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In observational studies, misclassification of exposure is ubiquitous and can sub-
stantially bias the estimated association between an outcome and an exposure.
Although misclassification in a single observational study has been well studied,
few papers have considered it in a meta-analysis. Meta-analyses of observational
studies provide important evidence for health policy decisions, especially when
large randomized controlled trials are unethical or unavailable. It is imperative
to account properly for misclassification in a meta-analysis to obtain valid point
and interval estimates. In this paper, we propose a novel Bayesian approach to
filling this methodological gap. We simultaneously synthesize two (or more)
meta-analyses, with one on the association between a misclassified exposure
and an outcome (main studies), and the other on the association between the
misclassified exposure and the true exposure (validation studies). We extend
the current scope for using external validation data by relaxing the “transporta-
bility” assumption by means of random effects models. Our model accounts
for heterogeneity between studies and can be extended to allow different stud-
ies to have different exposure measurements. The proposed model is evaluated
through simulations and illustrated using real data from a meta-analysis of the
effect of cigarette smoking on diabetic peripheral neuropathy.
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1 INTRODUCTION

Meta-analyses of observational studies on exposure-disease relationships can serve as the motivation and groundwork for
large clinical trials. They also provide important evidence to facilitate health policy decision-making and patient man-
agement, especially when randomized controlled trials are unethical or unavailable, such as studies of etiology. However,
because it is common for each observational study in a meta-analysis to use an imperfect measurement as a surrogate for
the true exposure status, observations from each observational study are prone to exposure misclassification. It is widely
recognized that biases produced by exposure misclassification pose a potential threat to the validity of statistical infer-
ences and may be more serious than measurement error for a measure on a continuous scale.1 Ignoring misclassification
also gives falsely small credible intervals because it does not take the uncertainty in the classification into account, lead-
ing to low coverage probabilities of the true effect size. In a meta-analysis, error-prone evidence from different studies is
combined and contrasted. Greenland,2 Zeisser et al,3 and Wolpert and Mengersen4 warned about the deleterious effect of
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classification error in meta-analysis. Therefore, it is important to properly account for misclassification in meta-analyses
to obtain valid point and interval estimates.

There is extensive literature on parameter estimation from one contingency table under misclassification, beginning
with seminal papers characterizing its effects on estimation of the odds ratio from one 2 × 2 table.5,6 Bross,7 Barron,5 and
Green and Kleinbraum6 proposed a matrix method built on sensitivity and specificity, where sensitivity is defined as the
probability of a measurement correctly identifying a truly exposed subject and specificity is the probability of a measure-
ment correctly identifying an exposure-free subject. When internal validation information is available, these closed-form
estimators based on the matrix method were proved to be inefficient.8 Alternatively, one can use an inverse-variance
weighted estimator9,10 or an inverse matrix method.11,12 Several authors have explored likelihood-based estimators, includ-
ing standard missing data methods that take the true exposure status as a partially missing variable, double-sampling
likelihood, and weighted estimation equations.13-15 Recently, developments in computational techniques and the Bayesian
paradigm have fueled investigations in sensitivity analysis when misclassification rates were not precisely known. Besides
varying the misclassification rates across a set of fixed values, one can randomly draw them from a joint prior distribution
or integrate them out in a Bayesian analysis.1,2,16-18

Although inference under misclassification for one observational study has been well studied, little attention has been
paid to misclassification bias in a meta-analysis. Extensive literature discusses methods for estimating accuracy of medical
diagnostic techniques and devices from a meta-analysis with a gold standard test,19-24 and applications of these methods
are not limited to the area of diagnostic tests. Many meta-analyses have used these approaches to investigate the accuracy
of a surrogate exposure measurement in practice, which can serve as an external validation source to correct for poten-
tial misclassification in a meta-analysis of observational studies using the surrogate measurement. However, no existing
approach is able to simultaneously synthesize a meta-analysis of observational studies on an exposure-disease relation-
ship and a meta-analysis or a network meta-analysis on validity of surrogate exposure measurements. As a result, benefits
of existing evidence on misclassification rates have not been fully reaped to estimate the association between an exposure
and a disease in meta-analyses.

Several technical difficulties have led to such a methodological gap. First of all, current methods that correct for mis-
classification in one observational study with a single external validation study assume the same fixed misclassification
rates in both the main study and the validation study, called the “transportability” assumption.8,10,11,25 This assumption is
problematic even in one observational study and it becomes unrealistic in a meta-analysis with potential heterogeneity.
Acknowledging that some degree of heterogeneity is inevitable in a meta-analysis, we are left with a question of how to
account for variation in both the target exposure effects and the misclassification rates. Wolpert and Mengersen4 intro-
duced the idea of adjusting the exposure misclassification bias when synthesizing heterogeneous evidence on exposure
effect. However, in their approach, both the overall misclassification rates and variability in the study-specific misclas-
sification rates are primarily based on expert opinions or estimates from existing literature. Using expert opinions may
introduce cognitive bias, while directly using the historical estimates fails to properly account for the uncertainty in these
estimates. Secondly, internal validation is rare due to cost and ethical issues. Therefore, it is impractical to propose a
meta-analysis with internal validation available for each study. The goal of this paper therefore is to develop a flexible
statistical framework that can (1) synthesize two or more meta-analyses simultaneously to correct misclassification in
meta-analyses, (2) relax the strict assumption of transportability in traditional methods using external validation stud-
ies, and (3) allow some studies in the meta-analysis of observational studies to use an error-free exposure measurement,
while the rest use an error-prone surrogate measurement. We propose a Bayesian framework that can be formulated in
two stages: model of interest (MOI) and model of validation (MOV). Throughout this paper, we focus on cases in which
both the exposure and the outcome are binary.

This paper is organized as follows. We describe a novel Bayesian framework to correct misclassification in a
meta-analysis in Section 2. Section 3 applies our method to a meta-analysis for the effect of cigarette smoking on diabetic
peripheral neuropathy. Section 4 presents simulation studies to illustrate the performance of our approach under a variety
of conditions. Finally, Section 5 discusses our findings and implications for future analyses.

