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Abstract
Bonded block models (BBMs) have become increasingly common for simulation of laboratory-scale rock samples in uncon-
fined compressive strength and triaxial compression tests. BBMs require input parameters that describe the deformation of 
the blocks themselves (block properties), as well as the interactions between blocks (contact properties). Previous studies 
have found that incorporating heterogeneity of input parameters into BBMs is necessary to match all attributes of rock 
behavior, but little is known about the specific effects that the heterogeneity of these properties have on individual aspects 
of the overall behavior of the BBM. Therefore, this study presents a parametric study on the heterogeneity of elastic block 
and contact input parameters. Such input parameters were tested separately by varying the degree of heterogeneity between 
block or contact types, while keeping the weighted average of each given property constant for all simulations. Trends were 
analyzed for simulations under unconfined and confined conditions with 12 MPa of pressure. Rock specimen properties were 
computed from the model results including Young’s modulus, Poisson’s ratio, unconfined compressive strength and peak 
strength, crack initiation (CI) and crack damage (CD) parameters, and peak dilation angle. While several minor influences 
of heterogeneity on macroscopic properties were noted, the primary influence was that of contact peak cohesion heteroge-
neity on CD. Additionally, while the heterogeneity of no individual parameter was found to influence CI, when degrees of 
heterogeneity for all parameters were varied simultaneously, this had a significant effect on CI (as well as CD).

Highlights

•	 Compression test simulations were run on a laboratory-scale bonded block models (BBMs) of Blanco Mera Granite.
•	 Sensitivity analyses were performed to investigate the effects that the heterogeneity of each input parameter has on the 

emergent behavior of the model.
•	 Contact peak cohesion has a notable effect on the unconfined compressive strength and crack damage stress of the model.
•	 The crack initiation stress was relatively insensitive to changes in individual model parameters, but responded to a simul-

taneous increase in heterogeneity of multiple parameters.

Keywords  Bonded block models · UDEC voronoi · Rock fracturing · Micromechanical input parameters · Heterogeneity

1  Introduction

Numerical models are commonly used to study rock behav-
ior. Numerical models can be used to complement laboratory 
testing, as they require less labor to complete. Unconfined 
compressive strength (UCS) and triaxial tests are laboratory 
tests that are commonly used to assess the material proper-
ties of intact rock. Bonded block models (BBMs) can be 
used to simulate such laboratory tests where the models are 
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created to match the composition of a rock at the grain scale 
(Farahmand and Diederichs 2015; Li et al. 2017; Sinha and 
Walton 2020). BBMs can then be further applied to field-
scale modeling scenarios such as roof stability, pillar design, 
and other scenarios that cannot be easily tested in a labora-
tory (Garza-Cruz et al. 2014, 2019; Sinha and Walton 2021).

BBMs correspond to a subset of discrete element method 
(DEM) modeling where material is broken into a set of dis-
tinct, continuous elements that are bonded to and interact 
with each other. In the case of BBMs, these elements repre-
sent individual mineral grains. The deformations of the con-
tinuous elements, as well as their interaction with adjacent 
elements, are governed by a series of input parameters (Jing 
2003). Each input parameter affects the model’s macroscopic 
behavior uniquely, and many studies have previously ana-
lyzed the effect that the variation of these input parameters 
has on the macroscopic behavior of the model (Bahaaddini 
and Rahimi 2018; Cai and Noorani 2015; Ghazvinian et al. 
2014; Wang and Cai 2019). Note, however, that while the 
sensitivity analyses presented in these previous studies con-
sidered the influences of overall parameter values, they did 
not specifically isolate the effects of parameter heterogeneity.

BBMs use polygonal blocks as the continuous elements, 
which can be modeled as rigid, elastic, or inelastic (Ghaz-
vinian et al. 2014). Elastic blocks have been the most com-
monly used in the literature, but models with inelastic blocks 
have been found to more accurately replicate the behavior of 
intact rock, particularly in the post-peak regime and under 
higher confinements (Sinha and Walton 2020). BBMs are 
commonly used for modeling intact rock because the polygo-
nal blocks can be generated with specified sizes and shapes 
that can reasonably approximate the grain structure of low-
porosity rocks (Contreras Inga et al. 2021). Furthermore, 
the interaction of the blocks with adjacent ones is analo-
gous to the interaction between mineral grains within real 
rock. Contacts within DEMs can break, simulating the loss 
of strength that occurs at grain-to-grain contacts in rock as 
damage accumulates.

Polymineralic rocks are composed of more than one 
mineral type, each of which can be represented in a BBM 
as a different block type with its own set of input param-
eters (Lan et al. 2010; Li et al. 2019; Nicksiar and Martin 
2014). For elastic block BBMs, these parameters are density, 
Young’s modulus, and Poisson’s ratio. Density is a well-
constrained property, as it is easily determined in the labora-
tory. Although the elastic moduli input parameters can also 
be deduced via laboratory experiments (Bass 1995), there is 
often some variability in these properties due to weathering, 
preexisting flaws in the crystal lattice, etc. (Saito 1981; Shen 
et al. 2019). Additionally, for polymineralic BBMs, there 
exists more than one type of contact between blocks, each 
of which requires a different set of input parameters (Chen 
et al. 2016). Previous studies have found that incorporating 

this heterogeneity of block contact properties is necessary 
to match all attributes of rock behavior (Sinha and Walton 
2020), but little is known about the effect of heterogeneity 
of specific contact properties on individual aspects of the 
overall mechanical behavior of the BBM. Unlike density 
and elastic moduli, contact properties cannot be measured 
in the laboratory and must be back-calculated via a calibra-
tion process. This calibration process entails varying contact 
and block input parameters until the macroscopic behavior 
of the BBM matches laboratory data (Wang and Cai 2019). 
The more contact types that exist in a BBM, the more unique 
inputs the model requires for calibration. Different values for 
the same input parameter can be used for each contact type. 
This variation in values of each input parameter affects the 
model’s behavior (Chen and Konietzky 2014).

With all this in mind, this paper documents a parametric 
study on the heterogeneity of elastic block moduli and con-
tact input parameters, as applied to the individual elements 
of the bonded block model. Specifically, by keeping the 
weighted averages of all model properties constant between 
simulations, the specific effects of heterogeneity were iso-
lated. A BBM with elastic blocks was considered rather than 
one with inelastic blocks due to model run-time considera-
tions and because elastic BBMs are more widely used (Sinha 
and Walton 2020). The contact parameters considered in the 
study were normal and shear stiffnesses, peak cohesion, peak 
friction angle, peak tensile strength, residual friction angle, 
and dilation angle. Although BBMs require residual cohe-
sion and residual tensile strength inputs as well, these were 
not considered, as they are commonly set to zero for brittle 
rock (Ghazvinian et al. 2014; Park et al. 2017; Stavrou and 
Murphy 2018; Wang and Cai 2019). Trends in macroscopic 
material properties as a function of elastic block and con-
tact parameter heterogeneity were analyzed for each model, 
which are: Young’s modulus, Poisson’s ratio, crack initia-
tion (CI) and crack damage (CD) parameters, UCS and peak 
strength, and peak dilation angle.

