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Abstract

We compare the asymptotic relative e3ciency of several regression calibration methods of
correcting for measurement error in studies with internal validation data, when a single covari-
ate is measured with error. The estimators we consider are appropriate in main study/hybrid
validation study designs, where the latter study includes internal validation and may include ex-
ternal validation data. Although all of the methods we consider produce consistent estimates, the
method proposed by Spiegelman et al. (Statistics in Medicine, 20 (2001) 139) has an asymptot-
ically smaller variance than the other methods. The methods for measurement error correction
are illustrated using a study of the e5ect of in utero lead exposure on infant birth weight.
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1. Introduction

Exposure measurement error is a common problem in many disciplines for which a
“gold standard” exposure measure is di3cult or expensive to obtain. In occupational
epidemiology, for example, quantifying workplace exposure using a “proxy” measure,
such as job title or an exposure measurement from an area sampler is more feasible
and less expensive to obtain than a personal exposure measurement for each worker.
Similarly, in reproductive epidemiology an exposure measure taken from the newborn
tissue or blood may be easier to obtain but give a less accurate estimate of in utero
exposure than a measurement from the mother which reDects long term exposure. In
both cases, using the less accurate measure of exposure in an outcome model introduces
bias in the point and interval estimates of the exposure–response relationship.
To adjust for measurement error, information about the measurement error process

is needed. Consistent estimates of the exposure e5ect may be obtained in this setting if
validation data is available, in which both the “gold standard” exposure and the “proxy”
measure of exposure are measured on the same subjects. Methods considered in this
paper require such validation data, as well as data from a main study in which the
outcome and the “proxy” exposure measure are obtained. An internal validation study
includes measurements of the outcome, as well as both “gold standard” and “proxy”
measures of exposure, on a subset of study subjects. Subjects in an external validation
study do not have measurements of the outcome, but have both “gold standard” and
“proxy” exposure measurements. We use the term “hybrid validation” study to refer to
validation data which includes internal validation data and may optionally also include
external validation data. This paper addresses study designs which include both a main
study and a hybrid validation study, i.e. a main study/hybrid validation study design.
Of course, the main study/internal validation study design is a subset of this.
Several methods have been developed to adjust for the bias resulting when one

or more regression model covariates is measured with error. Regression calibration
is one method which is widely used and easy to implement. It has been discussed
and applied in a variety of contexts, including logistic regression (Rosner, Willett and
Spiegelman, henceforth RSW, 1989, 1990, 1992; Spiegelman et al., 2001), survival
analysis (Prentice 1982; Spiegelman et al., 1997), and others (Armstrong, 1985; Carroll
and Stefanski, 1990; Carroll, Ruppert and Stefanski, henceforth CRS, 1995, Chapter
3). When validation data are available, a measurement error model is Ft from the
regression of the “gold standard” exposure on the “proxy” exposure measure in the
validation data. Adjustment for measurement error is achieved either by regressing
the outcome on estimated conditional mean values from the measurement error model
and then adjusting the variances (CRS, 1995), or by regressing the outcome on the
“proxy” measure (RSW, 1989, 1990) and then using information from the measurement
error model to correct the coe3cients and their variances for bias due to covariate
measurement error. For main study/external validation study designs, Thurston et al.
(2003) demonstrated that the CRS and RSW methods give identical adjustments for
the coe3cients and their asymptotic variance under broad conditions. The focus of this
paper, in contrast, is on designs which include internal validation data in the form of
a hybrid validation study.
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We assume linear regression models for relating both the outcome and the “gold stan-
dard” to the “proxy” measure. We further assume that the measurement error process
is non-di5erential. We discuss four methods of correcting for measurement error with
main study/hybrid validation designs. We compare the asymptotic relative e3ciency of
the estimators when the validation data is all internal. We motivate and illustrate these
comparisons from a study of the e5ect of in utero lead exposure on infant birth weight.
For these data, we give results using both asymptotic methods and the bootstrap (Efron
and Tibshirani, 1993), the latter of which may give valid inference in situations when
sample sizes are too small to allow valid asymptotic inference.
We start by presenting the notation and models in Section 2. In Section 3, we

present the four estimators of the e5ect of the exposure on the outcome, along with
their corresponding asymptotic variances and describe inference for these estimators
using bootstrap methods. In Section 4 we compare the asymptotic relative e3ciencies
of the estimators. The various approaches are illustrated by applying them to the study
of the e5ect of lead exposure on infant birth weight in Section 5. We conclude in
Section 6 with discussion of these approaches.

