilizt' the fact that thr "sratterrd" fil'ld is an outgoing 
wave and thus the solution for IT0 is ehnrncterizcd b~· a 
lhwar combination of Jo and H0 (2) whel'(' the lnttl'r i:-; the 
Hankel funetion of the second kind. Tints we enn writ,• 

Eo, = A.[Jo(f3op) + RoHo<2l(f3op)J I 
for p > c. 

Ho,p = .·1iEQW/Jo-1[.!1(f3op) + Rull1 12l(f3op)J 

( 10) 

HPn' A ean be regarded as the strength of the axial P!edric 
field of the "primary" wave at p = 0 that would PXiHt if 
the structure were not present. The coefficient Ro tlwn 
determines the relative strPngth of thP scattc>rrd field. 
Obviously, if the parameter I /30c I is not suffiei(•ntly Hmall, 
we would need to include Bessel functions of orrfrr III and 
the factor exp (imq,) in the solutions for all the Hertz 
potentials. 

The boundary conditions for the problrm can now lw 
stated succintly as follows: 

E, = 21raZ,H4, at P = a (i) 

E, = Ee, at p = /) (ii) 

H,p - He¢ = - (21rbZr)-1E, at p = I, (iii) 

A\: = Eo, at p = C (iv) 

llc,i, - Ho,, - (27rcZr,l-1J~', at p = c. (v) 

Ht•n• (i) i:,;; the impedance boundary condition that we 
impose at the surfacl' of the innPr conductor. It is an 
"exact" condition if we usr ( 3), but for practical purposes, 
Z; can b@ taken to be independent of r so that ( 4) is 
adequate. Conditions (ii) and (iv) indicate that the axial 
electric field is effectively continuous through the braid 
and the lossy~film layer. This is a corn,equence of thP 
assumed thinness of thesr layers (i.e., the thicknc8tWS am 
small compared with the effective wavelength in the 
respective media). 

from boundary condition (i) above, we easily deduce 
that 

Q/P = R = 
[Jo(.Ba) - i'21rakZ;(/311)- 1J1(.Ba)] 

[Yo(.Ba) - i:.?7rakZ;(/311)-1Y1(/3a)J 
( 11) 

wht•n• T/ = µw 'k = (µ/t) 112• Similarly, irom (ii) we find 
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that 

wlwn' Re = .\)JI. Then an application of (iii) yields 

An application of (iv) tL•lls us that Jlp/[Jo(/3,.c) + 
R.,}'0(1:(.c)J = .·1[J0(,l:Joc) + Roflot2l(f3,,c)]. Combining this 
with (v) ~-it•lds 

Ro= 

"Now till' desirl'd t'l'sult is tlw d'frctin• sl'rit'S impt•danet' 
<ll'fined b~-

z ( I') p = (' 

/JolJo[Jo(/J(1C) + RtHot2'(/3oc)] 
= :21rcih\1[J1(/Jo<') + RtJl1' 2

' (/3oc) J · 

QUASI-STATIC LL\UTIXG FOinI FOR Z(r) 

Tlw resulting expression for Z ( r) that is a function of 
the axial propagation constant r is rather involved. For­
tunately, considerable simplification ensues if we consider 
tlw case where the arguments of tht' Bessel functions arc 
sufficit'ntly small that only the leading terms in their 
pmn'r-sl'rit•s l'Xpansions need lw retained. In this connec­
tion it might lw nwntioned that in some important. cases 
{3c ma~- not bl' "small" l'Vt'n wlwn f3oc is small. For L'Xumple, 
thi::; eould occur wlwn r ...__, i1'"t,, in which casl' /3oc is small 
l'Vl'll though k0a may bl' eomparabh, with onl'. HowPver, 
in tlw quasi-static limit that we diseuss below, it will be 
assunwd that all tlw arguments an• small. 

To providt' insight into the quasi-static limiting forms, 
we write out the field expressions that correspond to (8)­
( 10). Here we utilize the small-argument approximations 
Jo(:t) - 1, J1(x) - :r/:2 - 0, Yo(.r)-> (2/1r) ln 0.89x, 
and Y1(x) - -'2/(1rx). Thus 

E, c:-,, t12[P + (2/,r)Q In 0.89/3µ]1 
a<p<b 

H<J> c---,, -('2/1r)iEwQ/p 

Ee,= /3/[M +_ ('2/1r)N ln 0.89/3eP]I 
b < p < C 

He</>= - ('2/1r) iEewN / p 

and 

E0 , ·:--- A[l + R(l - (i2/1r) ln 0.89/3op]l 
C < p < p. 

Jill</> c-,, A ('2/1r)iEoWR/p 

( l(;) 

(17) 

(18) 

Ikrl' p is uny vahll' grt'ah'r than c chost'n such that 
I /3oi3 I « 1. It is useful to notl' that in Ptteh n•giou // <I> X p 

is n constant in this limiting situation. 
As an t'xcrcisl', Wt' cnn now apply boundary conditions 

(i)-(v) and gl't t>xplicit quasi-static forms for the col'lli­
cit-nts, or we cnn in:wrt thl' sma.11-argunwnt approximations 
in tlw Bessel functions in (11)-(Iii). In t>itlwr case, we 
obtain thl' following formula for till' effcctiw series 
impl'da1we: 

( 14) 

( 19) 

where 

, Zr(Z' + Z;) 

zb = z1' + Z' + z i (20) 

where 

k2 + r2 
Z' = - , . ln (b/a) 

21rtEW 
(21) 

and 

(22) 

Tlw equivalent circuit for this situation is the ladder net­
work shown in Fig. 2. The terminating element Z; is the 
impedance of the inner conductor while the shunt elements 
Zr and ZL are the transfer impedances of the braid and 

z z' ~nnZ; 
Fig. 2. The equivalent ladder network that yielrlH the effentivc 

series impedance of the ca.hie in the quasi-static approximat,ion. 
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the Pxternal lossy film. The seriPs Plements Zc and Z' can 
be identified as short sections of transmission linPs whosP 
propertfrs dppend on r. We stress that this quasi-static 
equivalent circuit is only valid when all the BessPl-func­
tion arguments are small compared with one. The expres­
sion for the series impedance given by ( lfi) is not so 
restricted. 

APPLICATION TO CIRCULAR-TUN:'\EL :\IODEL 

\Ve now consider the cireulnr-wnwguide modPl of !L 

mint' tunnl'l. Thl' situation is depictt>d in Fig. :{ when' tlw 
tunnl'l radius is ao while tlw t'abk is hwated at a distnnrP 
Po from tht' turnwl a.xis. In nn enrlier pnpt'r [~], we dl'll'l'­
mined tlw axial propa~ntinn constants of tht' 1wrmit!Pd 
modt•s of tlw strneture that satisfa,d both t.lw i111pt'dnm·1• 
boundary conditions at tlw waveguitlP wall nnd nt tlw 
surface of an axial conductor whose seril'S im1wdnnt'l' i:,1 
specified. In the present ease, the axial struetun' in tlw 
waveguide is the braided coaxial that we discussed pn'­
viously. The impedance boundary condition is to lw 
applied at the outer surface of the lossy-film coating whosl' 
radius is c. As indicated in Fig. 3, the distance of the cable 
from the tunnel wall is ao - Po• In order for the' solution 
to be valid, c should be small compared with ao - po. 

As in the earliN paper, thP homogeneous medium bound­
ing the tunnel walls has a conductivity IT, and a pPrmittiv­
it~· f,. In what follows, we choose IT, = 10-1 mho ·m, 
E, = lOEo, and a0 = 2 m. The inkrior region of the waw­
guide is free space, except at the braided eoaxinl. Tlw 
dinwnsions of the lattn, with l'l'frl'l'lll'l' to Fig. 1., :u·e 
taken as follows: a = Li mm, b = 10 mm, nnd c = 11.:1 
mm. Also, for purposl'S of illustration, we tnkl' tlw trnnsft'r 
imiwdmwe Z1· of the braid to lw iu•l, when• /, = 40 nH m. 
This corresponds to tlw FON'l' cabk tievl'lupt•d by 
Fontai1w et al. [5]. "· 

Tlw relative dielectric constant. E/ Eo of the insulator is 
takm to be 2.5 corresponding to polystyrene, for example. 
For an optimum system, we might have chosen a lowl'f 
value but, for present purposes, this is not important. For 
the outer coating, the relative dielectric constant Ee/ Eo is 
taken to be 3.0 corresponding to typical jacket material. 
To allow for the presence of the outer lossy film, we choose 
the transfer impedance ZL = [2'11'C(ITd) J-1 where the con­
ductivity-thickness product is to be specified. For example, 
a conducting fluid layer with IT = 10 mho/rn whose thick-

ncss d = 1 mm leads to ( 1Td) = 10-2 mho. A:;; indicated 
by Rawat and Beal [8], the presPnct' of such lossy filmH 
in realistic mine environments should lw l'Xpeckd. 

Using the abovl' analytical machinl'r.V, we illustrate 
some results for the dominant modPs of the braided cable 
located in the cylindrical structurP. Tlwre an' two impor­
tant modPs that WC' call the' rnonofilar and hifilar modPs. 
Tht> first of tlwse is similar to tlw situation treatl'd hcforc 
wlwre Wl' havP a harp uncoatPd wirl' in tlw wavPguide 
[~], [:U. In that cast', the rl't.urn C'\IIT<'llt flows along the 
walls of tht' cylindrieal waVl'guide. Th<' ::ll'<'ond t_vpl' i:-i 
analogous to tlw curr<'nts flowing in n two-win, trans­
missilln li1w nnd tlw <·har:H'tl'risti<• llf this hifilnr 111od<• is 
almost indt'pt•ndt'nt of th<' wnv<'g11idt' walls. For t ht• 
brnitkd ('Oaxinl strnl'tll!'t', this pnrlit'ular 111od1• is thl' 
eonvt•ntional tlll<' sin<'<' tht• <'ll!Tt'nts in tlw 1·t•nft'l' <"ondul'tor 
nnd braid an' npproximatdy t'qual but with opposilt• signs. 

In Fig. -!, Wt' show thl' at frnuation raft• ( in 
1wpers/nwtcr) for tlw monofilar modt• us a function of 
frequency from 0.2 to 200 MHz. RPveral valuPs of po/a0 

are in<licakd as are two valuPs of ( 1Td). Also for t hiH 
example, the conductivity er.,. of th<· cpntPr conductor iR 
taken to be 107 mho/m, but for this rnodl', tht• attP1111ation 
is not critically dqwndrnt on IT w• Also, l'Xcept, for high<•r 
frequencit's, thP attenuation rak is not inflm,ncl'd appre­
ciably by (ITd) for valuPs <'V('n as high as 10-1 mho. AR 
Pxpeckd, of eoursl', thP attPnuation rat<' for this monofilar 
mode inen•nsps as thl' coaxial is movl•d toward tlw wall. 
Not<> that po/ao = 0.l) corn'8ponds to a distanct' s - so = 
~O em ...... ~ in from thP wall. 

In Fig. [i WP show HO!lll' COITl'SJHmding r1•Hults for t.lw 
bifilnr or eoaxinl-typ<' 111odP. ~inct• Uwn, iH a strong 
dt•pt'IHh-ncP on tlw <'tmd1wtivit~, tr,.. of t Ill' imwr <'OIHlud.or, 
t.hrPt' di ff Prl'nt valut•s an' Hl'kl'tl'<l. Tlw higlll'st vahw 
IT.,, ......, t>.7 X 107 mho/m 1·orrPsponds to cop1wr. In this 
ens<', Wt' also Sl'l' that. tlw rl'sults dq>t'ncl sonwwlmt. on t.lw 
( crd) values, particularly at the upper frpquenciPs. Tlw 

~ 
;:: 
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Fig. 3. The circular-waveguide model showing the location of the Fig. 4. The attenuation rate of the monofilar mode R8 a function of 
cable. frequency. a0 = 2 m. 
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--ud=IO.'mho 

----- ud • KT' mho 

-· -·-<T d= 10·• mho 

FREQUENCY (MHz) 

Fig. 5. The attenuation rate of the bifila.r mode illustrating the 
dependence on the conductivity of the inner conductor and the 
effect of the external lossy film. , = 2.5,0 : ,, = 3.0,0 : L = 40 
nH/m. 
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Fig. 6. The attenuation rate of the bifila.r mode for a smaller value 
of the surface transfer impedance. a.,,= 5.7 X 107 mho/m: L = 4 
nH/m:, = 2.5Eo: ,, = 3.0,o, 

presence of the lossy film increases the attenuation of the 
bifilar mode for the range of frequencies and ud p11,rameter 
considered in this figure. Actually, for the curves in Fig. 5 
we have chosen po/ ao = 0.8, but the results for this bifilar 
mode hardly depend at all on the value of po/ ao. In fact, 
the curves would be indistinguishable for O :S po/ao :S 0.9. 

In Fig. 6 we show the corresponding bifilar mode atten­
uation for the copper inner conductor. Here we choose the 
transfer inductance L = 4 nH/m that is a factor of 10 
lower than before. The important point here is that the 
attenuation rate depends only slightly on the conductiv­
ity-thickness product (u~) of the outer lossy film. Thus, 
while high values of L are desirable from the standpoint 
of coupling to the desired bifilar mode, we can expect a 

405 

greatl'r susct•ptibility to the prnsence of lossy fluid or 
mine-dust layers on tlw outt•r jacket. 

CONCLUDING IU~l\IARKS 

The prest-nt 1wmlts an• hdi<•vcd to lw a usPful baHis for 
the tit-sign of h•nky-fpedt•r com mun icatiow, Hyst.PmH that, 
t'mploy Hhic•ldt•d enhlt'S in mirn• tunnP!s. Tiu• analyti<'nl 
nwthod can lw nppli!'d Pqunlly Wl'll to l'l't'.tangulnr t.m11wls 
[\l]. Tht' cffpet, of axial nonuniformitit's in t.Jw guiding 
structures nt'Pds to he considen'd if we are to ut.ilizP fully 
the capabilities of both the rnonofilar and thl' bifilar 
modes. 

In principle, the method could be applil•d at much 
higher frequencies for single dielectric-coated conductors 
where the dominant mode would be a surface wavP [10]­
[12] whose enc>rgy is confowd to the eabk. Several diffi­
culties emc>rge hen'. First of all, thP assumption of loeal 
uniformity of the fields about the cable ,voul<l 1wed to lw 
removed. Also, the hostile environment in most mine 
tunnels would produce very high attenuation duP to 
moisture and coal dust. Also, tlw coupling to the surface­
wavP line would be not feasiblP for a rnving mint>r. N<\VPr­
theless, we should keep an opt-n mind on tlw JHissible 
rt'IPvance of Goulmu-typP surface-wav<' lirws in mine 
environments. 
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Propagation Along a Braided Coaxial Cable Located Close 
to a Tunnel Wall 

DA YID A. HILL, SENIOR MEMBER, IEEE, AND 
JAMES R. WAIT, FELLOW, IEEE 

Abstract-A previous development is extended to permit attenuation 
calculations when a braided cable is located close to a tunnel wall. This 
is an important case in mine communications utilizing leaky feeders. 
Numerical results are presented to illustrate the effects of numerous 
parameters on mode attenuation. A principal finding is that the atten­
uation rate for the bifilar mode is hardly affected al all by the finite 
conductivity of the wall. On the other hand, the monofilar mode suffers 
a very high attenuation when the cable approaches the wall. 

"INTRODUCTION 

The leaky-feeder technique is now being developed for com­
munication in mines [l ]. In this method, referred to as con­
tinuous-access guided communications (CAGC), the signals are 
guided by some type of transmission line. The energy is coupled 
into or out of the channel by antennas in the vicinity of the 
transmission line which may be a coaxial cable (2) or a twin­
wire line (3 ], (4 ). 

We have previously derived a mode equation for a braided 
coaxial cable within a circular tunnel and we presented some 
numerical results (5 ]. However, that mode equation is very 
poorly convergent when the cable is located close to the tunnel 
wall. Unfortunately, it is precisely this case which is of most 
practical interest for communication in coal mines where it is 
generally necessary to lay the cable close to the wall (6). In this 
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SHORT PAPERS 

JACKET-------­

CONDUCTOR 
(radius a) 

INSULATION-----

BRAID ---­

LOSSY FILM_____., 

Fig. I. The braided coaxial cable. 

p 

Fig. 2. The geometry of the cable in a circular tunnel. 

short paper, we derive a rapidly convergent mode equation which 
is used to obtain numerical results for the attenuation rates of the 
dominant modes when the cable is located close to a circular 
tunnel wall. 

MODE EQUATION 

The geometry of the braided coaxial cable is shown in Fig. 1. 
The center conductor of radius a is assumed to have a very high 
but finite conductivity aw. The insulation of radius b is a lossless 
dielectric of permittivity e. The metal braid of radius b is repre­
sented by a transfer impedance ZT which is given by [2] 

ZT = iwLT (1) 

where LT is the transfer inductance and exp (iwt) time dependence 
is assumed. The coating of radius c is a lossless dielectric of 
permittivity ec. A thin lossy film of radius c is characterized by a 
transfer impedance ZL which is given by [5] 

(2) 

where ad is the conductivity-thickness product of the film. 
Rawat and Beal [7] indicate tl,at the presence of such lossy films 
should be expected in realistic mine environments due to moisture 
and, or dust accumulation. · 

The idealized circular-tunnel geometry and the cylindrical 
coordinate system (p, ip,z) are shown in Fig. 2. The air-tilled tun­
nel has a radius a0 and is bounded by a lossy dielectric of con­
ductivity a, and permittivity e,. Free-space permeability Po is 
assumed everywhere. The braided cable is located within the 
tunnel at (p0 , ¢i 0 ). 

We assume that the individual modes of the structure vary 
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in the z direction as exp (- rz) for a time factor exp (iwt) and 
the objective is to calculate the values of the propagation constant 
r. By matching the tangential-field components at the tunnel 
boundary (p = a0 ) and applying an impedance condition at the 
edge of the cable (p = Po + c, ip = ip0 ), the following mode 
equation has been derived [5 ], [8]: 

' 2 
zwµov [K

0
(vc) - SJ - Z(r) = 0 

2nyo2 
(3) 

where v = (y0
2 

- r 2) 11 2, y/ = w 2µ0e0, and Ko is the modified 
Bessel function of the second kind. The summation of cylindrical 
harmonics S represents the effect of the tunnel boundary and is 
given by [8] 

where 

00 

S = L Tm 

em= 

m=O, 1.2", 

{ 
l, 

2, 

m=O 

m,f.O 

[(Yofv)Km'(vao)f Km(vao)] + Yml/o + "m'lo 
Rm = ---------------

[(y0/v)Im'(va0)/I,n(va0)] + Yml/o + '5ml/o 

y'" = ( 
iy/ ) Km'(uao) 112 

t/o = (µo/eo) 
uµ0w Km(uao) 

(imr/ao)2(v-2 11-2)2 
"m'lo = -----------­

[(Yofv)lm'(vao)/lm(Vao)] + Zm/t/0 

(4) 

Im and Km are modified Bessel functions of the first and second 
kind, and the prime indicates differentiation with respect to the 
argument. The series impedance per unit length of the cable 
Z(r) has the following form, provided that the cable radius c is 
electrically small [5]: 

where 

Z(r) = ZL(Zc + Zb) 
zL + zc + zb 

z _ ZT(Z' + z,) 
b- ZT·+Z'+Z, 

Y2 _ r2 
Z' = --- In (b/a), 

2,riwe 

2 r2 
Z, = Ye - In (c/b), . ') ' 

-TrlCOf:c 

and IYw! is assumed much larger than lfl. 
ASYMPTOTIC BEHAVIOR 

(5) 

Although some approximations to the mode equation (3) are 
possible under certain limiting conditions, a numerical evaluation 
of (3) is generally required. Numerical results for the propagation 
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constant r have been obtained using a modification of Newton's 
method [5 ], but convergence problems inhibit a direct evaluation 
of Sas given by (4) when p0 /a0 is nearly equal to unity. Here we 
develop an efficient method to treat this important case where the 
cable is near the wall. 

The first step is to examine the asymptotic behavior of the mth 
term Tm in (4) as m becomes large. The first terms of the required 
uniform asymptotic expansions [9] are 

where 

exp (v11) 
I.(vz) ~ (2nv)112 (I + z2)1/4 

(
Tr) 114 exp ( - vr,) K (vz) ~ -

v 2v (I + z2)1/4 

~ --- (I + z2)1/4 exp (v11) 
1/(vz) 

(2nv)l/2 z 

(I + z 2
)

114 exp ( - vr,) 
Ky'(vz) ~ (2nv)112 z 

,, = (I + z2)112 + In [1 z ] + (I + z2)112 · 

(6) 

If we let m = v and x == vz and if m » lxl, the following can be 
derived from (6): 

lm(X) ~ (2n~)li2 (2~) m ~ 

Km(X) ~ (2:) 1/2 (~)-m x-m 

Im'(x) ~ ~ 
lm(x) X 

Km'(x) ~ _ ~ 
Km(X) X 

(7) 

The expressions in (7) also reveal the problem that Im can become 
too small and Km can become too large for computer storage as m 
becomes large. However, by substituting (7) into (4) the following 
simple asymptotic expression is obtained for T .. : 
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and 

z.,a iwµo 
-=-2--· 
11om u a0110 

The poor convergence of (4) for p0 /a0 close to unity is apparent 
from the expression for Tma in (8). However, the following sum­
mation formula [IO] may be used: 

oo r'" L - = -In (I - r). (IO) 
m=I m 

Thus, from (8) and (10), we can write 

f Tma = -Ra In [1 - Po(Po 2+ c)]. (II) 
m=I ~ 

By subtracting (I I) from (4), the following rapidly convergent 
form is obtained for S: 

00 

+ To + L (T., - Tm"). (12) 
m=I 

This form is used in the mode equation (3) to obtain numerical 
results. 

If the tunnel becomes very large electrically, the arguments of 
the Bessel functions (va0 and ua0 ) can be quite large and (12) may 
not converge rapidly. However, computation time could still be 
decreased by employing asymptotic expansions which are valid 
for large order and large argument. These are 

Im'(x) ~ ~ (1 - x2 )112 

lm(X) X m 2 

Km'(x) ~ -m (1 - x2) 112 

Km(X) X m2 (13) 

but they are not valid when _xis near m. Wait [1·1] has examined 
such approximations in a study of whispering-gallery modes in 
electrically large cylinders. 

