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Turbulent eddy diffusion models are used to describe a continuous concentration gradient with

distance from an in-room contaminant emission source. A refined diffusion model termed the

Drivas model also accounts for contaminant reflection by wall surfaces and partially accounts

for removal by exhaust air. This article develops two models based on Markov chains to

describe indoor air contaminant dispersion by turbulent diffusion and advection, and removal by

the exhaust airflow. Markov model I is equivalent to the Drivas model and is computationally

simple. Markov model II can provide more realism by accounting for the locations of air inlets

and outlets, advective flow patterns, in-room reflective surfaces, and contaminant removal
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W
hen monitoring for indoor air con-
taminants is not feasible, mathemati-
cal modeling permits estimates of ex-
posure intensity.(1) In general, a

model should account for the pollutant’s emis-
sion rate and pattern of dispersion through room
air. The dispersion pattern usually assumed is in-
stantaneous perfect mixing, which would create
a spatially uniform concentration at all times
(i.e., a well-mixed room). However, this con-
struct can lead to substantially underestimating
exposure intensity for persons near the source.(2)

In the alternative, a multicompartment model
can account for a nonuniform pollutant concen-
tration. For a fixed emission source, the simplest
construct is the near-field/far-field (NF/FF)
model.(2,3) The source is located within a concep-
tual NF zone, and the remainder of the room
comprises the FF zone. The air in each zone is
perfectly mixed, but there is a limited air ex-
change between the two zones. The predicted
exposure intensity is higher in the NF zone than
in the FF zone. One drawback of this model is
that it yields an unrealistic spatial discontinuity in
concentration. For example, if the predicted NF
concentration is 50 mg/m3, then 1 cm away

across the zonal boundary the predicted FF con-
centration might be 5 mg/m3.

Finer detail in terms of describing a contin-
uous concentration gradient with distance from
the source is provided by a turbulent eddy dif-
fusion model.(4) For an emission point source in
space, the simplest construct is spherical diffu-
sion due to turbulent air motion (zero velocity
on average) with no reflecting boundaries. With-
out loss of generality, pollutants will be referred
to hereafter as particulate in form. For a pulse
release of M (number) particles, the spherical dif-
fusion model predicts the concentration (num-
ber/m3) at time t (sec) and radial distance r (m)
from the source to be:(5)

2M 1 r
C(r, t) 5 exp 2 (1)

1.5 1 2[ ](4·p ·D·t) 2 2·D·t

where D (m2/sec) is the turbulent eddy diffusion
coefficient, which is assumed to be constant over
time and space. D is distinct from, and far greater
in magnitude than, molecular diffusivity. Molec-
ular diffusion coefficients in air are on the order
of 1025 m2/sec, whereas reported D values for
turbulent diffusion in indoor industrial environ-
ments range from .0014 to 0.19 m2/sec.(6) The
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eddy diffusion coefficient is an empirical parameter that can be ex-
perimentally estimated for a given room setting.(7) There is also a
published algorithm for predicting D based on several factors in-
cluding the supply air discharge speed, the room height, and the
ceiling-to-floor temperature difference.(8)

Some limitations of Equation 1 are that it fails to account for
dispersion by advective flow, for reflection of contaminant by
room walls, and for removal of contaminant via the exhaust air
flow. The equation can be modified to incorporate advection along
a room axis,(7) and Drivas et al. further refined the model to ac-
count for wall reflection, and to partially account for removal by
exhaust air, as follows:(8)

Mx ,y ,z0 0 0 2[(Q/V)·t]C(x, y, z, t) 5 ·R ·R ·R ·e (2)x y z1.5(4·p ·D·t)

where is the number of particles released at room positionMx ,y ,z0 0 0

(x0, y0, z0); Q is the room exhaust air rate (m3/sec); V is the room
volume (m3); and Rx, Ry, and Rz are wall reflection terms along
the x-, y- and z-axis, respectively, and represent infinite but con-
vergent sums of exponential terms.

A shortcoming of Equation 2, hereafter termed the Drivas
model, is that at a given instance in time removal by exhaust air
applies to particles at all room positions, whereas only those par-
ticles near an exhaust outlet would be subject to removal. The
same problem exists in compartmental models. For example, in
the NF/FF model, all particles in the FF zone are subject to ex-
haust removal at a given instance in time, whereas it is plausible
that only those particles near an outlet could be exhausted.

The first aim of this article is to cast the Drivas model in terms
of a three-dimensional random walk using Markov chain tech-
niques. The corresponding construct, termed Markov model I, is
equivalent to Equation 2 and is computationally simple. The sec-
ond aim is to extend the Markov modeling approach to account
for the positions of air inlets and outlets, for reflection by walls
and other in-room surfaces, and for advective flow as well as dif-
fusion. The latter construct, termed Markov model II, is more
complex than model I but is still tractable. Both models yield
concentration values with an explicit probabilistic interpretation.

DIFFUSION AS A RANDOM WALK

Consider a continuous-time diffusion process without drift op-
erating along the x-axis, where X(t) denotes the position of a

diffusing particle at time t (sec). The term ‘‘no drift’’ means that
the particle has no greater tendency to move in one direction than
the other. For simplicity, let X(0) 5 0, the origin. At a future time,
the particle position is normally distributed with expected value
E[X(t)] 5 0, and with a variance given by:(9)

Var[X(t)] 5 2·D·t (3)

where D is the diffusion coefficient. Next, assume the particle can
simultaneously diffuse along the y-axis and z-axis in an indepen-
dent and identically distributed manner, such that E[Y(t)] 5
E[Z(t)] 5 0, and Var[Y(t)] 5 Var[Z(t)] 5 2·D·t. Given that the
particle position is (0,0,0) at time zero (at the origin on all three
axes), the probability that the particle position is (x,y,z) at time t
is described by the joint distribution of the three independent nor-
mal variables X(t), Y(t), and Z(t), which is implicit in Equation 1,
where r 5 .2 2 2x 1 y 1 zÏ