2. Notation and models

For the ith subject, let yi be the health outcome of interest, xi be the true exposure of
interest, wi be the “proxy” exposure measured with error, and Zi=(zi1 · · · zip) be the p
covariates assumed to be measured without error. For the main study/hybrid validation
study design the data are of four possible types. The main study, with corresponding
indicator Im; i = 1, consist of (yi; wi; Zi). The internal validation study with indicator
Iiv; i=1 may include observations of two types: (yi; xi; Zi) and (yi; xi; wi; Zi). The optional
external validation study with indicator Iev; i = 1 consists of (xi; wi; Zi). With nm main
study subjects, niv internal validation subjects, and nev external validation subjects, the
total number of subjects is n=nm+niv +nev. The methods of this paper assume nm¿ 0
and niv¿ 0, whereas nev can equal 0. Methods for external validation study designs
assume nev¿ 0, nm¿ 0 and niv =0. A study with pure internal validation data assumes
nev = 0, which is the case with the lead data discussed in this paper.
We refer to the validation study with indicator Iv; i = 1 as including any observation

which has measurements of (xi; wi; Zi). Let Im = diag{Im; i}, Iv = diag{Iv; i}, and Iiv =
diag{Iiv; i} where diag{arg} indicates a diagonal matrix with arg on the diagonals. Let
Wj = (1 wi Zi) and Xi = (1 xi Zi). Let y be the n-dimensional vector of yi, x
be the n-dimensional vector of xi, Z be the n×p dimensional matrix of Zi, W be the
n × (p + 2)-dimensional matrix consisting of the n observations of Wi, and X be the
n× (p+2)-dimensional matrix consisting of the n observations of Xi. Note that some
entries of y and x will be missing, since yi or xi are unobserved for some observations.
We assume that the data follow what we call the linear/linear model with one co-

variate measured with error as deFned by

yi = �0 + �1xi + Zi�z + vi = Xi� + vi; (1)

xi = �0 + �1wi + Zi�z + ui =Wi� + ui; (2)
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where vi has mean 0 and variance �2v , and ui has mean 0 and variance �2u. In the
models above, we implicitly deFne � = (�0 �1 �Tz )

T, where �z = (�z1 �z2 · · · �zp)T,
and �=(�0 �1 �

T
z )
T, where �z=(�z1 �z2 · · · �zp)T. We distinguish between di5erent

estimators of � by a subscript. The primary objective of the analysis is to estimate �1,
the e5ect of the true exposure xi on the health outcome yi, adjusted for covariates Zi.
In addition to the above notation, let X̂ i=(1 x̂i Zi), where x̂i=�̂0+�̂1wi+Zi�̂z=Wi�̂,

and estimation of � is the standard least-squares estimator, as discussed in Appendix
A. Let X̂ be the matrix of X̂ i for the n observations. Note that X̂ i =Wi�̂mat, where

�mat =


1 �o 01×p

0 �1 01×p

0p×1 �z Ip×p

 :

and �̂mat is obtained by substituting �̂ for � in �mat. We will also make use of the
following relation:

yi = �0 + �1x̂i + Zi�z + �i = X̂ i� + �i =Wi�̂mat� + �i; (3)

where �i has mean 0 and variance �2� .

3. Estimators of � and their asymptotic variances

We consider four methods for estimating � in main study/hybrid validation study
designs.

1. �̂E (“as external”): Ignore the information about the relationship between y and X in
the internal validation sample, and treat the study as a main study/external validation
study design (CRS 1995, RSW 1989, 1990, Thurston et al., 2003).

2. �̂SCK (“SCK”): Use an inverse-variance-weighted average of �̂I estimated directly
from the regression of y on X from the internal validation study and �̂E as above
(Spiegelman et al., 2001).

3. �̂S;A (“same intercept A”): Use the true measured xi for those in the internal vali-
dation data, and use the predicted x̂i =Wi�̂ otherwise, in a single regression using
the main study and internal validation study combined.

4. �̂S;B (“same intercept B”): This is similar to the “same intercept A” method, but
uses the estimator derived from a quasi-likelihood score approach in which the
contribution to the score function from each observation is weighted by its inverse
variance.