NUMERICAL RESULTS 

Using the mode equation (3) along with the rapidly convergent 
(8) form of Sin (12), numerical results for the propagation constant 

r were obtained for both the monofilar and bifilar modes. The 
where Ra is the asymptotic expression for R,,. and is independent 
of m. The explicit expression for R° is obtained by dividing the 
numerator and denominator of Rm by m and substituting the 
asymptotic expressions from (7) 

_ .J'.£... + ymal/o + Om 
0
1/o 

R° 
v2 a0 m m 

(9) 
_2'Q_ + 

Y,,,al/o 
+ 

o,,,ar/o 

v2 ao m m 

where 

Y,,, "r,o • 2 

== 
- l)'e r/o 

m <V)l0 11
2a0 

i>,,, .,,o (if'/ao)2(1•-2 - "-2)2 

m )'o Z a 
+ 2_ 

t·lao 110 m 

energy in the bifilar mode is concentrated primarily within the 
insulation, and the solution is follnd in the neighborhood r ::::: y, 
where y is the propagation constant of the insulation. For the 
monofilar mode, the forward current is carried by the cable and 
the return current is carried by the tunnel wall. Consequently, the 
solution is found in the neighborhood r ::::: Yo, where y0 is the 
free-space propagation constant. In either case the attenuation 
rate « is given by 

« = Re (r)(Np/m) = 8.686 x 103 Re (r)(dB/km). (14) 

In all cases the tunnel radius a0 was taken as 2 m, and the 
following cable parameters were used: a = 1.5 mm, b == 10 mm, 
c = 11.5 mm, aw = 5.7 x 107 mho/m, c/c0 = 2.5, cc/e0 = 3.0, 
and ad= 10- 3 mho. All figures cover the frequency range 
from I to 20 MHz. For higher frequencies, (12) is no longer 
rapidly convergent. 

Figs. 3-5 shQw attenuation rates for the bifilar mode for wall 
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Fig. 3. The effect of cable position on the attenuation rate of the bifilar 
mode. The cable parameters correspond to the FONT cable. (Param­
eters: Lr = 40 nH/m, a= 1.5 mm, b = 10 mm, c = I 1.5 mm, a0 = 2 m, 
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Fig. 4. The attenuation rate of the bifilar mode for a reduced value of Lr, 
(Parameters as in Fig. 3, but Lr = 10 nH/m.) 
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Fig. 5. The attenuation rate of the bifilar mode for a further reduced 
value of Lr, (Parameters as in Fig. 3, but Lr = 2 nH/m.) 

constants, ae = 10- 3 mho/m and e,/e0 = 10. In Fig, 3, Lr is 
taken to be 40 nH/m which corresponds to the very high transfer 
inductance of the FONT cable developed by Fontaine et al, [2]. 
For p0 /a0 = 0.98, the cable center is only 4 cm from the wall, 
and the attenuation rate is increased significantly. The optimum 
frequency for this 'cable has been claimed to be approximately 
7 MHz [2 ]. Most coaxial cables possess a much lower value of 
Lr [12], and Fig. 4 shows the same case with Lr reduced to 
10 nH/m. Fig. 5 shows the same case with Lr reduced. even 
further to 2 nH/m, and in this case the tunnel wall has essentially 
no effect on the attenuation rate. Fig. 6 shows the rather com­
plicated effect of wall conductivity on the attenuation rate of the 
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Fig. 6. The effect of tunnel-wall conductivity on the attenuation rate 
of the bifilar mode, (Parameters: a0 = 2 m, p0 /a 0 = 0.98, t,/to = 10, 
Lr= 40nH/m, a= 1.5 mm, b = 10 mm, c = 11.5 mm, ud = 10- 3 mho, 
a,. = 5,7 x 107 mho/m, t/to = 2,5, t,/80 = 3.0,) 
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Fig, 7. The effect of cable position on the attenuation rate of the mono­
filar mode. (Parameters as in Fig. 3.) 

bifilar mode for p0 / a0 = 0.98 and Lr = 40 nH/m. For smaller 
values of Po and/or Lr, the wall conductivity has a lesser effect. 

Fig. 7 shows the effect of cable position on the attenuation rate 
of the monofilar mode. Note that the attenuation rate is in 
general an order of magnitude higher than that of the bifilar 
mode. Even for the increased wall conductivity (ae = 10- 1 

mho/m) shown in Fig. 8, the attenuation rate is still quite high. 

CONCLUDING REMARKS 

A method has been developed for treating the important 
practical case of the cable close to the tunnel wall. It is found 
that the tunnel wall has little effect on the attenuation rate of the 
bifilar mode unless the cable has a very large transfer inductance 
and is located close to the wall as shown in Fig. 3. The monofilar 
mode has a high attenuation rate for most cases of interest and is 
probably of use only if some mode conversion exists between the 
monofilar and bifilar modes. 
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Fig. 8. The effect of tunnel-wall conductivity and permittivity on the 
attenuation rate of the monofilar mode. (Parameters as in Fig. 6 except 
for indicated values of e,/e0 and a,.) · 

An important related area for further work is the excitation 
(and reception) of the monofilar and particularly the bifilar mode. 
Quantitative knowledge is required for a total calculation of 
system loss and communication range. Also the use of higher 
frequencies with cables close to the wall merits some attention 
even though higher attenuation rates can be expected. 
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CHAPTER 17 

IEEE TRANS.\CTIONS ON C'DM~lllNIC . .\'I'lllNS, NU\'E~llll<:H I \)'jf> 

Coupling Between a Radiating Coaxial Cable and a Dipole 
Antenna 

D.-\ YID A. HILL, ~1E~1BEH, m~:E, AND 

,J..\wIES H. \L\IT, n:uow, IEEE 

Abstract-The coupling loss between a coaxial cable with a 
circwnferential gap and a dipole antenna is analyzed. The numerical 
results have application to continuous-access guided communication 
(CAGC) and to related leaky feeder systems now being used in 
intramine communications. It is shown that the coupling is very 
strong in the neighborhood of the cable axis even when the linear 
distance between the dipole and the c11ble gap is large. This, of 
course, is a desirable fe11ture of such limited-11ccess communication 
systems. 

l \,nt inuous-ll('('t•ss guidt>d c,11\\n\l1nic11t i,111 \ l 'Al :t ') is 11n intt•n•st­
ing l'ol\\hinntion of a shil'ldt>d l'hnnm•l nnd II rndinting syst('l\l. The 
C.\CC tt•chniqut' usunll~· utilizPs son1t• kind "f II wnvP-guiding 
systPI\\ thnt lm .. ~ provision for II l'ontr,1ll1•d IC'nkngt' to Pnnblt' ii 

lll'ighb,1ri1111: point to hnn• :H'<'t'SS to signnl i11f\\l'l\\11t ion. Cunent nppli­
<'ntions nre to gr\\ttnd trnnsportati\\n systel\\s [I] 11nd llline coll\­
munications [:!J but thert' nrP ll\any other possihilitit's in urbnn 
environments . 

. \ key aspect of C..\.CC is ll()W to co11trol the leakagt' from tht' main' 
guiding chaml('l t hnt usually is a C\\axinl cnble of some typt'. One 
method [I J that ha.s been prnposed is ttl employ n number of cir­
cumferential slits nr gaps in the solid shield of tht' max. In this 
fashion, the structure becon1es a form of rndiating nntC'nna h~· virtue 
of the currents exdted on the t'xternal surfnce of the shield. A key 
pnnunt>ter in such a system is the resulting coupling loss between an 
incident TE.\[ nwde within the coax and a portable linenr dipole re­
eeiving antenna in the t'Xtt'rnal neighborhood. In this l'oncise paper, 
we prese1u qunntitative information for sueh II configuration con­
sisting of 1111 infinitl'ly h,ng coax with II sin!,l;IC' rndi11ting gap 11nd an 
arbitmrily located dipoll' antl'n11:1. Tlw rt'('ipnH'nl problem, whrn the 
extern:11 dip11le 1111tt>nn11 t r:rnsmits, is also eonsidt>n•d. 

E11rlier Wt' dt•rivt>d tield expn•s.~i,11is f11r a dit>lt>1·tri1· coated l'onxial 
t'nhle with 11n intt'ITUptt>d shit>ld [:l], [-t]. This was used to t>valuate 
tlw t,ital powt'r rndi11ted from an i,knlizt•d brt>ak in tht• outt•r cable 
shield tlf :1 l'AT\' systl'm. Tlw b,1und11ry-v11h11• 11n11lysis mt•nt i111H•d 
,1b,,vt' i:< t'Xtt'mled here ttl detern1i11e t lw coupling los,s bet ween sueh a 
rndiat ing t'nble nnd a rect>iving dipolt• nntennn. 

The geonwtry of tlw infinitl'ly long ('able is indiented in Fig. I 
with respt'('t to II cylindrie11l t'otlrdinate system \p,q,,z). The inner 
conducttlr of rndius a and the shield of rndius bare both nssumed to 
be perfectly concluding. The insulation in the spaee, a < p < I>, ha.':! 
11 dielectric constant,, and the jncket in the sp11ce, b < p < c, has a 
dielectric constnnt ,,. The region, p > c, external to the cable is 
assumed to be free spnce with dielectric constant , 0 • A gap of width o 
in the shield is located at z = 0. Here we are crmcerned with how 
much power is coupled lo an external dipole antenna when 11n m­
ternal TE.\[ mode is incident on the gap . 

.\IUTL\L I.\IPEIJA~CE FOH.\IULATION 

For fill internal TE.\I mr,de of current I. incident on the gap, the 
power in the incident mode,P, i, given by 

\ 

(I) 

Paper approved b)' thl' .-1.ssol'iat,• Editor for Radio Communication 
of the IEEE C'ommunicatious Sodet)' for publication without oral 
prPsentation. :'.\lauuseript received :\larch :H. 1975: revised :\Jar 2:l, 
1975. 

The authors are with the Institute for Telecon1n1unicntion Hciences, 
Office of Telecommunications, u. S. Department or Commerct>, Boulder, 
Colo. 80302. 
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where 1-. = '2,r/.,, In (Ii/a) and.,,= (µ 0 /,)
11 '. Here Lis the chnrae­

teristie admittance of the TE:\I mode in the eonx. For a tnt11l gap 
admittanre 1·,, the resultant gap v,,ltage l' is 

l' = L/l',. 1'2) 

Two different methods [:l],'[4] were llS<'d to l'all'ulnte 1',. and tht•~· 
gavr vr'ry similnr t'('s11lt,s 11vl't' t lw parnmt>tl'r rnnp:Ps ,if intPn•,t. 

\\'lwn tlw thil'kllt',, of jaekl't \<' - /,) i, ,m:111. th,, extPrn:d m:1g­
tl('t il' field fl,,~ i, giv('n hy [:l] 

ll = i,, .• ,,t,F ;··• _jl_,_~'-'111.,p) l'xp 1 ~t>-z)J~1~~--

•'•' '.!1r ___ ,11.fill.,•"w.li\ + .).1;,..)H,<''\u.l,)' 

when' ..'.(A) = \<oi,,.)11/(c - /,)/,, 

/(A' 
~in IM 1 ':.!) 

I A8 ';!) 

/lo= ik.' ;,..21112, 

kc= w(µaEc) 1' 2, 

Ur = 1 kc2 - A'1 112) 

ko = W ( µoE0 J 
1 2, 

1:ll 

and Ho''> and H 1<2> are zero- and first-order Hankel funetion, nf the 
second kind. The time dependence i, exp I iwt'i. The external ele<·trie 
field hasp and z components, E0 , and E0 ,, that are given I,~· 

·H,, 
ibl' 100 l/, 1"111 0 pl exp, i't,z)_ft;,..)>,.d;,.. 

= -~~- -,· 11.l,l/,<')\11.!1) + ..'.1\lli,<2l01J>)' 

, /,\' J~ l/a1"1u 0pl exp 1-i;,..,)f(;,..)11ut!;,.. 
}.o, = '.,!,r _,. ;1i£f.>',11.,/1) + ..'.(A·)-/l,1ll(1;];-) (4) 

F,,r :1 g1'nl'r:1l lol'at illn of till' re,•eivin11: 11n1Pnn:1, the l'IPC'lrir fiPld mu,I 
be ,·,nHpu1,,d f1\1m 14) by nnmerical integrntinn. Th1•n, iur a l'l'eeiving 
:rntt>ntta of finitp ll'ngth, 11m1ther numeric:d intt>grnti11n of the elPelrie 
tit>ld llver the lt>ngth of the antenn:1 is n•quin•d in unll'l' t,, <'ump11te 
the CllUpling loss. llnwt>ver. the ,·:ikulatillns simplify ,·,,nsid,,rnbly 
when the rt>ceiving antenna i,s lol':ited in tht> far fi<,ld nf tlw l'alilt• 
\i.e., k,p >'> 1) [3]. The 111:1gnetie field, given h~· \:3), tlwn simplifies t11 

-il' ex ,- · Ho¢ .'.'c ---- p,e_, 'p , -1k.Rl 
R lr'f/o 

(5) 

where R {p'l + z2Jlf2, T1o = (µo/f:o)l/2, 

J:15:i 

f(k,. ('OS O)k), 
P(O) = ---------- ________ _ 

k.11 sin OH0 <2> (k0 b sin 0) + ti (k0 cos O)ll 1 m U,,,1, si11 O) 

a11d O is the polar angle measmed from the z nxis. In thC' fnr fi<'ld, the 
el(•t·tl'ie field hns only a O component E0 e: 

L' -iV C'X ( -, / 
Doi-~ 'f/olf"• ::- ---- f'(O) ___:___l_l__-::_1_'·0 {) 

" R 
l ll) 

The re('civing antemm is now taken to lw a thin dip11lt• of half­
ll'ngth II C'qn:il to or ll'ss than a qnnrtpr ,,·av1•1Pngt h. ( '1111sPqt1Pntly, 
t lw :11\ll'lll\11 l'lll'l't'lll I (I\ c·11n lw ns.s11111Pd \11 hP si1111.soid11l [f, 7: 

l(I) =. /(()) 
sin (-k.f{) sin l_k,, \ I/ [/')l (7) 

wh,•n• / is tlw distun,·,• from tlw C:l'llt<'r 11f th1• nnlt•nn:1. In 11rd('I' lo 
nrnximilt' tlw c·,,npling \111ini111izP the· c•1111pli11g lnss), thP dip11!1• is 
,iril'nlt'<i in I ht' 0 dirl'l'l i11n ns sh11w11 in Fig. I. 'l'hl' vnlt agl' \',1 i11tl11l'l'tl 
in t hP ,lipllk is thus dPtPrn1inPd fr11m t hP inchll'l'd l•;\ l F IH<'I h11d Lf, ], 
[HJ as follow~: 

V ~ 1 Ju 
d --/(0) E 01/ ll_i di 

-II 

'2Eo9 l - cos l.,.l/) 

k0 sin lk0 l/) 
(R) 

where Eoi is evalunted at the C'enter of the dipoh• and is as~umed <'on­
stant over the length of the dipole. Tht> m11t11nl irnpedan<'l' lH'IWf'<'ll 
the rable nnd the dipole Z m is now defined ns I hP l':l t io of I he volt age 
indured in the dipole to the c·t11Tent in thP inl'idt>nt TE:\l modi• of the 
cablr. Thus 

7,,,, = \',1_! !,.. (\)) 

B~- rt>l'iprul'itr. Z,,, is al,m Pq11nl to th,, rnti11 "f 1h1• v"ltagt' in th<' 
t'xl'itP,I TE:\l t·ahle mod<' to tlw <'lll'l'l'nl at. t lH' lt•rmin11l, 11f I hl' t l':ltt,­
mil\ing ,lipol<'. 

?\U:\IEHIC.\L HE:--llLT:-- FOH cm:p1,1:,.;(i 1,():-,;--

\Ye define coupling lo,s Las tht> ratio of t.lw in!'idrnt pm1•pr in fhn 
TE \I mode [given by I l) J lo the power nhsorh!'d in a mat "1tl'd load 
terminnf ion of the dipole. The current in the nrnt C'hed load is 11:ivPn l,y 

J(O) = l'd/('2/{,n) = f,,7,,,,/('.!/{,.,), (JO) 

Here R, 0 is the input resistanee of the dipole· (ass11111i11g no lossPH) 
given by [5] 

R, 0 = ~".. ![l - cot2 !k0 H)] Cin (4k.ll) + 4 c·ot' 1/,·0 l/J Cin ('2kJ{) 
4,r 

+'2cot (k0 H)[~i (4k0 ll) -2Si (2k.ll)JI, (II) 

where 

:'<i (.r) i r sin II I 
' __ < 11 

II 
0 

lllHI 

ir 1 - l'OS I( 

Cin (.r.) = ---- du. 
0 II 

Tims, the couplin(I; los>< is given hy 

I lo 12/('2}',) 4N,,. 
I, = -- -~----~- = ----

i I. 12! Zm I'/ (RR, .. ) Y.IZmi 2 
(12) 

To convert to decibels, we take J() log1,, /la). 
To den! with the reciprrwal case ,,fa transmitting dipol1: nrtd !\ 

receiving cable, the expres.~ion for I he r,011plinri; lr,Hs ,1l,,,v1) n,rnai11H the 
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Fi<:. ~. Couplin!{ loss lwlwt'Pll th,• cahh• and lhP dipoh• al 300 ~!Hz. 
DiJH)le-ltH.lipD!t~ eouplin~ loss is also shown al t•ach location fnr t'On\­
parison 

sanH' if L i, defint•d as the rat in of p,lwer transmitted by the dipole tu 
th,· lhHH'I' tr:rn,ferr,•d tu either une of the TE\[ modes propag11ting 
awa:,· from the gnp. 

The equati,,ns required to eompute /, in I J:!) were prnl/:rnmmed, 
and thl' l'L'Sttlts. sh,,wn in Figs. :!--1. wt•re obu1ined for three fre­
qu,•11<·i,•s 1:l()O \!Hz, ;ill \!Hz, and,'\ \lllz). The ruupling loss, shown 
in Figs. :!--1. is 1\,r the ge,,met r:,· f,11· the O urien t :tt iPn ,if t lw dipolt• in­
dil'a t ,•din Fig. 1 that minimizes till' ,·m1pling l,,ss. In L':tl'h l'IISL', the 
dip,,l,• remains at a rndial dist:l!H'L' p,, ,if ,•ith,•r ,llH' ,,r fi\'t' wn,·,•lt•ngths 
from till' ,·:tblt• while the z l'P,mlinat,• is in,·n•ased from zt>r,, t,, ·ill 
w11,·Pll'ngths. For tht•s,• cnll'ulatiuns, th,• l'ahh• parnnwtt>r., 11rp: 
a = l.:!:, nun, b = 1.0 ,·111, c - b = l.:!{, mm. 6 = l nun,•·,.,= !.;\ 
:lnd t-,•/to = :Z .. ). For t•ontµnrislln, ni~ult:-- art\ :\l:,,;.,1 :--hown ftn· tht' l1 H~t.' 
wlwre the l'able has bN•n repl:H·ed by a transmitting dipole which is 
,·enterPd at the origin and z dir~ctl',I. Tlw expressions used for the 
dipole-dipule coupling are given in the .-\ppendix. Xote that the 
l'nt1pling loss for the cable source is much lmn·r than that for a dipole 
soun·e for large z. This is in agreement with tht• results of l>t•logne 
and Liegeob [i] and our previous t'all'ulations [:l] that show the 
l'ahll' radiation is l'on,·entrnted mainly within 10 degrees of the z axis. 
The coupling losses slwwn for o \!Hz in Fig. 4 are probably too 
opt imistie since a nrntl'hed load is ver~· dillil'ult to obtain for such a 

low dipole resist:rnce (il.ll,'l.'i ll) and a large dipole real't:rnce. 

COXCLliDI~G HE\IAHK~ 

l 'sing an idealized model, we have computed <'oupling loss bet ween 
a cable with a gap and a dipole for the special t'ase where the dipole is 
in the far field. If the dipole is in the near field, coupling loss can still 
be l'aleulated by the induced E\IF method, but the complicated 
integrnl expressions for the electric field in (•!) are required. Also, the 
optimum uriehtation of the dipole will, in general, be something other 
than the tl-,,rientatiun which is optimum in the far field. 

~in,•p C.\l;C and the related lPaky feeder communil'ntion s~·stems 
[S ]. [\l J are s,,nwtimes employed in cnnfined regions such as mine 
tunneb, ,rn extension of the ubnve treatment is needed. l'sing a model 
of an idealized eireular tunnel, the relevant boundary value analysh; 
has already heen carried out [W] but further numerical work is 
needed to obtain the appropriate coupling losses. Also, we wish to 
conibine the results lo permit a systems evaluation of a point-to­
point communication via two dipole antennas in the vicinity of the 
eoax with a specified number of gaps in the shield. Another important 
extension is to consider the effect of locating the coax just above an 
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2.0 

imperfectly conducting ground. This is a configuration that itt 
relevant to the study of the possible interference between a CATV 
system and aircraft navigation signals [11]. 

APPENDIX-COUPLING BETWEEN DIPOLES 

The far field of a dipole of half-length H and feed current I0 which 
is oriented in the z direction is given by [5 J 

Eo 
l'f/o Io p (O) exp ( -ik.l{) 
2,r sin (k0 H) R 

where 

cos (k0 H cos O) - cos (koH) 
P(O) = . . 

smO 
(13) 

Consequently, the mutual impedance with the receiving dipole Rhown 
in Fig. 2 is 

2Eo0 - cos (k.H)) 

I 0k0 sin (k 0 H) 
(14) 
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Calculated transmission loss for a leaky feeder communication system in a circular tunnel 
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The transmission loss for a leaky coaxial cable communication system in a circul.ir tunnel is 
calculated for an idealized model. The transmitting and receiving antennas are electric dipoles 
that may be located anywhere within the tunnel. For typical cable parameters. the optimum frequency 
i~ found to be in the range from :?. to 10 MHz. Calculations reveal that the use of a sparse braid 
and a high velocity cable will strongly improve the cable-dipole coupling with only a small penalty 
of a higher attenuation rate. 

