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ABSTRACT

Hygroscopic growth models are currently of interest as aids for targeting the deposition of
inhaled drug particles in preferred areas of the lung that will maximize their pharmaceutical
effect. Mathematical models derived to estimate hygroscopic growth over time have been
previously developed but have not been thoroughly validated. For this study, model valid-
ation involved a comparison of modeled values to measured values when the growing
droplet had reached equilibrium. A second validation process utilized a novel system to
measure the growth of a droplet on a microscope coverslip relative to modeled values
when the droplet is undergoing the initial rapid growth phase. Various methods currently
used to estimate the water activity of the growing droplet, which influences the droplet
growth rate, were also compared. Results indicated that a form of the hygroscopic growth
model that utilizes coupled-differential equations to estimate droplet diameter and tempera-
ture over time was valid throughout droplet growth until it reached its equilibrium size.
Accuracy was enhanced with the use of a polynomial expression to estimate water activity
relative to the use of a simplified estimate of water activity based on Raoult’s Law. Model
accuracy was also improved when constraining the film of salt solution surrounding the dis-
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solving salt core at saturation.

1. Introduction

Interest in the properties and behavior of hygroscopic
particles in the atmosphere has been ongoing for dec-
ades. For example, the physics and chemistry associ-
ated with cloud droplet formation have been studied
extensively with the text by Pruppacher and Klett
(2010) serving as an excellent summary of that com-
plicated process. Similarly, the process by which
inhaled hygroscopic particles deposit in the lung after
transforming into a droplet is of interest in the health
sciences. Some of the early work related to the devel-
opment of a hygroscopic growth model was con-
ducted by Ferron and his collaborators (Ferron 1977;
Ferron, Kreyling, and Haider 1988) as an enhance-
ment to the particle deposition model developed by
the International Commission on
Protection (ICRP) Task Group on Lung Dynamics
(Bates et al. 1966). Currently, advancements in the use

Radiological

of computational fluid dynamics (CFD) modeling to
simulate the deposition of drug/toxicant particles in
the human lung include hygroscopic particle growth
to, for example, enhance efforts to target the depos-
ition sites of therapeutic pharmaceuticals (Longest and
Hindle 2011; Feng et al. 2016).

The travel time for an inhaled particle to reach the
first respiratory bifurcation is ~0.2s under normal
breathing conditions (Longest, McLeskey, and Hindle
2010). The timescale within which the hygroscopic
growth of a particle can occur in the lung is therefore
very short and can be less than the time needed for
hygroscopic particles to reach an equilibrium size. As
a consequence, the accuracy of a hygroscopic growth
model during the transient initial growth phase is of
significant importance to lung deposition modelers.
However, the validation of growth models during this
phase is absent in the scientific literature, nor is there
an adequate discussion of the role deliquescence plays
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in the initial growth of a particle over time.
Furthermore, the influence of the method used to esti-
mate water activity, a fundamental aspect of the
hygroscopic growth model, on modeled droplet
growth has not been previously evaluated. The hygro-
scopic growth of a pure NaCl (“salt”) aerosol will be
used here to demonstrate these points because its
properties are well known; it is expected to demon-
strate significant growth that will aid in validating the
hygroscopic growth model, and it has been used
extensively as a model system for sea-salt aerosols
(Hemminger 1999). As such this article will focus on
the hygroscopic growth of an initially dry particle and
not include initially liquid droplets that may subse-
quently undergo hygroscopic growth.

1.1. Deliquescence and hygroscopic growth

Deliquescence and hygroscopic growth are considered
separate phenomena but necessarily have overlapping
characteristics (Martin 2000). An accepted definition
of deliquescence is the phase change from a dry par-
ticle to form an aqueous solution droplet at a thresh-
old relative humidity, RH = RH,, below which this
process cannot occur (Martin 2000; Cruz and Pandis
2000) (here we distinguish between a dry hygroscopic
aerosol as a “particle” and a wet salt solution aerosol
as a “droplet”). At RHy, the atmosphere exhibits a
water vapor pressure high enough to cause an imbal-
ance in the thermodynamics of the salt-vapor system
that initiates salt particle dissolution (Ewing 2005;
Djikaev et al. 2001). However, this phase change
necessarily involves growth relative to that of the
original dry particle as water vapor condenses on
the particle to ultimately form a saturated aqueous
solution droplet (Ewing 2005). The resulting droplet
size, when the droplet salt solution is at saturation,
can be determined numerically if the ratio of the
salt mass to water mass of the saturated solution is
known. For example, the maximum solubility of
NaCl is 36.3g/100g of H,O at 37°C (internal
human body temperature). This equates to a mass
percent of salt in the solution, Y, of 26.6. Assuming
the salt particle is a sphere, Y can be expressed as a
percentage value in terms of the diameter of the
droplet, ¢, and the diameter of the original salt
particle, ¢p, as:
3
Y = (fpps — 100, 1)
(¢ = 63)pw + drp

where p; is the density of NaCl (2165kg/m’) and p,, is
the density of water (997 kg/m3). Solving Equation (1)

for droplet size as a function of the original salt particle
size results in

ps (1 /2
o=l () e
which reduces to ¢ = 1.910¢,, for NaCl.

