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PREFACE

An attempt is made here to collect together various reports and publica-
tions that are based on research supported all or in part by Contract No.
H0155008 for the past two years. The subject matter deals primarily with the
excitation, transmission, and reception of electromagnetic waves in mine en-
vironments. ’

This contract from the U.S. Bureau of Mines with the Office of Telecommuni-
cations supports the efforts of James R. Wait (Principal Investigator and Con-
sultant to OT), David A. Hil1l (Co-Investigator), and various associates within
the Boulder scientific community. The contributions of Samir F. Mahmoud were
supported, in part, by the contract while he was a Visiting Fellow with the
Cooperative Institute for Research in Environmental Sciences at the University
of Colorado. Administrative assistance in CIRES has been provided by Mrs. Lana
R. Hope.

Much of the work carried out under the contract has been submitted in the
form of Preliminary Reports to the Technical Project Officer at irregular but
frequent intervals. Copies of this material have also been sent to other in-
dividuals and organizations including the following:

Mr. Arnold J. Farstad (Westinghouse Electric Corp., 8401 Baseline Rd.,
Boulder, CO 80303)

Mr. Robert L. Lagace (Research & Development Div., Arthur D. Little, Inc.,
Acorn Park, Cambridge, MA 02140)

Dr. A.G. Emslie (Research & Development Div., Arthur D. Little, Inc.,
Acorn Park, Cambridge, MA 02140)

Mr. John N. Murphy (Pittsburgh Mining & Safety Research Center, U.S.
Bureau of Mines, Pittsburgh, PA 15213)

Dr. Howard E. Parkinson (Pittsburgh Mining & Safety Research Center,
U.S. Bureau of Mines, Pittsburgh, PA 15213)

After suitable revision and with the aid of in-house projects within CIRES
and the Department of Commerce, publication versions of the Preliminary Reports
were prepared. Reprints of these articles, when available, are included in
this summary report. In other cases, the Preliminary Reports themselves are
included with any appropriate revision that has been considered desirable.

The principal objective in this project is to analyze the transmission
characteristics of electromagnetic waves in tunnels and similar structures in
mine environments. The approach is to postulate certain mathematical models
that, while idealized, do allow for the various complications that may arise
in an operational environment. The philosophy is to treat these complications
first on a selective basis. Then, as appropriate, the combined influence of
the various factors is considered.



- The first two chapters or issuances are introductory reviews of the tunnel
waveguide problem. They are based on presentations given at international con-
ferences in Europe in 1974 and, hopefully, they serve as an introduction to the
subject. The following group of chapters deal with the tunnel geometry of rec-
tangular cross-section while the subsequent group of chapters deal with circular
cross-section. In each case, the analysis becomes progressively more involved
as additional complications are treated.

In most cases, the modes that propagate in the tunnel structures, have
vastly different properties. An understanding of the excitation and propagation
characteristics of these modes is vital if an optimum communication system is
ever to be achieved.

Related guided wave problems included in this summary are the coal seam
treated as a parallel slab waveguide and the mine hoist considered as a coaxial
or cylindrical waveguide.

In carrying out this work, we have benefited greatly by contact with the
following individuals: Quin Davis, Paul Delogne, Louis Deryck, R.H. Lagace,
R. Liegeois, David Martin, J.N. Murphy, H. Parkinson, H.K. Sacks, and R.H.
Spencer.

15 November 1976 James R. Wait
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3
CHAPTER 1

Radio Science, Volume 10, Number 7, pages 753-759, July 1975

Theory of EM wave propagation through tunnels

James R. Wait

Cooperative Institute for Research in Environmental Sciences, University of Colorado, Boulder, Colorado 80302

(Received March 13, 1975.)

A rather ingenious communication technique is being developed for use in Belgian coal mines.
The idea is to use a two-wire transmission line or equivalent loosely braided coaxial cable that
can be suspended from the upper wall. A transmitter placed in the vicinity of the line excites
a strongly unbalanced mode that normally would propagate like a coaxial or TEM mode with
relatively high attenuation. The key step in the Belgian system, and the closely related French
system, is to convert this unbalanced mode to a balanced mode that is much less attenuated because
the return current flows mostly in the second wire rather than through the surrounding rock. The
physical basis of this system has many similarities with the leaky feeder device described by Martin
and used in British coal mines. We summarize the analysis of the propagation characteristics for
an idealized mine tunnel of circular cross section. The extension to a rectangular tunnel is also
considered. Some comparison is made with relevant experimental data. Actually, we deal only
with the twin open wire pair that is the basic ingredient of the so-called INIEX/Deryck system.
However, as suggested above, the leaky braided cable system and the slotted cylindrical shielded
cables have common features. The important point is that propagation modes which depend on
current flow in the tunnel walls will suffer excessive attenuation while modes which utilize the

second conductor as a return current path will have less attenuation.

INTRODUCTION

It is probable that Marconi was aware of the
limitations of electromagnetic wave transmission
through rock media. In ali cases reported in the
literature, Marconi chose signal paths that favored
propagation of energy through the atmosphere.
However, in some cases he observed the adverse
influence of intervening hills and ridges.

For this centennial dedication to Marconi, we
would like to select a subject that finds its motivation
in a need to communicate from point to point in
the Earth. While direct transmission is certainly
possible over limited ranges, a much more attractive
possibility is to utilize tunnels or other waveguiding
channels in the Earth’s crust.

Our immediate interest is to consider applications
to coal mines where nature has provided us with
extensive quasihomogeneous conductive regions.
With a little help from man, such regions are often
interspersed with tunnels whose cross sections vary
from circular to rectangular form. Also, in such
tunnels, we often find longitudinal conductors such
as pipes and tracks that may or may not be grounded
to the surrounding medium. In some cases, enter-
prising engineers have strung transmission lines of

Copyright © 1975 by the American Geophysical Union.
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various forms that act as active or passive conveyors
of electromagnetic energy [Deryck, 1970, 1972,
1973; Delogne, 1973, Delogne et al., 1973; Martin,
1970; Fontaine et al., 1973; Goddard, 1973].

We should mention that there is a closely related
class of problems in antenna theory. For example,
if we locate a radiating system in highly conductive
media such as the Earth, it should come as no
surprise that the structure needs to be insulated
over at least part of its length, This topic, which
is the subject of a special journal issue [ Wait, 1974],
is not discussed here,

The plan of this paper is to consider the guided
mode theory of transmission in an air-filled cy-
lindrical tunnel in a conductive medium. Also, we
allow for the possibility that the tunnel contains
an axial conductor or system of conductors of a
specified form. We outline the analysis of the
permissible modes that may propagate along this
structure. Our derivations will be quite brief but
the interested reader can find further details in the
quoted references.

CIRCULAR TUNNEL MODEL

Specifically, we consider an air-filled tunnel of
circular cross section with radius ¢ bounded by
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Fig. 1. Geometry for single wire conductor in a circu-
lar air-filled tunnel in homogeneous Earth.

a lossy dielectric medium. Within this uniform
tunnel we locate a single relatively thin metal
conductor of radius ¢, whose conductivity is o .
The situation is illustrated in Figure 1 where we
have chosen a cylindrical coordinate system (p,$,2)
to be coaxial with the guide. For the interior region
p < a the permittivity and permeability are ¢, and
up respectively. For the exterior region, the per-
mittivity, conductivity and permeability are ¢, o,
and p, respectively, The thin axial conductor is
located at p = p, and ¢ = ¢,; its corresponding
electric properties are e, o, and p,. Here we
restrict attention to the case 0 < p, < a. Later, we
consider the effect of a second wire conductor that
is parallel to the first.

We now consider the complex propagation con-
stant of the dominant modes of the structure. Thus,
we assume that the field of an individual mode
varies with z according to exp(—1I"z) for an implied
time factor exp(iwt) where the values of I are to
be determined. As indicated elsewhere [ Wait and
Hill, 1974a], the fields can be determined by two
scalar functions U and V that are, respectively,
the z components of (axially directly) electric and
magnetic Hertz vectors.

The current on the axial conductor can be desig-
nated Iexp(—TIz). The primary field within the
tunnel from this travelling wave of current may
be derived from the electric-type Hertz function
UP. It is well known that

Ur = (ipgo/2nyd) Texp(-T2)K, [(y2 - T?) " p,]
(1)

mow?  pg=[p* + p% — 2pp,
and K, is the modified

where yZ = —e

Ccos(d — bg)] /2

Bessel function of the second kind. Now the total
Hertz function within the guide can be written
U= UP+ U* where U* is the secondary part.
The latter, for the region p < a, can be constructed
by superimposing solutions of the type I, (vp)
- exp(—imo) exp(—I'z) where I,,is a modified Bes-
sel function of the first type, v = (y2 — I'?)'/? and
m is any integer.

The above considerations, and the addition
theorem for K, in (1), leads us to the representation
[ Wait and Hill, 1974a]

U= Uexpl-im@ - ¢,)] @
where

U, = (ipgw/2my2) Ie T 1 (vp ) K, (vp)

- R [K,va)/I (va)] I (vp)} (3)

for the region p, < p < a where R, is yet to be
determined. Similar considerations lead us to the
corresponding representation for the magnetic type
Hertz function for the region p < a. Thus,

+x

V=3 V.exp[-im(é - ¢,)] “
where
V= Upgw/2uy2) Te T2 A T (vp) I, (vp) (5)

For the external region p > a the Hertz functions
are both made up from solutions of the form

K,, (up) exp (=T'z) exp (—im ¢)

where
= ('Yf - I“Z) e and ‘Y.z = l'l.L(u)(O". + I‘Ee(.\))

The boundary conditions at the wall p = a are
that the tangential fields are continuous. Using these
we may obtain expressions [ Wait and Hill, 1974b]
for the coefficients R, and A , in terms of modified
Bessel functions of arguments va and ua. Then
we can express the axial electric field E, anywhere
within the guide in terms of the still unknown current
Iexp(~T'z) on the wire.

Now the boundary condition at the wire is

E,=1Z_ exp(-T2z) (6)

at py = ¢ for all values of z where Z_ is the series
impedance of the wire. Because of the assumed



thinness of the wire, we can apply this condition
at any point of the wire circumference. Thus, we
choose the matching point at p = p, + ¢, and ¢
= ¢,. Thus (6) leads to the mode equation

i R, [K,(va)

nm=—x

A—ipywvi/2nyd) {Ko(vc) -

I (va)l I, (vpo) I [vipy + CS)]} =7 )

where the explicit result for the series impedance
is

Z,=M,/2uc) I,(y,c)/I (v c,) (8)

where y2 = ip o(o, + ie ,w)and i, = ip,o/v,.

We now consider the extension [ Hill and Wait,
1974a] of the solution to the case where two axial
conductors of radii ¢, and c, are present. The
situation is illustrated in Figure 2. Now I, the
current on the conductor at (p,,d,,2), is arbitrary,
while I,, the current on the conductor at (p,,$,,2),
is unknown. By superimposing solutions of the
earlier single-wire source, we can construct an
appropriate solution for E,.

EZ=IOZsoe—Fz at p=po+co,¢’=¢o (9)

E,=I1,Z e at p=p,+c,, ¢ =9, 10)

where Z jand Z | are the appropriate series imped-
ances. The unknowns are I, (or I,/1;) and I'. We
can easily eliminate I, to yield a mode equation.
The method can be generalized to an arbitrary
number of N thin axial conductors located within
the guide. An impedance condition, as indicated
above, can be assumed for each wire. This yields

Fig. 2. Geometry for two arbittarily located axial
wires within tunnel,

EM WAVE PROPAGATION 755

Fig. 3. Geometry for two axial wires located in a

horizontal plane in the upper quadrant of the tunnel

cross section. The mean distance to the tunnel wall
is a —a,.

a system of N linear equations for the N unknown
wire currents. The system has a solution only if
the following determinant is zero:

A,-z) A, o A
A, (Ap—Z) . Ay | =0 an
AN] ANZ

where A is the z component of the electric field

(primary plus secondary) produced at the match
point on wire / by a unit current on wire j and
Z;is the series impedance of wire j. In what follows,
we will just consider the case of two axial conduc-
tors, i.e., N =2,

The modes that have transmission-line character
as the frequency is lowered are of particular interest
here. As we shall see, there are two classes of
these: in one case the current ratio I, /I, is approxi-
mately +1 and in the other case the ratio is approxi-
mately —1. For obvious reasons, these are designat-
ed the monofilar and bifilar modes, respectively.
Actually, in the unlikely case that p, = p,, we have
exactly I, = = [. Using an adaptation of Newton's
method, solutions of the desired type have been
obtained for the specific configuration shown in
Figure 3. This is considered a reasonable idealization
of the situation encountered in practice where the
transmission line is suspended from the tunnel wall
but offset from the centerline. An example is shown
in Figure 4 where the following parameters are
assumed: a =2m, €, = 10ey, 0, = 10 ?mhos m™',
o,=10°mhosm™, ¢, =10"*>m = | mm, and d =
0.02 m = 2 cm. Various values of the ratio a,/a
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Fig. 4. The normalized attenuation rate as a function of fre-
quency for the monofilar and bifilar modes for a wire conductivity
o, = 10 mhos m~'.

are shown for the monofilar mode but only the
value 0.8 for the bifilar mode. In the latter case,
the corresponding values for 0.9 and 0.6 are indis-
tinguishable. Here the real part of (I'a), which is
proportional to the attenuation rate, is plotted as

db/100m
60y

83
e

ATTENUATION RATE
S
ke
\

(£
L

160 80 40 20cm
DISTANCE TO WALL

Fig. 5. Comparison of calculated (solid curves) and

Deryck's observed (broken curves) data of attenuation

rate as a function of the distance of the transmission

line from the tunnel wall. Curves a and b are for

the monofilar mode for 27 and 68 MHz, respectively,

while curves ¢ and d are for the bifilar mode for
27 and 68 MHz.

(o)

a function of frequency from 0.2 to 200 MHz. The
increase of the monofilar mode attenuation as the
wire conductor approaclies the wall is apparent.
Actually, the attenuation rates are quite dependent
on the assumed wire conductivity but the depen-
dence on the other parameters, such as ¢, and d,
is not so severe.

For the geometry of the tunnel guide considered
in the preceding example, we can expect higher-
order waveguide modes to appear when the fre-
quency exceeds the cutoff value for the empty tube.
This occurs at approximately 50 MHz in this case.
For higher frequencies, we can expect the situation
to be quite complicated. However, it appears we
can always identify the monofilar and bifilar modes
as the ones that are significantly influenced by the
location and the series impedance of the wire
conductor. Actually, we have calculated also these
“waveguide modes ' for various cylindrical geome-
tries but the results are not given here. Suffice
it to say that such modes have a very weak depen-
dence on the conductivity of the axial wire conduc-
tors within the tunnel.

We can make a specific comparison of our calcu-
lated results of the attenuation rates with some
experimental data published by Deryck [1973] for
monofilar and bifilar mode propagation in a tunnel
in Lanaye, Belgium. The actual tunnel has a total
height of the order of 4 to 5 m and the width is
of the order of 3 to 4 m. The comparison is indicated
in Figure 5, where the abscissa is the distance of
the transmission line from the tunnel wall and the
ordinate is the attenuation rate in db per m. The
calculated resuits use the same parameters as in
Figure 4. As both the experimental and the theoreti-
cal curves show, there is a strong dependence on
the proximity of the tunnel wall for the monofilar
mode at both 27 and 68 MHz. On the other hand,
there is virtually no dependence on the location
of the transmission line for the case of the bifilar
mode. This, of course, is an attractive feature for
long distance communication. As Deryck [1972]
indicates, conversion from the easily excited mono-
filar mode to the bifilar mode permits efficient
point-to-point communication, even when the
transmitting and/or receiving antennas are not
closely coupled to the transmission line.

RECTANGULAR TUNNEL MODEL

Arigorous modal equation for the monofilar mode
of a single wire in a rectangular tunnel has been
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Fig. 6. The open wire T.L. (transmission line) inside
a waveguide model of a rectangular tunnel.

recently obtained by Mahmoud and Wait [1974a]
under some simplifying assumptions concerning the
two side walls of the tunnel. Also, extensive nu-
merical results on the properties of this mode have
been reported [ Mahmoud and Wait, 1974a; Mah-
moud, 1974a]. We consider the configuration of
the T.L. (transmission line) as shown in Figure 6.
The two side walls of the tunnel are assumed to
behave as either perfect electric or perfect magnetic
conductors, while the other two walls are taken
as generally lossy dielectric media. We adopt the
nonrestrictive assumption that d > ¢, where c_ is
the radius of any of the wires. As before, I' is
the complex propagation constant of the mode. So,
apart from this common term, the currents in the
two wires are given by I, and I,. The boundary
condition at the surface of each wire requires that
the longitudinal electric field be equal to the current
multiplied by the series impedance Z, per unit length
of the wire. Following Mahmoud [1974b], these
conditions can be put in the convenient forms:

Z, O L+Z, O L=2Z,1, (12)

Z, O +Z,0)1,=2,]1, (13)

where Z_, (I') is defined as the longitudinal electric
field at the surface of the first wire due to a unit
current in that wire and a similar definition applied
to Z,, (I'). Here Z,, (I') is the longitudinal electric
field at the surface of one wire due to a unit current
in the other wire.

By the elimination of I, and I, in (12) and (13),
we obtain the modal equation for the unknown T’
as

(Z,,T)-Z,1[Z,T)- Z,] - 2%, =0 (14)

EM WAVE PROPAGATION 757

This equation is greatly simplified when the two
wires are identical since then Z,, =2 ,=2Z,_.
Furthermore, we canput Z, I') =2, (I') = Z,
- (I'), which is a very good approximation since
d is much less than the guide width. Under the
above conditions, the modal equation, (14), reduces
to two simple equations given by

Z,0)+Z,T)~Z,=0 (15)

and

Z,0)-2,0)-Z,=0 (16)

where the first equation implies that I, = I, and
the second implies that I, = —I,. These are the
two equations that correspond to the monofilar and
the bifilar modes respectively and their solutions
give the propagation constants of these modes.
Equations 15 and 16 were solved numerically by
Mahmoud [1974b] for several configurations in the
frequency range 200 kHz to 200 MHz. The resulting
values of the attenuation o, niar 300 &y, are
plotted in Figures 7 and 8 for the case of interest
here. The following physical constants are assumed
in Figure 7@ 2a=4m,2b=3m,x,=a/2,d
= a/100, ¢, = 1 mm. Here o (the conductivity of

0
16!:
A P
s 0 ~7b /b=06100
§ L _~~"by/bz061008
K
15 - ——— MONOFIL AR MODE
- —~—~BIFILAR MODE
|64 1 3 1 1 1 1 1 i )
a2 Q5 10 20 50 100 200 500 10002000

FREQUENCY (MHz)

Fig. 7. Attenuation constant of the monofilar and the bifilar
modes versus frequency for various values of b,/ b. Wire radii
¢, =1 mm,
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Fig. 8. Attenuation constant of the monofilar and the bifilar
modes of configuration A versus frequency for various values
of by/b. Wire radii ¢, = 2 mm,

the wires) = 10°mhom ', ¢,= 0ey. ando, =
10 " *mho m ™",

In contrast with the monofilar mode, the attenua-
tion of the bifilar mode is almost insensitive to
variations of the parameter b, /b in the frequency
range considered and hence oy, 1S shown for
only one value of this parameter. To show the effect
of varying the intrinsic parameters of the T.L.,
the wire radii are increased to 2 mm in Figure §.
By comparing with Figure 7 it is seen that o g,
is appreciably reduced at all frequencies, while
® onotiar 1S ardly affected for frequencies above
about 12.5 MHz and considerably reduced at lower
frequencies. Apparently, as the frequency is re-
duced below about 100 MHz, the guide walls behave
more as good electrical conductors, hence reducing
the attenuation of the monofilar mode. Thus, at
low frequencies (of the order of few MHz and less),
the attenuation of both modes becomes solely
dependent on the intrinsic parameters o and c,.
Furthermore, the ohmic losses of the T.L. are
normally higher for the bifilar mode than those for
the monofilar mode and hence the higher attenuation
of the former mode at the low frequency end.

It is evident that the result§ presented here for

the rectangular tunnel are very close to those for
the circular tunnel, In fact, there is a complete
consistency between the mode characteristics in
the two guide geometries. This provides some
confidence in the adequacy of the model used here
for the rectangular tunnel.

Actually, the results shown in Figures 7 and §
are obtained for a waveguide mode!l with side walls
that are perfect electric conductors, An alternative
mode! is one in which these walls are perfect
magnetic conductors. We computed values of at-
tenuation rates for this model and it was found
that the monofilar modes show much higher atten-
uation rates for frequencies below 25 MHz, while
near 200 MHz the attenuation rates are only slightly
different from those obtained for the first model.
We believe, however, that the model with perfect
electric side walls is a better approximation to the
actual tunnel in the frequency range considered
here, since the tunnel walls do tend to behave as
good electrical conductors as the frequency is
lowered.

FINAL REMARKS

In this paper, we have only considered the freely
propagating modes of the axial structures. An
important aspect in any communication design is
how well these modes are excited. Hill and Wait
[1974a,b] have considered the excitation mecha-
nisms for both single and twin conductors in a
circular tunnel model. Also, Mahmoud [1974a] had
earlier treated the excitation by a dipole transmitter
for the rectangular tunnel model. Other complicating
factors that have been discussed are the effect of
curvature of the tunnel axis { Mahmoud and Wait,
1974b] and the degrading influence of wall
roughness [ Mahmoud and Wait, 1974¢]. An al-
ternative method for allowing for finite wall con-
ductivity using a geometrical optical approach is
also given in the latter reference. In this method,
all four walls of the rectangular waveguide may
be lossy.

Acknowledgments. 1 am very grateful to D. A, Hill and
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TUDC 538.3:021.315.212.1:622.489

Theory of transmission
of electromagnetic
waves along
multi-conductor lines in
the proximity of walls
of mine tunnels

JAMES R. WAIT, B.ASc., MASc., Ph.D.*

Based on a paper presented at the Symposium on
Leaky Feeder Radio Communication Systems

held at the University of Surrey on 9th and 10th April
1974,

SUMMARY

Using a boundary value analysis, the transmission
of the propagation modes in the tunnel are
considered. As expected, there is a conventional
TEM-like mode that has relatively high loss due to
the finite conductivity of the tunnel walls. In
addition, however, we find that other modes exist
when there are two or more axial conductors present
in the tunnel. These have relatively low attenuation
but such modes are difficult to excite. The optimum
system requires the exploitation of both classes of
modes. The object of this paper is to provide the
analytical framework that can be used for the
quantitative design of such systems.

* Environmental Research Laboratories, National Oceanic and
Atmospheric Administration, US Department of Commerce,
Boulder, Colorado 80302,
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A rather ingenious communication technique is being
developed for use in Belgian coal mines.! ™3 The idea is
to use a two-wire transmission line or equivalent loosely
braided coaxial cable that can be suspended from the
upper wall. A transmitter placed in the vicinity of the
line excites a strongly unbalanced mode that normally
would propagate like a coaxial or TEM mode with
relatively high attenuation. The key step in the Belgian
system, and the closely related French system,® is to
convert this unbalanced mode to a balanced mode that
is much less attenuated because the return current flows
mostly in the second wire rather than through the sur-
rounding rock. The physical basis of this system has
many similarities to the leaky feeder device described
by Martin* and used in British coal mines.

Here we carry out an analysis of the propagation
characteristics for an idealized mine tunnel of circular
cross section. The extension to a rectangular tunnel is
also mentioned. The theory is developed only for a
uniform structure so that mode conversion is not

accounted for, but in all other respects the problem is

quite general. Some comparison is made with relevant
experimental data, Actually, we deal only with a twin
open wire pair that is the basic ingredient of the so-called
INIEX/Deryck system. However, as suggested above,
the leaky braided cable system and the slotted cylindrical
shielded cables have common features. The important
point is that propagation modes, that depend on current
flow in the tunnel walls, will suffer excessive attenuation
while modes that utilize the second conductor at a return
current path will have less attenuation. While such
features have been recognized by current workers, we
have undertaken an analytical study that permits a
quantitative understanding of the loss mechanisms.

Specifically, we consider an air-filled tunnel of circular
cross-section with radius g bounded by a lossy dielectric
medium. Within this uniform tunnel we locate a single
relatively thin metal conductor of radius ¢, whose
conductivity is o,. The situation is illustrated in Fig. 1(a)
where we have chosen a cylindrical coordinate system
(p, ¢, 2) to be coaxial with the guide. For the interior
region p < a the permittivity and permeability ¢, and
Uo respectively. For the exterior region, the permittivity,
conductivity and permeability are &, o, and p, respec-
tively. The thin axial conductor is located at p = p,
and ¢ = ¢y; its corresponding electric properties are
&, g, and p,. Here we restrict attention to the case
0 < py < a. Later, we consider the effect of a second
wire conductor that is parallel to the first.

We now consider the complex propagation constant
of the dominant modes of the structure. Thus, we
assume that the fields of an individual mode varies with z
according to exp (—I'z) for an implied time factor
exp (jot) where the values of I'" are to be determined.
As indicated elsewhere,® the fields can be determined by
two scalar functions U and V that are, respectively, the
z components of (axially directly) electric and magnetic
Hertz vectors.

The current on the axial conductor can be designated
Texp (—T'z). The primary field within the tunnel from
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this travelling wave of current may be derived from the
electric-type Hertz function UF. It is well known that

JHow 2
UT =205 Texp (=TKo[(5-Tp] (1)
o
where
Vo = —&oo®?, pa = [p*+pG—2ppo cos (¢ — o],

and K, is the modified Bessel function of the second kind.
Now the total Hertz function within the guide can be
written, U = U+ US, where US is the secondary part.
The latter, for the region p < a, can be constructed by
superimposing solutions of the type

L.(vp) exp (—jm¢) exp (—T'z)
where I, is a modified Bessel function of the first type,
v = (y>—T?)* and m is any integer.

The above considerations and the addition theorem
for K, in (1) leads us to the representation

+ o0
U = z U, ¢~ im(¢—do) (2a)
where
Um =J&a§ I e"‘l'z Im(vl’o) X
2nyg

x [k - Ry 2D T00)| 20

for the region p, < p < a where R,, is yet to be deter-
mined, Similar considerations lead us to the correspond-
ing representation for the magnetic type Hertz function
for the region p < a. Thus,

+ 0 . .
V = 2 V. e~ jm@—¢o) (33)
m= - o0
where
Ho® | _p.
Vm = é;o_;g le I--Amlm(vpo)l’m(vp)‘ (3b)

For the external region p > a the Hertz functions are
both made up from solutions of the form

K,.(up) exp (—Tz) exp (—jm)

where u = (y2—T?? and y? = ju.w(o, —je.w).

The boundary conditions at the wall p = a are that

the tangential fields are continuous. Using these we

obtain the following explicit results® for the coefficient
R, in (2b)

— [('yo/v)K,',,(va)/K,,,(va)] + Ym'lo + 5m”0

" [())O/U)I:n(va)/'lm(va)] + Ym”O + ém”O

4)

where

_ (mUjay’fo”*—u™?]" )
(ol (0a)/L, (va) ]+ (Z/10)
and ny = juow/y, ~ 120 ohms, where

va == (j”cw/u)K;n(ua)/Km(ua)v

5:1»"0 =

and
Y, = (jyslup.)K; (ua)/K,(ua).

We can express the axial electric field E, anywhere
within the guide in terms of the still unknown current
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(a) Geometry for single wire conductor in circular air-filled tunnel
in homogenous earth.

(b) Geometry for two arbitrarily located axial wires within tunnel.

(c) Geometry for two axial wires located in a horizontal plane in
the upper quadrant of the tunnel cross section. The mean distance
to the tunnel wall is a — a,.

Fig. 1.

Iexp (—T'z) on the wire. On combining (1), (2b) and

the relation E, = — 2, it follows that
jtowIv® . [ to K, (va)
E =~ — e [ Kolvpg)— —— X
=z 27()’(2) 0( pd) m=z—co m I,,,(va)

XMWJMWN*W“ﬂ. ©

Now the boundary condition at the wire is

E =1Z,exp(-I2) O]
at py = ¢, for all values of z where Z, is the series
impedance of the wire. Because of the assumed thinness
of the wire, we can apply this condition at any point of
the wire circumference. Thus, we choose the matching
point at p = py+¢, and ¢ = ¢y. Thus (7) leads to the
mode equation

The Radio and Electronic Engineer, Vol. 45, No. 5



. Ko(va)
I,"(Ua)

H 2 +
— U@V 0
- znoyg~ [K"(”") —x

meMMwmﬂ=a ®

where the explicit result for the series impedance is

=M IP_(VJLS) 9)
* 27[6'5 Il(?scs)
where y? = juw(o, +je,w) and 1, = jpo/y,

We now consider the extension of the solution to the
case where two axial conductors of radii ¢, and ¢, are
present. The situation is illustrated in Fig. 1(b). Now
1y, the current on the conductor at (p,, ¢, 2), is arbitrary,
while I, the current on the conductor at (p;, ¢,, 2), is
unknown. By superimposing solutions of the form (6)
we can write

& K,(va)

—jﬂwvz -rz ‘:
E, = OV - Snl0®)
= %memgwmmm

X Im(vpo)lm(vp) e_—j"'(lb“%)] + Il [Ko(”l’é)"‘

oo K,,,(va)
- z Rm I,,,(va) Im(upl)lm(vp) X

m=—-x

% e—jmw—m)]} (10
where
pa = [p*+p5—2pp, cos ($—o)]*
and
pi=[p*+pi—2pp, cos (p—p )]
The two relevant boundary conditions are now:
Ez = IOZSO e—l‘z at p= p0+c()s 4) = (bO' (ll)
E.=1Z,e™ at p=p+c, ¢=4¢,. (12)

where Z, and Z,, are the appropriate series impedances.
The unknowns are I, (or 1,/I;) and I'. We can easily
climinate I, to yield a mode equation.

The method can be generalized to an arbitrary number
of N thin axial conductors located within the guide. An

_ G
30 coaxiAL MODE —— @ =03
BIFILAR MODE ———
10
o 5
e
< 9
g
L1
& 05
02
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005 4 L I [
02 V2 10 20 100 200
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Fig. 2. The normalized attenuation rate as a function of frequency
for the coaxial (or monofilar) and bifilar modes for a wire con-
ductivity ¢; = 108 S/m,

May 1975
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impedance condition as indicated above can be assumed
for each wire. This yields a system of VN linear equations
for the N unknown wire currents. The system has a
solution only if the following determinant is zero:

(All_'zl) A;z ...... Al
AZl (AZZ_ZZ) ...... AZ)\
. . Cl=0 (13)
ANl ANZ ...... ANNI

where A; is the z component of the electric field (primary
plus secondary) produced at the match point on wire i
by a unif current on wire j and Z; is the series impedance
of wire j. In what follows, we will just consider the case
of two axial conductors, i.e. N = 2,

For the high-frequency modes of interest in air-filled
tunnels, we expect I' to be of the order of y, = jk where
k = w]/cis the free space wave number. Also, the bound-
ing medium will have a conductivity and/or permittivity
sufficiently high that |y » 1. Thus, we find that
Z, = ()P +kt and Y, = y3/[jno(?+k2],
Also, in most cases at high frequencies, the conductivity
of the metal wire will be sufficiently high that both
76 » 1 and o, > g . Then we can write

Z, ~ (pof26)t (1 +))/(nc,).

In the actual calculations, these approximations are
only made when they are valid.

The modes that have a transmission-line character as
the frequency is lowered are of particular interest here.
As we shall see, there are two classes of these: in one
case the current ratio I,/I, is approximately +1 and
in the other case the ratio is approximately —1. For
obvious reasons, these are designated the coaxial and
bifilar modes, respectively. Actually, in the unlikely case
that p, = p,, we have exactly I, =+1I,. Using an
adaptation of Newton’s method, solutions of the desired
type have been obtained for the specific configuration
shown in Fig. 1(c). This is considered a reasonable
idealization of the situation encountered in practice
where the transmission line is suspended from the tunnel
wall but offset from the centreline. An example is shown
in Fig. 2 where the following parameters are assumed:
a=2m, e = 10g, 6, = 1072 S/m, o, = 10° S/m, ¢, =
[07*m = 1lmm, and d =002m = 2cm. Various
values of the ratio ay/a are shown for the coaxial or
monofilar mode but only the value 08 for the bifilar
mode, In the latter case, the corresponding values for
09 and 0-6 are indistinguishable. Here the real part of
(I'a), which is proportional to the attenuation rate, is
plotted as a function of frequency from 0-2 to 200 MHz.
The increase of the coaxial mode attenuation as the wire
conductor approaches the wall is apparent. Actually,
the attenuation rates are quite dependent on the assumed
wire conductivity but the dependence on the other
parameters, such as ¢, and d, is not so severe.

For the geometry of the tunnel guide considered in the
preceding example, we can expect higher-order wave-
guide modes to appear when the frequency exceeds the
cut-off value for the empty tube. This occurs approxi-
mately at 50 MHz in this case. For higher frequencies,
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Fig. 3. Comparison of calculated (solid curves) and Deryck’s

observed (broken curves) data of attenuation rate as a function of
the distance of the transmission line from the tunnel wall, Curves
a and b are for the coaxial mode for 27 and 68 MHz, respectively,
while curves ¢ and d are for the bifilar mode for 27 and 68 MHz.

we can expect the situation to be quite complicated.
However, it appears we can always identify the coaxial
and bifilar modes as the ones that are significantly
influenced by the location and the series impedance of
the wire conductor. Actually, we have calculated also
these ‘waveguide modes’ for various cylindrical geo-
metries but the results are not given here. Suffice it to
say that such modes have a very weak dependence on the
conductivity of the axial wire conductors within the
tunnel.

We can make a specific comparison of our calculated
results of the attenuation rates with some experimental
data published by Deryck! for coaxial and bifilar mode
propagation in a tunnel in Lanaye, Belgium. The actual
tunnel has a total height of the order of 4 to 5m and
the width is of the order of 3 to 4 m. The comparison is
indicated in Fig. 3, where the abscissa is the distance of
the transmission line from the tunnel wall and the
ordinate is the attenuation rate in decibels per metre.
The calculated results use the same parameters as in
Fig. 2. As both the experimental and the theoretical
curves show, there is a strong dependence on the
proximity of the tunnel wall for the coaxial mode at
both 27 and 68 MHz. On the other hand, there is
virtually no dependence on the location of the trans-
mission line for the case of the bifilar mode. This, of
course, is an attractive feature for long distance com-
munication. As Deryck! indicates, conversion from the
easily excited coaxial mode to the bifilar mode permits
efficient point-to-point communication, even when the
transmitting and/or receiving antennas are not closely
coupled to the transmission line.
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In our analysis, we have adopted an idealized circular
cross-section for the tunnel. Thus, strictly speaking,
the calculated data are not valid for actual tunnels or
haulageways in operational mines. However, it is
interesting to note that the present results for the coaxial
and bifilar modes are very similar to corresponding
calculations carried out by Mahmoud® for rectangular
tunnels. Unfortunately, an exact modal analysis’ for
the rectangular-shaped tunnel is only possible when the
side walls are either perfectly electric or perfect magnetic
conductors. Nevertheless, as we have illustrated in
detail elsewhere,® the principal characteristics of the
coaxial and bifilar modes are very similar.in the two
geometries. This suggests that the derived characteristics
are qualitatively valid for non-circular tunnels provided
the cross-sectional area is approximately the same.
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a rectangular waveguide
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A modal equation for the propagation constants along a thin wire located inside a rec-
tangular waveguide is derived. The regions external to the two horizontal broad walls are
homogeneous lossy dielectrics. To facilitate the analysis, the two narrow vertical walls
are assumed to be either perfect electric or perfect magnetic reflectors. Special cases that
have been treated earlier [Wait, 1972] are recovered.

INTRODUCTION

The problem of wave propagation along an infi-
nitely long straight wire located in a stratified medium
has recently received attention [Wait, 1972} due to
its importance in several applications. A related
problem, which arises in dealing with radio propaga-
tion in coal mines (A. E. Goddard, personal com-
munication, 1972, A. G. Emslie, R. L. Lagace, and
P. F. Strong, personal communication, 1973) is that
of wave propagation along an infinite wire located
inside a rectangular waveguide with imperfectly
reflecting boundaries. Here, we investigate a simpli-
fied version of this problem where one parallel
pair of the guide boundaries is considered to be a
perfect reflector. The other two boundaries are plane
interfaces that separate the inside medium (air)
from the outside media, which are lossy dielectrics
in general.

We deduce a modal equation for the propagation
constants along the wire which is in a suitable form
to yield numerical results. These will be reported
subsequently (by S. F. M.). The derivation is basi-
cally similar to that introduced by Wait [1972] and
the obtained modal equation reduces to that in the
above reference when the appropriate boundaries
recede to co.

FORMULATION

The geometry of the problem is illustrated in
Figure 1. The boundaries along the whole planes
x = 0 and x = 24 are assumed to be either perfect
electric or perfect magnetic walls (i.e., infinite con-

Copyright © 1974 by the American Geophysical Union,

ductivity or infinite permeability, respectively). The
semi-infinite media above the plane y = 2b and be-
low the plane y = 0 have electrical constants e;, pa
and e, po respectively. Here the permittivities ¢ and
e may be generally complex to account for ohmic
losses. The interior of the guide is filled with air
with constants e, py taken to be the same as free
space. As before [Wait, 1972}, we assume that the
wire carries a current of the form I exp (iof — T' z)
where o is the angular frequency and T is the prop-
agation constant that is to be determined. The fac-
tor exp (fot — T z), common to all fields, is dropped
for convenience in what follows,

SOLUTION

The total electromagnetic fields in each medium
can be obtained from any two appropriate scalar
potentials. In the present problem, it is most con-
venient to choose these potentials to be axial and
transverse. electric potentials IT, and IT, rather than
two axial electric and magnetic potentials as used
before {Wait, 1972]. This choice results in a con-
siderable simplication of the algebra because the
incident 11, on any of the interfaces y = 0 and y =
2b does not couple with a reflected TT. (although
the reverse is not true). However, now both poten-
tials are coupled by the axial conductor.

Now assuming that the boundaries x = 0 and x =
2a are perfect electric walls, appropriate forms for
1L, and II,, in region 1, 2b > y > y, are

M, = . A,sin (mrx/2a){exp [u,(2b — »))

+ R exp [—u.(20 — »Y} )
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Fig..1. Geometry for an infinite wire inside a

rectangular waveguide,

M, = . A.R.*sin (mrx/2a)

rexp [—un(2b — )] + A.*sin (mrx/2a)
* {exp [“M(zb - _\’)] + Sml
exp [—u. (26 — »)} 2

Similarly for the region y > 2b, we write

I, = Z AL T sin (mmx/2a)

cexp [u.(2b — »)] ()
r[ul = Z (Amel* + Am*'rml)

-sin (mwx/2a) exp [u., (26 — »)) “
where
[—k' — T? 4 (mn/2a)"1"°
[—k* — 7+ (mn/2a)’)"

while ky? = o’poeo, k1° = o*mer, and the integer m
takes all values from O to «. The unknown reflec-
tion and transmission factors R, Rp1*, Ty Ton®
and S, and =,; are to be determined from the
boundary conditions at the interface ¥ = 2b. It is
important to note that we can separately match those
terms in equations 1 through 4 which involve the
first four factors and those which involve the last
two, The field components are related to the scalar
potentials II, and II, by well-known formulas [Wait,

U, =

Uy =

1959]. Thus we find that the resulting reflection

coeflicients are given by

= Up)/ (U + ) | &)}

R = (u,
R * = 204y + ttpy)™
— ko’ /(i "t + ko't (6)
Smi = (&1t — €otim)/ (&1 + €oltim1) (N

In a similar manner we obtain the potentials II,
and 11, in region 2, y, > y > 0, as:

n,, = Z B, sin (mwx/2a)
: [exp (umy) + Rm2 exp (_umy)] (8)
Im,, = Z — B.R,.,* sin (mnx/2a)

<exp (—u,y) + B,* sin (nwx/2a)
-[exp (4ny) + Smz exp (—unp)] )

where the reflection coefficients R, R,2%, and §,.»
are given by (5), (6), and (7) with a change of the
subscript 1 to 2.

To proceed, we note that the coefficients A4,,, 4,,*,
B,, and B,,* are as yet unknowns to be determined
from the boundary conditions at y = y,. The source
which has the form I § (x — x3) 8(y — yo) can be
expanded in a Fourier series of the form
18(x — xo) 8(y — yo)

= 8(y — o) 2 l.sin (mxx/2a)  (10)

where

L, = (I/a) sin (mzx,/2a) (1)

The tangential fields at ¥ = y, are continuous for
each value of m, except for H, which has a discon-
tinuity equal to I,. This reduces to the continuity
of 11, 11, and 0IT,/dy, and the discontinuity of
oIT./dy such that

[anx‘z/ay]unw— - [antl,/ay]v-uo'
= Z 1,/ iwee sin (mmwx/2a)

m

Using (1) and (8) in the above equation and in
the equation of the continuity of IT,, and solving for
the coefficients A,, and B,, we obtain:

(12)
(13)

Am = (Im/iweoum)jm’l(yﬂ)/Am
Bm = (Im/iwedum)fml(d)/Am

where
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fmr () = (1/2)[exp (4uy) + Rurzy €Xp (—unp)]

(14)
A, = exp Qu,b)[l — R, R,.; exp (—4u,b)]
(15)
The remaining two boundary conditions at y = y,
give 4,* and B,* as
A% = [AuR ¥ S
vexp (—2u,b) — BnR,.*1/A¥ (16)
B,* = [A,Rm™* — B.R.:*Sm
rexp (—2u.b)l/A,* 17
where
ALY = exp Quab)[l — S, Sm exp (—4u,,b)] (18)

In passing, we note that the natural modes of the
empty guide are given by solutions of A, = 0 and
A, * = 0, corresponding to horizontally and vertically
polarized modes respectively [Wait, 1970].

Now that all the terms in (1) and (2) are deter-
mined, we can obtain the axial electric field E;, in
region 1 as:

E,, = — (lwpo!/m)B(T) 19)

where
B(I) = (1 4+ T%/ke®) 2 Pulx; Xo)wa(o)
S @b = P tn Ay — (T/ko™) D Pl x0)

) [le*/nﬂ(yﬂ)gnﬂ(y) + Rwﬂ*

']ml(d)gml‘(Zb - y)]/Am Am *
The only undefined terms in the above are

(20)

Pu(x; x0) = (27/a) sin (mwx/2a) sin (mmxe/2a) (21)
and

Emn (V) = (1/2)[exp (4,y) — Swicz) €Xp (—Un)}
(22)
In the case when the planes x = 0 and x = 2a
correspond to perfect magnetic walls, equations 19
through 22 apply except that P,(x; xo) is now
redefined as

P.(x; xo) = (2n/a)e,, cos (mmx/2a) cos (mmx,/2a)

where ¢, = 1 for m > 0 and 1/2 for m = 0.
Subject to the thin-wire assumption, we now

obtain the desired modal equation for I' by equating

E.atx = xyand y = y, + p by Z,,J where p is
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the radius of the wire and Z,, is the series impedance
of the wire, This is given in terms of the modified
Bessel functions by Wait [1954],

Z, = nuloly.p)/ 2rpli(y,p)]
where '

i

linww/ (00 + ie,w)]'"*

Yo = linew(o. + iew)l'’”
and e, oo, and p, are the electrical parameters of
the wire. Our modal equation is thus given by

. nw‘

D) + Z./(iwpo/w) = 0 (23)

where

D(T) = (I + T*/k*) 2 Pulxo; Xo)fma(¥0)
Sold = )/t Ay — (T/ko®) 25 Pulxo; xo)
'[le*fmz(}'o)gme(.)'o + p) + R...*
'[ml(d)gml(d - p)]/Am Am*
SPECIAL CASES
We now recover some of the important special
cases of the modal equation, (23). First, when the
wire lies on the upper boundary y = 2b, i.e., yy =
2b — p, and if Z,, = 0, a valid solution for I can
be obtairied from the behavior of the mth term in

the summation of (23) as m — c. Under this con-
dition, the following approximations can be made:

24)

u,, — mr/2a
— )/ (& + e))/u,
fm1(3)s 8mi(¥) — exp (u,y)
A, ALY — exp Qu,b)
Then the modal equation, (23), reduces to

a+ Fz/koz) - Fz/koz(fx — «)/(e + &) =0
whose solution is T® = —(ko* + k2)/2.

This agrees with the result obtained earlier [Cole-
man, 1950; Wait, 1972] for the case of a thin wire
on the interface between two semi-infinite homo-
geneous media.

Another important case is the case when the
boundaries x == 0 and x = 2a recede to == c and
the structure reduces to the parallel plate guide. In
this case, the summation over m changes into an
integration from — o to + 0 over the parameter A
which replaces mwn/2a everywhere, The trigono-
metric functions of x change into exp (—ixx) and the

Rm\* - I‘[(él
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function P,,(x; xo) becomes simply exp (—iix) (for
xg = 0).

Furthermore, if we allow the upper boundary
y = 2b to recede to + «© (2b — ), we will have
the case of a wire above a plane interface between
two half spaces which has been treated earlier [Wait,
1972]. Upon using the following substitutions in
(24):
2b— o; Ry, Ry*, §{ — 0; and A, A* — exp (Qub)

we obtain D(T') in the form

DIy = /40 + U7k [ fexp (—up)
4 Ry oxp [—u(y + ol u"
~ a2k [0/ w)

- kug/(/\"zzu + knzllq)]
exp [—u2y, + p)] dX (25)

where the quantities u, us, R, are understood to be
functions of A. Equation 25 can be put in a slightly
different form if we recognize that (see equation 5)
Ry = —1 + 2u/(u + uy)
Hence
D) = (1/2)(1 + T*/ke){ Kolitko* + T%)'p]
= Kolitko’ + I')'*(2y0 + )]}

n f /G + ) + T/ u + k')

-exp [—u(2y, + p)} d\ (26)
Equation 26 is the same as the corresponding one
in [Wait, 1972] except for a different choice of the
matching point on the wire perimeter.

CONCLUSIONS

The modal equation for the propagation constants
along a thin wire located inside a rectangular wave-
guide is derived in a fashion similar to that used
earlier [Wait, 1972]. The merits of the derived equa-
tion is that it is in a suitable form for a numerical
treatment. Some of the important special cases are
recovered and are seen to agree with previous work.
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Abstract—We obtain numerical results of the attenuation and
phase constants of the lowest order modes in a rectangular tunnel
with an axial wire for various values of physical parameters that are
important in intramine communications and remote control. Besides
the perturbed free modes of the empty guide, a TEM-like mode,
which is highly influenced by the wire impedance and location, is
identified. Also the excitation mechanisms of the modes are con-
sidered from the standpoint of point-to-point commuunication within
a mine tunnel.

INTRODUCTION

HE IMPORTANCE of telecommunication in the
operation of underground mine-tunnels is well recog-
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nized. For many years telephone lines have provided for
such communication between the surface and the haulage-
ways. However, recent measurements in mine tunnels [1]
have shown that UHF radio signals can be effectively
propagated through the tunnel and hence can provide a
reliable alternative means of communication as well as
remote control [2]. This means is considered more suited
to modern mines where instantaneous communication to
and among mobile men in the underground haulageways
is increasingly in demand.

Normally, the haulageways are close to rectangular in
cross section with dimensions of the order of few meters
in width and height. Radio frequencies above about
500 MHz propagate through the tunnel via successive
reflections from the tunnel walls. Due to the large dimen-
sions of the cross section relative to the wavelength, the
waves fall at alinost grazing angles on the walls and henee
suffer low loss. At lower frequencies (than 500 MH2Z) the
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losses in the walls obviously increase while at higher
frequencies than about 2 GHz, the excess loss due to the
wall roughness becomes increasingly important as has
been observed by Emslie ef al. [3]. Thus the working
range of radio frequencies for free propagation is con-
sidered to lie roughly between 500 MHz-2 GHz. How-
ever, haulageways usually contain longitudinal metallic
pipes which can effectively alter the properties of the
guided radio 'waves. The most important effect of these
is the appearance of a coaxiallike mode which extends
the lower end of the operating range of frequency, since
this mode has a zero cutoff frequency.

Besides the possibility of free radio propagation in the
tunnel, electromagnetic (EM) waves can also be guided
along specially designed transmission lines (TL) working
at frequencies well below the UHF band. Various types
of TL's include the single-wire cable, the ribbon feeder
[4], and coaxial lines that are designed to provide part
of the fields outside the line (such as,the braided coaxial
line [5], the coaxial cable with annular slots [6], etc.).
Basically, there are two distinet modes of wave propaga-
tion along a two-wire TL, the monofilar, and the bifilar
modes. The monofilar, or the single-wire mode, is guided
mainly between the TL and the inner walls of the tunnel
while the bifilar, or the balanced mode, is characterized
by antiphased current in the two wires of the TL and
hence a less accessible signal in the tunnel. Obviously,
the attenuation of the bifilar mode is considerably lower
than that of the monofilar mode, since the latter suffers
higher loss by the tunnel walls. In any given situation,
it is very desirable to have means to control the amount
of excitation of each of these modes in order to obtain
the proper compromise between the signal accessibility
in the tunnel and the total attenuation of the guided signal
ingide the cable. Some of these techniques are described
by Deryck [7].