INTRODUCTION 

The leaky feeder technique [Beal et al .. 1973: 
Cree. 1975] is now being developed and exploited 
for communil:ation in mine tunnels [ Martin. 1975]. 
In this method. first described by Monk 1111£1 Wi11-
l>ig/er [ 1956]. the signals are guided by some type 
of transmission line such as a coaxial cable [ Fo11-
tai11e et al .. 1973] or a twi11-wire line [Deryck. 1975: 
Wait and Hill. 1974]. The energy is coupled into 
or out of the channel by antennas in the vicinity 
of the transmission line. The advantage of this 
technique, of course. is that we do not have to 
make electrical contact with the axial conductor 
such as used in the "line radio" method developed 
many years ago by Jakosky and Zellers [ 1924, 1925] 
and now used extensively. An extremely interesting 
experimental study of transmission in tunnels has 
been published by Gillette and Gilmour [ 1975] that 
seems to confirm some of the theoretical concepts 
[ Wait and Hill. 1974; Delogne. 1975; Mahmoud and 
Wait. 1976] relating to the respective roles of the 
monofilar and the bifilar modes in tunnel structures. 

We have previously derived a mode equation for 
an idealized braided coaxial cable within a circular 
tunnel. and we presented some numerical results 

1 ( ·onsultant to Institute for TclL'L'llllllllllllication Sciences. 
Office of Tclcc,1mmunicatio11s. 

Cop~right © 1970 hy the American Gcnphysi1.:al Union. 

for the attenuation rates of the dominant modes 
[ Wait and Hill. I 975]. Here we determine the mti­
tual impedance and the related transmission loss 
between a pair of dipoles located in such a tunnel. 
Actually. this total transmission loss is the sum 
of the dipole-to-cable.coupling losses and the atten­
uation of the dominant propagation mode. In .our 
work we follow others [Font£1i11e et al .. 1973: 
Delog11e. 1975; Slcwglita. 1975] and assume that 
the braided sheath or shield of the coaxial cable 
can be described adequately by a surface transfer 
impedance [Dummer and Blackband. 1961]. Also. 
we do not consider mode conversion effects due 
to the inevitable lateral variations of the tunnel cross 
sections and other irregularities. 

MODAL EXCITATION 

The geometry of the circular tunnel is shown 
in the cylindrical coordinate system (p,<I>. ::) in 
Figure I. The air-filled tunnel of radius a 0 has 
permittivity E 0 , and the surrounding rock has con­
ductivity <T, and permittivity E, .. The free-space 
permeability µ 0 is assumed everywhere. The braid­
ed coaxial cable is located at (p 0 .<~ 0 ). and the source 
dipole is located at (p .. ,,1) .. ,0). 

We now determine the total current /(~.) induced 
on the cable by a source current of moment J>. 
Here we follow a procedure, based on the reciproc­
ity principle, that was used by Ma/imo11d [ 1974] 
for a single-wire transmission line in a rectangular 



316 HILL AND WAIT 

93 

ANTENNA 
lp,4',zl 

Fig. I. Transmitting and receiving dipoles in a circular tunnel 
which contains a braided coaxial cable. (In· the subsequent 

calculations we chose <I> = <!> 0 = <1> 0 .) 

tunnel and by Hill and Wait [ 1974] for a two-wire 
line in a circular tunnel. 

The source current density la is written 

f
0
(p,q>,Z) = P&(p- p

0
H(<!>- <!>

0
)&(z)/p

0 
(I) 

where S is the Dirac delta function and Pis taken 
to be transverse to z. We now consider that for 
a given mode, the cable carries a total axial current 
10 that can, for an external observer, be localized 
at the center of the cable. Thus, the resulting current 
density is 

(2) 

where p is the propagation constant of the mode. 
Here and in what follows, we adopt an exp (iw t) 
time dependence. To be more specific, we can 
define 10 as the line integral of the azimuthal 
ri-iagnetic field around the outer circumference of 
the coaxial cable. 

_· The total electric field e(p, <!>, z) of the modal 
current can be written in terms of a z component 
e, and a transverse component e 1 • Thus 

e(p,<!>, z) = exp(-il3z)Io[e,(p,q>,l3) + ie,(p,<!>,13)) 

(3) 

We now apply the reciprocity theorem [ Monteat/1. 
1973] to the two current densities Ia and J, and 
their fields to yield: 

. exp(-i13;:,)pdpdq,d~ = Ix I2"Ix J,(p.¢,;:) 
-x O 0 

(4) 

where E rn is the ::. component of the field produced 
by the source dipole. When (1) and (2) are substitut­
ed into (4). the following is obtained: 

P • t',(p".<J,",13) = I'x E,0 (Po,<!> 0 , z)exp(-il3::,) d: 

= E;0 <Po,<l>o,13) (5) 

Each Fourier component I' (p) of the cable current 
I(z) must satisfy the following impedance boundary 
condition at the edge of the cable (p = p0 + c, <I> = 
<l>o): 

=f'(l3)Z(l3) (6) 

where Z(l3) is the effective impedance per unit 
length of the cable looking radially inwards. Since 
E~(p 0 ,<!> 0 ,p) = E; (p 0 + c,<1> 0 ,13 ), we can substi­
tute (5) into (6) to obtain: 

I' (13) = P • e 1 (p 0 .<!>
0

• 13)/ A(l3) (7) 

where A(l3) = eJp 0 + c.<1> 0 .13) - Z(l3 ). 
The total cable current I(z) is 

J Ix I(;:,) = - I' (13 )exp(il3 z) dl3 
2'TT -x 

(8) 

By deforming the integration contour in the complex 
13 plane. (8) can be converted to the following residue 
series: 

.°"' p. e,<p 0 .<1> 0 .13,,lexp<-i13,,I zll 
I(::,)=-, L., 

,, [dA(l3)/dl3]\i;~JJ,, 
(9) 

where 13 = 13,, are the roots of the modal equation. 
A (13) = 0, and the heavily damped branch cut 
contribution can be neglected. l(z). as given by 
(9). is actually valid for any axial conductor that 
can be characterized by a series impedance per 
unit length Z(l3). 



The specific braided coaxial cable of interest here 
is modeled hy: a center conductor of radius a and 
conductivity <r w• insulation of outer radius b and 
permittivity E, a metal braid of radius b that can 
be characterized by a transfer inductance per unit 
length LT, a protective jacket of outer radius c 
and permittivity Ee, and a thin lossy film of radius 
c that can be characterized by a conductivity­
thickness product ud. The presence of such ··1ossy 
films should be expected in realistic mine environ­
ments [Rawat a11d Beal. 1974]. The appropriate 
expression for Z (13) for this structure has been 
derived previously for use in the solution of the 
mode equation [ W,1it and Hill. 1975]. For most 
cases of interest, the mode of lowest attenuation 
is the "bifilar" mode which carries most of its 
energy between the center conductor and the metal 
braid. but this mode also has "leakage" fields 
outside the cable. The propagation constant of this 
mode 13,, is approximately that of the insulation, 
i.e., (3 1, - tu(µ 0 E) 112 . 

The coaxial cable and the tunnel also support 
a monofilar mode which is characterized by a 
forward current in the cable and a return current 
in the rock wall. In addition, there are an infinite 
number of tunnel waveguide modes which are only 
weakly affected by the cable. However, for ap­
plication to long-distance communication, we need 
retain only the bifilar mode in (9): 

.P•e,(p 0 ,<t, 11 .~blexp( i13blz\) 
/( zl = -, ------------

[dA(13 )/ d13 l Iµ-µ· 

MUTUAL IMPEDANCE 

( 10) 

For large positive , .. the transverse field external 
to the cable can he obtained from (3) and ( 10): 

For a transverse receiving dipole of effective length 
in• located at (p,<I>, z). the received voltage is 

The dipole moment P can be written as the input 
current i11 times an effective length /0 ,: 

( 13) 

The mutual impedance Z,,, is defined as the ratio 
of received voltage to transmitter current, and is 
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found to be: 

Zm= {-i[/.,• e,(p.,<ha,13b)][7,.,. e,(p,<!>,13b)] 

+ [dA(l3)/dl3]!a~fclb}exp(-il3bz) (14) 

The specific expression for e1 has been given 
previously [ Wait and Hill, 1974]. For a thin trans­
mitting dipole of physical length /

0
, the magnitude 

of the effective length, assuming a sinusoidal current 
distribution, is given by 

110 ,\=2[1 cos(k0 1
0
/~)]/k 0 sin(k0 1

0
/2) (15) 

where k0 = tu(µ 0 E 0 )
I12

. A similar expression can 
be used for the receiving dipole. 

To illustrate some quantitative features of Z,,,. 
we consider a special example. The receiving and 
transmitting dipoles are of the same length. loca­
tion. and orientation. They are located on the same 
radial line as the cable (i.e .. d>

0 
= d> 0 ), and they 

are oriented radially for maximum coupling. The 
assumed tunnel parameters are: a 0 = :? m, E ,./ E 0 

10°,-------------------~ 
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' 

EIE
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' ' ' 
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' ' ' ' ' 
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' ' ' ' ' ' ' ' ' '- 2km 
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10- 7L---'---'--'--'-...l...l...l...l..l.---'----''---L....l.....l...l...l...l..l...\..-W 
I 10 100 200 
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Fig. 2. Magnitude of mutual impedance for a lnrge value of 
transfer inductance Ly, (Note that the cable location is fixed 

such that Po_/ (1 0 = 0.9 for this and subsequent figures.) 
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= 10. and u,. = 10- 3 mhos/ m. The cable is lo­
cated at p0 / a 0 = 0.9. and the assumed cable param­
eters are: a= l . .'i mm. /1 JO mm. c = 11 . .'i mm. 
E/E 0 = l..'i, E,/E 0 = 3, u"' = .'i.7 x 10 7 mhos/m. 
and <rd = 10-3 mhos. The antenna length I" is 
taken to be 0.7.'i m. and the frequency range cov­
ered is 1 to 200 MHz. Figures 2-.'i illustrate the mag­
nitude of the mutual impedance as a function of 
various parameters. Note that I Z 111 I is at least an 
order of magnitude less when the dipoles are located 
at the tunnel center (p" = 0) as compared to a 
location closer to the cable (p" = 0 . .'i). Antenna 
separations on the order of 1 km are of interest. 
and results for ::: = 0 are shown only to illustrate 
the portion of Z 111 which is due to coupling in and 
out of the cable. Note from the spreading of the 
curves that attenuation becomes quite large at the 
higher frequencies. The results in Figure 2 are for 
LT = 40 nH / m which represents a very sparse 
braid such as that employed in the FONT cable 
[Fontaine et ,1/., 1973]. Also shown is one curve 

"' E 
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P la O l' 
0 0 

L
1

" IOnH/,n 

10 -• ~1 --------'--~'--'-~,o,---...,___.__.__,_.....L...J'--'--',--'-00----'200 

Freq (MHz) 

Fig .. 1. Magnitude of mutual impedance for an intermedi:1te value 
of transfer inductance Ly. ' 
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E /E O I 5 

p la O 0 
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10-10.__ _ _._ __ ....._._....,.__...._ _ __. ____ _._.......,._._._..... __ _, 

I 10 100 200 
Freq (MHz) 

Fig. 4. Magnitude of mumal impedance for a small value of 
Ly, 

where the lossy film is removed (lYd = 0). The 
lossy film increases the attenuation rate at the higher 
frequencies. but has no effect at the lower frequen­
cies. Figure 3 shows results for a smaller value 
of LT (10 nH/m) and. although the attenuation 
rate is lower. i Z 111 I is smaller due to reduced 
coupling. For Figure 4. \ Z 111 j is reduced even further 
because of the very small value of L r (2 n H / 111). 

Figure .'i corresponds to Figure 2 e\.cept that the 
permittivity of the cable insulation has been in­
creased (E/E 0 = 2 . .'i). The attenuation rate is de 
creased slightly because of reduced kakage fields. 
but the dipl)le coupling is rnt11:h weakl'r. 

TRANS1\IISSION I .OSS 

If the input resistance of the transmitting antenna 
is R 0 • then the inputpower is 

( 16) 

If the input resistance of the receiving antenna is 
R rand the antenna is terminated in a matched load. 
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Fig . .'\. Magnitude of mutual impedance for a larger value of 
insulation permittivity E. 
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Thus the transmission loss L (in dB) is 

( 18) 

For the higher frequencies where the spacing 
between the dipole and the tunnel wall is on the 
order of a wavelength. the input resistance can be 
approximated by the free-space radiation resistance 
[Kra11s. 1950]. However. for low frequencies. the 
loss resistance due to near field losses becomes 
much larger than the radiatioi1 resistance. This loss 
resistance has been computed fr1r dipoles near a 
half space [ Wait. 1%9: C/1w1g 1111(/ Wait. 1970] 
but tl() such rL'sults arL' availabk for a dipl1le in 
a cirl·ular tunnl'I environment. Qualitativl'ly. the 
loss resistance is expected to reach a constant value 
as the frequenL·y deLTl.':\Sl'S rather than continuing 
to decrease in the manner of the radiation resistance. 

In Table I we show the input resistance and 
resultant transmission loss for the same parameters 
used in Figure 3. To qualitatively include the effect 
of loss resistance. a lower limit of either 2 or 0.5 
ohms has been placed on R; 11 , The absolute level 

TABLE I. Transmission loss (parameters are those of Figure 3). 

Frequency 
(MHz) 

200.0 
200.0 
ll•U 
114.5 
6.'U, 
h5.h 
.\7,5 
.\7.5 
21.5 
21.5 
12.3 
12 . .\ 
7 .04 
7.04 
4.0:-1 
4.03 
2.30 
2.30 
1.0 
1.0 

•assumed values 

Rm 
(ohms) 

7:\.1 
73. l 
llU 
llU 
5.50 
5.50 

2.(P,1.76 
2.0*, l.76 
2.0* .0.57 
2.0• .0.57 
2.0*.0.5* 
2.0* .0.5* 
2.0* .0.5* 
2.0*.0.5* 
2.0*.0.5* 
2.0*.0.5* 
2.0* .0.5* 
2.0· .0.5 * 
2.0* .0.5* 
2.0* .0.5* 

p.,/ao Z=0 
----- ·--

0.0 lh7.0 
0 .. 5 104.9 
0.0 126.6 
0.5 8h .. \ 
0.0 102.1 
0.5 7.1.-1 
0.0 86.9.85.8 
0.5 63.6,<,2.5 
0.0 82.-1.71.6 
0.5 61. U0.2 
0.0 78.4,(,(,,4 
0.5 57.9.-1.'i.8 
0.0 76.6.6-1.5 
0.5 56.5.44.4 
0.0 7!U.66.2 
0.5 58.2 . .U,. I 
0.0 82.8.70.8 
0.5 62.3.50.3 
0.0 91.4.79.4 
0.5 69.3.57.2 

Transmission loss (dB) 
Z= l km Z = 2 km 

----------- --

187.0 207.0 
125.0 145.0 
142. l 157.<, 
101.8 117 . .\ 
11-U 126 . .'i 
~5.7 97.9 

%.t,,95.5 106 . .\.105.2 
7.\ .. \,72.~ 8:l.0.81.9 
9\l. l .79.2 97.8.86.9 
<,8. 7,57,8 76.4.6.'i.5 
8-1.-1,72.3 9lU.78.2 
h.\.8,51.8 69.7 .. <.7.7 
80.9.68.9 8'.U.7.U 
60.8.48.8 65.2.53.2 
81.4.69.3 84.4.72.4 
6 I .:l.49.2 M.4.52.3 
85.0.7:l.0 87.2.75.1 
M.5.52.5 (m.7.54.6 
92.8,80.7 94. 1.82. I 
70.6.58.6 71.9.59.9 

··~-~-~ -~---~-·-~--



97 

:no HILL AND WAIT 

160,---------------------,--~ 

1•0 

60 

40'---~-------'-............... '---~------'--'--L...i...W...'----' 
I 5 10 20 50 100 

FREQUENCY (MHz) 

Fig. 6. Transmission loss as a function of frequency illustrating 
dependence on total range and antenna input resistances. 

of path loss is strongly dependent on this value, 
but the frequency dependence is not. 

Some of the results from Table 1 are illiJstrated 
graphically in Figures 6 and 7. A minimum trans­
mission loss is noted at about 7 MHz. The results 
for z = 0 can be interpreted as the two-way coupling 
loss in and out of the cable, and the results are 
in reasonable agreement with the free-space cal­
culations of Rawat and Beal [ 1974] using somewhat 
different assumptions. Also, there is a qualitative 
similarity with the recent approximate calculations 
of Mahmoud and Wait [ 1976] for a rectangular 
tunnel model. 
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Fig. 7. Transmission loss as a function of frequency illustrating 
dependence of location of antennas relative to cable. 

CONCLUDING REMARKS 

The mutual impedance between a pair of dipole 
antennas in a circular tunnel has been computed 
for the case where the bifilar mode of the braided 
coaxial cable is the dominant mode. The coupling 
of the dipoles with the cable is improved by using 
a high transfer inductance [ Fontaine et al .. l 973] 
and an insulation with a low dielectric constant. 
The large cable leakage fields produced by such 
a cable result in a slightly higher attenuation rate. 
but this is more than offset by the improvement 
in coupling loss. For typical parameters. an optimum 
frequency is observed in the range from 2 to IO 
MHz. 

In computing transmission loss. a better knowl­
edge of the input resistance of dipoles in a tunnel 
environment would be desirable and could be ob­
tained by theory or experiment. But conclusions 
regarding transmission loss are expected to follow 
those of mutual impedance as far as cable parame­
ters and optimum frequency are concerned. 

We should regard this analysis as the first step 
in a total systems study for communication using 
the leaky feeder system in mine tunnels and similar 
environments. The characterization of the braided 
cable is oversimplified and the neglected conver­
sion between the propagation modes is not really 
justified in a fully realistic situation. Nevertheless. 
it is important to understand how a transmission 
may occur for the rather idealized model before 
attempting a study of all of the complicating influ­
ences such as longitudinal irregularities in the guid­
ing structure. 
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CHAPTER 19 

LOW-FREQUENCY RADIO TRANSMISSION : ,i ~~-,--~-.---r------r--.---.--.--, 
IN A CIRCULAR TUNNEL CONTAINING A 
WIRE CONDUCTOR NEAR THE WALL 

The general 1heor) for 1ransmission in a circular 1unnel 
con1aining a 1hin axial conduclor is employed 10 calculate the 
a11enuation rate of the propagating mode. The remarkable 
property is that 1he attenuation rate is approximately pro­
p<1r1ional to frequency and it does nol depend criticall) 
,H1 1hc wall conducti, ii) for lypical conditions. 

In previol!s papers, 1 
· 2 we have discussed the theory of 

electromagnetic-wave transmission in tunnels. Specific appli­
cations to high-frequency communication \\ere described. 
Here we wol!ld like to repl,rt on some calclllations that 
illl!strate some of the remarkable featllres at low frequencies. 

The model we choose is highly idealised. Specifically, the 
cross-section is circular with radil!s a, beyond which the rock 
is assl!med to be homogeneous with conductivity a, and 
permittivity i:, .. To illustrate the effect of an axial wire within 
the tllnnel. we locate a thin condl!ctor of radil!S c and con­
dl!ctivity rrw at a distanced from the tunnel wall. Of particl!lar 
interest is the attenl!ation rate of the propagating mode in the 
ll!nnel, since this is an important factor in a commllnication 
,~·stem. 

Some calcl!lated resl!lts, based on 0llr earlier paper,' are 
,hown in Figs. I and 2 for the attenuation rate as a fl!nction 
l,f freql!ency for a tunnel radius a = 2 111. Three values of cl 
are shown and two different sets of the electrical properties 
nf the adjacent rock are chosen. For these calculations, the 
"ire condl!ctivity is taken to be infinite and the wire radil!s 

,00 .-----------------------,,.-r.-, 
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.x 
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ct, 5cm 
d 0 20cm 
J, Im 

-0 

uJ 

O·I =~---------'--'-'--'-'-"---'-----------'-----' 
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FREQUENCY (MH,) -

Fig. 1 Attenuation rate function of frequency for model 
indicated by insec 

c = I mm. The results clearly show that the attenuation rate 
is almost a linear function of frequency. Also, the dependenc,: 
on the rock conductivity is not great. In fact, the curves fer 
a,. = 10- 2 S/m would be between the curves for a,= 10- 1 

and 10- 3 S/m. 
Some related calculations <1.re sho\\ n in Fig. 2. where no\, 

the frequency is fixed at 50 kHz and the abscissa is the nor­
malised distance of the wire conductor from the tunnel \\all. 
Now the wire conductivity is 5.7 x 10· S;m, corresponding to 
copper. Again the results show that the attenuation rate. 

L:1~ -.-..~.-.II ,..l,.....,.,...., ;",... ... ,.. ....... ...,. ... :..-.n;tir-•1nt", •H· thP \\•irP rnnrl11rtnr 
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O·O I L---'--'----1..-.J---'--'---"-_.._--' 
0 0 0 2 0 4 0·6 0 8 I C 

d/a 

Fig. 2 Attenuation rate as function of (normalised) distance of 
conductor to tunnel wall 

approaches the tunnel wall. We also see that the dependence 
on conductivity a, is quite weak in the range from IO·· 2 to 
10- 3 S/m, while, for rather unrealistic higher conductivity, 
the attenuation rate has decreased in a significant fashion. 

The behaviour of the attenuation rate for the parameters 
indicated in Figs. I and 2 is really not too surprising. For 
the very high wall conductivities, we have the classical skin 
effect that is familiar at microwave in metal-walled guide~. 
Then the attenuation rate is varying with frequency f approxi­
mately as (//a,)l. For more realistic rock conductivitie,, 
however, the dis.!,tlnce d is becoming small compared with 
the skin depth in the rock. Then we find the low-frequency 
attenuation rate is, to within first order, independent of 
rock conductivity, but proportional to frequency. Thi, is 
consistent with the known behaviour of a linear wire at lo,, 
height over the surface of the earth at very low frequ,:ncies. '· 4 
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Using un idealized coaxial model. we consider the transmission, in the frc•qucncy ra%,~ from 
20 to 1000 kHz, down a mine hoist shllfl from a symmetrk Sl)lm:e at the surface. The shaft 
is circular in cross section und the metal hoist cable is represc•ntcd by a concc•ntrk condti.:tor. 
To facilitate the analysis. the source is idealized as a voltage-excited annular slot in a circular 
ground plane that is located in the air-earth interface. The earth itself is taken to he a homogeneous 
conducting half space. Using a modal type analysis, the total pllWer supplied to the annular slot 
is calculated as the sum of the power delivered to the lower half space, the power dissipated 
at the air-earth interface and the power radiated into the atmosphere. Using these results, the 
relative power transmitted down the shaft to a specified depth is estimated. The resulting transmission 
efficiency is found to be almost completely dependent on the attenuation characteristics of the 
dominant TEM mode in the shaft. 