2 � Model Setup

A previously developed elastic block BBM of Blanco Mera 
granite (West et al. 2020) generated in Neper Polycrystal 
(Quey et al. 2011) and Itasca’s UDEC softwares and then 
calibrated to laboratory data (Alejano et al. 2017; Walton 
et al. 2018) was used as a basis for this study. Blanco Mera 
granite contains four different major mineral types (plagio-
clase, quartz, alkali feldspar, and mica) and therefore con-
tains ten distinct contact types, as shown in Fig. 1.

Data on the shape and grain size distributions of each 
mineral, as well as the proportions of the minerals in the 
rock were provided by an unpublished petrology report (Uni-
versity of Vigo 2011). The blocks of the BBM were assigned 
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to a mineral type so that the sizes, shapes, and proportions 
of minerals in the model matched those reported for Blanco 
Mera granite (see Table 1).

A complete description of the BBM block generation and 
mineral grain assignment for the Blanco Mera BBM is pro-
vided by West et al. (2020). Additionally, discussion on the 
assignment of block density is included there.

All BBMs must be calibrated to laboratory data via an 
iterative process of varying input parameters until the emer-
gent behavior approximates that of the laboratory rock speci-
mens. A preliminary calibration of the Blanco Mera BBM 
was presented by West et al. (2020); some adjustments to the 
calibration have been made since that time. The calibration 
process used in this study involved modifying model input 
parameters by a trial-and-error process to match emergent 
specimen-scale model properties to values obtained from 
laboratory testing. The following material attributes were 
considered as calibration targets under unconfined condi-
tions and confining stress up to 12 MPa: Young’s modulus, 

Poisson’s ratio, crack initiation and crack damage thresh-
olds, and peak strength. Details of the calibration process 
as well as the final calibrated model results were previously 
published by West et al. (2020). Note that post-peak rock 
stress–strain behavior cannot be reproduced by the type of 
BBM considered (i.e., with an elastic constitutive model 
applied to the blocks (Sinha and Walton 2020)), so only 
pre-peak material attributes and peak strength were used for 
calibration. Figure 2 includes the calibration results of the 
BBM used for this study plotted with the laboratory data to 
which it was calibrated. The calibrated model input param-
eters are presented in Tables 2 and 3, as they were used as 
the basis for this study. 

Normal and shear stiffness inputs dictate the amount 
of normal and shear displacement that occur at a contact 
under a given stress level. Peak cohesion and peak fric-
tion angle dictate the compressional strength of the con-
tact as per the Mohr–Coulomb constitutive model (Fabjan 
et al. 2015), where a contact will fail (i.e., forms a shear 
crack between blocks) once the strength of the contact is 
exceeded. Peak tensile strength defines the tensile stress 
state at which a contact will fail (i.e., forms a tensile crack 
between blocks). Once a contact fails, its behavior becomes 
governed by residual strength parameters (residual cohe-
sion, residual friction angle, and residual tensile strength) 
which are defined in the same way as their peak parameter 
counterparts. Dilation angle dictates the amount of normal 
displacement that is induced as shear displacement occurs 
across a closed contact, which in turn increases the normal 
force on the contact (Itasca 2014).

These base input parameter values (listed in Tables 2 
and 3) were varied such that the individual values were 
specifically chosen to correspond to a quantifiable increase 
or decrease in heterogeneity across either block or contact 
types.

The goal of this parametric study was to isolate the influ-
ence of input parameter heterogeneity, while keeping the 
mean value of each property constant for all simulations. 
Therefore, a heterogeneity factor was defined to quantify 
the degree of parameter heterogeneity relative to the base 
parameter set and the weighted average input value. A new 
value ( Valuef ) for each block or contact’s input parameter 
can, thus, be calculated based on the original parameter from 

Fig. 1   The BBM of Blanco Mera granite used in this study. It con-
tains four mineral (block) types: feldspar, quartz, plagioclase, and 
mica. 10 unique contact types exist, labeled in yellow (Color figure 
online)

Table 1   The BBM’s average 
grain diameters and proportions 
for each mineral group 
compared to those of the real 
rock (West et al. 2020)

Mineral group Rock proportion 
(%)

BBM proportion 
(%)

Rock average grain 
diameter (mm)

BBM average 
block diameter 
(mm)

Plagioclase 37 37.03 3.5 3.50
Quartz 20 20.18 3.5 3.47
Alkali Feldspar 27 27.12 3.0 2.65
Mica 16 15.66 1.9 1.91
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the base case (listed in Tables 2 and 3), a specified hetero-
geneity factor (HF), and the weighted average (WA) of the 
contact values (see Eq. 1).

where Valuef is the new value for a given input param-
eter, Value

0
 is the original value used in the base BBM 

(per Tables 2 or 3), and WA is the weighted average of the 
blocks’ or contacts’ values for a given input parameter. A 
heterogeneity factor greater than 1 indicates an increase in 
heterogeneity from the base model and a factor less than 1 
indicates a decrease in heterogeneity from the base model.

The weighted average is calculated by multiplying each 
of the base block (Table 2) or contact (Table 3) property val-
ues by their respective proportions, and then summing these 
numbers. Table 4 shows the proportions of the four block 

(1)Valuef = WA + HF ∗ (Value
0
−WA)

Fig. 2   Results of the calibrated BBM from West et  al. (2020). a 
Stress–strain curves of the model under the range of confinement lev-
els to which the model was calibrated. Note that the strain hardening 

between CD and the peak strength as well as the post-peak behavior 
have not been calibrated. b Peak strength. c Crack initiation (CI). d 
Crack damage (CD)

Table 2   Mineral group densities and elastic moduli values assigned 
to blocks within the Blanco Mera BBM

Mineral group Property Value Unit

Plagioclase Density 2630 kg/m3

Young’s modulus (E) 72.11 GPa
Poisson’s ratio (ν) 0.28 –

Quartz Density 2650 kg/m3

Young’s modulus (E) 95.57 GPa
Poisson’s ratio (ν) 0.08 –

Alkali feldspar Density 2650 kg/m3

Young’s modulus (E) 73.49 GPa
Poisson’s ratio (ν) 0.28 –

Mica Density 3050 kg/m3

Young’s modulus (E) 88.09 GPa
Poisson’s ratio (ν) 0.25 –
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types and Table 5 shows the proportions of the ten contact 
types within the Blanco Mera granite BBM.

A visual example of this Heterogeneity Factor (HF) is 
shown in Fig. 3, where four HFs are included to show how 
the spread of input parameter values vary as a function of 
HF. In this example, larger HFs result in a larger spread of 
peak tensile strength values. HF = 0 results in all contacts 
assigned the same value, which is equal to the weighted 

average (WA in Eq. 1 ). HF = 1 is the base case (see Tables 2 
and 3).