It is quite clear that a theoretical investigation of the
various modes of propagation inside an actual tunnel is
very complicated unless many simplifying assumptions
are adopted. Emslie et al. [3] have derived an approxi-
mate formula for the attenuation constant of the lowest
order modes of free preparation at UHF inside a rec-
tangular tunnel. An estimate of the effect of roughness
of the tunnel walls is also given by these authors. In a
recent paper by Mahmoud and Wait [8], the authors
have obtained a modal equation for the propagating modes
for the case of a single wire inside & rectangular tunnel.
To make possible a rigorous satisfaction of all the bound-
ary conditions, the narrow walls of the guide were ideal-
ized as perfect electric or perfeet magnetic walls. The
resulting waveguide model is, nevertheless, believed to
reveal the important characteristics of the propagating
modes, as will be shown by the numerical results pre-
sented here,

NUMERICAL RESULTS

The geometry of the problem treated by Mahmoud
and Wait [8] is shown in Fig. 1. The rectangular tunnel
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Fig. 1. A waveguide model of the tunnel.

is assumed to have horizontal and vertical dimensions
equal to 2a and 2b, respectively. The side walls are idecal-
ized as either perfect electric or perfect magnetic walls
while the upper and lower walls are assumed to be lossy
nonmagnetic homogeneous media of permittivity e and
conductivity o,. The interior of the tunnel is filled with
air with constants ¢,uo. The wire radius is p, the condue-
tivity is o, and it is located at the point (weye) inside
the tunnel.

The modal equation developed in the previous paper
is solved here for the propagation constant ' = « - I8,
where a and g are the attenuation and the phase constants,
respectively. In Figs. 2-5, the following values are as-
sumed: frequency = 1 GHz, 20 = 4.2667 m (~ 14 ft),
2b =a=21333 m (~7ft), p=1cm, 26 = ¢/2, ¢ =
10&, 0, = 1072 mho/m, o, = 10° mho/m, and y, varics
between b and 2b — p. In Figs. 2-11, the solid curves
refer to the case of perfect magnetic side walls, while the
broken curves refer to the case of perfect electric side walls,

In Figs. 2-5, three types of modes are identified. The
coaxial mode (labeled as CM) is a TEM-like mode which
resembles the dominant mode in a coaxial circular guide.
The other two types of modes are perturbed free modes
of the empty guide and are labeled as Ex(m,n) and E,(m,n)
according to their dominant polarization (horizontal or
vertical polarization, respectively). The integers m and n
describe the mode order for the horizontal- and vertical-
field variations in the usual sense. The following observa-
tions are derived from Figs. 2-5,

1) The phase velocity of the CM increases as the wire
approaches the tunnel wall (Fig. 2).

2) The attenuation of the CM increases sharply as the
wire approaches the tunnel wall (Fig. 3). This agrees
with measurement in Belgium mine tunnels {27.

3) The E,(1,1) mode is significantly more affected by
the wire than the F,(1,1) mode. The first may be related
to the familiar vertically polarized ground wave with the
forward wave tilt, hence the high interaction with the
axial wire.

Figs. 6-9 show the effect of varying the wire condue-
tivity o,. It i1s seen that both the phase constant and the
attenuation of the CM are highly dependent on that
parameter (Figs. 6 and 7). The CM becomes virtually
cut off as the wire conductivity is decreased. On {he
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Phase constant versus y, for the following parameters:
=1 QGHz, a = 2b = 2133 m, 2y = a/2, &/ = 10, ¢, = 107}

{0,1) mode.
Solid curves and broken curves represent the cases of perfect

20

(a/kg)x 104

" . " . L

| 12 14 16 18 20
4 Yo (meters) }

Yorb Yo£2b-p

Fig. 3. Attenuation constant versus ye. Same parameters as in
Fig. 2.
<
Q
%
P
~
8
5.
. . L
12 14 16 18 20
i 3
yo(meurs)
Yo' b Yo 2b-p
2. Fig. 5. Attenuation constant versus y,. Same parameters as in
Fig. 4.
10%
16'f
> 0%
& E
KA £
r CM.
Idag
6*t
i i 1 i L J. J
10° 10t 102 10 10* 10° 10®
o (mho/m)
= Fig. 7. Attenuation constant of the CM versus wire conductivity.

Same parameters as in Fig. 6.



21
1550

o [«
1 w
~ o

T

o
o

(I'ﬁ/ka)::IOO
[« o
£, &

o

v

@
T

027}

026}

A i L

¢ 6t 10 i

025 e
6 1 0 et
L " {mho/m)

Fig. 8. Phase constant of the Ex(1,1) and E,(1,1) modes versus wire
conduectivity. Same parameters as in Fig. 6.

L
6} CM.

(1-B/k)xi00
[=]
n

Yolmeters)

t [
Yo'b ¥o*2b-p

Fig. 10. Phase constant of the CM versus y,. Same parameters as
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other hand, (Figs. 8 and 9), the E.(1,1) and Fy(1,1)
modes show slight dependence on ¢, and tend to vheir
unperturbed form as the latter becomes small.

The effect of reducing the wire radius to 1 mm is shown
in Figs. 10 and 11. By comparing these with Figs. 2 and 3
(where p = 1 c¢m), it is clear that the increase in the
phase velocity and the attenuation, as the wire approaches
the guide wall, is more pronounced for the smaller wire
case. The small differences observed between the electric
and magnetic side-wall cases when p = 1 mm, suggest
that the fields of the CM are concentrated near the wire.

Figs. 12 and 13 show that the attenuation of the CM
increases as the frequency is reduced below 1 GHz,
attains a peak which is accompanied by a reduction in the
phase velocity, and then decreases monotonically as the
frequency is further reduced. This effect can be ecasily
explained since below 1 GHz the wall losses increase due
to more penctrating fields. For considerably lower fre-
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quencies (~30 MHz or less) the walls behave more or
less like good electrical conductors, and hence the attenu-
ation is decreased. On the other hand, the free modes of
the guide have monotonically increased attenuation (due
to a cutoff phenomenon) with reduced frequency, and
hence the coaxial mode becomes the dominant mode at
low frequencies (i.e., 50 MHz or less for the present
guide).

It is very constructive to compare the present results
on the rectangular guide to those on the circular guide
geometry treated by Wait and Hill [9]. We find a com-
plete consistency between the mode characteristics in
both guide geometries. This provides some support for
the adequacy of the model used in this paper for the
rectangular tunnel.

It 1s possible to estimate the cffeet of a finite loss in
the side walls on the propagation constants of the modes
by assuming that these walls behave as constant admit-
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tance or impedance boundaries and by using the simple
perturbation technique. Unfortunately, however, this ap-
proach is found to have a very limited applicability in
the present context since it applies only when the fields
at the side walls are very small. Some of the results on
the relative increase of the attenuation of the CM that
are based on the perturbation technique are shown in
Fig, 14. The side walls were assumed to have a constant
impedance Z = 1wpo/[wio(es — &) — fwpoos]?, which was
obtained from a consideration of the Fresnel-reflection
coefficient from the dielectric walls.

EXCITATION OF MODES

In the following we discuss the modal excitation by a
dipole located inside the waveguide of Fig. 1. The purpose
is to calculate the excited power in each of the lower
order modes due to an assumed current distribution in
the dipole.

22

(Aa/e)x100%

Qal 02 03 04 05 06 Q7 08 09 D
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Fig. 14. Percentage increase in attenuation constant of the CM
due to finite loss in the side walls versus frequency. Other param-
eters are as in Fig. 2.

_ First, assume that the source is a small dipole of moment

P, located at the point (2,,ys) in the z = O plane and
lies totally, in an arbitrary direction, in this plane. The
current density of the source can thus be written as

Ja(z,y,2) = Ps(x — 2.)8(y — ¥a)8(2). (1)

Let the axial electric field due to the source be denoted by
E..(2,y,2), which is, as yet, unknown. In order to deter-
mine this field, we shall use the known fields of an axial
current at the point (zo,50), which have been obtained by
Mahmoud and Wait [8], and the reciprocity theorem.
So assume a unit axial current at o,y such that the current
density is given by

Ja(2y,2) = exp (—102)8(x — 20)d(y — wo)  (2)
where —» < 8 < « and let the total electric field pro-
duced by this current be

8(z,y,8) = {&(x,y,8) + Zes(2,y,8) )} exp (—i8z) (3)

where &, denotes the transverse components of the electric
field and e, the axial component. Explicit expressions for
&, and e, are given in Appendix 1.

Now we apply the reciprocity theorem to the two cur-
rent densities given by (1) and (2) and their fields.
Hence we get

[ @y e exp (~ise) dudyds
T Y&

= [ @0 Bulry2) dudydz (4)
2,¥.2
Upon substituting from (1) and (2), (4) is reduced to
Peé,(2ayaB) = / E .o (20,y02) exp (—1iB2) dz

é E‘aa’(x()s'!/osﬁ) (‘3)

where E.4' (w0,0,8) is recognized as the Fourier transform
of E.q(20,y0,2), which in turn represents the average axial
electric field at the surface of the wire due to the dipole
current. Now we are in a position to obtain the induced
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current in the axial wire I,(2). First, we expand this in
a Fourier series, thus

L) = 5 [ " 1/(8) exp (iB2) d. )

The boundary condition on the wire surface requires that

E-a'(-’ﬂmyo,ﬁ) + Is'(ﬁ)ec(xo,yo + Plﬁ) = ZUJII,(B)}

—o <L o (7)
Using (5) in (7) and solving for I,’(8), we obtain
1/(8) = — P+&,(%4)Ya)B) (8)

€s (xO;yO + p,ﬂ) - Zw ’
Introducing the quantities F(4,y2,8) and D(B), defined by

ﬁ(zmymﬁ) = (—'iwﬂO/T)él(xmya»ﬂ) 9
and
D(ﬁ) = (_—W”'O/"r) Gs(wo;yo,ﬁ) (10)
we can write (8) in the alternative form
1.(B) = P+F(Za)ya)B) (11)

T D(B) + Zu/ (icopo/x)

We notice that the zeros of the denominator on the right-
hand side (RHS) of (11) determine the characteristic
values of the propagation constants 8, of the waveguide
modes [8]. So upon substituting from (11) into (6) and
changing the integration into a summation of modes, we
obtain

1.(z) >~ —isgn (2) LPeFaoyols) o _igs) (12)

5 (@D (B)/dB) s—p,

where Im(8,) < 0 and Z, is considered constant for the
important range of 8,. Equation (12) applies for suffi-
ciently high values of | z | s0 that the neglect of the branch-
cut contribution is justified. The total induced axial
current in mode p due to an arbitrary line current Z5(ls)
in the z—y plane is then given by

Iy =

i [ 10 P (zoyei8y) -2L/TAD(8) /d(8) I,
la "

cexp (—iB, | 2|) (13)

where the integration is taken over the line current l.
The complex power carried by the pth mode (in the
positive or negative z directions) is given by

PP=II'P|2NP’ (14)
where

N,,’=f

oross sectlon

&(2,9,8p) X he(z)y,8p) -Zdady  (15)

with As(z,y,8,) being the complex conjugate of the
transverse magnetic field which is produced by the unit
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axial current given by (2). A more explicit expression for
N, is given in Appendix 11.

Now, it is convenient to define an excitation factor A,
for the pth mode as the ratio between the complex power
P, given by (14) and the maximum power excited by a
)/2 antenna, with a unit maximum current, in the domi-
nant mode of an empty waveguide. The latter is similar
to the original guide except that all the walls are perfect
electric conductors. In such a guide, the dominant mode
is the familiar TE; mode and the maximum power
excited in that mode by the assumed antenna is equal to
Zn/([1 — (N/4a)*]"*8%%ab). Thus, combining (13) and
(14), we can write A, as

8xtab[1 — (A/da)?]"
Ay = NZ,

2
[ LF @y dia
la

N2
"TdD(8)/dB [pms )t

Some computed values of A, for the CM, E,(1,1) and
the £,(1,1) modes under various excitation conditions are
given in Table I. The antenna locations are chosen accord-
ing to the modal electric-field distributions, so as to maxi-
mize the power delivered by the antenna. The antenna
current is assumed to have a sinusoidal variation and &
maximum amplitude of unity (at the feeding point). At
1000 MHz, the horizontally polarized mode has the
highest excitation coefficient when a A/2 horizontal dipole
is used. Furthermore, since this mode is the least attenu-
ated mode, it will dominate over all other modes. For a
N/ 2 vertical dipole excitation, the CM and the E.(1,1)
mode have comparable excitation coefficients which are
considerably higher than that of E,(1,1) mode. For this
type of excitation, the field polarization in the guide is
mixed: the vertical and horizontal components of the
electric field are of comparable magnitudes.

At 100 MHz and lower frequencies, the CM becomes
the dominant mode in the guide. While the perturbed
free modes are excited by the dipoles, they will be sig-
nificant only in the near region of the source.

CONCLUSIONS

The modal equation derived earlier [8] for the geometry
of Fig. 1 is solved numerically for the propagation con-
stants of the lowest order modes. The results should have
a direct use for intramine communication and remote
control. A new TEM-like mode which depends heavily on
the wire looation and impedance is identified. This mode
becomes the dominant mode of the guide at frequencies
below the cutoff frequencies of the free modes, while at
frequencies as high as 1 GHz it can have an attenuation
constant which is lower than the vertically polarized mode.

The dipole excitation of the modes is considered and
it is seen that the CM can be efficiently excited by (or
received in) simple dipole antennas that lie in the trans-
verse plane of the tunnel.

(16)
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tThe wire coordinates zq, yo are (0.5a, 1.875b) in all cases. The other guide parameters are as those in Fig. 2.
*T'he numbers in square brackets are attenuation constants of the modes.

APPENDIX I
THE MODAIL FIELDS

The ficlds of the pth mode ean be obtained from two
sealar eleetrie potentials r, and =, as [10]

PRI
e, = —ifp—mws + ~—
Pox " dray "
I A
Cy = _"Bp@"!':""' 0 +6y2 Ty
.. a
e. = (ko — B)mw. — 1B, — my
9y
hy = fwe(dm, /0y + 18,m,)
hy = —lwedr,/dx
he = lweadw,/dr (I.D

where the factor exp (—i8p,¢ + fwt) is assumed to be
common to all fields,

From [8] the potentials 7, and r, in the interior region
of the guide, produced by the axial current of (2), can
be written as

m0dBe) = (—iepe/mhe?) X Palait)
m=a(l
f"'(d)fm(!/)
Uy Y S yo (L2)

S0 fm (20 — 1)

T (8 ,8,) = (“"fwuo/‘"'koz) Z Pm(:lf,-lfo)Rm*{fm(!/o)("m(!/)

m=(

e .fm(({) (;m(zb - !/) }/UmAmAm* (13)

where

falp) R

1
= lexp (Fua) +

<

oxp (— u,,,y)]

-
L\ m

(I’,,,(”)

A"I Rm2
= oxp (2unb) — exp (—2u.b)
Am* Sm2
Ro = (Um — tm)/{Um + tm))
Sw = (Rlm — hottm) /(KU + Kofttm)
Ra* = 208,117 (Um + um) — ko (hetitm + ho*ttm) !
W = ((mw/2a) + B2 — ket}?
wwy = ((mw/2a)? + B2 — k2
2 sin mra sin mmrax
Pal(x,a) = il €m® < 0) <~~—->
2a 2a

cos CO8

for perfect electric or perfect magnetic side wall, respec-
tively. k. 2 for m =0
and unity otherwise,

wio{e, — loe/w). and en = 1

APPENDIN II

COMPLEX POWER OF A MODI
The complex power earried inside the guide by o given
mode is defined as

P %0
Nt o= f / (ehy — ehe) dedy (111D
el ¥ pes(

where the superseript ¢ denotes the complex conjugate
operation. Using (1.1}, the above can be expressed in
terms of the potentials =, and =, as

2 2a 3 ) ) ]
N2 = /,,,n -/;:0 [(—9—; {(—18,my + m) <Iwen 5: 1r,’>

+ twep (7, + 18,m,) (— 18w, + ko*my + 7r,,”)} dady

a1
where the prime indicates a differentiation with respeet
to .
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Before substituting (1.2) and (1.3) in (IL2), it is
convenient to rewrite the first two equations in the follow-

ing form

we(2,9,8p) = (—twpo/xke?) )3 Pu(z,20) wem(y) (11.3)

o) = (—ino/mhe?) T Pr(@z0)mym(y) (IL4)

with 7em(y) and mym(y) defined to make (I1.3) and (I1.4)
identical to (I.2) and (I.3), respectively. ko is the free-
space wavenumber, '

Now we substitute from (11.3) and (I1.4) in (I1.2)
and use the orthogonality of the sin or cos functions of =
to obtain

Nyt = (2€wm/rk02a) > Pu(m5,20)
()

/’b
=0

2
K%E) Tem® (= 1pTam + Fym') + (—1Bpren’

+ (ko' + Un?) wym) (7ym® — iﬁ,r,..’)} dy. (11.5)
Since #.m,7,m and their derivatives satisfy the wave equa-
tion ¢ = umi¢, the y integrations in (I11.5) can be readily
performed with due care to the discontinuity in .’ by
~1/2 at y = yo. The summation over m can be performed
numerically.
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On the Attenuation of Monofilar and Bifilar Modes in
Mine Tunnels

SAMIR F. MAHMOUD

Abstract—The modal equations for both the monofilar and bifilar
modes of a two open wire transmission line located in a waveguide
model of a rectangular mine tunnel are derived by extending an
earlier general analysis. Attenuation curves of both modes in the
frequency range 200 kHz~200 MHz are presented for two distinct
configurations of the transmission line that may be used in practice.
It is demonstrated that the proximity of the lossy tunnel wall tends
to increase greatly the attenuation rate for the monofilar modes but
has relatively little effect on the bifilar modes.

INTRODUCTION

Radio communication in mine tunnels can be provided by the
free propagation of UHF waves in the tunnel which acts as a natural
waveguide at this band of frequencies [1]. It is also possible to use
much lower frequencies if a longitudinal conductor is stretched along
the tunnel. Such a conductor will support a TEM-like mode, usually
referred to as the monofilar mode, which is characterized by a zero
cutoff frequency [2]. However, the fields of such a mode are ac-
cessible in the whole cross section of the tunnel at the expense of a
high-power absorption by the tunnel walls. In order to reduce such
loss, & two (or more) wire transmission line (TL) system should be
used, whereby a new mode that has antiphased currents in the two
wires i3 created. This mode, which is usually referred to as the
bifilar mode, has fields that are concentrated in the near vicinity of
the TL and hence suffers relatively low loss,

Attenuation measurements in some Belgium mine tunnels at 27
and 68 MHz affirm the lower attenuation of the bifilar mode relative
to that of the monofilar mode [3]. The obviously important require-
ment of achieving controlled conversion between these two modes
has been extensively studied by Delogne [2] and Deryck [4].

A rigorous modal equation for the monofilar mode of a single wire
in a rectangular tunnel has recently been obtained by Mahmoud
and Wait (5] under some simplifying assumptions concerning the
two side walls of the tunnel. Also, extensive numerical results on the
properties of this mode have been reported by the author [6]. In
the present letter, we extend the analysis in [5] to derive the
modal equations of the monofilar and bifilar modes of a two open
wire TL inside the rectangular tunnel. Some specific results of
the nttenuation constants of these modes in a wide range of frequen-
cies are presented.

THE MODAL EQUATIONS

We consider twa configurations A and B of the TL as shown in
Fig. 1. As in {5], the two side walls of the tunnel are assumed to
hehave as either perfect electric or perfect magnetic conductors,
while the other two walls are taken as generally lossy dielectric
media. In both configurations, 4 and B, we shall adopt the non-
restrictive assumption that d > p where p is the radius of any of
the wires. For a particular mode of propagation, all the fields in the
guide and the currents in the two wires behave as exp (iwt — I'z)
where w is the angular frequency and I' is the complex propagation
constant of the mode. 8o, apart from this common term, let the
currents in the two wires be given by I, and 7,. The boundary condi-
tion at the surface of each wire requires that the longitudinal electric
field be equal to the current multiplied by the series impedance Z,

Manuscript recelved February 28, 1974: revised May 6, 1974,
The author I8 with the Cooperative Institute for Research {n Environ-
" moental Sciences, the University of Colorado, Boulder, Colo. 80302,

INTHE U S.A.

5 Jer%e ko

1,

Ra’ Lo

:

T"‘L}

%99 o
o 2a

(a)

€q 10, 1
(3 .
R
¥
16}
'Q.U'."Lo

e 2a
{b)

Two configurations A and B of open wire TL inside a waveguide
model of a rectangular tunnel,

i S
[ p—

Fig. 1,

per unit length of the wire. These conditions can be put in the con-
venient forms:

Z.l(I‘)Il + Zm(F)IQ = Zu-lIl
Zna(DV + Zo2(T) ]y = Zuals

1)
(2)

where Z,i(T') is defined as the longitudinal electric field at the
surface of the first wire due to a unit current in that wire and a
similar definition applies to Z,,(T'). Z,(T) is the longitudinal elec-
tric field at the surface of one wire due to a unit current in the other
wire. These quantities are directly obtainable from (19) and (20)
in [5] after the appropriate substitutions for the coordinates of the
source and the observation point; e.g., Za(I') and Z,(T') for con-
figuration A in Fig. 1 are given by

Za(T) = (—lwpe/x)B(I') |
Xo — Lo — d/'z
Yo — b + bo
.'/_"b + bo + 0

(~Twpe/mYB(T) |
To— Xo — d/2
I/o"*b -+ bo
z — a0+ d/2
!/—"b + b+ p

i

Zn (1)

(3)

where B(I') is given in (5],
By the elimination of I, and I, in (1) and (2), we obtain the modal
equation for the unknown T as

(Z,[(F) - erl) (ZsQ(F) - Z|r?) - Zmz

0. (4)
This equation is greatly simplified when the two wires are identical
since then, Z.n = Z.2 = Z.. Furthermore, we can put Z,(I') =~
Z2 () = Z.(T), which is an exact equation for configuration I3 in
Fig. 1 (due to symumetry) and a very good approximation for cou-
figuration .1 since d is much less than the guide width. Under the
preceding conditions, equation (4) reduces to two simple equations

given by

ZAT) + Zn(1) — Zu (5)

]

and

Z(TY = Zn(T) = Zy = 0 (6)
where the first equation implies that Iy = I, and the second implies
that I} = —1I; These are the two equations that correspond to the
monofilar and the bifilar modes, respectively, and their solutions

give the propagation constants of these modes.
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Fig. 2,

Attenuation constaut of the monofilar and the bifilar modes of

conflguration A versus frequency for various values of bo/b. Wire

radii p = 1 mm,
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Fig. 3.

Attenuation constant of the monoefilar and the bifilar modes of

conflguration A versus frequency for various values of bo/b. Wire

radii p = 2 mm.

NUMERICAL RESULTS

Equations (5) and (6) are solved numerically for the two con-
figurations A and B in the frequency range 200 kHz-200 MHz. The
resulting values of the attenuation amoenotitar 81 apitoiar are plotted
in Figs, 2-4, The following physical constants are assumed in Fig. 2:
20 =4 m, 2b =3 m, 2o =a/2, d=a/l00, p =1 mm, . (the
conductivity of the wires) = 10° mho/m, e = 10&, and o,
102 mho/m.

In contrast with the monofilar made, the attenuation of the
bifilar mode is almost insensitive to varintions of the pavameter b /b
in all the frequency ranges considered and hence apigitae 18 shown for
only one value of this parameter. To show the effect of varying the
intrinsic parameters of the TL, the wire radii ave increased to 2 mm
in Tig. 3. By comparing with Fig. 2, it is seen that aniritar Is appreci-

ably reduced at all frequencies, while auonetitas 13 hardly attected for
frequencies above about 12.5 MMz and considerably reduced at
lower frequeucies. It is intercsting to note the higher values of
attenuation displayed by the bifilar mode over the monofilar mmode
for frequencies below a certain value in both Figs. 2 and 3.

The preceding observations can he explained as follows: as the
frequency is reduced below about 100 Milz, the guide walls hehave
more as good electrical conductors, hence reducing the attenuation
of the monofilar mode. Thus, at low frequencies (of the order of o
few megahertz and less), the attenuation of both modes becomes
solely dependent on the T'L intrinsic parameters o, and p. Further-
nore, the ohmie losses of the T ave normally higher for the hifilay
mode than those for the monofilar mode and hence the higher
attenuation of the former mode,

The attenuation curves for configuration B ave shown in Fig, 4
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Fig. 4. Attenuation constant of the monofilar and the bifilar modes of
’ conflguration B versus frequency for various values of bo/b. Wire
radii = 1 mm,
for the same physical constants of Fig. 2. In this case, the bifilar (o the actual tunnel in the frequency range considered here, since

mode shows strong dependence on the parameter bo/b, supposedly
because its fields are spread over the guide cross section and are
significantly affected by the tunnel walls. As a further consequence
of that, apyiwe is much more frequency dependent than it is for
configuration 4.

It is relevant to mention here that similar results to those pre-
sented here nre obtained for a circular guide with lossy dielectric
walls by Wait and Hill (private communication). We find a com-
plete consistency between the mode characteristics in both guide
geometries. This provides some confidence in the adequacy of the
model used here for the rectungular tunnel.

A final remark on the preceding model is now due. All the results
of Figs. 2-4 are obtained for a waveguide model with side walls
that are perfect electric conductors. An alternative model is one in
which these walls are perfect magnetic conductors [6]. We com-
puted values of attenuation rates for this model and it was found
that the monofilar modes (and the bifilar mode of configuration B)
show much higher attenuation rates for frequencies below 25 MHz,
while near 200 MHz the attenuation rates are only slightly different
from those obtained for the first model. We believe, however, that
the model with perfect electric side walls is o better approximation

the tunnel walls do tend to behave as good electrical conductiors as
the frequency is lowered.
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Guided electromagnetic waves in a curved
rectangular mine tunnel

Samir F. Mahmoud and James R. Wait

Cooperative Institute for Research in Environmental Sciences', University of Colorado, Boulder, Colorado 80302

(Received March 11, 1974.)

The transmission of VHF electromagnetic waves in a curved mine tunnel is analyzed using an
idealized model in a cylindrical geometry. The tunnel cross section is assumed to be rectangular
and the broad curved walls are imperfectly reflecting. The computations of the modal characteristics
are facilitated by using a modified Airy function approximation of the rigorous cylindrical wave
functions. The résults indicated that the curvature of such tunnels will seriously increase the attenua-
tion of the dominant low-order modes that are used for communications.

INTRODUCTION

The problem of guided wave propagation in
waveguides with imperfectly reflecting boundaries
arises in several applications, such as propagation in
mine tunnels and in screened surface waveguides.
It is observed that curvatures in these waveguides have
a pronounced effect on the wave propagation losses
[e.g., Emslie et al., 1973). In this paper we describe a
quantitative investigation of this effect for the domi-
nant modes of the guide.

We adopt a model of a rectangular waveguide with
curved walls that are assumed to present a constant
impedance or admittance to the tangential fields,
The situation is illustrated in Figure 1. The other two
straight walls are considered to behave as perfect
electric or perfect magnetic conductors. In spite of
the simplicity of such a model, it is believed to be
capable of revealing the important characteristics of
the dominant guided waves in a curved guide.

A great deal of work on curved rectangular wave-
guides has been carried out in the past. Attention,
however, has been restricted to perfectly conducting
walls, In this connection we mention the contribu-
tions of Rice [1948], Waldron [1957), Cochran and
Pecina [1966}, and Wu [1973).

FORMULATION

The geometry of the problem is illustrated in
Figure 1. The fields are assumed to satisfy impedance

! CIRES is a cooperative venture between the University of
Colorado and the National Oceanic and Atmospheric Admini-
stration,

Copyright ©® 1974 by the American Geophysical Union.

boundary conditions on the walls p = a — b and
p=a+ bfor0 < z < 2h, while the planes z = 0
and z = hfora — b < p < a + b are either electric
or magnetic walls. Quite generally, the field compo-
nents in the waveguide can be obtained from two
z-directed electric and magnetic potentials IT and I*
[Wait, 1959] for a time factor exp (iwt), as:

E = (=" + 8"/9)1
E, = (3°/9p 32)II — (iwp/p) OI1* /3¢
E, = (8°/0¢ 32)(A1/p) + iwp ITI*/dp )

H, = (=" 4 8*/9:HI1*
(— iv" /wup) O11/d¢ + &°I1*/dp 3z
Hy, = (iy"/wp) 011/3p + (1/p) 8"IT* /3¢ 3z (2)

General expressions of II and IT* are given as a
double summation over all the possible modes, thus

(1)- £ 3 [

m=0 r=r,,y,

+ (Z:::)H,‘”(ump):lci(): :;) exp (—irg)  (3)
where the Bessel and Hankel functions, J, and H,'
respectively, are the conveniently chosen independent
solutions: A,, = mw/2h, m being any integer including
zero, and u, = —v° — A% v = —wpe = —k,°
and v = v, vy, -+ are the characteristic propagation
constants to be determined from the boundary
conditions,

In (3), it is assumed that the straight walls are
perfect electric walls, In the case of perfect magnetic
walls, we merely exchange the sine and cosine terms.

»*

H

It

°

il
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p=0-b
p=a+b

---3=2h

. _T #=0
AN
Fig. 1. Geometry of the problem.
(Note that the medium within the tunnel
is a homogeneous lossless medium with
permittivity e and permeability u. Later

we set these equal to their free-space
values ¢ and po.)

THE CHARACTERISTIC MODES

The boundary conditions at the surfaces p = a = b
require that

4)
(%)

E, = q:ZHvs

H, = ‘:EYE¢

with the higher sign applying to p = a 4+ b and the
lower sign to p = a — b. The impedance Z and the
admittance Y are assumed to represent the surface
immittances presented by the outside media and should
be chosen accordingly. Now we substitute in (4).
from (1), (2), and (3), to obtain four homogeneous
equations in the four coefficients, a,,.,, b.,.,, ¢..,, and
d, ,. For a nontrivial solution, it is required that the
determinant of coefficients should vanish; thus we
have:

WH,” + ZuH,"™)

(“2H_m — Z,un’m)
—H® Yiz/(a + b)
H_® YiN/(a — b)

'J. + Zud,")
WJ. — Zwul.')
—J, Yivr/(a + b)
J.YivN/(a — b)

where the following abbreviations are used: A = X\,
u=u,, Z, = Ziy’/wn, Y, = Yiop, J, = J,[u, (ax b)),

[ w(ty) + quikow'(1,)]

[Pw(t) — quukew'(12)]
— (ko” g¥N/ X com)w(t,)
(ko g\ /x_cop)w(1_)

[W'o(t,) + quuko'(1:)]

(fo(1.) — quuked' (1))
— (ko N/ x cop)o(ts)
(ko” g /x _wop)v(1.)

30

= 9

A PRI

Je

with similar definitions for H,*" and H,"'*,

Now, for most cases of interest, the mean radius
of curvature a is much greater than the free-space
wavelength. Hence, both the order and the arguments
of the Bessel functions in (6) are large, ie., |v| ,

fu.(a £ b)| >> 1 and for the important lower-order

modes, the difference |v — u,(a@ & b)| is small. These
conditions allow us to use the Airy function approx-
imations for the Bessel functions {Wait, 1964, 1967}, so

T =~ 772/ X0 u(n) (M

H,(X) = in™*Q2/ 00 (o) ®
where

() = =" Ai(n)

wi(f) = 7' *[Bi(t) — i Ai(1)]
and the functions A4i(1) and Bi(f) are those tabulated
by Miller [1946]. The argument 1 is given by

(=0 = (X/2'° — V' / xH'"? 9

or

(’)\/2 — (X/z)\/S(VQ/X2 _ 1)1/2 (10)

The above form of ¢ results in a better approximation

of the Bessel functions as compared to the more
familiar form used by Wait [1964]. For a complete
discussion on the range of validity of the approxima-
tions in (7) and (8), the reader is referred to Wait [1967).
The logarithmic derivatives can also be approximated
by:

WJ, — Y,
I+ YuJ)

(X)) T(X) =~ —(2/ X)) (1) /ot (11)
H/P(X)/ H(X) >~ —@2/ X)) w/()/w()  (12)
J.Zivn/(a + b) H.®ZivN/(a + b)
. (S5 .
—J.ZivNf(a — b) —H_VZivA/(a — b) =0 ©)

WPH," — YuH,”™)
(llnHﬁ('“ + Y,MH_'(“)

Now using (7) through (12), the modal equation, (6),
can be recast into the form:

(N, /X IW(1.)

— (wprhg, /x_)w(1_)
[uzw(’a-) + C]z"kuwl(f+)]

["2 w(t_) — qatikow' (1))

(wpvhgy /X Ju(t)

— (wpohg, /xJu(t2)
W01, + goukov’(1,)]
[Wo(12) — qaukov'(12))

(13
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where w(f) = w,(¢) and 7. and ¢_ are given by (9)
or (10) with X replaced by u,(a = b) respectively. The
normalized quantities ¢,, ¢,, x,, x_ are given by

a1 = (iZ/9:)2/uma)"”
(i Yno)(2/una)'”*
kola %= b)(2/una)'"

where 7, = (p/€¢)"/? is the plane wave impedance. In
what follows, p = o and e = ¢, 0 7y =~ [20m,

It is important to notice that when m = O(\ = 0),
equation 13 reduces to two uncoupled modal equa-
tions for the LSE, , modes (Longitudinal Section
Electric: E, = 0) and the LSM,_, modes (Longitudinal
Section Magnetic: H, = 0), corresponding to a
waveguide with perfect magnetic or perfect electric
narrow walls respectively. In this case #* = u,* = k,’
and the modal equations of these modes are given by:

{Iwi(ry) + g1.2w ')/ () + @1 .20"(t)])
Aol ~ g2 )/ wi(12) — qiowi (1)1}

I

qz

I

X3

=1 =¢""

n:o’l,--. (14)

where g, is used for the LSM, , modes and g, for the
LSE, ., modes. The above equation can also be
written in terms of the functions w,(#) and wy(f) by
use of the relation [Wait, 1970},

o(f) = ilw(r) — wy(N]
Equation 14 then takes the form
[t + quaw D/ (1) + quawe' (1)1}
Alwe1) — quiaw (1) Iwni(t2) — guaw /(1))
2inx (15)

which is similar to the modal equation obtained
earlier [Wait, 1964] for TM modes in a cylindrical
model of the earth-ionosphere waveguide,

Equation 14 is particularly suitable for numerical
solution of the slow modes for which Re (/) > 0
since then w,(#) is exponentially growing and o(y) is
exponentially decaying. These slow modes are
analogous to the whispering gallery modes treated
earlier [Wait, 1967]. On the other hand, (15) is more
suitable for fast modes (Re (1) < 0).

=1=e

NUMERICAL RESULTS

For the purpose of numerical investigation of the
modal equations, (13) through (15), values of Z and Y
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are chosen to represent an external lossy dielectric
medium with a dielectric constant ¢, (assumed > ¢,)
and conductivity o,. This can correspond to a mine
tunnel waveguide, From a consideration of the
Fresnel reflection coefficients of TE and TM plane
waves on the walls, we obtain Z and Y approximately
as:

Z/ne = ko/(k." — ko)’ (16)

Yno = k. /kolk” — ko')''? (17)

where k,? = w’ule. — io./w).

The quantities (1 — B/k,) and a/k, are plotted
versus the curvature parameter b/a in Figures 2
through 5 for two values of the guide half-electrical
length k.b. Here « and 8 are given by

a+ i = iw/a

The quantity tan 6, = o,./we, in Figures 2 and 3 is
fixed at 0.018 and in Figures 4 and 5 at 0.045, ¢,/ ¢, is
taken equal to 10. In fact, one set of physical param-
eters that correspond to the above figures is as
follows: b = 3.5 ft (=~ 1.067 m), ¢, = 10¢, o, =
107 mho m™', and the frequency f = 1000 MHz
(in Figures 2, 3) and 400 MHz (in Figures 4, 5), but

20r

LMoz

(1- B/ ko}x 100
)
n
(o]
T

>
o]
T

L.

Phase constants vs. b/a for keb = 22.4, e./es = 10,
and tan 5. = 0.018.

Fig. 2.
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Fig. 3. Normalized attenuation rate vs. b/a for kob = 22.40,
e/ = 10 and tan 8, = 0.018. The scale on the right-hand

side gives the attenuation in db/100 m at 1000 MHz when
2b = 2,133 m (=~ 7 ft), and ¢, = 10"?*mho m™.

with the dimensionless parameters used, the results
are equally applicable to other sets of parameters.
In the above figures, m = 0 and hence the modes are
pure LSE, , or LSM,,, according to type of walls at
z = 0, 2h. In order to be consistent with the work of
others [e.g., Cochran and Pecina, 1966}, we choose
the integer n to start from O for the LSE modes and
from 1 for the LSM modes. The effect of curvature on
the lowest-order mode (LSE,, , or LSM, ,) is to lower
its phase velocity and increase its attenuation. This
mode tends to have its fields concentrated near the
p = a + b surface and hence behaves as the whispering
gallery modes discussed by Wait [1967). The curvature
effects on the next higher order mode (LSE,, or
LSM, .) may be quite different; in particular, the
attenuation of the LSE,, mode may decrease with
greater curvatures as a result of more grazing incidence
of the rays on the guide wall at p = a — b, and hence
this mode may become less attenuated than the
lowest-order LSE, , mode (Figures 3 and 5).
Normalized attenuation rates are plotted against
the parameter k,b for LSE, , and LSM, , modes in
Figure 6. Here the product tan 3§, kb, rather than
tan §, , is kept constant. This corresponds to a situa-
tion where the external medium of the guide has a
constant conductivity o, while the frequency is
varying. The ratio a/b takes the discrete values: «
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Fig. 4. Phase constants vs. b/a for keb = 8.96, ¢./ey = 10and
: tan 5, = 0.045.

. (for a straight guide), 50, and 10. The typical decrease

of attenuation with frequency observed in a straight
waveguide is no longer a general characteristic in a
curved waveguide. Similar effects are observed for the
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Fig. 5. Normalized attenuation rates vs, b/a for kb = 8.96,

¢./¢ = 10 and tan &, = 0.045. The scale on the right-hand side
gives the attenuation in db/100 m at 400 MHz when 26 =
2133 m(=>~7f)and ¢. = 10~?mho m™t,
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next higher-order modes (LSE;, and LSM,.,) as
illustrated in Figure 7. Of particular interest is the
minimum of attenuation versus kb (or frequency)
exhibited by the LSE, , mode. The same phenomenon
is observed with VLF modes in the earth-ionosphere
guide [Wait, 1970, chap. 7] and is now considered to
be a well-understood phenomenon.

When m > 0 (i.e.,, A > 0), the modes are no longer
pure LSE or LSM modes. However, we may continue
to use the same nomenclature with the understanding
that, e.g., LSE,, , is a hybrid mode that reduces to a
longitudinal section electric mode when m becomes
2€ero, :

The attenuation of the modes LSE, , and LSM, ,
is plotted versus kb in Figure 8. It is seen that the
attenuation rates show very little change from the
corresponding case in Figure 6 where m = 0. This
means that the coupling between the LSE and LSM
modes is not appreciable in the range of electrical
guide widths shown in these figures. It is worth
mentioning that a reduction of tan §, to one tenth
of its value in Figures 6 through 8 does not affect the
attenuation rates by any significant amount. This is
probably due to the fact that tan §, in these figures is
already small (it has a maximum of 0.09) and hence
the excess attenuation is due to more radiation rather
than ohmic losses. '

- i ]
5 6 8 10 2 14 15 18 20 22

Fig. 6. Normalized attenuation rates vs. kb, ¢./¢o = 10 and
the product tan 8, kob is kept constant and equal to 4.032.
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Fig. 7. Normalized attenuation rates vs. ko¢b; for the same

parameters as in Figure 6.

CONCLUDING REMARKS

In this paper, we have analyzed the propagating
modes in a curved rectangular guide with imperfect
but smooth walls. We found that the lowest-order
mode has a whispering gallery character and as a
result, the atténuation rate is increased significantly
by the curvature, Actually, the attenuation of the
LSE,., mode may be decreased by the curvature and

— LSMy,

T ——— LSE|'O
|6’ L u ] ! 1 I ! ] I
5 6 8 0 12 14 15 18 20 22
kob
Fig. 8. Normalized attenuation rates vs. kob for the same

parameters as in Figure 6.
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hence this mode can become less attenuated than
the lower LSE, , mode.
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Geometrical optical approach for electromagnetic wave
propagation in rectangular mine tunnels
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Electromagnetic wave propagation inside an empty rectangular mine tunnel with imperfect
walls is considered. The modal expansion of the fields is complicated by the coupling of the
basic modes by the imperfect walls. To avoid this difficulty. and in view of the large guide
dimensions relative to the free space wavelength, a geometrical ray approach is proposed. To
provide a theoretical foundation for the method, we first consider an idealized waveguide model
with two perfectly reflecting side walls. The modal field expansion for this prototype model is
fully analyzed to provide a satisfactory comparison between the modal and the geometrical
ray sums. The proposed general ray method is then applied to the rectangular waveguide when
all four walls are imperfectly conducting. Finally, the influence of wall roughness is considered

by a relatively simple method.

INTRODUCTION

Recently, much attention has been paid to the
possibility of radio communication in a mine tunnel
environment [e.g., Goddard, 1973; Emslie et al.,
1973]. An interesting and rather fundamental prob-
lem arises in relation to electromagnetic wave propa-
gation in a rectangular waveguide (representing the
tunnel) which is assumed perfect in shape but whose
four walls are generally characterized by a lossy
diclectric medium. A close investigation of this
problem shows that, although the Helmholtz wave
equation is scparable in Cartesian coordinates, the
boundary conditions on the walls of the guide nccessi-
tate the coupling of the basic modal functions. As
indicated by Wair [1967], this raises a fundamental
difficulty in obtaining the modal eigenvalues and
cigenfunctions for such a waveguide or any other
whose cross section is different from the circular
shape.

In this paper, a geometrical ray approach is
proposed to obtain the fields at any point in the
waveguide as a summation of rays from the source
and all possible images, avoiding the elaborate task

! Present address: Electrical
Cairo University, Egypt. i

2 Consultant to the Institute for Telecommunication Sci-
ences, Office of Telecommunications.

Engineering Department,

Copyright ® 1974 by the American Geophysical Union,

of determining the modal propagation constants.
This approach is applicable when the waveguide
dimensions are somewhat greater than a free-space
wavelength, a condition that is usually satisfied in
mine tunnel applications.

PROTOTYPE MODEL AND MODAL
FORMULATION

An important idealized mode! of the above rec-
tangular waveguide is one with perfectly reflecting
side walls while the top and bottom walls arc still
lossy dielectric media. For this waveguide, the free
modal propagation constants and modal fields are
straightforward to obtain [Mahmoud and Wait,
1974] and hence it provides a means of checking
the modal versus the geometrical ray sums for the
field. For this reason, we present a detailed ficld
analysis for the above guide in the next section.
This is followed by a formulation of the geometrical
ray sum for the general waveguide with four imper-
fect walls, The effect of roughness of the guide walls
is also considered by using an approximate tech-
nique. Finally, some numerical results are presented
for specific situations of practical interest,

The geometry of the problem is shown in Figurc
1. The source is assumed to be an infinitesimally
short horizontal dipole of moment P exp(iot) and
located at the point (.x,, ys, 0) in the Cartesian frame.
The resulting current density in the guide can be
expressed, apart from the time factor exp(iot). as

1147
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Eortto L PERFECT ELECTRIC
N SIDE WALLS
Yx f Yo
INTTITITT S / i
z U E'IJ-
0 -
Fig. 1. A horizontal dipole inside a rectangular waveguide

with perfect side walls.

Jee, yy2) = P 8(x — x0) 8(y — yo) 8(2)x (1

where x is a unit vector in the x direction. Applying
the z Fourier transform operator, we transform
J(x, y, 2) into J(x, y; B) given by

)

Jx, ;B =f exp (iBz) J(x, y, 2) dz

= P &(x — x;3) 6(y — yo)x (2)

All the fields in the waveguide are transformed in
a similar fashion and, as a result, the derivative
d/8z is now equivalent to the multiplication factor
(—iB). Generally, the fields can be obtained from
two appropriate scalar potentials, The most con-
venient two potentials, for the present waveguide,
are electric and magnetic potentials directed nor-
mally to the two imperfect walls (i.e., in the y direc-
tion). Let these be denoted by IT, and II,* respec-
tively. This choice simplifies the analysis to follow
since 1T, and TI,* are not coupled at the interfaces
v = 0 and y = b (although they are coupled by
the source), It should be noted here, however, that
for the general waveguide with four imperfect walls,
any two chosen potentials will always be coupled at
two or more of the walls,

The lossless waveguide region 0 < x < a, 0 <
v < b has electrical characteristics €, po that can
be assumed to be the same as free space. The lossy
regions for 0 < x < @ and, y < 0 and y > b have
corresponding parameters ¢, py Where ¢ = ¢, — o/
in terms of the real permittivity & and real conduc-
tivity oy,

Suitable cxpansions for TT, and IT,* (assuming
perfect electric -side walls) are given below. For
b>y2>w,

I, = > A, sin (mrx/a){exp [u.(b — )]

+ Sm €xp ['—'ll,,,(b — .V)]} (3)
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LY = 3 A,* cos (mmx a){exp [ (b — 1]

+ Roexp [—u, (b — 0]} (D
‘while for y > b,
n,, = Z T, sin (mrx/a) exp [, (b — 3)] (5)

m

IL,* = 3 T,* cos (mmx'a) exp [um(b — )] (6)

where the above potentials are functions of 8 which
appears in u,, and i, as

o = [—ko + (mr/a)’ + B°1'"*
[—k* + (mr/a)® 4 g1

2 2
ko = w poty,

Hpy =
k= wlpge

and the :summation over m is from O to +o. The
tangentigl field components at the interface y = b
are giver' in terms of 1T, and I1,* as follows [Wait,
1959].

AN, /ax Ay 4 wuSTL*

— i3 AT, ‘dy — iwp. AT, */0x

e, =
¢, =

h, = —weBIl, + &IL*/dx ay

iweo OT1,/0x — i OIL* 9y

for b > y > yo, while for ¥ > b,  is replaced by e.
The continuity of these field components at y = b
reduces to the continuity of II,, TT,*, and their y
derivatives. This results in §,, and R,, given by

60“,,”)/(6“,,, + 6()um)) (7)

Rm = (“m - "ml)/(”m + “ml) (8)

While 4,, and A4,,* are still arbitrary and unrelated.
This means that the two potentials are uncoupled
by the interface as stated above. We recognize S,
and R,, as the Fresnel reflection coefficients for
vertically and horizontally polarized waves respec-
tively [Wait, 1970]. The present choice of y-directed
Hertz vectors is a simplification over the forms used
previously by Mahmoud and Wait [1974].

In a similar fashion, the potentials I, and T, * for
0 < y < v, are obtained as

h, =

Sn = (eu,, —

I, = Z B,, sin (mmx/a)lexp (u,,v)

m

+ S exp (—uny)l 9

Hl/* Z Bm* cos (m1r.X/a)[€Xp (umy)

it

+ R, exp (—u,y)] (10)



37

The four coefficients A4,,, Am*, B., and B,* are
to be determined from the continuity of e,. e., and
h. at y = ¥, plane and the discontinuity of /. by
the source. This reduces to the continuity of I1,* and
0Il,/dy at y = yo and the discontinuity of both
IT, and a11,*/dy such that

et T Huluo*).

helyer — e o= = —we,B(I1,
+ (3/0x)[(811,*/8y),+ — (AIL,*/3y),,-1 = O
byt = Mlu- = iweg(8/3)A, ], + — T, 00.-)
— Bl */8y),,+ — (BI,*/3y),,-1 = P &(x — xo)
= (2P/a) Z 8., cos (mmxo/a) cos (mmwx/a) (12)

(11

where 8, = 1 for m 5 0 and = } for m = 0. The
last equality is obtained by expanding the delta
function in a cosinusoidal series in the interval (0, a).