We use the notation �E;1; �SCK;1; �S;A;1, and �S;B;1 to denote the regression coe3cient
corresponding to the bias-corrected exposure e5ect in each of the four methods, re-
spectively.
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3.1. The estimators

In Appendix A, we show that all the estimators can be expressed explicitly as a
weighted average of �̂E, the “as external” estimator, and �̂I. The estimator of �̂I is
obtained by Ftting model (1) to just the data from the internal validation study, with
the following results:

�̂I = (XTIivX)−1XTIivy; (4)

VI = Var(�̂I) = �2v(X
TIivX)−1 (5)

The “as external” estimator �̂E and its asymptotic variance are

�̂E = �̂−1
mat(W

TImW)−1WTImy; (6)

Var(�̂E) = �−1
mat{� 2

E;1 �2�(W
TIvW)−1 + �2� (W

TImW)−1}�−T
mat ; (7)

where V̂ I = V̂ar(�̂I) and V̂ar(�̂E) are obtained by substituting estimates for �mat, �E;1,
�2u, �

2
v and �2� in the above equation. We now brieDy discuss each of the four estimators,

and refer the reader to Appendix A for further details.
“As external”: For the estimator of � and its asymptotic variance using the “as

external” method, the internal validation study is treated as if external. This means
that measurements of the outcome y from the internal validation study are not used so
the information about � in the internal validation dataset is ignored and �̂I is given a
weight of zero. �̂E and its asymptotic variance can be derived by methods described
by CRS (1995) or by RSW (1989, 1990), and some further discussion is given in
Appendix A.1.
“SCK”: The “SCK” method for estimating � (Spiegelman et al., 2001) combines

the two estimators of �, �̂I as given in (4), and �̂E as given in (6), weighting each
estimator by its inverse variance, given in (5) and (7), respectively. �̂SCK and its
asymptotic variance are

�̂SCK = { ˆVar(�̂I)−1 + V̂ar(�̂E)−1}−1{V̂ar(�̂I)−1�̂I + V̂ar(�̂E)−1�̂E};

V̂ar(�̂SCK) = {Var(�̂I)−1 + Var(�̂E)−1}−1;

=
[
1
�2v
(XTIivX)+�Tmat{�2E;1�2u(WTIvW)−1+�2� (W

TImW)−1}−1�mat

]−1
:

(8)

All weighted estimators are consistent, as long as the component estimates are consis-
tent. Estimation of the weights, V̂ar(�̂I )−1 and V̂ar(�̂E)−1, may give an underestimate
of the variance in small samples (Carroll and Ruppert, 1988, p. 70), but asymptotically,
the variance estimator is consistent.
“Same intercept A”: For this method x̂i is substituted for xi in the regression of yi

on xi in model (1), when the latter is not available. We Ft the model

yi = �0 + �1(Iiv; ixi + Im; i x̂i) + Zi�z + �i (9)
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The estimator and its asymptotic variance are derived in Appendix A.2 and are

�̂S;A = (�̂TmatW
TImW�̂mat + XTIivX)−1(�̂TmatW

TImW�̂mat�̂E + XTIivX�̂I)

Var(�̂S;A) = (XTIivX + �TmatW
TImW�mat)−1{(XTIivX)Var(�̂I)(XTIivX)

+ (�TmatW
TImW�mat)Var(�̂E)(�TmatW

TImW�mat)}(XTIivX
+�TmatW

TImW�mat)−1:

Both the “same intercept A” and “same intercept B” estimators and asymptotic vari-
ances can be written more compactly in terms of the naive asymptotic variance of �̂E,
which we call VE1, where

VE1 = �2��
−1
mat(W

TImW)−1�−T
mat = �2� (X̂

TImX̂)−1: (10)

Note that VE1 is one of the two terms of Var(�̂E). We can then rewrite �̂S;A and
Var(�̂S;A) as:

�̂S;A = (�̂2� V̂
−1
E1 + �̂2v V̂

−1
I )

−1(�̂2� V̂
−1
E1 �̂E + �̂2v V̂

−1
I �̂I);

Var(�̂S;A) = (�2� V
−1
E1 + �2vV

−1
I )−1(�4� V

−1
E1 Var(�̂E)V

−1
E1 + �4vV

−1
I )

(�2� V
−1
E1 + �2vV

−1
I )−1:

“Same intercept B”: This estimator can be motivated from the quasi-likelihood score
function (Wedderburn, 1974, discussed in Godambe, 1991, p. 51), as discussed in
Appendix A.3. The estimator and asymptotic variance are

�̂S;B =
(
1
�̂2�
�̂TmatW

TImW�̂mat +
1
�̂2v

XTIivX
)−1( 1

�̂2�
�̂TmatW

TImy +
1
�̂2v

XTIivy
)

= (V−1
I + V−1

E1 )
−1(V−1

I �̂I + V−1
E1 �̂E) (11)

Var(�̂S;B) = (V−1
I + V−1

E1 )
−1(V−1

I + V−1
E1 Var(�̂E)V

−1
E1 )(V

−1
I + V−1

E1 )
−1

Table 1 presents a summary of each estimator and its asymptotic variance. Note that
�̂I and �̂E can each be written as weighted averages by simply assigning zero weight
to the other estimator. By expressing the estimators of the exposure e5ect �̂ in this
format, it is clear that the weights corresponding to the SCK method are minimum
variance, and thus any other estimator must have greater asymptotic variance.

3.2. Bootstrap variance estimation and con=dence interval construction

In addition to the asymptotic variances, we use the “resampling vectors” method for
bootstrapping, as described in CRS (1995, p. 277). We sample with replacement nm
observations from the main study, nev observations from the external validation study,
and niv observations from the internal validation study to produce a single bootstrap
sample.
For each bootstrap sample, we estimated � using four methods (�̂E; �̂SCK ; �̂S;A; �̂S;B).

We calculated 95% empirical bootstrap conFdence intervals by sorting the estimates
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Table 1
A comparison of �̂ and Var(�̂) for regression calibration using internal validation data

Estimator Multiplier for

�̂E �̂I Var(�̂)

�̂I 0 1 VI = �2v (X
TIivX)−1

�̂E 1 0 Var(�̂E) = VE1 + �
−1
mat{�̂2E;1�2u(WTIvW)−1}�−T

mat

�̂SCK V̂ar(�̂E)−1 V̂−1
I (V−1

I + Var(�̂E)−1)−1

�̂S;A �2� V̂
−1
E1 �̂2v V̂

−1
I (�2� V

−1
E1 + �2vV

−1
I )−1

×((�2� )2V−1
E1 Var(�̂E)V

−1
E1 + (�2v )

2V−1
I )(�2� V

−1
E1 + �2vV

−1
I )−1

�̂S;B V̂−1
E1 V̂−1

I (V−1
I + V−1

E1 )
−1(V−1

I + V−1
E1 Var(�̂E)V

−1
E1 )(V

−1
I + V−1

E1 )
−1

Each estimator is a weighted average of �̂E and �̂I, where each weight is the multiplier as indicated,
premultiplied by the inverse of the sum of the two weights. VE1 = �2� �

−1
mat(W

TImW)−1�−T
mat is the naive

variance of the “as external” method.

of �̂1 and deFning the empirical conFdence interval as the range of the central 95%
of the estimates.

4. Asymptotic relative e$ciencies of the methods

Since each estimator is consistent for � under the stated assumptions, it remains only
to compare their asymptotic relative e3ciency.
Var(�̂SCK) is the minimum variance weighted average of �̂I and �̂E, as shown in (8).

�̂S;A is also a weighted average of �̂I and �̂E (Eq. (10)). Hence, it is asymptotically
ine3cient relative to �̂SCK. Similar arguments apply to �̂S;B, whose weights are shown
in (11), and to �̂E, which gives zero weight to �̂I.
To better understand when the three less e3cient estimators are relatively e3cient

or ine3cient relative to �̂SCK, we Frst write the asymptotic variances of each estimator
in terms of correlations and variances. Although this can be done for any number of
covariates, for simplicity we consider the case when there are no additional covariates Z
included in the model. We assume all data are centered within the main and validation
studies separately, by subtracting the sample mean from each individual measurement,
within each study. We also assume the variance of wi in the main dataset is the same
as the variance of wi in the validation dataset, and that the validation data are purely
internal, i.e. niv = nv so nev = 0 and nv=nm is the ratio of the number of validation to
main study observations.
We use the notation �2 with a subscript to denote the variance of the subscripted

variable, and �2 with two subscripts to denote the squared correlation between the two
subscripted variables. We rewrite the asymptotic variances of the four estimators as
shown below. The derivation of these results can be obtained upon request from the
Frst author.