Deliquescence of a NaCl particle, therefore, results
in a droplet with a completely dissolved core that is
almost twice the size of the original dry particle. At
RH, the vapor pressure at the surface of the droplet
solution, ps 4, is assumed to be at saturation and in
equilibrium with the vapor pressure exerted by the
water vapor in the atmosphere, p,,. A high-concen-
tration salt solution exerts a lower vapor pressure
than a more dilute solution (Hinds 1999). Therefore,
RHj is the relative humidity that results in the most
concentrated (at solution saturation) and smallest fully
dissolved salt solution droplet.

Prior research has determined RH, for various
water-soluble salts as well as the subsequent equilib-
rium size of the salt solution droplet as RH is
increased above RHy (Tang, Munkelwitz, and Davis
1977; Russell and Ming 2002; Cruz and Pandis 2000).
For example, Tang, Munkelwitz, and Davis (1977)
observed an RHy = 75.7% for pure NaCl in water at
25°C. However, studies have shown that RH, for
NaCl is not constant for all conditions, for example
RHj is lowered for multi-component NaCl mixtures
(Marcolli and Krieger 2006; Mauer and Taylor 2010)
and higher temperatures (Tang and Munkelwitz
1993), whereas RH, is raised for extremely small
(<100 nm) NaCl particles (Russell and Ming 2002).

Experimental methods applied to determine RHj
and subsequent growth beyond the minimum droplet
size at RHy frequently involved the use of a tandem
differential mobility analyzer (TDMA) consisting of
two DMA’s in series to both produce a monodisperse
aerosol and measure the droplet size distribution exit-
ing a humid atmosphere while RH was slowly
increased from RHj (Li, Montassier, and Hopke 1992;
Rader and McMurry 1986; Cruz and Pandis 2000;
Tang, Munkelwitz, and Davis 1977). Because these
experiments were typically performed with submicron
particles (~100-500nm) and the residence time
through the second DMA is longer than required for
particles of that size to reach equilibrium, results
obtained were those associated with the equilibrium
droplet size and therefore commonly presented as a
plot of growth factors of an initial dry particle diam-
eter relative to RH.

Further growth of the saturated droplet when RH
is increased beyond RHj is the process that Martin
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Figure 1. Stages of hygroscopic growth of a dry salt particle. The ambient relative humidity, RH, the water activity of the droplet
solution, a,, and the vapor pressure exerted by droplet solution, ps 4, are given in relationship to the minimum RH, RHy, to
achieve deliquescence and the vapor pressure exerted by water vapor in the atmosphere, p, ,. Adapted from Mauer and Taylor

(2010), and Van Campen, Amidon, and Zografi (1983).

(2000) refers to as “hygroscopic growth,” which is con-
sidered distinct from the growth that necessarily occurs
during deliquescence. However, when inhaling a dry
hygroscopic particle into the lung where RH approaches
99.5% (Asgharian 2004), the particle suddenly enters an
environment where RH > RHy. This sudden immersion
into a high humidity environment results in a two-stage
process (Cruz and Pandis 2000; Mauer and Taylor 2010;
Van Campen, Amidon, and Zografi 1983) involving
both core dissolution and subsequent droplet growth.
During this process, the vapor pressure at the surface of
the diluting droplet increases to match that of the
atmosphere until ps 4 = py,, resulting in an equilibrium
droplet diameter as conceptualized in Figure 1.

1.2. Hygroscopic growth model development

Numerous papers and texts have described the develop-
ment of a mathematical model to estimate the growth
of hygroscopic compounds over time (Broday and
Georgopoulos 2001; Ferron 1977; Ferron, Kreyling, and
Haider 1988; Hinds 1999; Longest and Hindle 2011;
Pruppacher and Klett 2010; Van Campen, Amidon, and
Zografi 1983; Winkler-Heil, Ferron, and Hofmann 2014;
Finlay 2001). The growth model has been developed in
terms of both droplet mass and droplet diameter. In
terms of droplet diameter, ¢, the growth model can be
expressed as (Broday and Georgopoulos 2001)

d¢ _4DiMy |pva _ Psa(Ta)
dt de¢ Ta Td ’
where Dj is the diffusivity of water vapor molecules

modified to be applicable to both the continuum and
non-continuum regimes, M, is the molecular weight

(3)

of water, R is the universal gas constant, p4 is droplet
density, T, is ambient temperature, and T4 is droplet
temperature. The density of a growing droplet is the
density of a diluting salt solution with a constant
mass of salt that can be expressed as

(¢° = 43)pu + dop,
Pa = .
(0 —43) + 3
Ambient RH, which, in fractional form, is equiva-
lent to the environmental saturation ratio, S, can be

incorporated into the model given its association with
Dv,a in Equation (3)

(4)

RH  pya

=100~ ponlTy)’ ©®

Sr
where p . is the saturation water vapor pressure over
a flat surface for a given Tj.

The computational form of the growth model must
account for the effect of the curvature of the droplet,
the droplet temperature, and its salt concentration on
Ps,d(Ta) (Broday and Georgopoulos 2001). The effect
of surface curvature was adjusted using the Kelvin
equation. Likewise, the Clausius-Clapyron equation
was used to determine the water vapor pressure at Ty
relative to that at T, to obtain an equation that relates
Ps,a(Tq) as a function of the known value of p(T,)
and water activity, a,,, included to account for droplet
salt concentration. In combined form these adjust-
ments resulted in the following expression:

Mo hgMy (1 1
P&d”d)—PS’“T““w""‘P[m* R (?‘?)]

