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The acoustic signal emitted by a moving source of sound and sampled by a stationary
microphone is distorted in amplitude and frequency by the Doppler effect. For years,
recovery of the original (undistorted) source signal has been done by means of a time domain
de-Dopplerization technique. This technique requires the interpolation of every data point of
the microphone signal in order to remove the Doppler effect. As a consequence, this
technique is computationally intensive. This paper presents an alternative de-Dopplerization
technique that performs all the computations in the frequency domain. This technique
requires the linearization of the relation between emission time, i.e. the time at which the
signal is emitted by the source, and reception time, i.e. the time at which the signal arrives to
the microphone. Then, the linear, translation, and scaling properties of the Fourier
transform are used to remove the Doppler effect. In essence, this technique computes the
Fourier transform of the original (undistorted) source signal directly from the Dopplerized
microphone signal. Since this frequency domain de-Dopplerization technique does not
require interpolation of the microphone signal, it is computationally more efficient than the
traditional time domain de-Dopplerization technique.

I. Introduction

Sources of sound can be categorized by their spatial location relative to the observer as fixed sources (time
invariant location) or moving sources (time dependent location). Moving sources of sound can be found in
several different categories such as airframe noise’, railway noise*, wind turbine noise®, and coal cutting noise®,
just to mention a few. Furthermore, moving sources can have different types of motion, the most common being
linear motion (i.e., sources moving along a linear trajectory) and rotating sources (i.e., sources moving along a
circular trajectory).

The acoustic signal emitted by a moving source of sound and sampled by a fixed microphone is distorted in
amplitude and frequency by the Doppler effect. Thus, in order to measure the correct amplitude and frequency
content of the microphone signal, the Doppler effect needs to be removed.

For years, recovery of the original source signal has been done by means of a time domain de-Dopplerization
technique”®. However, this technique requires interpolation of every data point of the microphone signal in order to
remove the Doppler effect, and therefore it is computationally intensive.

This paper presents an alternative de-Dopplerization technique that performs all the computations in the
frequency domain. This technique requires the linearization of the relation between emission time, i.e. the time at
which the signal is emitted by the source, and reception time, i.e. the time at which the signal arrives to the
microphone. Then, the linear, translation, and scaling properties of the Fourier transform are used to remove the
Doppler effect.

In what follows, the basic concept of the Doppler effect in the acoustic field of a monopole source is first
presented. Then, the currently used time domain de-Dopplerization technique is described followed by an
explanation of the new frequency domain de-Dopplerization technique. Finally, conclusions are drawn from
comparison between both techniques.
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1. Basic Concepts

This section presents the derivation of the equation of the acoustic field of a fixed monopole source, and then the
derivation is extended for a moving monopole source.

A. Acoustic Field of a Fixed Monopole Source
The derivation presented in this section is based on the work by Dowling and Ffowcs Williams®. The acoustic
field produced by a distribution of fixed sources of sound is governed by the inhomogeneous wave equation,

——2-Vp(X,t)=q(X,t) €

where p(X,t) is the acoustic pressure, q(X,t) is the source function, X is the vector of spatial coordinates, t is the

time variable, and C is the speed of sound. The coordinate system used here is Cartesian with the orthogonal
directions referred by the indices 1, 2, and 3, respectively. If needed, the unit vectors are noted as &, 1 =1,2,3.

An expression for the acoustic pressure that satisfies equation (1) can be obtained using the Green’s function
method. This method allows for writing the solution of equation (1) in terms of a Green’s function as

p(xt)=[" [ a@.0)G(Xt|y.t,)d°y dr )

In equation (2), G is the free-field Green’s function, which is the solution of the wave equation for an impulsive
point source located at point y that emits a sound pulse at time t,. The spatial integration is over a volume V,
enclosing the source. Thus, the Green’s function satisfies the following equation:

2 — —
10 G(x,t|y,ts|)

C_ZT—VZG(x,tW,tJ):&(X—V)ﬁ(t—ts) ®

where ¢ is the Dirac delta function. Solution of equation (3) for the impulsive point source in an unbounded region
yields the free-field Green’s function™,

S(t—t,—r/c)

Gix tly,t,)=—>——= 4
(% tyt, )= = @

where I is the distance between the source and the observer locations given as
=[x-y ®)

