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Abstract

Network meta-analysis is a commonly used tool to combine direct and indirect evidence in systematic reviews of

multiple treatments to improve estimation compared to traditional pairwise meta-analysis. Unlike the contrast-based

network meta-analysis approach, which focuses on estimating relative effects such as odds ratios, the arm-based net-

work meta-analysis approach can estimate absolute risks and other effects, which are arguably more informative in

medicine and public health. However, the number of clinical studies involving each treatment is often small in a network

meta-analysis, leading to unstable treatment-specific variance estimates in the arm-based network meta-analysis

approach when using non- or weakly informative priors under an unequal variance assumption. Additional assumptions,

such as equal (i.e. homogeneous) variances for all treatments, may be used to remedy this problem, but such assump-

tions may be inappropriately strong. This article introduces a variance shrinkage method for an arm-based network

meta-analysis. Specifically, we assume different treatment variances share a common prior with unknown hyperpara-

meters. This assumption is weaker than the homogeneous variance assumption and improves estimation by shrinking

the variances in a data-dependent way. We illustrate the advantages of the variance shrinkage method by reanalyzing a

network meta-analysis of organized inpatient care interventions for stroke. Finally, comprehensive simulations investi-

gate the impact of different variance assumptions on statistical inference, and simulation results show that the variance

shrinkage method provides better estimation for log odds ratios and absolute risks.
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1 Introduction

Evidence-based practice (EBP) is a powerful theoretical framework to connect study findings to a profession’s

body of knowledge.1 Evaluating evidence needed for EBP or scientific research is generally more complicated.
Typically, a hierarchy is used to rank order the available evidence based on quality, with systematic reviews and

meta-analyses ranking at the top. In public health, systematic reviews help researchers and practitioners remain up
to date with accumulating evidence and identify topics for which further scientific studies are needed. Meta-
analysis, on the other hand, by aggregating effects, can address certain biases (e.g. reporting bias and small-study

effects) of estimated treatment effects.2 Network meta-analysis (NMA) was developed to simultaneously compare
multiple (more than two) interventions. Compared to pairwise comparison from a traditional meta-analysis,
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NMA can gain precision by considering both direct and indirect comparisons and has the potential to rank
regimens more explicitly.3 This article concentrates on Bayesian hierarchical models4,5 to perform NMAs, which
are widely applied in practice.6,7

Two broadly used Bayesian hierarchical approaches have been considered, i.e. the contrast-based (CB)
approach4,8,9 and the arm-based (AB) approach.5,10,11 AB-NMA focuses on absolute treatment effects and
assumes that absolute effects are exchangeable across studies, while the CB method assumes that relative effects
(contrasts) are exchangeable across trials, a difference that has led, among other things, to a debate over random
baseline treatment effects.12–14 However, the primary advantage of AB-NMA is that it naturally estimates abso-
lute risks (ARs) and AR differences. ARs are essential to calculate the incremental cost-effectiveness ratio, a
useful decision tool for resource allocation. Also, results from AB-NMA are less sensitive to treatment exclu-
sions.15 The main challenge in NMA is a lack of information because a treatment was included in a limited
number of studies, and few arms are included in most trials. Specifically, in a randomized clinical trial, healthcare
practitioners commonly select only two to four regimens (in most cases, only two) from a list of treatments, based
on previous findings and published results. This creates two main obstacles in analyzing NMAs. First, not all
treatments are directly compared in an NMA; in an empirical study, 18.8% of NMAs are “star-shaped,” i.e. all
active treatments were compared in trials only to a control.16 This phenomenon may produce difficulties in
accurately estimating correlations among treatments in the AB approach.17 In the CB approach, it may cause
variances of certain contrasts to be overestimated.9 Second, the number of clinical studies involving each treat-
ment is limited. For example, we extracted 42 NMAs with binary outcomes from a total of 186 NMAs investi-
gated by Nikolakopoulou et al.16 Descriptive statistics of these 42 networks (Figure 1) show that nearly 40% of
treatments in these NMAs are included in four or fewer clinical studies, which can lead to overestimation of
variances of relevant treatment effects in the AB approach if noninformative priors are used.17 To overcome this
problem, both the AB and CB approaches often make additional assumptions. For example, in the CB model,
Dias et al.18 advocated assuming homogeneous between-study variances, that is, all treatment contrasts are
assumed to have a common between-study variance. Similarly, in the AB model, we may assume that all treat-
ments share the same between-study variance.

However, a homogeneous treatment-specific variance assumption may not be valid in the AB approach.
Motivated by the James–Stein estimator19 and the double shrinkage estimator,20–22 this article proposes a new
method to relax this potentially strong assumption. While the James–Stein and double shrinkage estimators can
only be applied to the classical normal mean problem with “known and equal” variance and “unknown and
unequal” variances, respectively, our method can be applied to multivariate normal problems with a focus on
variance shrinkage. By assuming that different treatment variances share a common prior instead of assuming
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Figure 1. Dot plot describing 42 NMAs with binary outcomes, from a total of 186 NMAs investigated by Nikolakopoulou et al.16 The
x-axis denotes Bt: the number of clinical trials containing a certain treatment t. The y-axis is the frequency and percentage of such
treatments in each category. Nearly 40% of treatments in these NMAs are included in four or fewer clinical trials.
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they are simply equal, we not only use a less strict assumption but also can estimate variances in a data-dependent
way when insufficient data are available.

The rest of this article is organized as follows. The next section describes a motivating example of an NMA of
organized inpatient care for stroke. This is followed by a brief review of the AB model for analyzing NMA
datasets with dichotomous outcomes and introduces the variance shrinkage method. Then, the results from
applying the variance shrinkage method to the motivating example are presented, followed by extensive simula-
tion studies in the penultimate section, comparing the performance of different priors on variances. The final
section discusses our findings and directions for future research.

