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Many new statistical models may enjoy better interpretability and
numerical stability than traditional models in survival data analysis.
Specifically, the threshold regression (TR) technique based on the
inverse Gaussian distribution is a useful alternative to the Cox pro-
portional hazards model to analyse lifetime data. In this article we
consider a semi-parametric modelling approach for TR and contrib-
ute implementational and theoretical details for model fitting and sta-
tistical inferences. Extensive simulations are carried out to examine
the finite sample performance of the parametric and non-parametric
estimates. A real example is analysed to illustrate our methods, along
with a careful diagnosis of model assumptions.
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1 Introduction

The analysis of failure time data is a rich area for statistical researchers. One
crucial ingredient of a complete modern survival analysis is to link the individual’s
survival experience with all sorts of prognostic factors, such as treatment assign-
ment, risk factors, personal characteristics and other relevant covariates (chapter 10,
LEE, 1992). Many regression models have been proposed to provide insights into the
effects of covariates on failure time. Among them the most widely used tool is the
Cox proportional hazards model (Cox, 1972). The model offers a convenient inter-
pretation for regression coefficients in terms of changes in log hazards. The assump-
tion of proportional hazards may appear plausible for many previous studies. When
this assumption is violated, investigators have proposed alternative model choices
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and generalizations to relax the assumption. For example, see chapter 7 of HosMER
and LEmMEsHOW (1999).

We consider a novel modelling framework, threshold regression (TR), in this
article. The TR method has at its root a stochastic process as a model of an under-
lying process for health status. The occurrence of the failure event may then be
characterized as a first-hitting-time of the process. The model results in an explicit
probability distribution for the failure time. The covariates may then be incorpo-
rated in the distribution parameters. See LEE and WHITMORE (2006) for a detailed
review of this method. Unlike the proportional hazards model which usually focuses
on hazard ratios and does not offer many insights into underlying determinants of
survival, the TR method does not require the proportional hazards assumption and
may yield more meaningful analysis for degradation or deterioration of a subject’s
health.

The implementation of TR is straightforward since one can make use of the wealth
of probabilistic properties of the inverse Gaussian distribution. Early application of
the method can be found in WaiTMORE (1983). The idea was further extended in
WHITMORE, CROWDER and LAwLEss (1998) and LeEg, DEGRUTTOLA and SCHOENFELD
(2000) where both authors argued the progression of latent health status directly
influences the lifetime distribution. The TR method has attracted abundant attention
lately and showed its broad applicability to practical problems. Specifically, LEE,
WHITMORE and RosNER (2010) considered incorporating time-varying covariates in
TR. PENNELL, WHITMORE and LEE (2009) used Markov chain Monte Carlo to fit
a TR model with random effects to address data with non-proportional hazards.
To improve the model accuracy, Yu, Tu and Lk (2009) considered additive semi-
parametric covariate effects in TR where non-parametric smoothing splines were
used to produce the functional effects of some continuous covariates. All these works
proved TR may be a useful alternative to the Cox model. Furthermore LEe and
WHaitMORE (2010) discussed the fundamental connection between proportional
hazards and TR and showed that proportional hazards regression is for most
purposes a special case of TR. In this article we provide more general theoretical
results for TR modelled by a state-of-the-art semi-parametric regression formulation
including varying coefficients and partial linearity.

Varying coefficients for prognostic factors in survival analysis were considered by
several authors recently (CAal et al., 2007; PENG and FINE, 2007; PENG and HuANG,
2007; CAaI et al., 2008). Allowing the regression coefficients to vary with a time-
dependent variable such as age may enhance the interpretability of the model and
provide a more correct form of the covariate effects. We use the mature non-
parametric technique of local polynomial regression (FaN and GuBELs, 1996) and
derive necessary model-specific theoretical results to facilitate inferences.

The article is organized as follows. In section 2 we introduce the semi-parametric
TR model and a rough sketch of model estimation. In section 3 we present the
detailed computation procedure for the semi-parametric model. We give asymptotic
results in section 4. In section 5 we examine the finite sample performance of
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166 J. Liand M.-L. T. Lee

parametric and non-parametric estimates by numerical studies. In section 6, we apply
our procedure to real data. Model checking for the data analysis will be followed
in section 7. We conclude in section 8 with a discussion.