Simulations of UCS and triaxial tests were run on the 
Blanco Mera BBM by varying the HF for each input param-
eter, one at a time. These varied values were calculated using 
Eq. 1 with specified heterogeneity factors. All other input 
parameters were kept equal to their values from the cali-
brated base model as per Tables 2 and 3.

At least ten heterogeneity factors (HFs) were tested for 
each input parameter. More than ten HFs were tested for 
the block moduli inputs to investigate unique trends iden-
tified from initial models. The ranges of the HFs chosen 
were dictated by the constraint that no input parameter val-
ues can be negative. Based on the adopted HF definition 

Table 3   Micro-parameters of the base BBM from West et al. (2020) with a modified calibration to laboratory data (Alejano et al. 2017; Walton 
et al. 2018)

Definitions of parameter abbreviations are: jkn = normal stiffness, jks = shear stiffness, c = cohesion, ϕ = friction angle, jt = tensile strength, 
cres = residual cohesion, jtres = residual tensile strength, Ψ = dilation angle

Property/contact jkn (GPa/m) jks (GPa/m) c (MPa) Φ (°) jt (MPa) cres (MPa) Φres (°) jtres (MPa) Ψ (°)

Mica–Mica 3.3E + 04 1.3E + 04 46.6 56.5 29.5 0 3.0 0 5.0
Quartz–Quartz 7.1E + 04 2.8E + 04 75.8 63.5 40.8 0 3.0 0 5.0
Plagioclase–Plagioclase 6.3E + 04 2.5E + 04 65.3 61.5 43.2 0 3.0 0 5.0
Feldspar–Feldspar 5.8E + 04 2.3E + 04 64.2 61.5 40.8 0 3.0 0 5.0
Quartz–Plagioclase 5.8E + 04 2.3E + 04 52.4 58.5 24.6 0 3.0 0 5.0
Quartz–Mica 5.8E + 04 2.3E + 04 46.6 53.5 93.4 0 3.0 0 5.0
Plagioclase–Mica 5.8E + 04 2.3E + 04 31.5 53.5 26.2 0 3.0 0 5.0
Plagioclase–Feldspar 5.3E + 04 2.1E + 04 63.0 58.5 37.4 0 3.0 0 5.0
Feldspar–Mica 5.8E + 04 2.3E + 04 35.0 53.5 13.3 0 3.0 0 5.0
Feldspar–Quartz 6.8E + 04 2.7E + 04 44.3 58.5 33.0 0 3.0 0 5.0

Table 4   Percentages of block 
types within the Blanco Mera 
granite BBM (West et al. 2020)

Mineral group Proportion 
in BBM (%)

Plagioclase 37
Quartz 20
Alkali Feldspar 27
Mica 16
Total 100

Table 5   Percentages of contact types within the Blanco Mera granite 
BBM (West et al. 2020)

Contact type Percentage (%)

Mica–Mica 4.8
Quartz–Quartz 2.3
Plagioclase–Plagioclase 9.1
Feldspar–Feldspar 8.6
Quartz–Plagioclase 12.4
Mica–Quartz 7.6
Mica–Plagioclase 12.5
Feldspar–Plagioclase 20.0
Mica–Feldspar 13.0
Feldspar–Quartz 9.7
Total 100.00
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Fig. 3   Example of how the heterogeneity factor (HF) influences the 
spread of input parameter values. This example is for contact peak 
tensile strength, with values for each contact type marked with ticks
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(Eq. 1), the larger the value of HF, the more the input param-
eter values deviate from their original value, so contacts with 
values less than the weighted average in the base case will 
become progressively smaller as the heterogeneity factor is 
increased. Eventually, with a very large HF, these contacts’ 
input values will deviate so far from their original value that 
they will become negative. Given this constraint, different 
HFs were chosen for contact peak tensile strength and block 
Poisson’s ratio than the other input parameters. Addition-
ally, a set of simulations were run where the values of all 
input parameters (block moduli and contact properties) were 
varied simultaneously according to the heterogeneity factor. 
The HFs used for each set of simulations are summarized 
in Table 6.

Note that the HF values that are less than 1 are equiva-
lent to the reciprocals of the HF values greater than 1 for 
most input parameters, except for HF = 0. An exception is 
for block Poisson’s ratio, where the reciprocals did not result 
in large enough changes in parameter values to make a sig-
nificant difference in model inputs for each HF.

Residual friction angle and dilation angle are the remain-
ing two input parameters tested that are not addressed in 
Table 6. This is because the heterogeneity factor described 
in Eq. 1 does not apply for these parameters, since all con-
tact types were assigned the same value in the base case 
(see Table 3). Assigning the same value for residual fric-
tion angle and for dilation angle for all contacts in a pol-
ymineralic BBM is common (Farahmand and Diederichs 
2015; Lan et al. 2010; Nicksiar and Martin 2014; Sinha 
and Walton 2020); in such a case, because the weighted 
average of all contacts is equal to the value assigned to all 

contacts, the difference between the contact’s value and the 
weighted average is always zero. This term is multiplied by 
HF in Eq. 1, so no matter the value of HF input in Eq. 1, the 
resulting value will always be equal to the weighted average. 
Therefore, Eq. 1 does not apply to contact residual friction 
angle and dilation angle. Note that although BBMs require 
residual cohesion and residual tensile strength inputs as well, 
these were assumed to be zero for all contacts, as is common 
in models of brittle rock (Ghazvinian et al. 2014; Stavrou 
and Murphy 2018; Wang and Cai 2019).

Therefore, a different approach was used that set mini-
mum and maximum range values for both of these contact 
parameters. These minimum and maximum values became 
progressively spaced further apart from each other, corre-
sponding to an increase in heterogeneity (see Tables 7 and 
8). The ten contact types within the BBM were ranked on 
the basis of their peak cohesion (see Table 3), where the 
contact type with a rank of 1 was assigned the maximum 
value and the contact type with a rank of 10 was assigned the 
minimum value. Peak cohesion is the input parameter that 
predominantly affects the overall strength of a contact (under 
low confinement conditions), so it was used to rank con-
tacts on the basis of their strength. The eight contact types 
in between were assigned intermediate values between the 
maximum and minimum, following the order of rank, and 
maintaining the weighted average. The contact type rankings 
are also listed in Tables 7 and 8.

Each parameter set, corresponding to the HFs listed in 
Table 6 and to those listed in Tables 7 and 8, was assigned 
to the BBM in successive model runs, while all other 
input parameters were held constant (per Tables 2 and 3). 