2 Motivating example and notation

A stroke occurs when oxygen-rich blood flow to the brain is blocked, which leads to brain cell death. It is
currently the world’s second leading cause of mortality23 and the third leading cause of disability.24 As of the
early 2000s, there were debates about whether organized inpatient (stoke unit) care, a multidisciplinary team
specializing in stroke management, could increase patient survival and recovery.25 Five types of organized
inpatient care had been examined: (1) stroke ward, (2) general medical ward, (3) mixed rehabilitation ward,
(4) mobile stroke team, and (5) acute (semi-intensive) ward. The Stroke Unit Trialists’ Collaboration26 carried
out a systematic review on organized inpatient (stroke unit) care for stroke, including 28 studies with 6585
participants. The outcome was death by the end of scheduled follow-up. Figure 2 is a network plot of the
studies with the five treatments.

To better understand the problems motivating the present work, we first specify basic notation for an NMA
with binary outcomes. Assume an NMA includes K studies (e.g. K¼ 28 in this case) comparing a total of T
treatments (e.g. T¼ 5). No study includes all T treatments; each includes only a subset of the treatments. In
particular, Ak (k ¼ 1; . . . ;K) denotes the subset of treatments in the kth study; for example, A4 ¼ f1; 2; 3g implies
that treatments 1, 2, and 3 are compared in the fourth study. Generally, the number of elements in the set Ak

(denoted by jAkj) is between 2 and 4, as few clinical studies compare more than 4 treatments at the same time. We
further define the number of studies containing the tth treatment as Bt, and the number of direct comparisons
between treatments i and j as Cij. Let D ¼ fD1; . . . ;DKg be the data collected with Dk representing the data from
the kth study. Then, for NMAs with dichotomous outcomes, Dk ¼ fðrkt; nktÞ; t 2 Akg, with rkt and nkt denoting the
numbers of events and participants in the tth treatment group in the kth study, respectively.

In this motivating example, B5 ¼ 2 and some Cij’s are � 2, which may be considered as examples of the “lack
of information” situation described in Section 1. We reanalyzed the stoke data using the AB-NMA approach
specified by Zhang et al.5 Specifically, we used the exchangeable correlation structure with a uniform prior
Uð� 1

T�1 ; 1Þ on the correlation coefficients27 and the heterogeneous variance assumption with separate uniform
priors U(0, 5) on the standard deviations (henceforth referred to as the UV approach). Figure 3(a) and (b) presents
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Figure 2. Network plot of the case study of organized inpatient care for stroke. Each node in the plot represents a treatment, and
each edge represents a direct comparison between two treatments. Vertex radius is proportional to Bt (the number of studies
containing treatment t), and the edge thickness is proportional to Cij (the number of direct comparisons between treatments i and j).
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the forest plots of the standard deviations and ARs of treatments 1 to 5. The UV method’s results are olive-

colored; the other results will be explained later. Clearly, using the UV approach, the posterior distribution of the

standard deviation of acute (semi-intensive) ward, for which the 95% credible interval (CrI) was (0.07, 4.20), is
dominated by the U(0, 5) prior distribution. Similarly, for acute (semi-intensive) ward, the 95% CrI for the risk

was extremely wide. To overcome these problems, we could use the homogeneous variance assumption instead

and place a U(0, 5) prior on the common standard deviation (henceforth referred to as the EV approach).

However, this strong assumption forces the standard deviations of mobile stroke team and mixed rehabilitation

ward to take a common value, which may not be tenable according to the UV method’s estimate. To achieve a
trade-off between the UV and EV approaches, the following section proposes a variance shrinkage method.

3 Methods

3.1 AB Bayesian NMA

This subsection gives a brief introduction to AB-NMA.5 Generally speaking, the AB-NMA model has two levels.

The first level is within study, at which NMAs with different types of outcomes would have different models. The

second level is between study, where all studies share a distribution with different link functions. We focus on

NMA with binary outcomes here. The underlying model is

Level I : rkt �Binomialðnkt; pktÞ; t 2 Ak; k ¼ 1; . . . ;K;

Level II : logitðpktÞ ¼ hkt; ðhk1; . . . ; hkTÞ0 �MVNðl;RÞ (1)

where pkt is the probability of an event (i.e. AR) for the tth treatment in the kth study, and the vector hk ¼
ðhk1; . . . ; hkTÞ0 follows the multivariate normal distribution with mean l and covariance matrix R. Here, l ¼
ðl1; . . . ; lTÞ0 contains the overall logit event rate (i.e. log odds) for each treatment, and x0 denotes the transpose

of the vector x. If we denote the between-study standard deviation for treatment t by dt, we can decompose R as

DPD, where P ¼ fqijg is the correlation matrix, and D is a diagonal matrix with dt being its tth diagonal element.

3.2 Prior specifications

Prior distributions for l and R need to be specified. We set weakly informative priors Nð0; 1002Þ on lt
(t ¼ 1; . . . ;T). For the covariance matrix R, we use the separation strategy proposed by Barnard et al.28
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Figure 3. Results for case study of organized inpatient care for stroke: forest plot of (a) standard deviations dt and (b) absolute risk pt
(posterior median with 95% credible interval). Different colors indicate different priors. The y-axis represents the treatment label,
with Bt in parentheses. Treatment labels: (1) stroke ward, (2) general medical ward, (3) mixed rehabilitation ward, (4) mobile stroke
team, and (5) acute (semi-intensive) ward.
IW: inverse-Wishart; HHC: hierarchical half-Cauchy; NMA: network meta-analysis.
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Instead of treating the covariance matrix as a whole, this method first decomposes it into separate parts as R ¼
DPD and then sets priors independently on the correlation matrix P and the standard deviations dt (t ¼ 1; . . . ;T),
which form the diagonal matrix D. Here, we will simply use the exchangeable correlation structure to set a prior

for the correlation matrix P17,29; that is, all correlation coefficients qij are assumed equal to q, and the uniform

prior Uð� 1
T�1 ; 1Þ is assigned to q. The lower bound of this uniform prior guarantees that the correlation matrix is

positive definite.