2  Threshold regression model with varying coefficients

We first introduce the probabilistic foundation for the TR method. Let us consider
a first-hitting-time (FHT) model which has two basic components: (i) a parent sto-
chastic process and (ii) a boundary set. When the parent process first encounters the
boundary set is considered the threshold event (LEE and WHITMORE (2006)). Such a
probabilistic framework has been widely applied in survival analysis since it has a
close resemblance to the lifetime process in human health studies and other practical
failure time processes (EaATon and WHITMORE, 1977; LawLEss, 2003). In fact, by
using special constructions, one can obtain the proportional hazards feature from a
TR model (LEE and WHITMORE, 2010).

A common parent process considered in practice is the Wiener process equipped
with a positive initial value and certain mean and variance parameters. This process
is appropriate since researchers have found that daily or hourly improvements and
decrements in patient health can be accommodated by the bidirectional movements
of the Wiener process (LEE and WHITMORE, 2006). The boundary is the zero level
of the process. It is shown that the time required for the process to reach the zero
level for the first time has an inverse Gaussian distribution if the mean parameter is
negative so the process tends to drift towards zero (LANCASTER, 1972). Under such
a general theoretical framework, we consider modelling the survival times with the
inverse Gaussian distribution

Fswv)=2rmy*v) P exp{—(1 —wp)*/(2vy)}, »>0, (1)

where u is the reciprocal of the mean survival time and v is the so-called volatil-
ity parameter. This distribution can accommodate a wide variety of shapes and is a
member of the exponential family. TWEEDIE (1945) investigated its intriguing mathe-
matical properties and applied it in a clinical trial. He found great success in apply-
ing the inverse Gaussian to model the survival distribution for a series of patients
treated for cancer while log-normal and Weibull distributions fit such data poorly.
Since then many pioneering studies have been followed to extend the application of
this distribution in scientific studies. See chapter 1 of SEsHADRI (1993) for a detailed
historical survey.

Previous authors suggest various approaches to incorporate covariates. Specifi-
cally, we may model the parameter u as a regression function of the covariates.
Though 1 does not have a direct interpretation in terms of the instantaneous failure
rate or hazard rate, it does have a direct interpretation in terms of what is happening
to the underlying health process. The regression structure for u dictates how rapidly

or slowly the sample path approaches the failure threshold and, thus, in a way, is
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even more fundamental because it is a feature of the latent process from which the
survival distribution is derived. We therefore also choose to work with the inverse
mean parameter in this article.

Many authors considered parametric linear regression models under the inverse
Gaussian distribution (WHITMORE, 1983; WHITMORE et al, 1998; LEE and
WHITMORE, 2010). Recently Yu et al. (2009) developed an additive semi-paramet-
ric model which allows partial covariate effects to be functional. However, such a
model tends to ignore the interaction effects of covariates and may be limited in
some situations. We intend to generalize the previous models to contribute a more
accurate modelling form.

We use the following notation in the article. For patient i (i=1,2,...,n), let
Y; € R" be the event time subject to right censoring, X; € R”, Z, € R?, and U;€R be
covariates, and J; € {0, 1} be the indicator of being censored (0) or not (1).

For an observed event time Y;=y;, the log-likelihood function is

li=log{f (yi; i, v)} = — log(2mv)/2 — 3log(y;)/2
— (1= wyi)*12vy;),

where

=X/ a(U)+Z]p, (2)
a(.)=(o1(.),...,2,(.))T is a p-dimensional vector of unknown functions, and
B=(P1,...,B,)T is a g-dimensional vector of unknown parameters. Under Equation

(2), the regression coefficients of X are varying according to U and those of Z are
constant. When all regression coefficients are constant, the model reduces to that of
WHITMORE (1983). When X simply involves an intercept, the model reduces to that
of YU et al. (2009). Our model thus incorporates all previous regression models.
This partially linear varying-coefficient modelling approach has received a lot of re-
search attention in the non-parametric regression literature (FAN and ZHANG, 1999,
2000; ZuanG and LEg, 2000; X1a, ZHANG and TonG 2004; FAN and Huang, 2005).
Recently Car et al. (2007, 2008) applied such a non-parametric modelling technique
to multivariate survival data under the Cox regression model.
For a censored observation, the log-likelihood contribution is

li =log{P(Y;>y;)} =log {/ch(s;lliav)ds},
Yi

where f in the integral involves the unknown parameters v,  and unknown func-
tions a as before. We note that the complementary c.d.f. has a simple form involving
the standard normal c.d.f. See SEsHADRI (1999).

