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Abstract: When observations are correlated, modeling the within-subject correlation structure using quantile
regression for longitudinal data can be difficult unless a working independence structure is utilized. Although
this approach ensures consistent estimators of the regression coefficients, it may result in less efficient
regression parameter estimation when data are highly correlated. Therefore, several marginal quantile
regression methods have been proposed to improve parameter estimation. In a longitudinal study some of the
covariatesmay change their values over time, and the topic of time-dependent covariate has not been explored
in themarginal quantile literature. As a result, we propose an approach for marginal quantile regression in the
presence of time-dependent covariates, which includes a strategy to select aworking type of time-dependency.
In this manuscript, we demonstrate that our proposed method has the potential to improve power relative to
the independence estimating equations approach due to the reduction of mean squared error.

Keywords: empirical covariance matrix; mean squared error; modified estimating equations; quantile
regression models; time-dependent covariate.

1 Introduction

Generalized estimating equations (GEE) [1] are well-known for their use in the marginal analysis of data from
longitudinal studies in which measurements contributed from the same subject are correlated over time. As
long as a correct mean structure is given, the regression parameters are consistently estimated even when the
working correlation structure is misspecified. However, in the presence of certain types of time-dependent
covariates, the estimating equations, and thus estimates, can be biased unless an independence working
correlation structure is employed [2]. Unfortunately, the resulting regression parameter estimation can be
inefficient because not all valid moment conditions are utilized [3, 4]. Therefore, multiple approaches have
been proposed to use all validmoments [5–7].Most recently, themodifiedGEE approach proposed by Chen and
Westgate [7] has been shown to perform best in terms of improving estimation efficiency.

Methods for the marginal analysis of longitudinal data in the presence of time-dependent covariates have
only been developed for the modeling of the mean. An example carried out in this literature focuses on
anthropometric screening data fromBouis andHaddad [8], in which the outcome of interest is morbidity index
and time-dependent covariates include body mass index (BMI), among others. Unfortunately, modeling the
conditional mean of morbidity index may not be ideal because the response distribution is severely right
skewed. In this situation, the use of marginal quantile regression represents an appealing alternative
approach. In particular, we are interested in how the distribution of the longitudinally measured morbidity
index is associated with the time-dependent covariates.
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Quantile regression for independent outcomes, introduced by Koenker and Bassett [9], has advantages
relative tomean regression in that it does not require parametric assumptions on the error distribution and it is
robust to outliers. In addition, quantile regression can provide a thorough description on the entire conditional
distribution of a response variable. However, when outcomes are correlated, modeling the within-subject
correlation structure can be difficult. Using an independence working correlation structure has been shown to
generate consistent estimators of the regression coefficients [10–12]. This, however, may cause a loss of
efficiency, especially when data are highly correlated [13–16].

Therefore, multiple approaches have recently been proposed for improving regression parameter esti-
mation inmarginal quantile regression for longitudinal data [13, 17]. However, the specification of a correlation
structure is required for the quasi-score method of Jung, [13] and regression parameter estimation from the use
of quadratic inference function (QIF) approach of Tang and Leng [14] is not guaranteed to work well even if the
correlation structure is correctly specified [18, 19]. Therefore, Fu andWang [14] suggested a combination of the
between- and within- weighted estimating equations under the working exchangeable structure, which was
firstly introduced by Stoner and Leroux [20]. Additionally, Fu andWang [17] extended their approach to allow
any type of working correlation structure [19]. As a result, not only does this approach improve estimation
performance, but it is robust to different error distributions. In longitudinal studies, some of the covariate
values may change over time and cause feed-back effects from the response variable. This topic has not been
explored in the literature on marginal quantile regression.

In this manuscript, we first propose an approach for marginal quantile regression in the presence of time-
dependent covariates. This proposedmethod combines the estimating equations approach of Fu et al. [19] with
the modified GEE approach of Chen and Westgate [7]. In consequence, the proposed approach can achieve
notable gains in efficiency when compared with estimating equations under an independence correlation
structure. Second, we propose a strategy to select a working type of time-dependency because in practice it
may not be the case that the researcher knows the type of time-dependent covariate. In the marginal analysis
literature with time-dependency, criteria such as the mean squared error (MSE), taking into account the
influences moment conditions have on both the efficiency and bias of regression parameter estimation, can be
used to select a working correlation structure [18, 21] or a classification type of time-dependent covariate [22].
We extend the use of theMSE to choose aworking classification type such that consistent regression parameter
estimation is a result.