3.3 Variance shrinkage method

As mentioned in Section 2, our goal is to achieve a trade-off between the homogeneous and

heterogeneous variance assumptions. For this purpose, we propose a less stringent assumption: all dts follow

the same prior density with some unknown hyperparameters, and we use the data to estimate the

hyperparameters.
Accordingly, we propose the hierarchical half-Cauchy (HHC) prior, denoted by HHCð�l; �uÞ, on dt

(t ¼ 1; . . . ;T); that is, dt is distributed as half-Cauchy (HC) with hyperparameter a, which has a uniform prior

Uð�l; �uÞ. The HC prior is commonly used for standard deviations30 and has density HCðaÞ / ð1þ d2t =a
2Þ�1. Like

the uniform prior, the HC prior may also result in overestimation of variances in an AB-NMA when the scale

parameter a is large (e.g. a¼ 5 is a common choice). On the other hand, if a is too small, the HC distribution is no

longer weakly informative because it has high density near zero (e.g. a¼ 0.5 as in Figure 4). By using the HHC

prior, the data-driven posterior distribution of the hyperparameter a determines how informative the prior on dt
should be: if it is less informative (e.g. a¼ 5 as in Figure 4), it shrinks dt less; if it is more informative (e.g. a¼ 0.5

as in Figure 4), it shrinks dt more.

3.4 Likelihood and posterior estimation

The likelihood function for hk based on data Dk from the kth study can be written as

LðhkjDkÞ ¼
Y
t2Ak

logit�1ðhktÞ
� �rkt

1� logit�1ðhktÞ
� �nkt�rkt

(2)

Denote the aforementioned prior distributions for lt, dt, a and q by pðltÞ; pðdtjaÞ; pðaÞ and pðqÞ, respectively.
If the density function of the multivariate normal distribution is pðhkjl;RÞ ¼ pðhkjl;D; qÞ, the joint posterior

Figure 4. Densities of different priors on standard deviation dt. For better visualization, the horizontal axis is limited to ½0; 5�.
HC: half-Cauchy; HHC: hierarchical half-Cauchy; HIG: hierarchical inverse-gamma.
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distribution is

pðl;D; a; q; h1; . . . ; hKjDÞ /
�
YK
k¼1

Y
t2Ak

logit�1ðhktÞ
� �rkt

1� logit�1ðhktÞ
� �nkt�rkt jRj�1

2e�
1
2ðhk�lÞ0R�1ðhk�lÞ

� �
�
YT
t¼1

pðltÞpðdtjaÞpðaÞpðqÞ
(3)

where jRj is the determinant of R. We use Markov chain Monte Carlo (MCMC) to sample from the joint posterior

distribution. The marginal event rate of treatment t is pt ¼ E½pktjlt; dt�; for the logit link used in equation (1), pt
can be approximated by Zeger et al.31

1þ exp �lt
. ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 256

75p2
d2t

r !" #�1

Two log odds ratio estimands can be considered: (1) the marginal log odds ratio between treatments i and j,

mLORij ¼ log pi=ð1�piÞ
pj=ð1�pjÞ
� �

and (2) the conditional log odds ratio cLORij ¼ li � lj, which is more common in the

meta-analyses literature. In each MCMC iteration, draws of pt, mLORij, and cLORij can be calculated using the

above equations. Finally, we can make statistical inferences using posterior medians, means, and 95% equal-tailed

CrIs estimated from these posterior samples.

4 Data analysis: Organized inpatient care for stroke

This section applies the variance shrinkage method to the motivating example and compares its results with those

of other common priors. Specifically, we consider the following models:

• Model 1: The inverse-Wishart (IW) prior, the conjugate prior for the multivariate normal. The prior for the

covariance matrix R is IWTðI;Tþ 1Þ, where Tþ 1 is the degrees of freedom, and the scale matrix is the T�T

identity matrix I.
• Model 2: The heterogeneous variance assumption (UV). We use the separation strategy with equal correlations

(all qij ¼ q) but unequal variances, and put the priors U � 1
T�1

; 1
	 


on q and U(0, 5) on each dt.
• Model 3: The variance shrinkage method (HHC). It shares the same setting with Model 2 except that the HHC

prior HHCð0; 5Þ is used for dt.
• Model 4: The homogeneous variance assumption (EV). We use the separation strategy with equal correlations

and equal variances (all dt ¼ d). Similarly, we put Uð� 1
T�1 ; 1Þ on q and U(0, 5) on d.

Model 3 “splits the difference” between Models 2 and 4. All models use the vague prior Nð0; 1002Þ on lt
(t ¼ 1; . . . ;T). We use posterior medians and 95% equal-tailed CrIs as point and interval estimates, respectively.