Table 6   Summary of the 
heterogeneity factors (HFs) used 
in the heterogeneity parametric 
study

Definitions of parameter abbreviations are: E = Young's modulus, ν = Poisson's ratio,  jkn = normal stiff-
ness, jks = shear stiffness, c = cohesion, φ = friction angle, jt = tensile strength. Note that the HFs for block 
Poisson’s ratio and contact tensile strength are different from those of the other input parameters due to the 
constraint discussed previously

Input parameter Block properties Contact properties

E ν jkn jks c ϕ jt Overall

Heterogeneity fac-
tors (HF)

1 1 1 1 1 1 1 1
1.25 1.15 1.25 1.25 1.25 1.25 1.10 1.15
1.50 1.25 1.50 1.50 1.50 1.50 1.25 1.25
1.75 1.35 1.75 1.75 1.75 1.75 1.40 1.35
2.00 1.45 2.00 2.00 2.00 2.00 1.55 1.40
0.80 0.80 0.80 0.80 0.80 0.80 0.91 1.45
0.67 0.60 0.67 0.67 0.67 0.67 0.80 0.80
0.57 0.40 0.57 0.57 0.57 0.57 0.71 0.60
0.50 0.20 0.50 0.50 0.50 0.50 0.65 0.40
0.40 0.15 0 0 0 0 0 0.20
0.30 0.10 0.15
0.10 0.05 0.10
0 0 0
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Two-dimensional UCS and triaxial test simulations with 
12 MPa of confining pressure were run for each of the 
parameter set variations. These two confinement levels are 
the bounds of the confinement range for which the BBM was 
calibrated (West et al. 2020).

Boundary conditions restricting movement in the vertical 
direction were applied to the bottom of the model, which 
represents the base platen used in real laboratory tests. 
A constant velocity boundary condition of 0.01 m/s was 
applied to the top of the model to ensure quasi-static loading 
(note that this value is consistent with previous numerical 
studies and cannot be directly compared to loading veloci-
ties used in physical laboratory tests; Huang et al. (2019), 
Kazerani and Zhao (2010), Stavrou and Murphy (2018)). A 
uniform load was applied to the lateral boundaries to simu-
late confining pressure. In the UCS simulations, zero pres-
sure was applied (i.e., no boundary condition), whereas the 
confined simulation applied 12 MPa of load.

3 � Model Analysis

During simulations, average axial stress, average axial 
strain, average lateral strain, and the number of cracks 
failing in tension and shear were tracked to monitor mac-
roscopic properties of the stress–strain behavior of the 
BBM. Stress was determined by calculating the average 
internal stress value within each zone of the BBM (blocks 
are discretized into continuous elements for computation, 
which are referred to as “zones”). Strains were calculated 
by computing the average displacement of the edge points 
of the BBM (in both the axial and lateral directions) from 
their original positions and then dividing by the original 
corresponding dimension of the specimen. The macro-
scopic properties monitored for this study were Young’s 
modulus, Poisson’s ratio, CI and CD parameters, UCS and 
peak strength, and peak dilation angle. The methods for 

Table 7   List of input values 
for residual friction angle in 
degrees

Each column corresponds to a different set of parameters, where the “Range” (minimum value subtracted 
from maximum value) indicates the level of heterogeneity. 0 range is the base case listed in Table 2

Ranking Range 0 1 2 3 4 5
Minimum 3.00 2.50 2.00 1.50 1.00 0.50

Maximum 3.00 3.50 4.00 4.50 5.00 5.50

1 Quartz–Quartz 3.00 2.90 2.80 2.50 3.00 2.50
2 Plagioclase–Plagioclase 3.00 3.50 4.00 4.50 5.00 5.50
3 Feldspar–Feldspar 3.00 3.45 3.90 4.40 4.75 5.75
4 Feldspar–Plagioclase 3.00 2.80 2.60 2.10 2.00 2.00
5 Quartz–Plagioclase 3.00 3.35 3.70 4.30 4.25 4.50
6 Mica–Mica 3.00 2.70 2.40 1.70 1.25 1.50
7 Mica–Quartz 3.00 3.00 3.00 2.90 3.25 3.00
8 Feldspar–Quartz 3.00 3.25 3.50 4.20 4.00 4.00
9 Mica–Feldspar 3.00 3.10 3.20 3.50 3.75 3.50
10 Mica–Plagioclase 3.00 2.50 2.00 1.50 1.00 0.50

Table 8   List of input values for 
dilation angle in degrees

Each column corresponds to a different set of parameters, where the “Range” (minimum value subtracted 
from maximum value) indicates the level of heterogeneity. 0 range is the base case listed in Table 2

Ranking Range 0 1 2 3 4 5 6 7 8 9
Minimum 5.00 4.50 4.00 3.50 3.00 2.50 2.00 1.50 1.00 0.50

Maximum 5.00 5.50 6.00 6.50 7.00 7.50 8.00 8.50 9.00 9.50

1 Quartz–Quartz 5.00 4.90 4.75 5.00 4.25 4.50 4.50 4.00 4.00 3.50
2 Plagioclase–Plagioclase 5.00 5.50 6.00 6.5 7.00 7.50 8.00 8.50 9.00 9.50
3 Feldspar–Feldspar 5.00 5.45 5.75 6.00 6.25 7.00 7.50 8.25 8.50 9.00
4 Feldspar–Plagioclase 5.00 4.80 4.50 4.50 4.25 4.00 3.50 3.00 3.00 2.25
5 Quartz–Plagioclase 5.00 5.35 5.75 6.00 6.25 6.75 7.00 7.25 8.00 8.50
6 Mica–Mica 5.00 4.70 4.50 4.25 3.50 3.50 2.50 2.75 2.00 1.50
7 Mica–Quartz 5.00 5.00 5.00 5.00 5.25 5.00 5.50 5.00 5.00 5.50
8 Feldspar–Quartz 5.00 5.25 5.50 5.75 6.00 6.25 6.25 6.75 7.25 7.50
9 Mica–Feldspar 5.00 5.10 5.25 5.25 6.00 5.75 6.25 6.50 6.50 6.25
10 Mica–Plagioclase 5.00 4.50 4.00 3.50 3.00 2.50 2.00 1.50 1.00 0.50
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determining each of these properties from the model out-
puts are discussed in the following sections.

3.1 � Young’s Modulus and Poisson’s Ratio

Macroscopic Young’s modulus and Poisson’s ratio are elastic 
parameters and are determined using the linear elastic por-
tions of the axial strain and lateral strain data, respectively. 
Young’s modulus was determined as the slope of the axial 
stress–axial strain curve within this linear elastic region (i.e., 
tangent Young’s modulus (Małkowski and Ostrowski 2017)), 
and Poisson’s ratio was determined as the slope of the lateral 
strain–axial strain curve within the linear elastic region.

3.2 � Crack Initiation (CI) and Crack Damage (CD)

The crack initiation threshold is defined as the stress at the 
onset of systematic cracking, which is equivalent to the point 
of nonlinearity in the axial stress–lateral strain curve, as well 
as the point of reversal in crack volumetric strain. The crack 
damage stress threshold corresponds to the point at which 
isolated cracks begin to grow and interact, which is equiv-
alent to the point of nonlinearity in the axial stress–axial 
strain curve (Diederichs and Martin 2010; Ghazvinian et al. 
2012; Martin and Chandler 1994). In BBMs, the formation 
of cracks can be easily tracked during the simulation of the 
compression test; the formation of cracks is observed as fail-
ure of contacts between blocks in the BBM. In this case, CI 
can be determined from a tensile crack curve and CD can 
be determined from a shear crack curve by selecting the 
point of accelerated increase in the number of the respective 
cracks (Ghazvinian et al. 2014; Nicksiar and Martin 2014). 
Specifically, CI and CD are evaluated at the intersection of 
the second and third linear regions in the crack curve, where 
these linear segments are determined visually (Sinha and 
Walton 2020). Examples of CI and CD determination with 
this method as applied in this study are shown in Figs. 4 and 
5, respectively.