This manuscript is organized as follows. Section 2 introduces a marginal quantile regression and types of
time-dependent covariates for longitudinal data. In Section 3, we propose the modified estimating equations
for quantile regression in the presence of time-dependent covariates. Furthermore, we introduce the approach
to selecting aworking classification type for time-dependent covariates. In Section 4, we carry out a simulation
study to compare the estimation performance and assess the utility of the proposed selection criterion relative
to estimating equations with an independence working structure, and Section 5 demonstrates the proposed
method in application to the motivating anthropometric screening data [8, 23]. Finally, we give concluding
remarks in Section 6.

2 Quantile regression and time-dependent covariates

2.1 Notation and quantile regression

For ease of illustration, suppose we have a longitudinal study in which N independent subjects are repeatedly
measured over T distinct time points. However, in general, the number of repeatedmeasurements is allowed to

vary across subjects. LetY i =   Yi1,… ,YiT[ ]T denote the observed outcome vector for the ith subject, and assume

that the τth conditional quantile of Yij, j = 1,… ,T; i = 1,… ,N for τ ∈(0,1) is denoted by Qτ(Yij|xij) = xTij  β
τ, where

xij = [1,x1ij, … ,xpij]
T is a vector observed at time point j for subject i, and βτ = βτ0, β

τ
1 ,… , βτp[ ]T is an unknown

vector corresponding to the regression coefficients at the τth quantile. Let Sτij = τ − I Yij ≤ xTijβ
τ[ ] and
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Sτi = Sτi1,… , SτiT[ ]T , where I(.) is an indicator function. The corresponding covariance matrix for Sτi is given by

Vτ
i = A1/2

i Rτ
i a( )A1/2

i , whereAi = diag[τ(1−τ),…,τ(1−τ)] is a diagonal matrix representing themarginal variances,
and Rτ

i a( ) is a symmetric positive definite correlation matrix with one along the diagonal and one or more
unknown correlation parameters given by α.

To find the estimate of the regression parameters, β̂
τ
, we consider the following optimal estimating

equations [14–17]

∑
N

i=1
XT

i ΛiA
−1/2
i Rτ−1

i α( )A−1/2
i Sτ

i = 0, (1)

in which Λi = diag[fi1(0),…,fiT(0)] with fij(0) assumed to be a constant can be further eliminated [14]. The score
function for the mth component corresponding to α, as well as the first partial derivative of the working
Gaussian log-likelihood function for Sτ

1 ,…, Sτ
N( ) with respect to the mth component of α, can be expressed as

[19]

∑
N

i=1
tr

∂Rτ−1
i α( )
∂αm

A−1/2
i Sτ

i S
τT
i A−1/2

i − Rτ
i( )

⎡⎣ ⎤⎦.
The correlation parameter αm and its corresponding working correlation structure then can be estimated and
constructed by optimizing this score function. We note that the asymptotic estimator for Cov β̂

τ( ) is hardly
obtained due to the involvement of unknowndensity functions of the errors. As a result, an induced smoothing
technique [24, 25] has been commonly used to the marginal quantile regression models [14–16, 26].

In Equation (1), the (k+1)th row corresponds to the estimating equation for βτk and is given by

∑
N

i=1
∑
T

s=1
∑
T

j=1
xkisυsji (τ − I[Yij ≤ xkijβτk]) = 0,

where υsji , i = 1,… ,N and s,j = 1,… ,T, is the (s, j)th element of Vτ−1
i . If βτk corresponds to certain types of time-

dependent covariates, as will be specified in the following subsection, then for all s, j we may not have

E[xkis(τ − I[Yij ≤ xkijβτk])] = 0. (2)

2.2 Types of time-dependent covariates

Four existing types of time-dependent covariates have been introduced in the marginal analysis literature for
longitudinal data [5, 27]. In themanner of quantile regressionmodeling, the kth covariate is classified as a Type
I time-dependent covariate if Equation (2) holds for all s, j; s, j = 1,… ,T, at a given quantile level τ, a Type II if
Equation (2) for s > j, a Type III if Equation (2) does not hold for some s > j, and a Type IV, which is the opposite of
a Type II, if Equation (2) for s  ⩽  j.

