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lifetime Models and Risk 
Assessment 

R.cscarcl · d risk 
as . iers in different fields have invesugate · 
· scss1 

L'B (me 
dat· · · 11ent using methods for li fe time data. 1 e 

1 
. 

hi <l have heen refe rred to as sun·i1•al time daw 
111 

. 01ncclical . . . . 1 · enoi neer-
111g . tesearch. as re lwhrlity c.aw in e . 

df)nl i .. . . / t 1· n social 
:...1::·, '' cc111ons. ancl as u111e-to-e1·e11t t a O · 

1cncc . d r d as 
the . s. In ge neral. lifetime data can be e 111e · 
. t11ncs . , .. · ,vent Sta-

11~1 · · to the occurrence ol a cc11 <1111 e · 

. teal n1,~11 d . . 1·1· . dat ·1 include 
the cl . . ... 10 s lor analyL 111g I e111ne ' .. 
. c1tn1 t·1 1· . . ·~d d·11·1 prcd1c-

l1q . on o survival 111ne. censorc ' '· 
11 01 I). 1 . . . . . c.l . • · of insian-

t,1neo tu )<1htl11y o l survival. pre 1c11on 1 

Li s h·1 . ·d · 1· · ,·ate·s etc. 'v\ e 
rcvic\ '/di S. eva luat lOll O clll e . . f . 

c,, i, _v _different types of lifeti me data. methods 
01 

11<11111 0 1 
. . · ., and meth-

od~ f e 1a1.ard and surviva l lunc11on. · 

I
. or ri sk · · 1· · ·11ion can be 
<1u . · asscs!'. 111 c111. Detailed 111 01 ni. 
. Ile! i 11 ti . l . ·I and Prc:n-

111::\.' I l e lollowin o hooks : Ka lb! e1sL 1 . 
11 e ,1 Flellltll 0 

· c l son I :n Cox and Oakc~ I. · = 
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and Harrington [4], Andersen et al. [5], Marubini and 

Yalsecchi [6], Klein and Moeschberger [7], Lawless 

[~], Lee and Wa~g _[9] , and others. Hougaard [ J OJ 

gives good descnpttons of analyt ical methods for 

n~u ltivariate survi:al data: Bayesian survival analy­

sis can be found_ 111. ~brah1m et al. [ 11 ]. A Bayesian 

approach for relrabrlrty models and risk assessment 

is given by Singpurwalla [ 12]. Lifetime models 

based on s'.ochas.tic processes hitting a boundar/ 

have been 111vest1gated by Whitmore [13. 14]. Lu 

[ 15), Whitmore et al. [ 16), Onar and Padgett [ J 7] , 

Aalen and Gjessing [ 18), Padgett and Tomlinson [ J 9, 

20), and others. A review of threshold regression 

for risk assessment, based on the concept of a first 

hitting time (FHT), can be found in Lee and Whit­

more [21 ]. 

Important Parametric Distributions 

for Lifetime Models 

Several parametric distributions have been used in 

analyzing li fetime data, includi ng the exponential, 

Weibull, inverse Gaussian, gamma and generalized 

gamma. lognormal, log-logistic, and various acceler­

ated fai lure-time distributions. 

Censored and 'Iruncated Data 

In practical situations. it often happens that we cannot 

observe all the subjects in the study for a complete 

li fetime data. For example. patients may be either 

lost to follow-up or still ali ve at the end or the study. 

These kinds of data are call ed censored daw . There 

are several types of censori ng mechanisms. 

I . Type I censoring 

Each individua l has a ti xecl potent ial censoring time 

C; > o such that li fe time T, is observed if T, s c, : 
otherwise. we only know that T; > C,. 

2. Type II censoring 

In a random sample or size 11. we only observe the 

r smallest lifetimes l (ll S t<21 · · · S 1,, 1. where r < 11 . 

Both 1ype I and type 11 censored data. as de li ned 

above. are al so rererred to as hei11g rig/rt censored. 

J. Independent random censoring 

11 
is co 111mon that the censori ng mec hanism is ran­

dolll and independent of the failure procc~~. In thi !'. 

situation. the lifetimes 7~ and censoring time~ c, 
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d Hazard 
Estimation of Survival an 

are independent, for i = I, . .. , 11. Letting / denote 
an indicator function and defining Si = / (Ti ~ Ci), 
the data observed from II individuals in a random 
censoring scheme are therefore pairs (Ii , Si), for i = 

Functions 
. ·es it' . I uant1ll 

. . I o rcuca q 
The followmo are the basic t 1c nr o 

. k ·sess1ne . f (/) 