2 CORRECTING MISCLASSIFICATION IN META-ANALYSES

This section describes a novel framework to account for misclassification in meta-analysis when estimating the associa-
tion between an exposure and a disease. Suppose we have two separate sets of meta-analyses. One is on the association
between a surrogate exposure measure and a disease, which is called the main meta-analysis because it provides direct
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evidence on the target exposure-disease relationship. The other meta-analysis is on the validity of the surrogate exposure
measure, which is called the external validation meta-analysis. Throughout this paper, we focus on estimating the true
log odds ratio describing the exposure-disease relationship. We model exposure prevalence given disease status, because
this approach can be applied to all case-control, cohort, and cross-sectional designs (but not to randomized trials) as long
as the sampling is not based on the error-prone exposure status. For ease of notation, we assume misclassification is
non-differential, ie, the misclassification rates are the same in the diseased and control group of each study. However, it
is straightforward to extend the proposed framework to incorporate differential misclassification.

Consider a main meta-analysis with a collection of K observational studies, indexed by i = 1, … ,K. Let T =
{k1, … , kT} denote a subset of “contaminated” studies among the main studies, for which we suspect the potential for
misclassification. Let T = {i ∉ T; i = 1, 2, … ,K} be a subset of error-free main studies that use the gold standard expo-
sure measurement. T is an empty set when all studies use an error-prone surrogate measurement. Let Di j, Ei j, and E∗

i𝑗
be the true disease status, error-free, and observed exposure measurements of the jth patient from the ith study, respec-
tively, taking the value 1 or 0. In general, the true exposure status Ei j is unknown to us, though in a study with error-free
exposure measure (ie, i ∈ T), we know that E∗

i𝑗 = Ei𝑗 . Let yimd be the observed cell counts from the ith study, with the
second subscript m denoting the observed exposure status (1 or 0) and the third subscript d denoting the disease status
(1 or 0), respectively. The total numbers of cases and controls in the ith study are denoted by yi·1 and yi·0, respectively.
The unobserved true study-level exposure prevalences in the diseased and the non-diseased groups of the ith study are
defined as 𝜋i1 = P(Ei j = 1|Di j = 1) and 𝜋i0 = P(Ei j = 1|Di j = 0), respectively, i = 1, … ,K. We define the
corresponding observed misclassified study-level conditional exposure prevalences as Pi1 = P(E∗

i𝑗 = 1|Di𝑗 = 1) and
Pi0 = P(E∗

i𝑗 = 1|Di𝑗 = 0), i = 1, … ,K.
Assume further that the external validation meta-analysis investigating the accuracy of the surrogate measurement is

a collection of N studies, indexed by i = K + 1,K + 2, … ,K + N. The observed data of each validation study can be
summarized in a 2 × 2 table. The number in each cell of the ith validation study is niml. The second subscript m indicates
observed exposure status, with m = 1 for exposed and m = 0 otherwise. The third subscript l indicates true exposure
status, taking value 1 when truly exposed and 0 otherwise. Let ni·1 = ni11 + ni01 and ni·0 = ni10 + ni00 be the total
numbers of truly exposed and exposure-free subjects in the ith study, respectively. Let Sei and Spi denote the sensitivity
and specificity respectively of misclassification in the ith main or validation study (i = 1, 2, … ,N + K). Tables 1 and 2
summarize the observed data and related notation for a main study and an external validation study, respectively. In each
cell, the first row shows the observed cell count and second row shows the corresponding observed conditional probability
of the outcome in the ith study.

TABLE 1 Notation for main
meta-analysis

Main Study
i = 1,… , K

D
+ −

E∗ + yi11 yi10
Pi1 Pi0

− yi 01 yi00

1 − Pi1 1 − Pi0

TABLE 2 Notation for validation
meta-analysis

External Validation
i = K + 1,… , N

E
+ −

E∗ + ni11 ni10
Sei 1 − Spi

− ni01 ni00
1 − Sei Spi
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2.1 The likelihood
Because we assume that only exposure is misclassified, the total numbers of cases and controls in each study are not
affected by misclassification. With the assumption that the reference tests in the validation studies are “gold standard”
with perfect accuracy, the observed cell counts of the validation studies and main studies can be modeled as

𝑦i11 ∼ Bin(𝑦i·1,Pi1), 𝑦i10 ∼ Bin(𝑦i·0,Pi0), i = 1, … ,K, (1)

ni11 ∼ Bin(ni·1, Sei), ni00 ∼ Bin(ni·0, Spi), i = K + 1, … ,K + N. (2)

Taking the potential misclassification into consideration, an error-free main study contributes a likelihood term C
i =∏

𝑗Pr(Ei𝑗|Di𝑗) = 𝜋
𝑦i11
i1 (1 − 𝜋i1)𝑦i·1−𝑦i11𝜋

𝑦i10
i0 (1 − 𝜋i0)𝑦i·0−𝑦i10 , i ∈ T, because exposure status is correctly observed. Given the

non-differential misclassification assumption, the likelihood contribution from subject j in misclassified main study i is

Pid = Pr
(

E∗
i𝑗|Di𝑗

)
=
∑
Ei𝑗

P
(

E∗
i𝑗|Di𝑗 ,Ei𝑗

)
P(Ei𝑗|Di𝑗) =

∑
Ei𝑗

P
(

E∗
i𝑗|Ei𝑗

)
P(Ei𝑗|Di𝑗), (3)

where P(E∗
i𝑗|Ei𝑗) in (3) is determined by the study-specific sensitivity or specificity of the misclassification. It then follows

that
Pid = 𝜋idSei + (1 − 𝜋id)(1 − Spi), i = 1, … ,K and d = 0, 1. (4)

This formula can be viewed as an extension of the matrix method5-7 to a meta-analytic setting. As a result, the likelihood
contribution of a misclassified main study in terms of 𝜋id, Sei, and Spi is given by