Substitution of equation (4) into equation (2) yields

i} X-y/c) ;-
p(X,t) )2 i d®ydt 6
I L y s/ ﬂ_‘)-(._ ﬂ‘ y s ( )

Evaluation of the time integral in equation (6) can be performed using the “sifting” property of ¢ functions, thus,
obtaining an expression for the acoustic pressure induced by the source distribution, given by

g q(y’t_b(_y'/c) 35 ( ) T
)= dy = | —2d°
PR=] =iy Vanfiy "
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Figure 1 shows a schematic representation of a source field and the sound field it induces. As seen from this
figure, the acoustic pressure perceived by an observer located at X is obtained by integration over the source field
of the source function of an elemental source at y normalized by the distance from the elemental source to the

observer. The variable 7 represents the time at which the sound was emitted and is, thus, known as the emission
time. It is given as

rT=———. @)

Consequently, the difference t—7 = |7<_ y|/c accounts for the time required for the sound to travel from y to X,

and it is called the propagation time. Therefore, we have an emission time 7, arrival or reception time t, and
propagation time t—r:|>‘<—y|/c.

Observer

Source
jeld

Figure 1. Schematic representation of a source field and the sound field induced
by this source.

If the source is acoustically compact (i.e., source dimensions are small compared to the wavelength of the
emitted sound), the source can be considered a point source, i.e., monopole source. In this case, the propagation
times from different parts of the source to the observer are essentially the same. The source function for the compact
source located at X, becomes

a(x.t)=a(t)s(y-x) ©)
where q(t) is called the monopole source strength. Substitution of equation (9) into equation (7) yields

q(t—|)—(—Y|/C)5(y—)—(s) 3

X,t)= dvy- 10
p(x.)=, P y (10)
Evaluation of the integral of equation (10) results in
o a(t=[x=%|/c)
,t = —
P(xt) 4ﬂ|>?—)? (11)

which is the expression for the acoustic pressure induced by a stationary monopole source in free field.

3
American Institute of Aeronautics and Astronautics



B. Acoustic Field of a Moving Monopole Source

To find an expression for the acoustic pressure induced by a moving monopole source with time dependent
position X (t), the source function can be written as

q(%t)=a(t)o(y-% (1)) (12

Substitution of equation (12) into equation (6) yields an expression for the acoustic pressure induced by this
moving monopole source, as follows:

; V% —t. —[x-yl|/
p()_(',t)—J._w J‘V Q(ts)é(y Xs(tS))é‘(tﬂ' ts |X y| C)dSths (13)

Evaluation of the spatial integral yields

)dt : (14)

Since the argument of the Delta function is a function of t_, the evaluation of the time integral is now more
complicated. To this end, the Delta function must be re-expressed as

3 5('[S —Ti)
5[9('[5)]Z‘dgT

(15)
dt

S

ty=1;

where 7, are the roots of the argument™, e.g. g(r;)=0. The summation is over the number of physically
meaningful roots, e.g. assuming there is more than one non-spurious root. Here the function g(t,) is

glt,)=t-t, _x=%t) (16)

The derivative of equation (16) with respect to t is given by

dgft,)

dt = ‘1_ M s0 (ts } (17)

S

where M is the component of the source velocity V (in Mach) in the source-to-observer direction. That is,

_1(
M,, _c| -V (18)

Substitution of equations (16) and (17) expressed in the form of equation (15) into equation (14) yields
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p(x.t)=]" a(t)

4z |x -, ( (19)

Evaluation of the integral in equation (14) is now straightforward, yielding

(%)= ) ’ (20)

T An[X =%, (7 L~ My (7))

where 7; is obtained as the solution of

t—riz‘)?—)?s(fi)‘/c_ (21)

that is, the roots of equation (21). Note that the summation in equation (20) should only include physically
meaningful roots. For subsonic motion, the term|1_ M, (Ti )| in equation (20) represents an amplification factor of

the sound produced by the source motion. This effect is known as the Doppler amplification. In this equation, the
source strength, q(z;), and source position, X, (z;), are defined in terms of the emission time , 7 , while the

pressure at the observer location is given in the reception time, t.