Now, discretize the diffusion process as a random walk. First
consider the walk on the x-axis. In one time step of duration Dt

(sec), the particle can move length Dx (m) to the right with prob-
ability p, or Dx to the left with probability p, such that there is
no drift. A step to the right is assigned a positive value 1Dx; a
step to the left is assigned a negative value 2Dx. Let h denote the
probability that the particle holds its position (does not move),
where: h 5 122p. The probabilities that the particle holds its
position or moves to the right or left must sum to 1. After one
time step, the expected value and variance of the particle position
are, respectively:

E[X(Dt)] 5 2Dx·p 1 Dx·p 1 0·h 5 0

2Var[X(Dt)] 5 E[(X(Dt) 2 E[X(Dt)]) ]

2 2 25 (2Dx 2 0) ·p 1 (Dx 2 0) ·p 5 2·(Dx) ·p

After n 5 t/Dt time steps, the particle position is the sum of
the positive increments to the right and the negative increments
to the left. The expected position is: E[X(t)] 5 n·E[X(Dt)] 5 0.
Due to mutual independence among particle movements at dif-
ferent time steps, the variance of the position is: Var[X(t)] 5
n·Var[X(Dt)], and can be written as:

2(Dx)
Var[X(t)] 5 2·p· ·t (4)

Dt

The probability law of the random walk particle position X(t)
is related to the binomial distribution, but with parameters m 5 0
and s2 5 2·p·[(Dx)2/Dt] ·t. For large t, the probability distribu-
tion tends toward the same normal distribution used to describe
the continuous-time diffusion process. In turn, inspection of
Equations 3 and 4 shows that

2(Dx)
D 5 p· (5)

Dt

The diffusion coefficient reflects the tendency of the particle
to move, as measured by the single-step probability p and the
rate Dx/Dt. In the limit as Dt→ 0, D remains constant in value
if Dt decreases by 1/f as Dx decreases by 1/ .(10) Next, assumefÏ
that in each time step the particle can move along the x-, y-, and
z-axes in an independent and identically distributed manner. This
idea is akin to performing three identical but independent ex-
periments at each time step, where the outcome of a given ex-
periment determines how the particle moves along a given axis.
If the particle position is (0,0,0) at time zero, the probability
that the particle position is (x,y,z) at time t is well approximated
by the same joint distribution implicit in Equation 1, where r 5

.2 2 2x 1 y 1 zÏ

THE RANDOM WALK AND MARKOV MODEL I

The random walk of a particle in one or more dimensions is a
Markov process, because the particle’s next move depends only

on its current position (state).(10,11) In turn, a particle’s random
walk in a room can be modeled as the simultaneous movement
along three orthogonal room axes, each described by an indepen-
dent Markov chain. To explain, let PX denote the single-step tran-
sition probability matrix for the particle’s x-axis position. If one
uses a 0.1-m length increment, a length of 10 m, say, along the
room’s x-axis corresponds to a 100 3 100 matrix PX, where each
state represents a room cell of length 0.1 m. The matrix PX is
defined in Figure 1. The entry in the ith row and jth column of PX
is the probability that a particle currently in position i on the x-
axis will make a transition (move) to position j on the x-axis in
the next time step.
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FIGURE 1. The single-step transition probability matrix PX for
the particle position along a 10-m room axis divided into one
hundred 0.1-m segments.

FIGURE 2. The x,y-plane view of a 10.7 3 7 3 2.6 m room. At
time zero, 1000 particles are released at a position 4 m from the
left-hand wall, 3.5 m along the y axis, and 1 m above the floor
(along the z axis). Three receptor positions are located 5, 7, and
9 m, respectively, from the left-hand wall; all receptor positions
are 3.5 m along the y axis and 1 m above the floor.

The numbers outside the Figure 1 matrix index the state num-
bers. States 1 and 100 border the room walls, and states 2–99 are
interior room positions. For the moment, it is assumed that the
particle never leaves room air. For a particle in an interior state,
in the next time step it can hold with probability h, or move to
the adjacent higher or lower state with probability p. For a particle
in a wall border state, in the next time step it can hold with prob-
ability h 1 p, or move to the adjacent state with probability p.
This set of transition probabilities yields a uniform probability dis-
tribution at equilibrium; that is, a particle has the same chance of
being in any given state. The value of p that corresponds to a
particular value of D is determined by Equation 5 after specifying
Dt (as well as Dx). In turn, h 5 1 2 2p. Given that a particle is
currently in state i, the probability that the particle is in state j
after n 5 t/Dt time steps is denoted , which corresponds tot/DtPXi,j

the ith row and jth column entry in the matrix PX(n), or PX mul-
tiplied by itself n times. PX(n) specifies the probability distribution
of the particle’s position along the room’s x-axis after n time steps.

Similarly, let PY and PZ denote the single-step transition prob-
ability matrices for the particle’s y-axis and z-axis positions, re-
spectively. The number of states in PY and PZ correspond to the
respective room width and height divided by the 0.1-m length
increment, with the assumption that the quotients are integer val-
ues. Given that a particle starts in room position (x0,y0,z0), where
the three values denote the initial state numbers in the matrices
PX, PY, and PZ, respectively, the probability that the particle is
at room position (x,y,z) at time t is the product of the three in-
dependent probabilities: .t/Dt t/Dt t/Dt(PX ) (PY ) (PZ )x ,x y ,y z ,z0 0 0

Next, let V(x,y,z) denote a volume element (m3) at room position
(x,y,z); for the 0.1-m length increment, V(x,y,z) 5 .001 m3. Again,
let denote the number of particles released as a pulse atMx ,y ,z0 0 0

room position (x0,y0,z0). Given that no particles leave room air
because Q 5 0, the expected particle concentration at room po-
sition (x,y,z) at time t after the release is given by:

M(x ,y ,z )0 0 0 t/Dt t/Dt t/DtE[C(x, y, z, t)] 5 ·PX ·PY ·PZQ50 x ,x y ,y z ,z0 0 0V(x,y,z)

