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A comprehensive study of pressure, volume, temperature relations for ethane includes 
new experimental vapor pressures to the critical, orthobaric densities for the coexistence 
envelope, critical constants (po = 4871.7~ kNm -2 or 48.0807 atm, To = 305.33 K, 
Vo = 0.14556 dm 3 tool -1, and po = 6.870 mol din-a), virial coefficients B0, Co, and Do, 
and compression factors Z = pV/RT in the compressed fluid to 400 atm and 623 K. The 
effect of gravity on the density of near-critical fluids and the critical point was significant 
even for small fluid heights (2 cm). The diameter of the coexistence envelope, (Pl + p~)/2, 
had a gradual curvature at all temperatures up to the critical. 

1. Introduction 

A new determination o f  pressure, volume temperature relations for  ethane in the 
l iquid-vapor  coexistence and compressed fluid regions was made to match increasingly 
stringent requirements in processing technology and custody transfer and to elucidate 
fundamental  questions about  critical behavior and equation-of-state representation. 
Previous to this investigation by the Bureau of  Mines, no single self-consistent 
comprehensive study of  ethane, including the coexistence envelope, vapor  pressures, 
critical constants, and compressed fluid densities, had been undertaken.  Consequently,  
a noticeable feature o f  the available literature on ethane is lack o f  continuity across 
phase boundaries and widely disparate values for or thobaric  densities, critical 
constants, and fluid compression factors. In  the interpretation o f  the present results, 
some of  the impor tant  factors considered for characterizing the fluid beh/tvior o f  
ethane were as follows: (1) the effect o f  the earth's gravity on density gradients in 
fluids very near the critical point ;  (2) the possible non-analyticity in temperature 
derivatives o f  vapor  pressure at the critical temperature;  (3) the best selection o f  
coexistence envelope densities f rom the break in isothermal lines at phase changes;  
and (4) the extent to which orthobaric  densities conform to a law of  rectilinear 
diameter. Consequently, experimental schedules were followed with these problems 
in mind. 

a Work conducted in part under an Interservice Support Agreement between the Air Force 
Office of Scientific Research, Office of Aerospace Research, U.S. Air Force, Contract No. AFOSR- 
ISSA-71-0001, Project 9750, and the Bureau of Mines, U.S. Department of the Interior. 

b Contribution No. 199 from the thermodynamics laboratory of the Bartlesville Energy Research 
Center. 

33 



492 D. R. DOUSLIN AND R. H. HARRISON 

Whenever feasible, weighted least-mean-square correlations of the experimental 
points were used; however, the derivation by graphical means of virial coefficients 
B0, Co, and Do in an infinite series was a notable exception. 

2. Experimental 
METHOD 

Because the compressibility apparatus, its operation, and its accuracy have been 
described in detail, (1-4) only a brief summary from reference 4 is given here. "The 
sample [of ethane] was sealed and weighed in a thin-walled, stainless steel pycno- 
meter designed to serve as a loosely fitted liner when placed inside the compressibility 
bomb. The pycnometer terminated at one end in a small pyrex glass capillary tube, 
of  known diameter and length, which remained sealed during assembly of the bomb 
and introduction of mercury into the evacuated void space in the bomb and manifold 
of  the compressibility apparatus. Mercury was pumped into the void space of the 
assembled apparatus from a thermostated, quantitative-displacement compressor. 
A null volume reading for the compressor was recorded when the pressure exerted 
by the mercury in the void space equaled the pressure of the sample inside the sealed 
pycnometer. After the null setting was recorded, the capillary tube on the pycnometer 
was snapped offby the buoyant force of the mercury to permit mercury under pressure 
to enter the pycnometer and compress the sample. For each compressor setting, the 
volume occupied by the sample was calculated from the calibrated volume of  the 
pycnometer, the compressor reading, the null volume, and the predetermined variation 
of  the volume of the entire system under the influence of  temperature and pressure. 
Pressures were measured with a deadweight gauge that was calibrated against the 
vapor pressure of pure carbon dioxide, determined recently by Greig and Dadson 
to be 26137.6 mmHg at 0 °CJ 5) Corrections for the variation of the effective piston 
area with pressure were based on the values for a 0.05 in z piston given by DadsonJ 6) 
The temperature of  the compressibility bomb, controlled to 0.001 °C, was measured 
with a platinum resistance thermometer that had been calibrated by the National 
Bureau of  Standards in terms of the International Temperature Scale [T~nt/°K (Int. 
1948) = h,t/°C (Int. 1948) + 273.15]. (7~'' 

The calibration of  the thermometer was converted to the International Practical 
Temperature Scale of  1968. (8, 9) 

The ice-point resistance of the thermometer did not change significantly during 
the investigation. As in previous work on tetrafluoromethane (3) and methane, o o) the 
mercury vapor in the sample was calculated as a loss in volume of liquid mercury 
on the assumption that mercury vapor exhibited the same degree of non-ideality as 
the compressed sample. 