M
i =

∏
𝑗

Pr
(

E∗
i𝑗|Di𝑗

)
= P𝑦i11

i1 (1 − Pi1)𝑦i·1−𝑦i11 P𝑦i10
i0 (1 − Pi0)𝑦i·0−𝑦i10

= (𝜋i1Sei + (1 − 𝜋i1)(1 − Spi))𝑦i11(1 − (𝜋i1Sei + (1 − 𝜋i1)(1 − Spi)))𝑦i·1−𝑦i11

× (𝜋i0Sei + (1 − 𝜋i0)(1 − Spi))𝑦i10(1 − (𝜋i0Sei + (1 − 𝜋i0)(1 − Spi)))𝑦i·0−𝑦i10 ,

where i ∈ T. Based on the distribution assumptions for ni11 and ni00 in (2), the likelihood contribution from an external
validation study is

V
i =

∏
𝑗

Pr
(

E∗
i𝑗|Ei𝑗

)
= Seni11

i (1 − Sei)ni10 Spni00
i (1 − Spi)ni01 , (5)

where i = K + 1, … ,K + N. Therefore, the full likelihood is a product of the likelihood contributions from all the
studies, including the main studies and validation studies, ie,

 =
∏
i∈T

M
i

∏
i∈T

C
i

K+N∏
i=K+1

V
i . (6)

Note that in the naive approach that ignores misclassification, we assume that E∗
i𝑗 = Ei𝑗 for all the main studies

(ie, 𝜋id = Pid, ∀ i, d), and the corresponding likelihood is

 =
K∏

i=1
C

i . (7)

2.2 Model specifications
In our approach, we explicitly model the underlying misclassification rates (Sei, Spi) and true exposure prevalence
(𝜋i1, 𝜋i0). Various models have been proposed to estimate the effect of an exposure on a disease in a meta-analysis of
observational studies. We refer to the model for the true exposure prevalences (eg, 𝜋i1 and 𝜋i0) in the main studies as
model of interest (MOI). In this paper, we adopt a bivariate generalized linear mixed effects model (BGLMM), which
can account for heterogeneity between studies and provide flexibility in modeling correlation between the diseased and
non-diseased groups of the same study. BGLMM models the true exposure prevalence in each group directly (instead of
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the study-specific log odds ratio) and therefore can easily be extended to incorporate validation information. The model
can be described as follows:

g(𝜋i1) = a1 + b1i, g(𝜋i0) = a0 + b0i, (8)(
b1i
b0i

)
∼ N

((
0
0

)
,Ω =

(
𝜎2

1 𝜎10
𝜎10 𝜎2

0

))
, i = 1, 2, … ,K,

where g(·) is a known link function such as a logit or a probit function, (a1, a0) is a vector of fixed effects, and (b1i, b0i)
is a vector of random effects specific to study i. The covariance matrix Ω can be written as Ω = SQS, where S is a 2 × 2
diagonal matrix with diagonal elements capturing the between study heterogeneities and Q is a correlation matrix, the
off-diagonal element of which measures potential correlations between cases and controls in study i. When using the logit
link function, the log odds ratio 𝛾 can be derived as a1 − a0.

Existing methods incorporating external validation data rely on the transportability assumption, ie, misclassification
rates are the same and fixed in all validation and main studies. This assumption is questionable in meta-analysis given
the inherent heterogeneity between studies. It would be surprising if multiple studies, conducted by different researchers
in different locations and time windows, all ended up with exactly the same misclassification rates and underlying target
parameters.26 To correct misclassification in meta-analysis through external validation meta-analysis, it is essential to
properly address variation not only in the main studies but also in the validation studies.

Instead of the transportability assumption, we assume that the misclassification rates are exchangeable across the
main and validation studies. Therefore, the misclassification rates of all the main and the validation studies are random
draws from an underlying common distribution G𝜽, which can be estimated directly from the validation studies and indi-
rectly from the main studies. More specifically, we consider a rescaled BGLMM to model the study-level sensitivity and
specificity in the validation and main studies

Sei = SeL + (SeU − SeL)expit(𝛼1 + 𝛽1i),
Spi = SpL + (SpU − SpL)expit(𝛼0 + 𝛽0i),(

𝛽1i
𝛽0i

)
∼ N

((
0
0

)
,Σ =

(
𝜏2

Se 𝜏SeSp
𝜏SeSp 𝜏2

Sp

))
, i = 1, 2, … ,N + K,

(9)

where expit(z) = [1 + exp(−z)]−1, i = 1, … ,K denote the main studies, i = K + 1, … ,K + N denote the validation
studies, and (SeL, SpL) and (SeU, SpU) are sets of lower and upper bounds, respectively, to exclude improbable values. When
SeL = SpL = 0 and SeU = SpU = 1, (9) corresponds to the regular BGLMM. In this paper, we make a mild assumption
that surrogate exposure assessment is at least better than chance, ie, SeL = SpL = 0.5 and SeU = SpU = 1. We refer
to (9) as the model of validation (MOV) because it estimates the misclassification rates. When assuming non-differential
misclassification, (𝛼0, 𝛽0i, 𝛼1, 𝛽1i,Σ) and (a0, b0i, a1, b1i,Ω) are two independent sets of parameters.

2.3 Model fitting
The likelihood has a complex form (6). Inference using the maximum likelihood method involves integration over
multi-dimensional random effects. Let a = (a1, a0), 𝜶 = (𝛼1, 𝛼0), bi = (b1i, b0i), and 𝜷 i = (𝛽1i, 𝛽0i). The marginal
likelihood for the fixed-effect quantities integrated over the random effects for (6) is

P(a,𝜶|Data) =
∏
i∈T

∫ ∫ C
i p(bi|Ω)dbi

∏
i∈T

∫ ∫ M
i p(bi|Ω)p(𝜷 i|Σ)dbid𝜷 i

K+N∏
i=K+1

∫ V
i p(𝜷 i|Σ)d𝜷 i.