(6)
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An expanded form of Equation (3) is therefore

d¢ 4D Myps,w(Ta) [Sr
dt B ded) T,

7
Ay 4M,, 0 +hngw 1 1 @)
——ex —— 11|
Ta P |Rpy¢Ta R \T. T
The molecular diffusivity of water vapor modified for
gas kinetic effects, D], can be calculated as follows

(Pruppacher and Klett 2010; Broday and Georgopoulos
2001):

1 . 2D, ! )
1+20.2/¢  ¢oer/RT2nMy|

where Dy is the molecular diffusivity of water vapor at
T,, Oc is a fraction of the mean free path of water
molecules in air, A, and o, is the mass accommoda-
tion coefficient - the fraction of water vapor mole-
cules hitting the droplet surface that are attached to
that surface.

Broday and Georgopoulos (2001) provide a differ-
ential equation to include the effect of the dissipation
of the latent heat of condensation on droplet tempera-
ture as the droplet grows

Ty 3 [4k;; de

Wzm p—d<Ta—Td)+hfg¢E:|) (9)

Df =D,

v

where ¢, is the specific heat of water, and k;, is the
modified thermal conductivity at T, given by

L 2k o
14264/ 0P Cpmr/RTa/2TM,

ki, = km

m

(10)

and k,, is the thermal conductivity of humid air
(air-vapor mixture), J; is the relative thickness of the
noncontinuum layer, o; is the thermal accommodation
coefficient, p,, is the density of the air-vapor mixture
at Ty, cpm is the specific heat of the air-vapor mix-
ture at T,, M, is the molecular weight of air.

Note that Pruppacher and Klett (2010, 508) assume
that ky, is essentially equivalent to k,, the thermal
conductivity of dry air, and therefore utilizes an equa-
tion similar to Equation (10) with k, substituting for
km and c, ., the specific heat of dry air, substituting
for ¢y . However, both k; and ¢, are functions
of RH, which can extend to near 100% when model-
ing droplet growth in the human lung. We therefore
compute kj rather than k; for additional model
accuracy in this upper range of RH despite the more
complex equations needed to compute k.

The online supplemental information (SI) to this art-
icle contains tables of constants and wunits for all

properties of air, water, and water vapor used in these
equations. Supplemental equations are also provided for
calculating their values if dependent on RH and/or T,.

1.3. Water activity

The only property of NaCl applied to the hygroscopic
growth model is true (absolute) density (Equation
(4)). However, the relationship between the salt con-
tent of the growing droplet and water activity, ay,
must also be applied to the growth model (Equation
(7)), which is unique for each salt type. For an ideal
solution at equilibrium with the ambient atmosphere,
Raoult’s Law can be applied to describe this relation-
ship

_ Ds _ hy

a Psw(Ta) Conet+ng

Aw = Xw (11)
where ps is the saturation vapor pressure over a salt
solution in an open container, x, is the mole fraction
of water in the solution, #,, is the number of moles of
water in the solution, and #g is the number of moles
of salt in the solution. Comparing Equation (11) with
Equation (5), it can be seen that a,, is the equilibrium
relative humidity established over a flat salt solution
and is dependent on solution temperature and salt
concentration (Low 1969).

However, the relationship between ps and pg ., is
not ideal, and various methods have been employed
to account for the discrepancy. Ferron (1977) utilized
Raoult’s Law modified by the van’t Hoff dissociation
factor i, to estimate a, :

-1
aw—niw,—(l—i—iﬁ) . (12)
Ny + 11 Ny
A different approach is used by Finlay (2001) to
derive an estimate for a,, used by other researchers
(Ferron, Kreyling, and Haider 1988; Chen et al. 2017)
aw=1—i—. (13)
Ny
When applied to a hygroscopic growth model,
Equation (12) can be expressed in terms of ¢ and the
mass of the original dry particle, m, (Asgharian 2004;
Robinson and Yu 1998), or expressed in terms of Y
me My \
1 i P

Mo

s
6¢ Ps

Ay —

my Y/100 \ '
= (14 2T ) 14
< +lmsl—Y/100> (14)

where M, is the molecular weight of the salt. A
reduced form of Equation (14) in terms of m, is also
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Figure 2. (a) Changes in water activity relative to mass per-
cent of NaCl and KCI solutions. Values displayed are those
reported by Robinson and Stokes (1970) and curves generated
from the use of Raoult's Law with van't Hoff factor = 2 for
both salt types. Plot (b) is the same as (a) with expansion of
the water activity range near their upper limit.

seen in the literature in which the term, m,/p,, is
eliminated under the assumption that its value is very
low relative to the volume of the droplet when the
droplet is dilute as Sg approaches unity (Hinds 1999;
Seinfeld and Pandis 2016).