In this article, to estimate the unknown functions, we consider a local polynomial
approach. For observed covariates U; close to the point u, we have

AUy~ o(u) + (Ui = w)a V() + - - -+ (U; — ) o« w)/k!
={u(w) @1} 0(u),
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168 J. Liand M.-L. T. Lee

in which wj(u)=(1,(U; —u),...,(Ui — )T, 0w)=(a(u)",...,a®w)T k)T, and the
symbol ® denotes the Kronecker product.
The combined local log-likelihood function of the observed data can be written as

n
L= {0ili+(1 =)l Y Ku(Us — w), 3)

i=1
where Kj,(.)=K(./h)/h for a kernel function K and /% is a bandwidth. The kernel
reflects that the above model is only applied to the neighborhood of u and weighs
down smoothly the contribution of remote data points. We maximize Equation 3 to
obtain 6(x) and use the first p entries of 0(u) as the local MLEs 6(u) of a(u). The
computation has to be repeated for a grid of N points for distinct # over the range

of U to obtain the complete profile of function values for a(u).

3 Computational issues

The preceding section sketched a roadmap for obtaining the parameter and function
estimates. We address some technical details for the implementation in this section.

3.1. Estimating equations for function estimates

Differentiating the local likelihood Equation 3 with respect to the parameters, we
obtain a set of kp+ ¢+ 1 estimating equations.
Specifically, estimating equations for 8(u) and B are given by

n
v X H{u @1, 2T X {1 = My 1 (s, v) KU — u) =0, )

i=1
where M (i, v)=0iyf +(1 — 0)E«(yf;m,v) for k=—1,1, and E«(f;pu,v)=
E( Yik | Y; > yi; i, v). The two moments of the residual lifetime for inverse Gaussian
can be easily evaluated by adopting the following famous formula (Whitmore, 1983),

E(Y|Y > y)=FU/Gly)/u{l - F()}, )

EQUY|Y2y)=v+2E(Y | Y 2y) =20/ ({1 = F»)}, (6)

where f and F are the density and distribution functions for the inverse Gaussian.
The estimating equation of the volatility parameter v is given by

n
[=nlv+v2 > { My (i v) = 2+ pF Mi 1 (i, V) KR (Us — 1) =0, @)
i=1

We may consider an iterative procedure to obtain the parameter estimates. Specifi-
cally, given current parameter values, we may estimate E«(y*) by using Equations 5
and 6. These values are then plugged into Equations 4 and 7 and we update the
parameter values by solving the system of nonlinear equations. Many computer
packages such as GAMS, MATLAB, and Mathematica can provide fast algorithms
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for solving systems of nonlinear equations by using gradient information. The
MATLAB code for all of the computation involved in this article is available from
the authors upon request.

We denote the parameter estimates as ﬁu and v, to highlight that these estimates
are obtained using only local data around u. They are not as efficient as they would
be if estimated using the complete data. As we show in section 4, the convergence
rate of these estimates is quite slow.

REMARK 1. One important operational issue in the above procedure is to determine
the bandwidth 4. If % is too small, the resulting estimates may exhibit a large vari-
ance and be highly irregular. On the other hand, if /4 is too large, the estimates may
not be close to the true functions. Therefore an optimal bandwidth must be sought
to balance the variance and bias. We consider leave-one-out cross-validation as the
bandwidth selection criterion (L1 and Parta, 2009). At each step, we conduct a sim-
ilar estimation procedure, based on n— 1 observations excluding the ith datum. This
leads to the local log-likelihood 7, and the corresponding local MLEs for the func-

tion estimates & '(1) and parameter estimates ﬁ; "and 9. '. We then substitute these
estimates into the likelihood for the ith observation L; and compute its correspond-
ing deviance D;(y;, fi,)=—2log L;. We select the bandwidth /# which corresponds to
the minimum mean deviance D=n"'Y""_, D;. Zuanc and PENG (2010) provided a

rigorous justification for the theoretical basis of this method.