The above expression is equivalent to the Drivas model, Equa-
tion 2, except for the dilution ventilation factor e2(Q/V)•t. By mul-
tiplying the right-hand side of the expression by e2(Q/V)•t, Markov
model I is obtained:

M(x ,y ,z )0 0 0 t/Dt t/Dt t/Dt 2[(Q/V)t]E[C(x, y, z, t)] 5 ·PX ·PY ·PZ ·e (6)x ,x y ,y z ,z0 0 0V(x,y,z)

Note that the published form of the Drivas model also incor-
porates a pollutant surface deposition factor, 2(w •A/V)•tde , where wd

is the deposition rate on surfaces (m/sec), and A is the surface
area (m2) available for deposition. Markov model I can be made
equivalent by multiplying the right-hand side of Equation 6 by

.2(w ·A/V)·tde

An Illustrative Scenario

Consider a room with length, width, and height dimensions of
10.7 3 7 3 2.6 m. The room receives 15 nominal air changes
per hour, and the diffusion coefficient is D 5 .04 m2/sec. These
parameters correspond to a test room described in the Drivas et
al. article.(8)

Based on Dx 5 0.1 m, the PX, PY, and PZ matrices are, re-
spectively, 107 3 107, 70 3 70, and 26 3 26 in dimension. Based
on Dx 5 0.1 m and Dt 5 1/60 sec, p 5 .0667 and h 5 0.8666
by Equation 5. Appendix 1 provides a MATLABt code that as-
signs the matrix entries and performs the matrix multiplications
over a 30-min interval, or 1.08 3 105 time steps.

Next, assume that 1000 particles are released at a point 4 m
from the left-hand wall, 3.5 m or midway along the width axis,
and 1 m in height from the floor. In the context of the states in
PX, PY, and PZ, this release position corresponds to x0 5 40, y0

5 35, z0 5 10. Figure 2 depicts the x,y plane of the room and
the release position at 4 m from the left-hand wall. Figure 3 de-
picts the particle concentration predicted by Markov model I over
the first 5 min at three room positions also shown in Figure 2:
(1) x 5 5 m, y 5 3.5 m, z 5 1 m; (2) x 5 7 m, y 53.5 m, z 5
1 m; and (3) x 5 9 m, y 5 3.5 m, z 5 1 m. The same scenario
was presented in reference 8. Figure 3 shows a rapid increase and
decline in the particle concentration at Position 1, which is 1 m
from the release point, and a more gradual increase and decline
at Positions 2 and 3, which are, respectively, 3 m and 5 m away.
The Figure 3 curves are similar to those generated by the Drivas
model, as presented in Reference 8.

A more quantitative comparison is made by considering the
integrated particle concentrations at each position over four in-
tervals following the pulse release: (i) 0 to 30 min; (ii) 0 to 1 min;
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FIGURE 3. The expected particle concentrations at three room
positions predicted by Markov model I following the pulse
release of 1000 particles at source position (x 5 4 m, y 5 3.5
m, z 5 1 m). The receptor positions are (1) x 5 5 m, y 5 3.5
m, z 5 1 m; (2) x 5 7 m, y 5 3.5 m, z 5 1 m; and (3) x 5 9
m, y 5 3.5 m, z 5 1 m. The room receives 15 nominal air
changes per hour and is partially depicted in Figure 2.

FIGURE 4. An interior room cell with its six nearest neighbors—
two along the x axis, two along the y axis, and two along the z
axis. Although the cubic cells are spaced apart in the diagram,
the interior cell is considered physically contiguous with each
neighbor and shares a planar surface. The arrows indicate that
in one time step a particle in the interior cell can move to one
of its nearest neighbors; the particle can also hold its position
in the interior cell.

TABLE I. Normalized Integrated Concentrations Predicted by Markov
Model I at Three Room Positions over Four Different Intervals

Position (m)

Time Intervals

0–30 Min
(%)

0–1 Min
(%)

1–5 Min
(%)

5–15 Min
(%)

(1) x 5 5, y 5 3.5, z 5 1
(2) x 5 7, y 5 3.5, z 5 1
(3) x 5 9, y 5 3.5, z 5 1

100
38
23

56
6.1
0.52

30
20
11

12
11
10

(iii) 1 to 5 min; and (iv) 5 to 15 min. These periods correspond
to measurement intervals also described in reference 8. Table I
presents the integrated concentrations predicted by Markov model
I, where each value has been normalized by dividing by the 0-to-
30 min integrated concentration at Position 1 and multiplying by
100%. The Table I entries are within several percent of respective
normalized values predicted by the Drivas model and presented in
reference 8. In summary, Markov model I is equivalent to the
Drivas model and can be implemented by a code similar to that
presented in Appendix I.

THE RANDOM WALK AND MARKOV MODEL II

Markov model I uses the simple approach of applying the ven-
tilation removal term e2(Q/V)•t, and if applicable the surface

deposition removal term e2(Q/V)·t, to particles at all room positions.
Further, the model cannot account for reflective barriers (physical
objects) inside the room, which in some circumstances may be
important to consider. A more detailed approach would account
for three-dimensional advective flows, for particle removal by ven-
tilation only at exhaust air outlets and exfiltration points, for par-
ticle removal by deposition only near room surfaces, and for re-
flection by in-room surfaces. A construct termed Markov model
II that can incorporate these factors is now developed.

The room is divided into cubic cells with length aspect Dx, and

the positions of air inlets and outlets are specified. Given m cells
in the room, the single-step transition probability matrix P has
dimensions (m 1 1) 3 (m 1 1). P has one state for each cell in
the room plus an additional absorbing state that represents particle
removal from room air. For simplicity, it is assumed that the only
particle loss mechanism is removal by exhaust air, and that once
exhausted from the room, a particle cannot reenter. However, oth-
er particle loss mechanisms can be accommodated, as well as ab-
sorbing states corresponding to these removal pathways.