(10)

The corresponding asymptotic approximation for standard errors of functional parameters is of unknown accuracy and
may not be sufficiently accurate. In this paper, we adopt a full Bayesian approach using Hamiltonian Monte Carlo (HMC)
algorithms, which provides a way to simultaneously analyze the main and validation studies. We implement it using
the STAN software via the rstan package in R. Note that the misclassification rates Sei and Spi of the main studies
i = 1, 2, … ,K are treated as latent variables and are integrated out using the HMC.

To complete the Bayesian specification of the model, vague normal priors are used for the fixed effects a0, a1, 𝛼0, and 𝛼1.
Conjugate inverse Wishart priors IW(R, k) are assumed for the covariance matrices Σ and Ω, where R is the scale matrix



120 LIAN ET AL.

and k is the degrees of freedom. A smaller k corresponds to a more diffuse prior distribution. Although we have used the
unstructured covariance matrices throughout the model description, they can be simplified if relevant prior knowledge
is available, or through a model selection procedure. For example, Σ and Ω may be reduced to diagonal matrices, which
implies independence of the effect sizes. More details on the choice of prior distributions and the model selection proce-
dure will be provided in Section 3. A directed acyclic graph (DAG) can be found in the Supporting Information to help
readers understand the model specification and estimation process. Given the prior specifications described above, the
joint posterior distribution is proportional to(∏

i∈T

C
i

∏
i∈T

M
i

K+N∏
i=K+1

V
i

)(K+N∏
i=1

p(𝜷 i|Σ)
)( K∏

i=1
p(bi|Ω)

)
𝑓 (𝝎),

where f(𝝎) is the joint prior distribution for (𝜶,a,Σ,Ω). The overall log odds ratio, exposure prevalences in case and control
groups, sensitivity, and specificity of misclassification can be summarized by

𝛾 = a1 − a0, Π1 =
exp(a1)

1 + exp(a1)
, Π0 =

exp(a0)
1 + exp(a0)

,

Se = SeL + (SeU − SeL)expit(𝛼1),
Sp = SpL + (SpU − SpL)expit(𝛼0).

Specifically, we calculate these statistics in each iteration of the HMC algorithm and inference is based on the medians
of their posterior samples. Convergence is assessed using trace plots, Monte Carlo standard error,27 and Gelman-Rubin
statistic.28 While usually of secondary interest, the estimates for the overall sensitivity and specificity are predictably
more efficient since both the direct information from the external validation meta-analysis and the indirect information
from the main meta-analysis contribute to their estimates. For a fixed number of participants, each case-control study
contributes 2 degrees of freedom, while each cohort study contributes 3 degrees of freedom. As a result, the maximum
number of parameters that can be estimated ranges from 2(N + K) to 3(N + K), depending on the designs of the included
studies. The total number of parameters to be estimated is 10. Therefore, we need N+K > 10∕3 to estimate the parameters
in this model reasonably well without informative prior distributions. Note that this calculation provides a rough estimate
of the minimum number of studies. It is a necessary condition for identifiability of the cluster-invariant parameters. This
number, however, says nothing about the precision or power of the meta-analysis.

3 A CASE STUDY

Diabetic peripheral neuropathy (DPN), also known as distal symmetrical neuropathology or sensorimotor neuropathy,
is the most common complication of diabetes. DPN may cause muscle weakness and loss of reflexes, especially at the
ankle, leading to foot deformities among other problems. If an infection occurs and is poorly controlled, the foot may
then need to be amputated. Existing studies indicate an increased likelihood of neuropathy in people with diabetes who
smoke.29-31 A meta-analysis of cross-sectional, case-control, prospective, and retrospective cohort studies was conducted
to better assess the relationship between smoking and diabetic neuropathy.32 In this meta-analysis, the prospective cohort
studies included 5558 subjects without DPN at baseline. The cross-sectional and case-control studies included 17,594
subjects. Clair et al32 concluded that smoking and diabetic neuropathy were not significantly associated based on the
meta-analysis. However, the included studies relied heavily on self-reported smoking status and were therefore subject
to misclassification. The validity of self-reported smoking measurement is often questioned because of the inclination of
smokers to underestimate the amount smoked or to deny smoking at all.33

This section revisits this dataset and implements the proposed methods (Data is available in the Supporting Informa-
tion). Throughout this section, we focus solely on comparing the risk of DPN in current smokers (E= 1) vs nonsmokers
(former or never, E= 0) for illustration, and we assume that misclassification is non-differential. The purpose of the case
study is to illustrate the method we proposed and the result should not be used for decision-making. Fourteen studies in
the work of Clair et al32 compared the risk of DPN in current smokers vs nonsmokers and provided complete sets of cell
counts in 2×2 tables. These 14 studies consist of one case-control study, two cohort studies, and 11 cross-sectional studies.
In all studies, the measurements of smoking exposure are self-reported. The cardinality of the set T is 14, while T is empty.

Based on nine publications that investigated the accuracy of self-reported smoking status using the superior cotinine
validation methods,33 the sensitivity of self-reported smoking status ranges from 0.82 to 1.00, and the specificity ranges
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from 0.91 to 1.00. We use these nine case-control studies as the external validation meta-analysis to correct the potential
misclassification of self-reported smoking status. The eligibility criteria of the validation and main studies were similar.

We consider various MOIs and MOVs differing in the covariance matrices Ω and Σ in (8) and (9). We consider three
models for MOI.

• MOI1: 𝜋i1 and 𝜋i0 are assumed to be mutually independent and have homogeneous variance, ie, the covariance matrix
Ω is reduced to a diagonal matrix with diagonal elements (𝜎2, 𝜎2).

• MOI2: 𝜋i1 and 𝜋i0 are assumed to be mutually independent but have heterogeneous variances. The covariance matrix
Ω is then reduced to a diagonal matrix with diagonal elements (𝜎2

1 , 𝜎
2
0 ).