If βτk corresponds to a time-dependent covariates which is classified as Type II, III, or IV, then
Equation (2) does not hold for some s, j, will result in invalid moments. Pepe and Anderson [2] sup-
ported the use of GEE with an independence working correlation structure for marginal mean regression,
then the only moment conditions utilized are the ones such that s = j which are always valid regardless
of the covariate type. Unfortunately, this safe approach can cause a great efficiency loss if the covariate
is not of Type III because additional valid moment conditions are not used [3, 5]. In this situation,
approaches allowing the use of all valid moment conditions have been proposed to achieve more
efficient parameter estimation [5–7]. These methods, however, only focus on mean regression and have
not been extended to quantile regression when time-dependent covariates exist. Therefore, we propose
approaches to improve estimation efficiency and select a working type of time-dependency which is
often unknown in practice.
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3 Proposed methods

3.1 Improving efficiency: modified estimating equations for quantile regression

We first propose a modified estimating equations approach for improved efficiency by combining the esti-
mating equations approach of Fu et al. [19] with the modified GEE approach of Chen and Westgate [7], which
practically takes advantage of GEE’s popularity. We replace elements with 0 in the inverse of the correlation
matrix and the replacement is executed for each individual biased estimating equation, depending on the
covariate type. Specifically, our proposed estimating equations for βτk, k = 0,1, … ,p, are given by

∑
N

i=1
Xk+1

i A−1/2
i Rτ∗−1

i α( )A−1/2
i Sτ

i = 0, (3)

where,Xk+1
i is the (k+1)th row ofXT, and the elements ofRτ∗−1

ik α( ), k = 0,1,… ,p, are restricted to a certain type of
covariate at a given quantile level τ. Themodified approach then puts together these estimating equations and
estimates regression parameter, correlation parameter, and standard error (SE) in the same nature as with the
approach used in marginal quantile regression [19].

We propose to createRτ∗−1
ik given in Equation (2) bymodifying the inverse of aworking correlation structure

in general,Rτ−1
i , employed in Equation (1) based on the specific type of time-dependent covariate. If parameter k

is classified as a Type I time-dependent or time-independent covariate, then the information from all T2 valid

moment conditions is incorporated. Under this circumstance, Rτ∗−1
ik is equal to Rτ−1

i , indicating that the esti-
mating equations from Equations (1) and (2) are identical. When the estimating equation of a parameter

corresponds to a Type II time-dependent covariate, Rτ∗−1
ik is constrained to be a lower triangular matrix such

that the T (T+1) /2 moment conditions for s ⩾ j; s, j = 1, … ,T, are valid. In other words, Rτ∗−1
ik is obtained by

making all upper non-diagonal elements equal to 0. With respect to a Type IV time-dependent covariate, a

contrast of a Type II,Rτ∗−1
ik can be obtained by taking Rτ−1

i andmaking all lower non-diagonal elements equal to

0. Finally, when the parameter corresponds to a Type III time-dependent covariate, Rτ∗−1
ik is considered to be

diagonal matrices in the estimating equation.

3.2 Selection of working classification type for time-dependency

Use of the approach just proposed requires data analysts know the covariate’s type of time-dependency,
although this is likely unknown in practice. We now propose an approach to select a working type of time-
dependencywith the goal of producing the least variable regression parameter estimate possible. We note that
although more than one type of time-dependent covariate can be chosen at any given quantile level τ, for
simplicity of notation we assume there is only one time-dependent covariate of unknown type.