INTRODUCTION 

There is a need to transmit information from the 
earth's surface down a mine hoist shaft. In most 
cases, such shafts can be roughly represented as 
a cylindrical bore with a vertical axis. The metal 
hoist cable is then idealized as a circular metal 
conductor located on the axis of the shaft. A similar 
model of the shaft was considered by Emslie and 
Lagace [ 1974] who demonstrated the feasibility of 
this type of mine communication. 

It is our purpose to analyze the electromagnetic 
wave transmission down such a shaft. The transmit­
ter is to be located at the surface and the power 
transmitted downward is to be intercepted at some 
distance down the shaft. In this particular analysis, 
we do not consider any specific form of receiving 
antenna, nor do we allow for the effects of reflection 
from the bottom of the shaft. Thus, strictly speak­
ing, our analysis applies only to a shaft of infinite 
depth. 

The modal analysis we employ is straightforward 
and the methods are similar to those we used in 

Copyriijht © 197~ t>y th< Americnn Gc,,physical Union. 
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analyzing transmission in circular mine tunnels 
[ Wait and Hill, 1974a, b]. The additional complica­
tion arises here from the method of excitation and 
the influence of the air-earth interface. In fact, 
because of the latter, we resort to some approxi­
mations. 

FORMULATION 

W..: consider the model depicted in Figure I. A 
cylindrical shaft, of radius a with center conductor 
of radius c, extends downward indefinitely into the 
earth. The latter is homogeneous with conductivity 
tr and permittivity E and an assumed free-space 
permeability µ 0 • 

We imagine that power is to be provided to an 
annular slot in a simulated ground plane of effective 
radius p0 . Ideally, of course, p0 - :x), We are 
interested to know how much of this power crosses 
the area c < p < a at z = I in the shaft. 

While the annular slot is conceptually simple, 
it may be better to think of a toroidal coil as a 
more feasible source at VLF. But the electro­
magnetic problem is essentially the same and thus 
we consider here the problem only in the context 
of an annular slot that is excited uniformly by a 
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Fig. I. Schematic view of the general configuration (in the 
analysis the annular slot of radius p is taken to have negligible 

width). 

•·voltage" V0 • 

For the half space (z > 0), i.e., the earth, we 
can say that Er (z = 0) = /(p) is a prescribed func­
tion. For example, if the slot at p = pis of negligible 
width, then 

f(p) = V0 &(p - p) + e(p)u(p- Po) (I) 

where S(p - p) is a unit impulse function at p = p 
and u(p - po) is a step function at p = p0 • Then, 
e(p) is the tangential nonzero electric field on the 
earth's surface beyond the assumed perfectly con­
ducting screen. 

A fully rigorous solution of the posed problem 
is probably out of the question. However, if the 
distribution /(p) over the significant range of p can 
be estimated, then the field at any other point in 
the earth or within the coaxial region can be predict­
ed. 

As indicated above, we have presupposed azi­
muthal symmetry. In terms of cylindrical coordi­
nates (p,q>,z), derivatives involving a/ iJ<f> are zero. 
Thus, the nonvanishing field components are 
E 0 ,, Eor• H0 <l> for c < p < a and E,, BP, H<l> for p 
> a. 

The center conductor of radius c is to represent 
the metal hoist cable or "rope" as it is sometimes 
called. We can characterize this cable, insofar as 
external fields are concerned, by a series impedance 
Zc in ohms per meter. Thus, the boundary condition 
at the cable is 

E0,I p _, = I(z)Z c (2) 

where I(z) = 21rcH0<t>lp-, is the total axial current 
in the cable. Explicit expressions for Zc are con­
veniently given by Wait and Hill [ 1974b]. 

MODAL SOLUTION 

The fields for the present problem can be ex­
pressed in terms of a Hertz vector with a z compo­
nent only. This is denoted Il 0 for c < p < a and 
Il for p > a. Because of the impedance boundary 
condition imposed at p = c, it turns out that the 
fields everywhere in the region p > c and z > 0 
can be expressed in terms of a discrete set of modes. 
No continuous spectrum is needed. This leads us 
to write 

I1=22A,K0 (u,p)exp(-i>--,z), for p>a (3) 

and 

I1 =) [B,I0 (v,p) + C,K0 (v,p)] exp(-iX., z), 
"'-' 

s 

for c < p < a (4) 

when 10 and K 0 are modified Bessel functions, us 
= (}I.! +-y2)112, v, = (}1.2 - k2)112, 'Y = [iµ,ow 
• (er + iew)] 112, k = (e 0 µ 0 ) 

112 w, and A, are 
the eigenvalues of the problem. Physically, j}I., are 
the axial propagation constants for the coaxial 
structure that are yet to be determined. A,, B ,, 
and C, are coefficients, also yet to be determined. 

On matching tangential fields at p = a, we obtain 
the pair 

v;[B,10 (v,a) + C,K0 (v,a)] = u~A,K 0 (u,a) (5) 

and 

· (u, a) (6) 

Solution of these leads to 



B,/C, = - [K0 (1',a)/ J0 (v, a)] R(>..,) 

where 

R(>..,) = [lJ 0 Y, - (ik/v,) K 1(v,a)/K0 (v,a)] 

/[l] 0 Y, + (ik/v,) J 1(v,a)/J0 (v,a)] 

and where 

Y, = [(u + iEw)/ u,] K 1 (u,a)/ K 0 (u,a) 

and llo = (µo/Eo)'/2 

Furthermore, 

A,IC, = (v!/u!)[K0 (v,a)/K0 (u,a)][I - R(>..,)] 

(7) 

(8) 

(9) 

= f3 ' ( JO) 

Now the impedance boundary condition, given 
by (2), requires that 

B,/C, = - [v, K 0 (v,c) + 2iriE 0 wcZ .. K 1 (v, c)] 

/[v,J0 (v,c) - 2iriE 0 wcZcK 1(v,c)] =ex, ( 11) 

The equation to determine 11., is then obtained by 
equating the right-hand sides of (7) and (11). Thus 

ex,+ [K 0 (v,a)/ J0 (v,a)] R(>..,) = 0 

is our mode equation. 

ORTHOGONALITY CONSIDERATIONS AND THE 
NORMALIZING INTEGRAL 

(12) 
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r i f3' A' "s KI (us p). for p > a 

=LiA,1',[K 1(v,p) ex,1 1(v,p)]. for c<p<a 

( 16) 

The function Z, (p) satisfies a form of the modified 
Bessel function of order one. Thus, 

p2 d2 Z,(p)/dp2 + pdZ,(p)/dp- [(w,p)2 + l] 

·Z,(p)=O 

where 

for p > a w,= {u,, 
v ,, for c<p<a 

(17) 

A similar equation applies to Zq(p) where q denotes 
another eigenvalue. From these it is easy to verify 
that 

• z,zq = o 

Thus 

J~ pZ,(p)Zq(p)dp = -c[Zq(p) aZ,(p)/ap - z,(p) 

· aZq(p)/ap]p-c/(1'; - I'~) 

(18) 

where we utilize the fact that Z, (p) vanishes expo­
nentially asp - oo. We now confirm the orthogonal­
ity of the modes since 

We now can write the following explicit forms Jx 
for the radial electric field in the region p > c and c pZ,(p)Zq(p)dp = O if s"" q 

z > 0: 

(20) 

and 

• exp(-i>.., z;) 

In particular, 

E I . P = ,__,, CZ (p) 
E L., ' ' 

Op ,-o 

where 

z, (p) 

in view of the impedance boundary condition at 

03) the cable that is equivalent to 

(14) 

(15) 

(az,/ap)l.-c = r Z,(c) (21) 

where r is a constant. In fact, 

(22) 

which is independent of the eigenvalue for our 
assumed constant value of Zc. The latter assumption 
is certainly well justified for a metallic conductor 
at these frequencies. Of some importance is the 
case when s = q. Then we are interested in the 
normalizing integral 

N, = f"' p[Z, (p)]2dp 
C 

(23) 
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This can be treated as the limiting form of (19) 
as q- s. Thus 

N, = cZ, (c){(f - a/ ap)[a / av q Zq(p)).}p_, (2 v.)- 1 

(24) 

As indicated, the differentiation with respect to v q 

is carried out before setting v q = v,. Then the 
operation r - a/ ap is performed before setting p 
= C. 

A direct approach to evaluate N, is probably 
more feasible. Thus, using (16) we begin with 

by 

fi = I: f(A)e"0' J0 (hp)dA (28) 

where u0 = (}, 2 
- k2

) 
112• Then, for z < 0, 

EP = a 2 fi / apaz = - { u0 A f(A) J1 (Ap)dA (29) 

Now if, for example, BP = V0 6(p - p) at z = 0 
for all values of p, we determine f(X.) from 

N, = -A![ v; F, + ((3,u,) 2 G,] 

where 

(25) V0 8(p- p)= -J:u0 Af(A)e"0'J1 (Ap)dA (30) 

F, = r [K 1(v,p) - a,1 1 (v,p)]2p dp 

and 

a,= J: [K 1 (u,p)] 2 p dp 

Now K 1 (x), or I 1 (x), satisfies the equation 

x[K 1 (bx)] 2 = -(a/ax)(((x2 /2){[K; (bx)]2 

- (I + I / b 2 x2 )[ K 1 (bx) ]2 })) 

which is readily verified. Thus, 

F, = - (a2 /2)[(Z~) 2 
- (1 + 1/v!a2 )Z!] + (c2 /2) 

· [(Z~) 2 
- (I + I/ v! c 2 )Z;] (26) 

where 

Z
0 

= K 1 (v,a) - a,J1(v,a) 

Zc = K 1 (v,c) - a,I 1(v,c) 

and 

Using the Fourier Bessel transform pair [ Stratton, 
1941, p. 371] 

G(p) = J>(A) J 1 (Ap)AdA 

g(A) = J: G(p) JI (Ap)pd p 

it easily follows that 

f(A) = -(u
0

A)- 1 Y
0
J

1
(Ap)p 

Thus 

(3 I) 

(32) 

(33) 

H,i, = ie 0 w V0 p I: (A/u0 ) J 1 (Ap) 11 (Ap)e"0' dA (34) 

for the region z < 0. If we now utilize the series 

(35) 

and the integral formula [Stratton, 1941, p. 576] 

I: J0 (Ap)(A/u 0 ) e"0' dA = (p 2 + z2)- 1
.'

2 exp[-ik 

, (pl + z2) I /2] G_, = la 2 /2){[K; (u,a)]2 - (I + 1/ u;a 2 ) 

· Ki(U, a)} <27) it easily follows that 

If Iv, al < < I, we can write H,i, = [ ieow y
0

(p) 2 ; 2]{ -il; ilp + [(p)2 /8]{cl / ilp) 

N,=-A;[ln(a/c)-(v;/2)(a 2 -c2 )a,+((3,u,) 2G,] ·(k2+a2/az2)+ ... }e-ikR/R {37) 

where R = (p 2 + z2
) 

112
• In fact, the leading term 

FIELDS IN THE UPPER HALF SPACE will be adequate for most purposes; thus 

We now need to say something about the field 
in the air half space (z < 0). In general, here the 
fields can be derived from a Hertz potential fi ~iven 

H,i,- -[e 0 wV0 (p) 2 k/2p)(l + 1/ikp)e-ikp 

for z = 0. 

(38) 



Now actually we are dealing with an imperfectly 
ground plane beyond p > p0 • But, to a good approx­
imation, we can assume that the actual tangential 
magnetic field is not appreciably different. Also, 
we can employ the surface impedance boundary 
condition to make a good estimate for the tangential 
electric field e(p) beyond the ground screen [ Wait, 
1969]. In fact, we say that 

e(p) = -riH<t> (39) 

where H 4> is given by (37) or (38) and 11 = [ i µ, 0 w/ 
(a+ iew)] 112• Then the power p+ supplied to the 
ground by means of the upper half space is obtained 
from 

p+ = Ol2) Re lJ f00 

(H<t>) 2 2,rpdp = (p)(41rl8) 
PO 

(40) 

EVALUATION OF MODAL COEFFICIENTS C, 

We now determine the coefficients c. by equating 
the right-hand sides of (I) and (15). That is 

}: C,Z,(p) = V0 o(p - p) + e(p)u(p- p0 ) (41) 

Using the orthogonality relation (20), it readily 
follows that 

C, = (V0 I N,) p Z,(p) +(II N,) f00 

e(p)Z,(p)pdp 
PO 

= (V0I N,) iA, v,p[K 1(v,p) - aJ 1(v,p)] 

- ( V0 -ril N,)(i(3, AU ,)(€ 0 w(p) 2 kl2] f"' (I + I I ikp) 
po 

· e -ikp K, (u,p)dp (42) 

While the integral above can be simplified, direct 
numerical evaluation is preferable, at least for the 
TEM mode. The integrand converges rapidly be­
cause K 1(u,p) behaves as p- 112 exp(-".P) for 
large p. 

Actually, for the higher-order modes, the integral 
in (42) can be approximated by 

f n (I + I I ikp)e -lkp KI (U ,p)dp = (,r 12) 112 exp(-u ,Po) 
PO 

I ik(u ,p 0 ) 3 12 (43) 

This is valid, in an asymptotic sense, when kp 0 

is small and I us Pl is large. 
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POWER RELATIONS 

We now need to deduce the total power p­
supplied to the lower half space by the annular 
slot. Clearly, this is given by 

p- = [ (112) Re r E0p H~ 21rpdp J ,-o 

= ,rpV0 [Re H0<t>]p=i> (44) 
,=o 

= ,rpV0 Re{iE 0 w L v,C,[K 1(v,p)-a,11(v,p)]} 
J 

The total power supplied by the annular slot is 
thus P = p+ + p- + P, where p+ is given ade­
quately by (40) and P, is the "radiated power" 
of the annular slot. A simple calculation indicates 
that the latter is 

P, = lim lJo1T J"'2 

IH.t,I 2 R 2 sin 0 d6 = (1rl6) v~ (€ow) 2 

R--- 0 

. (p)4 llo k2 (45) 

In most cases, P, will be negligible compared with 
either p+ or p-. 

The "desired power" P1 is what can be intercept­
ed at some depth I in the shaft. This quantity is 
to be obtained from 

P, = (I 12) I: EOp H~ 211pdp (46) 

Since I is sufficiently large that I,,.}.• I > > I for s 
> 0, we need only use the zero-order mode (i.e., 
s = 0) in computing P1• In other words, the other 
modes are "cut off". Thus, the relevant field 
quantities are 

E0p = i}.. 0 v0 C 0 
[K 

1 
(v

0
p) - a

0
1

1 
(v

0
p)]e - 1~0' (47) 

and 

HO<t> = iE 0 wv0 C 0 [ K 1 ( v0 p) - a
0 

11 ( v0 p)]e -f ¼t (48) 

The corresponding power is 

P1 = (I 12) Re r [E0p H~] ,., 21Tpdp 

= 1T€owlvoCol2ReAo J: IK,(vop)- aol1 

· (v0 p)l2pdpexp[-i/(}.. 0 -At)] (49) 

Since Iv O a I < < 1 in cases of practical interest it 
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Fig. 2. Attenuation rate of the TEM mode. 

follows that 

P, = 'TTE 0 wJC0J2 [ln(a/c) - (a 2 - c2 )Re(o:
0 

v
0

/2)] 

· Re{>-. 0 exp[-i(}. 0 -}.J)/]} (50) 

SOME NUMERICAL RESULTS 

Using the preceding formulation, some numerical 
results have been obtained for a number of specific 
cases using typical values of the relevant parame­
ters. In Figure 2 we show the attenuation rate in 
db/ km of the zero-order or TEM mode as a function 
of frequency in the cylindrical hoist shaft. The 
conductivity a c of the center conductor is taken 
to be 10 6 mhos/m and its radius c is 2.22 cm. 
The radius a of the shaft is 1.2 m. The surrounding 
homogeneous earth has a dielectric constant e 
= 10e 0 , a conductivity a that is either 10-2 or 10 -4 

mhos / m. The atmosphere and the air-filled shaft 
arc assumed to have free-space permittivity e0 and 
magnetic permeability µ 0 . The attenuation rates of 
the higher-order symmetric TM modes are shown 
in Figure 3 over the same frequency range and 
for the same conditions as in Figure 2. The attenua­
tion rates of these evanescent type modes are 

virtually independent of the earth conductivity so, 
within graphical accuracy, the curves for a = 10 - 2 

and 10-4 mhos/m are indistinguishable. In view 
of these results, it is not surprising that overall 
transmission efficiency (defined below) is dominat­
ed by the TEM mode attenuation characteristics. 

An important design quantity is the transmission 
conductance G0 of the annular slot. It is defined, 
in terms of the power delivered to the shaft, as 
follows: 

(51) 

where VO is the applied voltage (i.e., therms voltage 
is V0 / 2 112

. In Figure 4, G0 is plotted as a function 
of frequency for the same parameters as above 
but now we must specify the radius p0 of the ground 
screen and the mean radius P of the annular slot. 
We choose p0 = 2.0 m and p = 0.6 m but the results 
are only weakly dependent on these parameters. 
In Figure 4 we also show the curve when there 
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Fig. 3. Attenuation rate of the higher-order symmetric 
TM modes. 



are no ohmic losses (i.e., <J' = <J' c = x-). In the latter 
case, it is easy to show that 

(52) 

As indicated in Figure 4, the transmission conduc­
tance increases somewhat with frequency as a result 
of ohmic losses. 

We now define an overall transmission efficiency 
as the ratio P1 / (P- + p+ + P,). This quantity, 
expressed as a percentage, is plotted in Figure 5 
as a function of frequency for the same parameter 
range. As indicated, two values of the depth I 
(= 0.5 and 2.0 km) are selected. Not surprisingly, 
the transmission efficiency becomes poorer as the 
depth / increases. In fact, the efficiency is propor­
tional roughly to the factor exp(-2a/) where a is 
the attenuation rate of the TEM mode. 

CONCLUDING REMARKS 

The present analysis and sample calculations 
show that, for such a configuration, most of the 
transmitter power can be delivered to the shaft. 
The key factor seems to be the manner of impressing 
the source voltage between the center conductor 
(i.e., hoist rope) and the wall of the shaft. Most 
of the power is dissipated in ohmic losses in the 
surrounding earth. For this reason, the transmission 
efficiency decreases roughly in an exponential fash­
ion with depth to the observer in the shaft. 
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Fig. 4. Transmission condul:tance of the annular slot. 
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Fig. 5. Transmission efficiency of the system (this 
is a measure of the relative power that is transmitted 

down to a depth / in the shaft). 

In our calculations we have neglected the contin­
uous spectrum so this conclusion may be modified 
somewhat at the lowest frequencies and for low 
rock conductivity. However, in a practical scheme 
the upper few meters of the wall shaft would be 
lined with wire mesh so the neglected lateral wave. 
in the external conductor, would have a negligible 
effect. A recent calculation has shown this to be 
the case. 

In an actual system we would use a toroidal-coil 
coupler rather than an annular slot. This should 
not change the overall features. On the other hand, 
the practical method of receiving the downward­
propagated signal would be a major aspect of the 
overall capability to communicate. This subject is 
now occupying our attention. 
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A coal seam is idealized as a resistive slab bounded by more conductive rock. The sourl'e is 
taken to be a vertical electric dipole. It is shown that the dominant mode has relatively low attenuation. 

Electromagnetic waves can propagate laterally 
via highly resistive layers in the earth [Wait. 1971]. 
In such cases. it is necessary to locate the source 
and observer within or near the waveguide. Such 
a waveguide could be formed by a coal seam 
bounded by well conducting rock. Our wave model 
is very simple and probably overly idealized but, 
in spite of this fact, the calculations are nontrivial. 

The waveguide configurations and the cylindrical 
coordinate system (p,4>,z) we adopt are illustrated 
in Figure I. We show a homogeneous slab of width 
2h, of conductivity a, and of permittivity E. This 
is bounded above and below by homogeneous and 
semi-infinite regions of conductivity er I and per­
mittivity E 1 . The source is a vertical electric dipole 
of moment 2Ids located at z = 0, which is the center 
of the slab. We first consider the vertical electric 
field E, within the region -It< z < Ii. Formnlly, 
it is represented as a contour integral over a spec­
trum of plane waves. This. in turn, can be expressed 
as a sum of residues plus branch line integrals. 
For the present problem. the dominant contribution 
is the residue corresponding to the zero-order mode 
at the eigenvalue C = C 0 defined below. Thus, for 
our purposes, we write [Wait. 1970]: 

( I) 

where 

(2) 

is a reference field and Wis an attenuation function. 
The latter is given by 

(3) 

(\,r>"ri(t.hl © l97fl hy the American Gcophyskal Union. 

263 

where 

C - .i -l iilR/AC ]-I .\- I+--- , R=---, 
2kliR C~Co C+~ 

( 

j µ. W ) I /1 ( J.;,2 S2 _ /,;, 2) I /2 
0 6, = I 

rr+ iew rr 1 + ie 1 w 

= i(kf- k2S2 ) 112 /(rr 1 + ie 1 w) 

ik 1 = [ i µ. 0 w (a 1 + i E I w)] 112 

Here C0 is a solution of the equation R exp 
( i'2k/JC) = I. In writing (I). ('2). and (3) we assume 
that jkpj ~ I. 