Raoult’s Law is mathematically simplistic and,
therefore, often used in CFD models developed to
estimate the deposition of hygroscopic particles in the
human lung to minimize computation time (Chen
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et al. 2017; Feng et al. 2016; Longest and Hindle
2011). Raoult’s Law also provides a straightforward
method for estimating the water activity of a multi-
component droplet by employing an additive proced-
ure for each component (Fredenslund et al. 1977;
Longest and Hindle 2011; Ming and Russell 2001;
Moore and Raymond 2008). However, the van’t Hoff
factor is a function of solution strength (Low 1969),
ranging between 1.87 and 2.93 for dilute to highly
concentrated NaCl solutions, respectively, so that any
one value applied to Equation (12) is not accurate
throughout the changing solution concentration of a
growing droplet. Ferron (1977) applied i = 2 to
Equation (12) for NaCl given that NaCl dissociates
into two ions, whereas Finlay (2001) suggested a value
of i = 1.85 applied to Equation (13). Because of the
digression of Raoult’s Law values from measurements
of a,, for high salt solution concentrations that occur
when a droplet is first forming (Figure 2), Broday and
Georgopoulos (2001) opted to use the more accurate
values published in table form by Robinson and
Stokes (1970). However, they did not describe how
those measurements were applied mathematically to
the model.

In addition to the use of Raoult’s Law, a, has also
been calculated for varying droplet salt concentrations
as a function of the molal osmotic coefficient, @,
(Mikhailov et al. 2004; Pruppacher and Klett 2010;
Robinson and Stokes 1970)

ay = exp(—vmM,d/1000), (15)

where v is the number of ions a salt dissociates into
(vNact = 2), and m is solution molality. An applica-
tion of this method for the case of NaCl in water is
well described by Mikhailov et al. (2004), who also
demonstrate that methods to determine ® as a func-
tion of m vary and will, therefore, affect the accuracy
of the estimation of a,.

A third method for determining a,, for the case of
a NaCl solution, is to apply a polynomial fit directly
to measurements of a,. A number of studies report
theoretically derived and measured values of a,, rela-
tive to salt solution molality, or relative to Y (Chan,
Kwok, and Chow 1997; Chirife and Resnik 1984;
Cohen, Flagan, and Seinfeld 1987; Robinson and
Stokes 1970; Tang 1996; Lehtinen et al. 2003). The
NaCl a, values published by Robinson and Stokes
(R&S, 1970) are considered among the most reliable
estimates and they compare closely to values pub-
lished in other studies (Chan, Kwok, and Chow 1997;
Chirife and Resnik 1984; Cohen, Flagan, and Seinfeld
1987; Tang 1996). We found that a cubic polynomial
expression with the intercept forced to unity of the
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R&S A,, values regressed on Y produced a nearly
perfect association (¥ = 1.000), and therefore was
suitable for accurately representing NaCl a,, over the
range of pure water to a salt solution near saturation
(m = 6mol/kg, Y = 76%)

ay =1—5.5741(107°)Y — 5.8805(107°)Y*
—3.2005(107°)Y". (16)

For comparison purposes as provided in our
results, a similar expression was derived for potassium
chloride (KCI) from a table of values also published
by Robinson and Stokes (1970)

Ay kel = 1 — 4.3449(10%)Y — 2.5653(107°)Y?
— 1.3557(107°)Y°. (17)

During the core dissolution phase, the dissolving
salt core is surrounded by a film of salt solution. The
vapor pressure in proximity to the film surface is,
therefore, interacting with the atmospheric vapor pres-
sure to induce growth by providing a difference
between py , and ps4(T4). Given an available source
of solid salt and rapid transfer of dissolved salt from
the dissolving core to film surface, it is reasonable to
assume that the film consists of a near saturated salt
solution. Therefore, during the growth period when
¢ < 1.910¢, the hygroscopic model should be config-
ured to constrain Y. This point was made initially by
Ferron (1977) and more recently by Longest and
Hindle (2011), however, in either case, without an
explanation as to implementing the constraint.

1.4. Objectives

The primary objective of this study was to determine
the relationship between measured and modeled val-
ues during both the transient growth phase of a
hygroscopically growing salt particle and its size at
equilibrium. A secondary objective was to evaluate the
effect of the method used to calculate a, on model
results. The comparison was conducted with the use
of MATLAB and while incorporating either the R&S
cubic expression for a,, (Equation (16)) or Raoult’s
Law with a van’t Hoff factor of 2 to estimate a,
(Equation (14)). The comparison involved the use of
previously published data and data obtained from a
novel system for measuring droplet growth over time.

2. Materials and methods
2.1. Model implementation

The coupled differential equations (Equations (7) and
(9)) were solved for droplet diameter and droplet tem-
perature, respectively, with the use of the ODE45
function in MATLAB (Ver. R2018a, MathWorks
Corp., Natick, MA, USA). ODE45 calls a sub-function
in which Equations (7) and (9) are placed along with
their supporting equations, Equations (8) and (10).
Two versions were created to predict a,, with either
Equation (14) with a van’t Hoff factor of 2 as a func-
tion of Y or Equation (16). Model output was written
to a comma-delimited output file and imported into a
spreadsheet (Excel, Microsoft Corp., Redmond, WA,
USA). All discrete time steps used by ODE45 during
the solution process were saved as output or user-des-
ignated time steps were selected to reduce the length
of the output file. An example of the MATLAB code
developed to model particle hygroscopic growth is
provided in the SI. The code contains an IF statement
to hold the value of a, at its saturation value while
¢ <1.910¢,. This level represents a hypothetical
upper limit on Y within the film surrounding the dis-
solving salt core and therefore represents the fastest
growth possible.