Var(�̂E;1) =
�2y

nm�2x

{
�2y;x(1− �2x;w)(1 +

nm
nv
) + (1− �2y;x)

�2x;w

}
;
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Var(�̂SCK;1) =
�2y

nm�2x

�2y;x(1− �2x;w)(1 +
nm
nv
) + (1− �2y;x)

�2x;w +
�2y; x(1−�2x; w)
(1−�2y; x)

(
1 + nv

nm

)
+ nv

nm

 ;

Var(�̂S;A;1) =
�2y

nm�2x

�2y;x(1− �2x;w)(1 +
nm
nv
)�2x;w + (1− �2y;x)(�

2
x;w +

nv
nm
)(

nv
nm
+ �2x;w

)2
 ;

Var(�̂S;B;1)

=
�2y

nm�2x




�2x;w[�
2
y;x(1− �2x;w)(1 +

nm
nv
) + (1− �2y;x)] +

nv
nm
(1− �2y;x)

(
�2y; x(1−�2x;w)

(1−�2y; x)
+ 1

)2
[�2x;w +

nv
nm
(
�2y; x(1−�2x;w)

(1−�2y; x)
+ 1)]2




Comparisons of the asymptotic variance of �̂1 for the four methods are provided in
Figs. 1 and 2 for two values of nv=nm and varying correlations. As measurement error
decreases (�x;w → 1), the asymptotic e3ciencies of the estimators relative to �̂SCK;1

approach 1, regardless of other factors such as �y;x or nv=nm. As measurement error

Fig. 1. A comparison of the asymptotic standard error of �̂1 as a function of the correlation between the true
exposure, x, and the exposure measured with error, w, for two values of the percentage of subjects in the
internal validation study, and two values of the correlation between the outcome, y, and the true exposure,
x. Plots were constructed assuming no additional covariates and equal variances of the true exposure and
the “proxy” exposure.
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Fig. 2. A comparison of the asymptotic standard error of �̂1 as a function of the correlation between the
outcome, y, and the true exposure, x, for two values of the percentage of subjects in the internal validation
study, and two values of the correlation between the true exposure, x, and the “proxy” exposure, w. Plots
were constructed assuming no additional covariates and equal variances of the true exposure and the “proxy”
exposure.

increases (�x;w → 0), the asymptotic e3ciency of �̂E;1 relative to �̂SCK;1 approaches
0, while the asymptotic relative e3ciencies of �̂S;A;1 and �̂S;B;1 do not, and when the
proportion of data in the validation study (nv=nm) is large and the strength of the true
regression relationship is weak (�y;x is small), �̂S;A;1, �̂S;B;1, and �̂SCK;1 have nearly
the same asymptotic variance while the variance of �̂E;1 is larger. When the strength
of the true regression relationship is strong (�y;x → 1), the asymptotic e3ciency of
�̂S;B;1 relative to �̂SCK;1 approaches 1, whereas the asymptotic e3ciencies of �̂E;1 and
�̂S;A;1 do not. When �y;x → 1 and nv=nm is small, the asymptotic e3ciency of �̂E;1
relative to �̂SCK;1 approaches 0.

5. Illustrative example: the relationship between birth weight and lead exposure

5.1. Study description

Several studies have linked lead exposure during the in utero period with a decline
in infant birth weight, which in turn is associated with increased infant mortality and
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morbidity. Lead accumulated over many years is stored in bone, which comprise 90–
95% of adult lead burden (Hu, 1998). Bone lead levels reDect cumulative lead burden,
whereas blood lead levels are more indicative of recent lead exposure. One source
of fetal lead exposure is the mobilization of maternal bone lead during pregnancy.
Measurements of blood lead levels from the newborn umbilical cord are the most
commonly used method for estimating in utero lead exposure. However, bone lead
can be mobilized into plasma without a5ecting blood lead levels, and thus maternal
bone lead is believed to be a better biomarker of infant lead exposure than umbilical
cord blood lead (Gonzalez-Cossio et al., 1997). In contrast to blood lead measurements
however, obtaining measurements of bone lead levels requires specialized equipment
available in only a handful of research laboratories, and is relatively expensive.
Gonzalez-Cossio et al. (1997) examined the relationship between lead exposure and

infant birth weight among a cohort of 272 mother-infant pairs in Mexico City. Mea-
surements of lead exposure were taken on subsets of the cohort from the umbilical
cord blood in the newborn, and from two bones in the mother’s leg: the tibia and
the patella. Bone lead measurements were taken one month postpartum using K-X-ray
Duorescence (see Hu, 1998, for a description of this process), and blood lead was
analyzed by atomic absorption spectrophotometry. Gonzalez-Cossio et al. (1997) found
that maternal tibial bone lead levels were more closely associated with a decreased
birth weight than either maternal patella lead or umbilical cord blood lead levels.