To choose a working type for this covariate, we first consider an estimated MSE given by

M̂SE(β̂τ
c) = Ĉov(β̂τ

c) + (β̂τ
c − β̂

τ
III)(β̂τ

c − β̂
τ
III)T

, (4)

where, β̂
τ
c is the vector of regression parameter estimates in which the time-dependent covariate is assumed to

be Type c, c= I, II, III, or IV, and Ĉov(β̂τ
c)denotes an empirically estimated covariancematrix of β̂

τ
c.We note that

Ĉov(β̂z) can be obtainedby using the induced smoothingmethod [24]. In Equation (3), we replace the unknown
βτ with β̂

τ
III because β̂

τ
III →

p
βτ, thus providing a consistent bias estimate, which is (βτ

c − βτ). Here, the estimate
of bias is followed by the defined βτ

c such that β̂
τ
c →

p
βτ
c. As N→∞, Ĉov(β̂τ

c)→ 0 and
M̂SE(β̂τ

c)→ (βτ
c − βτ)(βτ

c − βτ)T . Therefore, if a given working covariate type yields bias, then asymptotically
this type will not be chosen when using the selection approach. Specifically, if the truth is of Type I, then any
working type produces consistent regression parameter estimation and can be chosen through this approach.
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If the true type is II (IV), then this approach method will choose either II (IV) or III. Moreover, asymptotically
our method will choose Type III if this is the true type.

In order to utilize this estimated MSE to select a working classification type, we propose choosing the type

that occurs with the smallest value for the trace of an empirical covariance matrix, tr[M̂SE(β̂τ
c)]. We note that

this criterion has been proven to performwell for the selection of a working covariate type [22]. In addition, the
true variance of a corresponding regression parameter estimate relies upon the complex probabilities of each

type being chosen, and therefore Ĉov(β̂τ
c) can result in a biased estimate of the variance. In consequence,

cluster bootstrapped SEs should be adopted for statistical inference [22, 28, 29]. Note that the empirical
coverage probabilities of 95% confidence intervals using bootstrapped SEs resulted in near-nominal coverage,
although the results are not shown in the simulation study.

4 Simulation study

4.1 Study description

We now compare the performances of our proposed selection approach for covariate type of time-dependency
to the use of an independence working correlation structure, which treats unknown types of time-dependency
as Type III, in the marginal quantile analysis. The selection approach is demonstrated with the modified
estimating equations method using a first-order autoregressive (AR-1) working correlation structure, as AR-1
may be preferred over other structures such as exchangeable in a longitudinal study [30].

Three scenarios are carried out in the simulation study, corresponding to true Type I, II, and III time-
dependent covariates, with results presented in Tables 1–3, respectively. Each scenario has the samemarginal
model given by Yij = β0 + β1xij + ϵij, i = 1,… ,N; j = 1,… ,T. A fourth scenario extends the scenario with a true
Type II covariate by adding two additional types of covariates. Specifically, the model includes a time-
independent binary indicator, a known type I time-dependent covariate corresponding to time itself, and a
Type II covariate (Table 4). The data generation depending on the covariate type are described in the following
paragraph. The number of subjects (N ) used in any given setting is 100 and each subject contributes five
repeated measurements (T ). Each setting is conducted through 1,000 simulations using R version 3.6.2 [31].
Furthermore,models are based on previousmarginalmean regression literature for time-dependent covariates
[5, 7, 30, 32] and marginal quantile regression literature [14, 16, 19]. Although marginal quantile models
including multiple types of time-dependent covariates were also studied, results were similar and are not
presented.

When the time-dependent covariate is either Type I, II, or III, data are generated from Yij = β̃0 + β̃1x1ij +
β̃2x1i, j−1 + γi + ϵij and x1ij = κx1i,j−1 + θγi + δij, i = 1,… ,100; j = 1,… ,5, where β̃ = [0, 1, 1]T , and random effects, γi
and δij, are mutually independent and normally distributed with mean 0 and variance 1 [5, 30]. Note that

Var(γi) = σ2
γ and Var(δij) = σ2

δ. The covariate is of Type I if β̃2 = θ = 0, while the covariate is of Type II if θ = 0.

Additionally, xi0 follows a normal distribution withmean 0 and variance (θ2σ2
γ + σ2

δ)/(1 − κ2) because the time

process for xij is stationary. Here let κ = 0.5 and θ = 1.5. The marginal mean given by E[Yij
⃒⃒⃒⃒
x1ij] =

β̃0 + {β̃1 + κβ̃2 + [(θ2σ2
γ)(1 + κ)/θ(θ2σ2

γ + σ2
δ)]}x1ij gives true values of β̃0 = 0 for the marginal intercept, and

β̃1 = 1, β̃1 + κβ̃2 = 1.5, and β̃1 + κβ̃2 + [(θ2σ2
γ)(1 + κ)/θ(θ2σ2

γ + σ2
δ)] = 2.19 for the marginal parameters corre-

sponding to the Type I, II, and III covariates, correspondingly. In scenario 4, x2ij = j and x3ij∼ Bernoulli (0.6)

added to the above model [7]. The true values of β̃3 = 0.5 and β̃4 = 1.5 are corresponded to these time-
independent and Type I time-dependent covariates, respectively.