I11. Time Domain de-Dopplerization Technique
The objective of this technique is to compute the original source signal at emission times, q(f). Therefore, the

sampling time te, is treated as emission time 7 ; in other words, t,=7. The source strength signal can be
obtained from equation (20) where the microphone signals are in terms of reception times, t;, j=2123,...,J . That
is,

a(z;)=p(xt 4ﬁ\x % ( HlM )\ (22)

Figure 2 shows a schematic of this technique. As seen from this figure, the actual sampled microphone signals
are in terms of emission time p()”(,rj). In order to obtain the microphone signal in terms of reception time, the

following calculations are required. First, the reception time t corresponding to the emission time 7 is computed
using equation (21) as (step 1 in Figure 2a):

[&-%,(e;] )

Then, the microphone signal required for equation (22) is obtained by shifting the sampled microphone signals
by a delay equal to ‘7(—7(5(7;]/0' i.e. p(?(,rj +‘7(_7(s(¢j1/c). It is generally the case that the microphone signal at
the required reception time t, will not coincide with a sampled microphone signal data point, as shown in Figure 2b.
Therefore, p(i,fj +‘7<_7<S (TJ. }/c) needs to be approximated by interpolation using the most immediate sample points

as p()‘(,fj+‘>‘<_>zs(fj}/c): 5(7(,tj), where the “~” denotes that the microphone signal was obtained using

€y, 9

interpolation. Figure 2 shows the sampled data points marked with an “x”, whereas the interpolated values are
marked with an “0”
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Figure 2. Steps required by the time domain de-Dopplerization technique: (a) Computation of the reception
time t; corresponding to the emission time 5, (b) computation of the microphone signal P at t;, and (c)
computation of the source strength Q at 3.

Knowing the microphone signal at reception time ]3(7(,'[] ) the source strength can then be obtained as (see
Figure 2c)

a(z;)= ﬁ(x,tj)4;r\>z—>zs(rj)H1—Mso(rj)\ (24)

Figure 2a through Figure 2c shows the steps required to de-Dopplerize the microphone signal for data point
tSp =7, assuming the sampled data are given in terms of emission time. This process has to be repeated for every

data point of the microphone signal.

IV. Frequency Domain de-Dopplerization Technique
The technique proposed in this paper uses the linear, translation, and scaling properties of the Fourier transform
to de-Dopplerize the microphone signal. Therefore, an overview of these properties is first presented.
Figure 3 shows a signal, p(t), with a finite duration time, T . This signal is then multiplied by a constant K,
translated by o seconds, and time scaled at a linear rate of £ to result in a distorted signal, p, (t) = x p(a + ft) .
The time window where the distorted signal does not vanish is thus ST . For reasons that will become clear later,

the center point of the time window is used here as the reference to identify the translation, i.e., the center of the
window is at t=0.
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Figure 3. (a) Original and (b) translated and scaled signals.

The Fourier transform of the distorted signal is
P,(f)= j Py (£)e ¥ 4de = j p(a+pt)e > dt (25)

To solve equation (25) the following change of variables is used:

s=a+pt (26)

to express the FT of the distorted signal in terms of the original signal. Replacing equation (26) into equation (25)
leads to

aﬁk«fﬂémi]7§ (27)
or
27| 25
P,(f)= Kj k f(ﬂ]%f
—j27rf(0/) . ot
& p(e e (29)
I
=Ke—127rfa P(f)
where f = f/3.

This approach implies that the spectrum of the original signal can be obtained from the FT of the amplified,
translated, and scaled signal. The spectrum needs to be corrected by adjusting the frequency, phase, and amplitude

using the factors f = f/ﬁ, ei2*'* and both & and 3, respectively. That is,
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P(f) ﬂejz”f“Pd(f) (29)

K

Note that in the computation of the FT in equation (27), the integral limits must be sufficiently long to
encompass both the original and distorted signals. The lower and upper limits can be easily computed as

=—T/2 and t,,, =a+BT/2, respectively.
In the proposed de-Dopplerization method here, the FT of the distorted signal will be computed and used to

estimate the original signal. For convenience, the FT will be carried out only over the window in which the signal
does not vanish. That is,

tlower

atPly
P(f)= [ py(g)e ™ ede (30)
aPy

In this case, the phase correction term induced by the translation must not be included in the computation of the
FT of the original signal. Therefore, the FT becomes simply

P(f)=£Pd(f) (31)
K
under the condition that P, (f)is computed using equation (30).