• MOI3: the most general model, which assumes arbitrary unstructured Ω.

We also consider three similar structures for Σ in MOV.

• MOV1: the study-specific sensitivities and specificities are assumed to have homogeneous variance and are mutually
independent, ie, Σ is reduced to a diagonal matrix with diagonal elements both equal to 𝜏2.

• MOV2: the study specific sensitivities and specificities are allowed to have heterogeneous variances but are assumed
to be mutually independent, ie, Σ is reduced to a diagonal matrix with diagonal elements (𝜏2

Se, 𝜏
2
Sp).

• MOV3: the most general model, assuming arbitrary unstructured covariance matrix Σ.

Combining a MOI and a MOV gives nine possible models. Since non-informative prior distributions can lead to inaccu-
rate posterior estimates,34 we select proper but diffuse prior distributions for the hyperparameters. We assign IW(I2, 3) to
Ω and Σ, where I2 is the 2 by 2 identity matrix. Based on simulations in R, this prior distribution corresponds to 95% prior
credible interval of (0.368, 4.517) for standard deviations and (−0.951, 0.948) for correlation parameters. A half-Cauchy
distribution with scale 0.25 is used as the prior for 𝜎, 𝜏, 𝜎1, 𝜎0, 𝜏Se, and 𝜏Sp in MOI1, MOV1, MOI2 and MOV2, respec-
tively. The corresponding 95% prior credible interval is (0.010,6.335). A weakly-informative Normal prior with mean 0
and variance 25 is used for the fixed effects a0, b0, 𝛼, and 𝛽. This corresponds to a prior distribution with 95% prior credible
interval (−14.969, 14.586) for the log odds ratio, which is large enough to cover all plausible values. After 5,000 burn-in
samples, 10,000 posterior samples are obtained for each model. Model fit is compared using Deviance Information Cri-
terion (DIC).35 Table 3 presents the median estimates and the 95% credible intervals (CIs) of the log odds ratio, overall
exposure prevalence in case and control groups, overall sensitivity and specificity for classification, as well as the DIC val-
ues from all the nine models. MOV1+MOI3, MOV2+MOI3, and MOV3+MOI3 have the lowest DIC values among the six
models. However, the difference of DIC between any two models is no more than 5 units, so no model has a conclusive
advantage over the others (in practice, differences of more than 5 are often considered substantial). The estimates from
these models are similar. Take MOV1+ MOI3 as an example. The log odds ratio 𝛾 is estimated to be 0.225 with 95% CI
(−0.205, 0.703). The CI includes 0, so no significant association between active smoking and DPN is found. Density plots
of the overall sensitivity, specificity, and log odds ratio from MOV1+MOI3 are shown in the left panel of Figure 1. Forest
plots showing the study-specific estimates are given in the right panel. Figure 2 shows the forest plot for the corrected
and uncorrected estimates, using MOV1+MOI3 and the naive approach with likelihood (7) and MOI3, respectively. The
point estimates from these two methods are close for most of studies, which is reasonable given the high estimated overall
specificity (0.969), but the intervals are rather wider when accounting for the uncertainty caused by misclassification.

We performed sensitivity analyses to investigate the impacts of the prior choices on the results. We consider an alterna-
tive Normal prior N(0, 100) for the fixed effects, an alternative half-Cauchy prior with scale 2.5 for the standard deviations,
and an alternative inverse Wishart IW(I2, 2) prior for the covariance matrix. Table 4 shows the results for MOV1+MOI3
under these alternatives. The estimates are not sensitive to prior choices. Similar phenomena are also observed for other
models. These indicate that inferences are driven mostly by the data, not the priors.

4 SIMULATION

4.1 Setting
In this section, we fit the proposed model to simulated datasets generated from a collection of scenarios that are likely to
be encountered in practice. For each scenario, we simulate 1000 hypothetical datasets.

To generate data, we first mimic the conditions of the case study (Scenario I). We generate 14 main studies and nine
external validation studies. Sample size in each group is set to be 1000. The overall sensitivity and specificity are 0.94 and
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FIGURE 1 Density plots and forest plots for MOV1+MOI3: the left panel is the posterior density plots for log odds ratio, sensitivity, and
specificity. The right panel is the forest plots. Circles represent study-specific posterior medians. In the forest plots of sensitivity and
specificity, the solid horizontal lines denote the 95% credible intervals of the validation studies, while the dashed horizontal lines denote the
95% credible intervals of the main studies. The vertical dashed lines indicate the overall estimates

0.97, respectively. We assume Π1 = 0.19 and Π0 = 0.16. The diagonal elements in Σ are set as 𝜏2
Se = 1.44 and 𝜏2

Sp = 0.81,
and those in Ω are 𝜎2

1 = 𝜎2
0 = 1. The off-diagonal elements are −0.54 and 0.8 for Σ and Ω, respectively. These values are

equal to the estimates in the case study. Next, we evaluate the proposed model from the following aspects: (A) the impact
of the severity of exposure misclassification on the estimates of the exposure effect; (B) the impact of the numbers of the
main and validation studies; and (C) the impact of the true overall log odds ratio. To investigate (A), we consider two pairs
of overall misclassification rates: Scenario IA-1: Se = 0.85, Sp = 0.85 and Scenario IA-2: Se = 0.75, Sp = 0.70. All other
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FIGURE 2 Forest plot for the corrected and uncorrected log odds ratios. The solid lines denote 95% credible intervals of the corrected log
odds ratios for the main studies. The dashed lines denote the 95% credible intervals of the uncorrected log odds ratios for the main studies

TABLE 4 Sensitivity to the prior distributions for MOV1+MOI3

Prior N(0, 100) half-Cauchy(0, 2.5) IW(I2, 2)

logOR Posterior median 0.226 0.221 0.227
95% CI (−0.206, 0.683) (−0.193, 0.686) (−0.215, 0.728)