\ , ••. , 11 , where Ii= min(Ti, C;) . 
lifetime models and re lated n s ' as. · · ctioO . ·1· d nsitY fuo ,,111  

4. Interval censoring 
I. Failure-time probab1 1ty e · . iten1s ' al which 
This function describes the rate 

In longitudinal studies or clinical trials, interval 
censoring may occur when a patient has periodic 
follow-ups and the patient's event time is only known 
to fall in an interval (Li. Ri 1, for i = I , ... , 11 • 

fail at any given time T = t . 
( n  f(t) dt = Pr (T E (1. t + dr)) 

S. Current status data 

 
·1 

2. Survival function S (t) 
,,,ill flll • (11 , , 

Interval censored data where the intervals are either 
(Ci. oo) or (0. C;) are called curre111 status data. 
These data arise when subject i is examined once 
at time Ci and the event occurrence is determined at 
the same time C;. For example, the time to tumor 
occurrence of a mouse can only be checked at the 
time of autopsy. 

This function is the probability that an ite after ti me r . 

S(t) = Pr(T > r) 3. Hazard function I, (t) 
til1,e 

1Th. . . 
. ·1 re at 

is function describes the rate of I ai u among items that have survived to time /. 

6. Truncation 

/i(t) = _ dlnS(r ) = ~ 
dr S(r) 

Truncation is a condition where only those individu­
als who experience certain events can be observed b 
the investigator. For example, left truncation occu; 
when individuals of different ages enter a retiremenst 
study (i.e., delaye~ entry) and are followed until 
either an event or r.1ght censoring occurs. Individuals 
who die before retirement cannot be included in th 
study. In AIDS studies, right truncation often occu~ 
in that individuals who are yet to develop AIDS arc 
neither observed nor are they included in the study 
sample. 

4· Cumulative hazard function H (t): 11 ;111 
This funct· · h 

w hiC 

. . 10n 1s t e aggregate hazard to 
nem is exposed up to time r . 

H (r) == f' h(u ) d11 = - lnl S(() \ Jo 
-  

Calendar or Running Time 

fu''l, 
t' E~timating the hazard function and survi v.al fro'', 
.'

0
n ,s the major focus 01.· \i fctime d ata ana\Ys'. s. 11~\ 

a process po· t f . 
· s1flg . 11· 

111 o view, Aalen and GJes. . tiO 
present a good d 

d I LI oc r 
If h un e rstandino o f the hazar ·nlc; 

1

t e data \ . 0 

· 10 1 
,-1 

\n many applications. the natural time scale of the 
failure process is not calendar or clock time but rather 
some measure of use or cumulative exposure. Cox 
and Oakc~ 13. Section 1.2, pp. 3-4\ point out that 
--often the srnl e for measuring time is clock time, 
a lthouoh other possibilities certainly arise. such as the 

0 

. 
u~e of operating time of a :,,ystem, mileage of a car, 
or ~ome measure or cumulative load encountered" 
Lawle~l, 18. p. 6\ abo :,,\ates that ··Miles driven migh\ 
he used a:,, a time l,t:ale for motor vehicles. and hel. elf paocs of output ror a computer printer 

num 
e · 

. . 
or photocopier: · Thi . kind of a\te rnat,:e 11mc scale t. 11c~ rdcrrcd to a~ an opera11011a l 11111e or 

Jl, !,Om e II , 

. 
. '" 11.111 l, Survival analysis can be done 111 terms 

r11111111 ,., · 
. . 

or either calendar time or operational umc. 

va\s a \'f 1ave already been grouped in . r,,i' ' . Prob,ab·,'1 ·t~ table can be constructed to assess sLI ,.,n,1~· 
1 1es a d h 

· nte 1' 

For · . n azard rates at diffe rent 1 
1Jfl 

parametric d . . . · · n" ' 
ccdurcs a d mo els, hkehhood-rat,o tesll. ~ 1,,11' I  dling ~ ~ paranietric regression models j o t ,,,..:1 

cnsorcd a d/ 
l , 11 

dc,c\ol'Cd. n o, trnnc,ucd data ha'< ,cc 

 
Kap/an M for Surv-: eyer Nonparwnetric Estimator 

iva/ Fun ction 
When · d' . . 

11• 

ro 1n_ 1v1dual lifetnncs can be . . d. t 1

~ du.ct-\1111it nonparametric cstima.tor obsei v~ .,,i,·''. . 
unction developed by Kaplan anc1 of the su1 ~ \ I~ 

t~e most widely used method fo Meyer 12-1 
1r 

viva\ f 
· r esr . ..,u 

. < . unctions. In the ~1tua1ion \Vh 1111at1n~ ·. 11.;I 
h fct1mcs are observed without cc ere II ct,sll .11nsori110 I t\1• t:, lo.UC 1 
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survival values arc ' 
functio11 . ' 1' < 1,2, < · · · < '< the 

C<1 n be . nl· 

where So(t) is the basel ine survival function. 

cs trmatcd by 
Additive Ha::,ards Models 

suJ == n <11 - iJ 
(11 . (5) 

In o , .. ,::, - , + I ) In a PH model, as mentioned above the cov .· 

I

. 
1 
.. 