The mode equation can be written in equivalent 
form as 

11 tanh 11/J + p1· = 0 {-1) 

where p = (u + iEtu)/(1r 1 + i1:. 1 tu). 11 = ikC. and 
\' = (k2s2 - q)l/2 = ik1(1 - p2S2)1/2. The at­
tenuation rate is then -l111kS0 nepers per unit length 
in the p direction. In this notation we see that the 
excitation factor .\ can be calculated from 

[ 
I rlRj-t 11-pl' 

\= 1----- R=---
?.ltR r/11 II + p1· 

Using the mode equation in the form 

R - R 1 = 2 sinh 211/i 

we see that 

[ 
/.:; - k' sinh?.11/J 1 1 

\= 1-------
1'1 211/r 

(."i) 

Before presenting typical numerical results for 
the attenuation rates. we will discuss some limiting 
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Fig. I. Idealized coal seam of conductivity rr bounded 
by rock of conductivity rr 1 • The relative permittivity 
values are taken to be K1 = e 1 /e 0 = 15 and K 

= e / e O = 9 throughout. 

forms. If IPI - 0. corresponding to perfectly con­
ducting boundaries. it is evident from (4) that the 
1.ero-order mode corresponds to u = 0 or S 0 I. 
Thus the attenuation rate is the same as that for 
plane waves in a region of conductivity <r and 
permittivity E. For this case .. \ = 1 /'!.. The other 
limit results when the waveguide thickness It tends 
to 0. while all other parameters remain fixed. From 
(4) we see that this limit corresponds to v = O. which 
means that kS = k,. Thus, as is expected. the 
attenuation rate approaches that for an infinite 
medium of conductivity a I and permittivity E 1 • 

Now, as is easily seen from (5), the excitation factor 
approaches 0. This result is not surprising, since 
we no longer have a waveguide but merely a 
conducting full-space. Some of these limiting cases 
were exhibited in some calculations reported earlier 
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Fig, J. Attenuation rates for dominant waveguide modes in a 
c.:onl scum of thickness ~h for various wall c.:onduc.:tivitics. 

[ Wait and Spies. 197'!.] in the context of ultra-low 
frequency in a postulated waveguide in the crystal­
line basement of the earth's crust. 

Using a numerical solution of (4), values of the 
attenuation rate - Imk 0 S 0 in decibels per meter 
have been obtained that are relevant to the coal 
seam situation. The frequency range extends from 
I to 10 5 kHz (i.e., 1000 Hz to 100 MHz). Some 
typical values of the parameters are . chosen and 
they are indicated in a self-contained fashion in 
Figures 2 and 3. The curves apply to the important 
zero-order mode which is analogous to a TEM 
(Transverse Electromagnetic Mode) in a parallel 
plate waveguide. Such a mode, of course. has no 
cutoff as such and. for this reason. it has been 
proposed that it be the principal mechanism for 
low-loss transmission in stratified layers of the 
earth's crust. In Figure 2, however, we also show 
some results for the first order ( 11 = I) mode which 
for h = 10 m is "cut off" at frequencies below 
about 40 MHz, when the half-width h of the wave­
guide is equal to one-half of the effective wave­
length. When /J = 1.0 m this cutoff frequency 
would be approximately 400 MHz for the same 
condition. 

Some important conclusions can be drawn from 
Figures 2 and 3. As expected, on the basis of 
previous work on the earth-crust waveguide, the 



attenuation rate is critically dependent on the bulk 
r..:on<luctivity u of the waveguide (i.e., the coal seam 
itself). In fact, at the higher frequencies, there is 
almost a direct proportionality as one would predict 
on the basis of propagation in an unbounded medium 
whenthelosstangentissmall(i.e .. whenEw/a< I). 
Also, we can see that, as the waveguide 
half-width /J is changed from 10 m to 1.0 m, the 
attenuation is increased consistently. In addition. 
if we decrease the conductivity a I of the bounding 
rock, the attenuation also increases in a manner 
roughly proportional to (a 1 )-

1 n. 
These results confirm recent unpublished experi­

mental and calculated results (personal communi­
cations, R. L. Lagace of A. D. Little, Inc.) that 
attenuation rates in such configurations can be 
expected to be as low as 0. I dB/ m for frequencies 
around 100 kHz if the bulk conductivity of the 
seam is less than about 1.0 millimho/meter. 

In this analysis we have assumed that the coal 
seam is excited by a vertical electric dipole at its 
center. The same 11 = 0 mode is excited for a vertical 
electric dipole anywhere within the seam. However, 
if the electric dipole were located outside the seam 
it should be located in a horizontal orientation so 
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that the desired mode is launched in the end-fire 
directions. Similarly, a horizontal-axis loop will also 
excite the desired mode but a vertical-axis loop 
will not. The excitation problem for the analogous 
earth-crust waveguide has been discussed recently 
[ Wait, 1975] and the results would seem to apply 
directly to the coal-seam problem. 

Ack11owledgme11ts. I arri \'Cry grateful to R. G. Geyer and 
R. J. Lytle for their useful comments and critical remarks on 
this subject. 
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CHAPTER 22 

INFLUENCE OF SPATIAL DISPERSION OF THE SHIELD TRANSFER 
IMPEDANCE OF A BRAIDED COAXIAL CABLE 

J.R. WAIT and D.A. HILL 

Institute for Telecommunication Sciences 
Office of Telecommunications 

U.S. Department of Commerce 
Boulder, Colorado 80302 

Abstract-The effect of the dependence of the braid transfer imped­

ance on the propagation constant is discussed for a coaxial cable located 

in a circular tunnel. 

In recent papers [1,2) in this journal, we have presented attenu­

ation calculations for a braided coaxial cable located within a circular 

tunnel bounded by a homogeneous lossy medium. Following previous engi­

neering practice, the metal braid was represented by a transfer imped­

ance ZT that was assumed not to vary with the propagation constant of 

the desired mode. In fact, for the calculations, we assumed that 

ZT = iwLT where LT was the transfer inductance expressed in nano­

henries per meter. But this is a limitation in the calculations not 

in the theoretical formulation. 

Recent theoretical work [3,4,5) on ·wire mesh screens suggest that 

the effective transfer impedance is better represented by the form 

(1) 

where A (w) and B (w) m--e frequency dependent pnrameters thnt do not 

depend on the propagation constant I'. In the specific case of the un­

coated braided coaxial cable model used earlier, we would have 

(2) 
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where k is the wave number for the region (i.e. air) adjacent to the 
0 

cable and k is the wave number for the insulating dielectric on the 

inside of the shield. This particular form would apply if the weave or 

pitch angle tjJ of the braid wires (angle subtended with the cable axis) 

is 45° and if the axial separation of the braid wires is small compared 

with a wavelength and with the radius of the shield. Of course, the 

formula, but not the form, for ZT is modified if other factors are 

considered such as the influence of the jacket material and any external 

lossy coatings. Also, if the weave angle is different from 45°, we should 

replace the bracketed term in (2) by [l + (2f 2 

according to an analysis by K.F. Casey [5). 

The general mode equations [1,2] we have derived for the braided 

cable in the tunnel may still be used if ZT is regarded to be r 

dependent. The iterative calculation is only slightly more complicated. 

However, it is useful to examine how much error is incurred by adopting 

an appropriate r-independent model for ZT since this has been used fre­

quently in the past. For the coaxial cable or bifilar mode, r is of 

the order of ik; thus we propose to use the approximation: 

= iwL k 2 /(k 2 + k 2
) 

T o o 

(3) 

The limiting case is obtained by setting r = 0 in (2). Then we recover 

the simple form ZT C;! iwLT. 

To illustrate the significance of the present results we plot the 

attenuation rate of the bifilar mode in dB per km for the three cases 

mentioned above in Figs. 1,2 and 3. Specifically the transfer impedance 

takes the respective forms ZT(f), ZT(ik) and ZT(O) as indicated on 

each figure. 
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The cable parameters, in terms of the earlier notation (1,2), are 

- -3 
a~ (tunnel radius)= 2m, de(enrth conductivity)= 10 mhos/rn, 

a (inner conductor radius) = 1. 5 mm, b (sheath radius) = 10 mm, 

E: /£ = 10, e o 

E:/c 
0 

(dielectric constant of insulator)= 1.5, and CT (conductivity of inner 
w 

conductor)= 5.7 x 10 7 rnhos/m. Also, as mentioned above, the influence of the 

jacket and/or lossy external layer is ignored here. This corresponds to 

setting c =band ad= 0 in the previous formulation (1,2). As indicated 

in the figures, p (offset distance of cable from tunnel axis) is either 
0 

zero or 0.9 a
0 

= 1.8 m. In Fig. 1, where the re.ference value of LT is 

40 nH/m, it is seen that the attenuation rates for ZT(f) and ZT(ik) 

are considerably lower than that for In Fig. 2, where 

nH/m, the difference is somewhat reduced, while in Fig. 3 where 

L = 10 
T 

LT= 2nH/m, the difference is negligible. In all cases shown the 

difference between the curves for ZT(f) and 4r(ik) would seem to be 

insignificant. 

Certainly from a practical standpoint the use of an effective r­

independent value of the transfer impedance such as ZT(ik) would lead 

to a negligible error. But, of course, the use of ZT(O) as may be 

obtained from a static test measurement is liable to produce significant 

discrepancies. Thus, in interpreting the calculat .. ~d data from previous 

attenuation calculations [1,2], one should identify the given sheath 

transfer impedance as an effective value for that mode [e.g. ZT(ik) 

for the bifilar mode and ZT (ik
0

) for the monofilar mode]. 

Using the method discussed recently by the authors [6], the 

influence of the r dependence on ZT on the excitation factor of the 

desired bifilar mode was investigated. The results showed that ratio of 

the excitation factor for the ZT (0) assumption wci.s typically 6 dB 
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higher than for either the ZT(f) or ZT(ik) assumptions. This is 

not surprising since the cable is less leaky in the latter cases. To 

some extent, this compensates for ~he decreased attenuation rates insofar 

as the total system loss is concerned. The important point is that the 

excitation factors calculated for an effective ZT(ik) never differ 

more than 2 dB from the f-dependent form ZT(f) (even for the worst 

case where LT= 40 nH/m). 

Not surprisingly, the calculated transmission characteristics for 

such problems will depend on the many details of the assumed model. The 

large number of parameters, even in such an idealized configuration, 

makes it extremely difficult to form a comprehensive picture of the 

overall phenomena. Nevertheless, it appears highly worthwhile to 

develop engineering design criteria that can be used to estimate system 

performance. Work on this subject continues. 
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FIGURE CAPTIONS 

Attenuation rate of a braided coaxial cable in a circular 

tunnel for three different representations of the sheath 

transfer impedance. The reference transfer inductance LT 

is 40 nano-henries per meter. 

Attenuation rate of a braided coaxial cable in a circular 

tunnel for three different representations of the sheath 

transfer impedance. The reference transfer inductance is 

LT = 10 nH/m. 

Attenuation rate of a braided coaxial cable in a circular 

tunnel for three different ~~presentations of the sheath 

transfer impedance. The reference transfer inductance is 

LT = 2 nH/m. 
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CHAPTER 23 

ANALYSIS OF RADIO FREQUENCY TRANSMISSION ALONG 
A TROLLtY WIRE IN A MINE TUNNEL 

DAVID A. HILL and JAMES R. WAIT 

Institute for Telecommunication Sciences 
Office of Telecommunications 

U.S. Department of Commerce 
Boulder, Colorado 80302 

Abstract - An idealized model of a trolley wire communication 

system in a tunnel is considered. To facilitate the analysis, the 

tunnel cross-section is taken to be semi-circular and the surround­

ing rock medium is homogeneous with a finite conductivity. The 

metallic rails or other conductors on the flat floor of the tunnel 

are represented by a plane metallic reflecting surface of infinite 

extent. The trolley wire and associated feeder line are assumed 

to be equivalent to a single cylindrical conductor that is parallel 

to the axis of the tunnel but located anywhere within the cross­

section. The appropriate modal equation is then solved for the 

propagation constant of the dominant mode. It is shown that the 

attenuation rate increases significantly as the trolley wire 

approaches the tunnel wall. However, even when the trolley wire 

is within 20 cm (8 inches) of the wall, the attenuation rate at 

200 kHz is still less than 2 dB per kilometer. 
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INTRODUCTION 

It is common practice in communications in mines to utilize the 

trolley wire and its ground return as a radio frequency transmission 

line [1). A potential problem in such a configuration is the influence 

of the finite conductivity of the rock adjacent to the tunnel or pass­

ageway in the mine. A similar situation can arise for communication lines 

in road and railway tunnels. For practical reasons, it is desirable to 

locate the trolley wire, that carries the DC or AC power, very close to 

the·tunnel wall or rib. For power frequencies, this would not be of any 

consequence but for the radio frequencies used in the communication cir­

cuits, the eddy currents induced in the adjacent rock can lead to attenu­

ation of the signal. To provide some insight to this problem, we hereby 

carry out an analysis of an idealized situation. Specifically, we con­

sider a straight tunnel that has a semi-circular cross-section. In order 

to focus attention on the influence of the proximity of the trolley wire 

to the rock wall, we assume that the ground return circuit is ideal. 

Actually, this is not an inappropriate assumption when well bonded metal 

rails are located on the floor of the tunnel. In fact, to facilitate the 

analysis, we assume that the floor is a flat perfectly conducting surface. 

The trolley wire and any associated feeder line are assumed to be repre­

sented by a single axial cylindrical conductor with radius c. In the 

present model c is restricted to be much less than the tunnel radius a • 
0 

FORMULATION 

The situation to be considered is shown in Fig. la. With respect to 

a cylindrical coordinate system, the wall of the tunnel for the semi-

cylindrical model is defined by p = a and 
0 

0 < <ji < TT. The perfectly 
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conducting floor is the surface </J = 0 and TT for O < p < co. The 

trolley wire of conductivity a 
w 

is centered at p = p and cr=</J. 

The homogeneous rock with conductivity 

the region p > a for O < </J < TT. 
0 

a 
e 

0 

and permittivity £ 
e 

0 

occupies 

By some means we now inject an oscillating current of angular frequency 

w on to the trolley wire. This current flows axially along the wire down 

the tunnel to a suitable termination or matched load. Under the condition 

that there are infinite impedance chokes to prevent current drain to loco­

motives and other intervening loads, the return current will return along 

the ground plane and to some extent, in the tunnel walls. We can therefore 

assume that the current between the transmitter (at say z = 0) and the 

terminal load has the form I exp(-fz) for the implied time factor 
0 

exp(iwt). Of course, higher order modes will also be excited but they 

will be highly attenuated if the tunnel diameter 2a is small compared 
0 

with the free space wavelength. The problem thus boils down to the deter­

mination of the propagation constant r of the propagation mode in the 

semi-circular tunnel that is effectively infinite in length. In particular, 

the real part of I' so determined will indicate the attenuation of the 

propagating mode. 

It now turns out that, because of the fortunate and non-accidental 

choice of the geometry, the problem as posed in Fig. la is entirely 

equivalent to the fully circular tunnel shown in Fig. lb. The. external 

region, now defined by 

ductivity a and £ . 
e e 

cal trolley wire at the 

second wire located at 

p > a 
0 

for all </J, is homogeneous with con-

In this case, however, we must locate an identi-

proper image location. The current 11 on this 

p = po and <ti = -<ti must be equal to -I . 
0 0 
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Thus the problem originally posed is transformed to the task of finding 

the bifilar mode for the symmetrically disposed wires contained in what 

is otherwise an empty tunnel in a homogeneous rock medium. 

As a slight digression, we should point out that the circular tunnel 

configuration shown in Fig. lb also will support a monofilar mode that 

corresponds to choosing I 1 = +I
0

• In this case the return currents are 

now flowing entirely in the rock adjacent to the tunnel walls. The corr­

esponding semi-circular-tunnel mode would still look like Fig. la but the 

postulated perfect electric conductor on the floor would need to be a perfect 

magnetic conductor. Such a situation cannot be approximated in any sen­

sible way so we will not pursue further the monofilar mode solution. 

MODAL SOLUTION 

A modal analysis to determine r for the bifilar mode on a trans­

mission line in a circular tunnel has been obtained previously by the 

authors [2]. For the present symmetrical case shown in Fig. lb that 

general mode equation may be factored and written in the form 

A - A = 0 
0 1 

(1) 

where 
y2 

27TZ 
A 

0 + K (vc) s = -
0 v2 no 0 0 

(2) 

and 

Al = Ko(vpd) - sl (3) 

where 
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y2 = -£ µ w2 -- -(2TT/A ) 2 k2 pd = 2p sin¢ 
0 0 0 0 0 

, 
0 0 

v2 y2 - r2 ½ 1201T, = , no = (µ0/£0) = 
0 

nw I (y c) 
z 0 W z io µ w iµ w/y = yw = ' nw = 21Tc Il (ywc) W 0 0 W 

and where S
0 

and s
1 

are factors that account for the presence of the 

tunnel walls. The latter two factors are given by 

[::] 
where 

and where 

+oo 
K (va) 

[exp(-:2m~J ~ Rm 
ru o 

I (vp )I (v(p + c)) = 
I (va) m o m o 
m o m=-oo 

(y /v)K' (va )/K (va) o m o m o + Y n m o + o n m o R = 
m (y /v)I' (va )/I (va) + Y n + o n o m o m o 111 0 m o 

o n = 
m o (y /v) I' (va ) /I (va ) + (Z

01
/n

0
) o m o m o 

y = 
m 

iy 2 
e 

uµ w 
0 

I 
K (ua) m o 
K (ua) m o 

z = -
rn 

i]..l tu 
0 

lt 

I 
K (ua ) 

m o 
K (ua ) 

ru o 

l<-
U = (y 2 - f 2 )~ and y 2 = iµ w(o + iE w) . 

e e o e e 

In the present analysis we have tacitly assumed that the magnetic 

permeability takes its free space value µ (= 4TT x 10- 7 henries/m). 
0 

(4) 

(S) 

(6) 

However, it is a simple matter to account for the finite susceptibility 

of the axial conductor or trolley wire by using the appropriate value of 

the permeability µ 
w 

in place of in the expression for the series 
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internal impedance Z given above. 

The modal equation ( 1 ) , while appearing to be rather complex, can 

be used to obtain numerical results without making any further approxi­

mations. For frequencies of the order of 100 kHz, the diameter of the 

tunnel is quite small compared with the free-space wavelength. In this 

case, I (va ) 
m o 

becomes very large and K (va ) 
m o 

becomes small. This 

causes numerical overflow problems so we find it convenient to use small 

argument approximations so that the relevant factor in (4) is given by 

{ 

K (va ) 
Im (vao) I (vp )I (v(p + c)) 
m 

O
m om o , 

-.Q,n (va ) 
0 

m 'f 0 

m = O. 

On the other hand, the modified Bessel functions of arguments 

ua are not approximated. 
0 

LIM I TING CASES 

(7) 

and 

Before discussing some typical numerical results, we consider the 

limit of perfectly conducting walls of the tunnel. In this case it can 

be seen that R + 1. Then, using the small argument approximation 
m 

indicated by ( 7), it follows that 

+ Loo ·[(poa+2 c)po];n S ~ -.Q,n va 
0 0 

m=l o 

and 

1 
m 

(8) 



126 

]

m 
c)p 1 

0 
- cos2m¢ 
m o 

Using the well-known summation formula [3] 

00 

I 
1 

we see that 

1 - cosmx = 
m 

- l in[l - 2b cosx + b 2 J 
2 

~ tn(l - r) - (l/2)tn[l - 2r cos2¢ + r 2 J 
0 

(p + c)p 

(9) 

(10) 

(11) 

where r = 
0 0 

p2 
0 The relevant mode equation is now obtained 

a2 
0 

a2 
0 

from (11) by using the small arglllllent approximations for the 

Thus 

K 
0 

functions. 

(12) 

Making use of (11), this can be solved explicitly for f 2 to yield 

where 

Equation (13) can be written in the form 
AA l.:l r = (YZ). where 

A A A 

(13) 

"' Y = 21ric w/ 9...n R 
0 

and Z = (iµ tu/2Tr)in R + z. He.re Y and Z are the series admittance and 
0 

series impedance, respectively, per unit length. The corresponding charaetcr-

" A 1..-
is tic impedance is then (Z/Y)~ or f/i. As a check we can let the tunnel 

radius become infinite (i.e. a
0 

+ 00). Then R becomes pd/c. The corresponding 
A A 

expressions for Zand Y are then the appropriate values for a single wire at a 

height pd/2 over a perfect ground plane. Another chce.k is let ¢ ·t- 90 ° whenc~' 
0 
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we obtain R = (pd/c)(l - r)/(1 + r). Using these limiting forms and setting 

Z = 0, we recover the handbook values of the characteristic impedance for 

perfectly conducting configurations [4]. 

NUMERICAL RESULTS 

We now present some numerical examples for the general configuration 

shown in Fig. la or its symmetrical equivalent in Fig. lb. In view of 

the large number of parameters involved, we selected certain typical 

values only. For example, we choose cp = 45° 
0 

for all cases and the 

wire radius c is taken to be 1.5 cm. The frequency range is taken to 

extend from 50 to 800 kHz since this encompasses frequencies used in 

trolley-wire communication systems. Also, we restrict attention to the 

attenuation rate (real part off) of the propagating mode. This is 

expressed throughout in terms of decibels per kilometer':. 

In the first example, in Fig. 2, the influence of the distance 

a
0 

- p
0 

of the trolley wire from the t.unnel wall is exhibited. For 

this case the tunnel radius is 2 meters and the rock conductivity 

0 = 10- 3 mhos/m. 
e 

The relative permittivity £ /£ e o 
of the rock is 

taken to be 10 and this value is adopted throughout the remaining 

examples. The wire conductivity 0 
w 

is taken to be 5.7 x 10 7 mhos/m 

corresponding to copper but the effect of decreasing this to 5.7 x 10 6 

is shown for the case a - p = 20 cm. As indicated in Fig. 2, the 
0 0 

attenuation rate increases significantly as the trolley wire is moved 

toward the wall although the total attenuation for a 1 km path is still 

only 4.5 dB at 800 kHz even when a - p = 20 cm,:,, 8 inches. 
0 0 

* Some values of the normalized phase factor Im(f)/k are appended in 
0 

Tables 1, 2, and 3. The relatively small influence of changing the 

wire radius c, on both attenuation and phase, is shown in Table 3. 
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The influence of the tunnel radius for a fixed distance of the 

trolley wire to the wall is illustrated in Fig. 3. (The same parameters 

are used in Fig. 2). There appears to be only a very slight increase of 

attenuation when the tunnel radius is increased. This is probably due 

to the increasing fringing of the fields when the separation between the 

trolley wire and the image is increased. 