The Bayesian approach has the advantage of conveniently allowing inferences about treatment rankings. We

use the surface under the cumulative ranking (SUCRA) proposed by Salanti et al.32 as a measure for comparing

treatments. Specifically, let probti be the probability that treatment t has the ith rank, where i¼ 1 represents the

best treatment. The SUCRA of the tth treatment can be calculated as:

SUCRAt ¼ 1

T� 1

XT�1

j¼1

Xj
i¼1

probti�

4.1 Model comparison

We evaluated the models using the deviance information criterion (DIC) by Spiegelhalter et al.33 and the widely

applicable information criteria (WAIC).34 DIC is the sum of the mean deviance D (describing the goodness of fit)
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and the effective number of parameters pD (penalizing for model complexity). A difference larger than 5 in DIC

may indicate that the model with lower DIC gives a considerable improvement.35 Specifically, DIC is calculated as

DIC ¼ D þ pD (4)

where D ¼
XK

k¼1

X
t2Ak

Devkt and pD ¼
XK

k¼1

X
t2Ak

Devkt � gDevkt
	 


. For an NMA model, Devkt represents

the residual deviance for treatment t in study k:

Devkt ¼ 2 rktlog
rkt
r̂kt

� �
þ ðnkt � rktÞlog nkt � rkt

nkt � r̂kt

� �� �
; t 2 Ak; k ¼ 1; . . . ;K:

where r̂kt ¼ nktpkt is the expected event count of the tth treatment in the kth study. Then, Devkt is the posterior

mean of Devkt, and gDevkt is the residual deviance evaluated at the posterior mean event count ~rkt ¼ nktpkt:

gDevkt ¼ 2 rktlog
rkt
~rkt

� �
þ ðnkt � rktÞlog nkt � rkt

nkt � ~rkt

� �� �
:

The other criterion, WAIC, is asymptotically equivalent to leave-one-out cross-validation.34 Compared to

DIC, WAIC is more relevant in a predictive context, because it is calculated as the sum of the posterior distri-

bution (i.e. log pointwise predictive density (lppd)) with a bias correction pW (i.e. the sum of the variance of

individual terms in the log predictive density):

WAIC¼ �2lppd þ 2pW ;

lppd¼
XK
k¼1

X
t2Ak

log

Z
pðrkt; nktjwÞpðwjDÞ dw;

pW ¼
XK
k¼1

X
t2Ak

Varðlogðpðrkt; nktjwÞÞÞ

(5)

where pðwjDÞ is the joint posterior distribution in equation (3), and w is all unknown parameters including l; D, a,
q, and h1; . . . ; hK. Let fws; s ¼ 1; . . . ;Sg be MCMC samples of w from this joint posterior distribution, then lppd

and pW can be estimated as

lppd ¼
XK
k¼1

X
t2Ak

log
1

S

XS
s¼1

pðrkt; nktjwsÞ
 !

;

pW ¼
XK
k¼1

X
t2Ak

1

S� 1

XS
s¼1

logðpðrkt; nktjwsÞÞ � logðpðrkt; nktjwsÞÞ
� �2 (6)

For both DIC and WAIC, a model with a smaller value is favored.

4.2 Results

Online Appendix A provides the diagnostic plots of HHC method (Model 3). Based on trace plots and autocor-

relation plots of dt, pt, and mLORij, the MCMC samples have converged well.
Table 1 presents results for the marginal log odds ratios mLORij, the AR of treatment t (pt), the standard

deviation of treatment t’s effect (dt), the SUCRA of treatment t (a smaller value indicates worse performance in

preventing death), and DIC. The IW prior had worse performance than the other three priors in terms of DIC, as

the differences in DIC were larger than 5 relative to other models. The EV prior was worse than the HHC, UV,

and IW priors in terms of goodness of fit, as its mean deviance D was highest with 58.68. This suggests that the

homogeneous variance assumption for the EV prior is questionable in this NMA. In addition, WAIC provided
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similar results as DIC, with EV method performed worst; WAIC for EV, UV, and HHC was 6747.61, 6741.44,

and 6738.99, respectively.
Figure 3(a) is a forest plot of the standard deviations dt. All priors gave almost the same results for d1 and d2,

because sufficient information was available for these two treatments (B1 ¼ 20 and B2 ¼ 24). The HHC prior gave

results more similar to the UV prior than to the EV prior for d3 and d4; the posterior median and 95% CrI of d3
were 0.28 (0.04, 0.67) for the HHC prior, 0.35 (0.08, 0.81) for the UV prior, and 0.63 (0.48, 0.85) for the EV prior;

the results were quite similar for d4. As B3 ¼ 8 and B4 ¼ 5, the information available for treatments 3 and 4 might

be sufficient, and we might be more confident in the results given by the UV prior than those given by the EV

prior. In particular, the EV prior might overestimate d3 and d4 due to the strong assumption of equal standard

deviations. For d5, the UV model gave an extremely wide interval, not surprising given that B5¼ 2, while the EV

model gave an interval much narrower than either IW or HHC, with the latter splitting the difference between UV

and EV.
The difference in variance estimates affects the estimates of ARs, as shown in Figure 3(b). Specifically, the EV

prior yielded a wider CrI for mixed rehabilitation ward; the posterior median and 95% CrI were 0.23 (0.19, 0.29)

using the HHC prior, 0.24 (0.19, 0.30) using the UV prior, and 0.25 (0.19, 0.33) using the EV prior, while for

mobile stroke team, these were 0.29 (0.24, 0.35) for the HHC prior, 0.30 (0.24, 0.36) for the UV prior, and 0.30

Table 1. Organized inpatient care for stroke data: comparing posterior median and 95% credible intervals under four models (IW,
UV, HHC, and EV); mLORij compares the ith and jth treatment, absolute risk of events for the tth treatment (pt), standard deviation of
the tth treatment (dt), and SUCRA of the tth treatment (SUCRAt).