3.2. Estimating equations for parameter estimates

The final parameter estimates are obtained via a pseudo profile likelihood approach.
The objective function under maximization is the log-likelihood

n
L(B.v:8) = {8+ (1=},
i=1
where we replace a everywhere in /; and [{ with 4.
In this case, the estimating equations for f and v are given by differentiating the
above likelihood function,

v 2 x {1 4 M (. )} =0, ®)

i=1

n
—nly v Y MG (R v) = 2 + i M (fi, v)} =0, ©)
i=1
where 4, =X/ a&(U)+Z] B.
Solving the above equations leads to the final parameter estimates, denoted by
B and ¥ without any subscript. We show in section 4 that these global parameter
estimates converge at the usual optimal rate O(n~"?).
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4 Asymptotic properties of the estimates

In order to make inferences for the parameter and functional estimates, we derive
the large sample properties for them in this section. We note that Car et al. (2007,
2008) worked on a local kernel method similar to our approach. However, their pro-
cedure was embedded in a Cox proportional hazard structure and therefore closely
depended on asymptotic behaviour of the corresponding partial likelihood. Our
underlying model form is different and therefore the justification of the asymptotics
is also different.

For the non-parametric estimates for functional coefficients, we have the following
result.

THEOREM 1. Assume that Conditions (1)—(5) in the Appendix hold. Then as n— oo,
h— 0 and nh— oo, we have

(nh)'"? ( {a(u) - “O(u)] - bias) —4 N[0, covariance].
B.— Bo

The proof of the theorem is given in the Appendix where we present the asymptotic

covariance matrix. The bias term is of order O(/4?) and thus is only of theoretical

concern. We usually treat such a term as a nuisance in the calculation since omitting

it has no practical impact on estimation accuracy.

The above result shows that if we estimate f with the local likelihood, the estima-
tor converges to the true parameter at a relatively slower speed O(v/nh). We show in
the next theorem that the estimator based on a profile global likelihood can achieve
a better convergence rate.

THEOREM 2. Assume that Conditions (1)—(5) in the Appendix hold. Then as n— oo,
we have

n'? [Ié—fo} —4 N[0, covariance].
— v

The covariance matrices for the parametric and non-parametric components are
usually difficult to estimate with the usual plug-in method where we replace the un-
known quantities in the covariance expressions with their sample estimates. A com-
mon practice is to employ the bootstrap resampling method to yield inference results
such as the 100(1 — )% confidence intervals. specifically, we sample with replace-
ment from the original data and repeatedly estimate parametric and non-parametric
components. After we form a bootstrap sample with size B, we may construct confi-
dence intervals for the estimates by using the sample percentiles (L1, Tar and Notr,
2009; L1 et al, 2010). One may follow an argument similar to that in SHAo and
Tu (1995) to support the validity and consistency of the bootstrap method. We
exclude further technical details since the argument repeats the proof of the two
main theorems and does not offer extra insight.
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5 Simulations

In this section we conduct extensive Monte Carlo simulations to examine the finite
sample performance of the proposed procedures. The performance of the estimator
a(.) is assessed by using the square root of average square errors (RASE)

Nyrid
RASE={n_,i; > _ |l a(u) — () | *}'",
k=1
where {uy},”, are the grid points at which the functions &(.) are evaluated. In our
simulation, we employ the Epanechnikov kernel K(x)=0.75(1 —u?), and Hgrig = 150.
The performance of the parametric estimator § is assessed by its estimation bias and
variance.
We consider two model specifications:

Case I:  oy(u)=0.3exp{2u— 1} + 15,000 () = 1.2u(1 — 1), 03(u) = 1.5+ 5%,
B=(0.5,0.257
Case IT: o (u)=0.8exp{—2(u — 1)}+30, o2(tt) =2 sin>(2mu), f=(3, 1.5,2)".