In one time step, a particle in a given room cell can hold its
position or move to a physically contiguous ‘‘nearest neighbor’’
cell with which it shares a planar surface. Figure 4 depicts an in-
terior room cell with its six nearest neighbors—two on the x-axis,
two on the y-axis, and two on the z-axis; the arrows indicate the
alternative directions in which an interior cell particle can move in
one time step. A cell that borders one wall (or surface) has five
nearest neighbors. A cell that borders two walls (or surfaces) has
four nearest neighbors, and a room corner cell has three nearest
neighbors. A cell bordering the exhaust air outlet can be consid-
ered to have six nearest neighbors if one counts the absorbing
state as a neighbor, although a particle that enters the absorbing
state can never leave that state.

The reason for limiting a particle’s movement in a given time
step to a neighboring cell sharing a planar surface is to model
advective flow in a simple manner, and to maintain an analogy to
Markov model I such that model II exhibits the same diffusion
rate for a specified D value. To explain, again consider a particle’s
position along the x-axis, where the starting position is the interior
midpoint of an infinitely large room. Let the initial x-axis position
be X(0)50. Assume for the moment that turbulent diffusion is
the only mechanism of particle movement. In the next time step
of the nearest neighbor random walk, the particle can hold its
position with probability hI,D (where the subscript I designates an
interior room cell, and D signifies that only diffusive flow is con-
sidered), or the particle can move to one of six nearest neighbors,
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with probability 1/6·(12hI,D) for each neighbor. The expected
value and variance of the particle position along the x-axis are,
respectively:

1 1
E[X(Dt)] 5 2Dx· ·(1 2 h ) 1 Dx· ·(1 2 h ) 5 0I,D I,D6 6

1 1
2 2Var[X(Dt)] 5 (2Dx 2 0) · ·(1 2 h ) 1 (Dx 2 0) · ·(1 2 h )I,D I,D6 6

1
25 ·(1 2 h )·(Dx)I,D3

After n 5 t/Dt time steps, the x-axis position is the sum of the
positive increments to the right and the negative increments to
the left. The expected position is E[X(t)] 5 n·E[X(Dt)]50. Due
to mutual independence among particle movements at different
time steps, the variance of the position is Var[X(t)] 5
n·Var[X(Dt)], and can be written as

21 (Dx)
Var[X(t)] 5 ·(1 2 h )· ·t (7)I,D3 Dt

Inspection of Equations 3 and 7 shows that for the nearest
neighbor random walk:

21 (Dx)
D 5 ·(1 2 h )· (8)I,D6 Dt

The value of hI,D that corresponds to a particular value of D is
determined by Equation 8, after specifying Dx and Dt. In turn,
the probability that an interior room cell particle moves to a given
neighboring cell due to diffusion, denoted pI,D. is

1
p 5 ·(1 2 h ) (9)I,D I,D6

For a given set of values {D, Dx, Dt}, the single-step transition
probability pI,D in Markov model II equals the model I single-step
transition probability p, which ensures that the expected diffusion
rate along a given room axis is the same in both models. For p ,
.02, it happens that hI,D ù (1 2 2p)35h3. The complete set of
equations specifying the single-step transition probabilities that ac-
count for wall reflection is presented in Appendix II.

Transition Probabilities Incorporating Advection

Assume that a particle in an interior room cell can move by ad-
vection as well as diffusion. Let sA denote the advective air speed
(m/sec). For simplicity, consider that advective flow is perpendic-
ular to only one cell face, in which case a cell with face area (Dx)2

receives an advective air supply in (m3/sec) equal to sA • (Dx)2.
Because a cell has volume (Dx)3, this advective air supply divided
by the cell volume corresponds to sA/Dx air changes per second.
If air in a cell is assumed to be well-mixed, the advective air supply
can be treated as a ‘‘dilution’’ air supply, and the time that a par-
ticle resides in the cell before removal by the advective airflow can
be modeled as a type of exponential probability density function
with rate parameter sA/Dx. The probability that a particle is not
removed due to advection in time step Dt is denoted hI,A (where
the subscript A signifies that only advective flow is considered),
and is specified by

2(s /Dx)·DtAh 5 e (10)I,A

Equation 10 is analogous to the idea that in a well-mixed room
with volume V and dilution supply air rate Q, the probability that
an airborne particle will not be removed by the exhaust airflow in
time interval Dt is e2(Q/V)·Dt. If particle removal from the cell by

diffusive flow and by advective flow are treated as independent
mechanisms, the probability that the particle holds its position in
time step Dt is the product (hI,D)(hI,A).

If only diffusive flow applies, the probability that a particle
moves to a given neighboring cell is specified by pI,D in Equation
9. However, where both diffusive and advective flows apply, the
probabilities that a particle moves to the ‘‘downstream’’ neigh-
boring cell (in the direction of advective flow), denoted pI,down, or
to one of the five other neighboring cell, denoted pI,other, are re-
spectively given by

(1/6)·a 1 (s /Dx)·DtAp 5 ·(1 2 h ·h ) (11)I,down I,D I,Aa 1 (s /Dx)·DtA

(1/6)·a
p 5 ·(1 2 h ·h ) (12)I,other I,D I,Aa 1 (s /Dx)·DtA

where a 5 2ln (hI,D). The derivation of Equations 11 and 12 is
provided in Appendix II. For a particle in a cell bordering the
exhaust air outlet, pI,down is also the probability that the particle is
exhausted from the room, that is, enters the absorbing state. This
general construct represents a three-dimensional random walk
with drift along the room axis in the direction of the advective
flow.

Given a specified matrix P, and given the release of M particles
at time zero in state i corresponding to room position (x0,y0,z0),
the expected concentration in state j corresponding to room po-
sition (x,y,z) after t/Dt time steps is

M(x ,y ,z )0 0 0 t/DtE[C(x, y, z, t)] 5 ·P (13)i,j3(Dx)

An Illustrative Scenario

Consider a hypothetical room, 3 3 3 3 3 m. The room is iso-
thermal and receives six nominal air changes per hour. Based on
Dx50.2 m, the room is divided into 3375 cubic cells, and the P
matrix is 3376 3 3376. Air enters through a 3-m wide by 0.6-m
high register running the length of the left-hand wall at height
position 1.4 to 2 m. Air is exhausted through a register of the
same dimensions at the same height position on the right-hand
wall. The supply air discharge velocity is .025 m/sec. Figure 5
depicts the x,y plane of the room. The inward arrows along the
left-hand wall indicate the entering flow of supply air; the outward
arrows along the right-hand wall indicate the exiting flow of ex-
haust air.