Volumes were expressed in terms of the cubic centimeter and the cubic decimeter 
or liter. (11) The gas constant used was R = 82.0560 cm a arm K -1 tool -x. 

The maximum calculated overall error in the measured compression factor, 
Z = p V [ R T ,  varied from 0.03 per cent at the lowest temperature, pressure, and 
density to 0.3 per cent at the highest temperature, pressure, and density. 
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SAMPLE 

The entire series of measurements was made on a single filling of ethane (2.7085~ g 
or 0.090 0762 tool, using 1969 atomic weights C, 12.011 and H, 1.008) taken from a 
lot of 99.999 moles per cent ethane as analyzed by gas-liquid chromatography (g.l.c.) 
and purified by g.l.c, and flash vaporization techniques. The purified ethane 
sample was a center cut from the main g.l.c, peak of commercial 99.99 moles per cent 
ethane on a 15 m preparative column composed of segments in series of Octoil-S, 
di-n-butylsebacate, and didecylphthalate. When condensed, the center g.l.c, cut showed 
a trace of dark flocculent material that was separated as a residuum from several 
flash vaporizations of the main body of ethane. During the g.l.c, purification and all 
subsequent handling of the sample, care was taken to exclude air. In addition, the 
purified sample was frozen, evacuated, and melted through six complete cycles to 
remove traces of dissolved gas. Immediately following the degassing step, the sample 
was transferred into the evacuated pycnometer or liner (2~ and weighed. The purified 
sample was further analyzed by g.l.c, on an Octoil-S column sensitive to 0.001 per cent 
of propane or propylene and subsequently on a Parapak-Q column sensitive to 0.003 
per cent of ethylene and acetylene, but none was found. 

3. Results 

VAPOR-LIQUID COEXISTENCE REGION 

Vapor pressures, vapor and liquid coexistence boundaries, and the critical point of 
ethane were derived from original measurements recorded in table 1 and figure 1. 
In the single-phase region the pressure is referred to the vertical center of the sample 
and in the two-phase or vapor pressure region to the surface of the liquid. The manner 
in which small fluid-head corrections were calculated and applied to establish those 
reference points has been described. C2~ Fluid-head corrections for the ethane sample 
were 0.0003 atm maximum in the vapor and 0.0004 atm maximum in the liquid.t 
At the critical volume and temperature, the sample height was 2 cm; thus, density 
gradients induced by gravity were small, and their area of significance was confined 
to a few hundredths of a kelvin of the critical point. The measured volumes and 
densities (table 1) are bulk values not adjusted near the critical point for density 
gradients. 

Vapor pressure variations observed for different amounts of sample condensed were 
small and commensurate with the known high purity of the sample, the precision 
of the pressure gauge, and the degree of temperature control. 

Vapor pressure. Although reports in the literature of experimental vapor pressures 
of ethane appeared as early as 1894, the first values that could be classed with modern 
work on relatively pure material were those of Maass and Mclntosh (12~ in 1914 and 
Burrell and Robertson (~a~ in 1915. The first results of high accuracy in the region 
of the normal boiling temperature were by Loomis and Walters °4~ in 1926. In the 
same year, Porter (~5~ published reliable, high pressure results in the range from 1 to 
33 arm. About a decade later, several important publications on this subject appeared, 

I" Throughout this paper arm = 101.325 kPa; Torr ----- (760/101.325) kPa; calth = 4.184 J. 
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TABLE 1. Compression factor, Z = pV/RT, for the coexistence region of ethane 
(atm ~ 101.325 kPa) 

p V p V p 
dm 3 tool -~ atm Z dm ~ tool -i' a tm Z dna 3 tool -z atm Z 

238.15K 263.15K 283.15K(cont . )  

0.20009 9.0105 ~ 0.09226 0.07082 20.2906 0.06655 0.48165 29.7719 0.61718 
0.66675 9.0095" 0.30740 0.07088 19.5705 0.06424 0.48321 29.7627 0.61899 
1.00007 9.0094 ~ 0.46107 0.07094 18.8388 0.06189 

243.15K 

0.06501 12.9000 0.04203 
0.06506 12.1205 0.03952 
0.06512 11.1314 0.03633 
0.20008 10.5070 ~ 0.10537 [ 
0.66675 10.5058 ~ 0.35108 
1.00007 10.5060 ~ 0.52660 

248.15K 

0.06630 15.9656 0.05198 
0.06634 14.7365 0.04801 
0.06638 13,3275 0.04345 
0.20009 12.1762 " 0.11965 
0.66675 12.1756 " 0.39868 
1.00007 12.1753 " 0.59798 
1.17656 12.1755 ~ 0.70352 
1.32898 12,1752 0.79464 
1.33340 12.1742 0.79722 
1.33787 12.1698 0.79960 
1.34236 12.1562 0.80139 
1.35143 12.1054 0.80343 
1.37939 11.9252 0.80785 
1.42857 11.6087 0.81444 