The Fourier transform properties will now be used to de-Dopplerize the microphone signal. As shown in Figure
4, consider a source moving along the 1-direction whose position is defined by the vector X, (7). The source emits

sound with source strength, q(X,(z), 7). at emission time 7 . The sound is sensed with a fixed microphone placed

at )?n . The signal observed by the microphone is p, (t) at the reception time t. The source position and microphone
signals are recorded simultaneously at the same sampling frequency.

Distance traveled by
source intime T

Observer pressure at
g, 5 reception time

Figure 4. Sound source moving along the 1-direction, sensed by a fixed microphone located at )?n .
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Note that the source position is known at the emission times while the microphone signal is recorded at the
reception times. Since the signal recorded by the microphone is non-stationary, we consider the motion of the source
over a short duration of time T . For convenience, this time window is selected such that —-T/2<7<T/2, e.g. at

7 =0 the source is at the center of the window. For a given sampling frequency f_, the number of sampled points
in the window is N_ = f.T . Thus, the sampled emission times are 7, =kAt fork =0,1,---,N, —1.
The microphone time history is given as

q(z)
p,(t) =—=— (32)
" az|R - X (D)|[1-M, (7))
where the emission and reception times are related as
X —X (7
(o (r)= 4 2 2XC) (39
C

To implement the Fourier transform properties here, the microphone signal plays the role of the distorted signal
while the source strength is analogous to the original signal in Figure 3, i.e. p, (t) <> p,(&) and q(7) <> p(t).

This implies that the sound emitted by the source over time T can be related to the time window that the sound is
observed by the microphone, T as shown in Figure 5. The reception times at the beginning and end of the

reception ’

time window are simply t,_ =h (-T/2) and t,, =h (T/2). Also, note that the time window at reception times is

different from the time window at the emission times, e.g. T =t _,—t._ =T . In other words, the number of

reception end start

samples within this reception time window is N _reception = Treception /At that is different from the number of samples
over time T.
Emission time window T
%(7) X (7)) Bmeshas e

Sampled time,

'
'
! end
'

'

'

'

1
T
9 Q) LA s

Figure 5. Emission time window and its correspondent reception time window
over a short time period.

For the linear motion assumed here and assuming the coordinate system to be located at the source at time 7 =0,

h, (T) has a closed form expression given by
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22 2
oty () WU 0 &2
C

where X =X, ,€ + X,,€, + X3,€;-
The translation and rescaling properties of the FT can be used if the reception/emission time relationship
t:hn(r) is linear. Thus, using Taylor’s series expansion around r,, this relationship can be written as a linear

function as

dh
t=h (7)~h,+ drn r=h,+h 7 (35)
For h, () defined as in equation (34) and the expansion taken at the mid-point of the time window T orz, =0
results in a closed form expansion as

1% X
tt 2 1—|\/|m o, Vh<e<T) (36)

with M=U/c.
The linear term, h :|7<n|/0 of the expansion is just the delay time from the source to the microphone at 7 =0.

The scaling term,h _=1-M ><1n/|zn|, is related to the projection of the source velocity in the source-microphone
direction, M, (0) at the expansion time z =0. Note that when the microphone is directly underneath the source
h,. =1 then the Doppler amplification factor vanishes.

Thus, the goal is to estimate the FT of the stationary source strength signal from the FT of the Dopplerized (non-
stationary) microphone signal using the linear, translation, and scaling properties of the FT. This computation is
performed by relating the source strength signal and the microphone signal to the original signal and the scaled
signals shown in Figure 3, respectively. Furthermore, as the signal propagates from the source to the microphone its
amplitude decreases due to spherical spreading by ]/4;;‘7(“ —7%\- Therefore, the original source strength signal and

the Dopplerized microphone signal are related as

q(z) = p, (t)4z|X, — % () @37)

where the range for the emission and reception times are

_T T
Agsé
Tr ti/ Tr ti/
_ ecepozsts ecepoz.