Furthermore, let ϵij = q + eij and the use of q is to guarantee p(ϵij   ⩽  0) = τ ∈ {0.1,0.25,0.5,0.75,0.9},
the quantile level. Four cases are accounted for ei = [ei1, … ,ei5]

T: cases (1)–(3) assume that ei follows
multivariate normal distribution, multivariate Student’s t-distribution with three degrees of freedom, and
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multivariate log-normal distribution, correspondingly, generating data using a true AR-1 structure with a
correlation parameter 0.7; in order to create correlated heteroscedastic errors, cases (4) assumes

eij = 0.25(1 + ⃒⃒⃒⃒
xij
⃒⃒⃒⃒)ζ ij, where ζ i = [ζ i1,…, ζ i5]T follows multivariate normal distribution with the same combi-

nations as cases (1)–(3).
In order to examine differences in estimation performances, in Tables 1–4 we present empirical biases

corresponding to either the reference approach with an independence working structure or our proposed
approach with an exchangeable or AR-1 structure, empirical MSEs of estimates for β1, and ratios of empirical

Table : Results for Cases – in which one Type III time-dependent covariate is included.

τ = 0.10 τ = 0.25 τ = 0.50 τ = 0.75 τ = 0.90

EX AR-1 EX AR-1 EX AR-1 EX AR-1 EX AR-1

Case () BiasI . . . . . . . . . .
BiasP . . . . . . . . . .
MSEP . . . . . . . . . .
RE . . . . . . . . . .
PowerI . . . . . . . . . .
PowerP . . . . . . . . . .
Type I          

Type II          

Type III          

Case () BiasI . . . . . . . . . .
BiasP . . . . . . . . . .
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PowerI . . . . . . . . . .
PowerP . . . . . . . . . .
Type I          

Type II          

Type III          

Case () BiasI . . . . . . . . . .
BiasP . . . . . . . . . .
MSEP . . . . . . . . . .
RE . . . . . . . . . .
PowerI . . . . . . . . . .
PowerP . . . . . . . . . .
Type I          

Type II          

Type III          

Case () BiasI . . . . . . . . . .
BiasP . . . . . . . . . .
MSEP . . . . . . . . . .
RE . . . . . . . . . .
PowerI . . . . . . . . . .
PowerP . . . . . . . . . .
Type I          

Type II          

Type III          

τ, quantile level; EX, exchangeable; AR-, first-order autoregressive.
BiasI and BiasP , empirical biases of the method with an independence structure and the proposed method.
MSEP, empirical mean squared error (MSE) of the proposed approach.
RE, relative efficiency or ratio of the empirical MSE from the estimationmethodwith an independence structure to theMSE from the
proposed method.
PowerI and PowerP, empirical powers of the reference approach and the proposed approach, respectively.
Types I–III, the number of times out of , simulations that the given covariate type was selected.
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MSEs,whichwe refer to as relative efficiencies (REs). For any given RE, the numerator is theMSE resulting from
the use of reference approach, and the denominator is the MSE resulting from the use of our approach. The
empirical powers for both approaches are also provided. Furthermore, we present the number of times a
working covariate type is selected out of the 1,000 simulations. Note that we do not use a Type IV time-
dependent covariate in our simulation study as results are comparable to those corresponding to a true Type II
covaraite due to the resemblance in definitions. In Supplementary Material, we provide empirical coverage
probabilities (CPs) of 95% confidence intervals.