An algorithm presented in reference 8 predicts the turbulent
diffusion coefficient for this room to be .0189 m2/sec. For Dx 5
0.2 m, Dt 5 1/30 sec, and D 5 .0189 m2/sec, the transition
probabilities for interior cell particles not subject to advective flow
are hI,D 5 0.9055 and pI,D 5 .0158. For simplicity, it is assumed
that all advective flow goes uniformly from left to right in the 1.4-
to 2-m height zone, in which case sA 5.025 m/sec and hI,A 5
0.9958. For interior cell particles in the 1.4- to 2-m height zone,
the transition probabilities are: (hI,D)(hI,A) 5 0.9017, pI,down 5
.0197, pI,other 5 .0157. The transition probabilities for particles in
cells bordering wall surfaces can be found by the formulae in Ap-
pendix II.

Figure 5 also depicts four positions along the room’s x axis. At
time zero, 2700 particles are released at position x051.1 m,
y051.5 m, z051.5 m. The three receptor positions shown in Fig-
ure 5 are as follows: (1) x 5 0.1 m, y 5 1.5 m, z 5 1.5 m, which
is 1 m upstream from the release point and next to the supply air
register; (2) x 5 2.1 m, y 5 1.5 m, z 5 1.5 m, which is 1 m
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FIGURE 5. The x,y plane view of a hypothetical 3 3 3 3 3 m
room. Supply air enters the room along the entire length of the
left-hand wall between 1.4 and 2 m above the floor (along the z
axis). Exhaust air exits the room along the entire length of the
right-hand wall between 1.4 and 2 m above the floor. At time
zero, 2700 particles are released at a position 1.1 m from the
left-hand wall, 1.5 m along the y axis, and 1.5 m above the floor.
Three receptor positions are located 0.1, 2.1, and 2.9 m,
respectively, from the left-hand wall; all receptor positions are
1.5 m along the y axis, and 1.5 m above the floor.

FIGURE 7. The expected particle concentrations at receptor
midpoint position (x 5 2.1 m, y 5 1.5 m, z 5 1.5 m) predicted
by Markov model I (the dashed-line curve labeled I) and Markov
model II (the solid-line curve labeled II) following the pulse
release of 2700 particles at source midpoint position (x 5 1.1
m, y 5 1.5 m, z 5 1.5 m). The room receives six nominal air
changes per hour (Q 5 .045 m3/sec) and is partially depicted in
Figure 4. The receptor position is in the room interior and 1 m
downstream from the release position.

FIGURE 8. The expected particle concentrations at receptor
midpoint position (x 5 2.9 m, y 5 1.5 m, z 5 1.5 m) predicted
by Markov model I (the dashed-line curve labeled I) and Markov
model II (the solid-line curve labeled II) following the pulse
release of 2700 particles at source midpoint position (x 5 1.1
m, y 5 1.5 m, z 5 1.5 m). The room receives six nominal air
changes per hour (Q 5 .045 m3/sec) and is partially depicted in
Figure 4. The receptor position adjoins the air outlet and is 1.8
m downstream from the release position.

FIGURE 6. The expected particle concentrations at receptor
midpoint position (x 5 0.1 m, y 5 1.5 m, z 5 1.5 m) predicted
by Markov model I (the dashed-line curve labeled I) and Markov
model II (the solid-line curve labeled II) following the pulse
release of 2700 particles at source midpoint position (x 5 1.1
m, y 5 1.5 m, z 5 1.5 m). The room receives six nominal air
changes per hour (Q 5 .045 m3/sec) and is partially depicted in
Figure 4. The receptor position adjoins the air inlet and is 1 m
upstream from the release position.

downstream from the release point; and (3) x 5 2.9 m, y 5 1.5
m, z 5 1.5 m, which is 1.8 m downstream from the release point
and next to the exhaust outlet. Note that these (x,y,z) tuples are
the midpoint coordinates of the 0.2-m cubic cells. Figures 6–8

compare the expected concentrations at the same respective room
positions predicted by Markov model II (the solid-line curves) and
by Markov model I (the dashed-line curves) per Equation 6. For
the latter model, the matrices PX, PY, and PZ are each 15 3 15
in dimension, and the parameters Dx 5 0.2 m, Dt 5 1/30 sec,
and D 5 .0189 m2/sec correspond to h50.9685 and p5.0158.
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FIGURE 9. The x,y-plane view of the posited airflow pattern
around a barrier (the solid rectangle) positioned at 0.8 to 1 m
along the x axis, at 1.2 to 1.8 m along the y axis, and at 0 to
1.8 m along the z axis. That portion of the advective flow striking
the upstream barrier face evenly distributes around the barrier
ends. The advective flow returns to a uniform pattern 0.4
downstream from the barrier. The particle release position is x0

5 1.1 m, y0 5 1.5 m, z0 5 1.5 m.

Further, the posited advective air speed sA5.025 m/sec combined
with a supply register surface area of 1.8 m2 (0.6 3 3 m) corre-
sponds to Q 5 .045 m3/sec, or six nominal air changes per hour
given room volume V 5 27 m3.

Figure 6 shows the concentrations at Location 1, which is 1 m
upstream from the release point and next to the air inlet. Model
II describes a lower concentration than does model I; for example,
the peak level in the former model (200 per m3) is 33% lower than
the peak value in the latter (300 per m3). This result is intuitively
reasonable. There is less tendency for particles to move against the
advective flow toward the air inlet, and the discharge of clean air
at the inlet exerts a greater local dilution effect than if clean air
were somehow uniformly discharged at all room positions, as as-
sumed in model I.