We can now approximate the source strength signal in terms of the emission time using equation (35). That is,

P O%| 221, i>"<5(r)

a(h,, +h,.7) (38)
A ‘

Note that in equation (38), the term ]/47Z|7(n —X, (z')| is the multiplying factor X in equation (31).
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To relate the FT of the source signal to the FT of the microphone signal, we need to take the FT of equation (38)
over the reception time window T To this end, we need to extract from the total microphone signal only the

reception *
part that is produced by the source over the time window T prior to taking the FT. This reception time window can
be computed exactly using equation (34) rather than the approximation in equation (35). This process is
schematically illustrated in Figure 6.

a) <—,.I> (a) _Sourcetime signal
>
N
p, (t) (b) Microphone total time
T / signal
| "
-—>
Treception £ d mi h
p, (1) c xtracted microphone
? { )/ signal

| "
Figure 6. Extraction of the microphone signal that is associated to the emitted
sound by the source during time window T.
The time dependence of the source-microphone distance complicates the computation of the FT. The simplest

approach is to approximate the source-microphone distance by using time independent quantities such as taking its
value at the mid-point of the trajectory over the time interval T. That is,

X, —%,(7)| =

% =%, (0) (39)

Note that x_ (o):o since we selected to place the origin of the coordinate system at the source at time 7 =0.
Then, taking the FT of the microphone extracted signal (Figure 6¢) over only the time window T leads to

reception

1

Xn - Xs (0)‘

o FT{q(h,, +h,z.T)} (40)

FT {0, (t Treaepion )| =

and using the linear, translation, and rescaling properties of the Fourier transform, the FT of the stationary source
strength signal is obtained according to equation (29) as

f h
—, ~ nr f , .
Q [ hnr Tj 1 Pn ( Treceptlon ) (41)

4r|%, %, (0)|

Comparing equation (29) to equation (41), it is clear that the terms ]/47;|>“<n _xs(f)|, h,,» and h_in equation

no’
(41) correspond to k', &, and £ in equation (29), respectively. The significance of equation (41) is that it allows

obtaining the Fourier transform of the original (undistorted) source signal directly from the Dopplerized microphone
signal.
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V. Remarks on the Alternative Frequency Domain de-Dopplerization Technique
It is important to mention that in equation (41), the value of the term hn,=(1—Msn(0)) is always positive.

Furthermore, h_<1 for the source approaching the microphone, h_=1 when the source is immediately above the
microphone, and h _>1for the source moving away from the microphone. More relevant is that this term is thus

identical to the Doppler amplification factor in equation (32) evaluated at the center of the time window, i.e.,
\1—’\/'5” (0)\ Thus, it can be observed that the proposed approach automatically removes the Doppler amplification

factor at least in an approximated way.

In equation (41), the FT of the source strength is estimated from the microphone FT including the Doppler
effect. However, using the translation and scaling properties of the FT the Doppler effect was removed without the
need to de-Dopplerize the time signal. In other words, the de-Dopplerization was carried out in the frequency
domain without the need to resample the data.

It is important to understand the advantages, approximations, and limitations in this formulation. They are:

a. Firstly, the shorter the emission time window, the closer the reception-emission relationship is to being linear.
However, the frequency resolution for the DFT will be degraded. Thus, there is a trade-off between frequency
resolution, accuracy, and computation effort.

b. Secondly, unlike in the time domain approach there is no interpolation of the data, which is the time consuming
part of the time domain approach. However, the new method still requires the computation of the Fourier
transform of the source strength signal for every point of the scanning grid.

c. Thirdly, a source moving at variable speed can be easily accounted for by taking the average speed in the time
window. Finally, the obvious advantage is the computational efficiency of the frequency domain approach.

For convenience, the source was assumed to be a monopole in this derivation. However, directivity of the source
can be easily included in the derivation by multiplying the source strength by the directivity index in the direction of

the source-microphone, i.e., dg, (7). Once again the value of the directivity index can be taken to be constant at the

mid-point of the time window. Generally, the directivity of the sought sources is unknown and thus a monopole
assumption is typical.

VI. Conclusions

A new de-Dopplerization technique to remove the Doppler effect from acoustic signals of moving sources was
developed. The approach used for this technique consists in breaking down the motion of the source in short time
periods. Then, the short-time Fourier transform is used to transform the acoustic signals into the frequency domain.
For each time period, the original (undistorted) source strength signal is estimated. The Doppler effect is accounted
for using the linear, translation, and scaling properties of the Fourier transform. Therefore, the de-Dopplerization of
the signal is performed entirely in the frequency domain. Since this technique does not require resampling and
interpolation of the microphone signal, it is more computationally efficient that the currently used time domain de-
Dopplerization technique.
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