For both cases, we generated U from the uniform distribution on [0,1]. In Case I,
X=(X1, X, X3)T with X; =1, X, being equally spaced fixed points on [0,1], and X3~
N(0,1) and Z follows a bivariate normal distribution with mean zero and covari-
ance matrix (¢;)ax2 with a;=(0.5)!"7|. In Case II, X=(X}, X»)" with X; =1 and
X, ~N(0,1) and Z follows a trivariate normal distribution with mean zero and
covariance matrix (o;;)3x3 with oy =(0.5)/"7!. The volatility parameter v were cho-
sen to be 0.04 and 11 respectively. The exact survival times were then generated
from the inverse Gaussian distribution by adapting the rejection sampling algorithm
in MicHAEL, ScHucaNY and Hass (1976). We independently generated censoring
times from the exponential distribution and designed the censoring proportion to be
roughly 25% of the complete sample in each simulation. Sample sizes of 100 and
200 were considered for both cases.

The estimation results from 1000 simulation runs for parametric components ap-
pear in Table 1. The performance of the estimators seem to be rather satisfactory
since the biases and standard errors are all quite small. Furthermore, the estimation

Table 1. Estimated parametric components in the simulation study

n =100 n = 200
Case Parameter True Bias SE MAE Bias SE MAE
I b1 0.50 0.032 0.098 0.103 0.028 0.066 0.071
5 0.25 -0.026 0.094 0.097 -0.012 0.065 0.067
v 0.04  —0.0060 0.0047 0.0075 -0.0013 0.0022 0.0025
I b1 3 0.19 2.10 2.18 0.08 1.42 1.44
B> 1.5 -0.32 2.48 2.50 -0.09 1.63 1.65
B3 2 -0.16 2.15 2.17 0.10 1.35 1.37
v 11 1.18 5.49 5.61 0.24 3.27 3.30

Bias is the difference between the average of 1000 parameter estimates and the corresponding
true parameter. SE is the sample standard deviation of 1000 parameter estimates. MAE is
the sample mean absolute error.
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will improve as the sample size grows. The improvement for the volatility parameter
v is especially remarkable.

It is of interest to assess the impact of estimation of f on the estimation of a(.).
To this end we also estimated a(.) by using the true value of f in the two cases.
The RASE of the non-parametric estimates d(.) are shown in Figure 1 for the two
cases. Generally RASE tends to be smaller when the parameters do not need to
be estimated. For both cases with n=100, we also displayed typical non-parametric
estimates which are of the median RASE among all 1000 simulations. See Figures 2
and 3.
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Fig. 1. Plots for RASE in Cases I (left panel) and II (right panel) with sample sizes 100.
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Fig. 2. Estimated varying regression coefficients with median RASE for Case I with sample size
100. Solid lines are the estimates while dotted lines are the true functions. The sample mean
integrated square errors for the three functions are 0.406, 0.144 and 0.257 respectively. The
bandwidth for the fit shown in the figure is 0.217.
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Fig. 3. Estimated varying regression coefficients with median RASE for Case II with sample size
100. Solid lines are the estimates while dotted lines are the true functions. The sample mean
integrated square errors for the two functions are 16.04 and 9.59 respectively. The bandwidth
for the fit shown in the figure is 0.336.

Table 2. Predictor variables in malignant melanoma dataset

Variable names  Description

ICI Amount of inflammatory cell infiltrate (ICI)
Ulcerat Ulceration

Thick Invasion level or thickness of the tumor
Sex Sex

Ecells Indicator of cell type—epithelioid

6 Applications

We illustrate our methods using a malignant melanoma data set that was originally
analysed by DrzEwiecki and ANDERSEN (1982). The clinical data cover 205 mel-
anoma patients in clinical Stage I of the disease who were treated at the Plastic
Surgery Unit in Odense, Denmark from 1964 to 1973. Follow-up was terminated 1
January 1978. Of the 205 patients, 57 had died from malignant melanoma before
the closing date of the study. Investigators were interested in studying the effects
of important prognostic factors. The predictor variables in this dataset are listed in
Table 2.