Π1 Posterior median 0.189 0.193 0.188
95% CI (0.09, 0.296) (0.096, 0.306) (0.082, 0.308)

Π0 Posterior median 0.158 0.161 0.157
95% CI (0.068, 0.255) (0.071, 0.261) (0.061, 0.262)

Se Posterior median 0.942 0.942 0.942
95% CI (0.891, 0.974) (0.893, 0.973) (0.897, 0.97)

Sp Posterior median 0.969 0.970 0.968
95% CI (0.934, 0.986) (0.937, 0.986) (0.935, 0.985)

Abbreviations: CI, credible interval; IW, inverse Wishart.

parameters are set to be the same as in Scenario I. To investigate (B), we generate Scenario IB-1: nine validation studies
and 30 main studies; Scenario IB-2: 30 validation studies and 14 main studies; and Scenario IB-3: 30 validation studies
and 30 main studies. All other parameters are set to be the same as in Scenario I. To investigate (C), we assume four
different pairs of (Π1,Π0), while keeping all other parameters identical with Scenario I. Specially, we consider Scenario
IC-1:Π1 = 0.21 andΠ0 = 0.16 with corresponding log odds ratio equal to 0.333; Scenario IC-2:Π1 = 0.25 andΠ0 = 0.16
with corresponding log odds ratio equal to 0.560; and Scenario IC-3: Π1 = 0.30 and Π0 = 0.16 with corresponding log
odds ratio equal to 0.811.

Recall that existing methods to correct misclassification bias in a single observational study using external validation
assume the transportability assumption. It is easy to construct a method like the proposed new method but making the
transportability assumption. Specifically, we assume that the misclassification rates are fixed values and are the same in
all the validation and main studies. Equation (9) is then replaced by a fixed effect model, ie,

mi𝑗 ∼ Binomial(Mi𝑗 , S𝑗), i = K + 1, … ,N, 𝑗 = 1, 0
logit(S𝑗) = 𝛼0 + 𝛼1 ∗ Xi𝑗 ,

where mi1 = ni11, mi0 = ni00, Mi1 = ni·1, and Mi0 = ni·0. The misclassification rate Sj is same in all the main and
validation studies, S1 = Se and S0 = Sp. Xi j is an indicator variable, taking 1 for the disease group and 0 otherwise. The
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model specification for (𝜋i1, 𝜋i0) is given in Equation (8). The likelihood contributions from a validation study and a main
study are

V
i ∝ Sni11

1 (1 − S1)ni10 Sni00
0 (1 − S0)ni01 ,

M
i ∝ (𝜋i1S1 + (1 − 𝜋i1)(1 − S0))𝑦i11(1 − (𝜋i1S1 + (1 − 𝜋i1)(1 − S0)))𝑦i·1−𝑦i11

× (𝜋i0S1 + (1 − 𝜋i0)(1 − S0))𝑦i10(1 − (𝜋i0S1 + (1 − 𝜋i0)(1 − S0)))𝑦i·0−𝑦i10 , i ∈ T

C
i ∝ 𝜋

𝑦i11
i1 (1 − 𝜋i1)𝑦i·1−𝑦i11𝜋

𝑦i10
i0 (1 − 𝜋i0)𝑦i·0−𝑦i10 , i ∈ T,

where T indicates the index set for error-prone validation studies. The total likelihood contribution is  =∏
i∈TM

i
∏

i∈TC
i
∏K+N

i=K+1 V
i . Compared to this model under the transportability assumption, the proposed framework

allows the between-study heterogeneity in the misclassification rates and therefore is more likely to recover the true expo-
sure effect. To demonstrate the advantage of the proposed method given in Section 2, we conduct simulation studies to
evaluate the model performance under these assumptions in Scenario II. We generate 30 main studies and 30 external
validation studies. In each study, numbers of cases and controls are set as above. The covariance matrix Ω and Σ are
set as in Scenario I. The overall exposure prevalences in cases and controls (Π1 and Π0) are assumed to be 0.3 and 0.16,
respectively, as in Scenario IC-3. The true overall sensitivity and the true overall specificity are 0.85.

Finally, we evaluate the model performance when the main meta-analysis contains studies with an error-free exposure
measure. Specially, we create a case in which some main studies use an error-free exposure measure, while the rest do
not, ie, the cardinality of T is smaller than the number of studies in the main studies. All the parameters are set to be the
same as in Scenario II, except five out of the 30 main studies use a gold standard measurement for exposure status.

4.2 Results
The performance of the proposed method is compared with the naive uncorrected analysis in terms of absolute bias (AB),
relative bias (RB), and coverage probability (CP). Here, relative bias is defined as absolute bias/true value. In the proposed
method, we adopt MOV3+MOI3 and list its results under the column “With correction” in Tables 5 to 7. In the naive
method, we ignore the misclassification and use only MOI3. The corresponding likelihood is given in (7). The results from
the naive model are listed under the column “Without correction” in Tables 5 to 7. To emphasize the differences between
the two methods, the estimates for RB are shown in boldface in the tables.

Table 5 shows the simulation results for Scenario I, IA-1, IA-2, IB-1, IB-2, IB-3, IC-1, IC-2, and IC-3. We can see that
the absolute bias increases with the decrease of Se and Sp or the increase of the true log odds ratio in both the proposed
method and the naive approach. However, the proposed method is able to effectively control the absolute bias under 0.06,
while the absolute bias in the naive method can be as large as −0.157. In addition, the proposed method greatly improves
the coverage probabilities. The estimates for the individual parameters in the proposed method are also better than the
naive uncorrected method (for conciseness, the results are not shown in the Tables). The results from Scenarios I and
IB-1 to IB-3 show that increasing the numbers of main and validation studies helps to improve the accuracy and precision
of the estimates of Se, Sp, Π1, Π0. Figure 3 shows the power analysis for Scenario I and Scenario IC-1 to Scenario IC-3.
Power increases as the true exposure effect increases. With the same numbers of main and validation studies as in the
case study, the power is higher than 0.8 when the true overall log odds ratio is greater than 0.560.