2.2. Model accuracy at equilibrium

For any initial particle size, the model was run over a
time period until there was a<0.1% change in ¢
between consecutive output timesteps (typically
0.01s), at which time equilibrium was assumed to
have been established. These values were compared to
measured values of equilibrium diameter obtained
from Tang, Munkelwitz, and Davis (1977) who meas-
ured equilibrium droplet diameters over a range of
RH values and for a starting NaCl particle size of
400 nm. Comparisons were made after digitizing plot-
ted points in Figure 8 of the Tang, Munkelwitz, and
Davis (1977) article and determining the x-y coordi-
nates of each data point shown relative to the scaling
shown on the x and y axes of that plot.

2.3. Model accuracy during the growth phase

A novel system was developed to measure hygroscopic
growth after a salt particle was instantaneously envel-
oped by a high humidity atmosphere. Initially, salt
was aerosolized by pushing filtered, compressed air at
10L min~' through a single-jet Collison nebulizer
containing a 10% m/v salt solution. Water in the
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Figure 3. Schematic diagram of the hygroscopic growth and video-capture system.

exhausted droplets evaporated as they traveled
through a heated brass tube. Excess water vapor was
then removed with a condenser. A glass coverslip was
then passed through the exiting air stream several
times to dust the coverslip with dry aerosolized
salt particles.

To measure the hygroscopic growth of particles on
a slide, a second system was developed to inject an
atmosphere with known temperature and relative
humidity onto the surface of the slide while viewing
growth with the use of an inverted microscope. As
shown in Figure 3, filtered, compressed air with a
flow rate of 1.5L min™" was directed either through a
needle valve or into a glass bottle containing heated
water. The air in the bottle passed through a fritter to
create bubbles that maximized the transfer of water
vapor into the air stream. Relative humidity was
adjusted by blending the output from the bottle with
air passing through the needle valve. To collect any
condensed water vapor before entering the rest of the
system, an impinger was placed in-line as a water
trap. The combined flow was directed through a 4-
way tube fitting. Relative humidity and temperature
were measured with a sensor (Model HM70, Vaisala,
Helsinki, Finland) every 0.5s for the duration of the
experiment. The probe of the sensor was wrapped
with Teflon® tape to create a tight seal and extended
down through the upper hole of the fitting and into
the center area. The probe was previously calibrated
using a two-point calibration procedure in which the
probe was tightly sealed in a container containing a
saturated KNO; solution and then a saturated NaCl
solution, which produces equilibrium RH levels of
75.41% and 94.53%, respectively.

Exhaust air traveled through one of two solenoid
valves controlled by a software routine created in

LabVIEW (National Instruments, Austin, TX, USA).
The routine was also coded to continuously monitor
the RH level measured with the sensor (temperature
was noted at intervals by the operator). The solenoid
valves were operated simultaneously so that only one
was open at any time. During startup, the open solen-
oid valve allowed air through the system to exhaust
into the atmosphere of the laboratory until the desired
RH was consistently measured. The on/off pattern of
the solenoids was then switched to direct the high
relative humidity air onto the microscope slide via a
short tube connected to a custom-made glass tube
with a downward curving exit hole. The glass tube
exit hole was first pointed away from the slide to fill
the tube with the humidified air. The entire switching
process was then repeated after pointing the exit hole
onto the slide containing the particles.

The slide was placed on an inverted microscope
(CKX31, Olympus Corp., Center Valley, PA, USA) set
to x400 magnification. A cell phone (SM-G965U1,
Samsung Corp., Seoul, South Korea) was mounted via
an eyepiece attachment so that its camera could video
record particles on a slide. The digital magnification
of the cell phone was maximized and the slide was
positioned to have a single particle in the video
stream at the best clarity. Particle growth was
recorded for at least 30s. After a trial, a video record-
ing was also briefly made of a stage micrometer with
scaling every 0.1 mm. Both video recordings were then
processed by a video-to-JPG conversion software
(DVDVideoSoft, Digital Wave Ltd.) to extract and
save individual frames of the video. The cell phone
was set to video record at the standard capture rate of
30 photos s~ ' or once every 0.033s. Micrograph ana-
lysis software (Image J) was used to measure the
diameter of a particle in photos spanning a 30s trial.
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Figure 4. Modeled growth curve (a) of a 1000 nm NaCl par-
ticle in 37°C (310.15K), 99.5% RH atmosphere, and modeled
droplet temperature (b). The inset for plot (a) expands the
time scale of the larger plot; the open circle indicates the
point on the curve related to the time at which the particle
has fully dissolved before which its solution concentration was
constrained to its saturation value.

Only the diameters in successive micrographs that
revealed a noticeable increase from a previously meas-
ured micrograph were recorded in a spreadsheet. The
image resolution was 0.1 um pixel™'. Of the particles
available to be viewed in a micrograph, one with a
clear outline and distant from other particles was
measured. The spreadsheet was also used to convert
pixel distance to actual distance from their ratio

obtained from the extracted micrograph of the stage
micrometer. The start of the growth process was the
micrograph just before the first frame that revealed
any change in the shape or coloration of the measured
particle.