5.2. Analysis of the data

We examined the relationship between tibia bone lead and infant birth weight among
eligible women who consented to be in the original study, while adjusting for bias
due to measurement error when cord blood is used as a surrogate for tibial bone
lead levels. These data are a main study/internal validation study design, with 577
observations (mother-infant pairs) in the main study and 585 in the internal validation
study. Among the internal validation observations, 100 did not have a measurement
of blood lead, leaving 485 observations in the validation study with which to estimate
the relationship between bone and blood lead. An advantage of the newer methods
is that we do not require observations to have measurements on both lead levels, so
our e5ective sample size was considerably larger than the 272 mother–infant pairs
considered in the Gonzalez-Cossio et al. study.
We calculated �̂1 and V̂ar(�̂1) under the four methods described in Section 3. For

each method, we calculated asymptotic conFdence intervals as well as bootstrap con-
Fdence intervals using 5000 bootstrap samples. We estimated �1 in the model which
adjusts for four covariates: maternal nutritional status as measured by mother’s calf
circumference (cm), parity (1 or 2+), education (years), and gestational age (weeks).
These covariates were important predictors of birth weight in both the Gonzalez-Cossio
et al. study and in our analysis. SpeciFcally, the models we Ft are given in (1)–(3),
where Zi consists of these four covariates. The estimator of �I is obtained directly from
Ftting model (1) to the internal validation data. The estimator of �E can be obtained
by Ftting model (3) to the main study data, where estimation of X̂ in (3) requires
estimation of �mat from the validation data, as discussed previously. The estimated
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exposure e5ect in the “as external” method, �̂E;1, is simply the ratio of the “proxy”
exposure e5ect from the uncorrected covariate-adjusted regression of y on w and Z
estimated from the main study data (Table 2, line 2), to �̂1 in model (2) estimated
from the validation data (Thurston et al., 2003). In the lead data, �̂1 = 0:54, so it is
not surprising that �̂E;1 =−7:86 was much farther from zero than �̂I;1 =−3:76.
This study had many observations in the internal validation study, which is often not

the case in other situations. With nv=nm greater than 1
2 , �̂y;x =−0:057 and �̂x;w =0:19,

as expected from Figs. 1 and 2, the “SCK”, “same intercept A”, and “same intercept
B” methods gave very similar estimates of �̂1 and SE(�̂1). In this dataset, Var(�̂E;1)
was more than 25 times larger than Var(�̂I;1) so these three estimators for �1, all of
which are weighted averages of �̂E and �̂I, were all much closer to �̂I;1 than to �̂E;1.
Gonzalez-Cossio et al. also adjusted for current smoking status. We were unable

to adjust for this variable because smoking information was only obtained among
participants who also had a measure of tibia lead (i.e. when the mother was seen
at the one-month postpartum visit), and thus smoking information was missing for
everyone in the main study. The adjusted e5ect (SE) of tibia lead on birth weight
reported in the Gonzalez-Cossio et al. (1997) paper was −7:29 g=�g lead=g bone
mineral (2:45 g=�g lead=g bone mineral), while the smoking-unadjusted e5ect (SE) is
−7:45 g=�g lead=g bone mineral (2:47 g=�g lead=g bone mineral) for the same n=272
subjects who had measurements of both tibia and patella lead. Although smoking is an
independent determinant of lower birth weight, it does not appear to materially con-
found the estimated e5ect of lead. We did not require subjects to have a measurement
of patella lead, and our estimate of the adjusted e5ect (SE) of tibia lead on birth weight
was −3:76 g=�g lead=g bone mineral (1:55 g=�g lead=g bone mineral) among the n=
585 subjects in the internal validation study, indicating that the inclusion or exclusion
of subjects with patella lead has a substantial impact on the estimated exposure e5ect.