Previous investigators have noted that the proportional hazards assumption may
not hold for this data set (ANDERSEN ef al., 1993; KEIDING, ANDERSEN and KLEIN,
1997). We thus choose the TR model to fit the failure time in this data set by the
inverse Gaussian distribution. We consider modelling the reciprocal of the mean sur-
vival time by Equation 2. For the dichotomous predictors Sex and Ecells, it is sensi-
ble to associate their effects with constant regression coefficients. On the other hand,
we expect that the effects for ICI, Ulcerat and Thick to be varying with the age of
the subjects. It is natural to use age as the index variable U. Consequently in this
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analysis, X involves the intercept, ICI, Ulcerat and Thick whereas Z involves Sex
and Ecells.

We carried out the estimation procedure described in section 3. The estimated
functional regression coefficients for the intercept, ICI, Ulcerat and Thick, along
with 95% confidence intervals, are shown in Figure 4. The estimated coefficients for
sex and ecells are reported in Table 3.

The estimated curves for the continuous effects all display non-constant patterns.
The functional coefficients corresponding to the intercept start around zero and then
decrease gradually. The curve stays below zero in most of the range, indicating a
negative association between Age and u. The functional coefficients corresponding
to ICI are flat for Age below 60 and start to climb up rapidly for older subjects.
Since the estimated varying coefficients are all positive for ICI, there exists a posi-
tive association between ICI and u. A larger value of ICI might lead to mortality
with a larger chance and the ICI effect increases as the subject becomes older. In
this dataset there is a portion of subjects (approximately 4%) that are older than 80
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Fig. 4. Estimated varying regression coefficients for the malignant melanoma dataset. Solid lines are
the estimates while dotted lines are the 95% bootstrap confidence intervals. The bandwidth
for this fit is 29.65.
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Table 3. Estimated coefficients for parametric part in malignant melanoma dataset
Semi-parametric model Parametric model
Coefficients  SE P-value Coefficients  SE P-value
Sex 39x1074  24x107* 0.0521 24x107%  1.1x107* 0.0354
Ecells 4.7x107* 2.1x107* 0.0126 31x107%  12x1074 0.0122
Intercept - - - —87x1072  3.7x107*  <0.0001
Age - - - 82x107% 3.6x10°¢ 0.0244
ICI - - - 13x107%  73x107° 0.0835
Ulcerat - - - 3.6x107%  12x107* 0.0019
Thick - - - 32x107°  2.1x107° 0.1183
v 3.2x 1074 2.6x107°  <0.0001 54x107%  48x107>  <0.0001
15 T T T T T T T T T
10| -
5t ]
0

0 10 20 30 40 50 60 70 80 90 100

Fig. 5. Distribution of age for malignant melanoma dataset.

(See Figure 5). Therefore constant regression coefficients may not be suitable for
this subgroup of samples. The functional coefficients for Ulcerat increase before age
50 in a straight-line pattern and then remain constant afterwards. A larger value
of Ulcerat leads to a larger likelihood of mortality. The hazard effect of Ulcerat
remains at a fixed level after age 50. The functional coefficients for Thick seem to
be increasing with time in a linear pattern and climb a bit more steeply after age 80.
A larger value of Thick thus leads to a larger likelihood of mortality. The hazard
due to Thick is increasing with age.

The estimated parametric coefficients for the semi-parametric model are provided
in Table 3. For the sake of comparison, we also fit a parametric model by treating
all the coefficients for Age, ICI, Ulcerat and Thick to be constant and summarize
the results in Table 3 as well. Such a simple model specification would require all the
curves in Figure 4 to be increasing straightlines. Clearly the nonparametric pattern
detected from the semi-parametric model can not be reproduced in a parametric
model.

7 Model checking

One should not conclude a regression analysis without a careful check on model
assumptions. Unfortunately, there is still a lack of attention in the literature for a
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systematic or automatic semi-parametric residual analysis. We provide some relevant
discussion in this section, following the results in the preceding section.