Substituting from (3), (4), (9), and (10) in
(11) and (12), we obtain

Amgm(.[) - )’o) - Byngnl(y(\) = 'Ym
A" (b — yo) + B *(v0) = Y,

(13)

(14)

where

X. = (P/ivea) 8, cos (mrxo/a)(mw/a)/(ks® + u,})
Yo = (P/ia)3/lunlks” + "))

and the functions f,,(¥), gu(y), fu’(3"), and g,/ ()

are defined by

[

gm(y)} = (1/2) exp (#,,»)

+ (1/2){?"} exp (=) (1)

m

fu" ()

g;"’(y)} = (1/2) exp (1,,3)

Canfr

m

} exp (—u,y) (16)
The cquations for the continuity of TT,* and a17,/dy
at y = y, give

- A,,,g,,,'(h - ."ll) = Bmgm’(."n) (]7)
Am*fm([) - .\'n) = Bm*fm(."u) (18)

Now, solving equations (13), (14), (17), and (18),
we obtain

An = 280" (10) Xn/ A
B, = —2g,'(b — y)) X./An
A= 2[u(30) Yo /AW *
' and  B,* = 2/,(b — yo) Yo/A,¥
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where
A S,
Axf = exp (u,b) — R exp (—u,b) (19)

Hence we obtain IT, and II,* in (3), (4), (9). and
(10) in the form

I, = (4P/iweya) Z f(ﬁ’-"—_:{/—l‘:)—z 8, cos (mmwx,/a)
m 0 m

o e o { g Ggalb = ) } /
sin (mwxa.’a) {——gm'(b () A, (20)

1
* ! ia)f ——— g )
1I, (4P/ia)3 ; PRI 8., cos (mmxy/a)
s {60 ) s
bz y 2y
a2 yr2>0

@n

for

Finally, we take the inverse transform of (20) and
(21) to obtain IT, and T1,* as functions of x, v, 2:

(v, y,2) = (1/21)

- f exp (— iBz)(RHS of 20) d3 (22)
IL*(x, 3, 2) = (1/2m)
. [ exp (— iBz)(RHS of 21) dB (23)

B

where RHS refers to the right-hand side.

The integration over g in (22) and (23) can be
changed into a summation of residues in the com-
plex 8 plane in a routine manner to obtain

IT (v, v, 2) = [—4 sgn (2)P ‘wepa)
2. 2 [exp (= idwn [2DF. (v, x)mr a) (ky*

=12, 0 m

+ 10,918, ()& Bal@A'O1),, (24)
M*(v, v, 2) >~ (—4P/a) ‘Z

F20exp (= B DRl w0 G 4 w5)

()W) (8 A% /3w, (25)

where 1,(3) = 1.()l-s, etc. and where u, and u,*,
n=1,2, .. are the roots of the equations A(x) = 0

+ and A*(u) = O respectively. Also note that

Bun = Tko” — (mm/a)’ + u,"1'"”
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and

Bun* = ko' — (mr/a) + u*)'"
The functions F,, (x, xo) and F,/(x, x,) are given by

{ Fulx, x0), F.'(x, x0)} = 8, cos (mmx,/a)
{cos (mmx/a), sin (mrx/a)}

Actually, the representations given by (24) and
(25) are not exact since we have neglected the con-
tinuous spectrum associated with the branch line
integrations around the branch point at 8 = [k;* —
(mm/a)*]"*. The corresponding lateral waves are
heavily damped when the external media are finitely
conducting, e.g., eiu/oy < 10.

RAY SUM FOR PROTOTYPE MODEL

To cast equations (22) and (23) into a summa-
tion of rays, the terms 1/4,, and 1/A,* are first
expanded in the manner

2n
};2,"*} = exp (—u,b) Z {;'"2"} exp (— 2nu,b)

Upon substituting back into (22) and (23), we
encounter the following type of integral

I, = (1/2xw) fm exp (—iBz)

exp [—un(y — y)1q(B) dB
This can be evaluated by the method of stationary
phase to obtain:
1.; = exp (in/A\,, cos ¢;g(\,, sin ¢;)
vexp (— iNg )/ Qanar)?
valid for a,r; > 1. In the above q is a slowly vary-
ing function of 8. In addition,
Moo= (B = u,)"" = [k — (mm/a)']'"?
d;

r

il

tan"'z/|y — y,|

G+ ly = yH”

The symbol j runs over all the images in the y = 0
and y = b walls in any arbitrary order that we need
not specify here. The location of these images are
y; = 2lb = yy; | = —o0 to . We finally obtain
T, and 1T,* as the following summation of images

M(x, y,2) = (P/ivea) 2, (mr/a)F.,'(x, Xo)
20 WS (ke = AT cos® 9,)]

lexp (— Ny + i /D)2eNr) Y (26)
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”y*(-\-ﬁ ¥ :) = (P‘ ill) Z F.‘,(.\'. .\'0)
D URY (ko — N cos® ¢,))

lexp (= Ny + in/DI2eNr) T (27)

where n; is the number of reflections on the y = 0
and y = b walls involved in forming the jth images.
It is easy to verify that for images at y; = 2lb+y,,
n; = 2|l| and for images located at y; = 2lb—y,,
n; = |I| + |I—1|. We note that S and R are functions
of u,, (see equations 7 and 8) for which we sub-
stitute (IA,Ccos ¢;).

The fields excited by a vertical dipole can be
obtained by following a similar analysis as above. In
this case, however, the fields may be obtained from
only one scalar potential 1T, (i.e., IT,* = 0). Alterna-
tively, we can use the reciprocity theorem to derive
these fields from those excited by the horizontal
dipole. Here we shall only state the results, Thus,
as a modal expansion, IT,* excited by an infinites-
imally short vertical dipole of moment P located
at (xg, yo, 0), is given by

L' (x, y,2) = (—4P/weaa) 2,

n=1.2,:"

- > exp (— iBn2) Fu' (x, Xo)

“8n(¥0)8:(3)/Brn(d4/010),, (28)

where F,'(x, xo) = sin(mwrxo/a) sin (mwx/a).
Then, the corresponding ray sum is

IL(x, ¥, 2) = (Pivea) 3, Fu'(x, x0) 2, (S)"

m i

cexp (— i\, + in/8)/QeNr)? (29)

where the symbols occurring above have the same
meaning as in (26). It should be noticed that the
summation over m in (26), (27), and (29) can
also be transformed into a ray sum from images in
the side walls; however, this is not exploited here.

COMPARISON OF MODES AND RAYS FOR
PROTOTYPE MODEL
A comparison between mode and ray summations
of the electric field is shown in Figures 2 and 3. In
Figure 2, the source is a A/2 horizontal dipole and
in Figure 3, it is a A/2 vertical dipole. The following
physical constants are assumed: ¢ = 2b = 4.26 m
(=~ 14 ft), xy = a/4, vo = 0.2b, y = 0.3b. The
frequency is 1 GHz and the effective wall impedances
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Z,, for horizontal polarization, and Z,, for vertical
polarization, are given by

Z) "Io/(ﬁ/fo - 1)1/2

Z, = nole/eo — 1)'*/(e/e0)
where ¢ is the complex dielectric constant of the
walls, € = ¢; — loy/wey, With ¢ = 10 ¢ and oy = 107
mho m™., The electric fields E, and E, in the figures
are obtained from the potentials IT,, IT,*, and
I1," by

Exlhorin.dipole = aH,,g/a,v ox + l.w}ln GII,,*/GZ

E,lvore. aivore = (ko® + 8°/8yM)IL,"

The comparison in Figures 2 and 3 shows a very
close agreement between the mode and ray sums
up to a distance of 2000 m for the horizontal dipole
case and about 500 m for the vertical dipole case.
The disagreement for distances greater than 500 m
in the latter case is possibly due to the high total
attenuation of the field and hence the severe can-
cellation of the terms of the ray series.

It

I

LIMIT TO THE PARALLEL PLATE GUIDE

The above results can be specialized to the parallel
plate waveguide by allowing the two side walls to
recede to —« and 4o in the negative and positive
x directions. In this case, the §(x—x,) term in (2)
is expanded as

(/2m) j exp [— ix(x — )] dk

and hence all the preceding summations over m arc
replaced by a similar integral. Hence, as an example,
cquation 23 for 1T,* now becomes

H Xy, p,2) = (1/27) [ exp (— iB2)B dB(P/ir)

. / exp (— ixy) dx{f('v")‘f(b N ‘v)}/[uA"‘(l\'.,‘2 + uh)

Jb — )
b2y 2w
fo {)’n 2rz=0 30)
where w* = —k® + 8% + &% and x, is taken to be

zero. To reduce the above expression into a modal
sum, the second integral is transformed in the «
plane into a residue sum to give

¥, y,2) = (= P/n) [ exp (—iB2)f B
> exp (— M) (redfa(¥)

n=l 2,000

+ ake® + w0, )OA*/du),.] (31
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where n,, n = 1, 2, .. ., are the roots of the equa-
tion A*(u) = 0 and \* = ko* + w,® — B°. As be-
fore, we have neglected the continuous spectrum
associated with the branch-line integration.

Now making use of the integral representation
for the Hankel function

@

BG4+ ) = (1/m) [ exp (—i80) d
exp [— ik — A1/ — 6

equation 31 reduces finally to
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—iP Z

TR I U
‘"(2)[(1‘,“2 + unﬂ)l/2(zﬂ + x?)\/ﬂl
SO/ [k A 1)@ A /B,

To obtain a ray sum equivalent to (32), we expand
the term 1/a* in (30) as before and perform the «
integration to get
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I*(v. »,2) = 0/0:)

(32)

ke’ + 8°/0y" M *(x, y,2) = —(P/2)
: [ " exp (—i2)B dB > (R H® (ke — 67 p]
= —(P/4mko) Y, (R)"'(3/82)exp (—ikors)/r;1  (33)

where p = [x* + (y=y)*1'2, 1 = (p* + 2°)™*, and
j and n; are defined as in equation 27. Similar ex-
pressions to (32) and (33) can also be derived for
1T, and TI,"

SUMMATION OF RAYS FROM ONE-DIMENSIONAL
ARRAY OF SOURCES

In what follows, an analytical expression for the
geometrical ray sum from a source and its images
in a parallel plate guide is obtained. The situation
is illustrated in Figure 4 where the source at y = y,
z = 0 produces images at y; = 2nb £ y,, z = 0.
The total field at an observation point (y, z) can be

cxpressed as
S=S"+4+ 5 (34)

where S is the contribution of the source and images

as y; = 2nb + y, while S is the contribution of

images at y; = 2nb — yo, 1 = —c0 to o, It is easy
to verify that the number of reflections involved in
producing an image at y; = 2nb + y, is 2|n| and
aty; = 2nb — vy is |n| + |n — 1|. Hence, apart from
a possible directive pattern of the source. §* and §°
arc given by

-
-
-
-
-

'n - .
e : 1 %J_
- \/\ o
Z Y - FYOT
el 4 —4
Fig. 4. The images in a parallel plate waveguide,
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St

i

Z (RY"'[exp (—ikara ' )/ra'] (3%)

"o W

Z (R " exp (— ikorn ) /r "]

nooe o

S” (36)

i

where r,° = [22 + (2nb = vy — ¥)]¥? and R is the
reflection coefficient from the guide walls given by

R = _(Cu - A)//(Cu + A)

with C, = |2nb = yq — y|/r*, and A is a quantity
related to the effective surface impedance. (This A
should not be confused with that used in the pre-
vious section.) In particular, when !¢/ >> «,

2

A= (efeo — 1+ CHP (/e — D

for horizontally polarized waves or

A = (e/fo - 1+ Cuz)l/?ﬁ/(e /fn) :‘1(6//50 - 1)”?;/(6 “€0)

for vertically polarized waves, ¢ being the complex
permittivity of the guide walls.

Since the images become weaker as they move
away from the guide plates, we can assume that for
the images of significant contribution to the field
2> |2nb = ¥y — v,!, which is valid as long as z is
not in the very near field zone. Under this assump-
tion we can use the following approximations:

r* ~ + {an =+ Yo — y‘Z/ZZ (37)
R~ —exp (—2C,/A)
~ —exp (=2 [2nb = yo — y|/z4) (38)

Substituting back in (35), §~ becomes

S = [exp (— ikoz)/2] {Z exp [—iko(2nb

n=1

4+ v — /22 — 4Q2nb + v — WIn/zAl

+ Z exp [— iko(20b — ¥y + /22 — 4@2nb —

n=i

+ Mn/zA) + exp [—iko(yo — »)*/ 2:]}

Il

[exp (— ikoz)/z} [Z exp (—an® — Bn — %)

+ Z\ exp (—an® + Bn — v) + exp (—v)]

il

lexp (— ikoz)/z)[exp (—v)]

'[1 + 2 zw: cosh Bn exp (~—oz;12)]

n=1
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where
o = 2ikb’/z + 8b/zA
B = 2iky(ya — Mb/z + 4(yo — )/z4
v = iko(yo — »)'/22

The above expression can be written in terms of the
Jacobi theta function of the third kind [Gradshteyn
and Ryzhik, 1965] defined by '

it

(g, u) & 14 D, g™ cos 2un
n=1

= II (l + 2q2n-1 cos 2u + q‘Z(’.’n-l))(l - q2n) (39)
Hence

St = [exp (— ikyz)/z] exp (—%)8:(” ", iB/2) (40)
Similarly we obtain

S™ = —[exp (—ikoz)/z) exp (—y )b:(e” ", iB7/2) (41)
where

B~ = 2ikeb(yo + ¥)/z + 40 + »)/zA — 4bzA

and
v = ikelyy + .")2/22 + 200 + )‘)/’:A

The validity of the above cxpressions depends mainly
on the approximation (38) for the refiection coeffi-
cient R. For horizontally polarized waves, the nu-
merical results in Figure 5 show a close agreement
between direct summation of the ray series and
cxpressions (34), (40), and (41). For vertically
polarized waves, however, we have found poor
agreement, This is a consequence of the invalidity
of (38) which fails to approximate R due to the
existence of a Brewster angle. The computation of
the 6, function is very much facilitated by using the
product expression in (39) since part of this prod-
uct, between n = N (a sufficiently large number)
and o, can be obtained in a simple form.

GENERAL RECTANGULAR GUIDE

Here we consider the general case of a rectangular
guide with four imperfect walls that are characterized
by a complex diclectric constant « The ficlds are
obtainable from any two suitable scalar potentials
which are generally coupled at the guide walls. The
two scalar potentials chosen here are the clectric
Hertz potentials 11, and 17,

In developing a ray series for the fields inside the

GEOMETRICAL OPTICAL APPROACH 1153

waveguide, we need first to obtain the reflection co-
efficients of the potentials TI, and II, at any particu-
lar air-dielectric interface in the waveguide. Assume
an incident plane wave 1T, at the y = b interface
to be

" = ik, (» — b) — ik.z)
Let the reflected I1,7f! and the transmitted TT,trans be

A exp [—ikx —

IL,L°" = AR exp [—ik,x + ik,(y — b) — ik,z]
I, = AT exp [—ik,x — ik, (y — b) — ik.z]
Beside the above waves, we find that a 'y-directed
potential TI, is needed in both media to satisfy the
boundary conditions at the interface. Let TT,f and

1, trans be given by

I,°" = AR* exp [—ik,x + ik,(y — b) — ik.z]
and
Hy“““’ = AT* exp [— ik, x — ik, (y — b) — ik.z]
where

Pk kD =k
and

I\'rr + k:/l:‘ + ,":2 = él\'u?,’/éo
By satisfying the boundary conditions at the inter-
face, we readily find the Fresnel reflection coeffi-
cients R and R* to be

R(k,) = (k, — kn)/(k, + k) (42)
and
R¥(h,, k,) = 2k 117k, 4 k)
— €/(ek, + eok,)] (43)

b2213m
f=1GHz
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Fig. 5. Horizontal electric field versus distance z from the
source inside a parallel plate waveguide. Smooth and rough
walls.
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In the case of an incident I, plane wave on the
y = b interface, the Fresnel reflection coeflicient is

given by

S(ky) = (Eku - f(]k,,])/(fk,/ + eokyl) (44)

while no 11, is needed.

Although the above reflection coefficients are
strictly valid only for incident plane waves on in-
finite plane interfaces, they are practically as valid
for incident spherical waves when these are several
wavelengths from the source and when the interface
is only of finite extent. In other words, the waves
emanating from the source are assumed to be sharply
defined rays far enough from the source, and hence
their reflections are affected only by the local con-
ditions of the interface. This is actually the basis of
developing the ray series to follow for the fields in
the waveguide whose cross-sectional dimensions are
sufficiently greater than a free-space wavelength.

Now we define a 2 X 2 reflection coefficient
matrix [T] for each interface as follows:

H ref} H ine
= [T] _
H,_,"“ IIylno
This will be given by
R(k,) 0
[T} = (45)
+R*k,, k,) Sk,)
for the interfaces at y = b and v = O where the

plus sign applies to the first interface and the minus
sign to the second. Similarly

Stk E£R¥k,, k)
{r] = (46)
0 R(k,)
IY
| |
| 1 l
$ '"_l“—’——__——1_1__—_—-_,7/:._7_._“__
{ \r\‘\ //’ !
2b | F |
o ' |
' -__T|_.._____Z°_.{__ g/ _____.:. _____ X
| :
| o |
S I I LN
T N

The set of images in a rectangular waveguide.
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for the interfaces at v = a and v = 0 respectively.
In the above, R, R*, and § are defined by (42-44).
The total field in the guide due to a given source is
thus equal to the sum of ray contributions from all
images added to that of the source. This situation is
illustrated in Figure 6. Hence we have

(H,'(x, ¥, 2)
| = (1/47 iwe,) Z
UL (x, ¥, 2) :

P,
- 2 Lexp (—ikor1;)/ri 1M, (a7)

P,

where P, and P, are the x- and y-directed dipole
moments of the source which is assumed to be an
infinitesimally short dipole located at (xo, yo, 0).
The integers ! and j run over all the images (and
the source) in any arbitrary order that we need not
specify here.

ryo= 02 4 (o= )+ = y))?
(x;, ¥;) are the coordinates of the /-j image, where

X; = 2ma %x x,, m = —ow {o ®

y; = 2nb £ y,, n= —ooto

and [M,;] is the product of all the reflection coeffi-
cient matrices involved in producting the [-j image
with due care to the exact order of multiplication
and the dependence of the reflection coefficients on
the directional cosines of the ray. The horizontal
and vertical electric field components are obtained
from (47) and the following relations [Wait, 1959]:

EAx, y,2) = (k" + 8%/axDIL' + 0°I1,' /oy ox
E(x, y,2) = 3'IL'/dx 8y + (ks + 8°/ayHII,'

Equation 47 is actually an exact equation, provided
that the geometrical ray approximation is valid, since
it takes account of the coupling between the II, and
1, potentials through the term R*. From equation
43 we see that for grazing rays (k,/ko < 1, k, € k.
and ¢ k, € «k,), R* =~ 2k.k,, i.e,, R* becomes
of a second-order magnitude relative to R and S
(42 and 44), which then approaches unity. Since
these grazing rays contribute most to the field, we
may conclude that the coupling term R* is of little
importance. However, this statement is only true if
we are interested in the fields of major polarizatior

e.g., 1T, (or E,) duc to a horizontal dipole momen:
P, in which case, however, 11, is appreciably affected
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« by the coupling term. Hence, if we neglect R* in
(47) we can obtain the approximate formulas

IL,'(x, v, 2) >~ (1/4rive) 2
1

<> exp (—ike)SM RV P, (48)
-
and
11,'(x, v, 2) = (1/4rive) 2
i
> exp (—ikor )R S™P,  (49)
-
0 = @
| B,
R}
10t R b
i i
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where n; and n; are the numbers of reflection on the
vertical and horizontal walls, respectively, involved
in forming the /-j image.

Some specific numerical results for the horizontal
and vertical excitations at 1 and 2 GHz are shown
in Figures 7 through 10. The solid curves are com-
puted from the approximate equations (48, 49) and
the small circles in Figures 7 and 8 represent points
computed on the basis of the more exact expression
(47). 1t is seen that the agreement between the
exact and approximate expressions is very good.

CONSIDERATION OF WALL ROUGHNESS

So far the wall roughness has been neglected.
This, however, may be important at the range of
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Fig. 10. Vertical electric field versus distance z from the
source inside a rectangular waveguide, Smooth and rough
walls, 2 GHz.
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frequencies considered. For example, at 2 GHz the
standard deviation of the mine tunnel walls may be
of the order of x,/2. The simplest way to account
for the roughness is to modify the Fresnel reflection
coefficient in the specular direction while neglecting
the nonspecular scattering. Using results obtained
theoretically by Beckmann and Spizzichino [1963]
and experimentally by Beard [1961], the specular
Fresnel reflection coefficient R from a rough surface
is given by

R = Ry exp (—¢°/2) - (50
where R, is the Fresnel reflection coefficient from
an average smooth surface, and ¢ = 4o sin y/Ao.
Here the rough surface is assumed to have a gaussian
distribution with a standard deviation equal to o,
while ¢ is the grazing angle of ray incidence. This
expression is valid for values of o sin y/xy < 0.1
[Beard, 1961], ie., ¢ < 1.256. Actually, for all
cascs of interest in the present investigation, this
condition is well satisfied.

The simplicity of formula (50) makes it easy to
incorporate the roughness cffect in the geometrical
ray series for the parallel plate waveguide (see Fig-
ures 5 and 11) as well as for the general rectangular
waveguide (see Figures 7 through 10). We notice

-0 2,
§
-20} , 4h VPR
z, "7
-30 b=2i3m
f=1GHz
.40 —— SMOOTH WALLS
— — ROUGH WALLS
~-50
£
o
= -60
A
-70p
80
~
-90
i i 4 I L L L
{00 200 300 400 50 600 700
2(m)
Fig. 11, Vertical electric field versus distance z from the

source inside a parallel plate waveguide. Smooth and rough
walls.
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in these figures that the percentage increase of the
attenuation due to roughness is greater when the
horizontal polarization is dominant than when the
vertical polarization is dominant. Also, this increase
is greater for the higher frequencies (compare Fig-
ures 7 and 8 for 1 GHz with Figures 9 and 10 for
2 GHz).

Equation 50 can also be incorporated in the
modal equation for the parallel plate waveguide to
study the effect of roughness on the first few domi-
nant modes. This study should also help understand
the same effect in the general rectangular waveguide,
The modal equation for the parallel plate waveguide
of width b is given by Wait [1970] as

R%(k,) exp (~i2k,b) = exp (—i2nm) (51)
For a rough surface guide, we substitute for R(k,)
from (50), hence
R(k,) = —I[(k, — koA)/(k, + kod)] exp (—2k,%s")
where ¢ is replaced by 2&,0, &k, is the wave number
in the » direction (see Figure 4) and A is given by
A = A, = (¢/ep — 1)'* for horizontally polarized
waves and A = A, = (¢/en — 1)/ (¢/en) for verti-
cally polarized waves. Under the condition nr/keba
<« 1, which is usually valid for lower-order modes,
we can rewrite R(k,) in the approximate form

R(k,) >~ —exp (— 2k, koA — 2k, 07)
Hence (51) reduces to the quadratic equation

ke 4+ k(1/koA 4+ ib) — inm = 0

whose solution can be put in the form
ku o~ k_un + 61\'3,0
where
ko = nw /(b — i2/koA)
and

Sk = 20nm bY'e"(1 + ia/kobA) b

The corfesponding longitudinal attenuation constant
« is obtained from the relation

a = RJke' — k')~ ay + b«

where
oy = 20w /b)Y [ko: Ab (52)

b = 20w/ bY’ 6 Jkob (53)
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and hence

Satfaty =~ (n/bYkoo® A (54)

In the above, ko and ap apply to the case of smooth
walls (6 = 0) and 8k, and 8« are the changes in
these quantities due to roughness.

According to (54) we can see that (8a/ey) is a
monotonically increasing function of frequency.
However, the overall attenuation « +8a decreases
with frequency due to more grazing incidence of
rays on the guide walls. Since A, is smaller than 4,
by a factor approximately equal to ¢/e, we also
find from (54) that 8a/as, for horizontal polariza-
tion, is greater than that for vertical polarization.

Numerical solutions of the modal equation (51)
are presented in Figures 12 and 13 for horizontal
and vertical polarizations. The parameter ¢’ on these
figures is defined as 2nwo/b and it is approximately
equal to ¢ in (50) since sin ¢ ~ nwr/kyb. These
results are seen to agree with the remarks stated
above. We should admit, however, that this
rough surface modification of the mode equation
is certainly not rigorous. For one thing, it ignores
the possible reconversion of the incoherent energy
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back into the coherent portion following the multiple
bounces in the guiding structure. We feel confident.
however, that the present approach should give a
reasonable estimate on the expected modification of
the attenuation rate to roughness. If anything, it
will lead to a more pessimistic picture than if we
fully accounted for the reconverted energy from the
incoherent wavcs,

CONCLUSIONS

Electromagnetic ficld excitation in a rectangular
waveguide with imperfect walls, which may repre-
sent a mine tunnel, has been considered. Modal and
geometrical ray sums have been obtained for the
prototype model (i.c., when the two narrow side
walls are assumed to be perfect reflectors), When all
walls are imperfect, the modal propagation constants
are not easy to obtain since the simple modes arc
intrinsically coupled. For this case, a geomctrical
ray summation has been derived, taking into account
the coupling between the horizontally and vertically
polarized rays. It is found, however, that this cou-
pling can be neglected if only the field components
of major polarization are of interest. Finally, the
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effect of small roughness in the guide walls has been
incorporated in the geometrical ray summation as
well as in the modal equation for the case of a
parallel plate waveguide. It has been demonstrated
that the percentage increase in modal attenuation
due to a typical wall roughness for mine tunnels
increases with frequency although the overall attenu-
ation is always a decreasing function of frequency
duc to a more grazing incidence of rays on the guide
walls,
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Calculated Channel Characteristics of a Braided Coaxial
Cable in a Mine Tunnel

SAMIR F. MAHMOUD, MEMBER, IEEE,

Abstract—The braided coaxial cable is studied as a communication
scheme in a mine tunnel. A simplified rectangular waveguide model
is adopted for the tunnel, and the shield of the cable is assumed to
behave as a single inductive transfer impedance. Specific results on the
attenuation of the monofilar and bifilar (or coaxial) modes of propaga-
tion, taking into account the possible existence of a thin lossy film on
the cable, are presented. In order to estimate the maximum possible
range of communication, we consider the coupling factors of these
modes to transmitting and receiving dipoles inside the tunnel, and we
present results on these factors for various cable parameters and over
a wide range of frequencies.

INTRODUCTION

EVERAL communication schemes in mine tunnels have

recently been discussed. These include the two-wire open
transmission line [1], the slotted coaxial cable [2], and the
braided coaxial line [3], [4]. all of which provide what is
usually termed “continuous access guided communication.”
For any of these lines, one can identify two principal modes of
propagation: the monofilar mode which provides a low
coupling loss to the receiving or a transmitting antenna inside
the tunnel, but which has a relatively high rate of attenuation:
and the bifilar (or coaxial) mode which has the opposite
properties. The design problem of a communication scheme in
a given tunnel environment involves the best utilization of the
properties of these two modes in order to achieve the longest
range of communication.

In this paper, we consider the braided coaxial cable as a
scheme of communication in mine tunnels. Thus, theoretical
design data on the attenuation rates and coupling losses of the
monofilar and bifilar modes are presented for various cable
parameters and mine . environments. Previous related work in-
the literature includes that due to Fontaine et al [3]. who
considered the imperfect shield of the braided cable to provide
a continuous coupling between two transmission lines, the first
consisting ot the outer shield of the cable and the earth. and
the second being the cable itself with an assumed perfect
shield. However, in their work, no detailed analysis of the
tunnel walls and tunnel environment is attempted, Wait and
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Hill [4] have considered such effects on the attenuation of
the modes in a circular tunnel.

MODELING OF THE TUNNEL AND CABLE

The mine tunnel is modeled as a rectangular waveguide
whose broad walls are a lossy dielectric medium with per-
mittivity €, and conductivity g,. However, the narrow side
walls are considered to behave as perfect electric conductors
in order that a rigorous analytical treatment of the modes of
propagation becomes possible. This tunnel model has been
previously used. and has provided results for the case of a
single wire inside the tunnel {5] that are in good agreement
with measurements in an actual tunnel [1] and with theoretical
results for a circular tunnel [6].

The outer shield of the braided coaxial cable is modeled as
a transfer impedance Z(2/m) which is taken equal to jwl.
L being an inductance per unit length. A dielectric jacket of
permittivity €, and an outer radius ¢ surrounds the braid and
is assumed to be covered by a thin outer lossy layer of mine
dust or conducting fluid with a transfer impedance Z; which
is purely resistive. The filling dielectric of the cable has a per-
mittivity €, an outer radius b. and an inner radius a. and the
inner conductor has a conductivity o,, with a resulting series
impedance z,,(§2/m). As indicated in Fig. 1, the cable is lo-
cated with its axis at distances (s — s,) and (/ — /) from the
top and the side walls, respectively. The outer radius ¢ of the
jacket is sufficiently small compared to distances from all the
walls, so that an azimuthally symmetrical current distribution
inside the cable can be assumed for the important modes of
the tunnel, In the following, we derive an equation for the
modal propagation constants inside the rectangular tunnel
containing the braided cable by extending a previous deriva-
tion [7].

MODAL PROPAGATION CONSTANTS

The fields tor a given mode are assumed to have the depen-
dence exp(iwr — I'z) where w is the applied angular frequen-
cy. I' is the modal propagation constant for which solutions
are being sought, and z is a distance along the axis of the tunnel.
Looking from outside the cable, this appears to the tunnel
as a line source with a longitudinal current /, = 2acH, where
Hy is the azimuthal magnetic field on the outside surface of
the jacket (p = ¢). This current produces fields everywhere
inside the tunnel. and the average longitudinal electric field £,
at p = ¢ + 0. i.e.. just outside the jacket, has been derived in
an earlier paper [7] and is given by
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Ey heero = (iwpe[MD(T) * 1. (D
where D(1°) is a function of the propagation constant I among
other parameters pertaining to the tunnel dimensions, wall
electrical constants, and the location and radius of the cable.
DIy is given explicitly by a rather lengthy expression in the
above reference, and hence will not be reproduced here.

In order to satisty the boundary conditions requiring the
continuity of £, at the jacket outer surface, it is necessary to
obtain this field at p = ¢ — 0 from a consideration of the
currents and fields inside the cable. Generally, this task in-
volves expressing the fields in different regions in terms of
appropriate  Bessel functions and applying the boundary
conditions at the respective interfaces. Considerable simplifi-
cation results, however, if a quasi-static solution is used [4].
Such a solution requires that the condition b, fc € | be
satistied where g is any transverse wavenumber in one of the
diclectric regions inside the cable. This condition is usually
met for the important modes of propagation except, perhaps,
at UHF,

Wait and Hill [4] show that the eftective series impedance
per unit fength Z(1%), defined as £,(p = ¢ — 0)/{,. is given by

LNy =2,(Z. + Zp)(Zy, + 2, + Zy) (2)
where

Zy, =22 + Z) 2y + 2"+ Z ()
where .

Z'(M = —"(wzue + I'2) In (b/a)/ 2miwe (4)
and

Zo(IM) = = (w2ue, + T2) In (e/h) 2niwe,.. ()

This is just the input impedance looking to the right at point
(¢) of the circuit shown in Fig. 2, Here the series impedances
Z'(I" and Z,.(1") account for the filling dielectric and the
jacket. The currents [, /,, and /. are interpreted as $Hydl
where /1, is the azimuthal magnetic field integrated over the
circumferences at p = a, b, and ¢, respectively.

1 I /.0 yAR N !

B — — e \ . 1
ey e ]
e Y -~ ,—1-“ o e e,k
AT /. . 7y , “, 7.
- o L -

Fig. 2. Transverse equivalent circuit of the braided coaxial cable
[4]. Solid and broken arrows represent the current tlow lines for the
“ monofilar and bifilar modes, respectively,

Now the modal equation is obtained by equating (1) by
1.Z(D). and thus

(— iwpe/m) + D(T) = Z(T"). (6)
In relation to the equivalent circuit of Fig. 2. (—iwpg/m)-D(1")
is equal to minus the external impedance Z, (')} looking into
the tunnel from the jacket outer surface. Solutions of the
modal equation (6) result in the monofilar mode, the bififar
maode, and the perturbed normal modes of the empty tunnel.
The latter. however, have the property of being cut off at
frequencies lower than about 30 MHz for typical tunnel di-
mensions. and hence will not be important for transmission
in this runge of frequency,

NUMERICAL SOLUTION OF THE MODAL EQUATION

The modal equation (6) has been solved for I" of the mono-
filar and bifilar modes using the Newton-Raphson method.
Previous results on I" of the monofilar mode in a tunnel con-
taining a single wire [3] have been used as initial roots in the
above iterative method. For the bifilar mode, very good
starting values of 1" are readily obtained from the cquivalent
circuit of Fig, 2 if we assume that both Z,, and Z,, are much
greater than 7, hence, by neglecting their effect, the modal
equation takes the approximate form

Zy + 2V + Zp =0, (N
Using (4) in (7). we obtain the approximate result
Tyif? = — w2ue + [2niwe(Z,, + Z)] In (bja)]. (8)
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Some numerical computations on the attenuation rates of
the monofilar and bifilar modes are shown in Figs. 3 and 4.
Heve Zy, = 1/od with ad varying from 1073 10 10 "1 and
Zyp = iwl with L = 40 and 4 nl/m in Figs. 3 and 4, respec-
tively. The following observations are evident from Figs, 3
and 4.

1) The attenuation of the bifilar mode is markedly
affected by the conductivity of the inner conductor of the
cable as it varies from ¢, = 10® to 5.7 X 107 5/m (Fig. 3).

This is due to a concentration of the fields of this mode inside

the cable.

2) The effect of the outer lossy film is to increase the
attenuation of both modes, this increase being higher at higher
frequencies and more pronounced for the bifilar mode.

3) The attenuation of the bifilar mode in Fig. 4 is seen to
be much less sensitive to the conductivity of the outer lossy
film, This is a result of reducing the braid transfer impedance
Zr relative to its value in Fig. 3. Si:ch a reduction, however,
causes a higher coupling loss to receiving or transmitting
dipoles in the tunnel, as will be shown in the next section,

4) As has been observed in previous work [1],[5], [6], the
attenuation of the monofilar mode increases as the cable
approaches the tunnel wall (Fig. 3), while the bifilar mode
remains almost unaffected.,

It is quite interesting to notice a remarkable similarity be-
tween the above results and those obtained by Wait and Hill
[4] for a circular tunnel model. The main difference occurs
for the monofilar mode at the lower frequencies where the
attenuation rate s very small in any case. Such differences
can be attributed to the particular tunnel model being adopted.
We may conclude, however, that the remarks 1)-4) stated
above are, to a great extent, independent of the particular
shape of the tunnel,

COUPLING LOSS AND COMMUNICATION RANGE

A transmitting dipole located inside the tunnel excites
both the monotilar and bifilar modes among the normal modes
of the empty tunnel, The latter, however, are of less importance
due to their cutoft properties. Let [ep,, h,] exp(- 1',2) for
P 120 represent the vector electric and magnetic field
distributions of the pth mode, p being an integer that runs
over all possible modes. Thus, a short dipole of moment P = /I,
located at the point (vg, ¥o. 0), will excite a summation of
these modes given by

(£ = Z Ap(xayoés i) exp (=T, 121). 9

P
Here, A,(xq, yo) is the excitation factor of the pth mode, and
is a function of the dipole orientation and location in the tun-
nel cross section [8]. Thus,

' /\p(.\'o\}’o) =[] (—’p(.\'o,)’o) / Ep X ﬁp *z dS (10)
S

where the last integration is taken over the tunnel cross section,
Now, we assume that a similar dipole is used for reception
and is located at (xq, 314, 21 )s then, the received open-circuited
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voltage V is given by
V= ZI; I 2p(x1.01)Ap(x0.v0) exp (— Ipzy)
which, upon using (10), becomes

l/ o= (1/1) Z Ap(.\'l V1 )Ap (X(),)"()) / Ep X }7p . E dS
p S

(1

nexp (- Tyzy).
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Now, it is convenient to define another excitation factor, say.
A, '(x.v), according to

1/2

Ay'txyy=T- e',,(x,y)/ n/'ép X by« zdS (12)
s

where 1 = +/lUg/ey is the free-space wave impedance which has
been added only to render A,'(x,p) a dimensionless quantity.
Hence, expression (11) can be recast in the form

(Vinly =3 Ap'(%0.p0)Ap (x1.01) exp (= Tpzy). (13)
p

We thus find that the received voltage is made up of a
summation of individual voltages induced by each propagating
mode in the tunnel. It is clear that as z; increases. there comes
a distance beyond which only one mode is responsible for the
total received voltage. This mode is the least attenuated mode
which, in our case. is the bifilar mode. The maximum possible
range of communication is clearly a function of the properties
of this mode alone, specifically. its excitation factors and
attenuation rate. To express these ideas more thoroughly. we
define a total loss 1., (in decibels) for the pth mode as follows:

L, =—201og o | Ap'(xg. o)\ (¥1.00) |+ apy (14
where o, = 8.7 Re (I',). For a given transmitted power and
minimum S/N ratio at the receiver. the total loss L), of the
bifilar mode cannot exceed a certain maximum L, which in
turn determines the maximum possible communication range.
In the following, we shall find an estimate to the quantity L,
for the monofilar and bifilar modes.

As is apparent from (14), L, is dependent on the locations
of the transmitting and receiving dipoles and their orienta-
tions. However, in order to obtain meaningful results without
the specification of any particular dipole location or orienta-
tion, and which can still reflect the effects of the line and
tunnel parameters, we use the following argument. The tields
of the monofilar and the bifilar modes outside the cable are
linearly proportional to their respective modal currents on the
outside surface of the cable. that is. /. = 2mcH,, (at p = ¢).
Furthermore, it we assunie that the dipoles are always oriented
to have maximum possible interaction with the modal fields,
then a reasonable approximation to A, " in (12)is

1/2
A, = const gt /2 ([C),,f(l‘p/ko)/[/ e, Xhy, e Ea’S}
s

(15)

where kg is the free-space wavenumber and ATp/ko) is a
function that represents the dependence of the modal fields
on the modal propagation constant I, and is, as yet, un-
known. A look at the appropriate formulas {5, Appendix I}
for the modal fields shows that the dependence on I', is quite
complicated. However. in the low-frequency limit. it is readily
shown in Appendix I of this paper that the transverse fields are
linearly proportional to I',: hence, Al',/kq) in (15) is taken
to be (I',/kq). This low-frequency approximation is believed
to to be quite valid up to frequencies for which 2ky/ ~ 7. and

probably is still acceptable for higher frequencies. For tvpical
wunnel dimensions. 2 [ = 4 m: hence. the upper frequency limit
is about 37.5 MHz.

Now the current /., for the monofilar and bifilar modes is
easily obtained from the circuit of Fig. 2 under the normaliza-
tion I, = 1. The flow of currents of the monofilar and bifilar
modes are different. and are shown in Fig. 2 by solid and
dashed arrows, respectively. It is straightforward to obtain
I mono and I¢ pis as

Ic,mono = [(Zc(rmono) + ZL)(ZI(Fmono) + ZT + Zu')

+ZT(ZI(rmono) + Zw)]/ZLZT (106)
and
lewis = ZLZ7 (ZZpig) + Zr)WZexi(Dyir) + Z1)
t ZexilTpi) 2], (n

In the special case when the outer lossy film is absent, i.e.,
Z; =o°0 (16) and (17) take the simple forms

(18)
(19)

Ic,mono - [Z’(rmono) + Z’I‘ + Zw]/Z'I‘
e pit = ZplZoxi(Tuig) + Zo(Cyie) + Zyp ],

and as a check. if Zp = 0. corresponding to a perfect shielding
of the cable, the above two equations will imply that the
bifilar mode has zero fields outside the cable, while the mono-
filar mode has zero fields inside the cable. as we would expect.
Finally. the integration in (15)is obtained by a seminumerical
method using expressions for the modal fields that were given
before [5].
By combining (15) and (14). we arrive at

n(Fp/ko)zlcpz/
-[/prﬁ,,-:‘ds]
s

The coupling loss may be obtained from the above by putting
o1 = 0. Computed results of apono. Quir. and the coupling
foss for the monofilar and bifilar modes are tabulated for o
range of frequencies in Tables [-111 tor the tollowing three
cases,

Case a: L = 40 nH/m, ¢ = 2.3¢,,

Caxe he L = 4 nH/m. ¢ = 2.5¢,.

Case ¢ L =40 nH/m, € = |.5¢,.

The other cable parameters are held constant in all three
cases. These are 1o d = 103 Q, 0, =5.7X 107 B/m.¢,. = 3¢q.
and the cable and tunnel dimensions are the same as in Fig. 3,

In case b, the cable has the least braid leakage. and in case
¢, the permittivity of the dielectric filling is chosen low to
allow for a higher coupling between the fields of the bifilar
mode and a transmitting or a receiving dipole. As would be
expected, the coupling loss for the bifilar mode is highest in
case b and lowest in case ¢. The quantity R, in the last
columns of Tables I-I1I is defined as the communication range
at which both the monofilar and bifilar modes contribute
equally to the received signal. Hence, at this range (2, =

_— — )
Ly = const — 20 log; o

+ap:1. (30)
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TABLE 1
COUPLING LOSS {(CASE a)
7 . Coupling Loss
Freq. %mono Qbif e Rmin
(MHz) (UB/km)  (dB/km) Monofilar Bititar (km)
100 521.2 19.2 7.22 88.7 0.162
50 419.5 12.5 7.75 91.1 0.203
25 203.6 8.60 8.33 924 0.431
12.5 72.1 5.91 9.10 93.1 1.26
6.25 20.3 4.10 9.84 93.8 5.26
TABLE 11
COUPLING LOSS (CASE D)
. Coupling Loss
Freq. ®mono Obif em e e e Rmin
(MH?7) (dB/km)  (dB/km)  Monofilar Bifilur (km)
00 S34.5 168 758 1394 0.25%
50 4218.6 1.9 7.99 140.2 0.316
25 206.2 8.42 8.52 141.5 0.671
12.5 73.1 5.95 9.24 141.3 1.9¢6
6.25 20,4 4.24 10.04 140.6 8.25
TABLE I
COUPLING LOSS (CASE¢)
. Coupling Loss
Freq. Ymono Cibif I —— RE Riin
(MHz) (dB/km) (dB/km) Monofilar Bitilar (km)
100 516.8 19.8 7.33 75.4 0.137
50 415.0 13.6 7.79 76.7 0.172
23 201.0 9.42 8.40 76.2 0.354
125 711 5.84 9.11 75.5 1.02
6.25 3.55 9.91 73.4 3.85

20.0

Riinh Linone = Lpig. and at distances greater than R ;. the
bifilar mode becomes the dominant propagating mode. In any
well-desipned communication scheme, the received signal-to-
noise ratio S/ at Ry, is well above the minimum atlowable
ratio; hence the maxionn possible communication range R
should be wreater than R, As an example, assuming that
the transmitter power and the reccived noise are such that the
total signal loss Ly, is limited to. say, 150 dB for acceptuble
reception, then from Tables -1 we find that the maximum
possible  communication ranges ut 23 MHz in the three
tabulated cases are, respectively, R = 6.69, 1.08, and 7.82 km.

To study the dependence of R on the operating frequency.,
a detniled consideration of the maximum transmitter power
and received noise as functions of. the frequency should be
investigated. This is outside the scope of this paper. The above
results, however, show clearly the effects of the main cable
parameters on the communication range. and should help in
the design of a communication link in an actual tuanel.

CONCLUSIONS

A study of the important characteristics of the braided
coaxial cable for communication in a mine tunnel has been
presented. The analysis used accounts fully for the continuous
exchanze of encrgy between the tunnel and the cable. This is
in contiast to the method of Fonuine er ol [3]. who
employed a perturbation-type coupled mode formalism. The
results on the attenuation rates and coupling losses of the two
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principal modes of propagation obtained are believed to reveal
the role of the various cable parameters in system design. We
should stress. however, that in the present analysis, the braided
cable and the tunnel are assumed to be completely uniform in
the axial direction. Lateral variations of the cable parameters
will cause additicnal coupling between the propagating bifilu
and monofilar modes and the higher order cutoff modes.
These mode conversion effects, whether intentional or acci-
dental, play a role in the overall performance of the leaky
cable systems in a minc tunnel environment. This aspect of
the subject is receiving our attention.

APPENDIX 1

In this Appendix, we prove that the transverse modal
fields are linearly proportional to the modal progagation con-
stant 1" in the fow-frequency limit. The reader is referred to an
earlier paper [3, Appendix 1] for the basic equations and the
symbols that will be used here.

The transveise modal fields [S] e, and e, are given by

I

(I-1)
(1-2)

e, = —Toll,/ox + 9211, /oxdy

— Tl oy + (ko2 + 82/y2)IL,,

X

I

€y

where [, and Il are two electiic potentials that are not re-
produced here. In the low-frequency limit, kg, k.. and | are
neglected relative to (8/dx) or (8/dy): hence, the following
substitutions are valid: u,, = u,,y = mr/2l, R, = 0,8,, >
(61 — €o)ley + o). Rpy* = Tey — eo)l(ey + €0l
Ay 2 A F —exp (Qu,, 8). Using the above substitutions in the
expressions of H, and 11, we find

AL /X = (-~ fopod dnko®) D Qmllysin (maxg /1)
m=0

scos maxiD exp (— i |y - o)

Z exp |~ (mw/20

m=0

= (— iwpgl Sk 2D Im ;
(v —yo | iy Fx)] —exp [ gna/ 2D

(o 1= itx = xo)l
= (- inlkeH Tm {1 —exp (— (=/2])
“(Ly=yo |—ilx+xoN] !
= =exp (= (w201 = o [t xg N
where xg =141y, vo == s 5. and Imstands tor the imaginay
part. Similar expressions are obtained Tor 3%, /oxdy, a1, /01,

and 2211, /0r2. Substituting in (1-1) and (1-), we arvive after
simple algebra at
e >l Tk D im [X(Ly =30 D
=€ X(3s =50 — ¥y €X( F yy)
€ 2Ny s F ) - 2N (s Ry — )] (I-3)

and
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= (inf T/koD) Re [ X(|» = xo)
—€eX(3s—ag—y)— X+ vp)
—€'2X(3s—s5¢ +y)—€2X(ds + 3o — ).
ysyo (I4)

where Re stands for the real part and the function X(v) is
defined as

X() = {1 —exp (— (@/2D(v — i(x + xoN] 71

— [V —exp (— (@/2D — i(x — xo))] !

and €' = (€, — €¢)/(ey + €). Equations (1-3) and (14) show
that the transverse fields are linearly proportional to I" in the
low-frequency limit.
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Comments on “Calculated Channel Characteristics of a
Braided Coaxial Cable in a Mine Tunnel”

PAUL P. DELOGNE

In the above paper! numerical evaluations of the coupling
loss of a Hertz dipole to the monofilar and bifilar mode are
presented in a normalized Wode, 1ne purpose of THIS Corre-
spondence is to draw the attention of potential users to the
practical significance and limitations of these results.

In most works related to this subject, a bifilar coupling loss
Cpit is defined as the ratio of the power radiated by a mobile

" dipole antenna to the part of that power converted into the
bifilar mode or, equivalently, as the ratio of the power trans-
ported by the bifilar mode to the power available at the
output of a mobile receiving dipole antenna. A monofilar
coupling loss Cy ono is defined in a similar way. It is clear that
Cpis and Cpono are only useful concepts allowing range
(i.e., signal-to-noise ratio) calculations if some conditions are
met; this requires that the transmitter power and receiver noise
are intrinsic characteristics of the equipment. They should
thus be independent of the fact that the antenna is located in
a tunnel, which requires that its input impedance and particu-
larly the real part of it remains constant. This seems to be the
case to some extent in the VHF and UHF bands. At iower
frequencies, however, this is not -at all true because the an-
tenna is closer to an inductive or capacitive coupling device
than to a radiating one. If, indeed, the antenna is small com-

- pared to the wavelength, the power radiated in free space and
the one excited in the monofilar and bifilar modes can be
quite different; hence, what should be called the coupling

. loss is not at all evident.

Mahmoud and Wait propose a normalized definition of two
coupling losses Lyis and Ly ono, but this calls for some com-
ments. The first one is that according to their definition, Ly
and Ly, ono are relative to a mobile-to-mobile transmission and
include twice the coupling ettect of the antenng to the mode
considered. A second comment is that Ly and Ly gpe e
only defined to some unknown constant K. which is the
same for the two modes and which is independent on the
frequency. As a result, as far as the classical coupling losses
have meaning, one may write

Cmono = (Lmono +K)/2
Cbif = (Lblf+1\)/2

The authors have shown that L,,ono and Lyjs are to a large
extent independent on the frequency, and this is consequently
true for Cpono and Cpis too. Experience has confirmed this
in the VHF and UHF range and has shown that Cpono i in
the range 20-35 dB according to the positions of the cable and
antenna in the tunnel cross section. So the contant K is in
the range 32-62 dB and Cy;¢ is very high (53-60 dB for case
a, 78-86 dB for case b, and 46-53 dB for case ¢). Note also
that the range called Ry i, by Mahmoud and Wait does not
depend on K for mobile-to-mobile communication, and their
numerical values are thus correct, but the range Ry, i, would
depend on K for fixed-to-mobile communications.