253.151( 

0.06767 16.7272 0.05449 
0.06772 15.6501 0.05102 
0.06776 14.4202 0.04704 
0.20009 14.0316 " 0.13516 
0.50008 14.0310 " 0.33778 
0.80008 14.0308 ~ 0,54042 
1.14413 14.0308 " 0.77280 
1.15003 14.0302 0.77676 
1.15082 14.0298 0.77727 
1.15161 14.0288 0.77775 
1.15200 14.0287 0.77800 
1.15593 14.0208 0.78022 
1,15987 13.9987 -0.78164 
1.17167 13.9074 0.78445 
1.18347 13.8081 0.78669 
1.25008 13.2617 0.79808 
1.33340 12.6254 0.81043 
1.42865 11.9634 0.82280 

258.15K 

I 
0.20009 16.0838 ~ 0.15193 
0.50008 16.0836 " 0.37970 
0.80008 16.0832 " 0.60747 . 

II 

0.07701 18.3470" 0.06544 
0.40009 18.3462" 0.33993 
0.80008 18.3461 ~ 0.67977 
0.85704 18.3463 " 0.72818 
0,86098 18.3446 0.73145 
0.86334 18.3430 0.73331 
0.86571 18.3338 0.73504 
0.86650 18.3305 0.73558 
0.86886 18.3078 0.73667 
0.87123 18.2788 0.73751 
0.87438 18.2396 0.73859 
0.88817 18.0554 0.74266 

268.15K 

0.07702 20.8324 ° 0.07292 
0.40009 20.8316" 0.37878 
0.60675 20.8314 ~ 0.57443 

273.15K 

0.07479 24.9173 0.08314 
0.07485 24.3924 0.08146 
0.07492 23.8536 0.07973 

:0.07702 23.5557 - 0.08094 
0.22231 23.5552a 0.23363 
0.33341 23.5546 ~ 0.35038 
0.51207 23.5546 " 0.53814 
0.62508 23.5546" 0.65690 
0.64634 23.5529 0.67919 
0.64752 23.5506 0.68037 
0.64831 23.5487 0.68114 
0.64950 23.5419 0.68220 
0.65048 23.5321 0.68294 
0,65265 23.4976 0.68421 
0.65463 23.4600 0.68519 
0.66667 23,2226 0.69073 

278.15K 

0.08898 26.5314 ~ 0.10343 
0.33342 26.5309 ~ 0.38757 
1.00001 26.5306 ~ 1.16242 

283.15K 

0.08010 30.4569 0.10500 
0.08018 30.1760 0.10414 
0.08025 29.8795 0.10320 
0.68162 29.7770" 0.10460 
0.25161 29.7763 ~ 0.32246 
0.36483 29.7762 ~ 0.46756 
0.47780 29.7756 ~ 0.61232 

0.48470 29.7336 0.62029 
0.48705 29.6753 0.62207 
0.48783 29.6546 0.62264 
0.50161 29.2694 0.63191 

288.15K 

0.08889 33.3113 ~ 0.12523 
0.15625 33.3110 ~ 0.22013 
0.25000 33.3106 ~ 0.35220 
0.36364 33.3111 " 0.51231 

293.15K 

0.08840 37.3278 0.13718 
0.08848 37.2166 0.13689 
0.08856 37.1596 0.13681 
0.09100 37.1585 ~ 0.14057 
0.13342 37.1582" 0.20610 
0.22231 37.1584 ~ 0.34341 
0.34491 37.158t " 0.53279 
0.34709 37.1552 0.53612 
0.34808 37.1426 0.53747 
0.34852 37.1324 0.53800 
0.35096 37.0580 0.54068 
0.35722 36.8250 0.54686 

298.15K 

0.09443 41.9907 0.16207 
0.09488 41.6321 0.16146 
0.10535 41.3494 ~ 0.17806 
0.14295 41.3494" 0.24161 
0.18191 41.3495 ~,0.30746 
0.25009 41.3493 " 0.42269 
0.28177 41.3495" 0.47623 
0.28430 41.3480 0.48049 
0.28510 41.3456 0.48182 
0.28571 
0,28993 
0.29419 

41.3403 0.48279 
41.2161 0.48844 
41.0810 0.49400 

302.15K 

45.4794 0.18837 
45.3254 0.18870 
45.1824 0.18905 
45.0680 0.18956 

0.10269 
0.10322 
0.10374 
0.10428 

I 0.11776 44.9810a 0.21365 
0.16679 44.9810 ~ 0.30260 
0.22236 44.9806 ~ 0.40341 
0.23269 44.9726 0.42208 
0.23822 44.8532 0.43096 
0.24403 44.7086 0.44005 
0.25012 44.5397 0.44933 
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V p 
dm ~ mol- 1 atm 

V p V p 
Z dm 3 mo1-1 atm Z dm a tool ~ atm Z 

303.15K 

0.10704 46.1495 0.19858 
0.10762 46.0608 0.19928 
0.10808 45.9982 0.19986 
0.10847 45.9453 0.20035 
0.10909 45.9329 ~ 0.20144 
0.11120 45.9332" 0.20534 
0.13342 45.9327" 0.24636 
0.16675 45.9327" 0.30791 
0.20009 45.9326 ~ 0.36947 
0.21514 45.9322" 0.39726 
0.21709 45.9282 0.40082 
0.21748 45.9224 0.40149 
0.21987 45.8830 0.40556 
0.22222 45.8405 0.40951 