6. Discussion

Exposure measurement error is a common limitation in epidemiologic studies. Data
on the most accurate measure of exposure is often only collected on a subset of study
participants since it is infeasible or too expensive to measure it on all subjects. Statis-
tical methods for correcting bias due to exposure measurement error have infrequently
been used in reproductive or occupational epidemiology, although estimation of the
e5ect of an exposure on a health outcome would be improved by use of measurement
error corrections such as those discussed in this paper.
Another estimator for � which we did not discuss here, was suggested by CRS (1995,

p. 46). This estimator, which one might call �̂D for the “di5erent intercept” method,
is the same as �̂S;A, but allows the observations from the main study corrected for
measurement error to have a di5erent intercept from the observations from the internal
validation study (CRS, 1995, p. 46). For this method, instead of Ftting model (9), one
would Ft the following model:

yi = �vIiv; i + �0 + �1(Iiv; ixi + Im; i x̂i) + Zi�z + �i:
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Table 2
Estimates of the e5ect of tibia bone lead (�g lead=g bone mineral) on birth weight (grams) in the Gonzalez-Cossio et al. (1997) study

Sample size E5ect of lead 95% conFdence interval E5ect of other model covariates
for lead e5ect

nm niv �̂1 SE(�̂1) Asymptotic Bootstrap Calf circumference Parity Education Gestational age

Uncorrected 1062a 0 −4.13 3.24 23.27 111.24 16.12 57.56
Uncorrected 577 0 −4.25 4.31 22.35 84.70 10.32 38.07
Interval validation 0 585 −3.76 1.55 (−6.80, −0.73) (−6.99, −0.57) 22.77 132.60 20.24 76.68
As external (�̂E) 577 485b −7.86 8.16 (−23.84, 8.13) (−28.60, 8.30) 21.76 106.41 12.30 39.10
Weighted (SCK) 577 585 −3.88 1.52 (−6.86, −0.90) (−7.05, −0.67) 22.29 115.28 16.31 58.96
(�̂SCK)
Same intercept A 577 585 −3.89 1.52 (−6.87, −0.90) (−7.11, −0.68) 22.27 114.78 16.21 58.40
(�̂S;A)
Same intercept B 577 585 −3.88 1.52 (−6.87, −0.90) (−7.10, −0.67) 22.27 114.89 16.23 58.51
(�̂S;B)

aIncludes information relating blood lead and birth weight from observations in internal validation study.
bNumber of observations used to estimate the relationship between blood lead and bone lead only.
Uncorrected results estimate the e5ect of blood lead (�g lead=dL) on birth weight (grams). Results are from a multivariate model adjusted for mother’s calf

circumference (cm), parity (1 or 2+), education (years), and gestational age (weeks). Here nm and niv are the number of observations used to estimate the
relationship between blood lead and birth weight, and between bone lead and birth weight, respectively. All estimators which correct for measurement error
used 485 observations to estimate the relationship between blood lead and bone lead.
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The addition of the �vIiv; i term means that the data from the internal validation study
and the data from the adjusted main study are allowed to have di5erent intercepts.
Since x is not observed before sampling, the sampling mechanism cannot depend on
x. Under the assumption of non-di5erential measurement error and the assumption that
sampling into the internal validation dataset may depend on w or Z, but does not
depend on y, it can be shown that f(yi | Iiv; i ; xi; Zi) = f(yi | xi; Zi), and therefore that
�v = 0. Since correct speciFcation of E(yi |Xi) can be obtained with or without the
inclusion of �v in the model, both �̂S;A and �̂D will be consistent for �. If there was
some reason to believe that the models generating the data in the internal validation
study and in the main study have di5erent intercepts but the same slope, consideration
of the “di5erent intercept” method would be warranted.
In this paper, we compared four regression calibration estimators appropriate for main