These values can be used for realistic range calculations in
the VHF and UHF bands. However, it should be noted that
the values of ay;¢ quoted by Mahmoud and Wait are optimistic
because they do not take the influence of the braid loss into
account; actual values are casily 50-100 pereent higher. More-
over, it is expected that with transfer inductances as high as
40 nH/m, there will be a marked increase of ay,;¢ when the
cable comes close to the wall.

The author is with the Laboratoire de Telecommunications, Louvain-
La-Neuve, Belgium.

'S. F. Mahmoud and F. R. Wait, JEEE Trans. Commun.. vol. COM-
24, pp. 8§2-87, Jan. 1976.
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At lower frequencies, conclusions are not straightforward.
They require a detailed analysis of the coupling process for
actual transmitting antennas; the noise generated in the loss
resistance of the receiving antenna can be another important
factor because the real part of the coupling impedance can be
very small,

Reply by J. R. Wait2

JAMES R. WAIT

Prof. Delogne has made some ver i
y useful and pertin
cor;l\ments on the subject of this paper. F ot
n improved but, alas, a more compli

' it, ;. plicated approach to
the cotgp!xng losses is contained in a recent paper, “Calculated
traqsmxssmn loss ’f‘or a leaky feeder communication system in
a circular tunnel,” by D. A. Hill and J. R. Wait, Radio Sci
vol. 11, pp. 315-321, Apr. 1976, ’

2
IEEEPa(I‘)er appr.ove'd by thf: Editor for Transmission Systems of the
I ‘ommunications Society for publication without oral presenta-
tion. Manuscript received April 30, 1976.

The author is with the Environme

| ) ntal Research Laboratori
National Oceanic and Atmospheric Administration, U.S. Departme‘;st’
of Commerce, Boulder, CO 80302.

Reply by S. F. Mahmoud?3

S. F. MAHMOUD

The comments of Prof. Delogne on our paper! seem very
appropriate and instructive. I do agree with Prof. Delogne that
at low frequencies, questions related to the receciver noise
and perhaps the receiver matching become of primary impor-
tance.

The coupling loss in the aforementioned paper? is actually
related only to the mutual impedance between the transmitt-
ing and receiving antennas but does not include the input re-
sistances of these antennas. This drawback has been repaired
in the paper “Calculated transmission loss tor a leaky feeder
communication systems in a circular tunnel™ by Hill and
Wait [1]. However, by limiting the antenna input resistance
to a certain minimum value at the lower frequencies. the two
definitions of the coupling loss in our paper! and [1] become
identical (within a constant).

It is interesting to notice that both papers confirm the
result that the coupling loss is a very slowly varying function
of frequency for frequencies less than about 35 MHz. This
is so in spite of the different approaches used in the two
papers. Specifically, the coupling loss in Mahmoud and Wait’s
paper! is obtained without assigning any particular location or
orientation of the antennas; hence, it can be considered as
some kind of average coupling loss over various locations and
orientations.
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{1] D. A. Hill and J. R, Wait, “Calculated transmission loss for a leaky
feeder communication system in a circular tunnel.,” Radio Sci.
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cal Probing), vol. 11, pp. 315-321, Apr. 1976.
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Guided Electromagnetic Waves Along an Axial Conductor
in a Circular Tunnel

JAMES R. WAIT anp DAVID A. HILL

Abstract—A method to calculate the propagation characteristics
of the guided modes in a circular tunnel bounded by lossy dielectric
media is presented. The effect of an axial thin wire within the tunnel
is also accounted for in the boundary value treatment of the problem.
1t is found that the attenuation of the transverse electromagnetic
(TEM) or coax type mode is greatly increased when the conductor is
moved toward the tunnel wall.

INTRODUCTION

I'n many operational coal mines, it is desired to communicate along
tunnel-like structures that may extend up to 7 or 8 km. While con-
ventional telephone lines may be used, it has been found very con-
venient and effective to transmit VHF radio signals directly through
the haulagewny [1]. Normally, these tend to be rectangular in
cross section and are located within coal seams. In United States

Munuscripb received December 12, 1973 revised February 19, 1974,

'he authors are with the Institute for Telecommunication Sciences,
OfMco of Telecommunijcations, United States Department of Commerce,
Boulder, Colo, 80302,

mines, these tunnels are crisscrossed by approximately an equal
number at right angles. Also, within most tunnels, there is a high
voltage power cable that is suspended from the top wall. In addi-
tion, numerous metal roof bolts are located throughout the mine.
It is evident that the transmission of electromagnetic waves in such
a structure is very complicated. Nevertheless, in order to understand
observations and to improve communication procedures, it secms
worthwhile to analyze some idealized models of the situation.

Iimslie et al. [2] have developed an approximate theory for the
empty rectangular guide with lossy dielectrie walls. Their ingenious
development is an extension of an earlier analysis by Mareatili and
Schmeltzer [3] for rectangular dielectric rods surrounded by free
space. More recently, Mahmoud and Wait {47 and Mahmoud (5]
have considered a rectangular waveguide bounded on the horizontal
walls by a finite conductivity and permittivity, but the (narrower)
side wall was idealized as having perfect magnetic or electric bound-
aries. This model permitted the rigorous satisfaction of the boundary
conditions. Also, it was feasible to include the effect of axial con-
ductors within the tunnel. The latter are obviously important if the
frequency is sufficiently low that the modes for the empty guides
are ‘‘cut off.”’ Here we consider another idealized model that should
provide new insight into the problem.

Specifically, we consider an air-filled tunnel of circular cross section
with radius a bounded by a lossy dielectric medium. Within this
uniform tunnel we located a relatively thin metal conductor of radius
¢s whose conductivity is o. The situation is illustrated in Fig. I where
we have chosen a cylindrical coordinate system (p,¢,2) to be coaxial
with the guide. For the interior region p < a, the permittivity and
permeability are ¢ and uo, respectively. For the exterior region, the
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Tortgite

Fig. 1. Geometry of circular tunnel waveguide with axial conductor at
distance p, from tunnel axis.

permittivity, conduetivity, and permeability are e, o, and p.
respectively. The thin axial conductor is located at p = py and
¢ = ¢u; its corresponding electric properties are ¢, o, and u,. Here
we restrict attention to the case 0 < py < a.

FORMULATION

Our objective now is to ealeulate the complex propagation con-
stant of the dominant modes of the structure. Thus we assume that
the field of an individual mode varies with z according to exp (—1'2)
for an implied time factor exp (iwf) where the values of T are {o be
determined. To obtain the solution, we exploit the fact that the
fields ean be completely determined by two scalar functions {7 and
V' that are, vespectively, the z components of the (axially directly)
electric and magnetic Hertz vectors.

The current on the axial conductor can be designated I exp (—T'2).
The primary field within the tunnel from thix traveling wave of
current may be derived from the electric-type Hertz function ['».
It is well known that [6]

;
Ur = 22 exp (—T2) Ko (v — I2)12p,] (1)

2y’
where vt = —epow?, pa = [p? + p? — 2ppy €08 (¢ — ¢o) 2, and K,

is the modified Bessel function of the second kind. Now the total
Hertz function within the guide can be written " = Ur 4+ [
where {J* is the secondary part. The latter, for the region p < a,
can be constructed by superimposing solutions of the type
L. (vp) exp (—img) exp (—T'z) when [, is a modified Bessel func-
tion of the first type, v = (v — I'?)¥2, and m is any integer.

The above considerations and the addition theorem for K in (1)
lead us to the representation

+©
U= 3
v it
me= -

Unwexp[—im(p — ¢0)] (2a)

or

{pow
U=t

Darye? oo " 1. (ra)

kg K"\ ! \
Texp (=T2) Z In(vpo) [K". (vp) — R, ——(—(—(L I, (l‘p)]

cexp [—im(¢ — ¢a)] (2b)
for the regiom py < p < g, where R, is vet to be determined. Similar
considerations lead us to the corresponding representation for the
magnetie type Hertz funetion for the region p < a. Thus

4o
V= 2 Vaexp[{—tm{¢p — ¢0)] (3a)
or
Tuow @ X
V == Texp (—T2) 2 Anla(po) 1 (vp) exp [—1im (e — ¢o) .
ATV m=—c
3b)

For the external region p > a the Hertz funciions are both made
up from solutions of the form K. (up) exp (—'z) exp (—img¢) where
= (v — I')V2and v, = tpuw (0, + Teaw).

For the region p < a, the tangential field components for the mth
harmonic can be obtained from the mth harmonic of the Hertz

TERFE PRANSACTIONS ON ANTENNAS AND PROPAGATION, Juiy U7

functions as follows:

. mty . ) ot
Eow = {— U, 4 jpw —

H.. = <,ll_°> gl—_‘ + <~Iﬂ> | [
s/ dp P

E. = —¢U,,and H, = =22V,
then, for example, the total axial field is

S E..exp[—im(¢ — ¢V (M

==

E. =

For the region p > a, the corresponding field quantities are obtained
by replacing po, 1o and r by e, 734 and u, respectively.,

WALL BOUNDARY CONDITIONS

The boundary conditions at the wall p = @ arve that the tangential
fields are continuous. For the present problem this is equivalent to
applving the following conditions on the internal fields at p = a:

Eyw = ank.w + Z,H ., (6)
Hdm = —),mE:m + (xn,}Izm (7)
where
imT
am = — (~)
(uta)
; s
Z = — Tpew K. (ua) .
u K, (ua)
and
¥, = RO Km’(ua) . o
upw/) Kn(ua)

The wall impedance conditions in this form can be readily generalized
to a concentrically layered external media and to certain anixotropic
media. Here we will restrict attention to the homogeneous isotropic
external region.

Using (2b)Y, (3b), and (4}, we readily obtain the following alge-

braic pair
mr -
ant®k,,

A,y.tl'uwl‘lm' + Znttn] + R [—' —K,, —
a

imr
= — —— K, — a,t*K., (11
a
and
mr 1762 Konlm'
Am [—— In + ammm] + R [— AL S )’.,.zﬂK,,.]
a pow  Inm
Tvely
= - K 4 YK, (12)

Moo

where the arguments of the Bessel functions and their derivatives

are ra. Eliminating A, from (11} and (12), we obtain the explivit

result

R = C(ye/YK,, (va) /W, (va) ] + Yooge + ome
" [tye/r L (ea) 1T (va@) ] 4 Yome + 60me

where
(imT/a)fv™? —u?P
Cive/v) L' (va) /1 (va) 1 + (Zon/n0)

ey

dpme =
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Fig. 2.  Attenuation rate of COAX or TEDM type mode as function of
frequency for various locations of wire conductor. Multiply ordinate
by 132.4 to convert to dB/100 ft.

\

no = lpow/vo = 1207 Q.

and

We now can express the axial eleetric field £. anywhere within the
guide in terms of the still unknown current [ exp (—1'z) on the wire.
Using (1), (2b), and (4), this is given by

pow [ 12 . +® Kn(va)
B, = = Bl e (=12 | Koo — 5 R 2D )
2o yo? mm—o Ly (ra)

< Iu(vp) exp (—im (¢ — dm))]. (15)

WIRE BOUNDARY CONDITION
The boundary condition at the wire is

E.=1Z,exp (—T2) (16)

at pa = ¢, for all values of z, where Z, is the series impedance of the
wire. Because of the assumed thinness of the wire, we can apply this
condition at any point of the wire circumference. Thus we choose
the matching point at p = py + ¢, and ¢ = ¢o. Thus (16) leads to
the mode equation

— T pigo? 1@ K.,
B ytee) = 5 R =D g o) Lo (oo + €| = 2
27 ye? = oo L, (ra)
(17)
The explicit result for the series impedance [6] is
’, _____’Zﬁ_‘](\(')‘u('s) (18)

2"’('] II ('Y.d'.t)

where 1,2 = fuee (0, + few) and ye = fuw/ve

In prineiple, the problem as posed is solved when T' is determined
from ¢17). This made equation is exact, subjeet only to the assumed
thinness of the metal wire centered at (pogo) inside the guide, In
order (o vender the problem tractable, we will make a number of
simplifying assumptions that arve well justified on physical grounds.

SOME NUMERICAL RESULTS

For the high-frequency modes of interest we expect I' to be on the
order ol 44 = ik, where b = w/c is the free space wave number. Also,
the bounding medium will have a conductivity and/or permittivity
sufticiently high that | yaa | > 1. Involking these assumptions, we can
approximate (9 and (10) as follows:

(ipew)

Zm B
(vt + k2)in

56
629

25

LA S S S A S e e M S ot e e

IR NN NSRS ENE]

Re(Ia) x 100

W W

TEOI Mode

LENLIN L3 S S B | e & A e o 2t g
i

i

W A I O S AU S GH WS SR S A W I O Y

0 25 50 78 [Ks]
Ay /o

Attenuation rate of COAX and TE modes for frequency of

Fig. 3.
1 MHz as function of wire conductor offset.

| T

25 .50 75
£y /o

Lokl

Q

)

Im{Ta-ya)x 100

I}
N

L2 R B N S S S e e

IS EENN NS SN

3 N T I S

Fig, 4. DPhase characteristic for COAX mode at 1 GlHaz,

and

Y, ~ N T
T D (v A A2

Also, in most cases at high frequencies, the conductivity of the metal
wire will be sufficiently high that both |y, > 1 and o > ew.
Then from (18) we can obvicusly write

20, (2mes)

With the simplifications indicated, some numerical solutions of
(17) have been obtained. Of particular interest is the mode that has
a transverse electromagnetic (TEM) character as the frequency
is lowered. Using an adaptation of Newton's method, solutions of
this {ype have been obtained. An example is shown in Fig, 2 where
the following parameters are assumed: a = 2m, e = 10 o =
107 mho/m, o, = 105 mho/m, ¢, = 1072 m = 1 em. Here the real
part of (T'a) which is proportional to the attenuation rate, is plotted
as a function of {requeney from 1 to 1000 MHz, Three values of
po/a, naely O, 0.5, and 0.8 arve indicated. The ordinate tn Fig. 2 is
converted to dB per 100 ft in (obsolete) English units by mdtipluing
by 132.4. Then the vertical seale cxtends from roughly 0.13 to 26 d B 100
1 The inerease of the attenuation as the wive conductor approaches
the wall is in accordance with the observations of Delogne of al. [ 7)
in Belginn conl mines, Alko Mahmoud {57 in his numerieal studies
of the rectangular guide has confirmed this efieet.

FFor the geometry of the tunnel guide considered in the preceding
example, we ean expeet higher order waveguide modes to appear
when the frequeney exceeds the cutolf value for the empty tube. This
oceurs approximately at 50 MHz in this case. For higher frequencies,
we can expect the situation to be quite complicated. However, it
appears we can always identify the TEINM or COAX type mode as
the one that is significantly influenced by the loeation and the series
impedance of the wire conductor, In Figs. 3 and 4, we show the
attennation and phase characteristies for this COAX mode at o
frequency of 1 GHz where the abscissa is the ratio p/a. The other
parameters are the snme as those shown in Fig. 2. We also show the
attenuation rates for the TEq and TEg modes in Fig. 3 for the same
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structures which are determined from the simplified mode equation
ot = 0. In this case the wire conductor has no effect whatsoever
on the modes of this type sinece the electric field has only a ¢ com-
ponent. There is another class of modes here that can be described
as perturbed TM and perturbed hybrid EH modes! that do interact
with the wire conductor. A numerical study of these modes is pres-
ently underway. However, at least for the present geometry, the)
would appear to have attenuations greater than those shown in
Fig. 3.

Another interesting point illustrated in Fig. 4 is that the phase
veloeity of the COAX mode is less than ¢ when the wire conductor
is at the center of the guide, but it becomes greater than ¢ as the
wire moves toward the wall, An analogous effect has been observed
by Mahmoud {77 in his study of the rectangular guide,

tI5H is standard nomenclature for modes that are neither E nor H

type,
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Abstract. We consider the axial propagation characteristics of a two-wire transmission
line in a circular tunnel bounded by lossy dielectric media. The two modes of greatest
interest correspond to conditions when the currents are either in-phase or anti-phase.
The effect of the proximity of the tunnel wall is also accounted for in the boundary value
treatment of the problem. The attenuation of the coaxial (unbalanced) mode is found to be
greatly increased when the conductor is moved toward the tunnel wall but the bifilar

(balanced) mode is much less affected.

In coal mines, it may be desired to communicate at
distances up to {0 or 20 km along tunnels and
haulageways [1,2]. A rather ingenious communica-
tion technique is being developed for use in Belgian
coal lines [3]. The idea is to use a two-wire transmis-
sion line or an equivalent loosely braided coaxial
cable that can be suspended from the upper wall.
A transmitter placed in the vicinity of the line
excites a strongly unbalanced mode that normally
would propagate like a coaxial or TEM mode with
relatively high attenuation. The key step in the
Belgian system, is to convert this unbalanced mode
to a balanced mode that is much less attenuated
because the return current flows mostly in the
second wire rather than through the surrounding
rock.

Here we carry out an analysis of the propagation
characteristics for an idealized mine tunnel of
circular cross.section. The theory is developed only
for a uniform structure so that mode conversion is
not accounted .for, but in all other respects, the
problem is quite general. Some comparison is made
with relevant experimental data.

Specifically, we consider an air-filled tunnel of
circular cross-section with radius a bounded by a
lossy dielectric medium. Within this uniform tunnel
we locate a single relatively thin metal conductor of

radius ¢, whose conductivity is ¢. The situation is
illustrated in Fig. la where we have chosen a cylin-
drical coordinate system (g. ¢. =) to be coaxial with
the guide. For the interior region ¢ <a the permit-
tivity and permeability are g, and p,. respectively,
For the exterior region, the permittivity. conductivity
and permeability are . o. and j,. respectively. The
thin axial conductor is located at g = g4 and ¢ = g
its corresponding electric properties are ¢, o,. and g,
Here we restrict attention to the case 0<g,<a.
Later, we investigate the effect of a second wire
conductor that is parallel to the first,

Formulation

We now consider the complex propagation constant
of the dominant modes of the structure. Thus, we
assume that the fields of an individual mode varies
with = according to exp(—TI'z) for an implied time
factor exp(iwt). where the values of I' are to be
determined. The fields can be determined by two
scalar functions U and V that are, respectively, the
o components of (axially directly) electric and
magnetic Hertz vectors.

The current on the axial conductor can be designated
Texp(—T:z). The primary field within the tunnel
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Fig. I. (a) Geometry for single wire conductor in circular air-filled
tunnel in homogeneous earth. (b) Geometry for two arbitrarily
located axial wires within tunnel. (¢) Geometry for two axial wires
located in a horizontal plane in the upper quadrant of the tunnel
cross-section. The mean distance to the tunnel wall is a —a,

from this travelling wave of current may be derived
from the electric-type Hertz function U”. It is well
known that [4]

oo

Ur = 0% Y exp(—T'2)Ko[(73— 2 o,]. (1)
2myo

where 5= —eouow’, g4=[0"+ 05— 2000 cos(¢

— ¢o)1%, and K, is the modified Bessel function of
the second kind. The total Hertz function within the
guide can be written, U = U? + U*, where U® is the
secondary part. The latter, for the region ¢ <a, can
be constructed by superimposing solutions of the
type 1, (vo)exp(—im¢)exp(—Tz) where I, is a
modified Bessel function of the first type, v=(yj
— T}, and m is any integer.

The above constderations and the addition theorem
for Ky in (1) leads us to the representation

+ X
U= Z U,e” intid - o) (2a)
where
Um = LHQ%‘)‘ e"l“: lm(l‘Qo)
2nys
K ) (2b)
AK a0 = R, =2 g )

m I.{ta)

for the region g, <g <a. where R, is yet to be
determined. Similar considerations lead us to the
corresponding representation for the magnetic-type
Hertz function for the region ¢ <a. Thus.

+ o0

V= Y Ve imeron (32)
where
in .
V= 0 pomrs 4, 1 (r0g) L(ro). (3b)
~T7o

For the external region g >a the Hertz functions
are both made up from solutions of the form
K, (ug)exp(—I'z)exp(—im¢). where u=(y2—TI?)?}
and y2 =ip, (o, + ie, w).

For the region ¢ < a. the tangential field components
for the m’th harmonic can be obtained from the m’'th
harmonic of the Hertz functions as follows

Ey, =(imlig) U, +ipywcV,, co 4
Hy=(i73/ o) U, /Co+(iml i) V), (5)
E.,=—t*U, and H.,=—t’V, (6)

then. for example. the total axial field is given by
E:'—“ Z E:me——im(o-éo)‘ (7)
For the region g > a. the corresponding field quanti-
ties are obtained by replacing g, 73 and v by u,. ;2.
and u. respectively.

Application of Boundary Conditions

The boundary conditions at the wall ¢ = are that
the tangential fields are continuous. For the present
problem this is equivalent to applying the following
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conditions on the internal fields at p =«

Eg = Eom+ Zon Hopn 8)
Hyp= ~ YoEot o Ho, 9)
where
o, = —iml/(uta), (10)
2= — (i, 0/t) K, (wa)/K,(ua), (1)
and

= 2 up, ) K (ua)/K (ua) . (12)

As usual, the primes above denotedifferentiation of
the Bessel function with respect to the indicated
argument. The wall impedance conditions in this
form can be readily generalized to a concentrically
layered external media [4]. Here we will restrict
attention to the homogeneous isotropic external
region. We readily obtain the following explicit
results for the coefficient R, in (2b)

[()’O/U) K;n(va)/Km(Ua)] + Ym Mo + 5m ']0

R, = ; - . (13)
[()’O/D) 1m(Ua)/Im(va)] + Ym”O + bm"O
where
; 2p,-2 - 292
5o = (imlja)*[v u= ] (14)

[(76/0) Ly(va)/1(va)] +(Z,/no)

and o =ipgw/yy, ~ 1207 Q.

We now can express the axial electric field E.
anywhere within the guide in terms of the still
unknown current Jexp(—1Iz) on the wire. Using
(1), (2b), and (6). this is given by

. ingwle? .
E.=— "*l%)");r“ ¢ "[Ko(!’a,n
*- 0 (15)
3 K"I((‘u) 1 ( ) )
T (p
o m I,"(l’(l) m\'@o
. lm("@) Pl Caal 0
The boundary condition at the wire is
E.=1Z,exp(—1Tz) (16)

at p,=c¢, for all values of z, where Z is the series
impedance of the wire. Because of the assumed
thinness of the wire, we can apply this condition at
any point of the wire circumference. Thus, we choose
the matching point at g =g, + ¢, and ¢ = ¢,. Thus

(16) leads to the mode equation
— i’ pay K tral
T IR o) = A
27[76 { 0( ‘) ,"._.Z * Im“‘a)
(N

: Im(vQO) I,,,[U(Qo + Cs)]} = Zs '

The explicit result for the series impedance [4] is

— Ns IO('}‘SCS) (18)
’ 27[(‘3 Il(\/‘s(‘s) ‘

where 2 =i w(o, + ie,0) and 5, =i W/,

Extension to Two-Conductor System

We now consider the extension of the solution to the
case where two axial conductors of radii ¢, and ¢,
are present. The situation is illustrated in Fig. 1b.
Now J,. the current on the conductor at (gq, ¢g, 2). is
arbitrary, while J,, the current on the conductor at
(01, ¢1, 2), 1s unknown. By superimposing solutions
of the form (15) we can write

. 2 R
—ipgmv®
2172 e ru{IO{Ko(UQd)

z K, (va) o
M 7T (v I.(¢ im(¢— o)
n =Z_ oC Rnl Inl(l"a) ,"(LQO) '"(l Q) e

, x Km l“a)
+1, [Ko(t‘Q.n)‘ ) Tﬁ?

ms= - x

E =

z

- (19)

' In.U‘Ql) I,”(l‘g) ('“'."’(d"‘d'l)]} .

where ¢, =[0" + 05 — 200, cos(¢p — ¢po)1} and @
=[0? +0i =200, cos(¢ — ¢ )]}. The two relevant
boundary conditions are

E.=lyZye " at g=go+Co. =0 . (20a)
E.=1,Z,e ™ at g=g,+c,. ¢p=0,, (20b)

where Z 4 and Z,, are the appropriate series im-
pedances. The unknowns are I, {or 1,/I,) and I'". We
can easily eliminate J, to yield a mode equation.
This can be written as follows

AO Alt

=0,
B, B, 2




61

310 JoR. Wait and D. A, Hili

where the elements of the above determinant are

Ay = 20 TEEO0 LK (rcy)
(22)

va
- Z Rm m Im [l‘(QO + CO)] Im(l.QO)

, K, (va)
Al - KO(UQd) ZRm Im l‘(l)

m

! I,,,[l’(QO + ('0)] Im(vgl) g“'"(‘ﬁO”d’n)

Km(l’a)
BQ = KO(l Ql') '2": Rmm

: Im [l‘ Q + ('l)] lm(uao) (:_""'(4’\ — o)

Yo ~”Z
B‘ =12 sl
re o

mlta)
_.ZR’” I (( Irrr[l(Ql+‘l)} Ilel
n (23), g is evaluated at g=g4,+ ¢y and ¢ = ¢,.
and in (24), g, is evaluated at g =9, + ¢, and ¢ =¢,.
In the case of identical wires we have: Z o =2Z,, =Z
In what follows this assumption will be

+ Ko(l’( ‘)
(25)

Co=0; =C,
adopted.

For the high-frequency modes of interest we expect I’
to be of the order of y, =ik, where k= w/c is the free
space wave number. Also, the bounding medium
will have a conductivity and/or permittivity suf-
ficiently high that [y,a| > 1. Invoking these assump-
tions, we can approximate (9) and (10) as follows

Z, = (ip )y + kD (26)
and
Y= 92 /lip. o2 + k5. 27

Also, in most cases at high frequencies. the con-
ductivity of the metal wire will be sufficiently high
that both |y,¢ > 1 and o,> ¢,. Then from (18) we
can obviously write

2>, 20 ) (1 + Di(2nc,). (28)

With the simplifications indicated. some numerical
solutions of (21) have been obtained. The actual
computer program utilizes the approximations in (26)
and (27) only when |y.a| is sufficiently large and
utilizes the approximation in (28) ¢ is
sufficiently large in order to keep the frequency range
completely general. Of particular interest are the
modes that have a transmission-line character as the
frequency is lowered. As we shall see, there are two
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Fig. 2. The normalized attenuation rate as a function of frequency

for the coaxial and bifilar modes for a wire conductivity
a,=10° mhos m

classes of these: in one case the current ratio J, /I is
approximately + 1 and in the other case the ratio is
approximately — 1. For obvious reasons. these are
designated the coaxial and bifilar modes, respectively.
Actually. in the unlikely case that g, =g,. we have
exactly J, = +I,. Using an adaptation of Newton's
method, solutions of the desired type have been
obtained for the specific configuration shown in
Fig. Ic. This is considered a reasonable idealization
of the situation encountered in practice where the
transmission line is suspended from the tunnel wall
but offset from the centerline. An example is shown
in Fig. 2 where the following parameters are assumed:
a=2m.e,= 10¢,.0,= 10”2 mhos/m, o, = 10°mhos/m.
c,=10"*m=1 mm. and d =0.02 m =2 cm. Various
values of the ratio a,/a are shown for the coax mode
but only the value 0.8 for the bifilar mode. Actually.
in the latter case. the corresponding values for 0.9 and
0.6 are indistinguishable. The attenuation of the
bifilar mode is also nsensitive to the onentation of
the two-wire line, and an approximate attenuation
expression which neglects tunnel effects is given in
the Appendix. Here the real part of I'a, which is
proportional to the attenuation rate, is plotted as a
function of frequency from 0.2 to 200 MHz. The
increase of the coaxial mode attenuation as the wire
conductor approaches the wall is apparent. Also
Mahmoud [5]. in his numerical studies of the
rectangular guide, has confirmed this effect. Actually.
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Fig. 3. The normalized attenuation vate as in Fig. 2 but for
o, = 10° mhos/m

the attenuation rates are quite dependent on the
assumed wire conductivity. As illustrated in Fig. 3,
the fosses are greatly increased when g, is assigned the
value of 10° mhos/m corresponding to a steel cable,
for example. Actually, the dependence on the other
parameters, such as ¢, and d, is not so severe.

For the geometry of the tunnel guide considered in
the preceding example, we can expect higher-order
waveguide modes to appear when the [requency
exceeds the cut-off value for the empty tube. This
oceurs approximately at 50 MHz in this case. For
higher frequencics, we can expect the situation to be
quite complicated. However, it appears we can
always identify the coax and bifilar modes as the
ones that are significantly influenced by the location
and the series impedance of the wire conductor.
Modes that do not depend on the wires have been
considered elsewhere by the authors and by Mah-
moud [5].

Now we can make a specific comparison of our
calculated results of the attenuation rates with some
experimental data published by Deryck [6] for
coaxial and bifilar mode propagation in a tunnel in
Lanaye. Belgium. The actual tunnel has a total
height of the order of 4-5m and the width is of the
order of 3-4m. The comparison is indicated in
Fig. 4, where the abscissa is the distance of the
transmission line from the tunnel wall and the
ordinate is the attenuation rate in dB per meter. The
calculated results use the same parameters as in

dB/100m
601"

401
30r

20t

i S
160 80 40 20¢cm
DISTANCE TO WALL
Fig. 4. Comparison of caleulated (solid curves) and Dervek's
observed (broken curves) data of attenuation rate as a function of
the distance of the transmission line from the tunnel wall, Curves
a and b are for the coaxial mode for 27 and 68 MHz, respectively.
while curves ¢ and d are for the bifilar mode for 27 and 68 MH,

Fig. 2. As both the experimental and the theoretical
curves show, there is a strong dependence on the
proximity of the tunnel wall for the coaxial mode at
both 27 and 68 MHz On the other hand. there is
virtually no dependence on the location of the
transmission line for the case of the bifilar mode.
This. of course. is an attractive feature for long
distance communication. As Deryck [7] indicates,
conversion from the easily excited coaxial mode to
the bifilar mode permits efficient point-to-point
communication, even when the transmitting and. or
receiving antennas are not closely coupled to the
transmission line,

Concluding Remarks

In our analysis. we have adopted an idealized
circular cross-section for the tunnel. Thus, strictly
speaking, the calculated data are not valid for actual
tunnels or haulageways in operational mines. How-
ever, it is interesting to note that the present results
for the coaxial and bifilar modes are very similar to
corresponding calculations carried out by Mahmoud
for rectangular tunnels. Unfortunately, an exact
modal analysis for the rectangular shaped tunnel is
only possible when the side walls are either perfect
electric or perfect magnetic conductors. Nevertheless,
the principal characteristics of the coaxial and
bifilar modes are very similar in the two geometries.
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This suggests that the derived characteristics are
qualitatively valid for non-circular tunnels provided
the cross-sectional area is approximately the same.

Appendix

Since the tunnel has only a small effect on the bifilar mode. it is
possible to derive an approximate expression for the propagation
constant by considering only the primary fields of the two-wire
line. The current ratio 1,/l, is approximately ~ 1. and the mode
equation reduces to

dy— A, =0, (29
where
v 2nZ
Ap= 1Y it Kolrey)
ot
and

A= Kotre)).

Since ) is approximately equal to the wire spacing d and the
modified Bessel functions can be replaced by the log term in the
small argument expansion, (29) can be solved for I": ie.

2nz,

a7 (30)
YolloInld/c)

=yt +

where Z, is given by (18 or the simplified form in (28). The above
expression for I was actually vsed as a starting value m the
numerical determination of I” by Newton's method. Unfortunately,
no such convenient expression is available for the couaxial mode.
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Excitation of monofilar and bifilar modes on a transmission line
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We consider the excitation of monofilar and bifilar modes on a transmission line in a circular tunnel
by a short dipole antenna. As expected, the monofilar mode is excited more strongly by an antenna
placed in the tunnel, but the bifilar mode has lower attenuation. The excessive losses in the
monofilar or coaxial mode are attributed to the return current flow along the tunnel walls, In the
bifilar or transmission-line mode the fields are more confined to the region of the wire conductors.

I. INTRODUCTION

In coal mines it is desirable to communicate for long
distances along tunnels and haulageways. An ingenious
communication technique which is being developed for
use in Belgian coal mines!*? utilizes a two-wire trans-
mission line that can be suspended from the upper wall.
A transmitter placed in the tunnel excites mainly the
monofilar mode which propagates like a coaxial or TEM
mode. The key step in the Belgian system is to convert
this mode to a bifilar mode which is less attenuated
because the return current flows in the second wire
rather than through the surrounding rock. This mode
converter, in its simplest form, *+? is often just an in-
ductance inserted in one line and a capacitor inserted
in the other so that the monofilar mode is transformed
into the bifilar mode. The monofilar mode could also be
called the balanced or symmetrical mode, and the
bifilar mode could be called the unbalanced or asym-
metrical mode. In other cases, this conversion is
achieved by random imperfections in the system such as
nonuniformities in the tunnel cross section and/or
changes in the wire spacing. Here we consider only the
excitation of the modes on an idealized uniform
structure,

The propagation constants of these modes have been
examined by Mahmoud® for a rectangular tunnel and by
Wait and Hill! for a circular tunnel, Here, we examine
the excitation of these modes by an electric dipole in a
circular tunnel containing a two-wire line. The same
principles would apply to the excitation of the corres-
ponding type modes on a single braided coaxial cable
that is often used in mine communications. ® However,
we do not consider this situation explicitly here.

il. FORMULATION

The geometry, of the tunnel and the source dipole of
moment P in the plane z=0, is shown in Fig. 1. Con-
sequently, the source current density J, can be written

J,(p, ¢, 2)=Pb(p ~ p,)6(d - $,)6(2)/p, (1)

where 0 is the Dirac delta function. As indicated cy-
lindrical coordinates (p, ¢, z) are adopted so that the
source is located at (p,, ¢,,0). This current source
produces an axial electric field E_(p, ¢, 2) that can be
determined by an application of the method of re-
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“ciprocity, The method was used by Mahmoud® for a

rectangular tunnel containing a single axial conductor.
The technique of exploiting the reciprocity theorem has
been used extensively in the calculation of excitation
efficiencies for VLF modes in the earth-ionosphere
waveguide, "8

We will also determine the wire currents [ (z) and
1,(z) excited by the current source at (p,, ¢,, 0). These
wire currents are indicative of the strength of the
excited monofilar and bifilar modes.

To facilitate our analysis, we write the axial current
density for z>>0 carried by the wires J, in the form

Jg(p’ ¢y Z) = exp(- LBZ)p'I[IOtS(p - 00)5(¢ - %)
+1,6(p = p,)5(¢ - 9,)), (2)

for a time factor exp(iwt). Here ig is the propagation
constant of a given mode on the structure. The total
field e of this current can be separated into transverse
and axial components in the following manner:

e(p, ¢, 2)=exp(~ i32) {I,le(p, &, B) + 2 4(p, &, B)]
+1,[ey(p, &, 8) +2e,.(p, ¢, B} (3)

Explicit field expressions can be derived from z com-
ponents of electric and magnetic Hertz vectors? and will
be given later.

We now apply the reciprocity theorem? to the current

FIG. 1. Geometry for two wires and a source dipole in a cir-
cular air-filled tunnel in a homogeneous earth,

Copyright © 1974 American Institute of Physics 3402
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densities given by Egs. (1) and (2) and their fields to
yield the following:

oo

T 3p 0 2) yep, 8, 8)
-1,e,(p, ¢, B) exp(~ iBz)p dp de dz
=0 [T [T TLe, 6, 2E o, ¢, 2)pdpdddz. (4)
The integrations in Eq. (4) can be carried out to obtain
1,P - e,(p,, ¢, B)+ 1, P- €,(p,, b,y B)
=1, [ E (0o b0 2) exp(=iB2) dz +1, [ E(py, ¢y 2)
Xexp(—iBz)dz
ALE (P by B) + 1LE,(Pys 4, B), (5)

where E, is the Fourier transform of E_ . Since /; and
I, are arbitrary at this point, we can derive the
following from Eq. (5):

E,m(pm (po, ﬁ)ZP' em(P,,, d)a) ﬂ))
E’gu(pl) ¢‘1y ﬁ) =P eu(pa’ ¢a, B)-

In order to obtain the induced wire currents, I,(z) and
1,(z), we write them as Fourier transforms

(6)

I(2)= —211?[ I'(B) exp(ifz) dz,
- (n

1;(2)3“2‘1;/ I;(B)exp(iBz)dz.

The boundary conditions at the wire match points re-
quire that

E (po + ¢, $g, B) +I5(B)e 0Py + €, &, B)

+I(BYe n(pg + €, 04, BY=1((B)Z (8)
E(py+c, &y, B) +I4(B)e (P, + €, by, B)

+I(B)e (o, + ¢, &, ) =L(B)Z,,

where
_ M Llyse) o _ lop
s 2me Il(y,c)' Vs TIOHT,, M, = Ve

) 0, is the wire conductivity, and ¢ is the wire radius.
The above expression for the wire series impedance per
unit length!®'!! Z _is actually an approximation which is
valid for |y,12>> |B|%. For sufficiently small values of
¢, Eq. (6) can be substituted into Eq. (8) to obtain

AxB)  A,(B)
By(B) B,(B)

-P: eto(pa; 4),,1 B)\ , (9)
-P eu(pay ¢a; B)

18| _
1(8)

where

AgB)=e(py+c, by, B) - Z,,

A(B)=e,(py+ c. g, B),

By(B)=eolp, + ¢, ¢y, B),

Bi(B)=eylp, + ¢, ¢,,8) - Z,.
Using Cramer’s rule, I;(8) can be written

I{B)= [~ B,(B) P+ & (p,, 9, H)

+4,(B) P ey(p,, ¢, B AT, (10)
where A(8)=A4(B)B,(B) ~ A,(B)By(B).
A similar expression can be written for I{(8). The
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zeros of A(B) are the characteristic values B, of the
waveguide modes that were examined previously, *

The wire current [(z) is ohtained by sﬁbstituting
Eq. (10) into Eq. (7) and converting the integral into
the following residue series:

Io(z) zt};z ["‘ B1(Bp)P ‘ em(pay d)a' p’)
+ALBIP €(0,, D, B)] [(dB/dB) | g, 1"
xexp(—inz)» (11)

where [ (8,) <0 and iz| is sufficiently large that the
heavily damped branch cut contribution can be ignored.
At resonance, it is easy to see that

Ii(Bp)//Ii)(ﬁp):" Bo(Bp)/Bl(Bp)' (12)

Also, for sufficiently small ¢, By(8)=4,(8). Consequent-
ly, Eq. (11) can be rewritten in the following convenient
form:

. - B,(B»)
I(z) sgn(z)zg,‘ @/48) o)

XPep,, b, B, exp(-iB,|z]), (13)

where

e¢(pﬂy d’a’ Bp):em(pa’ ¢ﬂ’ ﬁp) +Meu(par d)a’ ﬁp)‘
10(69)

Since e,(p,, ¢,, B,) can be considered the transverse
modal field normalized to unity current in wire zero,
Eq. (13) now contains the expected form of P dotted into
the modal field. The denominator of Eq. (13) and the
factor 31(5;:) have actually been computed in solutions of
the mode equation A(8)=0 by means of Newton’s method
for specific cases.* The behavior of e, is considered in
Sec. III.

11l. TRANSVERSE FIELD VARIATIONS

The transverse electric field variation of a given
mode is of interest in both the excitation problem as
shown in Eq. (13) and the reception problem, For
normalization purposes, let the current in wire zero be
unity and the other current be /{(8). For the monofilar
mode, I;(8,)~1, and for the bifilar mode, /{{8,)~~1.
The exact values emerge from the solution of the mode
equation. * All electric and magnetic field components
can be derived from z components of electric and mag-
netic Hertz vectors, II, and II¥. The transverse elec-
tric field required in Eq. (13) is

e,(0, b, B)=pe,(p, o, B)+ Pe,(p, D, B), (14)

where

_ oll, iwp ON¥
“=-T% ~% ¢

and
I o, . oll,

Coz—p—"—a—a—"i’lw# —a'z)“"
Here we have let I'=i8, and the z variation is exp(— I'2).
By substituting the known expressions? for I1, and IT*
into Eq. (14) and carrying out the differentiations, the
following expressions for ¢, and ¢, are obtained in a
form suitable for computation:
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FIG. 2. 3pecial geometry for a two-wire transmission line in
a circular tunnel.

g {re (p=p,cos(e - o)

- 1,(8) P2 CZ§(¢— ) Kl(vr);))
d

+ i‘, <—1:‘£emRm Kn(va) I (vp)+ — "lT)oA,,J >

m=0 \Y I (va) "™
X [Im(zrpo) cosm(¢p — ¢,) +11(B),(vp,) cosm(d — qbl)]].
(15)

. ﬁgg_[g (z-pgsinw—%) K.(tp.)
- (tp,

° 2aly Py
+1/(6)m.¢__9l)[( (L'p )>
Ky(va)

-2 L <;—mR —"‘——-1

T () (rp)+ z'inoAmI’m(vp)>

X [1,(vpy) sim (¢ — o)+ LB, (1p,) sinm(d — ‘1’1)]]
where p<a,

p,= 0%+ P2 - 2pp, cos( — &) /2,

Py =[p"+ p? - 2pp, cos(¢ - ¢,)]1/2,

r=(y? = T2,

€.=1, m=0
=2, m=0,

y is the free-space propagation constant, a is the tunnel

radius, n, is the characteristic impedance of free space.

and I/, and K are modified Bessel functions of order
ur. The quantities R, and &, are determined from the
tunnel boundary conditions and are given by?!

(//I)K' (va) {K (U(l ]lf*ymno ! mno

K
f(y z)['(l'(l)'l( AT Y e+ 5,

1

(18)
N _< ra) Rm—l) (imT/a)(v® = u?)
mT\I (ra) 7, {v/oreal,ea) [+ 2 /n,

y

where

(imT/a)? (e - u?y?
/o (ea)l, (e} + 2,/

8 il -

Z, == (iwp /) K (wa)[K {ua) |,
Y, = iy fupw) K () [K (e /) |

w={(y:-I2y/2,

Y2 =iwp(o, + iwe,),

w is the angular frequency, and o, and ¢, are the con-
ductivity and permittivity of the surrounding rock. In
the numerical evaluation of Eqgs. (15) and (16), the re-
quired modified Bessel functions are quickly computed
by recurrence (backward for [, and forward for K ).

In order to treat a specific numerical example, con-
sider the special geometry of Fig. 2. Let x and v be
the horizontal and vertical coordinates where a horizon-
tal two-wire transmission line of wire spacing d is
centered at p=aq, and ¢ =45°. The horizontal and verti-
cal electric field components, e and e, at the
observation point (p, ¢) are given by

e,=¢e,cos8¢ ~e, sing,
e,=e,sing +e, cose. (m

These rectangular components are the ones of interest
when considering transmission or reception with hori-
zontal or vertical dipoles. For convenience, we consider
a case for which the propagation constants of the mono-
filar and bifilar modes have already been computed®;
frequency =20 MHz, a=2 m, ¢,/¢=10, 0,=10"?% mho/m,
wire conductivity o, =10® mho/m, wire radius ¢ =10"" m,
d=0.02 m, and q,/a=0.8. Solutions of this mode equa-
tion for this case yield for the monofilar mode:

8
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FIG. 3. Magnitude of the horizontal electricul field as a func-
tion of azimuth angle ¢ for both monofilar and bifilar modes.
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Ta=5.478x10"2 + ;8. 882X 10"}, (18)
1,/1,=0.9189 L —0.898°;
for the bifilar mode:
Ta=17.809%10% + /8, 547X 10,
[/I,=~1.0127. 0,264°.

Here we have designated the wire closest to the wall as
wire zero. Note that the R (I'a), which proportional to
the attenuation, is about seven times greater for the
monofilar mode, and that the current ratios [,/I, are
close to +1 as expected. For the frequency and tunnel
size considered here, only the monofilar and bifilar
modes carry significant power since all other modes
are “cut off”,

Substitution of the numerical resulis of Eq. (18) into
Eq. (15) yields the desired field quantities. In Fig. 3, v
the normalized horizontal field ale,|/n, is shown as a
function of ¢ for p/a=0.6 and 0.9 for both modes, and
in Fig. 4 the normalized vertical field aleyl/n0 is shown
for the same cases. The field variations are rather
complicated in the vicinity of the transmission line
(¢ =45°), but the important point is that field strength
of the bifilar mode is generally down by a factor of
about 100 from that of the monofilar mode throughout
the tunnel.

In order to demonstrate that the above trends do not
depend on the location of the transmission line, we con-
sider a second example where the distance of the line
from the wall is doubled, a,/a=0.6. All other param-
eters are the same as above. Solution of the mode

3405
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equation yields for the monofilar mode

Ta=3.505%10"+i8, 610x 107!,
and (19)
1,/1,=0.9324 £ -0, 810°,
For the bifilar mode, I'a and I,/I, are virtually un-
changed from the previous values., In Figs. 5 and 6,
the normalized horizontal and vertical electric fields
are shown for p/a =0, 3 and 0.9, Again, the field
strength of the bifilar mode is generally down by a fac-
tor of about 100 from that of the monofilar mode
throughout the tunnel.

V. CONCLUDING REMARKS

We have examined the excitation of monofilar and
bifilar modes on a two-wire transmission line in a
circular tunnel. Although the circular tunnel model is
highly idealized, previous attenuation calculations! have
agreed quite closely with those of Mahmoud® for a
rectangular tunnel with perfectly conducting side walls
and with experimental data of Deryck' taken in actual.

mine tunnels,
The.transverse field variations shown in Figs. 3 and

4 illustrate the expected result that the monofilar mode

is much easier to excite or receive than the bifilar mode.

Below about 50 MHz, these are the only modes which

3406

are not cut off. However, at higher frequencies (e.g.,
greater than about 50 MHz), there are perturbed empty
tunnel modes which will propagate.
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CHAPTER 13
Gap excitation of an axial conductor in a circular tunnel

David A. Hill and James R. Wait

Insitute for Telecommunication Sciences, Office of Telecommunications, U. S. Department of Commerce, Boulder.,

Colorado 80302
(Received 13 May 1974; in final form 25 July 1974)

We consider the excitation of modes on an axial conductor in a circular tunnel by a circumferential
gap. Numerical results are presented for the power into the monofilar mode and the attenuation of
the mode. The power delivered to the monofilar mode increases as the conductor approaches the
tunnel wall, but the attenuation also increases. The results have application to systems which use

couxial cables for long-distance communication in mine tunnels.

. INTRODUCTION

In order to communicate for long distances along mine
tunnels and haulageways, it has been found advantageous
to utilize a two-conductor transmission line which will
support two types of dominant modes, ' monofilar and
bifilar. In the monofilar mode, the forward current is
carried by the transmission line and the return current
is carried by the tunnel walls. In the bifilar mode, the
return current is carried by the second conductor. The
monofilar mode has the advantage that it is readily ex-
cited (or received) by an antenna located in the tunnel,
but also the disadvantage of higher attenuation due to
loss in the surrounding rock. A key step in practical
systems is the conversion from the monofilar or sym-
metrical mode to the bifilar or asymmetrical mode.

The actual transmission line can be either a two-wire
line, as in the INIEX/Deryck® system, or a coaxial
cable. The attenuation and excitation of the modes on a
two-wire line have been studied both analytically®* and
experimentally. ? When the transmission line is a coaxial
cable, the bifilar mode propagates between the inner and
outer conductors, and the monofilar mode propagates
between the outer conductor and the tunnel walls. Mode
conversion is accomplished either discretely by spaced
slots as in the INIEX/Delogne system® or continuously
through a loosely braided outer conductor.® Here we
examine the excitation of a circular conductor by a cir-
cumferential voltage source. As far as the external
fields are concerned the conductor itself appears to be
solid metal.

In what follows, all field quantities vary harmonically
with time according to the time factor exp(iwt), where
w is the angular frequency.