We need to check the following: (i) the appropriateness of the selected model form;
(i) the distribution assumption.

We first consider (i). There are many possible alternative model formulations. One
particular relevant question is whether we can reduce any functional coefficient to
a constant parameter. Specifically, for model Equation 2, we may consider testing
the hypothesis:

Hozock(.)zako, V.S. Hl:ock(.)iako,

for k€{1,2,...,p}. A reasonable approach in semi-parametric analysis is to con-
struct a so-called generalized likelihood ratio (GLR) test. Under the null hypothesis,
the functional coefficient o (.) is replaced by a constant regression coefficient a;o. We
then fit the model and evaluate the maximum log-likelihood £y. Under the alterna-
tive hypothesis, we estimate a(.) as a function and obtain the corresponding maxi-
mum log-likelihood £;. The GLR test statistic simply compares the log-likelihoods
as follows:

T =rg(Ly —Lo),

where rg is a fixed constant which might depends on the kernel function. The asymp-
totic distribution of 7 can be carefully justified to follow an adjusted chi-squared
distribution under H, (see EuBANK, HART and LaRicca 1993; EuBank and LaRicca,
1993; Fan, (1996), RamiL-Nova and GONZzALEzZ-MANTEIGA (1998) for rigorous
proofs for similar problems). However, it has been empirically observed that the
asymptotic null distribution may not suit a finite sample because of the slow con-
vergence rate of non-parametric estimates (Fan, 1996; Fan and Lin, 1998). It is
thus advisable to take a numerical approach such as the bootstrap to simulate the
null distribution (Fan and Yao, 2005) or an approximate approach to replace the
chi-squared distribution with a more accurate distribution (ZHANG, 2005). In this
article, we choose to conduct a bootstrap resampling procedure to identify the null
distribution of 7. The P-values from testing the four non-parametric coefficients
under the GLR test are all highly significant in this case (all smaller than 0.01).
The results indicate that none of these four components should be simplified as a
constant coefficient. All are better to be modelled as functions.

To formally check the distribution assumption (ii), we conducted goodness-of-fit
tests using the Kolmogorov—Smirnov (KS) test and Cramer-von Mises (CV) test.
The two test statistics take the following forms

KS=sup | S«(1) — So(?)|,
t

cv= / " (800 — So(1)2dSo(),

where S«(7) is the estimated survival function under the semi-parametric model aver-
aged across all covariates at time ¢ in the original data. The reference distribution
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Fig. 6. Comparison of fitted survival distribution function with the Kaplan-Meier non-parametric
estimation.

So(?) is the Kaplan—Meier estimator which summarizes the survival pattern of the
data without any distribution assumption. KS and CV tests for lifetime data appear
in many studies (see e.g., D’AcostiNO and STEPHENS, 1986). We employed the boot-
strap method to simulate data from the null distribution with a bootstrap sample
size B=1500 and used the bootstrap samples to rebuild the KS and CV tests. The
proportions of bootstrap test statistics greater than the observed test statistics are
reported as the test P-values. In this case the P-values for the KS and CV tests are
not significant (0.2759 and 0.3263), indicating that our assumed inverse Gaussian
distribution does not differ significantly from the empirical distribution of the data.
Furthermore, we plotted the Kaplan—Meier estimator and the estimated survival
function under our semi-parametric model in Figure 6 for a graphical comparison.
The two curves agree with each other closely in the observed time range for failure
events.

8 Discussion

In the varying coefficients, the role of U acts like an effect modifier in biostatisti-
cal research studies (THompsoN, 1991; ArMiTAGE and CorLTtoN, 2005). In this article
and many previous publications, the index variable U is treated explicitly as time.
We note that in practice the variable U can be any variable potentially affecting the
effects of existing covariates and can be either dependent or independent of time
(X1a et al., 2004). The estimation of the functional coefficients follows a local kernel
construction in this article. In fact the model can be implemented using a penalized
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quasi-likelihood estimator with smoothing splines although a different technical jus-
tification is needed.