Parameter

Point estimate (95% credible interval)

IW UV HHC EV

mLOR12 –0.23 (–0.50, 0.03) –0.19 (–0.39, –0.03) –0.20 (–0.38, –0.03) –0.23 (–0.41, –0.06)

mLOR13 –0.13 (–0.59, 0.34) –0.07 (–0.41, 0.26) –0.08 (–0.39, 0.24) –0.21 (–0.52, 0.09)

mLOR14 –0.42 (–0.97, 0.10) –0.36 (–0.69, –0.06) –0.38 (–0.68, –0.07) –0.42 (–0.76, –0.08)

mLOR15 1.78 (0.39, 3.16) 1.03 (–1.56, 2.31) 1.53 (0.03, 2.53) 1.03 (0.20, 2.00)

mLOR23 0.10 (–0.34, 0.56) 0.13 (–0.19, 0.42) 0.12 (–0.17, 0.43) 0.02 (–0.29, 0.32)

mLOR24 –0.19 (–0.72, 0.31) –0.18 (–0.46, 0.12) –0.17 (–0.46, 0.12) –0.19 (–0.51, 0.14)

mLOR25 2.01 (0.62, 3.38) 1.24 (–1.36, 2.51) 1.73 (0.23, 2.73) 1.27 (0.42, 2.24)

mLOR34 –0.30 (–0.91, 0.32) –0.30 (–0.66, 0.10) –0.30 (–0.64, 0.05) –0.21 (–0.64, 0.22)

mLOR35 1.91 (0.48, 3.30) 1.12 (–1.49, 2.40) 1.61 (0.09, 2.62) 1.25 (0.37, 2.25)

mLOR45 2.20 (0.75, 3.62) 1.41 (–1.21, 2.69) 1.91 (0.38, 2.92) 1.46 (0.57, 2.48)

p1 0.22 (0.17, 0.28) 0.22 (0.18, 0.28) 0.22 (0.18, 0.27) 0.22 (0.18, 0.27)

p2 0.26 (0.21, 0.32) 0.26 (0.21, 0.32) 0.26 (0.21, 0.31) 0.26 (0.21, 0.31)

p3 0.24 (0.18, 0.33) 0.24 (0.19, 0.30) 0.23 (0.19, 0.29) 0.25 (0.19, 0.33)

p4 0.30 (0.21, 0.41) 0.30 (0.24, 0.36) 0.29 (0.24, 0.35) 0.30 (0.22, 0.38)

p5 0.05 (0.01, 0.16) 0.09 (0.03, 0.58) 0.06 (0.02, 0.22) 0.09 (0.04, 0.19)

d (equal variance) . . . 0.63 (0.48, 0.85)

d1 0.73 (0.54, 1.03) 0.74 (0.54, 1.09) 0.70 (0.51, 0.98) .

d2 0.69 (0.50, 0.97) 0.74 (0.52, 1.04) 0.68 (0.49, 0.96) .

d3 0.51 (0.31, 0.91) 0.35 (0.08, 0.81) 0.28 (0.04, 0.67) .

d4 0.52 (0.32, 0.99) 0.39 (0.12, 0.86) 0.31 (0.08, 0.68) .

d5 0.60 (0.33, 1.37) 0.54 (0.07, 4.20) 0.23 (0.01, 1.43) .

SUCRA1ð%Þ 65 71 67 73

SUCRA2ð%Þ 28 29 28 33

SUCRA3ð%Þ 46 51 52 37

SUCRA4ð%Þ 11 12 05 09

SUCRA5ð%Þ 99 86 98 100

DIC 99.99 93.66 90.27 94.53

D 53.93 56.00 54.50 58.68

pD 46.05 37.66 35.77 35.86

WAIC 6742.95 6741.44 6738.99 6747.61

Treatment labels: (1) stroke ward, (2) general medical ward, (3) mixed rehabilitation ward, (4) mobile stroke team, and (5) acute (semi-intensive) ward.

IW: inverse-Wishart; HHC: hierarchical half-Cauchy; CP: coverage probability; SUCRA: surface under the cumulative ranking; WAIC: widely applicable

information criteria; DIC: deviance information criterion.
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(0.22, 0.38) for the EV prior. On the other hand, the UV prior produced a wide CrI for p5 because the information
was limited for acute (semi-intensive) ward (B5 ¼ 2), and the posterior distribution was thus greatly influenced by
prior information. The HHC prior could borrow some information about the standard deviation of acute (semi-
intensive) ward from other dt, which yielded a much narrower CrI for the AR; specifically, the 95% CrI lengths
were 0.20, 0.55, and 0.15 using the HHC, UV, and EV priors, respectively.

Estimated log odds ratios and SUCRAs were also similar for the UV and HHC priors for mixed rehabilitation
ward and mobile stroke team, and for the HHC and EV priors for acute (semi-intensive) ward. In particular, acute
(semi-intensive) ward was very likely the best treatment based on the EV and HHC priors, while using the UV
prior, the performance of acute (semi-intensive) ward had large uncertainty (SUCRAs were 0.86, 0.98, and 1.00
using the UV, HHC, and EV priors, respectively). SUCRAs indicated that mixed rehabilitation ward was the
third best treatment under the HHC and UV priors, while the SUCRA for mixed rehabilitation ward (0.37) was
close to that for general medical ward (0.33) under the EV prior. For the IW prior, we could not claim that stroke
ward was significantly better than general medical ward; the mLORs with 95% CrIs were –0.23 (–0.50, 0.03) for
the IW prior, –0.19 (–0.39, –0.03) for the UV prior, –0.20 (–0.38, –0.03) for the HHC prior, and –0.23 (–0.41,

–0.06) for the EV prior. For comparing mobile stroke team versus stroke ward, the mLORs with 95% CrIs were
–0.42 (–0.97, 0.10) for the IW prior, –0.36 (–0.69, –0.06) for the UV prior, –0.38 (–0.68, –0.07) for the HHC prior,
and –0.42 (–0.76, –0.08) for the EV prior; these relative effects were significant under all priors except the IW.

In summary, when the homogeneous variance assumption may not be valid, the HHC prior can provide more
reasonable results than the EV prior. At the same time, unlike the UV prior, the HHC prior allows treatments
with limited data to borrow information from other treatments to estimate parameters.

5 Simulation studies

5.1 Simulation settings

We conducted comprehensive simulation studies to compare the four priors defined and used in Section 4. Each
simulated NMA dataset had K¼ 20 studies and T¼ 6 treatments (denoted 1 to 6). The number of participants in

each treatment arm in each study, nkt, was fixed at 200. The number of simulated datasets in each simulation
setting was 1000.