II. FORMULATION ‘

A circular conductor of radius ¢, is located within a
circular tunnel as shown in Fig. 1. Since the coxductor
radius is assumed small compared to both a wavelength
and the tunnel radius a, the primary fields® of the con-
ductor current can be determined from the z component
of a Hertz vector I1°:

= [2 FQ)K(vp,) exp(~ ixz) dr : (1)
= [7 FO) 53 1L (opK (vp) expl~ im(6 - 6]
X exp(~ix2)dr (p>p,),
where p,=(p® +pj - 2pp, cos(¢ — ¢) /2, v=(\* =£})'7 p

is the free-space wave number, [ and K, are modified
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Bessel functions of order m, and F(\) is unknown at this
point. For p <p,, p and p, are interchanged. The bound-
ary conditions at the tunnel wall (p=a) are that the tan-
gential fields (E,, E,, H,, H,) are continuous. Conse-
quently, the total fields in the tunnel can be derived
from the following z components of the electric and
magnetic Hertz vectors,*” I and 11™:

1= [0 Z Lop o) = R U 1 00)

xexpl~ im(¢p - ¢,)] exp(—irz)dr, (2)

= [2FQ) 22 AN 1(vpo) n(vp) expl = im(d = o)
xexp(~ ixz)dA,

where

(ik/v)Km(va) K n(va) ]! + Yorg + Omng
(ik /o) (va) L, (va)]™ + Y,ng + 6,01,

R,(\)=

K,(va) (mr/a)(w™? = u ;!
8N =11 =R TN 7o o) [ + Z, /e

(mr/a)? (2 ~u?)?
= R/ L) + 2, /0,

Z,=-(iw uo/u)K,;(ua)[K,,.(ua)]'ly

Y, =k /iwp)K! (va)lK,(ua) ],

u= (Aa - ks)lla’

and k3= - iwuylo, +iwe,).

FIG. 1. Geometry for an axial conductor in a circular tunnel.
The conductor is excited by a gap at 2=0,

Copyright © 1974 American Institute of Physics 4774



The conductor is excited by a gap of width 24 centered
at z=0. In the gap, the electric field E, is approximate -
ly given by V/2d, where V is the gap voltage, In order
to determine F()) in Eq. (2), we assume that E, and the
conductor current I{z) satisfy the following impedance
relationship for all z:

E,=(V/2d) p2) +Z ,Kz) atp,;=c,, (3)
where
pala)=1, |z|<d
=0, lzl>d.

Z, is the series impedance per unit length which is ex-
plicitly given by®

_ s I{iksc,)
2nc, L(ik,c,)’

where k2= —iwp,(0o, +iwe), N,=wpy/k,, and o, and ¢ are
the conductivity and permittivity of the axial conductor.
The following expression for E, at the match point

(¢ = ¢y, p=p, +¢,) can be derived from Eq. (2):

(v 57
= + —)
82*’) L’:

-fm v*F(A) exp(— i)\z)(Ko(ucs) —; R,(\) (5)

Z, (4)

pRPGICs
=0,

:Pows
=0,

E"

 Knlva)
I(va)
The current /(z) can be determined approximately by
examining the azimuthal magnetic field H, around the
conductor. Thus

1 (vpo) Llv(p, + cs)]) dx.

¢ on
fiwky 8P,

Kz)=~2mc H, =2nc

247

fmvF(A)Kl(vc,)eXp(-iAz)dh. (6)

w0

kz
o _zn’cs lw
0

Since ve, is small, Eq. (6) reduces to

2"k f F(\)exp(=irz)da (7

1(z)~

The following expansion for the source function in Eq.
(3) is also useful;

2d i )= 21;[

By substituting Eqs. (5), (7), and (8) into Eq. (3), we
can solve for F());

sin(Ad)

Ad (8)

exp(-irz)dx.

F\) = "T‘(/;T sm()\d) (9)
where

va)
a)

D(\) = v? <K (reg) - Z R (A) 1 (vp ) [v(p, +c )])

4 2Tk 4
Mo

(

s*

The zeros of D()\) are the characteristic values of the
waveguide modes A, which have been examined previous-
ly.” There is also a branch point at A =k,, but the branch
cut contribution corresponds to lateral waves in the
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lossy external medium and is heavily damped. Conse-
quently, the branch cut contribution can be neglected

for most applications (sufficiently large | z!). In evaluat-
ing the x integrations in Eq. (2) by the residue theorem,
it is necessary to close the contour in the lower half-
plane for positive z and in the upper half-plane for nega-
tive z with the following results:

=iV,

3

sin(A,d) exp(—ir,l2l)
A d D’(A,)

X Zn: exp["""(‘p - ¢o)]1m(vsp0)

X(Km(vsp) =R,(x,) Eﬂﬁ)l Im(t)sp)),

I (v,a

sm(k d) exp(—irgl 2l)
D'(x, )
X; exp["' 7m(¢ - ¢o)] Am(xs) Im(vspo) Im(vsp)’

where v3=2AZ - %,

(10)

"™ =iVsgn(z );

sgn(z)=+1, 2z>0,

=-1,
and the branch cut contribution has been neglected., The
actual field components are given by

(k’ az)n, H,

2%
azap
iwey 1
p 3¢
9%l
zd¢

H,a:—lwoaaI; +

z <0,

lwu an

o ¢’
a’n™
azap’
an”
ap
1omm
pozdg

11l. CALCULATION OF POWER

In order to judge the effectiveness of the modal excita-
tion, it is useful to calculate the power which is supplied
to the waveguide modes by the source gap. The total
power supplied to the tunnel is most easily determined
by integrating the Poynting vector over the entire axial
conductor and tunnel wall surfaces. The p component of
the Poynting vector S, at the tunnel wall (p=a) is given

by
Sy=(EH} -E H})

E,=

o=

(11)

E,= +iwp, ’

1
pd

(12)

p=ay

where * denotes complex conjugate and the usual factor
of § is omitted because rms values are assumed for the
field quantities. The normal component of the Poynting
vector S,. at the conductor surface is approximately

given by
S, =—(E H%) -(z,/27c,) Kz) *(z). (13)

From Eqgs. (7) and (9) and the residue theorem, I(z) is

ﬂ:c

27kV « sin(rd) exp(~ir,lzl)
(z) = . 14
() == 2 W] D'(x,) (14)
The total power P is given by
P=P,+P,, (15)
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where
P,=2 [ [*Re(S)adodz,

P,=-4rc, [” Re(S,)dz,

Re indicates the real part, and the evenness of S, and
S, in 2 has been utilized. The azimuthal symmetry of

S, in ¢’ has also been used in P,. To simplify the
following numerical results, it is useful to set d equal
to zero. The singularity in the susceptance due to a
delta-gap source is well known in linear antenna theory,®
but the delta gap presents no problem in the calculation
of real power here.

When the actual field expressions are substituted into
Eq. (15), the ¢ and z integrations are easily performed
. because only exponentials are involved. The resultant
forms for P, and P,, are

YA 1
Mo 7 D)D) (N - a})

X%: Im(vspo) Im(z{"po)nl {[vpznoqm(xp) IM(UPa)]*
x{mr, K, (v,a)[1 = R, (\,)] +ikavnes, (A )L (v.a)}

P= (16)

+ [m)\,noAm(J\,) I (v,a) +ikav, (K,;,(u,a) -R,(,)

X K_Imm(('i:e:)_ I,;(v,a))]* (VK (va) (1 - Rm(h,)]}}

and
1

2v? 2 (z
= — (27k = : .
Pu Mo (27k)"Re Mo sz ;D'()\S)D'()\,)*i()\s—x:))
In a lossless waveguide, the modes are orthogonal and
the cross terms in the summation (s # p) have no contri-
bution. However, for the lossy waveguide case,® this
is not necessarily true.

If only the total power P is desired, it can be derived
in a simpler manner by integrating the Poynting vector
over the source gap. For d=0, this is equivalent to
multiplying the real part of the current at z=0 by V.

o

T 1 T T 7171

{dB/m)

T

AT TENUATION
; ()
T

1 [ W ]

I 2 5 10 20
FREQUENCY (MH2)
FIG. 2. Attenuation of the monofilar mode as a function of

frequency for three conductor locations. The experimental
curve corresponds to py/a=0,85,

4776 J. Appl. Phys., Vol. 46, No. 11, November 1974

Consequently, from Eq. (14) the total power is given by

~ VR 1.
P=VRe[l(0)] = —= ;RG(D'(AS)) Y

Strictly speaking, Eq. (14) is not valid in the gap

(Izl <d), but the same result for P in Eq. (17) can be
obtained by rigorously integrating the Poynting vector
over the gap and letting d approach zero. '°

We now consider a numerical example which is appli-
cable to the use of a coaxial cable in a mine tunnel, The
following tunnel parameters are assumed: a=2m, ¢,/¢,
=10, and ¢,=10"% mho/m. The conductor parameters
are o,=10° mho/m and ¢,=0.35 cm, where ¢, is a fair-
ly standard value.® The frequency range of interest"® is
roughly 1—-20 MHz. In this frequency range, the per-
turbed empty tunnel modes are essentially “cut off’ and
can be neglected. However, at frequencies above about
50 MHz they can be important and their attenuation has
been studied. ™ The first step is the numerical solution
for the characteristic value of the monofilar mode, A,
from the equation D(A)=0. Newton’s method has been
used to solve this equation with the advantage that the
solution automatically yields D'(x,) which is needed in
Eq. (16). The attenuation a, is given by

a,;=8.686Im(~x,) (dB/m), (18)

where Im refers to the imaginary part. The attenuation
as a function of frequency is plotted for three values of
po/a in Fig. 2. Also plotted is an empirical curve for
a, which is derived from coal mine measurements,® The
tunnel shape was different, but the separation between
the conductor and the wall was 0,3 m which corresponds
to the p,/a=0.85 curve. Considering the uncertainties
in the parameters, the agreement is quite good. The in-
crease in attenuation with increasing frequency and de-
creasing wall conductor separation has been noted both
experimentally® and theoretically, "'

The preceding values of A, and D’(\,) can be used to
calculate the power into the monofilar mode as given
by Eq. (16) with only the s =p =1 term included or by
Eq. (17) with only the s =1 term included. Higher-order
modes should be negligible because they have large
negative imaginary parts of A;. The normalized power
is shown in Fig. 3 for the same parameters as used in
Fig. 2. It is interesting that there is a slight local
maximum at about 7 MHz which was determined by a
different analysis to be the optimum frequency in the
braided coaxial cable system.® The total power and the
power into the conductor are shown as a function of p,/a
for 7 MHz in Fig. 4. As expected, the power lost in the
conductor P, is a-small fraction of either the total
power P or the power lost through the tunnel walls P,.
The attenuation is also shown and is seen to increase as
po/a increases,

1V, CONCLUDING REMARKS

We have examined the gap excitation of modes on an
axial conductor in a circular tunnel and given numerical
results for the monofilar mode. For the range of fre-
quencies and parameters of interest in mine communica-
tions, the power into the monofilar mode is increased
as the conductor approaches the wall, but the attenua-
tion also increases. Although the circular tunnel is
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FIG. 3. Power supplied to the monofilar mode as a function
of frequency for three conductor locations.

highly idealized, attenuation results®” have shown good
agreement with theory for a rectangular tunnel'® and
with experimental data taken in actual mine tunnels.’

The results here have application to coaxial cable
systems for both discrete slot excitation and continuous
excitation as through a leaky outer braid. However, a
useful extension would be to solve a more complicated
modal equation including directly the effects of the
dielectric filler, the braid, and the jacket of the cable.

In this paper we have not considered the effect of the
higher-ordgr modes in the tunnel. A numerical evalua-
tion of Eq. (17) for all integer values of s is needed to
specify the fofal power supplied by the gap in the outer
conductor of the coaxial cable. Also, for a complete
systems design, we need to analyze the coupling of all
the modes inside the coaxial conductor with all the
modes in the tunnel region. These tasks are now occupy-
ing our serious attention.
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CHAPTER 14
Electromagnetic fields of a coaxial cable with an
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David A. Hill

Institute for Telecommunication Sciences, Office of Telecommunications, U.S. Department of Commerce,

Boulder, Colorado 80302

James R. Wait*

Cooperative Institute for Research in Enviromental Sciences, University of Colorado/NOAA, Boulder,

Colorado 80302
(Received 5 May 1975)

An expression for the gap admittance of a coaxial cable within a circular tunnel is derived using a
quasistatic method. Coupling between the TEM mode within the cable and the monofilar mode within the
tunnel is computed, and 25% of the cable power is typically transferred to the tunnel from a single cable
gap. The results have application to the use of leaky coaxial cables for communication in mine tunnels,

PACS numbers: 84.40.N

I. INTRODUCTION

One method of communication along mine tunnels
utilizes a two-conductor transmission line which will
support two dominant modes designated as monofilar
and bifilar.? If the transmission line is an ideal coaxial
cable, the bifilar mode is simply the TEM mode within
the cable. In the monofilar mode, the forward current
is carried by the cable shield and the return current is
carried by the tunnel walls. The monofilar mode is
readily excited or recieved by an antenna in the tunnel,
but suffers from higher attenuation due to loss in the
surrounding rock,? The INIEX/Delogne system?® utilizes
a circumferential gap in the cable shield to achieve con-
version between the two modes.

In order to gain a quantitative understanding of this
mode conversion, we examine such a coaxial cable in
an idealized circular tunnel. The fields external to the
cable for this geometry have been analyzed previously,*
Here we consider the complete problem of coupling from
a TEM mode inside the cable to the modes in the tunnel,
particularly the monofilar mode. This situation is il-
lustrated in Fig. 1 and is described in more detail
below.

The gap voltage and field distribution are not assumed,
but are determined from a quasistatic method similar
to that employed by Chang® and Hurd® in a free-space
analysis. The final result of our analysis is an ef-
ficiency factor for the coupling between the TEM cable
mode and the monofilar mode. This is an essential
parameter in the design of such systems for
communications.

1l. GAP ADMITTANCE

We first derive an expression for the gap voltage when
a TEM wave within the coaxial cable is incident upon the
gap. The cable geometry is shown in Fig. 1 with re-
spect to a cylindrical coordinate system (p, ¢,z). The
solid inner conductor of radius « and the shield of radius
5 and of negligible thickness are agsumed to be perfoct
conductors, The insulation (¢ < p < b) has permittivity
€. A circumferential gap in the shield is centered at z
= 0, The circular tunnel of radius ¢’ is also shown in
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Fig. 1 with respect to a tunnel-centered cylindrical co-
ordinate system (p’, ¢', z). The tunnel region for p’ <«
and p> b is characterized by zero conductivity and free-
space permittivity ;, and the external region p’ > o’ is
characterized by conductivity o, and permittivity e,.
Free-space permeability u, is assumed everywhere.

fFinally, we note that the axis of the coaxial cable is

located at p,, ¢,.

We first consider the fields in the tunnel (p’ <a’),
but external to the cable (p>b). If the cable radius is
small compared with a wavelength and the tunnel radius,

4
&
1 F-\
z CF./
—\H\\{"Po
\ A
o )
__——'L"“r
%Mo
~ i N ,
“%¥o AllPel e
ZO [} | —p=Q
T
re >
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4 e
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U} cioenT wave

FIG, 1. Coaxial cable with an interrupted shield contained
within a circular tunnel. A TEM incident wave is propagating
in the positive £ direction, (Note drawlng {s not to scale since
» 18 much smaller than a’,) Gap is looated al 2=0 or £’ =gy,
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the primary fields can be derived from the following
electric Hertz vector that has only a z component I1,,

1,= [ F(NK,(vp) exp(= iAz) dA, (1)

where v= (N = 2/2) b= w(le) /%, K, is a modified
Bessel function of zero order, and F(x) is unknown at
this point. The time variation of all field quantities is
exp(iwl), where w is the angular frequency. The second-
ary fields are determined by applying the boundary con-
ditions that the tangential electric and magnetic fields
(Ez,,Eo,,H ,H,,) are continuous at the tunnel wall (p’
=a’). As indicated before,? the total fields in the tunnel
region can be obtained from electric and magnetic
Hertz vectors that have only z components II, and II ..
These are given explicitly by

n,= /: FN{K,(0p) - 25 R (MK, (va’)/ I (va")]

XTI (ep)l (vp") exp[~ im(d — d,)]} exp(~irz)anr,
W= " FO) &, 8, (N, (e, (0p")

Xexp[- im(¢’ ~ ¢p,)] exp(- irz)dA,

where

(2)

_ (iko/l‘)lam(‘l'(l')/Km(Uﬂl) + Ymn0+ OmnO
m iko/ ) (va' )/ 1, (va')+ Yo+ 0,m

5 1= ¥ a P (w?-u?)
m10 ™ [(iko/ v) 1;(1)(1’)/1"‘(1»(1 1+z /0,

R

7 =~ (fwp /)K" (ua’)

m K _(ua') !

v (k¥ iwpg)K! (ua’)

mT K _(ua’) !
=¥ =RME Ri=—dwpg(o, + iwe,),  To=(Hy/e)' /2,

I, and K, are modified Bessel functions of order i,
and the summations on m run over integers from -
to <, The explicit expression for A _(A) has been given
previously® but is not required here.

In order to derive the desired Green’s function, we
consider first a delta gap at z=0, The axial electric
field E, at p=1» is thus given by

E"p=b: Vﬁ(z):(V/Zﬂ)J::exp(—(f)\z)({,\, (3)

where V is the delta gap voltage and the second expres-
sion is the integral representation of a delta function.

We can also determine E, by operating on II, and evaluat-
ing the expression at an equivalent point, ¢’= ¢, and
p'=p,+b. Thus

2y 2
E kg +
z pl:po’b ( 8z2> pl,,poob
#=0g o*=0,
= —[ " F(MD()) exp(- irz) d2, (4)

where

DN = * K (0b) = 27 R (VK (va')/ ] (va’)]

XIm(lypO m[l’(p0+b ]}‘

By equating (3) and (4), F(X) is found to be

F(\) =~ V/21D(}), (5)

The azimuthal magnetic field in the unprimed space H
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is given by
an, , 1 21
H =3 g 4~ i} 6
¢ W ap p dzag’ (6)

Now it is convenient to define an average magnetic
field evaluated at p=b:

H,=(27) -1f2’H " (7)
Then H is approx1mately given by
- ol °
= iwe, | siue, I v F(VK, (v]) exp(~ irz) 2, (8)

bearing in mind that b is small compared with the wave-
length. By introducing Hankel functions of the second
kind H{* and H® and using (4) and (5), H, in (8) can be
rewritten

= iwe, Vo " HP () exp(—ikz)

Ho="3 L ARP @) + A @
where

A(A):% 2R ()\)K ((”(‘,' I_(vp M [v(p,+b)],

B=—iv= (k2 - \)1/?,

We now consider a finite gap of width 6 centered at 2
=0 with a voltage V and an electric field distribution
ﬂz The field distribution is normalized such that

fo/zﬂz)dz»«l (10)

From (9), it is seen that the external field #, can now
be written as an integral of a Green’s function over the

gap

Hy=(v/210) " {(2)Glb, 2, 2') dz, (11)
where
. H®(Bb) exp(~ixlz - 2’1)
G,(b, 2, 2") = iwe, J.; AHE () + AV] dnx.
The internal magnetic field at the gap (p=1>0") can be

written as the sum of an incident TEM mode and an in-
tegral over the gap:
I, v

’ ? ’ (
H =57b 52 exp(— jkz) + 775 e f(2)Gb,z,2')dz, (12)
where k= w(p.€)/?, I,=27bh,, h, is the incident magne-
tic field at the center of the gap, and G(b, z, z’) has been
given previously. ? By equating (11) and (12) we obtain

the following integral equation for Flz):

i
o =2 axpl(- ik 2)
v oo, :
ey F(2)Gy(b,2,2') - Gb,z,2')]dz =0. (13)
.6/ 2

This integral equation is of the same form as that ob-
tained by Chang® and Hurd® and by Wait and Hill"+® for
a coated cable, However, Gy(b, z,2'), as given by (11)
is considerably more complicated because it includes
the effect of the tunnel boundary.

In order to solve (13), we employ a quasistatic method
which assumes that 6 is small compared to a wavelength.
Some of the details are omitted because the procedure
is the same as that employed for the coated cable in {ree
space.® As it turns out, G,(b, z, 2’} can be approximated

D.A. Hill and J.R. Wait 4353
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in the following manner:
Gylb,z,2")
HP ()

:i“’%u:%(m‘ -

2(Bp)+ A(X) 1') exp(=iX|z - 2’ |)dx

+1‘J‘ }Bexp(-'i)\lz—z’[)(i/\] (14)

T2 [ HP(E)
= i S \gor e ) AN - 2K (kg | 2~ 2/
’“'E“U: i (Ho“)(ﬁb)+1\(>t) A= 2K {iko| 2= 2'])
= 2iwe [N, +1In| 2~ 2 | + In(Sk,) + C)
= 2iwe, Inlk, |2 - 2],

where k,=sk,exp(C+ N,),

"1 HP (86) . in
N°:f0 E (Ho""’(BbH A “"> "

and C=0.5772-++ is Euler’s constant. Since the interior
problem has already been solved, we merely restate
the desired approximation® for G(b, z, 2'),

G(b,z,2')~ - 2ew (1nx|z—z'[+-2—k—b¥ll?]—(l)—/—(-7—)> , (15)
where
k=[a/(b —a)]expN,
[J,(usa) P >
N= E( bs [ (10] - [Jo(u )T
Ug= (k2 - X:’;)l/2’

J, is the zero-order Bessel function, and A, is the
propagation constant of the s-order evanescent TM
mode. Since the dependence of G, and G on z and 2’ has
been reduced to Inl z - 2’|, (13) can be solved for f(z’):

. 5/2
f(? )_71[(5/2)2—(2')2]1/2 ’

where it has been noted that f(z’
behavior as 1z — 6.

By substituting (14)—(16) into (13), it is possible to
relate V to I, in terms of a total gap admittance ¥, which
is the sum of an external admittance ¥, an internal
admittance Y;, and a small capacitance term (wC,. Thus

(16)

) has the correct edge

V==L Vii=-1(Y,+ ¥, +iwC,)™, {17
where

gwcozg%t’-’ (1 +§;> In(2), (18)

¥,= - g‘—l’—l"(&b— [m (%-Q) N, C] , (19)

1,":%@ -ig,,f—b[m(z(h‘"'in)) +.v], (20)

and where Y =27 [nln(h @) and 5= (p,/e)/%. ¥, is
the characteristic admittance of the TEM mode in the
cable. The expression for V in (17) is used in Sec. III
to derive a coupling factor between the cable and the
tunnel,
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111, POWER COUPLING FACTOR

At frequencies of most interest to mine communica-
tions (< 50 MHz), most of the power supplied by the
cable gap to the tunnel goes into the monofilar mode,
Also, the small amount of power which goes into the
waveguide modes and the continuous spectrum is rapidly
attenuated away from the gap because the waveguide
modes are evanescent and the continuous spectrum cor-
responds to heavily damped lateral waves in the lossy
rock walls. Consequently, we consider the useful tunnel
power to be the power in the monofilar mode £,. Thus
we defline a power coupling factor C  as the ratio

Cm:Pm/PTEM, (21)

where Ppp,=1%111%/ Y, is the power in the coaxial cable
incident on the gap.

The propagation constant of the monofilar mode A,
has been computed for a wide range of parameters from
the mode equation?

D()) =0, (22)

where D(A) has been defined in (4). For small gaps, the
power in the monofilar mode is given by*

Pa= 3 |V Re (D'(ho )
zjyk lYljz Re(D'(&,» ’ (23)

where (17) has been used in obtaining the second expres-
sion for P,. By substituting (23) into (21),

C, =21k, Y,Re[1/ D' () | ¥, |, (24)
If we had considered all power external to the cable as
useful power, as assumed by Delogne,” the external
coupling factor C, would have been

C,=Y,Re(Y,)/ | Y,|2 (25)
In general, C_<C,, although for frequencies well be-
low 50 MHz the difference is small, in some cases,

IV. NUMERICAL RESULTS

Before considering a specific numerical example, we
must consider some computational aspects involved in
evaluating N, as given by the integral in (14). In order
for the integral to converge, A(X) must approach zero
more rapidly than H,‘? (@) as A~ =, By employing
asymptotic expansions, the ratio for large A is found to
be

N/ Hy® (8b) ~ f(X) exp - 2Ma’ — p, - b)], (26)

where f(}) is algebraic in A, Note that (' - p, - b) is the
distance from the edge of the cable to the tunnel wall.
If A, is the actual upper limit used in the numerical in-
tegration, then (26) implies that A {a’ ~p,—b)>» 1. If.
this condition is satisfied then the asymptotic behavior
of the integrand is the same as in the free-space case.
However, even then it is required that A,b> 1 for a
small truncation error and that A,6<« 1 in order to
neglect the factor exp(~iAlz -~ 2'!) in (14). In order to
he able to choose A, to satisfy ‘hese three conditions,
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TABLE I, Ny and external admittance Y.

TABLE II. N, {wCy, and internal admittance (Y,).

Free space (a’ =) Frequency N iwCy Y;
Frequency (MHz) N, Y, (mmbhos) (MHz) (mmhos)  (mmhos)

6 - 54,7 +i230, 6 1.281+¢0, 359 5 - 0,0514 0,013 10,006 +¢0,022
10 -~ 32,5+7128,6 1.428+40, 464 10 —0,0514 0,027 10,006 +£0, 044
20 ~19,29+472, 56 1,612 +£0, 620 20 -0,05614 10,054 10,006 +40, 088
50 - 9, 58+¢34, 89 50 -0, 0514 70,135 10, 006 +40, 221

1. 939 +£0, 958

In tunnel {(a’ =2 m, €,/€9=10, o,=10"? mhos/m)

Frequency py(m) N, Y, (mmhos)

5 0.0 —16,0+£270,2 1.501+¢0,144
5 1.0 -16,2+4279,2 1,551+140, 145
5 1.7 -16,9+4314,5 1. 747 +10, 149
10 0.0 -11,9+£137,0 1.523+140,235
10 1.0 -11,5+£142,0 1.677+40,231
10 1.7 -~11,0+4160,2 1,780 +£0, 226
20 0.0 -10,78+£69, 90 1,553 +¢0,430
20 1.0 — 9,86+i72,72 1,.616+10,410
20 1.7 — 8,68+£82,65 1.837+10, 384
50 0.0 -12,70+¢31,73 1.763+41,132
50 1.0 -10,11+{32,65 1.814+¢0, 988
50 1.7 — 6,04+736.68 2,038+40,726

the following two conditions must be satisfied:

6:/bx1 and 6/(a’-p,—-b)<1. 27

These are not serious restrictions, so long as large
gaps are not considered.

We now consider a numerical example which is ap-
plicable to mine communications. The following tunnel
parameters are assumed: a’=2 m, ¢,/¢,=10, and o,
=10"" mhos/m, The following cable parameters are
typical®: ¢=2.68 mm, b=1cm, and ¢/¢,=2.5. A gap
width 6 of 1 mm is assumed, but the results are not very
sensitive to changes in 6, We consider various cable
locations in the tunnel and a frequency range from 5 to
50 MHz.

Table I contains numerical values of N, given by (14)
and Y, given by (19). Note that Re(¥,) increases both
with frequency and with p,. The values for p,=1.Tm
are probably most representative of operational condi-
tions since the cable will generally be located near the
wall, For comparison, free-space results were also
computed from (14) by setting A(A)=0 and are shown in
Table I. Again Re(Y,) increases with frequency.

Table II contains numerical values of N given by (15),
iwC, given by (18), and ¥; given by (20). Note that Re
Re(Y,) is independent of frequency and Im(Y;) increases
with frequency. Since these quantities are properties
of the cable only, they are independent of p,.

Table III contains results for C  given by (24) and the
attenuation rate. The attenuation rate in dB/100 m is
given by 868, 8 Im(~ A,) where X, is given by (22). The
numerical solution of (22) is accomplished by a modifica-
tion of Newton’s method. ® Note that attenuation rate in-
creases considerably with both frequency and p,. How-
ever, € has a rather weak frequency dependence and
increases only slightly with p,, Consequently, it appears
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that lower frequencies are more advantageous because
of the lower attenuation rate which would permit a
greater distance between slots for a given signal level.

V. CONCLUDING REMARKS

We have obtained results for coupling between a TEM
mode within a coaxial cable and the monofilar mode
within the surrounding tunnel resulting from a circum-
ferential gap in the cable shield. The actual INIEX/
Delogne cable has a dielectric coating which we have
neglected here for simplicity. This simplification is not
important in the frequency range which we consider here
(5—50 MHz), but could be important at higher frequen-
cies where the dielectric coating can support a tightly
bound surface or Goubau wave.”'? The INIEX/Delogne
cable also utilizes lumped circuit elements at the cable
gap in order to control the radiated power [proportional
to Re(Y,)] and to minimize the reflection of the TEM
mode within the cable. Our calculations show that about
25% of the cable power is released to the tunnel, where-
as the lumped circuit elements of the INIEX/Delogne
cable are adjusted to release only about 107% of the
power to the tunnel.® It would be a useful theoretical
extension to modify the gap voltage expression in (17)
to allow for lumped circuit elements.

The numerical results in Table III indicate that the
decrease in attenuation of the monofilar mode with {re-
quency favors lower frequencies for coupling from the
cable to the tunnel at a significant distance from the gap.
However, the efficiency of the receiving antenna de -
creases as the frequency is decreased. Consequently,
we can expect a minimum in coupling loss at some fre-
quency, It would be a useful extension to include the
antenna efficiency and cable attenuation to enable a com-

TABLE III, Coupling factor (C,) and attentuation rate,

Frequency Po Coupling factor, Attenuation rate

(MHz) (m) C,, (B (dB/100 m)
5 0.0 23,3 3.42
5 1.0 23,7 4.26
5 1.7 25.6 7,04
10 0,0 22,8 6,04
10 1.0 23.4 8,13
10 1.7 25.6 15,50
2 0.0 22.9 9.51
20 1.0 23.6 14,1
20 1.7 26.0 31,8
50 0.0 21.7 12,0
50 1.0 23.3 20.0
50 1.7 27,0 65,0

D.A. Hill and J.R. Wait 4355



77

plete calculation of path loss between two antennas in the
presence of a cable with arbitrary gap locations, These
extensions are now occupying our attention,
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CHAPTER 15
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Propagation Along a

in a Circular Tunnel

JAMES R. WALT, revtow, 1eer, anp DAVID A, HILL, memBER, 158K

Abstract—The modes of propagation along & coaxial structure
contained within a circular tunnel are considered. The primary ob-
jective is to develop an approximate impedance boundary condition
at the outer surface of the shielded cable that can be used in pre-
viously developed formalisms for axial conductors in tunnels. It is
assumed that the metal braid can be characterized by a surface-
transfer impedance, We also account for the possibility that a lossy
film exists on the outer surface of the dielectric jacket of the cable.

INTRODUCTION

HERE IS A NEED to understand how electromag-

netic waves propagate in tunnels if improved com-
munication systems in mines are to be developed in a
logical fashion. One approach now being developed in to
exploit the leaky-feeder principle [1]. In this metlod,
which can be deseribed as continuous-access communtea-
tions, the signals are guided by transmission lines or
shielded conductors. The principal ideéa is that energy can
be coupled into and out of the transmission channel by
antennas that only need be in the general vicinity of the
two-wire line or cable.

In developing the theory of mode propagation along
axial conducting structures in eylindrical tunnels, we
need to apply an impedance boundary condition at the
outer surface of the guiding structure. In the case of a
bare metallic wire, the appropriate expression to use is
the series impedance Z; defined as follows: Z: = E,/I
where [ = ¢ H,ds. Here, E, is the average axial field at
the surface of the conductor, while H, is the azimuthal
magnetic field. For a thin circular wire of radius a with
electromagnetic constants o, €., and u,, we can use the
following argument.

FORMULATION FOR IMPEDANCE OF AN
INNER CONDUCTOR

A cvlindrical coordinate svstem (p, ¢, 2) is adopted
such that the surface of the wire is p = a. If the external
fields are now locally uniform, we can neglect the azi-
muthal variation around the wire and consider only the
axial current flow. For fields that vary as exp (—I'z + iwt)
where T is a propagation constant, the Hertz vector has
only a z component II,,. Thus, within the wire p < a, we
can write
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Braided Coaxial Cable
E, = (k2 -+ 32/9z)11, = (k2 + DI,
Hy = — (0 + le,0)dll,./dp (1)
where
the = [ (ipw) (0u + Teww) JV2

The appropriate form of the solution for I1,, is the modified
Bessel funetion o7 (k.2 + T2)Y2p7] times a constant factor.
Thus according to our basic definition

Zi = E,/(2wpH}) | pma (2)
or

o 1(ky? + TNV L3 (k2 4 T2)V2]
T 2 (0w + tepw)a LLT(RE + TV :

(3)

In the usual case where | I? | K| k,* | this simplities to

7~ (‘l.““’w) v IO(”\'u'a')
T (0w + leew)2a I (Thea)

(4)

In the de limit (i.e., w — 0) we see that Z; reduces to the
expected form (wa%s,)L

In previous papers on this subject, we have used the
boundary condition £, = IZ; to apply to the surface of
the thin wire even when the external region is complex.
Two examples were axial conductors in a cireular tunnel
[27] and an axial conductor in a rectangular tunnel [3].
The justification for this type of boundary condition is
that the external fields are locally uniform. Thus, on
physical grounds, we expect the results to be valid when
the wire radius is small compared with the distance to
neighborhood surfaces and when the quantity | Ba | < 1.
Here 8 is the effective transverse wavenumber in the
external region. There is some experimental support for
this analytical approach to such problems [47].

EXTENSION TO BRAIDED SHIELD, DIELECTRIC
LAYERS, AND OUTER LOSSY FILM

We now wish to extend this series-impedance concept
to the case where the axial wire conductor is covered by a
laver of perfect insulation of radius b with diclectric con-
stant e and free-space permeability po. To allow for the
presence of a metal braided shield, we assume that there
iz a thin uniform sheath of radius b with a designated
transfer impedance Zr in ohms/meter. Surrounding this,
we have a coating whose dielectric constant is e it is
also assumed lossless and a has a frec-space permeability.
Finally, to allow for a layer of mine dust or conducting



79

402

fluid, we assume there is a thin outer layer of conductive
material with a transfer impedance Z,. This situation is
illustrated in Fig. 1 where the eross seetion of this braided
coaxial cable with lossy outer sheath is depieted.

The sttuation is admittedly simplified, particularly with
regard to the thin uniform sheath representation of the
braided shield. In fact, the nonuniformities of the braid
and random perforations of the shicld will play an impor-
tant role in the performance of an actual system. However,
for present purposes we will consider just a uniform or
smoothed-out version of the braid. We can rely on other
work [5] to give us an estimate on the expected value of
the transfer impedance Zy. In a similar fashion, we justify
the use of the transfer impedance Z,, for the external lossy
film. The appropriate value here can be estimated from
the approximate formula Z; >~ (2wcod) ™! Q/m, where od
is the conductivity—-thickness product of the lossy film.
Such an easily recognizable expression is justified when d
is small compared with the electric skin depth (2 ‘ouw)t/?
of the film material, and also d should be small compared
with the radius c.

The brief derivation given below for the effective series
impedance follows the classical approach for cvlindrical
structures [67], {7].

The axial electric field and the azimuthal magnetic field
for the three regions thus have the following form for fields
that vary as exp (7wt — T'z);

E, = (k*+ )1 = g
for a<p<b (3)

H¢ = —-’[ewan/ap
Ez = (kce + I‘Z)Ht = ﬁcinc

for b<p<e (6)
H, = —iewdll./dp

and

E; = (k02 + FE)HQ = }SUEH\\

for p>c¢ (7)

H, = —iewdll 9p

where TI, IT,, and I, are the Hertz potentials for the three
respective regions. Also 8, 8., and B, are the corresponding
transverse wayenumbers and they are defined as indicated
above. Now in any of the three regions, the Hertz poten-
tials can be written as linear combinations of the Bessel
functions Jo and Y, with arguments Bp, B.p, and Bop,
respectively. Then, for example, for the first region we

INSULATION
BRAID -
LOSSY FiILM

The geometry of the coaxial structure showing the orienta-

Fig, 1.
tion of the eylindrieal coordinste system,
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deduce readily that
E. = B[PJo(Bp) + QYo(8p) ]

for a<p<b (N)
Hy = dewB[PJ(Bp) + QY.(8p)]
and
b‘cz = BCQEJIJO(BFP) + ‘NYO(ﬂcP):]
for b<p<e
H.y = tewB LT (Bep) + NY1(Bep) ]
(9)

Here P, @, M, and NV arc constants yet to be determined.
We have similar expressions in the external region, but here
we utilize the fact that the “scattered” field is an outgoing
wave and thus the solution for Iy is characterized by a
linear combination of Jo and Hy® where the latter is the
Hankel function of the sccond kind. Thus we ean write

FEo, = A[Jo(Bop) + RoHo® (Bop) ]

1

for p > ¢

Hoy = Adlegwdo™[/1(Bop) + RoHl (Bop) ]

il

(10)

Here A can be regarded as the strength of the axial electric
field of the “primary’” wave at p = 0 that would cxist if
the structure were not present. The coefficient R, then
determines the relative strength of the scattered field.
Obviously, if the parameter | Boc | is not sufficiently small,
we would need to include Bessel functions of order m and
the factor exp (im¢) in the solutions for all the Hertz
potentials.

The boundary conditions for the problem can now be
stated succintly as follows:

E, = 2raZH, Cat p=a (i)
E, =F, at p =0 (ii)
Hy — Hy = —(20bZp)'E, at p=1 (1i1)
T = By, at p=¢ (iv)
Hop — Hop = —(2weZp)" 'Y, at p = c. (v)

Here (1) is the impedanece boundary condition that we
impose at the surface of the inner conductor. It is an
“exact” condition if we use (3), but for practical purposes,
Z; can be taken to be independent of T' so that (4) is
adequate. Conditions (ii) and (iv) indicate that the axial
electric field is effectively continuous through the braid
and the lossy-film layer. This is a consequence of the
assumed thinness of these layers (i.e., the thicknesses are
small compared with the effective wavelength in the
respective media).

IF'rom boundary condition (i) above, we easily deduce
that

_ [Jo(Ba) — 2xakZi(Bn)~'J1(Ba) ]
[Yo(Ba) — 2wakZ(8n) Y (Ba)]

where » = po 'k = (u'e)V2 Similarly, from (1) we find

(1)

Q/’l) = R =
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that

.[EJO(B(I)) + Rc)YD(ﬁcb)
B* Jo(Bb) + RYo(8b)

N/M. Then an application of (iii) yields

' ckc » r:2 0' cb
R, = [ﬁe (__“; Ju(gub) — PdotBeb) )> X (Jo(BH)
.. gk
+ RY,o(B0)) — 7ﬁc“’Jo(5cb) FACOES RYl(ﬁfM]}

RELYAS
Bk
X {—aﬂ <“3
Ne
X (A]u()db) + 11))'0(/31)))

3k -1
-+ ’,'li“‘ /3‘:2)70(}3,1)) [Jl(ﬁb) + R)H(,Bb)]} .
An application of (iv) tells us that M32[Je(B.c) +
R.Yo(B:)] = A[Jo(Boc) + RoH o™ (B} ]. Combining this
with (v) yields

P =

(12)

where R,

Yl(.dcb) -

m-’hmb_))
‘37r()Z7'

(13)
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E,~8[P + (2/7)Q In 0.898p] 4
a<p<hb (16)
Hy >~ —(2/m)iewQ/p s
E..~B2[M + (2/7)N In 0.898.0]
b<p<e (17
Hep o> —(2/7)tecwN /p
and
Ep. ~ A[1l + R(1 — (#2/7) 1In 0.8980p ]
c < p<p (18)

Hyy >~ — A2/ n)iewR/p

Here g is any value greater than ¢ chosen such that
| Bop | << 1. Tt is useful to note that in each region Hy X p
is a constant in this limiting situation.

As an exercise, we can now apply boundary conditions
(1)—(v) and get explicit quasi-static forms for the coefli-
cients, or we can insert the small-argument approximations
in the Bessel functions in (11)-(15). In cither case, we
obtain the following formula for the effective series
impedance:

1N ) /\c J ¢ Rc Y e
[1_9(]1(!306) _ ﬁ(TJO(ﬂl)() . 1__@ 1(Be) + ’71(‘/3 ) Jo(ﬂof’)]
No 2 CZL Ne )Bc JO(BcC) +- Rc) 0(.3::(‘)
Ry = — (14)
tka ﬁoHo(m(ﬁoC) ik, Bo Jl(ﬂc(‘) -+ Rcyl(ﬁc(«‘) ; ]
H @ (o) — 220 MRl ReiR Ho@ (8ec
[Uo ) Sz e BedotBe) + RYa(Be) )
Now the desired result is the effective series impedance - Z1(Z: + Zy) e
detined by : Z(I) - 2+ 2.+ 2 (19)
Iy, ‘here
Z(1) = 0 at p=e where
‘.-)71'('H0¢ 7t 7
. Zy(d' + Z)
Iy = (20)
_ Bone[Jo(Bae) + Rolly™* (Bac) ] (15) S
'.37!'4.‘”\'0[(]1 (/30(') + R(\I‘]l‘g‘ (/30(‘)] . ( where
UASI-STATIC LIMITING FORM FOR Z(T k24 12
WUASES | FOR 2 7 - =22 L0 (b/a) (21)
The resulting expression for Z(I') that is a function of 2riew
the axial propagation constant T'is rather involved. For-
tunately, considerable simplification ensues if we consider and \
the case where the arguments of the Bessel functions are b2 _*_' 2
sufficiently small that only the leading terms in their Z, = — f)m_é In (¢/b). (22)
} LTLE

power-scries expansions need be retained. In this connec-
tion it might be mentioned that in some important cases
Be may not be “small” even when By 15 small, For example,
this could occur when Tt ~ 7k, in which case goc is small
even though kya may be comparable with one. However,
in the quasi-statie limit that we discuss below, it will be
assumed that all the arguments are small.

To provide insight into the quasi-static limiting forms,
we write out the field expressions that correspond to (8)-
(10). Here we utilize the small-argument approximations
Jolz) = 1, Ji(2) > x/2—>0, Yo(r)— (2/7) In0.89c,
and Y,(z) — —2/(wxz). Thus

The equivalent circuit for this situation is the ladder net-
work shown in Fig. 2. The terminating element Z; is the
impedance of the inner conductor while the shunt elements
Zr and Z;, are the transfer impedances of the braid and

Z z

S

Fig. 2. The equivalent ladder network that yields the effective
series impedance of the cable in the quasi-static approximation,
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the external lossy film. The series elements Z, and Z’ can
be identified as short sections of transmission lines whose
propertics depend on T'. We stress that this quasi-static
equivalent circuit is only valid when all the Bessel-func-
tion arguments are small compared with one. The expres-
sion for the series impedance given by (15) is not so
restricted.

APPLICATION TO CIRCULAR-TUNNEL MODEL

We now consider the circular-waveguide model of a
mine tunnel. The situation is depicted in Fig. 3 where the
tunnel radius is ag while the cable is located at a distance
po from the tunnel axis. In an earlier paper [27, we deter-
mined the axial propagation constants of the permitted
modes of the strueture that satistied both the impedance
boundary conditions at the waveguide wall and at the
surface of an axial conductor whose series impedance is
specified. In the present case, the axial structure in the
waveguide is the braided coaxial that we discussed pre-
viously. The impedance boundary condition is to be
applied at the outer surface of the lossy-film coating whose
radius is ¢. As indicated in Fig. 3, the distance of the cable
from the tunnel wall is a¢ — po. In order for the solution
to be valid, ¢ should be small compared with ay — po.

As in the earlier paper, the homogeneous medium bound-
ing the tunnel walls has a conductivity o, and a permittiy-
ity e. In what follows, we choose ¢, = 107 mho 'm,
e« = 10, and ap = 2 m. The interior region of the wave-
guideis free space, except at the braided coaxial. The
dimensions of the latter, with reference to Fig. 1, are
taken as follows: a = 1.5 mm, b = 10 mm, and ¢ = 11.5
mm. Also, for purposes of illustration, we take the teansfer
impedance Zy of the braid to be ‘1wl where 1. = 40 nH m.
This corresponds to the ront cable developed by
Fontaine et al. [5]. ‘

The relative dielectric constant ¢/¢ of the insulator is
taken to be 2.5 corresponding to polystyrene, for example.
TFor an optimum system, we might have chosen a lower
value but, for present purposes, this is not important. For
the outer coating, the relative dielectric constant e/¢ is
taken to be 3.0 corresponding to typical jacket material.
To allow for the presence of the outer lossy film, we choose
the transfer impedance Z; = [2nc(od) ]! where the con-
ductivity-thickness product is to be specified. For example,
a conducting fluid layer with ¢ = 10 mho/m whose thick-

Fig. 3. The circular-waveguide lr)nodel showing the location of the
cable.
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ness d = 1 mm leads to (ed) = 1072 mha, As indicated
by Rawat and Beal {87, the presence of such lossy films
in realistic mine environments should be expected.

Using the above analvtical machinery, we illustrate
some results for the dominant modes of the braided cable
located in the cylindrieal structure. There are two impor-
tant modes that we call the monofilar and bifilar modes.
The first of these is similar to the situation treated before
where we have a bare uncoated wire in the waveguide
[27, [3]. In that case, the return current flows along the
walls of the cylindrical waveguide. The second type is
analogous to the currents flowing in a two-wire trans-
mission line and the characteristie of this bitilar mode is
almost independent of the waveguide walls. For the
braided coaxial structure, this particular mode is the
conventional one since the currents in the center conductor
and braid are approximately equal but with opposite signs,

In Tig. 4, we show the attenuation rate (in
nepers/meter) for the monofilar mode as a function of
frequency from 0.2 to 200 MHz. Several values of po/ao
are indicated as are two values of (od). Also for this
example, the conduetivity o, of the center conductor is
taken to be 10 mho/m, but for this mode, the attenuation
is not critically dependent on e,. Also, except for higher
frequencies, the attenuation rate is not influenced appre-
ciably by (ed) for values even as high as 10~! mho. As
expeeted, of course, the attenuation rate for this monofilar
mode increases as the coaxial is moved toward the wall.,
Note that pp/ap = 0.9 corresponds to a distance s — & =
20 em o~ S in from the wall.

In Fig. 5 we show some corresponding results for the
bifilar or coaxial-type mode. Sinee there s a strong
dependence on the conducetivity o, of the inner conductor,
three different values are sclected. The highest value
o ~ 5.7 X 10" mho/m corresponds to copper. In this
case, we also see that the results depend somewhat on the
(ed) values, particularly at the upper frequencies. The

S
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Fig. 5. The attenuation rate of the bifilar mode illustrating the
dependence on the conductivity of the inner conductor and the

effect of the external lossy film, ¢ = 2.5¢: ¢, = 3.0¢0: L = 40
nH/m, :
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Fig. 6. The attenuation rate of the bifilar mode for a smaller value

of the surface transfer impedance, a, = 5.7 X 10" mho/m: L = 4 .

DH/[I]: € = 2.560: € = 3-060.

presence of the lossy film increases the attenuation of the
bifilar mode for the range of frequencies and od parameter
considered in this figure. Actually, for the curves in Fig. 5
we have chosen py/ae = 0.8, but the results for this bifilar
mode hardly depend at all on the value of pg/ap. In fact,
the curves would be indistinguishable for 0 < po/ay < 0.9.

In Fig. 6 we show the corresponding bifilar mode atten-
uation for the copper inner conductor. Here we choose the
transfer inductance L = 4 nH/m that is a factor of 10
lower than before. The important point here is that the
attenuation rate depends only slightly on the conductiv-
ity—thickness product (ed) of the outer lossy film, Thus,
while high values of L are desirable from the standpoint
of coupling to the desired bifilar mode, we can expect a
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greater susceptibility to the presence of lossy fluid or
mine-dust layers on the outer jacket.

CONCLUDING REMARKS

The present results are believed to be a useful basis for
the design of leaky-feeder communications systems that
employ shielded eables in mine tunnels. The analytical
method can be applicd equally well to reetangular tunnels
[97]. The effect of axial nonuniformities in the guiding
structures needs to be considered if we are to utilize fully
the capabilities of both the monofilar and the bifilar
modes.

In principle, the method could be applied at much
higher frequencies for single dielectric-coated conductors
where the dominant mode would be a surface wave [10]-
[12] whose energy is confined to the cable. Several diffi-
culties emerge here. FFirst of all, the assumption of local
uniformity of the fields about the cable would need to be
removed. Also, the hostile environment in most mine
tunnels would produce very high attenuation due to
moisture and coal dust. Also, the coupling to the surface-
wave line would be not feasible for a roving miner. Never-
theless, we should keep an open mind on the possible
relevance of Goubau-type surface-wave lines in mine
environments.
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Propagation Along a Braided Coaxial Cable Located Close
to a Tunnel Wall

DAVID A. HILL, SENIOR MEMBER, IEEE, AND
JAMES R. WAIT, FELLOW, IEEE

Abstract—A previous development is extended to permit attenuation
calculations when a braided cable is located close to a tunne! wall. This
is an important case in mine communications utilizing leaky feeders.
Numerical results are presented to illustrate the effects of numerous
parameters on mode attenuation. A principal finding is that the atten-
uation rate for the bifilar mode is hardly affected at all by the finite
conductivity of the wall, On the other hand, the monofilar mode suffers
a very high attenuation when the cable approaches the wall.

" INTRODUCTION

The leaky-feeder technique is now being developed for com-
munication in mines [I1]. In this method, referred to as con-
tinuous-access guided communications (CAGQ), the signals are
guided by some type of transmission line. The energy is coupled
into or out of the channel by antennas in the vicinity of the
transmission line which may be a coaxial cable [2] or a twin-
wire line [3], [4].