1 

• ai 1atesac1 

, . oeneral 
_(I), I " • ' suppose /. . . 
'Odicat:- 1 :S: 11. Let y <' subJccts have li fetime 

1 111° ti , denote ti · 
r;,. the o 1e number r . . .,c stochas11c process 

11 
0 rndrvrdua ls at risk at time 

S ( t ) == n ( I - d, ) 

Iv I ,1, . < 1 Y; 
es -/:' o,, _ 

(6) 

,,,,c . Aafe11 E . 
11011 s11111a1or 1· 

In · or C1111111/a1ii'e Ha:ard 

a . 
lhc ~ re1,abi lit 
fun ?llowi Y contex t , . . 

Ctro
11 

ng estimat . ·. N<..: lson 1241 introduced 
0 ' for the cumulati ve hazard 

lJ /j (t) =:: ~ ( d,) 
Sin ~ I - -

de..- g 111eth ,,, '::, Y, 

(7) 

Iv •vcd . Ods of 
e/.1· thrs . . countinn .. 

011 , ,, est1111 .. uo. e pr ocesses. Aa len 125] also 

S 
"ct/ 1 · whrcl · e, . e11 es, · 1 is now re ferred to as the 

(' 
11,p 1///(/({)J', 

o c1ra 
.t n i11et .· 

•1e ''c p 
~ g,·ev,· ropor,· o~ I · ·11011 iona/ Ha:ards Models and 

flio i6] . 
\ dc1.a· lf1troc1u 
,.~l, ti . •vc,, . ced the . . 
1fct· 1•s 

111 
a cov . pr oportional hazards (PH) 

''nc Odej . . . anate vector X - - , 
?' 

1 
clssun, . - x - (x1 •.••• 

s of the f cs that the hazard function for 

Iv or111 

/ here Ii (t I)( -
10(1 /3 . - X ) - I ( ) rs - 10 t) cx p(/3 'x) (8) 

I' clc, a v \. ·or late . ecior 1· 
'\ 

1 
·i s t 11 ° re o · , · I 

i :::::, '11y e b·ts 
1
. e 1 cssron coefficien ts anc 

1 J.; tw • .c rnc h· . . . 
Col) I clfld O llld' . cl.lard lu11c t1 0l1 

/ St<l )( I V1dua1 . . . 
1
(
1
/ 111 ti 2 :::: x s wrth covanatc vectors 

I 
" lrol 2. the r·11 · . 

I( '\i 1gh 
1
· ' 10 of their lnz·1rd , .. 11cs 

'I){ ~ J..2J line . ' ,, ' 

I ~ /, ( 
>.'.1) ::::: O / J CX p(/3', 

~ ' 
o(t) cxp(f3'x,) = expl/3 (X2 - X1) I 

r· h. 
l.1·~ ,,,~ 
'li) %<I od <11](1 'ltity . (9) 

CJ~ . i), I', C.:a ll · •t "c· Cd the/ · 
c::-1 1Y u . iu::.md ra/111 (or re/a111·e 

< 11 h '>C luj · 
c shown th ·"1 applications. For PH 

sr, ,x d t 

:::: .\) '== I ,\(,( () l'°'l't /J ' I ( I O) 

mu tip 1ca11ve y on some unknown base!· h ' 111e azard 

function. In an addit ive hazards reoress1·0 d . . "' n mo el. 

the hazard rate at 111ne I ,s assumed to be a r . 
. . 111ea1 

comb111at10n of the covariate vector X. 

h(tlX = x) = [30(1) + f3 'x ( I I ) 

Therefore, in this model, the covariates act in 

an addit ive manner on an unknown basel ine hazard 

function /Jo(t) . 

Accelerated Fail11re-Ti111e Model 

Given any lifetime I, the accelerated failure-t ime 

model is defined by the equation 

S(IIX = x) = Soll exp(O'x)] (12) 

The factor exp(O'x) is called an acceleration factor 

and indicates how a change in a covariate value 

changes the baseline time scale. Specifically. the 

hazard rate for an individual with covariate vector 

X == x can be wri!len as 

J,(l Ix) == exp(O'x)ho[I cxp(O'x)I ( 13) 

frailty Models 

I ll
. ,,.,,.