Table 6 shows results for the two correction methods under different assumptions and the results for the naive method.
The proposed method under the exchangeability assumption provides estimates with smaller biases, smaller mean square
errors (MSE), and better coverage probabilities compared with the other two methods. The naive method does not take
the potential misclassification bias into consideration, while the method assuming transportability fails to account for
variability in the misclassification rates in different studies. Table 7 compares the simulation results for Scenario II and
Scenario III. It shows that including studies with a error-free exposure measure improves the accuracy of the estimates.

By comparing the results in Tables 5 and 6, we can see that the naive method performs poorly when the true exposure
effect is large and the overall misclassification rates are low. The coverage probability for the log odds ratio from the naive
method is only 0.062 in Scenario II, far lower than in Scenario IA-1 and Scenario IC-3. However, the coverage probabilities
from the proposed method are all around 95% in these scenarios. In addition, the naive uncorrected approach is known
to provide a falsely narrow credible interval, therefore the MSEs from the proposed method are slightly higher than the
naive method when the true overall exposure effect is small. Note that our main purpose is to enhance accuracy rather
than efficiency.
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TABLE 5 Simulation results I

With Correction Without Correction
Parameter (True) AB MSE CP RB AB MSE CP RB

Scenario I Se (0.940) −0.002 0.001 0.928 −0.003 - - - -
Sp (0.970) −0.004 0.000 0.941 −0.004 - - - -
Π1 (0.190) −0.006 0.003 0.932 −0.032 0.025 0.002 0.911 0.129
Π0 (0.160) −0.006 0.002 0.930 −0.039 0.029 0.002 0.888 0.178

logOR (0.208) 0.016 0.039 0.976 0.079 −0.045 0.021 0.985 −0.217
Scenario IA-1 Se (0.850) −0.002 0.002 0.928 −0.002 - - - -

Sp (0.850) −0.012 0.001 0.940 −0.014 - - - -
Π1 (0.190) −0.012 0.005 0.929 −0.065 0.113 0.014 0.116 0.595
Π0 (0.160) −0.014 0.004 0.930 −0.086 0.122 0.016 0.038 0.764

logOR (0.208) 0.054 0.073 0.976 0.261 −0.107 0.020 0.970 −0.514
Scenario IA-2 Se (0.750) −0.001 0.002 0.930 −0.001 - - - -

Sp (0.700) −0.008 0.001 0.946 −0.011 - - - -
Π1 (0.190) −0.011 0.007 0.911 −0.058 0.202 0.042 0.000 1.062
Π0 (0.160) −0.013 0.006 0.932 −0.080 0.217 0.048 0.000 1.358

logOR (0.208) 0.057 0.099 0.975 0.276 −0.147 0.025 0.967 −0.708
Scenario IB-1 Se (0.940) −0.004 0.001 0.943 −0.004 - - -

Sp (0.970) −0.003 0.000 0.953 −0.003 - - - -
Π1 (0.190) −0.003 0.001 0.950 −0.013 0.024 0.001 0.862 0.125
Π0 (0.160) −0.002 0.001 0.936 −0.015 0.028 0.001 0.762 0.175

logOR (0.208) 0.008 0.018 0.964 0.037 −0.046 0.012 0.941 −0.223
Scenario IB-2 Se (0.940) −0.001 0.000 0.944 −0.001 - - - -

Sp (0.970) −0.001 0.000 0.946 −0.001 - - - -
Π1 (0.190) 0.003 0.002 0.946 0.014 0.026 0.002 0.915 0.138
Π0 (0.160) 0.003 0.002 0.940 0.018 0.031 0.002 0.860 0.191

logOR (0.208) 0.004 0.037 0.970 0.017 −0.048 0.023 0.978 −0.230
Scenario IB-3 Se (0.940) 0.001 0.000 0.947 −0.001 - - -

Sp (0.970) −0.001 0.000 0.942 −0.001 - - - -
Π1 (0.190) 0.001 0.001 0.949 0.006 0.025 0.001 0.850 0.129
Π0 (0.160) 0.000 0.001 0.954 0.003 0.028 0.001 0.785 0.175

logOR (0.208) 0.007 0.016 0.954 0.035 −0.043 0.011 0.950 −0.206
Scenario IC-1 Se (0.940) −0.003 0.001 0.927 −0.003 - - - -

Sp (0.970) −0.004 0.000 0.938 −0.004 - - - -
Π1 (0.210) −0.006 0.003 0.937 −0.027 0.022 0.002 0.926 0.103
Π0 (0.160) −0.006 0.002 0.930 −0.037 0.029 0.002 0.888 0.178

logOR (0.333) 0.025 0.039 0.973 0.074 −0.071 0.024 0.970 −0.213
Scenario IC-2 Se (0.940) −0.003 0.001 0.930 −0.003 - - - -

Sp (0.970) −0.004 0.000 0.946 −0.004 - - - -
Π1 (0.250) −0.004 0.003 0.933 −0.018 0.016 0.002 0.941 0.064
Π0 (0.160) −0.005 0.002 0.930 −0.032 0.029 0.002 0.891 0.179

logOR (0.560) 0.038 0.041 0.968 0.068 −0.112 0.033 0.941 −0.200
Scenario IC-3 Se (0.940) −0.003 0.001 0.929 −0.003 - - - -

Sp (0.970) −0.003 0.000 0.941 −0.003 - - - -
Π1 (0.300) −0.003 0.004 0.932 −0.011 0.008 0.002 0.944 0.026
Π0 (0.160) −0.004 0.002 0.930 −0.027 0.029 0.002 0.888 0.178

logOR (0.811) 0.047 0.043 0.973 0.058 −0.157 0.045 0.906 −0.193

AB: absolute bias = estimated value − true value. RB: relative bias = AB
True value

. MSE: mean square error. CP: 95% credible interval coverage
probability
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TABLE 6 Simulation results for Scenario II: comparing different assumptions