4.2 Results

Results corresponding to either a true Type I, II, or III time-dependent covariate (Tables 1–3, respectively) show
that the proposed selection approach used with the modified estimating equations method is more efficient
than the approach incorporating an independence working correlation structure, i.e. use of working Type III,
in the presence of within-subject correlation (cases 1–4). The REs ranged from 1.16 to 1.36, 1.03 to 1.13, and 1.03
to 1.11, correspondingly, over scenarios 1–3. When correlated heteroscedastic errors were accounted for (case
4), the results, in terms of REs and selection frequencies, were similar to those with errors following correlated
parametric distributions (cases 1–3). In Table 4, RE results corresponding to a true Type II covariate in the
multiple regression model were also similar to results observed in Table 2.

Results show, particularly in Tables 1, 2, and 4 with respect to Types I and II time-dependencies, that our
proposed approach can notably improve power via the reduction in MSEs. In Table 1 for Type I time-
dependency, empirical power increases range from approximately 0.04 to 0.20, with the majority of increases
being greater than 0.10. In Tables 2 and 4 for Type II time-dependency, overall gains in power were not as high,
but were still very notable and ranged from approximately 0.02 to 0.11. Finally, we note that in Supplementary
Material we demonstrate that both methods are similar in terms of the validity of inference, and hence power
gains with our proposed approach are due to reductions in MSEs.

In general, the proposed approach demonstrated improvements for any given quantile level. Improve-
ments are due to the fact that the proposed method chose either Type I or Type II, relative to the inefficient
choice of Type III, the majority of the time when Type I or II was the truth. Finally, bias in estimates was often
negligible and similar for the two methods.

Additionally, our proposed approach demonstrated consistent results, relative to the independence
estimating equations approach, in terms of REs and selection frequencies for any given quantile level. The RE
results corresponding to cases 1–4 and five quantile levels under the three scenario settings also demonstrated
that, given a higher within-subject correlation, the proposed selection method, in general, resulted in the
greater efficiency and chose most often the desired type of covariate. The results with respect to REs and
selection frequencies were comparable regardless of the given correlation structure. Our selection approach
had efficiency gains when the true Type I or II was under consideration. When Type I was the truth, simulated
biases were negligible as expected because all moments are valid in such settings. When the truth was Type II,
Type I was the only specification type that can result in bias. In such settings, Type I was never selected with
our proposed method because the bias was negligible. Furthermore, our approach ensured that when Type III
was the truth, Type III was correctly chosen as the working type in the majority of the simulations and hence
the resulting bias was negligible and comparable to the bias resulting from the independence estimating
equations.

5 Application

We adopt the anthropometric screening data from the children study in the Philippines [8, 23] to examine the
association between anthropometric factors and morbidity index over time. The data were severely skewed to
the right and were originally obtained from 448 households from 1984 to 1985 [8]. Then, a subset of data
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containing 370 children (⩽ 14 years) was used as the final data [5, 23], in which each child hadmeasurements at
three time points with four months between each subsequent measurement. Children with incomplete mea-
surementswere excluded, and only one child per householdwas selected for eliminating statistical correlation
resulted from household clustering [23].

We use the marginal model suggested in the existing literature [5–7, 32], but employ marginal quantile
regression at three quantile levels, τ = 0.25, 0.50, and 0.75, given by

Yij = β0 + β1BMIij + β2Ageij + β3Femalei + β4SR2ij + β5SR3ij + ϵij ; j = 1, 2, 3,

where Yij, as presented below, is the ith child’s morbidity index during the jth four-month interval, and the
morbidity index was conducted through the logistic transformation [5, 23].

Yij = log(days child was sick in last  2 weeks prior to time j  +  0.5
14.5 − days child was sick in last  2 weeks prior to time j

).
Three covariates, including age inmonths and two indicators for survey rounds two and three, are categorized
as the known Type I time-dependent covariates, whereas BMI’s classification type of time-dependency is
unknown and is the main focus of this analysis.

As in the simulation study, we analyze this data using the independence estimating equationsmethod and
our modified method with an AR-1 correlation structure, and select a working type for BMI through the use of
our selection approach under three given quantiles. Table 5 gives the estimates of regression parameters and
corresponding cluster bootstrapped SEs using 2,000 cluster bootstrap samples, as well as the working type for
BMI selected by our method. We note that although it is common practice to utilize BMI z-scores, we do not do
so in order to stay consistent with the time-dependent covariate literature which uses this data [5–7, 27, 32].