We have previously derived a mode equation for a braided
coaxial cable within a circular tunnel and we presented some
numerical results [5]. However, that mode equation is very
poorly convergent when the cable is located close to the tunnel
wall. Unfortunately, it is precisely this case which is of most
practical interest for communication in coal mines where it is
generally necessary to lay the cable close to the wall [6]. In this
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The braided coaxial cable.

Fig. 1.

Fig. 2. The geometry of the cable in a circular tunnel.

short paper, we derive a rapidly convergent mode equation which
is used to obtain numerical results for the attenuation rates of the
dominant modes when the cable is located close to a circular
tunnel wall.

MODE EQUATION

The geometry of the braided coaxial cable is shown in Fig. 1.
The center conductor of radius a is assumed to have a very high
but finite conductivity a,,. The insulation of radius & is a lossless
dielectric of permittivity &. The metal braid of radius b is repre-
sented by a transfer impedance Zr which is given by [2]

ZT = iwLT (l)

where Ly is the transfer inductance and exp (it ) time dependence
is assumed. The coating of radius ¢ is a lossless dielectric of
permittivity ¢.. A thin lossy film of radius c is characterized by a
transfer impedance Z, which is given by [5] '

Z, = Q2ncod)™! @

where od is the conductivity-thickness product of the film.
Rawat and Beal [7] indicate that the presence of such lossy films
should be expected in realistic mine environments due to moisture
and, or dust accumulation,

The idealized circular-tunnel geometry and the cylindrical
coordinate system (p,¢,2) are shown in Fig. 2. The air-filled tun-
nel has a radius gy and is bounded by a lossy dielectric of con-
ductivity o, and permittivity ¢,. Free-space permeability 4, is
assumed everywhere. The braided cable is located within the

tunnel at (pg, do)-
We assume that the individual modes of the structure vary
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in the z direction as exp (—I'z) for a time factor exp (iwt) and
the objective is to calculate the values of the propagation constant
I". By matching the tangential-field components at the tunnel
boundary (¢ = a,) and applying an impedance condition at the
edge of the cable (p = po + ¢, ¢ = @), the following mode
equation has been derived [5], [8]:

iwpgt?
2ny

[Ko(ve) = $] ~ Z(D) =0 &)

o2
where v = (o2 — )2, yo2 = w?ugeo, and K, is the modified
Bessel function of the second kind. The summation of cylindrical
harmonics S represents the effect of the tunnel boundary and is
given by [8]

S = 21: T, (4)

m=0,1,2+-"
where
R Knlvao)
e m
lm(”ao)
m=0

Em = {l’
2, m#0
— [(YO/v)Km’(vao)/Km(vao)] + Ymﬁo + 6m’70
[(ro/o) (vao)/ In(vag)] + Yoo + Smhto
v oo (e ) Ky (uao)
™ (Wlow K, (uag)
(imU/ag)*(v=% — u=2)?
[(yO/U)Im,(vaO)/lm(uao)] + Zm/'lo

i\ Ky'(nag)
Z, = - |—2) "o
u K, (uay)

T, = ¢ L(vp),(v(py + )

o = (#0/30)“2

Smlo =

2 = jouglo, + iwe) = (p} — )2

I

Ve

1, and K,, are modified Bessel functions of the first and second
kind, and the prime indicates differentiation with respect to the
argument. The series impedance per unit length of the cable
Z(I') has the following form, provided that the cable radius ¢ is
electrically small [5]:

Z
Z(F) = ZL( c + Zb)
Z, + 2, + 2,
ZH(Z + Z
Z, = ‘—T‘(—T“‘L)‘ (5)
Zr+ Z' + Z
where
2 _ 12
Z = 1————r— In (b/a), 92 = —wuge
2niwe
2 _ 2
el N In (c/b), v = —Pugt,

2nice,

_ lioue)' 2 Lo(rwa)
" (2reas, )V L(ya)'

: 2
Yw = ('wﬂo(’w)”

and |y, | is assumed much larger than |[}.

ASYMPTOTIC BEHAVIOR

Although some approximations to the mode equation (3) are
possible under certain limiting conditions, a numerical evaluation
of (3) is generally required. Numerical results for the propagation
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constant I" have been obtained using a modification of Newton's
method [5], but convergence problems inhibit a direct evaluation
of S as given by (4) when py/a, is nearly equal to unity. Here we
develop an efficient method to treat this important case where the
cable is near the wall,

The first step is to examine the asymptotic behavior of the mth
term T,, in (4) as m becomes large. The first terms of the required
uniform asymptotic expansions [9] are

1 exp (vy)
2m)2 (1 + 24

Kv(vz) » (f_) 1/4

I,(vz) ~
exp (—vn)
(1 + z3)44

I+ zH)Y% exp (vy)
Qnrv)t/2? z

2v

I'(vz) ~

I (1 + zH)Y exp (—vy)

K.’ ~
v (v2) (2av)t/? z

(6)

where

=1+ 20" 4+ In|——"———|.
= ) T+ (1 + 2972

If welet m = vand x = vz and if m » |x|, the following can be
derived from (6):

. 1 e\"
)~ 7 (27:) x

P 1/2 e -—m -
K0~ () ()

I/x) m

I(x) x

Ka'(x) m

K,(x) x n

The expressions in (7) also reveal the problem that I, can become
too small and X, can become too large for computer storage as m
becomes large. However, by substituting (7) into (4) the following
simple asymptotic expression is obtained for 7,,:

R [Po(ﬂo + (‘)]"' _

I, ~ 2 = T,°
m ag

(8)
where R® is the asymptotic expression for R, and is independent
of m. The explicit expression for R® is obtained by dividing the
numerator and denominator of R, by m and substituting the
asymptotic expressions from (7)

-t Yn'no + Sm Mo
v?ag m m
R = Y., O’ ®
;’o 4+ Im lo + m o
véa, m m
where
Yma”O . "i)'ez"()
m gt ag
o _ (iTlag)’(r™? — w2
m g Zy"
jo 4+ Zm
[ 2 Y Nom
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and

Zn’

Nom

iwpg
uzao'lo '

The poor convergence of (4) for py/ag close to unity is apparent
from the expression for 7;,7 in (8). However, the following sum-
mation formula [10] may be used:

YL = —-ng - n. (10)
m=1 M
Thus, from (8) and (10), we can write
Y T, = —R“ln[l - ‘_’9-(.”_0-2*_9]. (11
m=1 ' do

By subtracting (11) from (4), the following rapidly convergent
form is obtained for S:
S = _ Polpo + C)}

aoz

—R%In [l

+ To+ ), (Tw - T, (12)
LR

This form is used in the mode equation (3) to obtain numerical
results.

If the tunnel becomes very large electrically, the arguments of
the Bessel functions (vay and 1a,) can be quite large and (12) may
not converge rapidly. However, computation time could still be
decreased by employing asymptotic expansions which are valid
for large order and large argument. These are

Im’(X) m (1 N ﬁ)l/Z

L{x) x m?

K. (x) x m?

but they are not valid when x is near m. Wait [11] has examined
such approximations in a study of whispering-gallery modes in
electrically large cylinders.

’ - 2 2
') "'(1 x)” (13)

NUMERICAL RESULTS

Using the mode equation (3) along with the rapidly convergent
form of S in (12), numerical results for the propagation constant
I" were obtained for both the monofilar and bifilar modes. The
energy in the bifilar mode is concentrated primarily within the
insulation, and the solution is found in the neighborhood I' ~ y,
where y is the propagation constant of the insulation. For the
monofilar mode, the forward current is carried by the cable and
the return current is carried by the tunnel wall. Consequently, the
solution is found in the neighborhood I' ~ y,, where y, is the
free-space propagation constant. In either case the attenuation
rate « is given by

a = Re (I(Np/m) = 8.686 x 10° Re (I")(dB/km). (14)

In all cases the tunnel radius a, was taken as 2 m, and the
following cable parameters were used: a = 1.5 mm, b = 10 mm,
¢ = 11.5mm, g, = 5.7 x 107 mho/m, &/e; = 2.5, &./eg = 3.0,
and od = 1073 mho. All figures cover the frequency range
from | to 20 MHz. For higher frequencies, (12) is no longer
rapidly convergent.

Figs. 3-5 show attenuation rates for the bifilar mode for wall
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Fig. 3. The effect of cable position on the attenuation rate of the bifilar
mode. The cable parameters correspond to the FONT cable, (Param-
eters: Ly = 40 nH/m,a = 1.5mm, b = 10mm,c= 11.5mm,q, = 2 m,
£,/e0 = 10, 0, = 1073 mho/m, o, = 5.7 x 107 mho/m, od = 1073
mho, e/eg = 2.5, €./¢0 = 3.0.)
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Fig. 4. The attenuation rate of the bifilar mode for a reduced value of Ly.
(Parameters as in Fig. 3, but Ly = 10 nH/m.)
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Fig. 5. The attenuation rate of the bifilar mode for a further reduced
value of L. (Parameters as in Fig. 3, but Ly = 2 nH/m.)

constants, g, = 1072 mho/m and e./e; = 10, In Fig. 3, Ly is
taken to be 40 nH/m which corresponds to the very high transfer
inductance of the FONT cable developed by Fontaine er al, [2].
For pola, = 0.98, the cable center is only 4 cm from the wall,
and the attenuation rate is increased significantly, The optimum
frequency for this cable has been claimed to be approximately
7 MHz [2]. Most coaxial cables possess a much lower value of
Lr [12], and Fig. 4 shows the same case with Ly reduced to
10 nH/m. Fig. 5 shows the same case with L, reduced. even
further to 2 nH/m, and in this case the tunnel wall has essentially
no effect on the attenuation rate. Fig. 6 shows the rather com-
plicated effect of wall conductivity on the attenuation rate of the
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Fig. 6. The effect of tunnel-wall conductivity on the attenuation rate
of the bifilar mode. (Parameters: ap = 2 m, polag = 0.98, g,/eo = 10,
Ly = 40nH/m,a= 1.5mm, b = 10mm, ¢ = I1.Smm, ad = 1073 mho,
o, = 5.7 x 107 mho/m, ¢/eq = 2.5, ef6o = 3.0.)
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Fig. 7. The effect of cable position on the attenuation rate of the mono-

filar mode. (Parameters as in Fig. 3.)

bifilar mode for po/a; = 0.98 and Ly = 40 nH/m. For smaller
values of py and/or Ly, the wall conductivity has a lesser effect.
Fig. 7 shows the effect of cable position on the attenuation rate
of the monofilar mode, Note that the attenuation rate is in
general an order of magnitude higher than that of the bifilar
mode. Even for the increased wall conductivity (g, = 107!
mho/m) shown in Fig. 8, the attenuation rate is still quite high.

CONCLUDING REMARKS

A method has been developed for treating the important
practical case of the cable close to the tunnel wall. It is found
that the tunnel wall has little effect on the attenuation rate of the
bifilar mode unless the cable has a very large transfer inductance
and is located close to the wall as shown in Fig. 3. The monofilar
mode has a high attenuation rate for most cases of interest and is
probably of use only if some mode conversion exists between the
monofilar and bifilar modes.
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Fig. 8. The effect of tunnel-wall conductivity and permittivity on the
attenuation rate of the monofilar mode. (Parameters as in Fig. 6 except
for indicated values of ¢,./eq and o,.)
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Coupling Between a Radiating Coaxial Cable and a Dipole
Antenna

DAVID A, HILL, MEMBER, IEEE, AND
JAMES R, WAIT, renLow, IEEE

Abstract—The coupling loss between a coaxial cable with a
circumferential gap and a dipole antenna is analyzed. The numerical
results have application to continuous-access guided communication
(CAGC) and to related leaky feeder systems now being used in
intramine communications. It is shown that the coupling is very
strong in the neighborhood of the cable axis even when the linear
distance between the dipole and the cable gap is large. This, of
course, is a desirable feature of such limited-access communication
systems.

INTRODUCTION

Continuous-access guided communieation (CAGCY is an interest-
ing combination of a shiclded channel and a radiating system. The
CAGC technique usually utilizes some kind of a wave-guiding
system that has provision for a controlled leakage to enable a
neighboring point to have access to signal information, Current appli-
eations are to ground transportation systems (1] and mine com-
munications {27 but there are many other possibilities in urban
environments.

A key aspeet of CAGC is how to control the leakage from the main
guiding channel that usually is a coaxial eable of some type. One
method [17] that has been proposed is to employ a number of cir-
cumferential slits or gaps in the solid shield of the coax. In this
fashion, the structure becomes a form of radiating antenna by virtue
of the currents excited on the external surface of the shield. A key
parameter in sueh a system is the resulting coupling loss between an
incident TEM mode within the coax and a portable linear dipole re-
ceiving antenna in the external neighborhood. In this concise paper,
we present quantitative information for such a configuration con-
sisting of an infinitely long coax with a single radiating gap and an
arbitrarily located dipole antenna. The reciproeal problem, when the
external dipole antenna transmits, is also considered.

Earlier we derived field expressions for a dielectrie conted coaxial
cable with an interrupted shield [37, [47 This was used to evaluate
the total power radiated from an idealized break in the outer cable
shield of & CATV system. The boundary-value analysis mentioned
above is extended here to determine the coupling loss between such n
radiating eable and a receiving dipole antenna.

The geometry of the infinitely long cable is indicated in Fig. |
with respect to a cylindrical coordinate system (p,¢,2). The inner
conductor of radius a and the shield of radius b are both assumed to
be perfectly conducting. The insulation in the space, a < p < b, has
a dielectric constant ¢, and the jacket in the space, b < p < ¢, hasa
dielectric constant e. The region, p > ¢, external to the cable is
assumed to be free space with dielectric constant ¢,. A gap of width é
in the shield is located at z = 0. Here we are c¢oncerned with how
much power is coupled to an external dipole antenna when an in-
ternal TEM mode is incident on the gap.

MUTUAL IMPEDANCE FORMULATION

For an internal TEM me.de of current I, incident on the gap, the
power in the incident mode. P, is given by
y

P|=% lo i,/}ko- (1)

Paper approved by the Associate Editor for Radio Communication
of the 1IEEE Communications Society for publication without oral
presentation. Manuscript received March 24, 1975; revised May 23,
1975,
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Dielectric coated coaxial cable with a circumferential gap of
width § and the external dipole antenna (not to scale),

Fig. 1.

where Y, = 2x/nIn (b/a) and n = (u,/e)'2. Here Y, is the charae-
teristic admittance of the TEM mode in the coax. For a total gap
admittance 17, the resultant gap voltage V7 ix

V=L/Y. e

Two different methods [37, (4] were used to ealeulate Vo and they
gave very similar results over the parameter ranges of interest,

When the thickness of jacket (¢ — b is small, the external mag-
netie field H,y ix given by 3]

St (3)

o = flgr,,blf /‘ H® uep) exp (— N2 N dN
o D b H D (b)Y 4 AN H O (o)

where AN = (e e (¢ — bYb,

X sin (Ag,2)
FN = —
A2

wp = kot — AV Ue = ke — N

kc = w(#afc)llzy ka = ‘-’J‘l‘ufn}l 2;

and H,™ and H\® are zero- and first-order Hankel functions of the
second kind. The time dependence is exp 1iwt). The external electric
field has p and z components, E,, and E,,, that are given by

B - LM: /“‘ H i (igp) eip = A (NN
’ o WhHMW Qb)Y + SOVH @ ()’

RES

bi™ [ Ha™ (tep) exp t — I (N itodA "
RES ERNETIY ICITST ARE LTS OY / RTINS {

Il‘u @ =

For a general location of the receiving antenna, the electrie field must
be computed from (4) by numerical integration. Then, fur a receiving
antenna of finite length, another numerieal integration of the electric
field over the length of the antenna is required in order to compute
the coupling loss. However, the calculations simplify considerably
when the recelving antenna is located in the far tield of the cable
tie., kop > 1) [3]. The magnetic field, given by (3, then simplifies to
exp [ — k)

—iV
Hos >~ —~ P18 St (5
T T R )

where R = (p? 4 22)1%, 5, = (4, /¢, )10,

PO = Shocos kb
kb sin 6H,® (kb sin 8) + Ak, cos 0) H @ (kb sin 6)

and 8 is the polar angle measured from the z axis. In the far field, the
electric field has only a 8 component Ey:

“—I.‘

4 xp (— 1k )
Ep ~ ’701100 o — P L\'RL' : -
™

ot (6)
R

The receiving antenna is now taken to be a thin dipole of half-
length H equal to or less than a quarter wavelength, Consequently,
the antenna current (1) ean be assumed to be sinusoidal [67:

I
SO st Lk H

. po— - 1['\- Lo d
<in (ko HD L 0

I =
where 1 is the distance from the center of the antenna, In order to
maximize the coupling (minimize the coupling loss), the dipole is
oriented in the 0 direction as shown in Fig. 1 The voltage Vi indueed
in the dipole is thus determined from the induced FENH method (5],
{67 as follows:

H

=~ Eqal i1y dl
1oy Jo, ="

) 2?”’(1 —,f({‘jﬁ?lfl (8)

ko sin (ko H)
where E,s is evaluated at the center of the dipole and is assumed con-
stant over the length of the dipole. The mutual impedance between
the cable and the dipole Z,, is now defined as the ratio of the voltage
induced in the dipole to the current in the incident "TEN mode of the
cable. Thus

Zm = Vail,. m

By reciprocity, Z,, is also equal to the ratio of the voltage in the
excited TEM eable maode to the current at the terminals of the trans-
mitting dipole.

NUMERICAL RESULTS FOR COUPLING LOSS

We define coupling loss L as the ratio of the incident power in the
TEM mode {given by (1) ] to the power absorbed in a matehed toad
termination of the dipole. The current in the matched load is given by

T(0) = Va/(2R:0) = LZ./(2Rw). ()
Here R;, is the input resistance of the dipole (assuming no losses)
given by [5]

Rin = Zi {1 — cot? (k,H) ]} Cin (4koH) + 4 cot® (ko df) Cin (2k,01)
™

+ 2 cot (kK H)Y[SI (3kH) — 281 (k1) ]y, (11D
where
i) = f R
0 U
and
T1 — cosu
Cin (x) = f L Y
0 u
Thus, the coupling loss is given by
2/(0Y >
= :__‘[Ia !,/k").‘fl‘“ =__4,]l',",.‘,_ (12)
' Iﬂ ’2} Zm \2/(31(‘111‘ Yo ‘ Zm [2

To convert to decibels, we take 10 logy, (L).
To deal with the reciprocal case of a transmitting dipole and a
receiving cable, the expression for the coupling loss above remaing the
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Fiz. 2. Coupling loss between the cable and the dipole at 300 MHz,
Dipole-to-dipote coupling loss is also shown at each location for com-
parison,

same i L ix defined as the ratio of power transmitted by the dipole to
the power transferred to either one of the TEM modes propagating
away from the gap.

The equations required to compute L in (12) were programmed,
and the results, shown in Figs. 2-4, were obtained for three fre-
quencies (300 Mz, 50 MHz, and 3 M1z). The coupling loss, shown
in Figs, 2-4, is for the geometry for the 8 ovientation ot the dipole in-
dicated in Fig. 1 that minimizes the coupling loss. In each case, the
dipole remains at a radial distance p, of either one or Aive wavelengths
from the eable while the 2 coordinate is increased from zero to 40
wavelengths. For these caleulations, the cable parameters ave:
a = t25mm, b =10cm,c~b=12mmd=1nmm, ¢ = 1.5,
and e/ = 2.5, FFor compatison, results are also shown for the case
where the cable has been replaced by a transmitting dipole which is
ventered at the origin and z directed. The expressions used for the
dipole—~dipole coupling are given in the Appendix. Note that the
coupling loss for the cable source is much lower than that for a dipole
source for large 2. This is in agreement with the results of Delogne
and Liegeois {77 and our previous caleulations {37 that show the
eable radiation is concentrated mainly within 10 degrees of the z axis.
The coupling losses shown for 5 MHz in Fig. 4 are probably too
optimistic since a matched load is very ditticult to obtain for such a
low dipole resistance (0.055 Q) and a large dipole reactance.

CONCLUDING REMARKS

Using an idealized model, we have computed coupling loss between
# cable with a gap and a dipole for the special case where the dipole is
in the far field. If the dipole is in the near field, coupling loss can still
be caleulated by the induced ENMF method, but the complicated
integral expressions for the electric field in () are required. Also, the
optimum orightation of the dipole will, in general, be something other
than the g-orientation which is optimum in the far field.

Nince CAGC and the related leaky feeder communication systems
{87 [v] are sometimes employed in confined regions such as mine
tunnels, an extension of the above treatment is needed. Using a model
of an idealized circular tunnel, the relevant boundary value analysis
has already been carried out (107 but further numerical work is
needed to obtain the appropriate coupling losses. Also, we wish to
conibine the results to permit a systems evaluation of a point-to-
point communication via two dipole antennas in the vicinity of the
coax with a specified number of gaps in the shield. Another important
extension is to consider the effect of locating the coax just above an
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Fig. 4. Coupling loss at 5 MHz,

imperfectly conducting ground. This is a configuration that is
relevant to the study of the possible interference between a CATV
system and aireraft navigation signals [11].

APPENDIX—COUPLING BETWEEN DIPOLES

The far field of a dipole of half-length H and feed current I, which
is oriented in the z direction is given by [5]

M, I, exp (—tk.I?)
Ky = — P(o
Eo = s thaiy @ R
where
P(o) = cos (koH cos 8) — cos (koH) ‘ 13)

sin 0

Consequently, the mutual impedance with the receiving dipole shown
in Fig. 2 1s

-~ 2E, (1 — cos (kH))

m . (14>
Lk, sin (k. H)
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Utilizing the same approach used earlier, the coupling loss is found to

be

{t

[3]

K

(1o

(11

L= 4wt Zo (15
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The transmission loss for a leaky coaxial cable communication system in a circular tunnel is
caleutated for an idealized model. The transmitting and receiving antennas are electric dipoles
that may be located anywhere within the tunnel. For typical cable parameters. the optimum frequency
is found to be in the range from 2 to 10 MHz. Calculations reveal that the use of a sparse braid
and a high velocity cable will strongly improve the cable-dipole coupling with only a small penalty

of a higher attenuation rate.

INTRODUCTION

The leaky feeder technique [ Beal et al., 1973
Cree. 19757 is now being developed and exploited
for communication in mine tunnels [ Martin, 1975].
In this method. first described by Monk and Win-
bigler [1956], the signals are guided by some type
of transmission line such as a coaxial cable [ Fon-
taine et al., 1973] or a twin-wire line [ Deryck. 1975;
Wait and Hill, 1974]. The energy is coupled into
or out of the channel by antennas in the vicinity
of the transmission line. The advantage of this
technique, of course, is that we do not have to
make electrical contact with the axial conductor
stch as used in the *‘line radio’” method developed
many years ago by Jakosky and Zellers {1924, 1925]
and now used extensively. An extremely interesting
experimental study of transmission in tunnels has
been published by Gillette and Gilmour [1975] that
seems to confirm some of the theoretical concepts
[ Wait and Hill, 1974; Delogne, 1975, Mahmoud and
Wait, 1976] relating to the respective roles of the
monofilar and the bifilar modes in tunnel structures,

We have previously derived a mode equation for
an idealized braided coaxial cable within a circular
tunnel, and we presented some numerical results

'Consultant to Institute for Telecommunication Sciences,

Office of Telecommunications,

Copyright © 1976 by the American Geophysical Union.
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for the attenuation rates of the dominant modes
[ Wait and Hill, 1975]. Here we determine the mu-
tual impedance and the related transmission loss
between a pair of dipoles located in such a tunnel.
Actually, this total transmission loss is the sum
of the dipole-to-cable coupling losses and the atten-
uation of the dominant propagation mode. In.our
work we follow others [Fontaine et al.. 1973:
Delogne. 1975: Slaughter, 1975] and assume that
the braided sheath or shield of the coaxial cable
can be described adequately by a surface transfer
impedance { Dummer and Blackband, 1961]. Also.
we do not consider mode conversion effects due
to the inevitable lateral variations of the tunnel cross
sections and other irregularities.

MODAL EXCITATION

The geometry of the circular tunnel is shown
in the cylindrical coordinate system (p,d.z2) in
Figure 1. The air-filled tunnel of radius a, has
permittivity e,. and the surrounding rock has con-
ductivity o, and permittivity €,. The free-space
permeability p, is assumed everywhere, The braid-
ed coaxial cable is Jocated at (p,,. ¢, ). and the source
dipole is located at (p ., 0.

We now determine the total current 1(z) induced
on the cable by a source current of moment P,
Here we follow a procedure, based on the reciproce-
ity principle, that was used by Mahmoud [1974]
for a single-wire transmission line in a rectangular
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Fig. 1. Transmitting and receiving dipoles in a circular tunnel
which contains a braided coaxial cable. (In~the subsequent
calculations we chose ¢ = &, = &)

tunnel and by Hill and Wait {1974] for a two-wire
line in a circular tunnel. B
The source current density J, is written

Top.d,2) = Pd(p—p,)8(d— b,)8(2)/p, (N

where § is the Dirac delta function and Pis taken
to be transverse to z. We now consider that for
a given mode, the cable carries a total axial current
I, that can, for an external observer, be localized
at the center of the cable. Thus, the resulting current
density is

Jpid. ) = (1y/pg) exp (—iB2)8(p — po) 8(d — by)
(@)

where B is the propagation constant of the mode.
Here and in what follows, we adopt an exp(iwt)
time dependence. To be more specific, we can
define I, as the line integral of the azimuthal
magnetic field around the outer circumference of
the coaxial cable.

" The total electric field é(p,d,z) of the modal
current can be written in terms of a z component
e, and a transverse component é,. Thus

é(p b, 2) = exp(—iB2) I [€,(p.$.B) + Le,(p.$.B)]
3

We now apply the reciprocity theorem [ Monteath.

1973} to the two current densities J, and J. and
their fields to yield:

= 2 =
f f j fa(p,duz)'Ioé,(p.d)‘B)
-=Jo Jo

~exp(—iB'z)pdpdcbd:.=f f J'J:(p.d).:)
—x [\] 4]

“E p.d.Dpdpddd: (€))

where E_, is the z component of the field produced
by the source dipole. When (1) and (2) are substitut-
ed into (4), the following is obtained:

}30 ‘Tl(pu‘(bu‘B) :f E:u(P(1‘¢0‘Z)exp(_iB:)d:

= El (oo B) )

Each Fourier component I’ (8) of the cable current
I(z2) must satisfy the following impedance boundary
condition at the edge of the cable (p = py + ¢, &b =

bo):
El(py+ Cdo )+ I' (B)e,(py + c.dbg.B)
=I'"(B)YZ(P) (6

where Z(B) is the effective impedance per unit
length of the cable looking radially inwards. Since
E,(pog,$o.B) = E (py + ¢,dy.B), we can substi-
tute (5) into (6) to obtain:

I'(B)=~P:é(p,.d,.B/AP (N

where A(B) = e.(py + c.dy.B) — Z(B).
The total cable current I(2) is

‘ o
I(z2) =———f I' Brexp(iB2)dp ®
2w J .

By deforming the integration contour inthe complex
B plane. (8) can be converted to the following residue

series:
Peé,(p,.d,.B)exp(—iB |z)
0 = iy Db L8
. [dA(B)/dB]lo_,

where B = 3, are the roots of the modal equation.
AB) =0, and the heavily damped branch cut
contribution can be neglected. I(z), as given by
(9), is actually valid for any axial conductor that
can be characterized by a series impedance per
unit length Z(B).

Q)




The specific braided coaxial cable of interest here
is modeled by: a center conductor of radius a and
conductivity o, insulation of outer radius b and
permittivity €, a metal braid of radius b that can
be characterized by a transfer inductance per unit
length L., a protective jacket of outer radius ¢
and permittivity €, and a thin lossy film of radius
¢ that can be characterized by a conductivity-
thickness product od. The presence of such lossy
films should be expected in realistic mine environ-
ments [Rawat and Beal, 1974]. The appropriate
expression for Z(R) for this structure has been
derived previously for use in the solution of the
mode equation [Wait and Hill, 1975]. For most
cases of interest, the mode of lowest attenuation
is the “bifilar’ mode which carries most of its
energy between the center conductor and the metal
braid. but this mode also has ‘‘leakage’ fields
outside the cable. The propagation constant of this
mode B, is approximately that of the insulation,
e, By~ w2

The coaxial cable and the tunnel also support
a monofilar mode which is characterized by a
forward current in the cable and a return current

in the rock wall. In addition, there are an infinite

number of tunnel waveguide modes which are only
weakly affected by the cable. However, for ap-
plication to long-distance communication, we need
retain only the bifilar mode in (9):

Ped (pab,Byexp(—iB,lz])

(10
[dA(B)/dB”p:p,,

I(z) = —i

MUTUAL IMPEDANCE

For large positive g, the transverse ficld external
to the cable can be obtained from (3) and (10):

PP (p, b, B/ AR/ dBT], ot
(n

E(pab.o) =
< p b Bexp(—if )

For a transverse receiving dipole of effective length
l,, located at (p.d. ). the received voltage is

v,=épod,2) e T, )

The dipole moment P can be written as the input
current i, times an effective length | ,:

P=i,l, (13)

The mutual impedance Z,, is defined as the ratio
of received voltage to transmitter current, and is
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found to be:

Zm = {wi[rae' él(pa’d)u’ﬁb)][—[n' él(p'¢vﬁb)]
= [dA(R)/dB1ly_g, exp(~if , 2)

The specific expression for €, has been given
previously [ Wait and Hill, 1974]. For a thin trans-
mitting dipole of physical length [, the magnitude
of the effective length, assuming a sinusoidal current
distribution, is given by

(14)

| Toel =201 = cos(kyl,/2)] /kosin(kyl,/2) (15)

where k, = 0 (jy€,)'" A similar expression can
be used for the receiving dipole.

To illustrate some quantitative features of Z,,.
we consider a special example. The receiving and
transmitting dipoles are of the same length, loca-
tion, and orientation. They are located on the same
radial line as the cable (i.e.. &, = &), and they
are oriented radially for maximum c¢oupling. The
assumed tunnel parameters are: a, = 2m, €,/€,

10°

107!

1072

1073

1074

-8

1077

Freq {MHz)

Fig. 2. Magnitude of mutual impedance for a large value of
transfer inductance L. (Note that the cable location is fixed
such that p,, /ay = 0.9 for this and subsequent figures.)
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= 10, and ¢, = 107 mhos/m. The cable is lo-
cated at p,/ a, = 0.9, and the assumed cable param-
etersare: @ = 1.Smm, b= 10 mm. ¢ = 1.5 mm.
/e, = 1.5, e./e, =3, 0, = 5.7 x 107 mhos/m.
and ad = 107* mhos. The antenna length [, is
taken to be 0.75 m. and the frequency range cov-
ered is 1 to 200 MHz. Figures 2-5 illustrate the mag-
nitude of the mutual impedance as a function of
various parameters. Note that | Z,.| is at least an
order of magnitude less when the dipoles are located
at the tunnel center (p, = 0) as compared to a
location closer to the cable (p, = 0.5). Antenna
separations on the order of | km are of interest,
and results for 7 = 0 are shown only to illustrate
the portion of Z,, which is due to coupling in and
out of the cable. Note from the spreading of the
curves that attenuation becomes quite large at the
higher frequencies. The results in Figure 2 are for
L, =40 nH/m which represents a very sparse
braid such as that employed in the FONT cable
[ Fontaine et al., 1973}, Also shown is one curve

1072

1073

1074

ol @
o g
£
L
< \ N
o N
el Moo
Ny \
A
- Voo
0,70, 08 Vo
v
- N = (0 \
1077 Fa’05% ¢ \\ \
e \
€/€ (e \
. \
LT 0O nH/m \
107 \
0-° I L il L i 1y
1 10 100 200
Freq (MHz)

Fig. 3, Magnitude of mutual impedance for anintermediate value
of transfer inductance L. :

[

1074

1078

1078

107

o8

1079

1010 ! I B 1 F|
| 10 100 200
Freq (MHz)

Fig. 4. Magnitude of mutual impedance for a small value of
L
T

where the lossy film is removed (od = 0). The
lossy film increases the attenuation rate at the higher
frequencies. but has no effect at the lower frequen-
cies. Figure 3 shows results for a smaller value
of L, (10 nH/m) and. although the attenuation
rate is lower. |Z, | is smaller due to reduced
coupling. For Figure 4.|Z,, | is reduced even further
because of the very small value of L (2 nH/m).
Figure § corresponds to Figure 2 except that the
permittivity of the cable insulation has been in-
creased (e/e, = 2.5). The attenuation rate ix de-
creased slightly because of reduced lcakage fields,
but the dipole coupling is much weaker.

TRANSMISSION 1.0SS

If the input resistance of the transmitting antenna

is R,. then the input power is
P, =1i,I?°R,/2 (16)

If the input resistance of the receiving antenna is
R, and the antennais terminated in a matched load.
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TABLE 1. Transmission loss (parameters are those of Figure 3).
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CALCUTATED TRANSMISSION 1LOSS RIN
the received power is

Pr: !iu‘:!Zm!:\f‘/(gRr) (l.')

Thus the transmission loss L (in dB) is

P, 4R, R,
L= lO]Ogm —I;_ = IOIOgm “E‘T (18

,

For the higher frequencies where the spacing
between the dipole and the tunnel wall is on the
order of a wavelength, the input resistance can he
approximated by the free-space radiation resistance
[ Kraus, 1950]. However. for low frequencies, the
loss resistance due to near field losses becomes
much larger than the radiation resistance. This loss
resistance has been computed for dipoles near a
half space | Wait, 1969: Chang and Wait, 1970
but no such results are available for a dipole in
a circular tunnel environment, Qualitatively, the
foss resistance 1s expected to reach a constant value
as the frequency decreases rvather than continuing
to decrease inthe manner of the radiation resistance.

In Table | we show the input resistance and
resultant transmission loss for the same parameters
used in Figure 3. To qualitatively include the effect
of loss resistance, a lower limit of either 2 or 0.5
ohms has been placed on R,,. The absolute level

in*

Frequency R,, Transmission loss (dB)
(MH2) (ohms) pa/ Z=0 Z = 1Kkm Z=2Kkm
200.0 73.1 0.0 167.0 187.0 207.0
200.0 731 0.5 104.9 125.0 145.0
114,58 18.1 0.0 126.6 t42.1 157.6
114.5 18.1 0.5 86.3 (IR 117.3
65.6 5.50 0.0 1021 4.3 126.5
65.6 5.50 0.5 734 NS.7 97.9
.S 2.0%,1.76 0.0 86.9.85.8 96.0,95.5 1063, 105.2
3.5 2.0 1,76 0.5 63.6,62.5 733722 83.0.81.9
21.8 2.0*%,0.57 0.0 R2.4.71.6 90.1.79.2 97.8.86.9
218 2.0*0.57 0.5 61.1.50.2 68,7578 76.4.65.5
12.3 2.0%,0.5% 0.0 78.4.66.4 84.4.72.3 90.3.78.2
12.3 2.0*%,0.5* 0.5 579458 638518 69.7.57.7
7.04 2.0%.0.5% 0.0 76.6.64.5 R0.9.68.9 R5.3.73.3
7.04 2.0*.0.5% 0.5 56.5.44.4 60.8.48.8 65.2.53.2
4.03 2.0%,0.5* 0.0 78.3.60.2 81.4.69.3 84.472.4
4.03 2.0%,0.5% 0.5 58.2.46.1 61.3.49.2 64.4.52.3
2.30 2.0%,0.5% 0.0 82.8.70.8 85.0.73.0 87.2.75.1
2.30 2.070.5* 0.5 62.3.50.3 64.5,52.5 66.7,54.6
1.0 2.0%,0.5* 0.0 91.4.79.4 92.8.80.7 94.1,82.1
1.0 2.0%,0.5* 0.5 69.3.57.2 70.6.58.6 71.9.59.9

*assumed values
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Fig. 6. Transmission loss as a function of frequency illustrating
dependence on total range and antenna input resistances.

of path loss is strongly dependent on this value,
but the frequency dependence is not.

Some of the results from Table 1 are illustrated
graphically in Figures 6 and 7. A minimum trans-
mission loss is noted at about 7 MHz. The results
for z = 0 can be interpreted as the two-way coupling
loss in and out of the cable, and the results are
in reasonable agreement with the free-space cal-
culations of Rawat and Beal [1974] using somewhat
different assumptions. Also, there is a qualitative
similarity with the recent approximate calculations
of Mahmoud and Wait [1976] for a rectangular
tunnel model.

160
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©
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@
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Fig. 7. Transmission loss as a function of frequency illustrating
dependence of location of antennas relative to cable.

CONCLUDING REMARKS

The mutual impedance between a pair of dipole
antennas in a circular tunnel has been computed
for the case where the bifilar mode of the braided
coaxial cable is the dominant mode. The coupling
of the dipoles with the cable is improved by using
a high transfer inductance [ Fontaine et al., 1973)]
and an insulation with a low dielectric constant.
The large cable leakage fields produced by such
a cable result in a slightly higher attenuation rate.
but this is more than offset by the improvement
incoupling loss. For typical parameters, an optimum
frequency is observed in the range from 2 to 10
MHz.

In computing transmission loss, a better knowl-
edge of the input resistance of dipoles in a tunnel
environment would be desirable and could be ob-
tained by theory or experiment. But conclusions
regarding transmission loss are expected to follow
those of mutual impedance as far as cable parame-
ters and optimum frequency are concerned.

We should regard this analysis as the first step
in a total systems study for communication using
the leaky feeder system in mine tunnels and similar
environments, The characterization of the braided
cable is oversimplified and the neglected conver-
sion between the propagation modes is not really
justified in a fully realistic situation. Nevertheless,
it is important to understand how a transmission
may occur for the rather idealized model before
attempting a study of all of the complicating influ-
ences such as longitudinal irregularities in the guid-
ing structure,
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CHAPTER 19

LOW-FREQUENCY RADIO TRANSMISSION
IN A CIRCULAR TUNNEL CONTAINING A
WIRE CONDUCTOR NEAR THE WALL

Indexing term: Guided electromagnetic-wave propagation

The general theory for transmission in a circular tunnel
containing a thin axial conductor is employed to calculate the
attenuation rate of the propagating mode. The remarkable
property is that the attepuation rate is approximately pro-
portional to frequency and it does not depend critically
on the wall conductivity for typical conditions.

In previous papers,' ? we have discussed the theory of
electromugnetic-wave transmission in tunnels. Specific appli-
cations to high-frequency communication were described.
Here we would like to report on some calculations that
ilustrate some of the remarkable features at low frequencies.

The model we choose is highly idealised. Specifically, the
cross-section is circular with radius a, beyond which the rock
Is assumed to be homogeneous with conductivity o, and
permittivity ¢.. To illustrate the effect of an axial wire within
the tunnel, we locate a thin conductor of radius ¢ and con-
ductivity a,. at a distance d from the tunnel wall. Of particular
interest is the attenuation rate of the propagating mode in the
tunnel, since this is an important factor in @ communication
svstem.

Some calculated results, based on our earlier paper,' are
shown in Figs. | and 2 for the attenuation rate as a function
of frequency for a tunnel radius a = 2 m. Three values of d
are shown and two different sets of the electrical properties
of the adjacent rock are chosen, For these calculations, the
wire conductivity is taken to be infinite and the wire radius

100 =

T
\

l W0
FREQUENCY (MHz) ——

Fig. 1 Attenuation rate function of frequency for model
indicated by inset

¢ = [ mm. The results clearly show that the attenuation rate
is almost a linear function of frequency. Also, the dependence
on the rock conductivity is not great. In fact, the curves for
o, = 1072 S/m would be between the curves for ¢, = 107!
and 1073 S§/m.

Some related calculations are shown in Fig. 2, where now
the frequency is fixed at 50 kHz and the abscissa is the nor-
malised distance of the wire conductor from the tunnel wall.
Now the wire conductivity is 5.7 x 10” §,;m, corresponding to
copper. Again the results show that the attenuation rate.
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Fig. 2 Attenuation rate as function of (normalised) distance of
conductor to tunnel wall

approaches the tunnel wall. We also see that the dependence
on conductivity o, is quite weak in the range from 1077 to
10-3 S/m, while, for rather unrealistic higher conductivity,
the attenuation rate has decreased in a significant fashion.
The behaviour of the attenuation rate for the parameters
indicated in Figs. | and 2 is really not too surprising. For
the very high wall conductivities, we have the classical skin
effect that is familiar at microwave in metal-walled guides.
Then the attenuation rate is varying with frequency fapproxi-
mately as (f/a.)*. For more realistic rock conductivities,
however, the distance d is becoming small compared with
the skin depth in the rock. Then we find the low-frequency
attenuation rate is, to within first order, independent of
rock conductivity, but proportional to frequency. This is
consistent with the known behaviour of a linear wire at low
height over the surface of the earth at very low frequencies.* *
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Theory of the transmission of electromagnetic waves down a mine hoist
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Using an idealized coaxial model, we consider the transmission, in the frequency range from
20 1o 10 kHz, down a mine hoist shaft from a symmetric source at the surface, The shaft
is circular in cross section and the metal hoist cable is represented by a concentric conductor,
To facilitate the analysis, the source is idealized as a voltage-excited annular slot in a circular
ground plane that is located in the air-earth interface. The carth itself is taken to be a homogeneous
conducting half space. Using a modal type analysis, the total power supplied to the annular sl
is calculated as the sum of the power delivered to the lower half space, the power dissipated
at the air-earth interface and the power radiated into the atmosphere. Using these results, the
relative power transmitted down the shaft to a specified depth is estimated. The resulting transmission
efficiency is found to be almost completely dependent on the attenuation characteristics of the

dominant TEM mode in the shaft.

INTRODUCTION

There is a need to transmit information from the
earth's surface down a mine hoist shaft, In most
cases, such shafts can be roughly represented as
a cylindrical bore with a vertical axis. The metal
hoist cable is then idealized as a circular metal
conductor located on the axis of the shaft. A similar
model of the shaft was considered by Emslie and
Lagace [1974] who demonstrated the feasibility of
this type of mine communication.

[t is our purpose to analyze the electromagnetic
wave transmission down such a shaft. The transmit-
ter is to be located at the surface and the power
transmitted downward is to be intercepted at some
distance down the shaft. In this particular analysis,
we do not consider any specific form of receiving
antenna, nor do we allow for the effects of reflection
from the bottom of the shaft. Thus, strictly speak-
ing, our analysis applies only to a shaft of infinite
depth.

The modal analysis we employ is straightforward
and the methods are similar to those we used in

Copyright © 1975 by the American Geophysical Union,
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analyzing transmission in circular mine tunnels
[ Wait and Hill, 19744, b]. The additional complica-
tion arises here from the method of excitation and
the influence of the air-earth interface. In fact,
because of the latter, we resort to some approxi-
mations.

FORMULATION

We consider the model depicted in Figure 1. A
cylindrical shaft, of radius a with center conductor
of radius ¢, extends downward indefinitely into the
earth. The latter is homogeneous with conductivity
o and permittivity € and an assumed free-space
permeability p.,,.

We imagine that power is to be provided to an
annular slot in a simulated ground plane of effective
radius p,. Ideally, of course, p, = ». We are
interested to know how much of this power crosses
the area ¢ < p < aat z = lin the shaft.

While the annular siot is conceptually simple,
it may be better to think of a toroidal coil as a
more feasible source at VLF. But the electro-
magnetic problem is essentially the same and thus
we consider here the problem only in the context
of an annular slot that is excited uniformly by a
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Fig. 1. Schematic view of the general configuration (in the
analysis the annular slot of radius p is taken to have negligible
width).

“‘voltage' V. ‘

For the half space (z> 0), i.e., the earth, we
cansay that E_ (z = 0) = f(p) is a prescribed func-
‘tion. For example, if the slotatp = p is of negligible
width, then

f(p) = Vo 8(p— p) + e(pu(p— py ()

where 3(p — p) is a unit impulse function at p = p
and u(p — p,) is a step function at p = p,. Then,
e(p) is the tangential nonzero electric field on the
earth’s surface beyond the assumed perfectly con-
ducting screen.

A fully rigorous solution of the posed problem
is probably out of the question. However, if the
distribution f(p) over the significant range of p can
be estimated, then the field at any other point in
the earth or within the coaxial region can be predict-
ed.

As indicated above, we have presupposed azi-
muthal symmetry. In terms of cylindrical coordi-
nates (p,d,z), derivatives involving 9/d¢ are zero.
Thus, the nonvanishing field components are
E,, Eo, Hy, for c<p<aand E, E, H, for p
> a.

The center conductor of radius c is to represent
the metal hoist cable or ‘‘rope’’ as it is sometimes
called. We can characterize this cable, insofar as
external fields are concerned, by a series impedance
Z . in ohms per meter. Thus; the boundary condition
at the cable is '

EOzlp-c = I(Z)Zc ' (2)
where I(z) = Z“Clep-c is the total axial current

in the cable. Explicit expressions for Z_ are con-
veniently given by Wait and Hill [1974b].

MODAL SOLUTION

The fields for the present problem can be ex-
pressed in terms of a Hertz vector with a z compo-
nent only. This is denoted II, for ¢ < p < a and
II for p > a. Because of the impedance boundary
condition imposed at p = c, it turns out that the
fields everywhere in the region p > ¢ and 7z >0
canbe expressed in terms of a discrete set of modes.
No continuous spectrum is needed. This leads us
to write

=3 AKy(up) exp(=i\2), for p>a ©)

and

)

= 2 [B,I,(v,p) + C,K(v,p)] exp(—i\,2).

for c<p<a (4)

when I and K, are modified Bessel functions, u
=N +y)Y2 v = (- k)2, y = [ipge
(o +iew)] 2, k=(egpp)'?w, and N, are
the eigenvalues of the problem. Physically, i\ are
the axial propagation constants for the coaxial
structure that are yet to be determined. A, B,
and C| are coefficients, also yet to be determined.

On matching tangential fields at p = a, we obtain
the pair

vI[B I (v,a) + C K, (v,a)] = u2 A K (u,a) (5)

and

—ieqwv [B I, (v,a) - C,K, (v,a)] = (o0 + lew)u, A K,
- (u,a) (6)

Solution of these leads to



B,/C,=—[K,(v,a)/ Ij(v;a)] R(\)) M
where
RO\) = [, Y, — (ik/v) K (v,a)/ K(v,a)]

/o Y, + (ik/v) I (v, @)/ [ (v,a)] ®
and where
Y, = [(o + iew)/u,] K, (u,a)/K,(u a)

and m, = (1e/€q)"? ' )
Furthermore,
A/C, =/ u)[K (v a)/Ky(u,a)l[1 = R\ )]

=B, (10)

Now the impedance boundary condition, given
by (2), requires that
B,/C,=—[v,Ky(v,c) + 2mie qwcZ K, (v, c)]
/v Iy(voe) = 2mieqwcZ K (v c)] = o (tn

The equation to determine \, is then obtained by
equating the right-hand sides of (7) and (11). Thus

a + [Ky(v,a)/I,(v,a)] RN ) =0 (12)

is our mode equation.