Method Assumption Se (0.85) Sp (0.85) 𝚷1 (0.30) 𝚷0 (0.16) logOR (0.811)

AB With correction Exchangeability 0.000 −0.006 −0.007 −0.009 0.098
Transportability −0.020 −0.006 −0.020 −0.031 0.226

Without correction - - - 0.074 0.121 −0.384
MSE With correction Exchangeability 0.001 0.000 0.005 0.003 0.081

Transportability 0.001 0.000 0.006 0.004 0.176
Without correction - - - 0.007 0.016 0.156

CP With correction Exchangeability 0.942 0.944 0.927 0.939 0.963
Transportability 0.111 0.190 0.924 0.882 0.858

Without correction - - - 0.487 0.007 0.062
RB With correction Exchangeability 0.000 −0.007 −0.024 −0.059 0.121

Transportability −0.024 −0.007 −0.067 −0.192 0.279
Without correction - - - 0.248 0.757 −0.474

AB: absolute bias = estimated value − true value. RB: relative bias = AB
True value

. MSE: mean square error. CP: 95% credible interval
coverage probability

TABLE 7 Simulation results: comparing model performance with (Scenario III) versus without (Scenario II)
error-free main studies

Scenario III Scenario II
Parameter (True) AB MSE CP RB AB MSE CP RB

With correction Se (0.850) −0.001 0.001 0.946 −0.001 0.000 0.001 0.942 0.000
Sp (0.850) 0.003 0.000 0.947 −0.003 −0.006 0.000 0.944 −0.007
Π1 (0.300) −0.001 0.002 0.930 −0.005 −0.007 0.005 0.927 −0.024
Π0 (0.160) −0.001 0.001 0.927 −0.009 −0.009 0.003 0.939 −0.059

logOR (0.811) 0.023 0.023 0.958 0.029 0.098 0.081 0.963 0.121

AB: absolute bias = estimated value − true value. RB: relative bias = AB
True value

. MSE: mean square error. CP: 95% credible interval
coverage probability
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FIGURE 3 Power analysis: power to detect logOR ≠ 0
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5 DISCUSSION AND FUTURE WORK

This paper proposed a fully Bayesian approach to accounting for misclassification in meta-analysis. We provide a frame-
work to make a correction based on external validation studies. To the best of our knowledge, this is the first paper
to synthesize two separate sets of meta-analyses to correct misclassification bias. It relaxes the strict assumption of
transportability, used by existing methods. Both the correlations between the groups and potential heterogeneity of
meta-analysis are taken into account. The model consists of two components: a MOI and a MOV. We adopt a BGLMM for
the MOI and a rescaled BGLMM for the MOV. Other popular methods of meta-analysis that directly model 𝜋i1, 𝜋i0, Sei,
and Spi,19,20,36-38 such as the Sarmanov beta-binomial model, also fit in the proposed framework. Although we focus on
estimating the log odds ratio throughout this paper, the proposed approach can be easily modified to estimate other popu-
lar effect sizes describing the exposure-disease relationship, such as relative risk when the included studies are all cohort
studies. In addition, the proposed method can be extended to incorporate studies with different exposure measurements.
For example, if the main meta-analysis contains studies using two different surrogate and a error-free measurements
(each study only uses one of them), we would need a network validation meta-analytic dataset for the two surrogate
measurements and the gold standard test. Sei and Spi in (4) will then be replaced by Seit and Spit, with the second sub-
script t indicating the corresponding measurement, t = 1, 2, 3. Consequently, the rescaled BGLMM will be replaced by a
rescaled multivariate generalized linear mixed effects model (MGLMM)39,40 for the MOV. In this paper, we discuss only
non-differential misclassification. In practice, misclassification rates may differ between two disease groups. To allow dif-
ferential misclassification, we would need two separate validation meta-analyses, one for misclassification rates in cases
and one for misclassification rates in controls. Misclassification rates for each study would then be denoted by Seid and
Spid, with the second subscript d indicating disease status, d = 1, 0. MGLMM can be used as MOV to jointly model
(Sei1, Sei0, Spi1, Sei0).

Throughout this paper, we assume the validation measurement is a “gold standard”. However, in most situations, the
assumed error-free measurement in fact is just another fallible surrogate measurement for the true Ei j. Some authors have
discussed correcting misclassification through dual imperfect exposure assessments in one observational study.41-45 In
meta-analysis of diagnostic tests, several models have been proposed to account for the bias caused by imperfect reference
tests.39,46-49 These methods can be easily incorporated into the MOV of the proposed framework to handle “alloyed gold
standard” situations. In addition, a referee pointed out that similar ideas have been discussed in papers that harmonize
differently measured constructs in clinical trials.50

Existing methods of correcting misclassification through external validation assume transportability. In this paper, we
relax this assumption to exchangeability, ie, the misclassification rates of the main studies and validation studies are
assumed to be i.i.d. draws from a common distribution. Validation of this assumption is grounded in the underlying
requirements of all meta-analysis: the studies being combined share similarities and are assumed to be representative of
a target population. When correcting the misclassification bias using the proposed method, the inclusion and exclusion
criteria of the meta-analyses combined should be similar in order for the exchangeability assumption to be valid. Ideally,
validation studies and main studies should be screened and collected according to the same inclusion criteria by the same
research group. When the validation meta-analysis and the main meta-analysis are conducted separately with different
study selection rules, and partial internal validation data or error-free main studies are available, a rigorous test, analogous
to the test for the transportability,25 may be developed to further examine the exchangeability assumption. In addition, we
focus on the simple case where other covariates like age and race are not considered. If other study-level or patient-level
characteristics are suspected to confound the exposure-disease association, meta-regression models with covariates may
be used as MOI or MOV to adjust for potential confounding bias. In such a case, patient-level data may be required and
more in-depth discussion on the interaction between the confounding variables and the misclassification rates should be
considered. We leave these to future work.
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