An example of micrographs of a growing droplet is
given in SI Figure S.1. From a geometric viewpoint, the
particle diameter measurements were those of the base
of a hemispherical cap. The volume of that cap
depends on its contact angle, which is approximately
40° for a salt solution droplet on a glass plate (Sghaier,
Prat, and Nasrallah 2006). Here we assumed the
quickly growing droplet starting from a dry particle
would assume a hemispherical shape (contact angle =
90°) to simplify calculations and given that relative
comparison between the diameter of this droplet on
glass and the modeled diameter of a spherical droplet
explained below. With that assumption, the volume of
the hemisphere was calculated, and a volume equiva-
lent diameter (®gy, diameter of a sphere with equal
volume) was computed from each measurement by
dividing that measurement by the cube root of 2.

At least six trials were conducted by two of the
authors independently to ensure the repeatability of
the measurement process. Three trials were chosen
from each set based on the criteria that the RH during
a trial remained within +0.3% of the average RH value
over the 30-s trial. The six trials were conducted at
temperatures between 23 and 25°C and RH between
98% and 100%. As shown in Figure 4 of the Li,
Montassier, and Hopke (1992) article, air temperature
differences between 22 and 37°C have a negligible
effect on particle growth. Therefore, these trials con-
ducted at room temperatures are relevant to lung tem-
peratures approaching 37 °C.

Trial results were then compared to results from
the growth model implemented in MATLAB given
the trial average RH and temperature, and ®gy of the
dry particle measured. Given that the three-dimen-
sional structure of the dry particle was not measur-
able, and therefore the initial mass of salt was
unknown, the starting mass of the salt was adjusted
until the root mean squared error (RMSE) of
measured-to-modeled results over the 30-s trial period
were minimized. This adjustment, therefore, resulted
in a comparison of the growth patterns developed
by the measured droplet on the coverslip to that
of the modeled values for the same RH and
temperature over the entire growth curve, but, in par-
ticular, a comparison of the relationship between
measured—-modeled pairs during the initial fast-
growth period.
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3. Results and discussion
3.1. Model output

Figure 4 displays model results of the typical pattern
of droplet growth over time in a high humidity envir-
onment (RH = 99.5%) for a 1000 nm NaCl particle.
Plot (a) of Figure 4 shows very rapid initial growth
followed by a slower growth period as the droplet size
transitions to its equilibrium size. The inset for plot
(a) expands the time scale during the first 0.02s that
coincided with the time during which ¢ <1.910¢,
and a, was fixed at its saturation value. Although
essentially linear over this short time period, growth
during this time follows a steeply upward curving tra-
jectory of growth established by maximizing d¢/dt
(Equation (7)) when maintaining a,, at its minimum
value. Droplet temperature during the initial 0.1s of
growth is shown in Figure 4b. As can be seen in that
plot, the temperature output fluctuates rapidly by
approximately +0.3°C at any time point as a conse-
quence of the solutions obtained by ODE45 during
successive micro-second time steps. Furthermore, plot
(b) reveals that droplet temperature remained stable
for approximately 0.016s, which also coincides with
the time when ¢ < 1.910¢,, after which the IF state-
ment released the constraint on the droplet solution
concentration at saturation. That plot also suggests
that the addition of Equation (9) in the model only
has an effect during the rapid initial-growth phase of
droplet growth after which droplet temperature
quickly approaches ambient temperature.

Figure 5 provides another demonstration of model
output with regards to differences in salt properties
and the estimation of a,,. Models of KCI water activ-
ity were developed in a manner similar to those devel-
oped for NaCl (Equation (14) with i = 2 and
Equation (17)). First, referring to Figure 2, it can be
seen that KCI has higher a,, values than NaCl for any
Y which causes a higher estimate of droplet surface
vapor pressure (ps4) and therefore a lower computed
vapor pressure differential between ambient, p, ,, and
droplet surface, ps 4, vapor pressures (Equation (3))
that results in less hygroscopic growth before reaching
equilibrium. The consequence of this difference is
shown in Figure 5a, where KCI growth is noticeably
less than that of NaCl. Figure 5a also demonstrates
that the equilibrium diameter, and therefore the
reported “growth factor” depends on the estimation
of a,. For both salts, the use of Raoult’s Law produ-
ces a larger equilibrium diameter than the R&S equa-
tion when modeling at high humidity (99.5% RH). As
shown in Figure 2b, for the same Y, Raoult’s Law
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Figure 5. Modeled KCl and NaCl growth curves using either
Raoult's equation or Equation (19) based on Robinson and
Stokes values (R&S) to calculate water activity. Modeling was
performed with a temperature of 37°C and 99.5% RH. (a)
Comparison of entire growth curves developed for both salt
types and both water activity equations. (b) Initial growth
period when modeling NaCl using both equations and when
no constraint is applied to the saturation of the grow-
ing droplet.

predicts a lower a,, value than the R&S equation as Y
reaches its minimum, and therefore a, is high. A
lower a, value represents a lower vapor pressure
exerted at the droplet surface and, therefore, a greater
difference between p,, and psq, which results in
more growth as it approaches equilibrium. This effect
is more pronounced for KCI than for NaCl because
Raoult’s Law for KCI is greater than the R&S equation
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Figure 6. Comparison of modeled values to measurements
made by Tang et al. during deliquescence experiments using
400 nm NaCl particles at 25°C and the RH noted on the x-axis.

for KCI over a wider range of Y. An effect related to
the choice of the equation to estimate a, is also
shown in Figure 5a. Here, the use of Raoult’s Law to
model KCI produces a growth curve almost identical
to NaCl modeled with the use of the R&S values.