Figure 7 shows the expected concentrations at Location 2,
which is 1 m downstream from the release point. Model II de-
scribes a higher concentration than does model I in the first 1.25
min, and a lower concentration thereafter; for example, the peak
level in the former model (330 per m3) is 70% higher than the
peak value in the latter (195 per m3). This result is also intuitively
reasonable, because there is a greater initial tendency for particles
to migrate toward Location 2 due to the advective flow. The im-
pact of advection is also seen by comparing pI,down5.0197 (the
transition probability to the right-hand neighboring cell due to
both advection and diffusion) and pI,D 5 .0158 (the transition
probability to the right-hand neighboring cell due to diffusion
alone). Note that advection has a substantial effect even though
the advective air speed is only .025 m/sec (5 ft/min).

Figure 8 shows the expected concentrations at Location 3,
which is 1.8 m downstream from the release point and next to
the exhaust outlet. After the first half minute, model II describes
a lower concentration than does model I. This result is somewhat
counterintuitive. Given that all particles are eventually exhausted
at the outlet, it might be expected that the particle level would
be higher near the outlet than if particles were somehow uniformly
exhausted from all room positions, as assumed in model I. How-
ever, the room has a relatively large 1.8 m2 (19 ft2) exhaust outlet
area, which decreases the exiting particle concentration in cells
adjacent to the outlet. A smaller exhaust area would funnel a
greater number of particles through a smaller volume adjacent to
the outlet and increase the local particle concentration.

Although not shown, if Q and sA were zero and the room were
sealed such that no particles could escape, the expected concen-
tration curves predicted by Markov models I and II would be
coincident, and a particle concentration of 100 per m3 would
eventually develop at all room positions. The latter value is ex-
pected because 2700 particles would be uniformly distributed in
a 27 m3 volume. The coincidence of the concentration curves in-
dicates that the models produce the same turbulent diffusion rate
in three dimensions and are equivalent under the special condi-
tions of no particle removal and no advective flow.

The Effect of an In-Room Barrier

Consider a pulse release of particles immediately in front of an indi-
vidual. If the person’s back faces the advective flow stream, the par-
ticle concentration in the breathing zone will likely be higher than if
the individual’s body somehow presented no barrier to the advective
flow. One reason is that the body decreases or eliminates advective
flow immediately in front of the person (on the downstream side).
A second reason is that the body reflects particles diffusing in the
upstream direction. The net effect is that particles tend to remain
relatively longer in front of the person before migrating away.

To approximate this scenario, previous model II for the hypo-
thetical 3-m cubic room was modified as partially depicted in Figure
9, which shows the room’s x,y plane. A barrier representing a person
was placed along the x axis at 0.8 to 1 m from the left-hand wall,
midway along the y axis from 1.2 to 1.8 m, and along the z axis at
0 to 1.8 m from the floor. Therefore, the barrier’s depth, width, and
height were, respectively, 0.2, 0.6, and 1.8 m. That portion of the
advective airflow hitting the left-hand face of the barrier (at height
1.4 to 1.8 m) was evenly split around the ends of the barrier in the
same height zone, but made to return to a uniform flow pattern 0.4
m downstream from the right-hand face of the barrier at x 5 1.4 m.
In effect, a wake zone free of advective flow was created in front of
the barrier on the downstream side (on the x axis from 1 to 1.4 m,
on the y axis from 1.2 to 1.8 m, and on the z axis from 1.4 to 1.8
m). For simplicity, the turbulent diffusion coefficient was kept the
same in the wake zone as elsewhere in the room. As before, assume
that 2700 particles are released at room position x051.1 m, y051.5
m, z051.5 m, which is intended to represent a person’s breathing
zone position.

Figure 10 shows the particle concentration (on a logarithmic
scale) at the release position over the first minute. The solid-line
curve is the concentration profile with the barrier present, and the
dashed-line curve is the concentration without the barrier. The
particle concentration at the time of release is the same in both
scenarios (3.38 3 105 per m3), but the concentration initially de-
creases less rapidly with the barrier present. The 5-min TWA values
with and without the barrier are 800 per m3 versus 630 per m3,
respectively. The barrier increased the 5-min TWA value by 27%.

DISCUSSION

This article presented two models based on Markov chains that
describe contaminant dispersion and removal from room air.
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FIGURE 10. The expected particle concentrations at source
midpoint position (x 5 1.1 m, y 5 1.5 m, z 5 1.5 m) following
the pulse release of 2700 particles predicted by Markov model II
with a barrier immediately upstream of the source position (the
solid-line curve) or with no barrier (the dashed-line curve). The
room receives six nominal air changes per hour (Q 5 .045 m3/
sec) and is partially depicted in Figure 9.

Model I is equivalent to the previously published Drivas model
and is computationally simple. Model II can provide more realism
by accounting for the locations of air inlets and outlets, for ad-
vective flow patterns, for in-room reflective surfaces, and for local
particle loss mechanisms such as surface deposition (although such
mechanisms were not illustrated in this analysis). The price paid
for this greater realism is greater computational complexity.

Both models yield contaminant concentrations with an explicit
probabilistic interpretation, that is, E[C(x, y, z, t)] is the expected
concentration value at the given room position. As explained else-
where, the particle concentration is a random variable, because the
number of particles at a given location is a binomial random var-
iable if mutual independence between particles pertains.(12) The
stochastic nature of the particle concentration in an individual’s
breathing zone is important to consider when small numbers of
particles are involved, but where these small numbers still pose a
threat to health, as applies to pathogens with a low infectious dose,
for example, Mycobacterium tuberculosis bacilli.

Although model I provides less realism than does model II, the
former can be an adequate descriptor of TWA contaminant levels
at interior room positions not influenced by strong advective flows
or in-room barriers. As reported in reference 8, the equivalent
Drivas model predicted the measured TWA particle concentrations
in a test room experiment with reasonable accuracy. In the context
of Figure 4, which compared models I and II with respect to the
influence of advection 1 m downstream from the particle release
position, model I underestimated the peak concentration by 41%
relative to model II (195 per m3 versus 300 per m3, respectively),
yet the 5-min TWAs were within 4% in value (80 per m3 for model
I versus 77 per m3 for model II). Of course, if the peak concen-
tration value is toxicologically important, or if contaminant emis-
sion occurs throughout a work shift (for example, a series of many
pulse releases), model II is the better descriptor.