We generated a complete dataset under the AB model with binary outcomes as in equation (1) with l ¼
ðl1; l2; l3; l4; l5; l6Þ0 ¼ ð�2;�2:5;�3;�2;�1:5;�3Þ0 and ðhk1; . . . ; hk6Þ0 �MVNðl;RÞ, where R ¼ DPD. The cor-
relation matrix P had an exchangeable structure with all off-diagonal entries 0.5. We considered two scenarios for
the standard deviations dt that formed the diagonal matrix D. Scenario I specified ðd1; d2; . . . ; d6Þ0 ¼ ð1; 5

6
; . . . ; 1

6
Þ0

(heterogeneous variance situation), while scenario II specified equal variances with dt ¼ 0:5 (t ¼ 1; . . . ; 6).
Once the complete dataset was generated, we excluded the treatment arms to create partially missing data as

illustrated in Figure 5 under two mechanisms: (1) missing completely at random (MCAR) and (2) missing at
random (MAR) with respect to absolute effects. We also considered two data structures for each missingness
mechanism. For the first MCAR structure (denoted by MCAR1), we first kept all treatment 1 data (all 20 studies)
and then kept each of the remaining treatments’ data in a randomly chosen block of 4 studies, where the blocks
did not overlap. Similarly, for the second MCAR structure (denoted by MCAR2), we also kept all treatment 1

data and then randomly kept data for treatments 2 to 6 data in blocks of 2, 2, 2, 2, and 12 studies, respectively,
where again the blocks did not overlap. Under the MAR mechanism, the two data structures (denoted by MAR1
and MAR2) were specified in a similar manner. For both MAR1 and MAR2, we kept all treatment 1 data and
ranked the studies in descending order by rk1=nk1. Then, for the MAR1 structure, we made treatment 3 available
only in the first 4 studies (in this ordering), treatment 6 available in the next 4, and so on as in Figure 5. Similarly,
for the MAR2 structure, we made treatment 3 available only in the first 2 studies, treatment 6 available in next 12,
treatment 2 available in next 2, and so on as in Figure 5.

5.2 Simulation results

Table 2 summarizes the bias of the posterior mean (Biasl ), the bias of the posterior median (Bias~l ), the mean
squared error (MSE) of the posterior median (MSE~l ), and the coverage probability (CP) of the 95% CrI using the
four priors under simulation scenario I with the four different missingness structures (MCAR1, MCAR2, MAR1,
and MAR2). We evaluated the log odds ratio comparing treatments i and j (mLORij and cLORij), the AR of
treatment t (pt), the standard deviation for treatment t (dt), and the correlation between treatments i and j (qij).
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Due to space limits, instead of presenting the results for each treatment comparison, for each of Biasl; Bias~l , and
MSE~l, we calculated the sum of the absolute value over all pairs of comparisons. For example, the entry in

Table 2 with Biasl as the column and cLORij as the row was calculated as
X

i 6¼j
jBiaslðcLORijÞj. To summarize

the CPs, the corresponding value in Table 2 in column CP and row cLORij was calculated asX
i 6¼j
ð0:95� CPðcLORijÞÞþ, where ðxÞþ ¼ x if x � 0 and ðxÞþ ¼ 0 if x< 0, i.e. the total shortfall in CP.

Table 3 presents the simulation results under scenario II with similar summaries.
In both scenarios, using the UV and HHC priors, the posterior median was less biased than the posterior mean,

especially for the MCAR2 and MAR2, in which the missingness structure was more unbalanced than MCAR1

and MAR1. However, using the IW and EV priors, the difference between these two point estimates was much

smaller. With a weaker prior assumption, the UV and HHC priors may produce posterior distributions with

larger skewness than the IW and EV priors when information was limited. Hence, for the remaining part, we focus

on interpreting the posterior medians.
Comparing the HHC and UV priors, we could conclude that the HHC prior was much better in terms of bias

and MSE for all parameters of interest under the four different missingness mechanisms. For the IW prior,

estimates of the correlation and standard deviation were severely biased and had extremely poor CPs (though

the MSE for standard deviations was the best among the four methods). Such biases had little influence on

inference for log odds ratios and ARs when the data were MCAR, but for MAR1 and MAR2, the log odds

ratio estimates produced by the IW prior were severely biased and much worse than those given by the HHC

prior. The HHC and EV priors performed comparably in terms of bias and CP in scenario II, where the true

variances were assumed equal, though the EV prior had better MSEs for all parameters than the HHC prior in

scenario II. However, when the true variances were unequal (scenario I), the EV prior gave biased estimates and

low CPs, while the HHC prior still gave estimates with reasonable biases and satisfactory CPs, especially

under MAR.
Overall, the HHC prior provided the best estimates of log odds ratios and ARs among the four priors. The

performance of the EV prior became worse when the homogeneity assumption was severely violated, and the IW

prior had poor performance under MAR.