Figure 5b shows the opposite effect during the ini-
tial growth period - the R&S equation produces faster
growth than Raoult’s equation - because the R&S
equation predicts lower a,, values than does Raoult’s
Law for the same Y. For comparison, the initial
growth curve is produced when no constraint is
placed on the droplet surface concentration during
the initial growth phase is also shown in Figure 5b,
resulting in rapid growth relative to growth when the
constraint is applied.

3.2. Model accuracy at equilibrium

Modeled diameter change (growth ratio), ¢/¢,, using
the R&S equation closely compares to a best-fit curve
established by Tang, Munkelwitz, and Davis (1977)
throughout the range of RH over which they obtained
measured values (see Figure 6). Whereas, modeled
values using Raoult’s Law underestimate ¢/¢, at low
RH and overestimate ¢ /¢, at high RH (>95%). This
comparison demonstrates that the relationship
between Raoult’s equation and the R&S equation for
ay discussed in the preceding section is only valid for
high RH conditions. As shown in Figure 6, Raoult’s
Law underpredicts ¢/¢, to an increasingly greater
extent as RH approaches RH,. This result can also be
explained by the relationship in model output
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Figure 7. Comparison of modeled and measured values when
using the Robinson and Stokes equation to compute water
activity. (a) Example of comparison between measured values
and model curve — results from one trial. (b) Correlation of all
measured-to-modeled pairs for the six trials — dashed line indi-
cates a 1:1 relationship.

resulting from the use of the two equations shown in
Figure 2. In this case, Figure 2a reveals the Raoult’s
Law predicts higher a, values relative to Y when a,,
values are low, which are the case for equilibrium at
low RH. These higher a,, values result in the lower
predicted growth ratios shown in Figure 6.

3.3. Model accuracy during the initial
growth phase

A comparison of ¢py obtained with the use of the
video capture method with droplet diameters obtained



Table 1. Summary of comparisons between modeled and
measured results for three variations of the water activity cal-
culation in the hygroscopic growth model.

RMSE Slope Intercept R?

Measurements over 30s

R&S constrained 1.007 0.979 0.008 0.950
Raoult’s law constrained 1.392 0.977 —0.374 0.923
R&S unconstrained 1.649 0.740 3.602 0.887
Measurements when ¢ < 1.905¢,

R&S constrained 0.607 0.930 0.596 0.892
Raoult’s law constrained 0.865 0.816 1.000 0.814
R&S unconstrained 2.247 1.061 1.438 0.718

from the hygroscopic growth model while using the
R&S model (Equation (16)) to calculate water activity
for one representative trial is given in Figure 7a. The
measured trial environmental conditions were 26°C
and 98.9% RH. Figure 7a demonstrates relatively close
agreement between the trend of growth developed by
the model with measurements over the extent of the
30-s trial. A comparison of coincidental values (meas-
ured and modeled at the same time point) for data
from all six trials is shown in Figure 7b. As shown,
the points are highly correlated (r=0.975) and are
clustered near the 1:1line. Some points associated
with the largest droplet sizes deviate from the 1:1 rela-
tionship, which are primarily associated with one of
the six trials that did not produce a measured growth
curve that followed the trend of the modeled curve as
the droplets approached equilibrium.

The results provided in Figure 7b suggest that the
initial growth curve developed with the use of
Equation (16) to predict a, and with a constraint on
its saturation value during the deliquescence growth
phase is valid when modeling NaCl hygroscopic
growth. Table 1 provides results from a linear regres-
sion analysis comparing measured to modeled values
for the three water activity model options evaluated in
this study for all points collected over 30s and for
points obtained during the initial growth phase when
¢ < 1.910¢,,. Over the entire growth period and dur-
ing the initial growth phase, the use of the R&S values
to produce Equation (16) and constrained to the sat-
uration level of NaCl while ¢ < 1.910¢,, produced the
best fit to the measured values (lowest RMSE and
highest R?).

Admittedly, the use of Raoult’s law to calculate a,,
(Equation (14)) produced almost identical regression
results as when using the R&S equation across the
entire growth period. However, the differences
between the two methods are more significant during
the initial growth phase. As expected, Raoult’s law
underestimates the measured values during this time
(slope = 0.816) relative to when using the R&S equa-
tion (slope = 0.930) for reasons explained earlier. To
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best demonstrate the consequences of using Raoult’s
law to approximate a, we purposely simplified the
growing droplet solution to that of a binary mixture
containing a salt with well-established properties from
which the relationship between a, and Y could be
nearly exactly parameterized with the use of a polyno-
mial expression (Equation (16)). The dependence on
the use of some form of Raoult’s law results from the
need to minimize computationally expensive algo-
rithms applied to CFD models of particle deposition
in the lung, especially those involving multi-compo-
nent pharmaceuticals (Chen et al. 2017; Longest and
Hindle 2011). However, advances on this issue in the
field of atmospheric sciences may serve to enhance
the accuracy of a,, models without sacrificing compu-
tation time (Petters and Kreidenweis 2007; Nenes,
Pandis, and Pilinis 1998; Zuend et al. 2008).