The greatest uncertainties in this Markov modeling approach
are the value of the turbulent diffusion coefficient D, and for mod-
el II, the pattern and values of the advective flow. Clearly, it is

necessary to develop tractable methods for predicting both D and
the room airflow patterns, and this analysis has not contributed to
such methods. In this regard, computational fluid dynamics
(CFD) might be considered the preferred approach for dispersion
modeling, because CFD predicts the room air velocity field.(13,14)

However, the CFD approach is still being adapted to indoor air
work, and the cost of a CFD software license remains substantial
for an individual hygienist. In the alternative, a simple approxi-
mation of the advective flows in model II, as posed for the in-
room barrier scenario for example, may provide reasonable pre-
dictive value.

A useful property of both Markov models is the ability to ac-
count for multiple in-room sources of contaminant. In model II,
by specifying the cell location of each source and the number of
particles released at time zero, the particle concentration at a given
receptor cell at time t due to all sources is easily computed from
the matrix P(t/Dt) as follows:

k1
t/DtE[C(x, y, z, t)] 5 M ·P (14)O i i,j3(Dx) i51

where i indexes the source cell, i 5 1,2,. . . , k; Mi is the number
of particles released in the ith source cell; and j indexes the receptor
cell (x,y,z).

Moreover, one can account for ongoing contaminant emission
by multiple in-room sources, where the emission rate (number of
particles per second) at a given source need not be constant. For
example, one might model the emission rate at one source as ex-
ponentially decreasing, the rate at a second source as sinusoidal,
and the rate at a third source as constant. The particle concentra-
tion at a given receptor cell j 5 (x,y,z) at time t is

k t/Dt1
t/Dt2qE[C(x, y, z, t)] 5 (M ) ·P (15)O O i q i,j3 [ ](Dx) i51 q50

where i again indexes the source cell; (Mi)q is the number of par-
ticles released in the ith source cell at time q; and and0P 5 0i,j

. If desired, the times of emission events and the number0P 5 1i,i

of particles emitted per event can also be modeled as probabilistic
entities.(12) Consideration of how these latter distributions might
be specified is beyond the scope of the present analysis.

CONCLUSIONS

Markov chain techniques can be used to model dispersion of
indoor air contaminants by turbulent diffusion and advection,

and removal by exhaust airflows and other mechanisms such as
particle settling. The Markov models are explicitly probabilistic
and provide expected concentration values at different room po-
sitions. A current limitation is that the models do not indepen-
dently predict the turbulent diffusion coefficient or the room air-
flow patterns and are conceptual rather than physics-based
constructs. It is anticipated that these Markov models can even-
tually be combined with deterministic physics-based approaches to
predict contaminant concentrations more realistically at room lo-
cations of interest.
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APPENDIX I

A MATLAB Script for Generating Figure 3

% figure3.m
% The cells are cubic with Dx 5 0.1 m. The time step is Dt 5

1/60 sec. The room volume V 5 194.74 m3. Q corre-
sponds to 15 air changes per hour. The diffusion coefficient
is D 5 .04 m2/sec. At time zero, M0 5 1000 particles are
released at position x0 5 40, y0 5 35, z0 5 10.

PX 5 zeros(107,107); PY 5 zeros(70,70); PZ 5 zeros(26,26);
deltaX 5 0.1; deltaT 5 1/60; D 5 .04;
p 5 (D*deltaT)/(deltaX`2);
h 5 1 2 (2*p);
M0 5 1000;
VROOM 5 194.74;
ACH 5 15;
Q 5 (ACH*VROOM*deltaT)/3600;
F1 5 M0/(deltaX`3);
F2 5 2(Q/VROOM);

PX(1,1) 5 h 1 p; PX(107,107) 5 h 1 p; PX(1,2) 5 p;
PX(107,106) 5 p;

for i 5 2:106
PX(i,i) 5 h;
PX(i,i-1) 5 p;

PX(i,i11) 5 p;
end

PY(1,1) 5 h 1 p; PY(70,70) 5 h 1 p; PY(1,2) 5 p; PY(70,69)
5 p;

for i 5 2:69
PY(i,i) 5 h;
PY(i,i-1) 5 p;
PY(i,i11) 5 p;
end

PZ(1,1) 5 h 1 p; PZ(26,26) 5 h 1 p; PZ(1,2) 5 p;
PZ(26,25) 5 p;

for i 5 2:25
PZ(i,i) 5 h;
PZ(i,i-1) 5 p;
PZ(i,i11) 5 p;
end

TEMPX 5 PX; TEMPY 5 PY; TEMPZ 5 PZ;
x0 5 40; y0 5 35; z0 5 10;
OUTPUT 5 zeros(108001,3);
TIME 5 zeros(108001,1);
for t 5 1:108000
TIME(t 1 1,1) 5 t;
OUTPUT(t 1 1,1) 5 TEMPX(x0,50)*TEMPY(y0,35)*TEMPZ

(z0,10)*F1*exp(F2*t);
OUTPUT(t 1 1,2) 5 TEMPX(x0,70)*TEMPY(y0,35)*TEMPZ

(z0,10)*F1*exp(F2*t);
OUTPUT(t 1 1,3) 5 TEMPX(x0,90)*TEMPY(y0,35)*TEMPZ

(z0,10)*F1*exp(F2*t);
TEMPX 5 TEMPX*PX;
TEMPY 5 TEMPY*PY;
TEMPZ 5 TEMPZ*PZ;
end
TIME 5 (1/3600)*TIME;

plot(TIME,OUTPUT(:,1),’-’,TIME,OUPUT(:,2),’–’,
TIME,OUTPUT(:,3),’-.’)

xlabel(‘Time in minutes’)
ylabel(‘Concentration in # per m`{3}’)