6 Summary and discussion

This article discussed different prior choices for the between-study standard deviations of multiple treatments in

an NMA. We considered the traditional IW prior on the covariance matrix, a prior representing the UV assump-

tion, and a prior representing the EV assumption, and we proposed the HHC prior. We compared these four

priors using a real NMA. The results showed the superior performance of the HHC prior. Specifically, when the

equal variance assumption was potentially violated, the HHC prior could still provide good results in terms of

Trt1 Trt2 Trt3 Trt4 Trt5 Trt6 Trt1 Trt2 Trt3 Trt4 Trt5 Trt6

20

2
2

4

4

4

4

20

4

2

2

12

(a) (b)

Figure 5. Missing data structures for simulation study: (a) MCAR1 and MAR1 and (b) MCAR2 and MAR2. The number in the white
background indicates the observed clinical studies for each treatment, while the gray background indicates the corresponding
treatment is not observed in these studies.
MAR: missing at random; MCAR: missing completely at random.
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deviance and DIC, while the UV prior overestimated the variances of treatments that had limited information. On
the other hand, the EV prior may provide biased estimates for variances and did not fit the data well. In addition
to the analyses presented here, we did a sensitivity analysis to explore the prior’s impact on lt. Specifically, as
suggested by Gelman et al.36 and Ghosh et al.,37 we considered the Student’s t-prior t7ð10Þ on fixed effects lt,
which has 7 degrees of freedom and location parameter 10. The results were similar to those in Section 4; the DICs
were almost unchanged at 92.55, 90.75, and 94.43 for the UV, HHC, and EV priors, respectively.

We also compared the performance of the different priors using simulation studies with various settings and
missing treatment structures. Table 4 summarizes the pros and cons of these methods. The UV prior leads to
biased estimates, and the CrIs did not have nominal CP when Bt was small (�4). The IW prior could not estimate
correlations and standard deviations accurately, which resulted in biased log odds ratios and ARs under the MAR
mechanism. The EV prior could produce unbiased estimates when the true variances were equal, but when the
homogeneous variance assumption was severely violated, it gave biased estimates and 95% CrIs with poor

Table 3. Simulation results comparing data generated under scenario II (homogeneous variance) with four different missingness
settings (MCAR1, MCAR2, MAR1, and MAR2).

Parameter Truth

IW HHC UV EV

Biasl Bias~l MSE~l CP Biasl Bias~l MSE~l CP Biasl Bias~l MSE~l CP Biasl Bias~l MSE~l CP

MCAR1

cLORij . 0.41 0.37 2.04 0.00 0.31 0.22 1.95 0.00 0.50 0.39 2.22 0.00 0.24 0.23 1.80 0.01

mLORij . 0.19 0.11 1.74 0.00 0.29 0.08 1.80 0.00 1.50 0.88 2.07 0.00 0.18 0.18 1.64 0.01

pt . 0.05 0.02 0.00 0.00 0.05 0.02 0.00 0.02 0.13 0.06 0.00 0.00 0.02 0.01 0.00 0.02

dt . 0.74 0.51 0.09 0.00 0.39 0.10 0.36 0.00 2.11 1.12 0.97 0.11 0.15 0.10 0.05 0.00

mLOR35 –1.44 0.00 –0.00 0.14 0.99 0.02 –0.00 0.14 0.97 0.14 0.09 0.16 0.99 –0.02 –0.02 0.13 0.95

p5 0.05 0.01 0.00 0.00 0.98 0.01 0.00 0.00 0.96 0.03 0.01 0.00 0.97 0.00 0.00 0.00 0.96

q35 0.50 –0.48 –0.47 0.23 1.00 –0.02 0.00 0.04 0.99 0.00 0.03 0.05 0.99 –0.06 –0.04 0.05 0.97

MCAR2

cLORij . 0.65 0.60 3.89 0.00 0.70 0.53 3.76 0.00 0.80 0.70 5.15 0.00 0.52 0.50 3.39 0.19

mLORij . 0.36 0.28 3.30 0.00 1.00 0.35 3.29 0.00 4.48 3.02 4.09 0.00 0.45 0.44 3.08 0.17

pt . 0.08 0.03 0.01 0.00 0.12 0.03 0.01 0.02 0.33 0.15 0.02 0.00 0.04 0.02 0.01 0.05

dt . 0.94 0.62 0.11 0.00 1.45 0.07 0.58 0.03 4.82 3.25 3.65 0.11 0.14 0.08 0.05 0.04

mLOR35 –1.44 –0.02 –0.03 0.35 0.99 0.03 –0.03 0.33 1.00 0.28 0.22 0.36 1.00 –0.07 –0.07 0.32 0.93

p5 0.05 0.01 0.00 0.00 0.98 0.03 0.00 0.00 0.96 0.08 0.03 0.00 0.98 0.00 0.00 0.00 0.93

q35 0.50 –0.50 –0.50 0.25 1.00 –0.02 –0.00 0.05 0.99 –0.02 0.01 0.05 0.99 –0.05 –0.03 0.05 0.98

MAR1

cLORij . 3.25 3.24 2.89 0.00 0.86 0.17 2.40 0.00 7.51 5.56 7.32 0.00 0.53 0.40 1.97 0.02

mLORij . 3.40 3.30 2.65 0.00 0.43 0.43 2.07 0.00 3.72 3.19 3.70 0.01 0.56 0.42 1.78 0.01

pt . 0.08 0.07 0.00 0.00 0.07 0.02 0.01 0.02 0.25 0.15 0.02 0.03 0.02 0.01 0.00 0.02

dt . 0.73 0.48 0.08 0.00 0.51 0.07 0.40 0.00 3.25 2.07 2.02 0.29 0.14 0.08 0.04 0.00

mLOR35 –1.44 0.53 0.53 0.41 0.97 0.01 0.05 0.20 0.99 –0.51 –0.48 0.53 0.99 0.09 0.07 0.16 0.98

p5 0.05 0.03 0.02 0.00 0.97 0.01 0.01 0.00 0.97 0.01 –0.00 0.00 1.00 0.01 0.00 0.00 0.97

q35 0.50 –0.50 –0.50 0.25 1.00 –0.05 –0.02 0.04 1.00 0.18 0.28 0.10 0.98 –0.10 –0.08 0.05 1.00