The application of a constraint on Y applied to the
R&S equation while ¢ < 1.910¢,, produced much bet-
ter associations between measured and modeled
results than when left unconstrained. Use of the
unconstrained R&S equation produced a low slope
relative to unity and high intercept (Table 1) resulting
from the overestimation of droplet size during the ini-
tial growth phase under this condition. Furthermore,
a slope of 0.979 obtained when the constrained R&S
equation was applied suggests that the assumption
that the film layer around the dissolving core is at sat-
uration is valid for modeling NaCl. A consequence of
this constraint on the growth profile was to produce a
rapid increase in droplet diameter while the constraint
was imposed. However, when comparing measure-
ments with modeled results during the time period
when ¢ < 1.910¢,, the slopes resulting when the
R&S constraint was imposed (0.930) relative to when
it was not imposed (1.061) are nearly identical. This
suggests that the constraint may be relaxed to a more
realistic level near, but not equal to, saturation.

The assumption that the film layer remains near
saturation while ¢ < 1.910¢), may not be true for
other salts as it will only occur when the rate of dis-
solution of the salt core is high relative to the water
uptake rate of the growing droplet. Increasing the
accuracy of the hygroscopic model by incorporating
the kinetics associated with the dissolving salt core is
a research topic of interest (Bahadur and Russell 2008;
Asa-Awuku and Nenes 2007; Lehtinen et al. 2003).
However, for NaCl, these results suggest that the rela-
tively simple assumption that the salt core readily dis-
solves, and that the salt ions immediately mix
throughout the film layer to consistently form a satu-
rated solution while the core dissolves, is valid.



1180 (&) P.T. O'SHAUGHNESSY ET AL.

Furthermore, the equations given by Broday and
Georgopoulos (2001) followed here to model hygro-
scopic growth do not consider the thermodynamics
associated with a dissolving salt core. Salt dissolution
absorbs heat that is otherwise released during conden-
sation (Tang and Munkelwitz 1992), which affects the
water activity value for a given temperature and there-
fore affects RHy (Chen 1994). However, Van Campen,
Amidon, and Zografi (1983) state that this heat of dis-
solution is negligible for most alkali halide salts com-
pared with the heat of condensation and, therefore, its
inclusion in Equation (9) may not provide additional
accuracy when modeling NaCl, but could be import-
ant when modeling other hygroscopic particle types.

The results presented here are particularly import-
ant when using the hygroscopic growth model to
determine the growth of particles entering the lungs.
Given the fast transit time of a particle from mouth
to lung bifurcations, the accuracy of the growth model
during the initial growth phase is critical for accur-
ately estimating the eventual deposition of the particle.
For particles with hygroscopic properties similar to
NaCl, model results indicate that particles larger than
140 nm entirely within a 99.5% RH environment will
not reach equilibrium within the 0.2s transit time to
the first bifurcation (Longest and Hindle 2011).
Furthermore, particle sizes considered optimal for
delivery of inhaled pharmaceuticals are in the
micrometer size range (Lee et al. 2009; Zanen, Go,
and Lammers 1996) and therefore likely to be still in
the initial growth phase when deposited. The gradient
in ambient RH between that of the atmosphere and
its condition within the deep lung will also increase
the length of the initial growth phase (Ferron,
Kreyling, and Haider 1988). The results provided by
Anselm et al. (1986) and Martonen et al. (1982), in
addition to growth reactor results we provide in the
SI (Figures S.2 and S.3), demonstrate much slower
growth as a particle enters the lung that would require
an additional sophistication of the model to include
temperature and relative humidity changes over time
as well as turbulent mixing only capable when incor-
porating the hygroscopic growth model within a CFD
model of the lung such as described by Longest and
Hindle (2011). Our future work will involve further
validation of the hygroscopic growth model within
human lung conditions.

4, Conclusions

The hygroscopic growth model, as formulated by
Broday and Georgopoulos (2001), is valid throughout

the entire hygroscopic growth of single NaCl solution
droplet. Model validity is enhanced when applying an
estimation of water activity that is accurate through-
out the entire range of droplet salt solution concentra-
tions encountered during hygroscopic growth from a
dry salt particle to a droplet at equilibrium with ambi-
ent water vapor pressure. In that regard, we found
that a cubic expression developed from values pub-
lished by Robinson and Stokes (1970) to calculate
water activity resulted in modeled results that com-
pared well with measured values both at equilibrium
diameters and during the initial growth phase. Model
accuracy during the initial growth phase is particularly
essential for particles entering the humid environment
of the lung that are too large to reach equilibrium
before entering the lower branches of the pulmonary
system, which will therefore improve the accuracy of
deposition site estimation within the lung.
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