study/hybrid validation study designs, all of which are consistent for the true parameter
value. The “as external” method, which ignores the measured outcome in the internal
validation study, has the largest variance. The “same intercept A”, “same intercept B”
and the “SCK” methods have similar variances under some conditions, such as the lead
study discussed in this paper, but the asymptotic variance of the “SCK” method is never
larger than the other methods, and in some cases is considerably smaller than the “same
intercept A” method. When measurement error is large (i.e. the “gold standard” and
“proxy” exposures are not highly correlated), when the outcome is highly correlated
with the “gold standard” exposure, and when the fraction of observations in the internal
validation study is small, the “SCK” method is asymptotically much more e3cient than
either the “same intercept A” or the “as external” methods. The improved e3ciency of
the “SCK” method may be important in studies with considerable measurement error
and a small fraction of observations in the internal validation study, such as is typically
the case in nutritional studies. For example in the Nurses Health Study there were
173 observations in the internal validation study (Willett et al., 1985), and the main
study consisted of over 89,000 participants (Willett et al., 1987). A SAS macro which
corrects for measurement error using the “SCK” method is available from Spiegelman
(stdls@channing.harvard.edu).
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Appendix A.

In deriving the asymptotic variances of the four estimators, certain conventions were
followed. First, in evaluating the relationship between the true exposure and the proxy,
all methods used the same estimator for �: �̂ = (WTIvW)−1WTIvx. In addition, the
asymptotic variances of the estimators relied on the variance components, �2u, �

2
v , and

�2e . However, as shown by Thurston et al. (2003) for external validation data, the
estimator for the regression coe3cients and their asymptotic variance are unchanged
whether or not the variance coe3cients are estimated jointly. In all methods, we there-
fore estimated the variance components as

�̂2� =
1
nm
(y −W�̂mat�̂E)TIm(y −W�̂mat�̂E); �̂2v =

1
niv
(y − X�̂I)TIiv(y − X�̂I);

�̂2u =
1
nv
(x−W�̂)TIv(x−W�̂):

A.1. “As external”

In this method, we Ft model (3) to the main study only. Because �̂mat is estimated
only from the validation study (Thurston et al., 2003), this is equivalent to regressing
yi on Wi�̂mat, which gives the least squares estimator

�̂E = �̂−1
mat(W

TImW)−1WTImy:

In the RSW approach (Frst discussed by Fuller (1987) for linear models), yi is re-
gressed on Wi in the main study, using the following model:

yi = �0 + �1Wi + �zZi =Wi� + �i;

which gives �̂= (WTImW)−1WTImy. Then �̂E is obtained as �̂−1
mat �̂, which is identical

to the estimator above. This estimator can be derived from any of the following three
score equations: (a)  (�)=WTIm(y−W�mat�); (b),  (�)=�matWTIm(y−W�mat�); or
(c)  (�) = (1=�2� )�matWTIm(y−W�mat�), all of which, when set to 0, have the same
solution, �̂E.
The variance of �̂E is obtained by the multivariate delta method for RSW, and can

be obtained from stacked estimating functions for CRS. Both methods give the same
estimated asymptotic variance (Thurston et al., 2003).

A.2. “Same intercept A”

The estimator for this method can be derived by introducing U , where (1 x̃ Z),
and x̃ = Iivx + Imx̂. Then �̂S;A = (UTU )−1UTy. Since we can rewrite U as

U =

(
IivX

ImX̂

)
=

(
IivX

ImW�̂mat

)
;

it follows that

�̂S;A = (�̂TmatW
TImW�̂mat + XTIivX)−1(�̂TmatW

TImW�̂mat�̂E + XTIivX�̂I):
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This estimator of � can also be obtained as the solution to the unbiased estimating
function

 (�) = �TmatWTIm(y −W�mat�) + XTIiv(y − X�) = 0: (A.1)

A.3. “Same intercept B”

The estimating function used for the “same intercept A” method, given in (A.1),
is di5erent from the quasi-likelihood score function (Wedderburn, 1974, discussed in
Godambe, 1991, p. 51), which would take the form

 (�) =
∑

i

@�i

@�
V−1
i (yi − �i);

where �i and Vi are the mean and variance of yi, respectively. This suggests the
following unbiased estimating function:

 (�) = 1
�2�
�TmatW

TIm(y −W�mat�) +
1
�2v

XTIiv(y − X�):

The estimator for � which solves this function when set to 0, which we call the “same
intercept B” method is

�̂S;B =
(
1
�̂2�
�̂TmatW

TImW�̂mat +
1
�̂2v

XTIivX
)−1( 1

�̂2�
�̂TmatW

TImy +
1
�̂2v

XTIivy
)

= (V−1
I + V−1

E1 )
−1(V−1

I �̂I + V−1
E1 �̂E):
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