3.3 � UCS and Peak Strength

To distinguish between the results obtained in the uncon-
fined and confined cases, the overall strength of the BBM 
when there is zero confining pressure is referred to as the 
“UCS,” and the overall strength when there is 12 MPa con-
fining pressure is referred to as the “peak strength”. Strength 
is assessed by identifying the largest stress achieved by the 
BBM during the simulation.

3.4 � Peak Dilation Angle

Dilation angle is a mechanical property used to quantify 
the degree of volume increase as a rock specimen is loaded. 
The formation of cracks and void space between grains in 
the rock and the mobilization of friction via block move-
ment and rotation results in a volume increase (Zhao and 
Cai 2010). Dilation angle is defined via Eq. 2:

(2)sin(ψ) =
ε̇
p
v

−2ε̇
p
ax + ε̇

p
v

Fig. 4   Determination of the crack initiation (CI) parameter for the 
BBM using the tensile crack method. CI is approximately 47  MPa. 
“Proportion of Tensile Cracks” on the vertical axis is defined as the 
number of tensile cracks divided by the total number of tensile cracks 
formed during the simulation

Fig. 5   Determination of the crack damage (CD) parameter for the 
BBM using the shear crack curve method. CD is approximately 
109 MPa. “Proportion of Shear Cracks” on the vertical axis is defined 
as the number of shear cracks divided by the total number of shear 
cracks formed during the simulation
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where ψ is dilation angle, ε̇pv is incremental volumetric plas-
tic strain, and ε̇pax is incremental axial plastic strain (i.e., first 
principal plastic strain). Plastic strains are calculated by sub-
tracting the linear elastic strain component from the total 
strain component (Walton et al. 2018). Volumetric strain is 
defined via Eq. 3:

Equation 3 applies to volumetric strain in terms of total 
strain and plastic strain (like the variables in Eq. 2).

Dilation angle increases in the pre-peak, reaches its 
maximum value near the point of peak strength, and then 
decreases as more plastic shear strain is incurred. Only the 
peak dilation angle is considered for the purposes of this 
study.

4 � Data Interpretation Method

For each model set, the macroscopic behaviors of the BBM 
under unconfined conditions and confined conditions with 
12 MPa of confinement were analyzed, as discussed in 
Sect. 3. Outputs for each macroscopic property were normal-
ized to the average value for each input parameter set, and 
the results were evaluated as a function of the heterogeneity 
factor (HF) (Eq. 1; Table 6) or range (Tables 7 and 8). An 
example of the normalization process is shown in Fig. 6.

It should be noted that although the data analysis has been 
performed using linear regression, a slight non-linear trend 
was noted in the majority of the results. Decreasing the het-
erogeneity from the base case (HF = 1) to HF values less 

(3)εv= εax + 2εrad

than 1 appears to have a smaller effect on the macroscopic 
BBM property than increasing the heterogeneity from the 
base case to HF values greater than 1. This “kink” in the lin-
ear trend was typically observed to occur at or below HF = 1, 
which is the base (i.e., calibrated) input parameter set. Two 
examples of this bi-linear trend are shown in Fig. 7.

It is important to keep in mind that the linear model is not 
intended to be a predictive model due to the presence of this 
“kink.” Rather, the linear model is simply meant to provide 
a first-order approximation of the degree to which a trend 
exists. For example, the slope of the model shown in Fig. 7a 
is much larger than the slope of the model shown in Fig. 7b. 
Therefore, it is clear that the heterogeneity of contact peak 
cohesion affects the unconfined CD of the BBM more than 
that of contact peak friction angle. Therefore, only linear 
regression models have been fit to the BBM results in this 
study.

5 � Results and Discussion

It is important to note that the results of this parametric 
study only apply to one grain (i.e., block) structure. This 
grain structure dictates the arrangement of different block 
and contact types within the model. If multiple grain struc-
ture realizations for Blanco Mera granite were tested, the 
results would be expected to differ, although such differences 
would likely not be large enough to change the overall find-
ings (Contreras Inga et al. 2021). The authors hypothesize 
that some of the apparently “random” variability in some of 
the following results is in fact related to the ways in which 

Fig. 6   Example of normalization of data and corresponding linear 
regression models. The raw data (left) for the CD of the BBM, as a 
function of the heterogeneity factor (HF) of contact peak cohesion, 
were normalized by dividing each raw data point by the average CD 
value for all HFs tested in the set. The average CD for the UCS tests 

was 98.8 MPa and the average CD for the confined tests with 12 MPa 
of confinement was 166.1 MPa. The normalized data are plotted on 
the right. Linear regression for both raw data and normalized data are 
included with their equations, for both confinement cases
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changes in the heterogeneity of different properties influence 
the specific damage localization and failure pathways within 
the models, which is inherently related to the specific grain 
structure realization used.

Some non-linear trends were observed in the data, par-
ticularly for block Young’s modulus and Poisson’s ratio. 
More discussion on the effects that block elastic parameters 
have on the behavior of the BBM are included in Sect. 5.2.

5.1 � Linear Trends as a Function of Heterogeneity 
in Individual Input Parameters

Visual assessment confirmed that the linear model discussed 
in Sect. 4 could approximately represent the trends of the 
results for most of the cases. Thus, a linear regression line 
was fit to the normalized data for each case, and a linear 
trend was considered notable if it had an R2 value of at least 
0.8 and a normalized percent trend absolute value of at 
least 5%. The trends that satisfy this requirement are sum-
marized in Table 9. Note that a trend slope magnitude of 
5% indicates that when the heterogeneity of the given input 
parameter is doubled, the model prediction for the output 
property being considered changes by 5%. Therefore, trend 
slope magnitudes lower than 5% signify a negligible change 
in the BBM’s macroscopic property value as a function of 
heterogeneity of the given input parameter.