If we keep the distance from the trolley wire to the ground plane 

fixed then, as indicated in Fig. 4, the attenuation rate increases as the 

tunnel radius is decreased. This again shows that the important para­

meter insofar as losses are concerned, is the distance of the trolley 

wire to the tunnel wall. 

The dependence of the attenuation rate on the conductivity cr 
e 

of 

the rock surrounding the tunnel is complicated. This is not surprising 

when one conside,s the various physical mechanisms that are responsible 

for the extraction of energy from the propagating mode. Some results to 

illustrate the dependence are shown in Figs. Sa and Sb for a wide range 

of values. For very small values of 0 
e 

(e.g. 10-~ mhos/m), the loss 

is determined primarily by the leakage radiation into the rock 

that has the character of a low loss dielectric at 800 kHz. As the rock 

conductivity is increased, this leakage radiation is lowered because of an 

increased impedance mismatch at the air/tunnel boundary. There is a local 

minimum of the attenuation at cr approximately equal to 10-2 mhos/m 
e 

which occurs because, for further increases of cr ' e 
the induced eddy. 

currents become a dominant factor and the skin depth in the surrounding 

rock is still quite large. However, with further increases of cr ' e 
the 

attenuation rate is again decrea?ed because the skin depth is now becoming 

much less than the tunnel diameter. 



129 

Finally, as Jndicatcd ho.fort', in the limit when 

loss mechanism is due to thl' finltc cPnductivity 0 
w 

a 
C 

the only 

of the trolley wirl'. 

This is indicated in Fig. Sh, TI1e corresponding limit when the rock con-

tluctivity is zero and the relative permittivity E /E 
e o 

is unity, is also 

shown in Fig. Sb. As discussed earlier, this is the case when the corres­

ponding two-wire transmission line is located in free space, or the equiv­

alent situation of a single wire over a perfect ground plane. 

CONCLUDING REMARKS 

The tunnel model used above is admittedly very idealized°. Nevertheless, 

the results do indicate that the influence of the finite conductivity of the 

adjacent rock is significant for frequencies from 50 to 800 kHz. Because we 

have represented the ground plane or floor of the tunnel as a perfect con­

ductor, losses from the imperfect bonding of the rails are ignored. The 

influence of the leakage currents from the rails to the rock floor should 

be considered. 

While this problem could be treated by a more sophisticated moclel, some 

insight is obtained by examining the results for a fully circular tunnel where 

the walls are uniformly conducting [5]. Essentially, this is the situation 

depicted in Fig. lb where now we have only one conductor. Thus the return 

current must flow entirely in the adjacent rock. The mode equation is now 

A = 0 where A is defined by (2). We choose the same parameters as used 
0 0 

in Figs. Sa and Sb except we set a = 1.414m so that the cross-sectional area 
0 

of the tunnel is the same as before. Not surprisingly, the attenuation rates, 

as shown in Fig. 6, increases monitonically as the conductivity a 
e 

of the 

rock is decreased. Also, for 0 
e 

-2 -3 in the range from 10 to 10 mhos/m, the 
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attenuation rate is an order of magnitude greater than with the semi-circular 

model. 

If we again consider the special case CT = 00 , and use the small argument 
e 

approximations for the Bessel functions, it is not difficult to show that 

Y = 2TiiE w(1n R )-l 
0 O 0 

and Z = (iµ w/2n)1n R + Z where 
0 0 0 

This limiting case and one discussed earlier suggest that a meaningful 

definition for the characteristic impedance is f/Y for the semi-circular 

model and r /Y for the fully circular model. This assertion, however, 
0 

-2 becomes invalid for the low rock conductivity (e.g. 0
2 

< 10 ) and for the 

higher frequencies (e.g. f > 200 kHz). 

There is an obvious need for some controlled experimental tests for 

transmission in tunnels with various types of conductors such as rails and 

pipes. An important step in this direction has just been described by 

Gillette and Gilmour [6] for frequencies somewhat higher than considered 

here. Also, the theoretical models should also be extended to account for 

the presence of insulated and un-insulated conductors buried in the adjacent 

rock. 
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FIGURE CAPTIONS 

An axial conductor or trolley wire located in semi-circular 

tunnel. 

The equivalent twin-wire line in a circular tunnel. 

The influence of the distance of the trolley wire to the tunnel 

wall on the attenuation rate. 

The effect of varying the tunnel radius for a fixed separation 

between the trolley wire and the '::unnel wall. 

The effect of varying the tunnel radius for a fixed height of 

the trolley wire to the ground plane or tunnel floor. 

The dependence of the attenuation rate on the rock conductivity 

a for 
e 

the range from 10- 4 to 1 mhos/m. 

The dependence of the attenuation rate on the rock conductivity 

a for the range from 1 mhos/m to co. 
e 

The dependence of the attenuation rate on the rock conductivity 

a for a single conductor in a fully circular tunnel. The other 
e 

conditions are the same as in Fig. Sa and Sb except that a = 1. l114m. 
0 
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Fig. la 

Fig. lb 
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APPENDIX 

TABLE 1 
EFFECT OF WIRE POSITION AND CONDUCTIVITY 

(a = 2m, E /E = 10, a = 10- 3 mhos/m, ¢ = 45°, c = 1.5 cm) o e o e o 

Normalized Phase Im (f) /k 
Frequency 0 

(a - p = 80cm) (a - p = 40cm) (a - po= 20cm) (a - po = 20cm) (kHz) 0 0 

50.0 1.060 
66.0 1.060 
87.1 1.060 

1ll1. 9 1.060 
151.6 1.060 
200.0 1.060 
264.0 1.059 
348.2 1.059 
459.5 1.059 
606.3 1.058 
800.0 ...__ l.O!;i7 

0 0 

1.149 
l.1L19 
1.149 
l.V.9 
1.149 
1.148 
1.148 
1.lli7 
1.146 
l.1Lf4 
1. 142 
~ 

a = 5.7 x 10 7rnhos/m 
w 

TABLE 2 

0 

EFFECT OF WALL CONDUCTIVITY 

0 

1. 271 1.274 
1.271 1.. 273 
1. 271 1. 273 
1.270 1. 272 
1. 270 1.271 
1.269 1.270 
1.268 1.. 269 
1.267 1.268 
1.264 1.265 
1.261 1.262 
1.255 1. 256 

(a = 2m, E /E = 10, ¢ = 45°, a - p = 20cm, a = 5.7 x 10 7mhos/m, c = 1.5cm) o eo o o o w 
Normalized Phase Im(r)/k 

Frequency 0 

(a = 10- 1 ) a 10- 2
) (a = 10- 3 ) (a = 10- 4 ) 

(a 
0 

(kHz) e 

50.0 1.266 
66.0 1. 264 
87.1 1.262 

114. 9 1.259 
151.6 1. 257 
200.0 1.253 
264.0 1.248 
348.2 1.244 
459.5 1. 238 
606.3 1. 232 
800.0 1. 224 

= 2m, E /E = 10, a = 
·e o e 

= e 

1.271 
1. 270 
1.270 
1.269 
1.269 
1.268 
1.267 
1. 266 
1. 265 
1. 264 
1. 262 

TABLE 3 

EFFECT OF WIRE SIZE 

10- 3mhos/m, ¢
0 

= 45°, a
0 

- P
0 

Frequency Attenuation Rate (dB/km) 

(kHz) (c = 1.5cm) (c = 2.Scm) 

50.0 2,14 X 10- 2 2.02 X J:0- 2 

66.0 3.11 X 10- 2 3.09 X 10- 2 

87.1 4,68 X 10- 2 4.87 X 1b- 2 

114.9 7,30 X 10- 2 7.87 X 10- 2 

151.6 1.168 X 10-l 1. 296 X 10-l 
200.0 1.907 X 10-l 2.159 X 10- 1 

264.0 3.149 X 10-l 3.618 X 10-l 
348.2 5. 224 X 10-l 6.062 X 10- 1 

459.5 8.631 X 10-l 1.008 
606.3 1.406 1.649 
800.0 2.233 2.623 

e e 

1. 271 1. 264 
1. 271 1.260 
1.271 1. 254 
1. 270 1. 247 
1.270 1. 238 
1.269 1.228 
1. 268 1. 221 
1.267 1. 216 
1. 26Lf 1.212 
1. 261 1.209 
1. 255 1.208 

= 40cm, a = 5.7 x 10 7mhos/m) 
w 

Phase Im(f)/k 
0 

(c = 1.5cm) (c -- 2.5cm) 

1.149 1.173 
1.149 1.172 
1.149 1.172 
1.149 1.172 
1.149 1.172 
1.148 1.171 
1.148 1.171 
1.147 1.170 
l.ll16 1.169 
1.144 1.167 
1.142 l.16ll 
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CHAPTER 24 

.RADIO FREQUENCY TRANSMISSION VIA A TROLLEY WIRE 
IN A TUNNEL HITH A RAIL RETURN 

James R. Wait* 

Cooperative Institute for Research in Environmental Sciences 
University of Colorado/NOAA 

Boulder, Colorado 80309 

and 

David A. Hill 

Institute for Teleconnnunication Sciences 
Office of Telecommunications 

U.S. Department of Commerce 
Boulder, Colorado 80302 

Abstr•aat-An analysis is given for the transmission of 

electromagnetic waves along a circular tunnel in the presence 

of axial conductors. One of these conductors is an ideali­

zation of a trolley wire with its bonded feeder line and it 

may be located anywhere in the tunnel. The other is a metal 

rail that is located within the homogeneous rock medium at a 

finite distance from the tunnel wall. A mode equation for the 

propagation mod.es is obtained that is used to obtain numerical 

results for the attenuation rate in the frequency range 50 to 

800 kHz. It is shown that the attenuation rate is only weakly 

dependent on the burial depth of the rail conductor, at least 

in the range up to 50 cm. Also, it is found that the rail 

conductor for the model adopted carri~s an appreciable fraction 

of the total return current when typical rock conductivities 

are assumed. A thin layer of insulation on the rail appears 

to have a negligible effect. In fact, there is little ch2ngl\ 

even if the rail is within the tunnel and just above the 

tunnel floor. 

* Consultant to ITS/OT. 
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INTRODUCTION 

An extremely interesting problem occurs when a radio frequency 

signal used in mine communications [1] is coupled to a trolley wire or 

its associated feeder line in a tunnel. If the tunnel wall is suffi-

ently well conducting, the return current path through the rock is 

uninhibited. However, if the rock is of low conductivity, the resultant 

attenuation of the signal may be severe due to ohmic losses. Fortunately, 

in many such cases, the situation is improved by the presence of metal 

rails that would be in intimate contact ~ith the floor of the tunnel. 
I 

Ideally, such rails could act as a perfect ground plane. Then the 

trolley wire would be imaged and the loss would result from the finite 

conductivity of the upper and side walls and the finite conductivity 

of the trolley wire and its bonded feeder. This configuration was 

analyzed earlier [2] and the results indicated that the attenuation was 

indeed very small (e.g. less than 2dB/km at 200 kHz). A more realistic 

case, however, should explicitly consider the rail or other axial con­

ductors that may be located in close proximity to the floor of the 

tunnel. This is the subject of the present investigation. Alas, we 

still employ a highly idealized model that, nevertheless, contains the 

essential ingredients. Specifically, we consider a tunnel of circular 

cross section with an eccentrically located trolley wire and a single 

rail that may be insulated from the rock. Whilst the formulation is 

fairly general and could be applicable to other tunnel configurations 

[6], numerical results are obtained only for the case where the diameter 

of the tunnel is small compared with the operating (free-space) wave­

length. 
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STATEMENT OF PROBLEN 

The. situation we wish to analyze is illustrated in Fig. 1. The 

tunnel of radius a, with free space permittivity E ' 0 
is cut through 

a homogeneous rock medium of conductivity (5 
e 

and permittivity E: • 
e 

The magnetic permeability µ
0 

of the whole space is taken to be the 

same as that of free space. With respect to a cylindrical coordinate 

system (p,¢,z), the tunnel wall is defined by p = a. A trolley wire 

of radius C 
0 

and conductivity (5 
s 

is located at p = p 
1 

and 

where p
1 

< a. A rail or other heavy metal conductor is now represented 

by a cylindrical structure of outer radius c and centered at p = p 
2 

and ¢ = ¢ where 
2 

p
2 

> a + c. Actually c is taken to be the radius of 

the insulation or coating that can be assigned a conductivity (5 
C 

and 

permittivity £ • 
C 

This coating is concentric with an assumed circular 

metal conductor of radius b that has a conductivity a . 
w 

Normally, we 

would expect the coating thickness c - b to be small compared with all 

other dimensions of the problem. Also, all displacement currents in the 

metal conductors can be safely ignored but, without additional complexity, 

their magnetic permeabilities may be taken to be different from the free 

space value µ
0 

assumed elsewhere. 

We are interested in seeking solutions for a propagation mode in 

the tunnel that has the form exp(-fz + iwt) where r is the complex 

propagation constant and w is the angular frequency. Thus, subject 

to the relative thinness of the wire and rail, we can assert that the 

currents will have the respective forms r
1 

exp(-fz + iwt) and 

r 2 exp(-fz + iwt) where r
1 

and r
2 

are as yet undetermined. In 

what follows, we drop the harmonic time factor exp (itut); its presence 
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is understood. The solution is greatly simplified by invoking approp­

riate axial impedance conditions on the trolley wire and rail. The 

form of these are taken from previous work [3-5] but, in any case, they 

have a self contained plausibility. 

WIRE BOUNDARY CONDITIONS 

The impedance condition, on the axial electric field 

trolley wire is taken to be [4] 

E oz, at the 

E = Zsll exp(-fz) oz 
p=pl+co 

(1) 

<t>=cf> 1. 

where 

z 
T)s Io(ysco) 

= 
Il (ysco) s 21Tc 

0 

(2) 

l 

Y = (icr µ w)~ and n = iµ w/y. I
0
() and 1

1
() are the modified 

s s s s s s 

Bessel functions not to be confused with the axial current I
1 

on the 

trolley wire. In the case where IYscol << 1, the axial impedance reduces 

to the usual series resistance l/Tic 2
CJ in ohms per meter that loses 

0 S 

its dependence on the magnetic permeability µ . 
s 

An analogous condition 

is to be applied at the coating surface of the rail conductor. For the 

axial electric field E in the rock, it reads ez 

E ez 

where Z (f) is the effective axial impedance of the rail or coated 
C 

(3) 

earth conductor. In general, it would be a function of the propagation 

constnnt r. For the present problem we caq write 



f45 

z (f) ~ z + z.. 
C C -b 

being the sum of the impedance z of the coating and the impedance 
C 

(4) 

\ of the metal rail itself. For an earlier quasi-static analysis [3] 

k2 + r2 
z ~ .c tn £. 

c 21r(d + iE: w) b 
C C • 

(5) 

where k2 = -iµ w(cr + iE: w). Since C - b « b this is equivalent to 
C 0 C C 

iµ w -b) (1 + I'_) 0 (c z ~ 

21Tb C k2 
C 

In addition, we note that 

.....!L 
I (y b) 

\= 0 W 

21Tb Il (ywb) 

k 
where y = (icr µ w) 2 and n = iµ w/y. Also, if 

w WW w w w 

reduces to l/1rb 2cr as it should. 
w 

THE REQUIRED FIELD EXPRESSIONS 

We now return to the general configuration shown in Fig. 1 and 

for the moment ignore the presence of the rail conductor. The axial 

electric field E(l) in the region a> p > p
1 

due to the current 
oz 

r1 exp(-fz) in the trolley wire is known from previous work [4,5]. 

It is given explicitly by 

iµ
0

wr
1 

-t<o 

[ Km (vp) E(l) -v2 -rz L Im (vpl) = e 
oz 2rry2 

0 m=-oo 

K (va) 
Im(vp)] .-im(~-~l) - R 

m 
m I (va) m 

(6) 

(7) 

(8) 
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where V = and Y2 = - k 2 = - E JJ w2. 
0 0 0 0 

I ( ) 
m 

and K () are modified Bessel functions of integer order m. The 
m 

coeffj cient R is given by 
m 

I 

yo K (va) 
m 

+Yn +on 
V K (va) mo mo 

R 
m = 

m ' yo I (va) 
m 

+Yn +on 
V I (va) m o m o 

m 
and 

2 
2 -2 -2 

omno = 
{imf/a} [v -u ] 

I 

yo I (va) z 
m 

+ m 
V I (va) no m 

where 
iy 2 

I 

K (ua) 
y e m 

= 
K (ua) m uµ w 

0 m 

' iµ w K (ua) 
z 0 m 

= -
K (ua) m u m 

u = 

y 2 = iµ w(a + iE w) and n = (µ /E )½ ~ 120rr 
e o e e o o o 

The corresponding expression for the field E(l) in 
ez 

the region 

p > a due to the current 1
1 

exp(-fz), is given by 

iJJ wv 2 

0 

2Tiy 2 

0 

x (1 - R) 
m 

m=-co 

K (up) . (.!.. "' ) m -im 'l'-'1' 

K (ua) e 1 
m 

(9) 

(10) 

(11) 

(12) 

(13) 
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This can be checked by noting that satisfies the appropriate 

wave equation for a medium of constants (f , £ 
e e 

and and that, at 

p = a E(l) 
, ez 

We now consider the complementary problem of deducing the axial 

field E( 2) in the region p > a due to the current r
2 

exp(-fz) in 
ez 

the rail conductor. The solution for this problem can be carried out in 

a straight-forward manner if we first ignore the presence of the trolley 

wire. The result is 

E(2) = 
ez 

(14) 

-too I (ua) 
Km(up)e -im(<l>-<1>2)} -L K (up

2
)s 

m 
m m K (ua) 

m=-oo m 

A 

[p2 + p2 - ½ where Pa = 2pp2 cos(<1>-<1>2)J • The factor s has an analog-
2 m 

ous form to R and in fact they are related as follows: m 

v2 K (va) u2 I (ua) 
m 

(1 - R ) 
m 

(1 - S ) • (15) K (ua) 
=-

y2 m y2 I (va) m m m 
0 

An equivalent form of (14) valid in the region a< p < p
2 

is obtained 

by replacing K
0

(upd) in its series form for this region referring to 

the origin p = O. Thus 

-too 

L (16) 

m=-oo 
The corresponding expression for the field in the region 

p < a, due to the current 1
2 

exp(-fz), is found to be 



iµ wu 2 

0 

2ny 2 

e 

X (1 - S ) 
m 
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-too 

L K (up
2
)I (ua) 

m m 
m=-oo (17) 

This again is an appropriate solution of the wave equation in a homo-

geneous region of electrical constants 

verified that E(2 ) = 
oz 

E(2 ) at 
ez 

p = a. 

£ and ]J • 
0 0 

As it can be 

Another useful check is to note that, as a consequence of the 

reciprocity principle, 

(18) 

This, of course, could have been used at the outset to obtain the solution 

of one complementary problem from the other. 

THE MODAL EQUATION 

The principal remaining task is now to determine the propagation 

constant(s) r by requiring that the total fields satisfy the approp­

riate impedance conditions on the trolley wire and rail. Thus, on 

applying (1) and (3), we require that 

and 

(20) 

These must be satisfied simultaneously for all values of z. This in 

turn requires that the determinant of the coefficients of r
1 

and 1
2 

should vanish, i.e. 
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iµ wv 2 

o, 

27T)'2 
0 

== 0 

{ K (vc ) 
0 0 

i]J WU 
2 

A
2 

= - 0 ~ K (up
2
)I (ua) 

2 2 L..J m m 
'ITYe 

X (1 - S) 
m 

iJJ wv 2 

0 
I (vp

1
)K (va) 

m m 

X (1 - R ) 
Km(u(p2 + c)\ / -im(<l> -<p ) 
--K-(-ua-)-~ e 2 1 m 

m 

(21) 

(22) 

(23) 

(24) 

(25) 

The summations in each case extend from - 00 to ,f<x:, through integer 

values including zero. In dealing with radio frequencies, the tunnel 

diameter 2a is much smaller than a free-space wavelength. Then, for 

the modes of interest, the modal equation can be simplified somewhat by 

replacing Bessel functions of argument va and vp
1 

by their small 

argument approximations. Thus, for example, 
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\ [(pl:)p1T !m ; m; 0 

"f -in(va); m ~ 0 

\ 

However, Bessel functions of argument ua and are not so approxi-

mated. 

While, in principle, there are an infinite number of solutions of 

the modal equation, we may anticipate that the mode of most practical 

interest is the one where r is of the order of ik where k = 2TI/ 
0 0 

(free-space wavelength). Also, at least in the case of low rock conduct-

ivity, the current r
1 

and r
2 

would be of the same order of magnitude 

but would tend to be anti-phase. Thus, ideally, such a bifilar type 

mode is what would be expected for a two-wire line when the currents 

are anti-phase. Of course, at higher frequencies, other propagation 

modes would be possible including those that would have their energy 

confined to tunnel or to the insulation in the coated rail. 

NUMERICAL EXAMPLE 

For the present illustration of the analytical model, we choose 

the following values for the parameters: 

Trolley wire: radius C = 1..5 cm 
0 

conductivity C5 = s. 7 X 107 mhos/m 
s 

-7 
permeability µs = µo = 4TI X 10 

Rail or buried earth conductor: radius b = 4 cm 

conductivity 0 = 10 7 mhos/m 
w 

permeability pw = p
0 

coating thickness c - b = 0 

Tunnel radius, a= 1.414 m (i.e. 2a ~ 9 feet) 
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Trolley wire location: ¢1 = 120°, a - p1 ~ 20 cm 

Rail location: ¢2 = 240°' P2 - a = 10 cm 

Rock medium: conductivity (various values -4 a from 10 mhos/m to 00) 
e 

permittivity E: = lOE e 0 

Frequency: from 50 to 800 kHz 

The attenuation rate which is the real part of r is plotted in 

Figs. 2a and 2b as a function of frequency. The vertical scale is 

decibels (dB) per km of path length along the tunnel. As illustrated, 

the attenuation increases monotonically as the rock conductivity a 
e 

is decreased from infinity to about 1 mho/m. In fact, in the case where 

a ~ 10 mhos/m, the attenuation of the mode is almost identical to that 
e 

computed for a tunnel with a trolley wire and no rail conductor present. 