The proposed approach assigns a working Type III classification for BMI at the first quartile (25th quantile)
and median (50th quantile), whereas a working Type I classification is chosen at the third quartile (75th
quantile) based on the smallest criterion value. Although there is an apparent discrepancy in the type chosen,
we note that the goal is not specifically to choose the true type; rather, for any given quantile, the goal is to
select the type that results in the lowest MSE. Essentially, the discrepancy is due to different types being
estimated to yield a smaller MSE at different quantiles. Note that at the 25 and 50th quantile levels both
approaches produce similar results in terms of regression parameter and SE estimates for BMI due to the choice
of Type III. Furthermore, our proposed approach produces smaller SE estimates than the reference approach at
the 75th quantile, thus revealing our proposed method’s potential for efficiency improvement. For the other
time-dependent covariates of known type, smaller SE estimates are obtained using the proposed method. The
use of a marginal quantile analysis provides a more complete description with respect to BMI by investigating
different quantiles for the right-skewed morbidity index distribution, rather than the marginal mean analysis
which gives support for the use of a working Type I specification [22].

Table : Parameter estimates, empirical and cluster bootstrapped standard error estimates (in parentheses), and working types
of covariate for BMI resulting from analyses of the anthropometric dataset.

Variable
Independence Proposed*

τ = 0.25 τ = 0.50 τ = 0.75 τ = 0.25 τ = 0.50 τ = 0.75

BMI −. (.) −. (.) −. (.) −. (.) −. (.) −. (.)
Age −. (.) −. (.) −. (.) −. (.) −. (.) −. (.)
Gender −. (.) −. (.) . (.) −. (.) −. (.) . (.)
SR  −. (.) −. (.) −. (.) −. (.) −. (.) −. (.)
SR  . (.) . (.) . (.) . (.) . (.) . (.)
Type – – – III III I

τ, quantile level; SR, survey round; Type, working covariate type for BMI.
*Note that the standard error estimates are obtained using the cluster bootstrapped method.

280 I.-C. Chen and P.M. Westgate: Marginal quantile regression with time-dependent covariates



6 Concluding remarks

Covariate values in a longitudinal study may change over time. Marginal mean regression analyses for lon-
gitudinal data have been widely introduced when covariates are time-variant. However, for some real-world
data the use ofmean regressionmodelsmaybe sensitive to skewness and outliers in the data. In such cases, the
use of marginal quantile analysis for modeling the conditional quantiles of the response variable is recom-
mended. Therefore, we proposed a new approach for marginal quantile regression in order to improve
regression parameter estimation andhence power. Our proposedmethodwas shown to be superior in regard to
power in the presence of Type I or II time-dependency.

Although for simplicity we only considered independence and AR-1 working correlation structures in the
manuscript, other structures with less parsimonious forms are available as well, including exchangeable and
Toeplitz correlation matrices. We note that with our modified approach, the working structure is technically

not an actual correlation structure because some non-zero elements of Rτ−1
i corresponding to invalid moment

conditions are replaced with zeros. In this situation, Rτ∗−1
ik will not be the inverse of a true correlation matrix

when βτk corresponds to a Type II or IV.
Our simulation study and application example were analyzed via marginal quantile regression models

with balanced repeated measurements. Nonetheless, the proposed estimation approach and selection
approach in this manuscript are applicable to subjects with varying repeatedmeasurements. Future study can
be extended to improve efficiency of estimation performance of composite marginal quantile regression [26],
which has been proposed when multiple quantiles share common characteristics, in the presence of time-
varying covariates. Furthermore, approaches using a general stationary autocorrelation structure [16] and a
selection technique, via the use of a Gaussian pseudolikelihood in substitution for a parametric likelihood [19],
to decide the most adequate working correlation structure have been suggested to prevent the specification of
any specific working correlation structures. Simultaneously selecting a working correlation structure and
deciding a covariate type of time-dependency can be further developed.

Coverage probabilities were sub-nominal in some settings (see Supplementary Material). Further work is
needed with the existing and proposed methods to ensure proper CPs in all scenarios, although CP is not the
inferential gain of focus in this manuscript.

The corresponding R code and functions for implementing the discussed approaches in this manuscript
are given in Supplementary Material and can be acquired by contacting the author at E-mail: okv0@cdc.gov.
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