In examining the results shown in Table 9, it can be seen 
that the macroscopic material properties Young’s modulus, 
Poisson’s ratio, CI, confined peak strength, the ratio of CI 
to peak strength, and peak dilation angle were not notably 
affected by changing the heterogeneity of any individual 

contact input parameter. Additionally, the heterogeneity of 
contact stiffnesses, peak tensile strength, residual friction 

Fig. 7   Two examples of the non-linear trend observed in the major-
ity of cases presented in Table  8. The results presented correspond 
to cases with  varying heterogeneity in a contact peak cohesion and 
b contact peak friction angle. The black circles are unconfined CD 
values. The black solid line shows the linear fit and the red dashed 

lines show the bi-linear trend observed in the data. The intersection 
of the two linear portions is marked with a yellow star, and the cor-
responding HF is indicated by the blue arrow. Note that HF at which 
the kink was observed was found to consistently occur at or below 
HF = 1 (Color figure online)

Table 9   Summary of results (with R2 of at least 0.8 and a normal-
ized percent trend of at least 5%) of the macroscopic properties of the 
BBM that were affected by the heterogeneity of an individual input 
parameter

Normalized percent trend and R2 values are calculated via linear 
regression (Fig. 5). A negative percent change indicates a decrease in 
the property’s value when the model heterogeneity is increased

Macroscopic BBM 
property

Input parameter Normalized trend R2

Young’s modulus – – –
Poisson’s ratio – – –
CI (UCS) – – –
CI (12 MPa) – – –
CD (UCS) Peak cohesion − 35.8% 0.92
CD (12 MPa) Peak cohesion − 25.6% 0.89

Peak friction angle − 7.6% 0.80
UCS Peak cohesion − 11.7% 0.85
Peak strength 

(12 MPa)
– – –

CI/UCS – – –
CI/Peak strength 

(12 MPa)
– – –

CD/UCS Peak cohesion − 25.4% 0.84
CD/Peak strength 

(12 MPa)
Peak cohesion − 30.3% 0.88

Peak dilation angle 
(UCS)

– – –

Peak dilation angle 
(12 MPa)

– – –
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angle, and dilation angle had negligible effects on the 
BBM’s behavior. In contrast, the heterogeneity of contact 
peak cohesion and peak friction angle was found to have a 
notable effect on the macroscopic behavior of the BBM, both 
of which will be discussed in the following sub-sections.

5.1.1 � Peak Cohesion

The most notable finding of this parametric study is that the 
heterogeneity of contact peak cohesion has a large impact 
on CD values, both under unconfined and confined condi-
tions. According to the linear regression models, one unit 
increase in HF resulted in a decrease of 35.8% in the BBM’s 
CD under unconfined conditions, and a decrease of 25.6% in 
the case with 12 MPa of confinement (see Fig. 8).

The heterogeneity of contact peak cohesion was also 
found to affect the UCS of the BBM. According to the lin-
ear regression model, a unit increase in HF of peak cohesion 
decreased the BBM’s UCS by 11.7% (see Fig. 9). Although 
the heterogeneity of contact peak cohesion has a non-negli-
gible effect on the BBM’s UCS, it has a much larger influ-
ence on the BBM’s CD. It also did not have a notable effect 
on the confined peak strength of the BBM.

This same trend is observed when analyzing the ratio 
of CD to peak strength, where increasing HF by one unit 
decreased this ratio by 25.4% and 30.3% for the unconfined 
and confined cases, respectively, according to the linear 
regression models (see Fig. 10).

The average value of peak cohesion over all contact 
types in the BBM has previously been found to have a 
strong effect on both the UCS and CD of BBMs, where 
a higher average value of contact peak cohesion resulted 
in a higher UCS (Bahaaddini and Rahimi 2018; Cai and 
Noorani 2015) and higher CD (Wang and Cai 2019), under 

all confinement conditions. Since this parametric study has 
found that increasing the heterogeneity of contact peak cohe-
sion decreases UCS and CD, it appears that the minimum 
value assigned to contact peak cohesion represents a major 
control on the macroscopic behavior of the BBM following 
the initiation of cracking.

As per Table 9, contact peak cohesion is the primary 
input parameter for which heterogeneity significantly affects 
the macroscopic results of the simulation. This result is con-
sistent with the modeling approach applied by Itasca Con-
sulting Group, which uses heterogeneous values for contact 
peak cohesion and tensile strength while setting the other 
input parameters to be homogeneous (Garza-Cruz et al. 
2014; Garza-Cruz and Pierce 2014).

0 0.5 1 1.5 2
HF of Contact Peak Cohesion

0.6

0.8

1

1.2

1.4

N
or

m
al

iz
ed

 C
D

UCS
12 MPa

Fig. 8   Trend in unconfined (black circles) and confined (red squares) 
CD as a function of the heterogeneity variation of contact peak cohe-
sion. Normalized trend = − 35.8%, R2 = 0.92 for the unconfined case 
and  normalized trend = − 25.6%, R2 = 0.89 for the confined data 
(Color figure online)
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Fig. 9   Trend in the UCS of the BBM as a function of the varia-
tion of the heterogeneity of contact peak cohesion. Normalized 
trend = − 11.7%, R2 = 0.85
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Fig. 10   Trend in unconfined (black circles) and confined (red 
squares) CD/peak strength ratio as a function of the heterogene-
ity variation of contact peak cohesion. Normalized trend = − 25.4%, 
R2 = 0.84 for the unconfined data and normalized trend = −  30.3%, 
R2 = 0.88 for the confined  data (Color figure online)
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5.1.2 � Peak Friction Angle

Compared to the effects of contact peak cohesion, the het-
erogeneity of contact peak friction angle was found to have 
a minor effect on the CD of the BBM. The linear regres-
sion model for CD under 12 MPa of confinement shows a 
decrease of 7.6% per unit increase in HF (see Fig. 11). The 
unconfined CD also exhibited a similar trend, but not a large 
enough trend to be included in Table 9.

The average value of peak friction angle over all contacts 
in the BBM has previously been found to have an effect on 
CD, where an increase in the average contact peak friction 
angle results in a higher CD, under all confinements (Far-
ahmand and Diederichs 2015). Therefore, since increasing 
the heterogeneity of the input parameter values resulted in 
a decrease in CD, for both the UCS and triaxial test simula-
tions, it appears that the minimum value assigned to contact 
friction angle is a notable control on the macroscopic behav-
ior of the BBM.

5.2 � Non‑linear Influence of Elastic Block Parameters

As discussed previously, some trends were observed in the 
data that did not display a linear (or bi-linear) trend. These 
non-linear trends appeared as a result of varying the het-
erogeneity of the elastic block inputs parameters: Young’s 
modulus and Poisson’s ratio. These results are discussed in 
the following sub-sections.

5.2.1 � Young’s Modulus

The heterogeneity of block Young’s modulus was found to 
have a non-linear effect on CD of the BBM (see Fig. 12).

It is important to note that the magnitude of the over-
all variations observed is not especially large. The range 

of normalized CD plotted on Fig. 12 is 0.9– 1.1, whereas 
the range of normalized values on all figures in Sect. 5.1 is 
0.6–1.4. Given the lack of a clear physical explanation for 
this sinusoidal trend and its relatively small magnitude, it is 
plausible that the trend could be a numerical artifact related 
to the interaction between stiffness heterogeneity and some 
aspect of the solution process used in UDEC to run the simu-
lations. Further investigation would be required to evaluate 
this hypothesis.

5.2.2 � Poisson’s Ratio

The heterogeneity of block Poisson’s ratio was found to have 
a non-linear effect on the macroscopic Poisson’s ratio of the 
BBM (see Fig. 13). Again, the magnitude of the normalized 
variation is relatively small.