This is the case considered earlier [2] and it corresponds to the dom­

inant mode solution of the equation A1 = 0 where A
1 

is defined by 

(22). For lower and more typical rock conductivities, the results are 

influenced by the presence of the rail conductor. Such values are 

those shown in Fig. 2b. 

An important related parameter is the complex ratio 1
2

/1
1 

since 

this is a measure of the relative amount of current being carried by 

the rail. For the same conditions described above, the amplitude and 

phase of this ratio is plotted in Fig. 3a and 3b, respectively. Not 

surprisingly, as the rock conductivity is decreased, the relative 

current carried by the rail increases and, in fact, the ratio r
2
/I

1 

is actually tending to -1 at the lowermost frequencies. Of course, in 

the limit of high a ' e 
the rail current is very small which is not sur-

prising since the return current flows very easily in the well conducting 

rock walls of the tunnel. 
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While the above results were obtained for a buried rail located at 

Pz -a= iO cm from the tunnel wall, other calculations showed that there 

was virtually no change in the results from p
2 

- a varying from 5 to 

40 cm. Also, the presence of a thin lossless dielectric coating (e.g. 

c - b = 0.1 nun) on the rail conductor leads to a negligible change in 

the results. Of course, other values of these parameters may lead to 

significant changes but no major modifications should result for the 

present configuration in the frequency range considered. 

COMPARISON WITH RAIL IN TUNNEL 

In the above model, we have assumed that the rail is a cylindrical 

dielectric-coated wire located in the conductive medium surrounding the 

tunnel. This could be criticized as unrealistic since the rail may be 

actually in the interface between the tunnel and the rock. However, 

as we pointed out, the dependence on the quantity p
2 

- a is very weak 

and in fact, for all practical purposes, it makes little difference in 

the deduced propagation constant r whether the rail is just belm.; or 

just above the floor of the tunnel. This assertion is confirmed by 

calculations, using another formulation [5] for the same model but with 

the parameter a - p2 being positive. Such an example is illustrated 

in Fig. 4 for the same geometrical parameters used above with the 

exceptions indicated. As can be seen, as a - p 
2 

is decreasing, the 

attenuation rate is approaching the value for the rail conductor located 

within the rock medium (i.e. indicated by p
2 

- a= 10 cm). Actually, in 

this latter situation, the results are essentially the same for 

from 5 to 20 cm. 

p - a 
2 
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THE MONOFILAR MODE 

Following the suggestion of the editor (W,F. Croswell), a search 

was made for other modes that may have low attenuation. A mode is 

found that had the character of the monofilar mode for a twin-wire 

transmission line in a circular tunnel [5]. The magnitude of the ratio 

12/1
1 

for this mode varies considerably with the geometrical config­

uration but the phase of I 2/r1 is close to zero. Thus, physically, 

both the trolley wire and the rail are carrying the current in the same 

direction with all the return current being carried by the adjacent 

rock. Not surprisingly, this monofilar mode has an attenuation rate 

of the order of at least ten times that of the desired bifilar mode 

over the frequency range from 50 to 800 kHz. The results for the mono­

filar mode are shown in Fig. 4 for the parameters indicated. The case 

for p
2 

- a= 10 cm is not shown since the attenuation rate is always 

greater than 10 dB/km. 

There are also evanescent type solutions of the mode/equation that 

are analogous to the cut-off modes in a waveguide. Their attenuation 

is enormous and would plot well over the upper limit of Figs. 2a and 4. 

As indicated elsewhere [4], modes of the waveguide type do not become 

propagating until the frequency is increased to 50 MHz or so for typical 

tunnels. This is true even if the surrounding medium was a perfect 

dielectric. 
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CONCLUDING REMARKS 

The present analysis should provide some insight into the propa­

gation mechanism that is exploited in radio frequency transmission on 

a trolley wire or other axial conductors in a tunnel. The presence of 

rails or other conductors on the floor of the tunnel assures that the 

return current path is effective particularly in the case where the 

conductivity of the surrounding rock is low. In our discussion, we 

have not considered the influence of various loads on the trolley wire 

such as locomotives. The latter are usually isolated to some extent 

by radio frequency chokes that nevertheless will influence the perfor­

mance of an actual communication system. 

Further work on this subject needs to consider all the relevant 

factors. Also, it appears that some carefully controlled experiments 

are badly needed if the relative importance of the various parameters 

are to be properly understood. 
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FIGURE CAPTIONS 

Fig. 1 Circular tunnel with a trolley wire at (p,!p,z) carrying 
I 

current I
1 

and a buried rail or earth conductor at 

(p2 ,~2 ,z) carrying a current I
2

. 

Fig. 2a and 2b Attenuation rate.of the dominant mode for the model 

shown in Fig. 1. 

Fig. 3a and 3b The complex ratio of the current I 2 in the rail 

Fig. 4 

to the current I
1 

in the trolley wire. 

Attenuation rate for the corresponding situation where 

the rail conductor is located within the tunnel (i.e. 

a - Pz > O) and a comparision curve for the case of the 

buried rail (i.e. p2 - a> O). Some results for the corre­

sponding monofilar mode are also shown. 



157 

(p,cp,z) 

Fi q. l 



158 

10 ------------

-E 
~ 

' co 
-0 ......, 

Q) 
-+-
C 

a::: 
C 
0 

-+-
C 
::, 
C 
Q) 

10- 1 -t-
-+-
<( 

I 0- 2 a.-..------------------' 
50 100 200 400 800 

Frequency (kHz) 

Fi q. 2a 



-

E 
~ 

' CD 
-0 ........ 
Q) -0 

0::: 

C 
0 -CJ 
:, 
C 
Q) -+-

<( 

159 

10-
1 
------------

50 100 200 400 800 

Frequency (kHz) 

Fiq. 2b 



160 

0.6 --------,_;.,,...-----t"----,~--,--~-...,----,--. 

12 0.4 
-
I 1 

0.3 

0.2 

0.1 

0 
50 100 200 400 800 

Frequency (kHz) 



--H 

' (\J 

H ·-..._ 
0 

(1) 
en 

~ CJ 
..c 
a.. 

150° 

140° 

130° 

120° 

/67 

a-. = 10-4 mho/m e 

110° ..._ ____ _...i..---'---..,__ __ __.._ _ __. _ ___,,_..___.._....., 

50 100 200 

Frequency (kHz) 

Fig. 3b 

400 800 



Q) 
+-
0 

0.:: 
C 
0 ..... 
0 
::::, 
C 
Q) 
+­..... 
<( 

162 

a-. = 10-2 mho/m e 
a-p1= 20cm 

10-2 -_ ........... _.......,_ _____ _ 

50 100 200 400 800 

Frequency (kHz) 

Fig. 4 

MODE 



163 
CHAPTER 25 

QUASI-STATIC LIMIT FOR THE PROPAGATING MODE ALONG 
A THIN WIRE IN A CIRCULAR TUNNEL 

JAMES R. WAIT 

Cooperative Institute for Research in Environmental Sciences 
University of Colorado 

Boulder, Colorado 80309 

Abstraat-A previous modal analysis for a circular tunnel 

containing a thin wire is shown to be greatly simplified at low 

frequencies provided the wall conductivity is high. The explicit 

formula for the propagation constant, so obtained when specialized 

to a perfectly conducting wire, is in agreement with a quasi-static 

analysis by Wu, Shen and King for a similar configuration. 

A general modal analysis was given earlier for the transmission in a 

straight circular tunnel bounded by a homogeneous medium and containing a 

thin axial wire running parallel to the tunnel wall. The medium external 

to the tunnel has a conductivity 

µ . 
e 

a 
e 

, permittivity E: 
e 

, and permeability 

The modal equation, for the propagation constants r, was given in 

the form 

iµ wv 2 

0 

2rry2 
0 

[ I (vp ) ] 
2
] = Z 

m o s 
(l) 

in the case when the axial wire with series impedance z 
s 

of radius c was 

located at a distance p
0 

from the tunnel axis and for an implied time 

factor exp(iwt). Also, we have assumed here that the distanced of the 

wire from the tunnel wall is large compared with the wire radius (i.e., 

d = a - p >> c). Other factors in (1), in the notation used earlier [l], 
0 

are defined as follows: 



V = 

no = 

R = 
m 

6 n = m o 

1 
(y2 _ r2)"f 

0 ' 

~ 
(µ /£ ) 2 :,! 

0 0 
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I 
(y /v)K (va)/K (va) + Y n + 6 n o m m · mo mo 

I 

(y /v) I (va) /I (va) + Y n + 6mno 
o m m mo 

I 

[(y /v)I (va)/I (va)] + (Z /n) 
o m m m o 

r2)\ u = (y2 - y2 = -E µ w2 y2 = iµ w(0 
e 0 0 0 ' e e e 

I iy2 iµ w K (ua) 
1201T, z 0 m and y e = = m u K (ua) m uµ w 

m 0 

The tunnel region is assumed to be free space with permittivity 

(2) 

(3) 

+ i£ w), 
e 

I 
K (ua) 

rn 

K (ua) 
m 

£ 
0 

and 

permeability µ
0 

except for the thin wire that, as mentioned, is charac-

terized by a series impedance 

z = 
s 

z . 
s 

The latter is given explicitly by 

where y = iµ w(cr + i£ w) and ns = iµ w/(cr + i£ w) in terms of the s s s s s s s 

conductivity 0 , permittivity 
s 

£s , and permeability µs of the wire. 

Actually, (1) is an exact equation to determine the axial propagation 

constant r of the discrete modes for the structure. These include the 

modes that have a transmission line characteristic at low frequencies as 

well as the waveguide modes that propagate at high frequencies. 

Here we would like to identify a low frequency approximation to (1) that 

can permit an explicit evaluation of the desired propagation constant for 

the desired mode. However, first of all, we will recast (1) into an equi­

valent form as follows: 

-iµ wv 2 

0 

21Ty2 
0 

(4) 



where 

and 

165 

-f-<Y1 

-L 
Km(va) 

A= K (vc) 
o I (va) 

m m=-oo 

+co .K (va) v2 L (Rm [rm (vpo)]2 Q = - 1) m 
y2 - I (va) 

0 m=-oo 

Then we deduce from (lf) that 

r2 = Y2 
0 [1 

or alternatively, 

r2 

where 

z = 
iµ w 
-

0
- (A+ s-2) + z 

21T s 

n + A 

= zy 

and 

m 

2nZ ] + s 
iµ wA 

0 

Y = 2ni£ w/A 
0 

(5) 

(6) 

(7a) 

(7b) 

This is not an explicit equation for r 2 since Q and A are functions 

of r 2
• However, it becomes an explicit form if the frequency is suffi­

ciently low and if the wall conductivity and/or wall permittivity are/is 

high. Specifically, we invoke the conditions Iva! << 1, jy /y 1
2 >> 1 

e o 

and Then, on using small argument approximations for the modi-

fied Bessel functions, we see that 

A .R.n a 
:::, 

C 

.R.n a 
:::, 

C 

Clearly, A~ .R.n(2d/c) when 

-t:H:0 t 
1 

- £n 
a2 

a2 - p2 
0 

d = a - p << a. 
0 

To reduce n , we note first that 

when mis a positive integer, and 

(8) 

(9) 
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Y n ~ -m o 
K +l (y. n) ] m . e 

K (ya) (10) 
m e 

In writing the latter, we have also utilized the derivative relation 

+ Y n 
m o ]

-1 

y2 
0 

(11) 

Thus (6) is approximated by 

(12) 

Using expressions (8) and (12), we see that (7) is an explicit 

formula to calculate r. Here we choose the root corresponding to r = Y 

in the case where Q and Z are both zero. Clearly we have a trans­
s 

mission line type mode within this low frequency approximation. With 

appropriate change of notation and conventions, the results obtained here 

0 

for the spec:al case Z = 0 are in agreement w-lth the qunsi-static analysis 
s 

by Wu, Shen and King [2]. Following their suggestion, we could improve the 

convergence of the representation by rewriting it in the equivalent form 

a2 _ p2 
0 

(13) 



167 

where we have merely added and substracted a series of the form 

00 

= .R.n J_ where 
y-1 y > 1. 

A very simple limiting case of (12) is obtained if we assume that 

IY al >> 1 and then approximate the modified Bessel functions by the 
e 

leading term of their asymptotic forms; Then 

or if d = (a - p ) « a, 
0 

1 
y a 

e 

n ~ 1/ (y d) .'tnd then e 

k 

(lt'i) 

(15) 

r [ 1 + 
1 2d] 

2 

~ yo .R.n-
Y· d 

(16) 
C 

e 

This simple result is consistent with an approximate quasi-static analysis 

by Sunde [3] who considered a thin wire at an equivalent height dover a 

homogeneous half-space with a propagation constant y . 
e 
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CHAPTER 26 

THE ECCENTRICALLY LOCATED WIRE IN A CYLINDRICAL CAVITY IN A 
CONDUCTING MEDIUM AND THE LIMIT OF A PLANAR BOUNDARY 

James R. Wait 

Cooperative Institute for Research in $nvirorvnental Sciences 
University of Colorado/Envirorvnental Research Laboratories 

National Oceanic and A tmospheri<? Administration 
U.S. Department of Commerce 

Boulder, Colorado 80302 

Abstract-Propagation along a thin wire located in an air 

filled tunnel is considered in the limiting case where the tunnel 

radius becomes indefinitely large but the distance of the wire to 

the tunnel wall remains finite. It is found that the results are 

consistent with the corresponding analysis for a thin wire located 

over a plane homogeneous earth •. 

A modal analysis was performed earlier for the .transmission of electro­

magnetic waves in a circular air filled tunnel of radius a that contains an 

axial conductor [Wait and Hill, 1974]. The surrounding medium is homogen-

eous and unbounded with a conductivity a 
e 

, permittivity E 
e 

, and per-

meability l-1 • 
e 

The modal equation, for the propagation constants 

given in the form 

K (vc) 
0 

m=-oo 

K (va) 
m [I (vp )] 2 = 0 

I (va) rn o 
Ill 

r 

in the case when the axial wire of radius c was located at a distance 

, was 

(1) 

from the tunnel axis. Also, we have assumed here that the wire conductivity 

is infinite and that the distanced of the wire from the tunnel wall is 

large compared with the wire radius (i.e. d = a - p
0 

>> c). Other factors 

in (1), in the notation used earlier, are defined as follows: 
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y2 = -E: µ ui2, 
0 0 0 

I 

(y /v)K (va)/K (va) + Y n +on o m m mo mo 

(y /v)I
1 
(va)/I (va) + Y n +on o m m m o m o 

2 -2 -2 2 
(imf/a) [v - u ] 

I 
[(y /v)I (va)/1 (va)] + (Z /n) om m ,: mo 

I 

n = (µ /E: )¾ ~ 120TI, Z = 
o o o m 

iµ w K (ua) 
o . m ..----
u k (ua) 

and 
m 

y 2 = iµ w(o + is w) e e e e 

y = 
m 

iy2 
e 

uµ w 
0 

I 
K (ua) 

m 
K (ua) 

m 

(2) 

(3) 

Actually, (1) is an exact equation to determine the axial propagation con~ 

stant r of the discrete modes for the structure. These include the modes 

that have a transmission line characteristic at low frequencies as well as 

the waveguide modes that propagate at high frequencies. This transmission 

line or monofilar mode has no low frequency cut-off so it is of considerable 

practical interest in mine communication problems. 

The attenuation rate (Re r in nepers/m) of the monofilar mode has a 

strong dependence of the distance d = a - p 
0 

from the tunnel wall. This 

is an important design consideration in connnunication schemes since it is 

convenient to locate the axial wire near the tunnel wall where dis some­

what less than a. Unfortunately, in this case, the sunnnation over min 

modal equation (1) is poorly convergent so computation is difficult. But 

physically, in this case, one would expect the configuration to be very 

similar to that of an infinite wire located at a height dover a flat earth 

of conductivity a 
e 

and permittivity E: • 
e 

Mathematically this transition 

corresponds to letting a+ 00 but keeping d finite. 
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We shall indicate here that the appropriate modal equation for the 

thin wire over the half-space is obtained as a limiting case of (1). The 

key step is to replace the infinite summation over integers min (1) by an 

infinite integral with a variable A that is identified with m/a. Uni­

form asymptotic expansions [Abramowitz, and Stegun, 1964] for the modified 

Bessel functions can be used here effectively. For example: 

iµ w 
0 

u 

Using such asymptotic forms, we find 
A 

A2f 2(1-K2) - (£ WV 
0 

R R '\i ➔ 
m Aa = 

A2f 2(1-K)
2 A 

+ (E WV 
0 

iµ w 
+--O­

U 

[1 + (u/A) 2 ]~ 

(u/A) 

that 
'° A ;<. A ( ' e E -i',- )wuK)(µ

0
wv+µewuK) e <Ll 

0 
( . e A A A 

+ E -1.- )wuK)(µ wv+µ wuK) 
e w o e 

(4) 

(5) 

where K = (f 2 - y~)/(f 2 - y~). But, in the case µe = µ
0

, we can reduce this to 

[1 + 
zy2 

(A2 M A] 
RAa 

0 - uv(v (6) = 
y2 - r2 2"' + y2v y u 

0 0 e 

where 
A 

(A2+u2)'i= (A2 _ r2 + y2)~ u = 
e 

and 
A 

(A 2 + v2)~ = (A2 _ r2 + y2)~ V = 
0 

Then, on making all the appropriate substitutions, the mode equation (1) 

is transformed to 

(7) 

0 
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This is entirely equivalent to the postulated form 

-1 
z - r 2Y - o 

where 

and 

where 

and 

and 

Z = [iµ w/(2TT)][A + 2(Q - iP)] 
0 

-1 
Y = (i2TTE

0
W) [A+ 2(N - iM)] 

00 

=f 
A 

Q - iP exE {-v2d} 
A A 

U + V 

0()() 

A 

= 
exE {-v2d} 

d:\ 

f N - iM (Y/Ye)2 A 

(yo/ye) 
2

~ V + 
0 

(8) 

(9) 

(10) 

(11) 

(12) 

d:\ (13) 

There is no further approximation in writing the transformed mode equation 

in the form given by (8) rather than (7). But here one should note that 

Z and Y ,while functions of r , can be interpreted as a series imped­

ance and series admittance, respectively. Not surprisingly, (8) is the 

same as the result derived directly for the model of a thin wire over a 

uniform half space [Wait, 1972]. 

A similar transition analysis was carried out recently by King, Wu and 

Shen (1974] who began with an approximate form for the fields of an eccen­

trically located wire in a cylindrical cavity. After making numerous 

approximations, they arrived a a form similar to (7) and (8) above but the 

N - iM integral is not present. They suggest their result is valid if 

(in our notation), Jy /y 1
2 >> 1 and jy dj << 1. Indeed this does seem e o o 

to be true. But, at higher frequencies, it is necessary to include the 
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modification to the generalized admittance Y from the N - iM integral. 

The importance of this type of coupling has actually been considered by 

Chang and Wait [1974] and Chang and Olsen [1975] in a somewhat differing 

context. 

Thus we have shown that the mode equation, properly formulated for an 

axial wire in a cylindrical tunnel, does indeed transform into the appro­

priate form for a thin wire over a half-space in the limit of the tunnel 

radius approaching infinity. But we should remain conscious of the differ­

ent physical nature of the two problems even if the radius a becomes large 

compared with other physical dimensions. 
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CHAPTER 27 

-INFLUENCE OF THE WALLS OF A CIRCULAR TUNNEL ON 
THE IMPEDANCE OF DIPOLES 

JAMES R. WAIT AND DAVID A. HILL 

Institute for Teleconnnunication Sciences 
Office of Telecommunications 

U.S. Department of Commerce 
Boulder, Colorado 80302 

Abstract-The electromagnetic fields of dipole emitters located 

inside an empty tunnel or cylindrical cavity are formulated. Both 

electric and magnetic types are considered. The results are used 

to deduce an expression for the change of self-impedance due to 

the presence of the tunnel walls. A numerical evaluation of the 

resultant convergent integrals and a summation of the angular har­

monic series were performed. An important finding is that the 

input resistance of the electric dipole is approximately a constant 

for frequencies less than about 25 MHz for a typical tunnel radius 

of 2m. In contrast, for the same conditions, the input resistance 

of the magnetic dipole or small loop varies approximately as the 

square of the frequency. Such results are shown to be in qualitative 

agreement with an earlier analyses of dipoles over a dissipative 

half-space and dipoles located in insulated cavities. 

INTRODUCTION 

When an antenna is located near a lossy region such as the earth's 

surface, a fraction of the power is lost. This is a well-known if not a 

well understood problem in designing communication links for paths parallel 

to the ground [1]. Many theoretical studies have been carried out where 

the earth's surface is modelled as a dissipative half-space. An early 

paper by Sommerfeld and Renner [2] is particularly noteworthy in this 
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connection. Some of the more recent work is discussed in the context of 

remotely determining the electrical properties of a planetary surface 

from a dipole impedance measurement [3]. In that work, it was shown that 

the functional dependence of the input resistance on the "loss tangent" 

of the half-space is consistent with electrostatic concepts provided the 

frequency is sufficiently low. On the other hand, at the higher fre­

quencies, the results are compatible with the surface impedance formu­

lations based on the compensation theorem. In this latter frequency 

range, the results were essentially equivalent to the Sommerfeld-Renner 

formulation mentioned above. 