APPENDIX II

Single-State Transition Probabilities for Markov Model II

For reference, Equation 8 of the main text is rearranged here to
express the hold probability for a particle in an interior room cell,
hI,D, as a function of D, Dx, and Dt

Dt
h 5 1 2 6·D· (B1)I,D 2(Dx)

Equation B1 pertains to particle movement by turbulent dif-
fusion with no involvement of advective flow. The corresponding
probability that the interior cell particle moves (jumps) to a given
nearest neighbor cell (of which there are six) due to turbulent
diffusion, pI,D, is

1
p 5 ·(1 2 h ) (B2)I,D I,D6

A particle in a cell that borders one room wall surface will be
reflected back into the cell (not leave the cell) if it moves toward
the wall. Therefore, the hold probability for this particle, denoted
hone-wall,D, is
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h 5 h 1 p (B3)one-wall,D I,D I,D

The corresponding probability that a particle in a cell bordering
one wall moves (jumps) due to turbulent diffusion to one of the
five nearest neighbor cells, denoted pone-wall,D, is

1
p 5 ·(1 2 h ) 5 p (B4)one-wall,D one-wall,D I,D5

By similar arguments, the respective hold and jump probabili-
ties for a particle that borders two wall surfaces or three wall sur-
faces can be derived:

h 5 h 1 2·p (B5)two-walls,D I,D I,D

1
p 5 ·(1 2 h ) 5 p (B6)two-walls,D two-walls,D I,D4

h 5 h 1 3·p (B7)three-walls,D I,D I,D

1
p 5 ·(1 2 h ) 5 p (B8)three-walls,D three-walls,D I,D3

Next, assume that a particle can move by advective flow as well
as diffusion, where sA is the advective air speed. For simplicity,
advective flow is treated as perpendicular to only one cell face with
area (Dx)2. The advective air supply, sA • (Dx)2, divided by the cell
volume, (Dx)3, corresponds to sA/Dx air changes per second and
is treated as dilution air. Consider any cell that is subject to ad-
vective flow. The probability that a particle in the cell is not re-
moved by advection in interval Dt is denoted h..,A (where the dot
subscript signifies that the cell’s position need not be specified),
and is given by

2(s /Dx)·DtAh 5 e (B9)• •,A

If particle removal from the cell by diffusive flow and by ad-
vective flow are treated as independent mechanisms, the proba-
bility that the particle holds its position is the product of the hold
probability based on diffusion alone and the hold probability
based on advection alone. Therefore:

Hold Probability for an Interior Cell Particle

5 h ·h (B10)I,D • •,A

Hold Probability for a One-Wall Border Particle

5 h ·h (B11)one-wall,D • •,A

Hold Probability for a Two-Wall Border Particle

5 h ·h (B12)two-wall,D • •,A

Hold Probability for a Three-Wall Border Particle

5 h ·h (B13)three-wall,D • •,A

If sA 5 0, these expressions simplify to the hold probabilities
due to turbulent diffusion alone. The derivation of the jump prob-
abilities where both diffusion and advection apply is presented for
an interior cell particle. The hold probability can be written as

ln(h ) 2(s /Dx)·Dt 2[2ln(h )1(s /Dx)·Dt]I,D A I,D Ah ·h 5 e ·e 5 eI,D • •,A

For notational simplicity, let a 5 2 ln (hI,D), in which case:

2[2ln(h )1(s /Dx)·Dt] 2[a1(s /Dx)·Dt]I,D A Ae 5 e

The power term a 1 (sA/Dx) is a type of exponential rate and
can be treated as the sum of six independent rates. The quantity
(1/6) • a 1 (sA/Dx) • Dt is the rate at which a particle moves to
the downstream neighboring cell (by turbulent diffusion or ad-
vection), where it is assumed for simplicity that advective flow
from a cell is in just one direction. The quantity (1/6) • a is the
respective rate at which the particle moves to each of the other
five nearest neighbor cells (due to turbulent diffusion). Given that
the particle moves, the probability that it moves to a specific
neighboring cell is the rate of movement to that cell divided by
the total rate of movement. Because the probability that the par-
ticle moves is 12 hI,D • h..,A, it follows that

(1/6)·a 1 (s /Dx)·DtAp 5 ·(1 2 h ·h ) (B14)I,down I,D I,Aa 1 (s /Dx)·DtA

(1/6)·a
p 5 ·(1 2 h ·h ) (B15)I,other I,D I,Aa 1 (s /Dx)·DtA

By similar arguments, the jump probabilities for a particle in
the other cells can be derived:

(1/5)·[2ln(h )] 1 (s /Dx)·Dtone-wall,D Ap 5one-wall,down [2ln(h )] 1 (s /Dx)·Dxone-wall,D A

3 (1 2 h ·h ) (B16)one-wall,D • •,A

(1/5)·[2ln(h )]one-wall,Dp 5one-wall,other [2ln(h )] 1 (s /Dx)·Dtone-wall,D A

3 (1 2 h ·h ) (B17)one-wall,D • •,A

(1/4)·[2ln(h )] 1 (s /Dx)·Dttwo-wall,D Ap 5two-wall,down [2ln(h )] 1 (s /Dx)·Dttwo-wall,D A

3 (1 2 h ·h ) (B18)two-wall,D • •,A

(1/4)·[2ln(h )]two-wall,Dp 5two-wall,other [2ln(h )] 1 (s /Dx)·Dttwo-wall,D A

3 (1 2 h ·h ) (B19)two-wall,D • •,A

(1/3)·[2ln(h )] 1 (s /Dx)·Dtthree-wall,D Ap 5three-wall,down [2ln(h )] 1 (s /Dx)·Dtthree-wall,D A

3 (1 2 h ·h ) (B20)three-wall,D • •,A

(1/3)·[2ln(h )]three-wall,Dp 5three-wall,other [2ln(h )] 1 (s /Dx)·Dtthree-wall,D A

3 (1 2 h ·h ) (B21)three-wall,D • •,A