ORTHOGONALITY CONSIDERATIONS AND THE
NORMALIZING INTEGRAL

We now can write the following explicit forms
for the radial electric field in the region p > ¢ and
72> 0:

EP:Z C;B;”‘s“s Kl(usp)exp(—i)\sz) (13)
and
E,, = - E C,ingv, [a T (vp) ~ K (vp)]

- expl—ik, 2) (14)
In particular,
E -

=2 620 (15)
EOO =0 ]

where

Z.(p)
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[iBAu K, (up), for p>a
1i)~s\'3[K|(\‘,p) -a d(vp)], for c<p<a
(16)

The function Z,(p) satisfies a form of the modified
Bessel function of order one. Thus,

p2d?Z (p)/dp* + pdZ (p)/dp— [(w,p? + 1]

< Z.(p)=0 (17)
where
u, for p>a
w, =
» v,, for c<p<a

A similar equation applies to Z,(p) where g denotes
another eigenvalue. From these it is easy to verify
that

@/op)plZ,dZ /dp — Z,dZ [dp]} — p(w] — w})
£ Z,Z,=0
Thus

(18)

j PZ(P)Z (p)dp = —c[Z (p)IZ (p)/3p = Z,(p)

©8Z,(P)/dpl,_ /(i vD)

where we utilize the fact that Z (p) vanishes expo-
nentially as p — ., We now confirm the orthogonal-
ity of the modes since

J‘PZS(P)Zq(p)dp—“-O it s#gq (20)

in view of the impedance boundary condition at
the cable that is equivalent to

@Z,/dp)|,..=T Z,(0) @n
where I' is a constant. In fact,
I'=2wcieqwZ, ~ ¢! 2

which is independent of the eigenvalue for our
assumed constant value of Z . The latter assumption
is certainly well justified for a metallic conductor
at these frequencies. Of some importance is the
case when s = q. Then we are interested in the
normalizing integral

Nﬁf plZ (p)]*dp (23)
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This can be treated as the limiting form of (19)
as q— s. Thus

N, = cZ,(){(T = 8/3p)[3/av, Z,@)],} .. @v)""
(24)

As indicated, the differentiation with respect to Vo
is carried out before setting v, = v,. Then the
operation I' — 4/dp is performed before setting p
=c ,
A direct approach to evaluate N, is probably
more feasible. Thus, using (16) we begin with

N,=-A[ViF,+B,u)G] (25)

s

where

F, =f [K,(vp) ~ o I, (vp))2p dp

and

G, = f [K, (up)]?p dp

Now K, (x), or I, (x), satisfies the equation
x[K, (bx)]% = —(3/0x)((x2/2){[ K] (bx)]?
- (L + 1/62x)[K, (bx)]*})
which is readily verified. Thus,
F = - (@/DUZ)2 -+ 1/via*)Z?] + (c*/2)
C[Z)r =+ 1/viehHZT] (26)
where
Z, =K, (v,a) —a I (va)
Z. =K (v,e)—a,/l(vc)
and
G, = @/{[K|(u,a))* - (1 + 1/ula?)
- Ki(u, a)} '

If |v,a] << 1, we can write

@7

N,= -\ {In(a/c) — (v}/2(a* - ¢}, + (B,u,)’ G,]

FIELDS IN THE UPPER HALF SPACE

We now need to say something about the field
in the air half space (z <0). In general, here the
fields can be derived from a Hertz potential II given

by

1= f ) fNe ot I, (p)dr 28)

whereouo = (A\* — k?)"2 Then, for z < 0,

E =01/0poz = —fr ok fN) J, (Ap)dX 29
0

Now if, for example, Ep = Vyd(p—1p)at z=20
for all values of p, we determine f(\) from

Uy X f(N) e¥ot J, (Ap)d X 30)

0

VOB(P“ p) = “j

Using the Fourier Bessel transform pair [ Stratton,
1941, p. 371]

G(p)———f g\ J (A\p)rd X €3]

[}

g\ = j G(p) J, (\p)pdp (32)
[

it easily follows that

fO) = =N ™' VI (AP (33)

Thus

H, =ieyo vopf (N ug) J,(\p) J, (A\ple ez dN  (34)

1]

for the region z < 0. If we now utilize the series

Jyp) = (1/2)[Ap — (Ap)*/8 + ...] (35)

and the integral formula [ Stratton, 1941, p. 576]

f Jop)(N/uy) et dh = (p? + z3) ' exp[—ik
0

pt+ ) (36)
it easily follows that
A, = lie 0V, ()2/2]{-a/3p + [()7/813/ap)

- (kT +a*/9zd) + ..} e *R/R 37

where R = (p? + z2)'/2. In fact, the leading term
will be adequate for most purposes; thus
H, ~ —[e,0Vy(p)2k/2p](1 + 1/ikp)e ~i (38)

for z = 0.



Now actually we are dealing with an imperfectly
ground plane beyond p > p,. But, to a good approx-
imation, we can assume that the actual tangential
magnetic field is not appreciably different. Also,
we can employ the surface impedance boundary
condition to make a good estimate for the tangential
electric field e(p) beyond the ground screen [ Wait,
1969]. In fact, we say that '

e(p) =nH,

where H¢ is given by (37) or 38) and m = [ipyw/
(o + iew)]'/2. Then the power P* supplied to the
ground by means of the upper half space is obtained
from

(39)

P* =(1/2) Renf (H,) 2mpdp = (p)(4w/8)
fo
“[(eqw)?V2a/p2]Rem if kp,<<1 (40)

EVALUATION OF MODAL COEFFICIENTS C,

We now determine the coefficients C, by equating
the right-hand sides of (1) and (15). That is

Z C,Z,(p) = V,8(p — p) + e(pulp — py) “4n
Using the orthogonality relation (20), it readily
follows that

C,=(Vy/Nj)p Z,(p)+ (l/N,)f e(PZ,(ppdp

£o

= (Vo/ Ny in v, p[ K (v, p) —a, I, (v.p)]
= (Von/ NGB Au ) equp)? k/zlf (1 + 1/ikp)
po

re % K (u,p)dp (42)

While the integral above can be simplified, direct
numerical evaluation is preferable, at least for the
TEM mode. The integrand converges rapidly be-
cause K, (u,p) behaves as p~'?exp(—u,p) for
large p.

Actually, for the higher-order modes, the integral
in (42) can be approximated by

j (1 + 1/ikp)e "™ K (u,p)dp = (m/2) '/ exp(—u,p,)

PO

/ik{u py)>"? 43)

This is valid, in an asymptotic sense, when kp,
is small and |u,p| is large.
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POWER RELATIONS

We now need to deduce the total power P~
supplied to the fower half space by the annular
slot. Clearly, this is given by

P = l:(l/Z) Re[ E,, Hg, prdp} o

= npV,[Re H%]":fJ
=0

(44)

= mpVyRelie o z v, C,[K,(v,p) —a, I, (v,p)]}

The total power supplied by the annular slot is
thus P= P* + P~ + P, where P* is given ade-
quately by (40) and P, is the ‘‘radiated power"
of the annular slot. A simple calculation indicates
that the latter is

/2
P, = lim nonf [H,|*R?sin 0 d8 = (1/6) V2 (e w)?
R0
: (5)‘710'(2

In most cases, P, will be negligible compared with
either P* or P~. '

The *‘desired power’' P,is what can be intercept-
ed at some depth [ in the shaft. This quantity is
to be obtained from

[

(45)

P,=(I/2)[ E,, H, 2mpdp (46)

Since [ is sufficiently large that I\ { >> | for s
> 0, we need only use the zero-order mode (i.e.,
s = 0) in computing P,. In other words, the other
modes are ‘‘cut off’’. Thus, the relevant field

quantities are

Eq, = iNgvoColK (vyp) — oy I (vyp)]e ~Hor 4n
and
Hy, = ie,uvy Co[ K, (vyp) = ay I, (vyp)le ot (48)
The corresponding power is
P,=/2 ReJ' [Eq, HE, 1, 2mpdp

= megw|vy, Cyl *Re )\OJ‘ |K, (vop) = a1,

“(voP) P p dpexp[—il(hg — A3)] (49)

Since |vga| << 1 in cases of practical interest it
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Fig. 2. Attenuation rate of the TEM mode.

follows that

P = me,w|Cyl? [In(a/¢) - (a® - c*Re(ayv,/2)]
" Re{hg exp[ —ith g =X 011} (50)

SOME NUMERICAL RESULTS

Using the preceding formulation, some numerical
results have been obtained for a number of specific
cases using typical values of the relevant parame-
ters. In Figure 2 we show the attenuation rate in
db/km of the zero-order or TEM mode as a function
of frequency in the cylindrical hoist shaft. The
conductivity o, of the center conductor is taken
to be 10® mhos/m and its radius c is 2.22 cm.
The radius a of the shaft is 1.2 m. The surrounding
homogeneous earth has a dielectric constant €
= 10¢,, a conductivity o that is either 10 2 or 10 *
mhos/m. The atmosphere and the air-filled shaft
are assumed to have free-space permittivity e, and
magnetic permeability p,. The attenuation rates of
the higher-order symmetric TM modes are shown
in Figure 3 over the same frequency range and
for the same conditions as in Figure 2. The attenua-
tion rates of these evanescent type modes are

virtually independent of the earth conductivity so,
within graphical accuracy, the curves for o = 1072
and 10~* mhos/m are indistinguishable. In view
of these results, it is not surprising that overall
transmission efficiency (defined below) is dominat-
ed by the TEM mode attenuation characteristics.

An important design quantity is the transmission
conductance G, of the annular slot. It is defined,
in terms of the power delivered to the shaft, as
follows: '

P, = (1/2) ViG, (51

where V,,is the applied voltage (i.e., the rms voltage
is V,/2'/2. In Figure 4, G, is plotted as a function
of frequency for the same parameters as above
but now we must specify the radius p, of the ground
screen and the mean radius P of the annular slot.
We choose p, = 2.0 m and p = 0.6 m but the resuits
are only weakly dependent on these parameters.
In Figure 4 we also show the curve when there
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are no ohmic losses (i.e., o = o= ). In the latter
case, it is easy to show that

G, (52)

As indicated in Figure 4, the transmission conduc-
tance increases somewhat with frequency as a result
of ohmic losses. :

We now define an overall transmission efficiency
as the ratio P,/(P~ + P* + P,). This quantity,
expressed as a percentage, is plotted in Figure S
as a function of frequency for the same parameter
range. As indicated, two values of the depth !
(= 0.5 and 2.0 km) are selected. Not surprisingly,
the transmission efficiency becomes poorer as the
depth [ increases, In fact, the efficiency is propor-
tional roughly to the factor exp(—2al) where « is
the attenuation rate of the TEM mode.

=2w/n,ln(a/c)

ey axn
3

CONCLUDING REMARKS

The present analysis and sample calculations
show that, for such a configuration, most of the
transmitter power can be delivered to the shaft.
The key factor seems to be the manner of impressing
the source voltage between the center conductor
(i.e., hoist rope) and the wall of the shaft. Most
of the power is dissipated in ohmic losses in the
surrounding earth. For this reason, the transmission
efficiency decreases roughly in an exponential fash-
ion with depth to the observer in the shaft.

5.0 H i LA LA
o (o-c= o0 h
aof ) ]
30° o =10" 'mhos/ ]
0
o
£ - c=2.22¢cm ]
£ o.=108mhos/m
° 20+ c —
a=l.2m
E/€o= 10
1.0 Py =2.0m 1
8 p =06m i
0 | B 1 | L
20 50 100 20 500 1000
FREQUENCY (kHz)

Fig. 4. Transmission conductance of the annular slot.
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Fig. 5. Transmission efficiency of the system (this
is a measure of the relative power that is transmitted
down to a depth [ in the shaft).

In our calculations we have neglected the contin-
uous spectrum so this conclusion may be modified
somewhat at the lowest frequencies and for low
rock conductivity, However, in a practical scheme
the upper few meters of the wall shaft would be
lined with wire mesh so the neglected lateral wave,
in the external conductor, would have a negligible
effect. A recent calculation has shown this to be
the case.

In an actual system we would use a toroidal-coil
coupler rather than an annular slot. This should
not change the overall features, On the other hand,
the practical method of receiving the downward-
propagated signal would be a major aspect of the
overall capability to communicate. This subject is
now occupying our attention.
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Note on the theory of transmission of electromagnetic waves in a coal seam

James R. Wait
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A coal seam is idealized as a resistive slab bounded by more conductive rock. The source is
taken to be a vertical electric dipole. It is shown that the dominant mode has relatively low attenuation.

Electromagnetic waves can propagate laterally
via highly resistive layers in the earth [ Wait, 1971].
In such cases, it is necessary to locate the source
and observer within or near the waveguide. Such
a waveguide could be formed by a coal seam
bounded by well conducting rock. Our wave model
is very simple and probably overly idealized but,
in spite of this fact, the calculations are nontrivial.

The waveguide configurations and the cylindrical
coordinate system (p,d,z) we adopt are illustrated
in Figure 1. We show a homogeneous slab of width
2h, of conductivity o, and of permittivity e. This
is bounded above and below by homogeneous and
semi-infinite regions of conductivity ¢, and per-
mittivity € ,. The source is a vertical electric dipole
of moment 21ds located at z = 0, which is the center
of the slab. We first consider the vertical electric
field E. within the region —h < z < h. Formally,
it is represented as a contour integral over a spec-
trumof plane waves. This, inturn, can be expressed
as a sum of residues plus branch line integrals.
For the present problem, the dominant contribution
is the residue corresponding to the zero-order mode
at the eigenvalue C = C, defined below. Thus, for
our purposes, we write [ Wait, 1970]:

E,=E,W )

where

)

Pl

E,= —[lip wlds/2wp)] 2

isareference field and Wis an attenuation function.

The latter is given by

W= Qukp)2(kh) 'expl—in/4)A
“cos(kCy )83 P exp(—ikpS,) (3)

Copyright © 1976 by the American Geophysical Union.
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where

So=1(1-CH'2,
C-A

R = R
C+A

ik = [in, oo + jew)] ' 2
iaR/aC

A=l —

C=Co

2khR
< >l/: (kzsz__k‘.l?)l/z
As oo —

= i(k? - k28112 /(g + i€ w)

=1

ihgw

o+ iew o, +ie;w

ik, = [ipqwlo, + ie, w)]'?
Here C, is a solution of the equation R exp
(—i2khC) = 1. In writing (1), (2). and (3) we assume
that |kp| > 1.

The mode equation can be written in equivalent
form as

wtanh uh + pvr =0 H

where p = (o + few) /(v + ie w). u = IikC, and
v= (K38 = kD2 =ik (1 = prSH 2 The at-
tenuation rate is then —ImkS, nepers per unit length

in the p direction. In this notation we see that the
excitation factor \ can be calculated from

sl

Using the mode equation in the form

1 aR

2hR du

u—pv

u+ pv

R — R~'=2sinh2uh

we see that

|

~ Before presenting typical numerical results for
the attenuation rates, we will discuss some limiting

k3 — k* sinh 2uh |

2uh

(5

{ — —

3

2
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Fig. 1. Idealized coal seam of conductivity o bounded

by rock of conductivity o, . The relative permittivity

values are taken to be K, =¢, /ey =15 and K
= ¢ /ey = 9 throughout.

forms. If |p| — 0. corresponding to perfectly con-
ducting boundaries, it is evident from (4) that the
zero-order mode corresponds to u =0 or S, = L.
Thus the attenuation rate is the same as that for
plane waves in a region of conductivity o and
permittivity e. For this case, \ = 1/2. The other
limit results when the waveguide thickness h tends
to 0. while all other parameters remain fixed. From
{4) we see that this limit corresponds to v = 0, which
means that kS = k,. Thus, as is expected, the
attenuation rate approaches that for an infinite

medium of conductivity o, and permittivity €. -

Now, as is easily seen from (5), the excitation factor
approaches 0. This result is not surprising, since
we no longer have a waveguide but merely a
conducting full-space. Some of these limiting cases
were exhibited in some calculations reported earlier

10 — . .
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Fig. 2. Attenuation rates for dominant waveguide modes in a

coal seam of thickness 2h for an optimistically high wall
conductivity of o, = 10 mhos/m.
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Fig. 3. Attenuation rates for dominant waveguide modes in a
coal seam of thickness 2h for various wall conductivities.

[ Wait and Spies. 1972] in the context of ultra-low
frequency in a postulated waveguide in the crystal-
line basement of the earth’s crust,

Using a numerical solution of (4), values of the
attenuation rate —Imk,S, in decibels per meter
have been obtained that are relevant to the coal
seam situation. The frequency range extends from
1 to 10° kHz (i.e., 1000 Hz to 100 MHz). Some
typical values of the parameters are chosen and
they are indicated in a self-contained fashion in
Figures 2 and 3. The curves apply to the important
zero-order mode which is analogous to a TEM
(Transverse Electromagnetic Mode) in a parallel
plate waveguide. Such a mode, of course. has no
cutoff as such and. for this reason, it has been
proposed that it be the principal mechanism for
low-loss transmission in stratified layers of the
earth’s crust. In Figure 2, however, we also show
some results for the first order (n = 1) mode which
for h=10m is ‘‘cut off” at frequencies below
about 40 MHz, when the half-width h of the wave-
guide is equal to one-half of the effective wave-
length. When h = 1.0m this cutoff frequency
would be approximately 400 MHz for the same
condition.

Some important conclusions can be drawn from
Figures 2 and 3. As expected, on the basis of
previous work on the earth-crust waveguide, the



attenuation rate is critically dependent on the bulk
conductivity o of the waveguide (i.e., the coal seam
itself). In fact, at the higher frequencies, there is
almost a direct proportionality as one would predict
on the basis of propagation inan unbounded medium
when the loss tangent is small (i.e., when ew /o < 1).
Also, we can see that, as the waveguide
half-width h is changed from 10 m to 1.0 m, the
attenuation is increased consistently, In addition,
if we decrease the conductivity o, of the bounding
rock, the attenuation also increases in a manner
roughly proportional to (o) ~"/2,

These results confirm recent unpublished experi-
mental and calculated results (personal communi-
cations, R. L. Lagace of A. D. Little, Inc.) that
attenuation rates in such configurations can be
expected to be as low as 0.1 dB/m for frequencies
around 100 kHz if the bulk conductivity of the
seam is less than about 1.0 millimho/meter.

In this analysis we have assumed that the coal
seam is excited by a vertical electric dipole at its
center. The same n = 0 mode is excited for a vertical
electric dipole anywhere within the seam. However,
if the electric dipole were located outside the seam
it should be located in a horizontal orientation so
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that the desired mode is launched in the end-fire
directions. Similarly, a horizontal-axis loop will also
excite the desired mode but a vertical-axis loop
will not. The excitation problem for the analogous
earth-crust waveguide has been discussed recently
[ Wait, 1975] and the results would seem to apply
directly to the coal-seam problem,

Acknowledgments. 1 ami very grateful to R. G. Geyer and
R. J. Lytle for their useful comments and critical remarks on
this subject.
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CHAPTER 22

INFLUENCE OF SPATIAL DISPERSION OF THE SHIELD TRANSFER
IMPEDANCE OF A BRAIDED COAXIAL CABLE

J.R. WAIT and D.A. HILL
Institute for Telecommunication Sciences
Office of Telecommunications
U.S. Department of Commerce
Boulder, Colorado 80302
Abstract-The effect of the dependence of the braid transfer imped-

ance on the propagation constant is discussed for a coaxial cable located

in a circular tunnel.

In recent papers [1,2] in this journal, we have presented attenu-
ation calculations for a braided coaxial cable located within a circular
tunnel bounded by a homogeneous lossy medium. Following previous engi-
neering practice, the metal braid was represented by a transfer imped-
ance ZT that was assumed not to vary with the propagation constant of

the desired mode. In fact, for the calculations, we assumed that

2, = iwLT where 1., was the transfer inductance expressed in nano-

T T

henries per meter. But this is a limitation in the calculations not
in the theoretical formulation.
Recent theoretical work [3,4,5] on wire mesh screens suggest that

the effective transfer impedance is better represented by the form
Zp = A(w) + B(W)I'? (1)

where A(w) and B(w) ave frequency dependent parameters that do not
depend on the propagation constant I'. In the specific case of the un-

coated braided coaxial cable model used earlier, we would have

Zp, = dwlp[1 + r2/(k§ + kz)]. (2)
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where kO is the wave number for the region (i.e. air) adjacent to the
cable and k is the wave number for the insulating dielectric on the
inside §f the sﬁield. This particular form would apply if the weave or
pitch angle ¢y of the braid wires (angle subtended with the cable axis)
is 45° and if the axial separation of the braid wires is small compared
wiﬁh a wavelength and with the radiﬁs of the shield. Of course, the
formula, but not the form, for ZT is modified if other factors are
considered such as the influence of the jacket material and any external
lossy coatings. Also, if the weave.angle is different from 45°, we should
replace the bracketed term in (2) by [1 + (2I'? cos? W)/(kg + k2)]
according to an analysis by K.F. Casey [5].

The general mode equations [1,2] we have derived for the braided
cable in the tunnel may s;ill be used if ZT is regarded to be T
dependent. The iterative calculation is only slightly.more complicated.
However, it is useful to examine how much error is incurred by adopting
an appropriate I'-independent model for ZT since this has been used~fre—

quently in the past. For the coaxial cable or bifilar mode, I is of

the order of ik; thus we propose to use the approximation:

I

Zp(T) = Zp(ik) = LuLp (1 - kz/(ks + k?)]

(3)

I

iwLok2/ (k2 + k®)

The limiting case is obtained by setting T = 0 in (2). Then we recover

the simple form ZT = iwLT.
To illustrate the significance of the present results we plot the

attenuation rate of the bifilar mode in dB per km for the three cases

mentioned above in Tigs. 1,2 and 3. Specifically the transfer impedance

takes the respective forms ZT(F), ZT(ik) and ZT(O) as indicated on

each figure.
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The cable parameters, in terms of the earlier notation [1,2], are

v'ab (tunnel radius) = 2m, dé(earth conductivity) = 10_3 mhos /m, ee/e0 = 10,

a (inner conductor radius) = 1.5 mm, b (sheath radius) = 10 mm, 8/80
(dielectric constant of insulatorj = 1,5, and o, (conductivity of inner
conductor) = 5.7 X 107 mhos/m. Also, as mentioned above, the influence of the
jacket and/or lossy external layer is ignored here. This cérresponds to
setting ¢ = b and 0d = 0 in the previous formulation [1,2]. As indicated

in the figures, po (offset distance of cable from tunnel axis) is either
zero or 0.9 a = 1.8 m. In fig. 1, wheré the reference value of LT is
40 nH/m, it is seen that the attenuation rates for ZT(F) é;d ZT(ik)
are considerably lower than that for ZT(O). In Fig. 2, where LT = 10
nH/m, the difference is somewhat reduced, while in Fig. 3 where

LT = 2nH/m, the difference is negligible. In all cases shown the
difference between the curves for ZT(F) and ZT(ik) would seem to be
insignificant.

"Certainly from a practical standpoint the use of an effective I'-
independent value of the transfer impedance such as ZT(ik) would lead
to a negligible error. But, of course, the use of ZT(O) as may be
obtained from a static test measurement is liable to produce significant
discrepancies. Thus, in interpreting the calculat.:d data from previous
attenuation calculations [1,2], one should identify the given sheath
transfer impedance as an effective value for that mode fe.g. ZT(ik)
for the bifilar mode and ZT(iko) for the monofilar mode].

Using the method discussed recently by the authors [6], the
influence of the I' dependence on ZT on the excitation factor of the

desired bifilar mode was investigated. The results showed that ratio of

the excitation factor for the ZT(O) agssumption was typically 6 dB
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higher than for either the ZT(T) or ZT(ik) assumptions. This is

not surprising since the cable is less leaky in the latter cases. To
some extent, this compensates for the decreased attenuation rates insofar
as the total system loss is concerned. The important point is that the
excitation factors calculated for an effective ZT(ik) never differ
more than 2 dB from the I'-dependent form ZT(F) (even for the worst

case where LT = 40 nH/m).

Not surprisingly, the calculated transmission characterisgkcs for
such problems will depend on the many details of the assumed model. The
large number of parameters, even in such an idealized configuration,
makes it extremely difficult to form a comprehensive picture of the
overall phenomena. Nevertheless, it appears highly worthwhile to

develop engineering design criteria that can be used to estimate system

performance. Work on this subject continues.
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FIGURE CAPTIONS
Attenuation rate of a braided coaxial cable in a circular
tunnel for three different representations of the sheath
transfer impedance. The reference transfer inductance LT
is 40 nano-henries per meter.
Attenuation rate of a braided coaxial cable in a circular
tunnel for three different representations of the sheath

transfer impedance. The reference transfer inductance is

LT = 10 nH/m.

Attenuation rate of a bralded coaxial cable in a circular
tunnel for three different representations of the sheath
transfer impédance.‘ The reference transfer inductance is

LT = 2 pH/m.
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CHAPTER 23

ANALYSIS OF RADIO FREQUENCY TRANSMISSION ALONG
A TROLLEY WIRE IN A MINE TUNNEL
‘DAVID A. HILL and JAMES R. WAIT
Institute for Telecommunication Sciences
Office of Telecommunications

U.S. Department of Commerce
Boulder, Colorado 80302

Abstract - An idealized model of a trolley wire communication
system in a tunnel is considered. To facilitate the analysis, the
tunnel cross-section is taken to be semi-circular and the surround-
ing rock medium is homogeneous with a finite conductivity. The
metallic rails or other conductors on the flat floor of the tunnel
are represented by a plane metallic reflecting surface of infinite
extent. The trolley wire and associated feeder line are assumed
to be equivalent to a single cylindrical conductor that is parallel
to the axis of the tunnel but located anywhere within the cross-
section. The appropriate modal equation is then solved for the
propagation constant of the dominant mode. It is shown that the
attenuation rate increases significantly as the trolley wire
approaches the tunnel wall. However, even when the trolley wire
is within 20 cm (8 inches) of the wall, the attenuation rate at

200 kHz is still less than 2 dB per kilometer.
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INTRODUCTION

It is common practice in commﬁhications in mines to utilize the
trolley wire and its ground return as a radio.freQuency transmission
line [1]. A potential problem in such a configuration is the influence
of the finite conductivity of the rock adjacent to the tunnel or pass-—
ageway in the mine. A similar sitwation can arise for communication lines
in road and railway tunnels. For practical reasons, it is desirable td
locate the trolley wire, that carries the DC or AC power, very close to
the - tunnel wall or rib. For power frequencies, this would not be of any
consequence but for the radio frequencies used in the communication cir-
cuits, the eddy currents induced in the adjacent rock can lead to attenu-
ation of the signal. To provide some insight to this problem, we hereby
carry out an analysis of an idealized situation. Specifically, we con-
sider a straight tunnel that has a semi-circular cross—section. In order
to focus attention on the influence of the proximity of the trolley wire
to the rock wall, we assume that the ground return circuit is ideal.
Actually, this is not an inappropriate assumption when well bonded metal
rails are located on the floor of the tunnel. In fact, to facilitate the
analysis, we assume that the floor is a flat perfectly conducting surface.
The trolley wire and any associated feeder line are assumed to be repre-
sented by a single axial cylindrical conductor with‘radius ¢. In the

present model c¢ is restricted to be much less than the tunnel radius a .

FORMULATION
The situation to be considered is shown in Fig. la. With respect to
a cylindrical coordinate system, the wall of the tunnel for the semi-

cylindrical model is defined by p = a and 0 < ¢ < 7m. The perfectly
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conducting floor is the surface ¢b= 0 and T for 0 < p < o, The
trolley wire of conductivity o, is centered at p = bo and ¢ = ¢o.
The homogeneous rock with conductivity Oe and permittivity € occupies
the region p > a for 0 < ¢ < m,

By some means we now inject an oscillating current of angular frequency
w} on to the trolley wire. This currentvflows axially along the wire down
the tunnel to a suitable termination or matched load. Under the condition
that there are infinite impedance chokes to prevent current drain to loco-
motives and other intervening loads, the return current will return along
the ground plane and to some extent, in the tunnel walls. We can therefore
assume that the current between the transmitter (at say z = 0) and the
terminal load has the form Io exp(-T'z) for the implied time factor
exp (iwt). Of course, higher order modes will also be excited but they
will be highly attenuated if the tunnel diameter 2ao is small compared
with the free space wavelength. The problem thus boils down to the deter-
mination of the propagation constant [' of the propagation mode in the
semi-circular tunnel that is effectively infinite in length., In particular,
the real part of I so determined will indicate the attenuation of the
propagating mode.

It now turns out that, because of the fortunate and non-accidental
choice of the geometry, the problem as posed in TFig. la is entirely
equivalent to the fully circular tunnel shown in Fig. 1b. The external
region, now defined by p > a, for all ¢, is homogeneous with con-
ductivity Oe and Ee. In this case, however, we must locate an.identi—
cal trolley wire at the proper image location. The current I, on this

1

second wire located at p = Py and ¢ = ~¢o nust be equal to -IO.
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Thus the problem originally posed is transformed td the task of finding
the bifilar mode for the symmetrically disposed wires contained in what
is otherwise an empty tunnel in a homogeneous rock medium.

As a slight digression, we should point out that the circular tunnel
configuration shown in Fig. 1b also will support a monofilar mode that
corresponds to choosing Il = +IO. In this case the return currents are
now flowing entirely in the rock adjacent to the tunnel walls. The corr-
esponding semi—circulérltunnel mode would still look like Fig. la but the
postulated perfect electric conductor on the floor would need to be a perfect

magnetic conductor. Such a situation cannot be approximated in any sen-

sible way so we will not pursue further the monofilar mode solution.

MODAL SOLUTION
A modal analysis to determine I for the bifilar mode on a trans-
mission line in a circular tunnel has been obtained previousl& by the
authors [2]. For the present symmetrical case shown in Fig. 1b that

general mode equation may be factored and written in the form

A - A =0 (1)
where
.Y2
A = 2 27 L g (ye) - 8 (2)
o 2 n [¢) o
v (o]
and
A = K (vog) = 8 (3)

where
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2 - - 2 .- 2 _ o _ .

Y, € H W (27r/>\o) = ko » Py = Zpo s:m(bo
2 2 2 Y

vi= v, - T% ., o = (/e )" = 120m,

n I () , :
z= 2me Il(ch) i Yw - 1quow ’ nw = iuow/ow

and where So and Sl are factors that account for the presence of the

tunnel walls. The latter two factors are given by

So < Km(vao) L
= R ——— I (vp )I {v(p + ¢) 4)
S Z m Im(vao) m o m( o ) exp (~i2n¢ )
1 m=-— o
where

. (v /VIK (va )/K (va ) + ¥ n +8n )
ML va )/ (va ) + Y g+ 8N

and where
(:‘LmI‘/ao)z[vn2 - u—zjz
SNy = , (6)
(Yo/v)Im(vao)/Im(vao) + (Zm/no)

. 2 ' . t
. iy, Km(uao) . - inw Km(uao)
= , = -
m Ul W Km(uao) m u Km(uao)

1
u = (yé - T2y? 4nd Yi = iuow(ce + ieew) .

In the present analysis we have tacitly assumed that the magnetic
permeability takes its free space value uo(= 4T % 1077 henries/m).
However, it is a simple matter to account for the finite susceptibility
of the axial conductor or trolley wire by using the appropriate value of

the permeability H, in place of M in the expression for the series
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internal impedance Z given above.

The modal equation (1), while appearing to be rather complex, can
be used to obtain numerical results without making any further approxi-
mations. TFor frequencies of the order of 100 kHz, the diameter of the
tunnel is quite small compared with the free-space wavelength. 1In this
case, Iﬁ(vao) becomes very large and Km(vao) becomes small. This
causes numerical overflow problems so we find it convenient to use small

argument approximations so that the relevant factor in (4) is given by

K (va )

Im(vao) Im(Vpo)Im(v(po + C))

m: o

[(p, + c)p /a21"2m) ™5 m # 0 Q)
—2n(vao) ; m = 0.

On the other hand, the modified Bessel functions of arguments Y,,C and

ua_ are not approximated.

LIMITING CASES
Before discussing some typical numerical results, we consider the
limit of perfectly conducting walls of the tunnel. In this case it can
be seen that RIn - 1. Then, using the small argument approximation

indicated by ( 7), it follows that

I NCTE T

S = —-fn va + ———— - . (8)
0 o 2 m
a
=1 o

and
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oo m
(o, T edo | 1
e R U it ')
S1 n va + E ; o cos~m¢o (9)
a
m=] o) .

Using the well-known summation formula [3]

(o]
E p" l‘cosmx = - l'52,n[l - 2b cosx + b?] (10)
1 m B 2
we see that
8, = 8, % n(l - 1) - (1/2)%n[l - 2r cos2¢ + r?] (11)
(p, + e)o, pZ .
where 1 = ; ~ = —= , The relevant mode equation is now obtained
2 2
a a
o o

from (11) by using the small argument approximations for the KO functions.
Thus

lpy/e) + (y /v®)(2mz/n ) + s, -8 =0 (12)

Making use of (11), this can be solved explicitly for TI? to yield

L
_ 217 2
P, 1 5] a3)

where

R = (pd/c)(l - r)[1 - 2r cos2p  + rz]—%

A~ L

Equation (13) can be written in the form T = (YZ)'5 where Y = 2ﬂi€ow/2n R
and 2 = (iuow/ZH)Qn R + Z. Here ? and 2 are the series admittance and
series impedance, respectively, per unit length. The corresponding character-
istic impedance is then (2/§)% or T/?. As a check we can let the tunnel
radius become infinite (i.e. ag > ©), Then R becomes pd/c. The corresponding
expressions for % and § are then the appropriate values for a single wire at a

height pd/2 over a perfect ground plane. Another check is let ¢O + 90° whence
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we obtain R = (pd/c)(l - r)/(l + r). Using these limiting forms and setting
Z = 0, we recover the handbook values of the characteristic impedance for

perfectly conducting configurations [4].

NUMERICAL RESULTS
We now present some numerical examples for the general configuration

shown in Fig. la or its symmetrical equivalent in Fig., 1b. In view of

the large number of parameters involved, we selected certain typical
values only. For example, we choose ¢o = 45° for all cases and the
wire radius'c is taken to be 1.5 cm. The frequency range is taken to
extend from 50 to 800 kHz since this encompasses frequencies used in
trolley-wire communication systems. Also, we restrict attention to the
attenuation rate (real part of I') of the propagating mode. This is
expressed throughout in terms of decibels per kilometer®.

In the first example, in Fig. 2, the influence of the distance
a - po of the trolley wire from the tunnel wall is exhibited. For
this case the tunnel radius is 2 meters and the rock conductivity
o, = 10~% mhos/m. The relative permittivity ee/eo of the rock is
taken to be 10 and this value is adopted throughout the remaining
examples, The wire conductivity OW is taken to be 5.7 x 10’ mhos /m
corresponding to copper but the effect of decreasing this to 5.7 X 10°®
is shown for the case a_ - po = 20 ecm. As indicated in Fig. 2, the
attenuation rate increases significantly as the trolley wire is moved

toward the wall although the total attenuation for a 1 km path is still

only 4.5 dB at 800 kHz even when aj = P, = 20 cm = 8 inches..

* Some values of the normalized phase factor Im(F)/kO are appended in
Tables 1, 2, and 3. The relatively small influence of changing the

wire radius c, on both attenuation and phase, is shown in Table 3.



The influence of the tunnel radius for a fixed distance of the
trolley wire to the wall is illustrated in Fig. 3. (The same parameters
are used in Fig. 2). There appears to be only a very slight increase of
attenuation when the tunnel radius is increased. This is probably due

to the increasing fringing of the fields when the separation between the

trolley wire and the image is increased.

If we keep the distance from the trolley wire to the ground plane
fixed then, as indicated in Fig. 4, the attenuation rate increases as the
tunnel radiﬁs is decreased. This again shows that the impoftant para-
meter insofar as losses are concerned, is the distance of the trolley
wire to the tunnel wall.

The dependence of the attenuation rate on the Conductivity‘ Ge of
the rock surrounding the tunnel is complicated. This is not surprising
when‘one considers the various physigal mechanisms that are responsible
for the extraction of eﬁergy from the propagating mode. Some results to
illustrate the dependence are shown in Figs. 5a and 5b for a wide range
of values. For very small values of o, (e.g. 107" mhos/m), the loss
is determined primarily by the leakage radiation intoAthe rock
that has the character of a low loss dielectric at 800 kHz. As the rock
conductivity is increased, this leakage radiation is lowered because of an
increased impedance mismatch at the air/tunnel boundary. There is a local
minimum of the attenuation at Oe approximately equal to 10~? mhos/m
which occurs because, for further increases of Oe, the induced eddy.
currents become a dominant factor and the skin depth in the surrounding
rock is still quite large. However, with further increases of 0> the
attenuation rate is again decrea;ed because the skin depth is now becoming

much less than the tunnel diameter.
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Finally, as indicated before, in the limit when O, = ™ the only
loss mechanism is due to the finite conductivity o, of the trolley wire.
This is indicated in Fig. 5b. The corresponding limit when the rock con-
ductivity is zero and the relative permittivity Ee/eo is unity, is also
shown in Fig. 5b. As discussed earlier, this is the case when the corres-
ponding two-wire transmission line-is located in free space, or the eqﬁiv-

alent situation of a single wire over a perfect ground plane.

CONCLUDING REMARKS

The tunnel model used above is admittedly very idealized. Nevertheless,
the results do indicate that the influence of the finite conductivity of the
adjacent rock is significant for frequencies from 50 to 800 kHz. Because we
have represented the ground plane or floor of the tunnel as a perfect con-
ductor, losses from the imperfect bonding of the rails are ignored. The
influence of the leakage currents from the rails to the rock floor should
be considered. |

While this problem could be treated by a more sophisticated model, some
insight is obtained by examining the results for a fully circular tunnel where
the walls are uniformly conducting [5]. Essentially, this is the situation
depicted in Fig. 1b where now we have only one conductor. Thus the return
current must flow entirely in the adjacent rock. The mode equation is now
Ao = 0 where A0 is defined by (2). We choose the same parameters as used
in Figs. 5a and 5b except we set a = 1.414m so that the cross-sectional area
of the tunnel is the same as before. Not surprisingly, the attenuation rates,
as shown in Fig. 6, increases monitonically as the conductivity Oe of the

rock is decreased. Also, for Oe in the range from thz to 10~3 mhos /m, the
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attenuation rate is an order of magnitude greater than with the semi-circular
model.

If we again consider the special case Ge = o, and use the small argument
approximations for the Bessel functions, it is not difficult to show that

A 1 ~
- 5\ S . -1 - (4
I = (Yozo) where Yo = 2ﬂ1€0w(2n RO) and Zo (1uow/2ﬂ)2n Ro + Z where

2
a p
Ro; ._.9.(1__2)
Cc aZ

[o]

This limiting case and one discussed earlier suggest that a meaningful
definition for the characteristic impedance is F/? for the semi-circular
model and F/Qo for the fully circular model. This assertion, however,
becomes invalid for the low rock conductivity (e.g. Oz < 10~2) and for the
higher frequencies (e.g. £ > 200 kHz).

There is an obvious need for some controlled experimental tests for
transmission in tunnels with various types of conductors such as rails and
pipes. An important step in this direction has just been described by
Gillette and Gilmour [6] for frequencies somewhat higher than considered
here. Also, the theoretical models should also be extended to accouht for

the presence of insulated and un—insulated conductors buried in the adjacent

rock,
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FIGURE CAPTIONS
An axial conductor or trolley wire located in semi-circular
tunnel.
The equivalent twin-wire line in a circular tunnel.
The influence of the distance of the trolley wire to the tunnel
wall on the attenuation rate.
The effect of varying the tunnel radius for a fixed separation
between the trolley wire and the kunnel wall.
The effect of varying the tunnel radius for a fixed height of
the trolley wire to the ground plane or tunnel floor.
The dependenée of the attenuation rate on the rock conductivity
o, for the range from 10™"* to 1 mhos/m.
The dependence of the attenuation rate on the rock conductivity
Oe for the range from 1 mhos/m to o,
The dependence of the attenuation rate on the rock conductivity
o for a single conductor in a fully circular tunnel. The other

e

conditions are the same as in Fig. 5a and 5b except that a = 1.414m.
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APPENDIX

TABLE 1

EFFECT OF WIRE POSITION AND CONDUCTIVITY
(a = 2m, e /e, = 10, o, = 107* mhos /m, ¢, = 45°, ¢ = 1.5 cm)

(ao = 2m, ee/eo =

TABLE 2

EFFECT OF WALL CONDUCTIVITY
10, ¢ = 45°, a_ - p_ = 20cm, G = 5.7 X 10’mhos/m, c = 1.5cm)

. Normalized Phase Im(F)/k0

r?ﬁ;igcy (a, - p, = 80cm) (a_ - p_ = 40cm) (a, = p, = 20em) (a_ - p_ = 20cm)
50.0 1.060 1.149 1.271 1.274
66.0 1.060 1.149 1.271 1.273
87.1 1.060 1.149 1.271 1.273
114.9 1.060 1.149 1.270 1.272
151.6 1.060 1.149 1.270 1.271
200.0 1.060 1.148 ‘ 1.269 1.270
264.0 1.059 1.148 1.268 1.269
348.2 1.059 1.147 1.267 1.268
459.5 1.059 1.146 1.264 1.265
606.3 1.058 1.144 1.261 1.262
800.0 1.057 1.142 , 1.255 1.256
TN ) \_V__/

o, = 5.7 x 10’mhos/m o, = 5 x 10°mhos/m

‘ Normalized Phase Im(T)/lco

Fr?g;j;cy (o, = 107") o, = 107%) (@, = 107°) (@, = 107"
50.0 1.266 1.271 1.271 1.264
66.0 1.264 1.270 1.271 1. 260
87.1 1.262 1.270 1.271 1.254
114.9 1.259 1.269 1.270 1.247
151.6 1.257 1.269 1.270 1.238
200.0 1.253 1.268 1.269 1.228
264.0 1.248 1.267 1.268 1.221
348.2 1.244 1.266 1.267 1.216
459.5 1.238 1.265 1.264 1.212
606.3 1.232 1.264 1.261 1.209
800.0 1.224 1.262 1.255 1.208

TABLE 3
EFFECT OF WIRE SIZE
(ao = 2m, E;e/s:o = 10, o, = 10" *mhos /m, (bo = 45°, a = P, = 40cm, o, = 5.7 x 10"mhos/m)
Frequency Attenuation Rate (dB/km) Phase Im(I')/ko

(kHz) (c = 1.5cm) (c = 2.5cm) (c = 1.5cm) (c = 2.5cm)
50.0 2.14 x 1072 2.02 x 1072 1.149 1.173
66.0 3.11 x 1072 3.09 x 10™2 1.149 1.172
87.1 4.68 x 10™2 4.87 x 1072 1.149 1.172
114.9 7.30 x 10~?2 7.87 x 10~2 1.149 1.172
151.6 1.168 x 107! 1.296 x 107} 1.149 1.172
200.0 1.907 x 107! 2.159 x 107! 1.148 1.171
264.0 3.149 x 107! 3.618 x 107! 1.148 1.171
348.2 5.224 % 107} 6.062 x 107! 1.147 1.170
459.5 8.631 x 107!} 1.008 1.146 1.169
606.3 1.406 1.649 1.144 1.167
800.0 2.233 2.623 1.142 1.164
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CHAPTER 24

RADIO FREQUENCY TRANSMISSION VIA A TROLLEY WIRE
IN A TUNNEL WITH A RAIL RETURN

James R, Wait¥®

Cooperative Institute for Research in Environmental Sciences
University of Colorado/NOAA
Boulder, Colorado 80309

_ and

David A. Hill

Institute for Telecommunication Sciences
Office of Telecommunications
U.S. Department of Commerce
Boulder, Colorado 80302

Abstraet-An analysis is given for the transmission of
electromagnetic waves along a circular tunnel in the presence
of axial conductors. One of these conductors is an ideali-
zation of a trolley wire with its bonded feeder line and it
may be located anywhere in the tunnel. The other is a metal
rail that is located within the homogeneous rock medium at a
finite distance from the tunnel wall. A mode equation for the
propagation modes is obtained that is used to obtain numerical
results for the attenuation rate in the frequency range 50 to
800 kHz. It is shown that the attenuation rate is only weakly
dependent on the burial depth of the rail conductor, at least
in the range up to 50 em., Also, it is found that the rail
conductor for the model adopted carries an appreciable fraction
of the total return current when typical rock conductivities
are assumed. A thin layer of insulation on the rail appears
to have a negligible effect. 1In fact,‘fhere is little change
even if the rail is within the tunnel and just above the

tunnel floor.

* Consultant to ITS/OT.
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INTRODUCTION

An extremely interesting proBlem occurs when a radio frequency
signal used in mine communications [1] is coupled to a trolley wire or
its associated feeder line in a tuhnel. If the tunnel wall is suffi-
ently well conducting, the return current path through the rock is
uninhibited. However, if the rock is of low conductivity, the resultant
attenuation of the signal may be severe due to ohmic losses. Fortunately,
in many such cases, the situation is improved by the presence of metal
rails that would be in intimate contact with the floor of the tunnel.
Ideally, such rails could act as a perfeét ground plaﬁe. Then the
trolley wire would be imaged and the loss would result from the finite
conductivity of the upper and side walls and the finite conductivity
of the trolley wire and its bonded feeder. This configuration was
analyzed earlier [2] and the results indicated that the attenuation was
indeed very small (e.g. less than 2dB/km at 200 kHz). A more realistic
case, however, should explicitly consider the rail or other axial con-
ductors that may be located in close proximity to the floor of the
tunnel. This 1is the subject of the present investigation. Alas, we
still employ a highly idealized model that, nevertheless, contains the
essential ingredients. Specifically, we consider a tunnel of circular
cross section with an eccentrically located trolley Vire and a single
rail that may be insulated from the rock. Whilst the formulation is
fairly general and could be applicable to other tunnel configurations
[6], numerical results are obtained only for the case where the diameter
of the tunnel is small compared with the operating (free-space) wave-

length.
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STATEMENT OF PROBLEM

The. situation we wish to analyze is illustrated in Fig. 1. The
tunnel of radius a, with free space permittivity eo,_ is cut through
a homogeneous rock medium of conduttivity Oe and permittivity €,

The magnetic permeability My of the whole space is taken to be the
same as that ofvfree space. With respect to a cylindrical coordinate
system (p,9,z), the tunnel wall is defined by p = a. A trolley wire

of radius o and conductivity OS is located at p = pl and ¢ = ¢l
where pl < a. A rail or other heavy metal conductor is now represented
by a cylindrical structure of outer radius c and.centered at p = p2

and ¢ = ¢2 where P, > a + ¢. Actually c is taken to be the radius of
the insulation or coating that can be assigned a conductivity GC and
permittivity Ec. This coating is concentric with an assumed circular
metal conductor of radius b that has a conductivity O Normally, we
would expect the coating thickness ¢ - b to be small compared with all
other dimenéions of the problem. Also, all aisplacement currents in the
metal conductors can be safely ignored but, without additional complexity,
their magnetic permeabilities may be taken to be different from the free
space value uo assumed elsewhere.

We are interested in seeking solutions for a propagation mode in
the tunnel that has the form exp(~I'z + iwt) where I is the complex
propagation constant and ®w 1is the angular frequency. Thus, subject
to the relative thinness of the wire and rail, we can assert that the
currents will have the respective forms I ekp(—Fz 4 iwt) and

1

12 exp(-I'z + iwt) where Il and 12 are as yet undetermined. In

what follows, we drop the harmonic time factor exp(iwt); its presence
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is understood. The solution is greatly simplified by invoking approp-
riate axial impedance conditions on the trolley wire and rail. The
form of these are taken from previous work [3-5] but, in any case, they

have a self contained plausibility.

WIRE BOUNDARY CONDITIONS
The impedance condition, on the axial electric field Eoz’ at the

trolley wire is taken to be [4]

E
o

I

2| o ZSIl exp(-T'z) )
p pl °

¢=by

where

. - ng I, (vse) (2‘)
s Zﬂco Ingsco)

Y = (iosusw)% and ng = iusw/YS. IO( ) and Il( ) are the modified
Bessel functions not to be confused with the axial current I1 on the
trolley wire. In the case where IYSCOI <<'1, the axial impedance reduces
to the usual series resistance l/WcéGs in ohms per meter that loses

its dependence on the magnetic permeability us. An analogous condition

is to be applied at the coating surface of the rail conductor. TFor the

axial electric field Ee7 in the rock, it reads

s

Eez = ZC(F)I2 exp(-T'z) (3)
p=p2+c

=9,
where ZC(P) is the effective axial impedance of the rail or coated

earth conductor. In general, it would be a function of the propagation

constant TI. For the present problem we can write
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2, = 2, * 7, @
being the sum of the impedance z, of the coating and the impedance

Zb of the metal rail itself. For an earlier quasi-static analysis [3]

ké+1‘2 .
Ze = zﬂ(dc + iecw) In b : ).

where ké = —iuow(Oc + iscw). Since ¢ - b << b this is equivalent to

id w

,\
Ze © zfrbCC-b>(1+ I__) (6)

k2
C

In addition, we note that

o Lo
zb 27hb Il(ow)

(7)

1/ 3 3
where Y _ = (icwuwm)2 and n_ = 1uww/yw. Also, if ]ywbl <1, 7

reduces to l/ﬂbzcW as it should.

THE REQUIRED FIELD EXPRESSIONS
We now return to the general configuration shown in Fig. 1 and
for the moment ignore the presence of the rail conductor. The axial
electric field Eéi) in the region a > p > pl due to the current

Il exp(~T'z) 1in the trolley wire is known from previous work [4,5].