304.15K 

0.11245 47.0210 0.21186 
0.11310 46.9758 0.21288 
0.11372 46.9366 0.21387 
0.11438 46.9069 0.21498 
0.13342 46.9040 ~ 0.25075 
0.15394 46.9039" 0.28931 
0.19616 46.9041" 0.36866 
0.19811 46.9040 a 0.37232 
0.20008 46.8887 0.37590 
0.20417 46.8399 0.38319. 
0.20842 46.7788 0.39065 

305.15K 

0.12356 47,9303 0.23652 
0.12510 47.9130 0.23938 
0.12667 47.903l 0.24233 
0.12749 47.9014 0.24389 
0.12830 47.8996" 0.24543 
0.12996 47.8996" 0.24861 
0.13343 47.8992" 0.25525 
0.14295 47.8989" 0.27346 
0.15394 47.8992" 0.29448 
0.16010 47.8991 " 0.30626 
0.16676 47.8985" 0.31900 
0.16958 47.8980 0.32439 
0.17103 47.8964 0.32715 
0.17251 47.8928 0.32996 
0.17400 47.8878 0.33277 
0.17554 47.8828 0.33568 
0.17709 47.8757 0.33860 
0.18191 47.8501 0.34763 
0.19240 47.7551 0.36695 

305.15K(cont.) 305.37K(cont.) 

0.19617 47.7074 0.37376 0.08333 87.6719 0.29157 
0.20009 47.6481 0.38076 0.08696 73.2359 0.25415 

0.09091 63.2392 0.22943 
305.25K 0.09524 56.6254 0.21522 

0.12667 48.0174 0.24283 0.10000 52.5360 0.20966 
0.12830 48.0092 0.24592 0.10526 50.1502 0.21068 
0.12996 48.0029 0.24906 
0.13167 48.0007 0.252~- 
0.13343 47.9999 " 0.25570 
0.13802 47.9995 " 0.26449 
0.14295 47.9999 ~ 0.27394 
0.14823 47.9995 " 0.28406 
0.15394 47.9991 " 0.29500 
0.'15882 47.9988 ~ 0.30435 
0.16138 47.9992 " 0.30926 
0.16403 47.9985 0.31433 
0.16676 47.9943 0,31953 
0.16958 47.9892 0.32490 
0.17400 47.9751 0.33327 
0.18191 47.9337 0.34812 

305.35K 

0.12996 48.1129 0.24955 
0.13343 48.1055 0.25617 
0.13523 48.1033 0.25962 
0.13708 48.1026 0.26316 
0.13898 48.1018 0.26682 
0.14094 48.1015 0.27057 
0.14295 48.1013 0.27442 
0.14502 48.1009 0.27841 
0.14824 48.1006 0.28458 
0.15393 48.1005 0.29551 
0.15634 48.0999 0.30013 
0.15882 48.0985 0.30488 
0.16138 48.0963 0.30978 
0.16402 48.0932 0.31483 
0.16676 48.0878 0.32005 
0.16958 48.0814 0.32542 
0.17401 48.0655 0.33380 

305.37K 

0.06667 358.188 0.95298 
0.06897 281.398 0.77449 
0.07143 220.184 0.62766 
0.07407 172.464 0.50983 
0.07692 135.819 0.41695 
0.08000 108.007 0.34483 

0.11111 48.9160 0.21691 
0.11765 48.3646 0.22708 
0.112500 48.1717 0.24031 
0.12996 48.1358 0.24966 
0.13333 48.1266 0.25609 
0.13523 48.1242 0.25972, 
0.13898 48.1221 0,26691 
0.14094 48.1226 0,27067 
0.14286 48.1215 0.27435 
0.14502 48,1215 0.27850 
0.14715 48.1210 0.28259 
0.14935 48.1209 0.28682 
0.15161 48.1203 0.29115 
0.15385 48.1203 0.29545 
0.15634 48.1186 0.30022 
0.16138 48.1154 0.30988 
0.16667 48.1064 0.311997 
0.17400 48.0830 0.33389 
0.18.182 48.0372 0.34856 
0.20000 47.8154 0.38165 
0.22222 47.3137 0.41960 
0.25000 46.3731 0.46267 
0.28571 44.8163 0.51101 
0.33333 42.4525 0.56474 
0.40000 39.0828 0.62389 
0.50000 34.5035 0.68849 
0.66667 28.5071 0.75845 
1.00000 20.8914 0.83374 
1.33333 16.4154 0.87348 