In recent years the transmission properties of electromagnetic waves 

in mine and railway tunnels have been exploited for communication pur­

poses [4]. One of the parameters needed for an engineering design is 

the power efficiency of the antennas. This has motivated us to examine 

the near fields of an electric dipole located in an air-filled circular 

tunnel of radius a where the surrounding medium is homogeneous with con-

ductivity C5 
e 

and permittivity £ • 
e 

Specifically, we are interested in 

how the self-impedance of the dipole is modified by the presence of the 

tunnel wall. Thus we are led to formulate the problem in such a manner 

that the calculable quantity is the change of the self impedance rather 

than its absolute value. In this way,· we are permitted to adopt the 

Hertzian dipole idealization provided only that the length of the antenna 

is small compared with both the free-space wavelength and with the dis­

tance of the antenna to the tunnel wall. 
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FORMULATION 

The cross section of the tunnel or cylindrical cavity is indicated 

in F:i.g. 1 where both cylindrical coordinates (p,cp,z) and cartesian coor­

dinates (x,y,z) have been chosen. The electric dipole of current moment 

Ids is located at (p ,cp ,0) and is oriented in the x direction. The 
0 0 

electrical properties of the surrounding medium are 0 ,£ 
e e 

and 

where the permeability µe is allowed to be different from the free 

space value µ 
0 

at least in the formulation. The tunnel or cavity 

region, for p < a, has electrical properties £ and µ 
0 0 

that are 

assumed to be the same as free space. 

Our first step is to write down the electric Hertz vector for the 

indicated dipole on the assumption that the tunnel walls are at an infinite 

distance. Such a vector, that has only an x component in the car-

tesinn system, is given by 

p -1 
IT = [Ids/(4ni£ w))R exp(-y R) 

X O 0 
(1) 

where the assumed time factor is exp(iwt), where and 

where R = [p 2 + p 2 
- 2pp cos (cp-cp ) + z 2 ]t. However, in order to match 

0 0 0 

the subsequent boundary conditions for the total fields, it is desirable 

to express the primary fields in terms of axially directed electric and 

magnetic Hertz vectors. 

We now introduce two well known idei:itities from Bessel function 

theory that are often exploited in problems of this type [5]: 

-too 

-y R 
1 

J 
A 

o? + Y2/2 e o 
= K (vp)exp(-iAz)dA where V = 

R TT 0 0 

and -oo 
-too 

A L K (vp) = I (vp )K (vp)exp[-im(¢-cp )) (for p < p) 
0 m o m o 0 . 

m=-oo 

(2) 

(3) 



where p = [p2 + p2 _ 2pp 
0 0 

Then, we see that 

Ids 

177 

t cos(¢-¢ ] . 
0 

f (I (vp )K (vp)) 
m o m 

where r denotes the operation 

-j-oo -j-oo J L (,, .... )exp[-im(¢-¢
0

)]exp(-L\z)d;\ 

-co -co 

on the quantity in parenthesis. The integration contour here is taken 

along the entire real axis in the complex A plane. The summation is 

over all integer values of m from -co to +oo including zero. 

The corresponding axial electric field is obtained as follows: 

= 

Ids f (-iA)F(A)exp(-iAz)dA 

where 

3K 
F(;\) = L (<cos¢) apm + im ) 

P 
(sin¢)K I m m exp[-im(¢-¢ )] 

0 

The argument of 

that of I is vp . 
In 0 

and 

it follm,,s that 

in the above expression for F (;\) ' is vp and 

Then, by using the Bessel function identities 

I 
K 

m -(1/2) 

K - [1/(2m)] 
In 

[ K 
m-1 + K ] m+l 

[ K 
m+l - K ] m-1 

(4) 

(5) 

(6) 

(7) 

(8) 
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(9) 

= - ~2 ~K exp[-im(q>-q, )][exp(icp )Im+l + exp(-1.cp )I 1 ) L.J m o o o m-
(10) 

But we can also write 

E: = (-y~ + a2 /az 2)uP (11) 

in terms of electric Hertz potential uP which is the z component of an 

axially directed electric Hertz vector. Clearly, 

(12) 

w.her.e 

= ( ;v) [exp(iq>
0

)Im+l (vp
0

) + exp(-iq>
0

)Im-l (vp
0
)) 

(13) 

bec·ause (5) and (11) must be identical. 

In a very s:i.milar fashion to the above, we can work with the axial 

magnetic field. Thus, in· this case, we invoke the equivalence of 

nP = i£ wanP fay 
Z O X 

(14) 

and 

· (15) 

where vP is the· magnetic Hertz potential. This has the representation 

(16) 

where 
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B (A)= 
m 

(17) 

SECONDARY FIELDS 

To account for the influence of the cavity or tunnel walls, we add 

the secondary fields. Thus, the total fields are to be obtained from 

electric and magnetic Hertz potentials represented by 

u = r(A (A)K (vp) + p (A) I (vp)) m m m m (18) 

and 

V = r(B (A)K (vp) + Q (A)I (vp)) 
m m m m 

(19) 

that are valid for p < p < a. The factors A (A) and B (A) are 
o m m 

speci.fied by (13) and (17) while Pm(A) and ~(A) are yet to be determined. 

In general, we note that (18) and (19) have the form 

(20) 

Similarly, the field expressions .can be written 

E<j> E<j>m 

H<j> 
= r H<j>m 

E E 
(21) 

z zm 
H H z zm 

where 

E = -(m)Jp)U + iµ (i.loV /ap 
~ m o m 

= -ie: wclU /clp - (mA/p)V o m m 

E = -v 2U and H = -v 2V 
zm m zm m 
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As we have indicated before [6,7), the boundary conditions at the cavity 

or tunnel wall are succinctly expressed by 

and 

where 

and 

E = cfim 

H = cfim 

aE +ZH l m zm m zm 

-YE + a H 
m zm m zm 

at p = a 

Cl = mA/ (u 2a) 
m 

' z = -(iµ w/u)K (ua)/K (ua) 
m e m m 

y = [iy 2 /(uµ w)]K'·(ua)/K (ua) 
m e .-e m .m 

(23) 

{24) 

, (25) 

The boundary conditions, given by (23), in conjunction with (18), 

(19), and (22), can be immediately applied to yield 

2 K' 
P (A) = - f A [( m~ _ a ) + ( yo m 

m l m . 2 m VK v a m 

zm )] r K 
n m m 

0 

and 

where 

In (26) and (27) 

A = A (A) , B = 
m ID m 

while bearing in 

+ B 
m 

the following notational 

' B (A), I = Im(va), I = 
m m ro 

mind that z ai1d y 
ID m 

-1 
D 

m 

simplicity 

I 
I (va), K 

ID lil 

(26) 

(27) 

has been used : 

' I 
= K (va), K = K (va) 

m m · m 

are defined bi (24) and (25) 

where the modified Be$sel functions have argument ua. As usual, the 

prime over the modified Eessel function indicates dif ferenfation with 
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respect to the argument. 

IMPEDANCE FO~~ULATION 

It is now desirable to digress slightly and talk about the primary 

fields of the source dipole. In particular, we easily deduce from (1) 

that 

At the broadside point (x ,y,O) we see that 
0 

= 
iids 

4m: ws 3 

0 

(28) 

(29) 

,.,,here le = -iy = (£ µ )~w and s = y - y > 0. In accordance with the 
0 0 0 0 

E.M.F. method [3], we now can obtain the well known result for the "radi-

ation resistance" of the dipole as follows 

lim [- R;E: ds] k 2 (ds)
2 

20k. 2 (ds) 2 ohms R = = = 
0 s+O -61r no 

As mentioned earlier, this simpl~ approach cannot be used to calculate 

the self reactance of the dipole unless its·finite length is explicitly 

accounted for. On the other hand, as we indicate below, the dipole 

idealization is satisfactory for deducing the t:hange of both the input 

resistance and the input reactance·, from its free space value. 

In accordance with the above discussion, we write the resultant 

Hertz potentials as the sum of two parts as follows 

u = uP ·+ tiu 

v = vP + tiv 

(31) 

(32) 

where l'.U and 6.V can be described as the secondary Hertz potentials. 



182 

From (18) and (19), we see that 

(33) 

and 

(34) 

which are valid for O < p < a. Now it is clear that the x component 

6E of the secondary field can be obtained from 
X 

6E = 6E cos¢ - 6E sin<!> 
X p O ¢ 0 

where 

and 

If then the self impedance Z of the dipole is written 

Z -- Z + 6Z 
0 

where Z is the free space impedance, it follows that 
0 

6Z = -6E ds/1 
X 

in the limit x ➔ x
0

, y ➔ y
0 

and z ➔ O. 

f<X> f<X> 

6Z = ~s J L {[iAv cos<j>
0 

I~ (vp0 ) -

-oo m=-oo 

Explicitly 

(mA/p )sin<!> I (vp )JP (A) o o m o m 

+ [ (µ wm/p) cos¢ I (vp ) + iµ w sin¢ vI' (vp ) JO (A)} clA o o m o o o m o ~1 

(35) 

(36) 

(37) 

(38) 

(39) 

(40) 

where Pm (A) and ~ (A) .are def:tned by (26) nnd (27), rcspectiVt'!ly. 
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The extension to magnetic dipole excitation is entirely analogous to 

the preceding derivation for the electric dipole. Thus we need only indi­

cate the required changes in a very brief fashion. 

The source is now a small loop of area dA carrying a current I. 

Again, with reference to Fig. 1, we can locate this dipole at (p
0

,~
0

,o) 

and orient it (i.e. the axis of the loop) in the x direction. The primary 

fields of this magnetic dipole can be derived from a magnetic Hertz vector 

that has only an x component rr*P given by 
X 

rr*P = [IdA/(4TI)]R-l exp(-y R) 
X 0 

(41) 

that is analogous to (1). The corresponding electric and magnetic Hertz 

potentials are given by (12) and (16), respectively, but now 

A (A)= 
m 

iµ wldA 
0 

( 2i ) [exp(-i~ )I 1 (vp) - exp(i~ )Im+1 (vp )] 
4TI2 V O m- o o o 

(42) 

and 

IdA (-U.) . B (A)= - - 2- [exp(i¢ )I +l(vp) + exp(-1¢ )I 1 (vp )] m 4TI2 v o m o o m- o (43) 

The total fields in the region P < p < a 
0 

are again obtained from 

(18) and (19) where Pm(A) and ~(A) are as given by (26) and (27) in 

conjunction with (42) and (43). 

We again can express the input impedance in the form given by (38) 

but now 

bZ = iµ w bH dA/I 
0 X 

(44) 

in the limit x + x, y + y and z + 0. Here 
0 0 

bH = cos~ bH - sin¢ bH~ 
X O p O 'I' 

(45) 



and 

Then, the explicit 

iµ wdA 
0 

I 

iE W 

6.Hp 
0 

= p 

6.H = -iE w 
<P 0 

form of_ (44) is 

-oo 
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ai'.iu a 2 6V + 
acp apaz (46) 

a6u + 1 a 2 1>.v 
ap p acpaz (4 7) 

' I (vp) + iE WV sin<j) I (v p)]P (A) mo o omo m 

+ [-iAv cos<j) I' (vp ) + (mA/ p) sin<j) I (vp ) Jo (A)}dA (48) o m o o m o 'm 

As before, the input resistance R is the real part of Z. In free 

space (i.e. considering primary fields only), we readily deduce that the 

"radiation resistance" R for the small loop is given by 
0 

which is a well known result. Thus, again writing R = R + 6.R 
0 

(49) 

, the 

change of the input resistance for the loop from its free-space value is 

obtained from 6.R = Re•6Z where 6.Z is given by (48). 

NUMERICAL RESULTS 

To obtain values of the ratio R/R , the expression 6.Z given by 
0 

(40) for the electric dipole and (48) for the magnetic dipole were evaluated 

numerically for frequencies from 2 to 200 MHz. To avoid the difficulty at 

the singular points A= ±k , the integration contour was taken to be 

along the real axis in the complex A plane with suitable small semi-cir­

cular indentations above A= +k and below A= -k. 



185 

Some illustrative numerical results for the electric dipole are indi-

cated in Figs. 2 and 3 where R/R 
0 

is plotted as a function of frequency 

for three values of p /a (0,0.S, and 0.8). The conductivity a of the 
0 e 

-2 and surrounding medium is taken to be 10 mhos/m the permittivity E is e 

taken to be 10£ . We also set µ = µo which is appropriate for 99% of 
0 e 

all cases involving geological media. In Fig. 2, ¢ = 0° so the electric 
0 

dipole is along a radius while in Fig. 3, ¢ = 90° so the dipole is along 
0 

a circumference. In both cases the input resistance increases significantly 

as the dipole approaches the tunnel wall. Also, not surprisingly, R oscil­

lates about the value R at sufficiently high frequencies due to construc-
o 

tive and destructive interference. However, at the lower frequencies, R 

increases very significantly and in fact, R/R varies approximately as 
0 

-2 
(frequency) • Since R itself varies as (frequency) 2 the upshot is that 

0 

R , for nn electric dipole, is approximately a constant in this low frequency 

range. Such a conjecture was made in a previous study [8] for an electric 

dipole located in a tunnel. Also, the qualitative behavior of the results 

is entirely consistent with the earlier impedance analyses [3,9) of verti-

cal and horizontal electric dipoles located over a dissipative half-space. 

The illustrative numerical results for the magnetic dipole are indi­

cated in Figs. 4 and 5 for the same parameters as used above for the elec-

tric dipole. In Fig. 4, ¢ = oo so the magnetic dipole (or small loop) 
0 

is oriented with its axis along a radius. In Fig. 5, ¢0 = 90° so the 

dipole is along a circumference. The curves of R/R 
0 

as a function of 

frequency for the magnetic dipole have a very similar shape to those for 

the electric dipole. However, here we note that R for the magnetic di­
o 

pole varies as (frequency) 
4 

while R/R still varies approximately as 
0 

-2 
(frequency) at low frequencies. Thus, the input resistance R for the 
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magnetic dipole varies approximately as (frequency) 2 in contrast to the 

approximate constancy of R for the electric dipole. This behavior is 

consistent with earlier calculations for magnetic dipoles located over a 

conducting half-space [9,10] and also for the case where the magnetic di­

pole is located within a spherical insulating cavity [11,12]. 

As specified above, the conductivity a 
e 

of the ambient medium has 

been assigned the value 10-2 mhos/m that would be typical of the rock 

through which the tunnel is cut. In the case of the electric dipole, the 

input resistance varies approximately as 1/o at low frequencies (i.e. less 
e 

than about 20 MHz); for the magnetic dipole it varies approximately as 

at low frequencies. 

CONCLUDING REMARKS 

a 
e 

Further numerical results are obv.iously needed to clarify the depend­

ence on the various physical parameters on the impedance characteristics. 

The qualitative relationship between the conductivity and permittivity 

E and the distance a - p of the dipole from the tunnel wall should be e o 

quite similar to the earlier half-space models [3,9,10]. Of course, the 

presence of an axial conductor within the tunnel should also be accounted 

for. This could also be a subject for further analysis using models con­

sidered earlier for analyzing the modes in such structures (6,7]. 

A final extension would be to treat explicitly the finite dimensions 

of the source dipole whether it be a linear wire or a loop. This, however, 

should not modify any of our conclusions here provided we remember that our 

deductions about the impedance increment 6Z are restricted to electrically 

small antennas that are not too close to the tunnel wall. 
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In any case, we can certainly conclude that the influence of the tunnel 

walls plays a major role in determining the input impedance of both the trans­

mitting and receiving antennas for any communication system that exploits 

the efficacious transmission properties of tunnels. 
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FIGURE CAPTIONS 

Cross section of the cylindrical cavity or tunnel showing the 

location of the transversely directed electric or magnetic 

dipole (i.e. dipole is in z = 0 plane), 

The input resistance R of the radially oriented electric 

dipole normalized by the free-space resistance 

function ~f frequency. 

R 
0 

as a 

The input resistance R of the circumferentially oriented 

electric dipole normalized by the free-space resistance 

as a function of frequency. 

R 
0 

The input resistance R of the radially oriented magnetic 

dipole normalized by the free-space resistance 

function of frequency. 

R 
0 

as a 

The input resistance R of the circumferentially oriented 

magnetic dipole normalized by the free-space resistance 

as a function of frequency. 

R 
0 
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CHAPTER 28 

ATTENUATION ON A SURFACE WAVE G-LINE 
SUSPENDED WITHIN A CIRCULAR TUNNEL 

JAMES R. WAIT and DAVID A. HIIJ.. 

Institute for Telecommunication Sciences 
Office of Telecommunications 

U.S. Department of Commerce 
Boulder, Colorado 80302 

(303) 499-1000, Ext. 6471 or 3472 

Abstract-Calculations indicate· that a surface wave Goubau 

line may have useful transmission characteristics even if it is 

located within 20 cm from the rock wall of a tunnel. The results 

are consistent with previous theoretical and experimental data for 

a thin wire located at low heights over a finitely conducting 

plane earth. 

In a number of instances, one needs to communicate through tunnels 

whether these be in coal mines or for roadways in mountainous terrain. 

For air-filled empty tunnels with mean radii of the order of 2m, the cut­

off frequency for waveguide mode propagation is approximately SO MHz. At 

lower frequencies the attenuation rate becomes very high unless axial metal 

conductors within the tunnel are utilized. There may be rails and pipes 

that ,.iould be present in any case in mine tunnels. In order to control 

such transmissions, open wire and loose.ly braided coaxial cables have been 

used with considerable success [1]. Another possibility is to suspend a 

surface wave or G-line [2] from the roof of the tunnel. This scheme may 

have numerous practical difficulties, particularly in coal mines 

where the environment is hostile at best. Nevertheless, it is of interest 

to examine the transmission characteristics for an idealized analytical 

model. We wish to report some preliminary calculations for the attenuation 

rate of the mode that has the character of an axial surface wave at fre-
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quencies above about 100 Hilz 

The analytic model we employ is an infinitely long and straight 

tunnel with a constant radius a that contains an axial wire of radius 
0 

c
0 

located at a distance p
0 

from the tunnel axis. The metal wire of 

conductivity 

a permittivity 

0 
w 

£. 

is encased by a dielectric insulation of radius 

To facilitate the analysis, it is assumed that 

b with 

b is 

much less than a - p. This restriction which is not severe, means that the 
0 0 

G-line should not be very close to the tunnel w::ill. The magnetic permeabil·-

ity of the ~1ole spnce is nlso assumed to be p 
0 

the same as for free 

space. A general mode equation that characterizes the discrete mode of 

propagation for this type of structure is already available [3,4]. There 

are no restrictions on the solutions other than the one mentioned above. 

Using the theoretical formulation indicated, the attenuation rate of 

the "desired" mode was calculated for the values of the various parameters 

indicated in Fig. 2. In that figure, the attenuation rate, in dB per km, is 

plotted as a function of frequency from 1 }filz to 1 GHz for two values of 

the G-line to wall separation. The wire conductivity was chosen to be 

either infinite or 5. 7 >; 10 7mho/m corresponding to copp,'!r. 

The results shown in Fig. 2 are signific.J.nt and they need to be 

discussed briefly. First of all, at the lower frequencies (i.e. less than 

10 }lliz), the results are almost indistinguishable from the case of a bare 

wire without insulation covering. In fact, on comparing the results with 

those in reference [3], the general shape of the curves are seen to be 

q11ite similar to those for a bare wire at all except tl'1c highest frequenci('s, 

The main effect of thc> di.electric covering is to lm-101: tlw attenuation at 

the upper frequencier,. There is also a close similarity :in shape with the 

monofilar mode results in reference [4] where, in effect, the transmission 
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mode "sees" the braided conductor as a single wire. For the calculations 

in Fig. 2, we see that the influence of finite conductivity of the center 

conductor is only felt at frequencies approaching 1 GHz. 

It is evident. that the low frequency portions of the curves in Fig. 2 

correspond to a transmission line type of mode wherein the return current is 

flowing entirely within the rock or earth media adjacent to the tunnel wall. 

For frequencies less than about 20 MHz, the attenuation rate is approximately 

proportional to frequency and reaches a maximum around 100 MHz where there 

is maximum absorption by the tunnel walls. For higher frequencies, the 

attenuation rate actually decreases because the energy flow is tightly bound 

to the G-line. In this case, the tunnel walls are having a minimal influ­

ence. At still higher frequencies, however, the almost pure Goubau mode 

is then influenced mainly by the finite conductivity of the conductor wire. 

Actually, the calculations given here and those in references [3] and 

[4], bear a striking resemblance to those obtained by Kikuchi [5] for a 

bare finitely-conducting wire located in air over a homogeneous conducting 

half-space. The correspondence is particularly close when Kikuchi's results 

are scaled such that his frequencies are multiplied by 10 and his dimensions 

are multiplied by O. 1. In this way, the heights of his wire above ground 

are comparable to the distance of our G-line to the tunnel wall. The broad 

maxima for the attenuation rate shown in Fig. 2 and also those in reference 

[1], are then quite consistent with Kikuchi's results, although we do not 

attempt a detailed comparison because of the basic difference in the models 

employed. Similar results, both theoretical and experimental, were published 

recently by Chiba and Sato [6] where the scaling is not necessary to afford 

a direct qualitative comparison. They employ a wire conductor of radius 
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1,15 mm wlth a dielectric coating of radius 4.2 mm located at heights of 

60 cm, 1.5 m and 5 mover a conducting half-space model of the earth. 

Unfortunately, other parameters are not given so a careful comparison is 

not possible. Nevertheless, a maximum attenuation of about 200 dB/km for 

the 60 cm height occurs at a frequency of about 70 MHz, while the high 

frequency minimum of about 26 dB/km occurs at a frequency around 700 MHz. 

These are certainly consistent with the results shown in Fig. 2. Chiba 

and Sato also found good agreement with an experimental G-line of 100 meter 

length that was excited by a horn transmitter. 

While we do not expect quantitative agreement with calculations based. 

on half-space models, it is reassuring that our results are entirely con­

sistent with such independent investigations. In this connection, the por-

tion of the curves in Fig. 2 for a - p = 50 cm are extremely close 
0 0 

(within a few percent) to some results calculated by Lavrov and Knyazev 

[7]. Their bare w:Lre is located at 50 cm height over a half space of con­

ductivity 10-3 and relative permittivity of 6. This is a further check on 

our method of calculation. 

We are currently making a comprehensive analytical evaluation of the 

G-line transmission characteristics located in a tunnel. By adapting the 

formulation given in reference [If], we arc able to allow for the possible 

existence of a lossy film on the outer dielectric surfaces of the G-line. 

Such a coating can represent a ci1in layer of conductive mine dust or a 

mineralized water film. This will be a stwere limitinG factor in the use 

of the G-linc at Gigahertz frequencies in mine environments but should 

not be too upsetting at frequencies less than about 200 MHz. 
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