The following explanation for the observed non-linear 
trend is postulated. For cases of small HFs (the left side 
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Fig. 11   Trend in confined CD as a function of the heterogeneity 
variation of contact peak friction angle. Normalized trend = − 7.6%, 
R2 = 0.80
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Fig. 12   Trend in CD for the unconfined (black circles) and confined 
with 12  MPa of confinement (red squares) cases as a function of 
the heterogeneity variation of block Young’s modulus (Color figure 
online)
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Fig. 13   Trend in macroscopic Poisson’s ratio as a function of the het-
erogeneity variation of block Poisson’s ratio
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of Fig. 13), preferential elastic compaction of grains with 
low Poisson’s ratios dominates the BBM’s overall behav-
ior. When a small amount of heterogeneity exists within the 
BBM, blocks with smaller Poisson’s ratios are more capable 
of accommodating lateral deformation of the blocks with 
higher Poisson’s ratios without generating significant axial 
stresses in response. This accommodation of lateral defor-
mation means that less of the Poisson’s effect of the higher 
Poisson’s ratio grains leads to overall lateral expansion of 
the simulated specimen, resulting in a smaller macroscopic 
Poisson’s ratio of the BBM. As HF increases, progressively 
larger local stresses are induced by the deformation of blocks 
with higher Poisson’s ratios. Beyond a certain point (HF ≈ 
0.2 in Fig. 13), preferential compaction of low Poisson’s 
ratio grains is no longer the dominant micromechanical pro-
cess during elastic deformation. Instead, a reversed trend 
is then observed for cases with high HFs (the right side of 
Fig. 13) where the blocks with high values of Poisson’s ratio 
dominate the model’s overall behavior, and the macroscopic 
Poisson’s ratio is also high.

5.3 � Influence of Varying Heterogeneity for All 
Parameters Simultaneously

The results of this parametric study discussed so far have 
indicated that the primary influence of input parameter het-
erogeneity on BBM macroscopic behavior is that of contact 
peak cohesion; specifically, CD decreases with increasing 
heterogeneity of this parameter. This finding is inconsistent 
with a previous study that found heterogeneity in BBMs is 
necessary to decrease confined CI and unconfined and con-
fined CD to realistic levels relative to peak strength (Sinha 
and Walton 2020). For CD, homogeneous BBMs used in 
previous studies have exhibited unrealistically high values, 
where CD is often approximately coincident with the peak 
strength (Ghazvinian et al. 2014; Stavrou and Murphy 2018).

Sinha and Walton (2020) compared a completely homo-
geneous BBM to a completely heterogeneous BBM, but did 
not investigate varying degrees of heterogeneity within the 
BBM. With all this in mind, it was hypothesized that the 
impact of parameter heterogeneity on CI (and to a lesser 
extent CD) is not strongly associated with any individual 
input parameter, but rather with a combination of param-
eters. Accordingly, models were developed where multiple 
HF values were applied to all input parameters simultane-
ously, as described in Sect. 2. Specifically, each HF value 
was attributed to all elastic block properties and contact 
properties except for residual friction angle and dilation 
angle, as HF does not apply to these two parameters (these 
parameters were set to be fully homogeneous for these mod-
els). In this case, an HF equal to zero corresponds to a com-
pletely homogeneous BBM, where the input parameters are 

all equal to their weighted averages (see Sect. 2). An HF 
equal to 1 still represents the base case (see Tables 2 and 3).

Visual assessment again confirmed that a linear model 
could approximate the trends of the results. Thus, a linear 
regression model was fit to the normalized data for each 
case, and a linear trend was presented if it had an R2 value 
of at least 0.8 and a normalized percent trend absolute value 
of at least 5%. The trends that satisfy these requirements are 
summarized in Table 10.

The heterogeneity of the overall BBM was found to affect 
its macroscopic CI, the ratio of CI to peak strength, CD, the 
ratio of CD to peak strength, and UCS. Trends with respect 
to each macroscopic property are discussed in the following 
sub-sections.

5.3.1 � Crack Initiation (CI)

The crack initiation (CI) threshold was affected by the over-
all heterogeneity of the BBM. According to the linear regres-
sion models, one unit increase in HF resulted in a decrease 
of 40.5% in the BBM’s CI under unconfined conditions, and 
a decrease of 27.2% in the case with 12 MPa of confinement 
(see Fig. 14a and b). Additionally, the heterogeneity of the 
overall BBM affected the ratio of CI to peak strength simi-
larly. According to the linear regression models, one unit 
increase in HF resulted in a decrease of 24.3% in the BBM’s 
CI/UCS ratio, and a decrease of 26.1% in the case of CI/peak 
strength under 12 MPa of confinement (see Fig. 14c and d). 
The percent trend associated with unconfined CI (Fig. 14a) 

Table 10   Summary of results (with R2 of at least 0.8 and a normal-
ized percent trend of at least 5%) of the macroscopic properties of the 
BBM that were affected by the heterogeneity of all input parameters, 
varied simultaneously

Normalized percent trend and R2 values are calculated via linear 
regression (Fig. 5). A negative percent change indicates a decrease in 
the property’s value as the heterogeneity increases

Macroscopic BBM property Normalized trend R2

Young’s modulus – –
Poisson’s ratio – –
CI (UCS) − 40.5% 0.90
CI (12 MPa) − 27.2% 0.87
CD (UCS) − 43.3% 0.96
CD (12 MPa) − 27.3% 0.90
UCS − 16.5% 0.97
Peak strength (12 MPa) – –
CI/UCS − 24.3% 0.82
CI/Peak strength (12 MPa) − 26.1% 0.85
CD/UCS − 27.7% 0.88
CD/Peak strength (12 MPa) − 26.2% 0.80
Peak dilation angle (UCS) – –
Peak dilation angle (12 MPa) – –
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is notably higher than the percent trends of confined CI and 
the ratios of CI to peak strength (Fig. 14b through d). 

These results confirm that the overall model heterogeneity 
does indeed exert a significant control on CI. To aid in the 
identification of which group of parameters was having the 
greatest influence on CI (in terms of heterogeneity), three 
extra sets of models were run under unconfined and confined 
conditions with 12 MPa of confinement: (1) models contain-
ing homogeneous blocks with heterogeneous contacts, (2) 
models containing heterogeneous blocks with homogeneous 
contact stiffness and heterogeneous contact strength, and (3) 
models containing heterogeneous blocks with heterogeneous 
contact stiffness and homogeneous contact strength. These 
cases are subsequently referred to as the “homogeneous 
blocks,” “homogeneous contact stiffnesses”, and “homoge-
neous contacts” models, respectively.