305.39K 

0.12996 48.1580 0.24975 
0.13343 48.1477 0.25638 
0.13523 48.11460 0.25982 
0.13898 48.1433 0.26701 
0.14294 48.1422 0.27461 
0,14715 48.1414 0.28270 
0.15161 48.1401 0.29125 
0.15634 48.1386 0.30033 
0.16138 4~.1343 0.30999 
0.16676 48,1251 0.32025 
0.17400 48,1012 0.33400 

Averaged for vapor pressure, table 2. Boxes enclose results inside the vapor-liquid envelope. 
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p/mol  drn -3 

F I G U R E  1. Vapor-liquid coexistence region of ethane; the numbers on the isotherms are 
values of ( T / K  - -  273.15). 

and most of them extended to the region of the critical pressure. This group included 
the work of Sage, Webster, and Lacey (~6) in 1937; Kay (~7~ in 1938; Beattie, Su, and 
Simard (18) in 1939; Lu, Newitt, and Ruhemann (t9~ in 1941; and Kharakhorin (z°~ in 
1941. The first very low pressure values, 0.001 to 10 Torr by Tickner and Lossing, (21) 
appeared in 1951. The most significant vapor pressure results published recently were 
determined in the high pressure and critical region by Tomlinson, (2z~ Miniovich and 
Sorina, (2a~ Pope, (24) and Pal, (2s~ and at low pressures by Carruth. (26) 

In the present investigation, vapor pressure measurements were made over the 
range 238.15 to 305.25 K and 9.0097 atm to 47.9994 atm. At each temperature, the 
vapor pressure was evaluated (table 2) as an arithmetic average of several isothermal 
pressure measurements, taken at different amounts  of sample condensed, and cor- 
rected for fluid head to the interface of coexisting liquid and vapor phases. Except 
for a few temperatures where isotherms are not complete, vapor pressure measure- 
ments cover ranges exceeding 75 per cent of  the volumetric extension in the two-phase 
region. The variation of observed pressures on an isotherm was generally less than 
0.01 per cent. 
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TABLE 2. Vapor pressure ~ of ethane 
(atm = 101.325 kPa) 
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T]K -- 273.15 p/atm p/kPa 

--35 9.0097 912.91 
--30 10.5066 1064.58 
--25 12.1756 •233.7o 
--20 14.0316 1421.69 
--15 16.083~ 1629.66 
- -  10 18.3464 1858.95 
--5 20.8318 2110.76 

0 23.5549 2386.7o 
5 26.530o 2688.24 

10 29.7766 3017.06 
15 33.311o 3375.26 
20 37.158a 3765.0~ 
25 41.3494 4189.72 
29 44.980o 4557.66 
30 45.9327 4653.4o 
31 46.9040 4752.53 
32 47.8992 4853.37 
32.1 47.9994 4863.56 

T o :  32.18 (To = 305.33 K) po: (48.0807) Po: 4871.76 

a To retain internal consistency, the values are given to more places than absolute accuracy 
justifies. 

The report by Sage, Webster, and Lacey (10) of  a discontinuity in the isochoric heat 
capacity C(V) of  ethane across the coexistence envelope near the critical density, and 
a later report by Bagatskii, Voronel, and Gusak (27) of  the possible non-analytic 
behavior of  C(V) for argon at the critical point, drew the attention of Yang and 
Yang (zs) to the possible non-analyticity of  the vapor pressure derivative (dZp/dTZ)v ° 
and the chemical potential derivative (dZlt/dTZ)zo, which are related to isochoric 
heat capacity by the relation C(V)=-T(dZ#/dTZ)v+TV(dZp/dT2)v .  After the 
suggestion by Yang and Yang, two vapor pressure equations (z9' 3o) non-analytic in 
d2p/dT 2 at the critical temperature were proposed. Nevertheless, we decided to 
examine the vapor pressure behavior of  ethane just below the critical point by corre- 
lating the data from table 2 in terms of  the Cox (3a~ equation, which is analytic, and 
the Goodwin (36~ equation, which is non-analytic at the critical temperature. 

The Cox equation: 

log(pipe) = A(1 - (o/T), (1) 
where 

logxo A = Z~=~ at T ~, 

is analytic over the entire temperature range and, consequently, has finite derivatives 
dp/dT and d2p/dT z at the critical temperature. The parameters (o and p~ were set at 
305.33 K -1 and 48.0807 atm, respectively, and the logarithm of A was a quartic 
polynomial in which the values ao = 6.188991, al = - 9 . 0 2 2 1 1 4 x 1 0  -2, a2 = 
5.282 712 x 10 -4, a 3 = - 1.377 563 x 10 -6, and 64 = 1.353 523 x 10 -9 were derived 
from the data by a least-mean-square treatment. Each experimental point was 
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weighted by a factor: 

w, = p~Z/[{o'(p,)}2 +(Op/OT)Z(a(T~)}2], (2)  

in which p is pressure, and tr(p) and c(T) are estimated standard deviations in the 
measurements of  pressure and temperature obtained from analyses of experimental 
e r r o r s .  