Our analysis of the melanoma dataset shows that some subjects may have a nega-
tive estimated u value. In fact, when p <0, the probability density function Equation
1 is improper and the probability P(Y =o0)=1—exp{—2u/v} is positive, indicating
that the fist-hitting-time may never be observed. The negative sign thus implies a
cure rate model for the subject. Therefore our results suggest the development of fur-
ther refined models involving a cure rate component in the likelihood. For a compre-
hensive summary of recent literatures on cure rate modelling, see Ma (2009, 2010).
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Appendix

The following technical conditions are needed for the proofs of our theoretical
results.

(1) The kernel function K(.) is a bounded symmetric density with compact
support.

(2) The density function p(u) of the variable U is of compact support U and
has a bounded second derivative.

(3) The functions «;(.) have a continuous second derivative for j=1,...,p.

(4) There is an s>2 and some e<2—s~! such that E|| X ||* <o0, E | Z | * <o,
and n>*~'h— oo.

(5) The p x p matrix E(XX” |U) is non-singular for each U in its support.
EXXT|U), EXXT|U)~! and E(XZ" | U) are all Lipschitz continuous.

ProoF oF THEOREM 1. Let £=(07, 7). The left-hand-side of Equation (4) can be
regarded as a function H,,(&).

Using Liapounov’s central limit theorem and omitting the small order bias term,
we have that vnh{n='H,(¢)} —4 N(0, Z). Furthermore, we can show n~ ! || H,(&) || =
0,(n""2 + h? +¢,) uniformly for ¢ € = where E is a neighbourhood of &, such that
IIE—¢&o|| <e, and €, —0. We note || -] is the Euclidean modulus of a matrix.

A Taylor series expansion near the true parameter &, gives

Hu(E) = Ha(Eo) + Tn(< = o),

where
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T = OO = <J11 jlz)

Jn In

is the derivative of the estimating equation. The four building blocks of J, are
given by

S My — (1= 0){ (D) — B« 321X {wiwy @ LY, 222K, (U — w)

Jn= 2
= T i 160 = U EO]) = B b — B O D + X {ww e L), Z)TKy(U; - u)
n=91= 23
S (1= 0 Ee(v?) — Ex (i)}t — 2(E(yi) Ex(y; ) — D + Ex(v; 2) — Ex(y; Y 1K (Us — u)
Jn= v2 - v >

We can show that under the assumed conditions J,=J+o0,(1) and J is positive
definite with probability converging to one, evaluated at the true parameter values.
This fact enables us to conclude that a unique consistent solution to the estimating
equation H,(&)=0 exists.

By the convexity lemma (PoLLARD, 1991) and the previous results, we obtain the
asymptotic normality of the sequence Vnh(& — &) whose covariance matrix is J !
2J~!. The distribution of vni{(&, )T — (a0, ﬁo)} is the first p and the kp + 1th to the
kp+qth components of the sequence vnh(é — &). We thus obtain the claimed
asymptotic covariance matrix as

S ey 820 U=

where eg = [ K*(u)du, & = E{E«(Y.)yu2 — (Ex(Y?) — E«(Y,)*)}. The expectation E,
is taken with respect to the observed censored survival time Y.

PrOOF OF THEOREM 2. By using the assumed conditions and the result from Mack
and SILVERMAN (1982), we can show n~! || H,(¢)|| defined in the previous theorem
converges to zero in probability uniformly for any u€i/. It then follows that

sup || &(u) —ao(u) || —,0, (10)
ueld

where again we omit the small order bias terms.

We now consider the profile likelihood function and the resulting estimating Equa-
tions 8 and 9. By a standard argument for parametric score equations (Appendix C
in Lawless, 2003) and using Equation 10, we can obtain the asymptotic normality
of v/n{(B,"T — (BT, vo)"} with a covariance equal to ¥~ where

v v
‘Pz( 11 12)’
Yo Y
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with the four building blocks given by

Wy =E [{Mw) '+ -6} 227
Vo=, =02v)"E [u(1 - ) {u*v& — &} Z]
Wy =n/2v* — {u*V?E — 212 E + E 4P,

where & is given in the previous theorem, & =E{E«(Y)E«(Y; ")} —1 and
&= E(,{E*( Y;z) — Ex( Y;l)z}.
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