MAR2

cLORij . 4.64 4.62 5.04 0.00 2.95 0.37 4.38 0.00 12.74 8.38 15.75 0.00 0.73 0.58 3.22 0.00

mLORij . 4.41 4.44 4.45 0.00 1.11 0.71 3.61 0.00 6.67 5.30 7.03 0.00 0.76 0.59 2.92 0.01

pt . 0.08 0.09 0.01 0.00 0.15 0.02 0.01 0.02 0.49 0.28 0.05 0.00 0.03 0.01 0.01 0.01

dt . 0.93 0.60 0.10 0.00 1.54 0.07 0.57 0.02 5.24 3.77 4.49 0.13 0.14 0.08 0.05 0.00

mLOR35 –1.44 0.71 0.71 0.74 0.99 –0.01 0.10 0.39 1.00 –0.67 –0.62 0.91 1.00 0.10 0.07 0.30 0.96

p5 0.05 0.04 0.03 0.00 0.99 0.02 0.01 0.00 0.99 0.03 0.01 0.00 1.00 0.01 0.00 0.00 0.96

q35 0.50 –0.50 –0.50 0.25 1.00 –0.05 –0.02 0.04 1.00 0.06 0.12 0.06 0.99 –0.08 –0.06 0.05 0.99

The bias of posterior mean (Biasl ), the bias of posterior median (Bias~l ), the mean squared error of posterior median (MSE~l ), and the coverage

probability (CP) of the 95% credible intervals were summarized for four different priors. Specifically as an example, the value in the table with Biasl as

column and cLORij as row was defined as
X

i 6¼j
jBiasl ðcLORijÞj. Moreover, the value in the table with column CP and row cLORij was defined asX

i 6¼j
ð0:95� CPðcLORijÞÞþ.

IW: inverse-Wishart; HHC: hierarchical half-Cauchy; CP: coverage probability; MSE: mean squared error; MCAR: missing completely at random; MAR:

missing at random.
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coverage. The HHC prior generally had the best performance among the four priors in terms of estimating relative
effects and absolute effects. It produced almost unbiased results and satisfactory CP using a weaker assumption
than the EV prior.

This article focused on shrinking standard deviations in the AB-NMA with binary outcomes; many extensions
are possible. First, shrinkage is feasible for AB-NMA with other types of outcomes. For instance, the observed
data for NMA with continuous outcomes are Dk ¼ fðykt; skt; nktÞ; t 2 Akg, where ykt, skt, and nkt are the sample
mean, its standard error, and the sample size for the tth treatment in the kth study, respectively. The model for
AB-NMA with continuous outcomes is Zhang et al.27

Level I : ykt �Nðhkt; s2kt=nktÞ; t 2 Ak; k ¼ 1; . . . ;K;
Level II : ðhk1; . . . ; hkTÞ 0�MVNðl;RÞ (7)

where hkt is the underlying mean outcome of the tth treatment in the kth study. Comparing equations (1) and (7),
the difference is on Level I (within study); because shrinkage is applied to dt; t ¼ 1; . . . ;K, at the between-study
level, it can be applied to AB-NMA with various outcomes simply by modifying the likelihood and link functions.
Nevertheless, additional case studies and simulations need to be performed to examine the performance of the
variance shrinkage method in other settings.

Second, the shrinkage method could potentially be applied to the CB-NMA. For CB-NMA, we need to focus
on the standard deviations of contrasts, instead of standard deviations of treatment effects as in AB-NMA. Also,
the triangle inequalities on contrast standard deviations9 could complicate prior specifications.

Third, the HHC is just one choice of prior for inducing shrinkage. Other priors, such as the hierarchical
inverse-gamma (HIG) prior, denoted by HIGð�l; �uÞ, could be considered. The HIG prior’s density is pðd2t jbÞ /
IGða; bÞ with a fixed at 1 and b following the uniform distribution Uð�l; �uÞ. Like the HHC prior, the HIG prior
(e.g. with �l ¼ 0 and �u ¼ 1) can adaptively achieve a balance between an informative prior with high density near
zero, such as IGð1; 0:1Þ, and a prior that may overestimate a variance with true value close to zero, such as
IGð1; 1Þ (see Figure 4). We compared HIGð0; 1Þ with other four methods (see Online Appendix B) and found that
the performance of HIG was better than IW, EV, and UV methods but slightly worse than the HHC method
in the simulation studies. In addition, based on WAIC and DIC, HIG and HHC methods were similar in ana-
lyzing the case study.

Fourth, while we chose �l ¼ 0 and �u ¼ 5 in the uniform prior for the HHC’s hyperparameter a, this choice
needs careful justification in practice. For example, the lower bound of the uniform prior �l places an upper bound
on the informativeness of the HHC prior. Specifically, �l ¼ 0:1 might be a better choice than �l ¼ 0 since HC(0.1)
is less informative than HC(0.001).

Finally, the variance shrinkage method may still involve some hidden assumptions about variances. It may be
critical to assess the implications of assuming that different treatment variances share a common distribution with
somewhat arbitrarily chosen hyperparameters, as in the HHC prior. On the other hand, AB-NMA can naturally
include single-arm studies when they are available to make inference with more information. However, including
single-arm studies in an NMA may require additional assumptions about the mean and variance parameters.
Therefore, it may be more sensible to allow the between-study variances to be similar (i.e. sharing a common

Table 4. Pros and cons of the four different models.

Model

Computing

burden

Performance

MCAR MAR

All Bts

are large

Small Bt exists
All Bts

are large

Small Bt exists

dts are similar dts differ dts are similar dts differ

IW Small Good Good Good Bad Bad Bad

UV Large Good Bad Bad Good Bad Bad

EV Large Depends Good Bad Depends Good Bad

HHC Large Good Good Good Good Good Good

IW: inverse-Wishart; HHC: hierarchical half-Cauchy; MCAR: missing completely at random; MAR: missing at random.
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distribution) but not exactly the same in multiarm (�2) studies versus single-arm studies. Therefore, methods for

combining single-arm and multiple-arm studies should be further examined.
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