Compared to a fully homogeneous model (i.e., HF = 0), 
the homogeneous contacts model was found to have a simi-
lar unconfined CI value, whereas the homogeneous blocks 
model was found to have a similar confined CI value. This 
suggests that heterogeneity in contact strengths represents 
the primary influence of heterogeneity on CI under uncon-
fined conditions, whereas heterogeneity of block stiffnesses 
represents the primary influence of heterogeneity on CI 
under confined conditions. In the unconfined case, local 
tensile stresses are widespread within the specimen due to 
the lack of lateral confinement (Diederichs 1999) and the 
influence of heterogeneity is dominated by that of the con-
tacts. In the confined case, the spatial extent of local tension 
is reduced (Diederichs 1999), and therefore the most direct 
way to lower CI to realistic levels is by increasing stress-field 
heterogeneity through incorporation of heterogeneity in the 
elastic block properties. Note that this is consistent with the 

Fig. 14   CI (a, b) or the ratio of CI/peak strength (c, d) results plot-
ted as a function of the heterogeneity factor (HF) applied to the 
entire BBM (all blocks and contact parameters). Unconfined results 
are included in (a and c) and confined results under 12 MPa of con-

finement are included in (b and d). a Normalized trend = −  40.5%, 
R2 = 0.90, (b) normalized trend = − 27.2%, R2 = 0.87, (c) normalized 
trend = − 24.3%, R2 = 0.82, (d) normalized trend = − 26.1%, R2 = 0.85
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finding by Sinha and Walton (2020), who found that contact 
strength heterogeneity is not required to match CI (only stiff-
ness heterogeneity is required) but contact strength heteroge-
neity does affect CI. In this study, it was found that contact 
tensile strength heterogeneity alone does not affect CI, but 
the heterogeneity of all model input parameters combined 
does have an effect.

5.3.2 � Crack Damage (CD)

The crack damage (CD) threshold was also affected by 
the overall heterogeneity of the BBM. According to the 
linear regression models, one unit increase in HF resulted 
in a decrease of 43.3% in the BBM’s CD under uncon-
fined conditions, and a decrease of 27.3% in the case with 
12 MPa of confinement (see Fig. 15a and b). Addition-
ally, the heterogeneity of the overall BBM affected the 

ratio of CD to peak strength similarly. According to the 
linear regression models, one unit increase in HF resulted 
in a decrease of 27.7% in the BBM’s ratio of CD to peak 
strength under unconfined conditions, and a decrease 
of 26.2% in the case with 12 MPa of confinement (see 
Fig. 15c and d).

These results are consistent with the behavior of BBMs 
in previous studies, where homogeneous BBMs had high 
values of CD relative to the peak strength (Ghazvinian et al. 
2014; Stavrou and Murphy 2018; Sinha and Walton 2020) 
and heterogeneous BBMs were able to match laboratory CD 
values that are lower relative the peak strength (Farahmand 
and Diederichs 2015; Nicksiar and Martin 2014; Park et al. 
2017; Sinha and Walton 2020).

These normalized percent trends are similar in value to 
those associated with contact peak cohesion heterogeneity 
(Table 9). Therefore, it appears that the heterogeneity of 

Fig. 15   CD (a, b) or the ratio of CD/peak strength (c, d) results 
plotted as a function of the heterogeneity factor (HF) applied to the 
entire BBM (all blocks and contact parameters). Unconfined results 
are included in (a and c) and confined results under 12 MPa of con-

finement are included in (b and d). a Normalized trend = −  43.3%, 
R2 = 0.96, b normalized trend = −  27.3%, R2 = 0.90, c normalized 
trend = − 27.7%, R2 = 0.88, d normalized trend = − 26.2%, R2 = 0.80
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this input parameter has the most influence over the BBM. 
However, the trends are not identical, so the heterogeneity 
of other input parameters are affecting CD as well, but to 
a lesser extent.

5.3.3 � Unconfined Compressive Strength (UCS)

The Unconfined Compressive Strength (UCS) of the BBM 
was affected by its overall heterogeneity. According to the 
linear regression model, one unit increase in HF resulted 
in a decrease of 16.5% in the BBM’s UCS (see Fig. 16).

This normalized trend of –16.5% has a higher absolute 
value than the − 11.7% trend associated with contact peak 
cohesion heterogeneity (Table 9). Therefore, although the 
heterogeneity of other input parameters is affecting the 
BBM’s UCS in addition to contact peak cohesion, contact 
peak cohesion heterogeneity remains the primary influ-
ence. It is also notable that the influence of overall model 
heterogeneity on peak strength did not extend to confined 
conditions.

6 � Conclusion

A parametric study was conducted on the heterogeneity of 
elastic block and contact input parameters in bonded block 
models (BBMs). An elastic block BBM of Blanco Mera 
granite that had been previously calibrated to laboratory 
data (West et al. 2020) was used as the basis for this study, 
which includes four different mineral (block) types and 
ten distinct contact types. The input parameters for the 
elastic blocks are Young’s modulus and Poisson’s ratio. 

The input parameters for the contacts are normal and shear 
stiffnesses, peak cohesion, peak friction angle, peak tensile 
strength, residual friction angle, and dilation angle.

Each of these two elastic block properties and seven 
contact properties were tested separately by varying the 
degree of heterogeneity within a parameter type, while 
keeping the weighted average of the parameter constant 
for all simulations. Additional sets of input parameters 
were tested where the heterogeneity of all input parameters 
was varied simultaneously, while keeping their weighted 
averages constant.

Both a UCS test and a triaxial test with 12 MPa of con-
finement were simulated for each variation of the input 
parameters. Macroscopic material properties were com-
puted from the model results including Young’s modulus, 
Poisson’s ratio, crack initiation (CI) and crack damage 
(CD) parameters, UCS and peak strength, and peak dila-
tion angle. The following main findings were derived from 
model results:

•	 CI, confined peak strength, the ratio of CI/peak strength, 
and peak dilation angle were found to be insensitive to 
the heterogeneity of any individual input parameters.

•	 Although the macroscopic behavior of the BBM was 
found to be sensitive to the heterogeneity of multiple 
input parameters, only the heterogeneity of peak cohe-
sion caused a large change in the model behavior (i.e., 
normalized percent trends of at least 25% in the linear 
regression models). Specifically, an increase in contact 
peak cohesion heterogeneity resulted in a decrease in CD 
of the BBM.

•	 The following smaller effects were also noted: contact 
peak cohesion heterogeneity influences UCS and contact 
peak friction angle heterogeneity influences CD under 
confined conditions.

•	 Elastic block moduli (Young’s modulus and Poisson’s 
ratio) were found to affect CD and macroscopic Poisson’s 
ratio of the BBM, respectively, in a non-linear fashion, 
although the magnitudes of the trends observed were 
relatively small, and likely insignificant for practical 
purposes.

•	 Since previous studies in the literature noted that BBM 
heterogeneity was required to decrease both CI and CD 
of a BBM, it was hypothesized that the overall heter-
ogeneity of the BBM would affect CI, rather than the 
heterogeneity of a single input parameter. Therefore, an 
additional parametric study was conducted where the 
heterogeneity of all input parameters was varied simul-
taneously (both blocks and contacts). Large changes were 
observed (i.e., normalized percent trends of at least 25% 
in the linear regression models) for UCS, CI, and CD as a 
function of overall BBM heterogeneity. Specifically, they 
were found to decrease with increasing heterogeneity.
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Fig. 16   UCS results plotted as a function of the heterogeneity factor 
applied to the entire BBM (all blocks and contact parameters). Nor-
malized trend = − 16.5%, R2 = 0.97
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