It is given explicitly by

in wli, . 4=
E(l) - wy?2 —0 1 Tz 2 : I (vpl) K (vp)
[e) m:—oo
| (8)
Km(va)

B Rm Im(va) m

1 (VQ)] e"im(d)_q)l)
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o = 2 _ p2 X = 2 .2 )5 2 2 - 2
where v (Yo I') (T yo) and Yo ko E MW Im( )
and Km( ) are modified Bessel functions of integer order m. The

coefficient R.m is given by

Yo K (va)
v Km(va) + Ymno + 6mno
R = 9)
m v
: Y, L, (va)
v Im(va) + Ymno + Gmno
and
2. -2 =2 2
8 n (iml'/a)[v “—u “] (10)
m o '
Y I (va) Z
o m m
v 1 (va) + n_
m o
where

. 2 ! B
¢ - 1Ye Km(ua) (1)
m uuow Km(ua)

iy w K'(
Z = - ot Ky we) (12)
m u Km(ua)

1 1
u= (2 =T = 112 -2

2 _ . _ s
Y, = iuow(oe + 1eew) and N, (uoleo) = 1201

(L)

in the region
ez

The corresponding expression for the field E

p > a due to the current Il exp(-I'z), 1is given by
2 oo
@ _ iw Tz Z
E = - — T e I (vp,)K (va)
ez 2 1 m 1’ m
2ﬂY0 o
(13)
K (up) _.
c (1-Rr) M -im($-d))

m hm(ua)
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This can be checked by noting that Eéi) satisfies the appropriate

wave equation for a medium of constants Ge’ € and Hy and that, at

p=a, g - g
ez 0z

We now consider the complementary problem of deducing the axial

field Eéi) in the region p > a due to the current I, exp(-Tz) in

2
the rail conductor. The solution for this problem can'be carried out in

a straight-forward manner if we first ignore the presence of the trolley

wire. The result is

iv wu?I N
Eéi) oo 2 Tz {K (up,)
2my? o
© (14)
+eo I (ua) , i _
- Z K_(up,)S, i(ua) K_(up)e T ¢2)}

22 e OO

~ 1 _
where pd = [p? + p; - 2pp2 cos(¢—¢2)]6. The factor Sm has an analog~
ous form to Rm and in fact they are related as follows:

K (va) I (ua)
2o m T (1 - Rm) = ¢ | m

Km(ua) ¥ Im(va) Q- Sm)' (15)

=<, [<

owN

An equivalent form of (14) valid in the region a < p < P, is obtained
by replacing Ko(uad) in its series form for this region referring to

the origin p = 0. Thus

4o
K, () = Y K (up))T, wp)e 0702 (16)
S (2)
The corresponding expression for the field Eoz , 1in the region

p < a, due to the current IZ exp(-I'z), is found to be
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. 2 “+oo
2) _ _ ™ Tz
B0 = " I, e Z K_(up,)I_(ua)
€ == @an”n
I (vp) .
m -im(¢-¢,)
x - Sm) Im(va) € 2

This again is an apprdpfiate solution of the wave equation in a homo-

geneous region of electrical constants €, and Ho- As it can be

@ _ 5@
oz ez

verified that E 0= a.
Another useful check is to note that, as a consequence of the

reciprocity principle,

1 2
2 (0,,0,071, = P 00071, (18)

This, of course, could have been used at the outset to obtain the solution

of one complementary problem from the other.

THE MODAL EQUATION
The principal remaining task is now to determine the propagation
cénstant(s) r by.requiring that the total fields satisfy the approp-
riate impedance conditions on the trolley wire and rail. Thus, on

applying (1) and (3), we require that

1) (2) = o (=
E (P +esd) +ET(o) +oeydy) = Z 1, exp(-Tz) (19)
and
(1) (2) -
Eez (p2 + c,¢2) + Eez (p2 + co,¢2) = ZCI2 exp(~Tz) (20)
These must be satisfied simultaneously for all values of z. This in
turn requires that the determinant of the coefficients of Il and I2

should vanish, i.e.



A A
LS (21)
B, B
where
i wv?
A = - 0. {K (ve )
1 27y 2 o 0
"o (22)
: ‘ K (va)
- jz: RmIm(vpl) I I _(va) m (v(pl te ))} zs ’
iuowuz
A2= - ——-—-——2 . ZKm(upz)Im(ua)
e (23)
x (1 -5) Im(v(pl + Co)) Lmim(@=0,)
m Im(va)
iuowv2 .
B, = - —2-;—2—* Z L (o IK (va)
Yo (24)
K (u(p +c)) |
x (1 ~R) By 2 /im($y=0,)
m Km(ua)
and
ipwu?
By =~ JLT {Ko(uc)
e (25)
I (ua)

~ Z (uoz) m ‘m UCD?_ + C))} Z, @)

The summations in each case extend from - to -+ through integer
values including zero. In dealing with radio frequencies, the tunnel
diameter 2a is much smaller than a free-space wavelength. Then, for
the‘modes of interest, the modal equation can be simplified somewhat by
replacing Bessel functions of argument va and vp1 by their small

argument approximations. Thus, for example,
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m
K (va) a?

m -
Im(Va) Im(vpl)Im(V(Ql ' C)) -“? -fn(va); m = 0

\

However, Bessel functions of argument wua and up2 are not so approxi-
mated.

While, in principle, there are an infinite number of solutions of
the modal equation, we may anticipate that the mode of most practical
interest is the one wheré I' is of the order of iko where ko = 2m/
(free-space wavelength). Also, at least in the case of low rock conduct-
ivity, the currenf I1 and 12 would be of the same order of magnitude
but would tend to be anti-phase. Thus, ideally, such a bifilar type
mode is what would be expected for a two-wire line when the currents
are anti-phase. Of course, at higher frequencies, other propagation

modes would be possible including those that would have their energy

confined to tunnel or to the iansulation in the coated rail.

NUMERICAL EXAMPLE
For the present illustration of the analytical model, we choose

the following values for the parameters:

1

1.5 em
5.7 x 107 mhos/m

-7
Moo= 4m X 10

Trolley wire: radius <,

]

conductivity OS

permeability us

Rail or buried earth conductor: radius b = 4 cm
107 mhos/m

Ho

coating thickness ¢ -— b =0

i}

conductivity Uw

il

permeability “w

Tunnel radius, a = 1.414 m (i.e. 2a = 9 feet)
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Trolley wire location: ¢l = 120°, a - Py = 20 cm

Rail location: ¢2 = 240°, p, -~ a= 10 cm

Rock medium: conductivity Ge (various values from 10—4 mhos/m to «)

permittivity €, = 1080

Frequency: from 50 to 800 kHz

The attenuation rate which is the real part of T 4is plotted in
Figs. 2a and 2b as a function of frequency. The vertical scale is
decibels (dB) per km of path length along the tunnel. As illustrated,
the attenuation increases monotonically as the rock conductivity Oe
is decreased from infinity to about 1 mho/m. In fact, in the case where
. > 10 mhos/m, the attenuation of the mode is almost identical to that
computed for a tunnel with a trolley wire and no rail conductor present.
This is the case considered earlier [2] and it corresponds to the dom-
inant mode solution of the equation Al = 0 where Al is defined by
(22). For lower and more typical rock conductivities, the results are
influenced by the presence of the rail conductor. Such values are
those shown in Fig. 2b.

An important related parameter is the complex ratio 12/1l since
this is a measure of the relative amount of current being carried by
the rail. For the same conditions described above, the amplitude and
phase of this ratio is plotted in Fig. 3a and 3b, respectively. Not
éurprisingly, as the rock conductivity is decreased, the relative
current carried by the rail increases and, in fact, the ratio 12/11
is actually tending to -1 at the lowermost frequencies. Of course, in
the limit of high Oe, the rail current is very small which is not sur-
prising since the return current flows very easily in the well conducting

rock walls of the tunnel.
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While the above results were obtained for a buried rail located at
p2 -a = 10 em from the tunnel wall, other calculations showed that there
was virtually no change in the results from p2 -~ a varying from 5 to
40 cm. Also, the presence of a thin lossless dielectric coating (e.g.

c —b=0.1 m) on the rail conductér leads to a negligible change in-
the results. Of course, other values of these parameters may lead to
significant changes but no major modifications should result for the

present configuration in the frequency range considered.

COMPARISON WITH RAIL IN TUNNEL

In the above model, we have assumed that the rail is a cylindrical
dielectric~coated wire located in thé conductive medium surrounding the
tunnel. This could be criticized as unrealistic since the rail may be
actually in the interface between the tunnel and the rock. However,
as we pointed out, the dependence on the quantity pz - a 1is very weak
and in fact, for all practical purposes, it makes little difference in
the deduced propagation constant [ whether the rail is just below or
just above the floor of the tunnel. This assertion is confirmed by
calculations, using another formulation [5] for the same model but with
the parameter a - p2 being positive. Such an example is illustrated
in Fig. 4 for the same geometrical parameters used above with the
exceptions indicated. As can be seen, as a - p2 is decreasing, the
attenuation rate is approaching the value for the rail conductor located
within the rock medium (i.e. indicated by p, —a= 10 cm). Actually, in
this latter situation, the results are essentially the same for p2 - a

from 5 to 20 cm.
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THE MONOFILAR MODE

Foliowing the suggestion of the editor (W.F. Croswell), a search
was made for other modes that may have low attenuation. A mode is
found that had the character of the monofilar mode for a twin-wire
transmission line in a circular tunnel [5]. The magnitude of the ratio”
12/1l for this mode varies considerably with the geometrical config-
uration but the phase of 12/11 is close to zero. Thus, physically,
both the trolley wire and the rail are carrying the current in the same
direction with all the return current being carried by the adjacent
rock. Not surprisingly, this monofilar mode has an attenuation rate
of the order of at least ten times that of the desired bifilar mode
over the frequency range from 50 to 800 kHz. The results for the mono-
filar mode are shown in Fig. 4 for the parameters indicated. The case
for Py~ a= 10 cm is not shown since the attenuation rate is always
greater than 10 dB/kn.

There are also evanescent type solutions of the mode/equation that
are analogous to the cut-off modes in. a waveguide. Their attenuation
is enormous and would plot well over the upper limit of Figs. 2a and 4.
As indicated elsewhere [4], modes of the waveguide type do not become
propagating until the frequency is increased to 50 MHz or so for typical
tunnels. This is true even if the surrounding medium was a perfect

dielectric.

w
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CdNCLUDING REMARKS

The present analysis should provide some insight into the propa-
gation mechanism that is exploited in radio frequency transmission on
a trolley wire or other axial conductors in a tunnel. The presence of
rails or other conductors on the floor of the tunnel assures that the
return current path is effective particularly in the case where the
conductivity of the surrounding rock is low. In our discussion, we
have not considered the influence of various loads on the trolley wire
such as locomotives. The latter are usually isolated to some extent
by radio frequency chokes that nevertheless will influence the perfor-
mance of an actual communication system.

Further work on this subject needs to consider all the relevant
factors. Also, it appears that some carefully controlled experiments
are badly needed if the relative importance of the various parameters

are to be properly understood.
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FIGURE CAPTIONS

Fig. 1 Circular tunnel with a trolley wire at (p,$,z) carrying
current I1 and a buried rail or earth conductor at
(p2,¢2,z) carrying a curren; IZ'

Fig. 2a and 2b Attenuation rate.of the dominant mode for the model

shown in Fig. 1.

Fig. 3a and 3b The complex ratio of the current 12 in the rail

to the current Il in the trolley wire.

Fig. 4 Attenuation rate for the corresponding situation where
the rail conductor is located within the tunnel (i.e.
a - pz > 0) and a comparision curve for the case of the
buried rail.(i.e. p2 -~ a > 0). Some results for the corre-

sponding monofilar mode are also shown.
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Fig. 1
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CHAPTER 25

QUASI-STATIC LIMIT FOR THE PROPAGATING MODE ALONG
A THIN WIRE IN A CIRCULAR TUNNEL

JAMES R. WAIT

Cooperative Institute for Research in Environmental Sciences
University of Colorado
Boulder, Colorado 80309
Abstract-A previous modal analysis for a circular tunnel
containing a thin wire is shown to be greatiy simplified at low
frequencies provided the wall conductivity is high. The explicit
formula for the propagation constant, so obtained when specialized

to a perfectly conducting wire, is in agreement with a quasi-static

analysis by Wu, Shen and King for a similar configuration.

A general modal analysis was given earlier for the transmission in a
straight circular tunnel bounded by a homogeneous medium and containing a
thin axial wire running parallel to the tunnel wall. The medium external

to the tunnel has a conductivity oe » Permittivity €, and permeability

He-
The modal equation, for the propagation constants I'y, was given in
the form
iuowv2 oo Km(va) 9
- - K (ve) - E R T wva) [T, (vp, )] =2 (1)
2my m
(o] S 00

in the case when the axial wire with series impedance ZS of radius ¢ was
located at a distance po from the tunnel axis and for an implied time
factor exp(iwt). Also, we have assumed here that the distance d of the
wire from the tunnel wall is large compared with the wire radius (i.e.,

d = a ~ 0y >> ¢). Other factors in (1), in the notation used earlier [11],

are defined as follows:
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. (Yo/v)Km(va)/Km(va) + Ymno + Gmno , -

m (Yolv)Il;(va)/Im(va) +Yn 48 n
. 20 —2_ 2,2
5 n_ = (nl/a). [v = u” ] , (3)
[(YO/V)Im(va)/Im(va)] + (Z /n.)
vo= (2 - rey?, y = (vZ - I"z).%, Y2 = -e wow?, vi=dnw(o, +ic w),

id K;(ua) iyz K%(ua)
and Ym =

%
n, = (uo/eo) = 120m, Z = -

u Km(ua) up W Km(ua)

The tunnel region is assumed to be free space with permittivity €, and
permeability M, except for the thin wire that, as mentioned, is charac-
terized by a series impedance ZS. The latter is given explicitly by

n I, (ve)

7z =
s ZWCS Il(YSc)

where Yg = iusw(cs + iesw) and ng = ipsw/(OS + iesw) in terms of the
conductivity oy » permittivity €, > and permeability Mo of the wire.
Actually, (1) is an exact equation to determine the axial propagation
constant I of the discrete modes for the structure. These include the
modes that have a transmission line characteristic at low frequencies as
well as the waveguide modes that propagate at high frequencies.
Here we would like to identify a low frequency approximation to (1) that
can permit an explicit evaluation of the desired propagation constant for
the desired mode. However, first of all, we will recast (1) into an equi-

valent form as follows:

. 2
~1H Wwv
uO

< o o] -,
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where

Jou
- -~ Km(va) 2
- Ko(vc) - z J Im(va) [Im (Vpo):] G
and r:nw
2 K (va)
= Y Z 1) B 2
f 2 (Rm l) I (va) [Im (on)] (6)
Y m
0 m=-®
Then we deduce from (4) that
\ ) Q”‘ 21rZS '
I™ =, []‘+' Tt iy wh (7a)
or alternatively,
2 = zy
where
iuow ,
Z 5 A+ Q) + ZS and Y = 2ﬂ1€ow/A (7b)

This is not an explicit equation for I'? since  and A are functions
of T?. However, it becomes an explicit form if the frequency is suffi-
ciently low and if the wall conductivity and/or wall permittivity are/is
high. Specifically, we invoke the conditions ,va[ << 1, ]Ye/yolz >> 1
gnd ue = Uo' Then, on using small argument approximations for the modi-

fied Bessel functions, we see that

0 0 2m
A=gnd - 1 <~2->
c z :m a
1 (8)
2
=~ n %- - fn —2—
2 .2
a po
Clearly, A = fn(2d/c) when d = a - P, << a.
To reduce §2 , we note first that
~ T2 2
6 Ny ¥ ~I'm/(y_va) )

when m is a positive integer, and
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Y Ko (V)
Yn =- -2 [_“l_ - _m’,tL«gm] (10)

m o Yo | Ye? K (v )

In writing the latter, we have also utilized the derivative relation

K;(x) = (m/x)Km(x) - K (x). Then it follows that

m+1
K (va Y, (P, 2m N -1
(% = 1) 1y [ (o))" == = (3 [‘Y‘“ + Ym”o}
2 2m (11
. Yo <f)_q> Knlvea)
szea a ‘Km+l(Yea)
Thus (6) is approximated by
K (y_a) K (v 2)
1 o'e
Q= + 22( ) (12)
Y @ [Kl(Yea) +1(Y a)]

Using expressions (8) and (12), we see that (7) is an explicit
formula to calculate TI'. Here we choose the root corresponding to T = Yo
in the case where {1 and ZS are both zero. Clearly we have a trans-
mission line type mode within this low frequency approximation. With
appropriate change of notation and conventions, the results obtained here
for the special case ZS = ( are in agreement with the qgasi—static analysis

by Wu, Shen and King [2]. Following their suggestion, we could improve the

convergence of the representation by rewriting it in the equivalent form

2m .

0. K (v a) . K (v, a) Yea Py a2
T ta r(?*“ 2 w 2 " m |\a o
Ye? 1 ——y m+l ) a’ - pé

e

(13)
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where we have merely added and substracted a series of the form

[ee]

E 1 2n —— where y > 1. (14)
. mym y-1 .
m=1

A very simple limiting case of (12) is obtained if we assume that
lYeaI >> 1 and then approximate the modified Bessel functions by the

leading term of their asymptotic forms: Then

2D
R
N
[—l
[
1
H
+
M
TN
ml'o
o}
~——
e

e m=1
RO (15)
Yed 1 - (o /a)?
or if d = (a - po) << a, Q= 1/(Yed) 4nd then
1 2d %
[ = Y, [l + 7.a n E“] (16)

e

This simple result is consistent with an approximate quasi-static analysis
by Sunde [3] who considered a thin wire at an equivalent height d over a

homogeneous half-space with a propagation constant Ye'
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CHAPTER 26

THE ECCENTRICALLY LOCATED WIRE IN A CYLINDRICAL CAVITY IN A
CONDUCTING MEDIUM AND THE LIMIT OF A PLANAR BOUNDARY

James R. Wait

Cooperative Institute for Research in Envirommental Sciences
University of Colorado/Evvironmental Research Laboratories
National Oceanic and Atmospheric Administration -
U.S. Department of Commerce
Boulder, Colorado 80302
Abstract-Propagation along a thin wire located in an air
filled tunnel is considered in the limiting case where the tunnel
radius becomes indefinitely large but the distance of the wire to
the tunnel wall remains finite. It is found that the results are

consistent with the corresponding analysis for a thin wire located

over a plane homogeneous earth.

A modal analysis was performed earlier for the transmission of electro-
magnetic waves 1n a circular air filled tunnel of radius a that contains an
axial conductor [Wait and HZll, 1974). The surrounding medium is homogen-
eous and unbounded with a conductivity O, permittivity €. and per-
meability ue. The modal equation, for the propagation constants I , was
given in the form

o0

K (va)
K, ve) = 9 Ry Tom UnPe)1 = 0 &
M= =00

in the case when the axial wire of radius ¢ was located at a distance po
from the tunnel axis. Also, we have assumed here that the wire conductivity
is 1nfipite and that the distance d of the wire from the tunnel wall is
large compared with the wire radius (i.e. d = a - po >> ¢). Other factors

in (1), in the notation used earlier, are defined as follows:
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L
v = (v2 - Tz)%, us=(y2 -r®»*%, y%-= —eouowz, Yé = iuew(oe + i 0)

o] e (o]
and
. (YO/V)Km(va)/Km(va) +yYn o+ 6., -
n (Yo/v)Il;(va)/Im(va) +Yn + Gmno
and
§n (imI‘/a)z[v—2 - u—z]2 (3)
Ty T wa) /T (va)] + (2 /n)
and . , .
it w K (ua) iy K (ua)
- 5 _ __ o '™m _ e m
N = (uo/go) = 120m, Zm B u Km(ua) and Ym - up W Km(ua)

Actually, (1) is an exact equation to determine the axial propagation con-~
stant I' of the discrete modes for the structure. These include the modes
that have a transmission line characteristic at low frequencies as well as
the waveguide modes that propagate at high frequencies. This transmission
line or monofilar mode has no low frequency cut-off so it is of coﬁsiderable
practical interest in mine communication problems.

The attenuation rate (Re I' in nepers/m) of the monofilar mode has a
strong dependence of the distance d = a - po from the tunnel wall. This
is an important design consideration in communication schemes since it is
convenient to 1§cate the axial wire near the tunnel wall where d is some-
what less than a. Unfortunately, in this case, the summation over m in
modal equation (1) is poorly convergent so computation is difficult. But
physically, in this case, one would expect the configuration to be very
similar to that of an infinite wire located at a height d over a flat earth
of conductivity Oe and permittivity €e. Mathematically this transition

corresponds to letting a - © but keeping d finite.
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We shall indicate here that the appropriate modal equation for the
thin wire over the half-space is obtained as a limiting case of (1). The
key step is to replace the infinite summation over integers m in (1) by an
infinite integral with a variable A that is identified with- m/a. Uni-
form asyﬁptotic éxpansions [Abramowitz and Stegun, 1964] for the modified
Bessel functions can be used here effectively. For example:

)
iy w K, (ua) iv w 2%
Z 2y, = - ) Aa v 4o 1+ wWw/MN°] 4)

u Kxa(ua) u (u/A)

Using such asymptotic forms, we find that
212 (1 w2y — A _pe A ~
AT (1-K*) (eowv (ee im )qu)(uowv+uemuK)
2 ~ Ue ~ A A
2p2 o9 -i-=
AT (1K™ + (eowv + (ee i )qu)(uowv+uequ)

(5)

Rm > RAa

e

where K = (I'? - Yé)/(I‘2 - Y:)« But, in the case M, = M, we can reduce this to

2Y2 2 _ AN A
Rka = [l + 2 > 2 (iA u:zv ] (6)
Yo ~ I yju+ YV
where .
g = ()\2 + U.Z)JE = (}\2 _ 1-2 + Y:)%
and

>

<
|

= (AZ + v?.)% - (}\2 _ 1—\2 + Yg)%
Then, on making all the appropriate substitutions, the mode equation (1)

is transformed to

[KO(KYS _ Fz)%c> _ KO((Y2 Fz)%2d>]é’—

(o}

o~

—< lhi
~——

(7)

= 2 [ (A% - GG)/(YéG + Y20)exp (-20d)d)
(o]



171

This 1is entirely equivalent to the postulated form

-1
Z -T2y =0 (8)
where
z = [iu w/@m][A + 2(Q - iP)] 9)
and |
Y = (12me W) [A + 2(N - i)t (10)
where
A=k (v - r?)c) - Ko(Cyé - T2)2d) (11)
and o
Q - ip = | —xe(vad) 4y (12)
u+v
and 0y
exp(—GZd) i : (13)

N - iM = (YO/Ye>2 = oA
v+ (Y /Y )u

S o' ‘e
There is no further approximation in writing the transformed mode equatidn
in the form given by (8) rather than (7). But here one should note that
Z and Y ,while functions of I , can be interpreted as a series imped-
ance and series admittance, respectively. Not surprisingly, (8) is the
same as the result derived directly for the model of a thin wire over a
uniform half space [Wait, 1972].

A similar transition analysis was carried out recently by King, Wu and
Shen [1974] who began with an approximate form for the fields of an eccen-
trically located wire in a cylindrical cavity. After making numerous
approximations, they arrived a a form similar to (7) and (8) above but the
N - iM integral is not present. They suggest their result is valid if
(in our notation), ]Ye/Yolz >> 1 and IYOd, << 1., Indeed this does seem

to be true. But, at higher frequencies, it is necessary to include the
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modification to the generalized admittance Y from the N - iM integral.
The importance of this type of coupling has actually been considered by
Chang and Wait [1974] and Chang and Olsen [1975] in a somewhat differing
context.

Thus we have shown that the mode equation, properly formulated for an
axial wire in a cylindrical tunnel, does indeed transform into the appro-
priate form for a thin wire over a half-space in the limit of fhe tunnel
radius approaching infinity. But we should remain conscious of the differ-
ent physical nature of the two problems even if the radius a becomes large

compared with other physical dimensions.



173

REFERENCES

Abramowitz, M. and I. Stegun (1964), Handbook of Mathematical Functions,
p. 378, Government Printing Office, Washington, DC.

Chang, D.C. and R.G. Olsen (1975), Excitation of an infinite antenna above
a dissipative earth, Radio Set., 10(8/9), 823-832.

Chang, D.C. and J.R. Wait (1974), Extremely low frequency (ELF) propagation
along a horizontal wire located above or buried in the earth, IFEFE
Trans. Communications, COM-22(4), 421-426.

King, R.W.P., T.T. Wu and L.C. Shen (1974), The horizontal wire antenna
over a conducting or dielectric half-space: Current and admittance,
Radio Set., 9(7), 701-709 (Comments, No. 12, p. 1165, Dec. 1974).

Wait, J.R. (1972), Theory of waveupropagation along a thin wire parallel
to an interface, Radio Sei., 7(6), 675-679%.

Wait, J.R. and D.A. ﬁill (1974), Guided electromagnetic waves along an
axial conductor in a circular tunnel, IEEE Trans. Antennas Propagat.,

AP-22(4), 627-630.

*

In (28) for N - iM ,a factor (kl/kz)2 should multiply the integral;
in (17), delete the superscript 1/2 in the factor y? - uluz); in (36),
the denominator of the integrand should be kiu2 + kgul. This paper also

contains numerous references to earlier work.
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CHAPTER 27

JINFLUENCE OF THE YWaALLs oF A CirRcuLAR TUNNEL oN
THE IMPEDANCE OF DIPOLES

JAMES R. WAIT AND DAVID A. HILL

Institute for Telecommunication Sciences
Office of Telecommunications
U.S. Department of Commerce
Boulder, Colorado 80302
Abstract-The electromagnetic fields of dipole emitters located
inside an empty tunnel or cylindrical cavity are formulated. Both
electric and magnetic types are considered. The results are used
to deduce an expression for the change of self-impedance due to
the presence of the tunnel walls. A numerical evaluation of the
resultant convergent integrals and a summation of the angular har-
monic series were performed. An important finding is that the
input resistance of the electric dipole is approximately a constant
for frequencies less than about 25 MHz for a typical tunnel radius |
of 2m. In contrast, for the same conditions, the input resistance
of the magnetic dipole or small loop varies approximately as the
square of the frequency. Such results are shown to be in qualitative
agreement with an earlier analyses of dipoles over a dissipative

half-space and dipoles located in insulated cavities.

INTRODUCTION
When an antenna is located near a lossy region such as the earth's
surface, a fraction of the power is lost. This is a well-known if not a
well understood problem in designing communication links for paths parallel
to the ground [1]. Many theoretical studies have been carried out where
the earth's surface is modelled as a dissipative half-space. An early

paper by Sommerfeld and Renner {[2] is particularly noteworthy in this
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connection. Some of the more.recent work is discussed in the context of
remotely determining the electrical properties of a planetary surface
from a dipole impedance measurement [3]. In that work, it was shown that
the functional dependence of the input resistance on the "loss tangent”
of the half-space is consistent with electrostatic goncepts provided the
frequency is sufficiently low. On the other hand, at the higher fre-
quencies, the results are coﬁpatible with the surface impedance formu-
lations based on the compensation theorem. In this latter frequency
range, the results were essentially equivalent to the Sommerfeld-Renner
formulation mentioned above.

In recent years the transmission properties of electromagnetic waves
in mine and raiiway tunnels have been exploited for communication pur-
poses [4]. One of the parameters needed for an engineering design is
the power efficiency of the antennas. This has motivated us to exanine
the near fields of an el;ctric dipole located in an air-filled circular
tunnel of radius a where the surrounding medium is homogeneous with con-
ductivity Oe and permittivity €.° Specifically, we are interesteﬁ in
how the self-impedance of the dipole is modified by the presence of the
tunnel wall. Thus we are led to formulate the problem in such a manner
that the calculable quantity is the change of the self impedance rather
than its absolute value. In this way, we are permitted to adopt the
Hertzian dipole idealization provided only that the length of the antenna
is small compared with bophbthe free-space wavelength and with the dis-

tance of the antenna to the tunnel wall.
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FORMULAT ION

The cross section of the tunnel or cylindrical cavity is indicated
in Fig. 1 where both cylindrical coordinates (p,$,z) and cartesian coor-
dinates (x,y,z) have been chosen. The electric dipole of current moment
Idé is located at (bo,¢o,0) and is oriented in the x direction. The
eleﬁtrical properties of the surroﬁnﬁing medium are Ge’ee and ’ue
where the permeability ue is allowed to be different from the free
space value uo at least in the formulation. The tunnel or cavity
region, for p < a, has electrical properties Eo and uo that are
assumed to be the same as free space.

Qur first step is to write down the electric Hertz vector for the
indicated dipole on the assumption that the tunnel walls are at an infinite

distance. Such a vector, that has only an x component Hﬁ in the car-

tesian system, is given by
P = [Ids/(4mie_w)IR texp (=Y R) (1)
X o o

3

where the assumed time factor is exp(iwt?, wvhere Y, = i(eouo) v and
where R = [p? + pé - 2ppocos(¢—¢o) + 22]%.' However, in order to match
the subsequent boundary conditions for the total fields, it dis desirable
to express the primary fields in terms of axially directed electric and
magnetic Hertz vectors.

We now introduce two well known identities from Bessel function

" theory that are often expioited in problems of this type [5]:

. oo
....'Y R ~
£ Ro = %- J- Ko(vp)exp(~ikz)dk where v = (A% + Yg)% 2
and +«:m
K, (P) = ) 1 (w0 K, (vp)exp[-im(@=4)] (for py < p) (3)

m:-OO
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~ 1
- 2 2 _ - 2
where p = [p® + Py 2000 cos (¢ ¢o] .

Then, we see that

Ids
mw= % ___ 7 (I (vp )X (Vp)> 4)
x Aﬂzieow moo o m

where [I' denotes the operation

Pe oo
f E (......)exp[—im(Cb—(bo)]exp(_i)\z)d}\

on the quantity in parenthesis. The integration contour here is taken
along the entire real axis in the complex A plane. The summation is

over all integer values of m from - to <+~ including zero.

The corresponding axial electric field is obtained as follows:

a21P P
P = Hx = (cos¢ 2. sind L2 EEK
z oxdz - | ap ’ p 99/ 9z
(5)
- Ads (—iA)F (Mexp (~irz)dA
4r2ie w
o)
where
aKm im
F(A) = E ((cosd)) T + —p—‘ (Sf_imb)Kn\)Im exp[—im(q)-d)o)] (6)
The argument of Km, in the above expression for F(A), is vp and
that of Im is vpo. Then, by using the Bessel function identities
K = -@1/2) [x |
m (1/2) [km~1 + I\'mi-lg )
and
Km B [1/(2m?] [Km+l - Km~1d ()

it follows that
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m—

F(A) = - %‘ :E: K 1 Iy exp[-i(m-1)¢ + im¢o]

+ Koy L expl-i(mtl)o + img ] (9
= -'% K.m exp[—im@b—¢°)][exp(i¢o)1m+l + exp(—i¢b)1m_l] (10)

But we can also write
E‘z’ = (-yf, + 32/3z2>u" (11)

in terms of electric Hertz potential UP which is the z component of an

axially directed electric Hertz vector. Clearly,
P _
=T (Am(x)xm(vp)) (12)

where

-Ids
Am(k) =

(%;‘) [exP(i¢o)Im+lepo) + exp(—i¢o)1m_l(vpo)]

42e w
© (13)

because (5) and (11) must be identical.
In a very similar fashion to the above, we can work with the axial

magnetic field. Thus, in this case, we invoke the equivalence of

P _ p ‘
HZ = ieowaﬂxlay (4)
and

P 2 2 2\ yP o
u - (—yo +3%/32% )V | (15)

wvhere VP is the: magnetic Hertz potential. This has the representation

Wwar (Bm(x)xm(vp)) (16)

where
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B0 = 2 () fexp(-16 )1 (vp ) - exp(i0 )T (w0 )] (D)

SECONDARY FIELDS
To account for the influence of the cavity or tunnel walls, we add
the secondary fields. Thus, the total fields are to be obtained from

electric and magnetic Hertz potentials represented by

[}
[

(A, Q0K (v0) + 2OV, (vP) (18)

and

<
i

(B, (VK (D) + QT (v0)) (19)

that are valid for Py < p < a. The factors Am(A) and B (A) are
m
specified by (13) and (17) while P_(A) and Qm(x)‘ are yet to be determined.

In general, we note that (18) and (19) have the form

=T ™ ' (20)

E E

¢ ¢m

H H

E¢ =T E¢m (21)
Z zm

H H
V4 zm

where

t=
i

om —(m)\/p)Um -F‘ipotuavm/ap

==
I

om = -—ieomBUm/E)p - (m)\/p)'Vm

E = —v2y and H = —y2y
m Zm m
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As we have indicated before [6,7], the boundary conditions at the cavity

or tunnel wall are succinctly expressed by

E, =oE +ZH
¢m ™ zm m zm
and (23)
H¢m = -YmEzm + 0‘mHzm
. at p = a
where
o =m/(u®a)
L
z = —(iuew/u)Km(ua)/Km(ua) (24)
o . s 2 r" r
Yo = v /(on w)IK (ua)/K (ua) , (25)
2 _ . .
Y, = 1uew(oe + 1eem) >
%
and u = (kz + Yé)z .

The boundary conditions, given by (23), in conjuﬁction wvith (18),

(19), and (22), can be immediately applied to yield

2 Y K vy 1 z
Pm(k)=~{Am[<1‘-‘->‘——am) + (VI‘Z’“ +nom)<-‘1’“‘ + m)]xmK
v2a V' n "
ip w
+ B (‘—“-L-a) o }D“l (26)
m 2 2 m
v©a via
ond 2 vy I Y K' Z
- m o m o m g
Qm(}\)_ {B (2 m>+< I +noYm><vK + n )]Ime
v©a m o
, o\ ie w _ )
- Am (f_ﬂl\__ - 0Lm) o } Dml , 27)
v2a vZa
1 ]
where 2 y I WA Z
D=[<“"‘ —a>+<~—~—°"‘ +nY)<°m+—ﬂ>]12
m 2 m vl . o'm vl n m
v©a , m m o

In (26) and (27) the following notational .simplicity has been used:

’ 1 v | ]
Am = Am(k), Bm = Bm(l), Im = Im(va), Im = Im(va), km = Km(va), Km = Km(va)
while bearing in mind that zZ. apd Ym are defined by (24) and (25)

where the modified Bessel functions have argument ua. As usual, the

prime over the modified Bessel function indicates differeniation with
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respect to the argument.

IMPEDANCE FORMULATION
It is now desirable to digress slightly and talk about the primary
fields of the source dipole. 1In particular, we easily deduce from (1)
that .
B o= (-v2+ 2%/ox? )P (28)
x o X

At the broadside point (xo,y,O) we see that

P - s 4 4 iks - k2s2)exp(-iks) (29)
4e ws® ’
o
where k = -iy = (e )%w and s =y -y > 0. In accordance with the
o oo o

E.M.F. method [3], we now can obtain the well known result for the '"radi-

ation resistance" of the dipole as follows

R =
o s+0

P
Rel
lim ) eLx
1

ds] = 52—6(515’)3 n_ = 20k2(ds)? ohms (30)
i o

As mentioned earlier, this simple appréach cannot be used to calculate
the self reactance of the dipoleyunless its~finite length is expliciély
accounted for. On the other hand, as we indicate below, the dipole
idealization is satisfactory for deducing the thange of both the input
resistance and the input reactance' from its free space value.

In accordance with the above discussion, we write the resultant

Hertz potentials as the sum of two parts as follows

= UP + AU o ' (3L)

[
|

and

v=vP+av (32)

it

where AU and AV can be described as the secondary Hertz potentials.
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From (18) and (19), we see that

Au

It

T (2, (0L, (v9) | (33)
and |

Av

il

r (Qm(A)Im(vp)> (34)

which are valid for 0 < p < a. Now it is clear that the x component

AEx of the secondary field can be obtained from

BE, = BE cosd, - AE, sind, : (35)
where

AEp = (02/3pdz)AU - (iu_w/p)3AV/I¢ (36)
and

AE¢ = (1/p)(8?/aza¢)AU + iuowBAV/ap | (37)

If then the self impedance Z of the dipole is written

z=2_ + A . (38)

where Zo is the frce space impedance, it follows that

AZ = -AE ds/T (39)

in the limit x -~ X5 Y Y, and z - 0. Explicitly
+o0

Joo
pz = S2 f Z{[i)\v cost 1! (vp ) = (m\/p)sind, I (vp ) IR (N)

e el
=00 m

: (40)
+ [(uowm/p) cos¢o Im(vpo) + iuow sin¢o vI;(vpo)]Qm(k)} aa

vhere Pm(l) and Qm(k) are defined by (26) and (27), respectively.
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The extension to magnetic dipole excitation is entirely analogous to
the preceding derivation for the eiectric dipole. Thus we need only indi-
cate the required changes in a very brief fashion.

The source is now a small loop of area dA carrying a current 1.
Again, with reference to Fig. 1, we can locate this dipole at (po,¢o,o)
and orient it (i.e. the axis of the 1obp) in the x direction. The primary
fields of this magnetic dipole can be derived from a magnetic Hertz vector

that has only an x component H:p given by

P = [1aA/ (4) R exp(-v_R) (41)

that is analogous to (1). The corresponding electric and magnetic Hertz
potentials are given by (12) and (16), respectively, but now

iy wIdA

o i . .
bV = —o— (35) Temp (=100, (vp.) = exp(id )T 4 (vo)] (42)
and
B = 1 (F2) texp (10 )T, (vo ) + exp(-10)T_ (v )] (43)

The total fields in the region Py < p < a are again obtained from
(18) and (19) where Pm(k) and Qm(k) are as given by (26) and (27) in
conjunction with (42) and (43).

We again can express the input impedance in the form given by (38)

but now
AZ = iuow AHX dA/T 44)

in the limit x - X5 Y >y, and z > 0. Here

AHx = cosd)O AHp - sin¢o AH (45)

¢
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ice w 2
o aAU AV
Mo= o s * Bpa (46
and
_ dAU 1 3%Av
AH¢ = —ieow T + o 390z ¥))

Then, the explicit form of (44) is

AR
iu wdA
Az = f Z [(e wm/p)coscb I (vp ) + 18 wv s1n¢ 1 (v p)]P )

+ [-iAv cos(bO I;(vpo) + (mk/p)sinqbo Im(vDo)]Qm(Ai}dx (48)

As before, the input resistance R 1is the real part of Z. In free

space (i.e. considering primary fields only), we readily deduce that the

"radiation resistance" R0 for the small loop is given by

R = n k" (dA)?/ (6m) (49)

which is a well known result. Thus, again writing R = RO + AR , the

change of the input resistance for the loop from its free-space value is

obtained from AR = Re*AZ where AZ 1is given by (48).

NUMERICAL RESULTS
To obtain values of the ratio R/Ro , the expression AZ given by

(40) for the electric dipole and (48) for the magnetic dipole were evaluated

numerically for frequencles from 2 to 200 MHz. To avoid the difficulty at

the singular points X = tk , the integration contour was taken to be

along the real axis in the complex A plane with suitable small semi-cir-

cular indentations above A = +k and below A = -
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Some illustrative numerical results for the electric dipole are indi-
cated in Tigs. 2 and 3 where R/RO is plotted as a function of frequency
for three values of po/a (0,0.5, and 0.8). The Conductivity o, of the
surrounding medium is taken to be 10_2mhos/m and the permittivity €, is
taken to be 1080. We also set Ue = uo which is appropriate for 99% of
all cases involving geological media. In Fig. 2, ¢O = 0° so the eléctric
dipole is along a radius while in Fig. 3, ¢0 = 90° so the dipole is along
a circumference. In both cases thé input resistance increases significaﬁtly
as thé dipole approaches the tunnel wall. Also, not surprisingly, R oscil-
lates about the value Ro at sufficiently high frequencies due to construc-
tive and destructive interference. However, at the lower frequencies, R
increases very significantly and in fact, R/Ro varies approximately as
(frequency)_z. Since 'Ro itself varies as (frequency)2 the upshot is that
R , for an electric dipole, is approximately a constant in this low frequency
range. Such a conjecture was made in a previous study [8] for an electric
dipole located in a tunnel. Also, the qualitative behavior of the results
is entirely consistent with the earlier impedance analyses [3,9] of verti-
cal and horizontal electric dipoles located over a dissipative half-space.

The illustrative numerical results for the magnetic dipole are indi-
cated in Figs. 4 and 5 for the same parameters as used above for the elec-
tric dipole. In Fig. 4, ¢o = 0° so the magnetic dipole (or small loop)
is oriented with its axis along a radius. 1In Fig. 5, ¢0 = 90° so the
dipole is along a circumference. The curves of R/Ro as a function of
frequency for the magnetic dipole have a very similar shape to those for
the electric dipole. However, here we note that RO for the magnetic di-

pole varies as (frequcncy)4 while R/RO still varies approximately as

-2 R . .
(frequency) * at low frequencies. Thus, the input resistance R for the
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magnetic dipole varies approximately as (frequency)2 in contrast to the
approximate constancy of R for the electric dipole. This behavior is
consistent with earlier calculations for magnetic dipoles located over a
conducting half-space [9,10] and also for the case where the magnetic di-
pole is located within a spherical insulating cavity [11,12].

As specified above, the conductivity oe of the ambient medium has
been assigned the value 10—'2 mhos/m that would be typical of tﬁe rock
through which the tunnel is cut. In the case of the electric dipole, the
input resistance varies approximately as 1/6e at low frequencies (i.e. less
than about 20 MHz); for the magnetic dipole it varies approximately as Oe

at low frequencies.

CONCLUDING REMARKS

Further numerical results are obviously needed to clarify the depend-
ence on the various physical parameters on the impedance characteristics.
The qualitative relationship between the conductivity Ge and permittivity
€, and the distance a - Py of the dipole from the tunnel wall should be
quite similar fo the earlier half-space models [3,9,10]. Of course, the
presence of an axial conductor within the tunnel should also be accounted
for. This could also be a subject for further analysis using models con-
sidered earlier for analyzing the modes in such structures [6,7].

A final extension would be to treat explicitly the finite dimensions
of the source dipole whether it be a linear wire or a loop. This, however,
should not modify any of our conclusions here provided we remember that our
deductions about the impedance increment AZ are restricted to electricaily

small antennas that are not too close to the tunnel wall.
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In any case, we can certainly conclude that the influence of the tunnel
walls plays a major role in determining the input impedance of both the trans-
mitting and receiving antennas for any communication system that exploits

the efficacious transmission properties of tunnels.
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FIGURE CAPTIONS

Cross section of the cylindrical cavity or tunnel showing the

location of the transversely directed electric or magnetic
dipole (i.e. dipole is in z = O plane).

The input.resistance R ﬁf the radially oriented electric
dipole normalized by the free-space resistancé Ro as a
function of frequency.

The input resistance R of the circumferentially oriented
electric dipole normalized by the free-space resistance Rb
as a function of frequency.

The input resistance R of the radially oriented magnetic
dipole normalized by the free-space resistance Ro as a
function of freqqency.

The input resistance R of the.circumferentially oriented
magnetic dipole normalized by the free-space resistance Ro

as a function of frequency.
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Fig. 1
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CHAPTER 28

ATTENUATION ON A SURFACE WAVE G-LINE
SUSPENDED WITHIN A CIRCULAR TUNNEL

JAMES R, WAIT and DAVID A. HILL

Institute for Telecommunication Sciences
Office of Telecommunications
U.S. Department of Commerce
Boulder, Colorado 80302
(303) 499-1000, Ext. 6471 or 3472
Abstract-Calculations indicate that a surface wave Goubau

Tine may have useful transmission characteristics even if it is
located within 20 cm from the rock wall of a tunnel. The results
are consistent with previous theoretical and experimental data for

a thin wire located at low heights over a finitely conducting

plane earth.

In a number of instances, one needs to communicate through tunnels
whether these be in coal mines or for roadways in mountainous terrain.
For air-filled empty tumnels with mean radii of the order of 2m, the cut-
off frequency for waveguide mode propagation is approximately 50 MHz. At
lower frequencies the attenuation rate becomes very high unless axial metal
conductors within the tunnel are utilized. There may be rails and pipes
that would be present in any case in mine tunnels. In order to control
such transmissions, open wire and loosely braided coaxial cables have been
used with considerable success [1]. Another possibility is to‘suépend a
surface wave or G-line [2] from the roof of the tunnel. This scheme may
have numerous practical difficulties, particularly in coal mines
where the environment is hostile at best. Nevertheless, it is of interest
to examine the transmission characteristics for an idealized analytical
model. We wish to report some preliminary calculations for the attenuation

rate of the mode that has the character of an axial surface wave at fre-
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quencics above about 100 Miz

The analytic model we employ is an infinitely long and straight
tunnel with a constant radius a that contains an axial wire of radius
S5 located at a distance po from the tunnel axis. The wmetal wire of
conductivity Gw is encased by a dielectric insulation of radius b with
a permittivity €. To facilitate the analysis, it is assumed that b is
nuch less than a - Py This restriction which is not severe, means that the
G-line should not be very close to the tunnel wall. The magnetic permeabil-
ity of the whole space is also assumed to be M, the same as for free
space. A general mode equation that chavactevizes the discrete mode of
propagation for this type of structure is already available [3,4]. There
are no restrictions on the solutions other than the one mentioned above.

Using the theoretical formulation indicated, the attenuation rate of
the "desired" mode was calculated for the values of the various parameters
indicated in Fig. 2. 1In thét figure, the attenuation rate, in dB per km, is
plotted as a function of frequency from 1 MHz to 1 GHz for two values of
the G-line to wall separation. The wire conductivity was chosen to be
either infinite or 5.7 % 10’mho/m corresponding to copper.

The results shown in Fig. 2 are significant and they need to be
discussed briefly. First of all, at the lower frequencies (i.e. less than
10 MHz), the results are almost indistinguishable from the case of a bare
wire without insulation covering. In fact, on comparing the results with
those in reference [3], the general shape of the curves are seen to be
quite similar to those for a bare wire at all except the highest frequencies.
The main effect of the dielectric covering is to lower the attenuation at
the upper frequencies. There is also a close similarity in shape with the

monofilar mode results in reference [4] where, in effect, the transmission
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mode 'sees" the braided conductor as a single wire. TFor the calculations
in Fig. 2, we see that the influence of finite conductivity of the center
conductor is only felt at frequencies approaching 1 CGHz.

It is evident that the low frequency portions of the curves in Fig. 2
correspond to a transmission line type of mode wherein the return current is
flowing entirely within the rock or earth media adjacent to the tunnel wall,
For frequencies less than about 20 MHz, the attenuation rate is approximately
proportional to frequency and reaches a maximum around 100 MHz where there
is maximum absorption by the tunnel walls. For higher frequencies, the
attenuation rate actually decreases because the energy flow is tightly bound
to the G-line. In this case, the tunnel walls are having a minimal influ-
ence. At still higher frequencies, however, the almost pure Goubau mode
is then influenced mainly by the finite conductivity of the conductor wire.

Actually, the calculations given here and those in references [3] and
[4], bear a striking resemblance to those obtained by Kikuchi [5] for a
bare finitely-conducting wire located in air over a homogenequs conducting
half-space. The correspondence is particularly close when Kikuchi's results
are scaled such that his frequencies are multiplied by 10 and his dimensions
are multiplied by 0.1. In this way, the heights of his wire above ground
are com?arable to the distance of our G-line to the tunnel wall. The broad
maxima for the attenuation rate shown in Fig. 2 and also those in reference
[1], are then quite consistent with Kikuchi's results, although we do not
attempt a detailed comparison because of the basig difference in the models
employed. Similar results, both theoretical and experimental, were published
recently by Chiba and Sato [6] where the scaling is not necessary to afford

a direct qualitative comparison. They employ a wire conductor of radius
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1.15 mm with a dielectric coating of radius 4.2 mm located at heights of
60 cm, 1.5 m and 5 m over a conducting half;space model of the earth.
Unfortunately, other parameters are not given so a careful comparison is
not possible. Nevertheless, a maximum attenuation of about 200 dB/km for
the 60 cm height occurs at a frequency of about 70 MHz, while the high
frequency minimum of about 26 dB/kh occurs at a frequency around 700 MHz.
These are certainly consistent with the results shown in Fig. 2. Chiba
and Sato also found good agreement with an experimental G-line of 100 meter
length that was excited by a horn transmitter.

While we do not expect quantitative agreement with calculations based
on half-space models, it is reassuring that our results are entirely con-
sistent with such independent investigations. In this connection, the por-
tion of the curves in Tig. 2 for a - p, = 50 cm are extremely close
(within a few percent) to some results calculated by Lavrov and Knyazev
[7). Their bare wire is located at 50 cm height over a half space of con-
ductivity 10—3 and relative permittivity of 6. This is a further check oﬁ
our method of calculation.

We are currently making a comprehensive analytical evaluation of the
G~line transmission characteristics located in a tunnel. By adapting the
formulation given in reference [4], we are able to allow for the possible
existence of a lossy film on the outer dielectric surfaces of the C—line.
Such a coating can represent a thin layer of conductive mine dust or a
mincvalized water f£ilm. This will be a severe limiting factor in the Qse
of rﬁe G-line at Gigahertz frequencies in mine environments but should

not be too upsetting at frequencies less than about 200 MHz.
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Fig. 1 Cross—section of tunnel with G-line (not drawn to scale).

1000 ==

L

Co=1mm
b=5mm

€/€°=2.5
100 p— 5 G5~ Pp=20cm

I

1
ion Rate (dB/km)

Attenuat

0°=2m

0, =10"3*mho/m
€, /€55

Frequency (MHz)

L1t 1iatl L1l L1

| 0] 100

Fig. 2 Calculated attenuation rate of the transmission line mode
that becomes a bound surface wave on the G-line at high
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