1
·ate survi val analysis. the frailty model 

11
mt1 ' \"' · ... 

I 
become popu lar. In practice. a frailly rs an 

ias h cl b b' · · 

b
. ·vable random effect s are Y su ~eels wrth111 

uno ser , . 1. f .. 1 

b 
. jJ 1,

1 
one formulation o rar ty. a common 

a SU g 10 U · . . . 

cl 
- ,·,.cct acts mult rplrcatrvely on the hazard rates 

ran om e , , ' . 
. 

11 
i"er·s in the subrrroup. The shared frailty 

of a men ,, . - . 

cl 
,
1 

·tends the PH regression model as follow .. 

111 0 
<.: ex · d. 'd I . I . I 

·cl .. 
1
tc for the j th rn ,v, ua 11111e ,11 group 

The hazar ' ' · ~ 
is of the form 

I
. (!IX· ) == t,0(1) exp! rr11•, + fi'x,, I 

/ 1} I } 

. . the fra illy shared by the i th group. 

where H', is 

. . , Ti/Ill' Models and Threshold 

( 14) 

firs! H1tf1Jt8 

Regression 
· ,1 ·1tt1rall)1 in 

f l-IT ·1rrse ' · 
·· ~. '. , . 111 a li fe time 

many types of stochastic 

context. the state of the 

proCL'SSLS· 
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underlying process represents the strength of ~n item or the health of an individual. The item fails or the individual experiences a clinical endpoint when the process reaches an adverse threshold state 

of calendar time is the process X (I_) - b composite rw111i11g rime might be dchned y 
J for the first time. In many applications, the process r (I) = L a i ri(r) 

ures 

j=I 

is latent (i.e., unobservable). Thres/Jold regressio11 refers to FHT models with regression structures that accommodate covariate data. The parameters of the process, threshold state, and time scale may depend 

. nieas 
where the r j(I ) are different accumulauon. oressiofl that can advance de~radation or di sease P' 

0
':' ohl the ~ 

I at wci"' 
and the a i are positive parameters t 1 contributions of the different measures. ss '"ith 

on the covariates. 
An FHT model has two basic components: (a) a parelll stochastic process lX(r)\ and (b) a threshold. The FHT is the time when the stochastic process first crosses the threshold. Whether the sample path of the parent process is observable or latent (unobservable) is an important distinguishing characteristic of the FHT model. Latent processes are the most common by far. As an example. we consider a Wiener process \ X (I). 1 ~ 0\ with mean parameter /.l , and variance parameter a 2 as the parent stochastic process, and initial value X (0) = x0 > 0. ln threshold regression, parameters µ, a2. and ini­tial value xo will be connected to linear combinations of ~ovariates using suitable regression link functions. as 11\ustrated below for some parameter, say 8 . 

( IS) Herc g11 is the link f-unction, parameter 8; is the value ~f paramete~ 8 for individual ; , 7.; = ( I. ::; , ..... ;:,k ) 
1s the covanate vector of individtia\ . ( . h 

1 . 
. . 

' ' wn a eadmo 
umt to mclude an interce\)l term) . d a . e 

, · 
· an ,., 1s the 

associated vector of regression ffi . . . ~ coe c1ents An identity function of forn1 . 

. . . proce. · ·s 
As an example, consider a W1ene1 

1 ll 1· ·o \eve . . 11 
xo > 0 and the boundary as the zet c ·n.1ss1a · rsc ' nl 
well known that the FHT has an inve : slir"i"' 
distribution if µ < o. The corresponding · function S(r\µ. a 2 , x0) can be written as 

. - \'OJ ( \9) 
J.ll' +xo 

, ~ 
<I> I Jc;l;, j- exp(-2x0 1..t/a-)<l> I ,;;r;. l a - ,. l -./ o - , . o''. . n functi I 

where ¢(·) is the cumulative distnbullO c et (I· 
(CDF) of the standard normal distribution. Le_ 1yzi11~ 

d I ·n ana ~-
l27l demonstrated how to use this mo e I d re!!re-1 ol v {J~ 

AIDS data. Lee er al. {281 used the thres 1 
. \af::: 

. . . 
.· ·k to a .,~t 

s1on model 111 assess mg Jung cancer 11s 
I 

e" \1t1v· . 
d. ·e ,. ·t: 

cohort of US railroad workers from ,es 
1. 11a' 

T 0 dc ~ · i'' 
exposu_re. Bayesian methods for FH . m d Shl1b11 ' 
been discussed by Pettit and Young \ 29 \ an \30, 3 I l. 
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and a logarithm·,c f . er /.l lo the covariates unction 
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