The per cent deviation of present experimental points from the Cox equation (see 
dotted line, figure 2) does not increase at the approach to the critical temperature 
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F I G U R E  2. Devia t ions  o f  e thane  vapor  pressures.  - • - -  • - ,  Present  values f r om Cox  (al) 
equa t ion ;  - - O - - - - - © - - ,  present  values f rom G o o d w i n  C32) equa t ion ;  l i terature values 
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Kharakhorin;(2°) s~, K a y  ;<iv A ,  Pope;C24) ~ ,  Pope (based on  Pal ' s  thesis);<2a~ i ,  Por ter .  (xS) 

as sharply as one might expect if the vapor pressure curve were non-analytic at the 
critical temperature. 

Goodwin's vapor pressure equation: 

log ~ o(p/atm) = A X  + B X  z + C X  3 + D X (  1 -- X )  ~, (3) 

in terms of a parameter X = (1 - Tb/T)/(1 - TJTc), defined by the critical tempera- 
ture Tc and the boiling temperature T b at 1 atm is non-analytic in d2p/dT ~ at the 
critical temperature. Although the main function of the last term is to impart non- 
analyticity at the critical temperature, it is important numerically over the whole 
pressure and temperature range. The normal boiling temperature, T J K  = 184.563, 
was adopted from Loomis and Waiters (14) after an adjustment of their reported tem- 
perature to the IPTS-68 temperature scale was made. The parameters A = 1.43214, 
B = 0.334 668, C = --  0.084 832 9, and D = 0.276 713 were derived by a weighted 
least-mean-square method used in conjunction with manual iteration to e = 1.43 
to give a minimum sum of  squared deviations. Each experimental point was adjusted 
by a weight factor w~ (equation 2) which was the same as that used in deriving the 
parameters of  the Cox equation. Previously reported values of  8 are oxygen, 1.514 ;(33) 
fluorine, 1.4327; o4) and methane, 1.50. (3z~ 
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The per cent variation, Ap/p of present experimental points (see dash-dot line, 
figure 2), changes quite abruptly at the approach to the critical temperature, contrary 
to what would be expected if  the vapor pressure curve of  ethane were non-analytic. 
Furthermore, the question of non-analytieity can be conveniently tested for ethane 
by inspecting the slope of the vapor pressure curve (figure 3). The dotted curve from 
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FIGURE 3. Slope of the vapor pressure curve for ethane just below the critical temperature; 
x, Cox equation (1) corrected for residual slope (dp/dT)~.; ©, Goodwin equation (3) corrected 
for residual slope (dp/dT),.; . . . .  , Goodwin equation (3). 

Goodwin's non-analytic equation (3) becomes vertical but finite at the critical tem- 
perature. However, when the slope dp /dT  of the experimental vapor pressure curve 
was evaluated by taking into account the residual slope (dp/dT)r obtained from the 
deviation plot (figure 2), the value of (dp/dT) approached the critical temperature 
in a regular manner. 

A comparison of present vapor pressures with the literature is also shown in 
figure 2. Agreement with the values of  Pope Cz4) and Pal (25) is generally within 0.1 per 
cent, and with the values of Miniovich and Sorina (z3) within 0.04 per cent. Other 
literature vapor pressures which disagree by more than 0.2 per cent from equations 
(1) and (3) were not included in the comparison. 

Coexistence envelope--critical point. Measured values of  pressure and volume along 
isotherms in the liquid-vapor coexistence region and in the adjacent single-phase 
vapor and liquid regions (table 1) were used to locate the coexistence envelope, and 
to establish the critical volume and temperature, 0.14556 dm 3 mo1-1 and 305.33 K, 
from the shape of the envelope curve. 

The critical pressure, 48.0807 atm (4871.76 kPa), was determined from the pressure 
at 305.35 K (48.1011 atm, interpolated to 0.14556 dm 3 mo1-1, data of  table 1) by 
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subtracting from it the pressure increment, 0.0204 arm, for 0.02 K along the critical 
isometric in the gas phase immediately above the critical temperature. Entries 
enclosed by horizontal brackets (table 1) are in ttie two-phase region; those at 305.35, 
305.37, and 305.39 K are above the critical temperature. 

To within 1 K of the critical temperature, the saturated liquid-density curve was 
located by extrapolating liquidus isotherms and corresponding two-phase isobars to 
intersections on a pressure-density grid. Because the liquid phase was relatively 
incompressible in terms of the volumetric precision of the apparatus, the saturated 
liquid-density curve was located with a precision better than 0.1 per cent. However, 
locating the saturated vapor-density curve in a similar way was more difficult because 
precondensation of gaseous ethane in the fine surface cracks of the bomb liner and 
in the vug between mercury meniscus and the liner wall produced a rounding in the 
area of the intersections (see, for example, the 273.15 K isotherm, figure 4). The 
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FIGURE 4. Typical intersection at the vapor density, p, coexistence envelope of ethane at 
273.15 K. The circles represent experimentally determined pressures. Point a is the true intersection 
after a correction for precondensation was applied. 

density (at point a) on the vapor coexistence envelope was located by utilizing the 
near-linear variation with density of isothermal experimental values of  B(V)= 
(p V/RT- 1)V in the vapor phase (figure 5) to obtain an intersection of the isothermal 
isobaric trace of B(V), line abd. The isothermal tie line, acd, running through the 
coexistence region, was inserted to emphasize that the liquid-phase value of  B(V), 
although much less negative than the value in the vapor, is a natural extension in 
density from the vapor-phase value at the coexistence line. Thus the behavior of  
B(V) indicates that rounding at the vapor intersections was not caused by an abrupt 
onset of non-ideality in the gas near condensation densities but was caused by surface 
effects that promoted condensation. At temperatures well removed from the critical 
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FIGURE 5. Non-ideality parameter B(V) along an isotherm, 273.15 K, through the vapor-liquid 
region: a, b, d, trace of B(V) in phase coexistence region; a, c, d, tie line connecting gas and liquid 
phase values. O, Experimental. 

temperature, the intersections at the vapor coexistence curve were established by the 
above procedures with a precision better than 0.1 per cent. However, as the critical 
temperature was approached the intersections of lines abd and acd became less acute, 
and finally at about 2 K from the critical temperature, the curves became nearly 
parallel and thus not suitable for establishing the points of intersection. 

Within 2 K of the critical temperature, the vapor and liquid coexistence boundaries 
were established at the breaks in the isothermal compression curves of  pressure 
against density. These breaks were difficult to locate precisely, but the points of 
intersection were selected to keep the absolute value of - V - l ( ~ V / ~ P ) r  greater for 
the orthobaric vapor than for the orthobaric liquid. Naturally, the precision of the 
experimental envelope in the immediate critical region is not as good as it is elsewhere. 
This fact was taken into account when the weight factors were established for a 
least-square correlation of  the coexistence boundary. 

In an analysis of the coexistence curves for the critical regions of  COz, N20, and 
CIFa, Sengers, Straub, and Vicentini-Missoni (35) represented the temperature- 
dependent densities of  coexisting liquid and vapor phases, Pl and pg, respectively, by 

pt/p~ = I + B1, lIT- To[ ~'' '-t-B2, ,IT- T~[ p*, ~, (4) 

and 

Pg/Pc = i +Bl,g[r- T~f~'g + B 2 , d r -  T~[ p2, *, (5) 

where p, is the critical density and T~ the critical temperature. They found a high 
degree of symmetry, which is expressed mathematically by the following relations in 
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the coefficients and  exponents :  

Bl, l = - B l , y ;  fll,l = fll,g = i l l ;  B2,1 ~ B2,g; and possibly fl2,1 = fl2,o = f12. 

In  the present  analysis, the ethane coexistence envelope, like the three compounds  
referred to above,  appears  quite symmetr ic  since the straight line in the density 
difference plot,  figure 6, requires that  ill,1 = ill,o, f12, l = fl2,o, and B2,1 = B2,g, and 
the straight line obtained in the density sum plot,  figure 7, requires, in addition, tha t  
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FIGURE 6. Difference of orthobaric densities showing symmetry of the coexistence envelope. 
O, Experimental. 
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B1,] = - - B l , g .  However,  for  I T - T  d < 1.0 K, the plots become sensitive to small 
variations in the values o f  TO and Pc and are positively or  negatively curved except for  
one value o f  TO or p,, which generates a straight line. Since the numerical values o f  
fit and f12 are derived f rom the slopes o f  these straight lines, internal consistency is 
p romoted  in the representation o f  the coexistence boundary  when T o and p~ are 
uniquely determined by the straight-line criterion. Having first obtained fl~, f12, Pc, 
and TO graphically f rom figures 6 and 7, we evaluated the coefficients B1, l, Be, l, Bl,o, 
and B2,g o f  equations (4) and (5) by separate least-mean-square analyses o f  the 
weighted experimental densities o f  the liquid and vapor  arms of  the coexistence 

_ ¢~2 ~-~/2 calculated f rom the relat ion: curve (table 3). The weight: w~ - ,  y, v , 
2 1 .35  2 . 2  = {-0.35(p,-pc) /IT-TO] } ~z , f+ / I / IT-T, I°a5~2~2,  ,, c, , p,i, (6) 

in which ~r,i was 0.001 K and ~p,2 i --:(o~°p)2+(OPl/OT)2o~2+(~Pl/Op)2~2, in which 
~ = 0.0015 a tm and c~, the precision o f  the intercept selection, was estimated at 

TABLE 3. Orthobaric liquid and vapor densities of ethane 

pl(obs.) {pl(obs.)-p1(calc.)) ~ pg(obs.) {pg(obs.) --p0(calc.)) ~ 
T/K -- 273.15 mol dm -a mol dm -~ mol dm -3 mol dm -a w~ 

32.18 6.870 0.000 6.870 0.000 
32.1 7.600 -- 0.007 6.150 + 0.004 10 
32 7.830 --0.007 5.9•3 0.004 27 
31 8.737 --0.015 5.035 0.005 208 
30 9.210 --0.006 4.604 0.002 620 
29 9.544 --0.014 4.307 0.0•3 722 
25 10.499 +0.003 3.502 0.002 972 
20 11.297 0.005 2.880 --0.001 1176 
10 12.458 0,011 2.067 --0.015 1459 
0 13.342 0.003 1.537 --0.007 1663 

--10 14.089 --0.008 1.153 +0.012 1827 
--20 •4.753 --0.018 0.8631 0.040 0 
--25 15.057 --0.027 0.7449 0.058 0 

pl(cale,)/mol dm -a = 6.870 + 1.7572[0[ °'35° + 0.0170]01, where 0 = T/K -- 305.33. 
b pg(calc.)/mol drn -3 = 6.870 -- 1.7572101 °,~5° + 0.0185101, where 0 = T/K -- 305.33. 

2 x 10 -3 tool dm -3 f rom 263 to 303 K, 5 × 10 -a mol  dm -3 at 304K, 20 x 10 -a tool dm -3 
at 305 K, and 40 × 10 -3 mol  d in -a  at 305.25 K. The weight factors at any temperature 
were the same for  liquid and vapor  phases and set at 0 below 263 K. The following 
values o f  the coefficients were obtained for  ethane: 

p~B~,l = 1.7572 tool dm -3  K-P1,1; 

p~Bt ,  ~ = - 1 . 7 5 7 2  mol  dm -a  K-P~,~; 

Pc B2, ~ = 0.0170 tool dm - a K -  B2. ~; 

and pcB2,g =0.0185 mol  dm -3 K -p2, ~. 

Between 305.25 K and the critical temperature the coexistence envelope, figure 1, 
was established by equations (4) and  (5). In  this temperature region, there is a definite 
flattening o f  the isotherms on a pressure density grid in the single-phase vapor  and 
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liquid adjacent to the coexistence envelope. The flattening of the isotherms precluded 
the use of  experimental results to locate directly the orthobaric vapor and liquid 
densities. Also, the flattening of isotherms in the immediate critical region was 
augmented by density gradients caused by the fluid head (2 cm) in the earth's gravi- 
tational field. (36~ Thus, a selection of the critical point based on flatness of  the 
isotherms might well have been made erroneously according to the dotted line 
(figure 1 insert), which, in the absence of a gravitational field, would be 0.02 K too 
high. 

Other measurements of  the densities of saturated liquid ethane in the region 
covered in the present investigation were reported by Tomlinson, (2z~ 283 to 302 K;  
Sliwinski, (3v) 283 to 305 K;  Sage, Webster, and Lacey, (~6) 290 K to the critical 
temperature; Lu, Newitt, and Ruhemann, °9~ 243 to 305.15 K;  Miniovich and 
Sorina, (23) 302.95 K to the critical temperature; and Khazanova and Sominskaya, (aa) 
302.45 K to the critical temperature. Present values of  the density of saturated liquid 
(table 3) are in satisfactory agreement with those reported by Tolnlinson and by 
Sliwinski but disagree generally with values from the other references cited. 

Densities of  the saturated vapor were measured by Porter, (is) from 185 to 288 K, 
and by the authors cited above (with the exception of  Tomlinson). Vapor density 
values f rom the present investigation (table 3) are in excellent agreement with those 
reported by Porter (ls~ and by Sliwinski (aT) but generally are in poor  agreement with 
all other literature values cited. 

Experimentally determined critical properties reported in the literature after 1950, 
determined by volumetric and optical methods (table 4), are in fair agreement. 

TABLE 4. Critical constants for ethane 
(atm = 101.325 kPa) 

Tsa o Po Po Source K atm mol dm- a 

Present work 
Miniovich and Sorina (2a) 
Khazanova and Sominskaya (as) 
Schmidt and Thomas (a~) 
Whiteway and Mason (a~ 
Kay and Brice (a°~ 
Beattie, Su, and Simard (18) 
Sage, Webster, and Lacy o6~ 
Lu, Newitt, and Ruhemann c19) 

305.33 48.081 6.870 
305.35 ~ 48.111 6.793 
305.34 a 48.2 6.780 
305.33 48.18 - -  
305.31 - -  .7.15 
305.11 48.12 - -  
305.41 48.187 b 6.76 
305.70 48.86 7.05 
305.25 48.6 7.08 

a Russian temperature scale, possibly PRMI. 
b Converted to Grieg and Dadson COz pressure scale, reference 5. 

However, critical densities show wider percentage variations than either critical 
temperatures or pressures. The present critical density, 6.870 mol dm -a,  is less than 
the arithmetical mean density of  values reported since 1950 but greater than either 
of  the recent values reported by Miniovich and Sorina (aa~ or Khazanova and 
Sominskaya. (as) 
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Enthalpy of  vaporization. Enthalpies of  vaporization (table 5) were determined from 
the relation AHv = T(dp/dT)(Vg-VI); the experimental values of  Vg and Vl, from 
table 3, and dp/dT, from either the Cox equation (1) or the Goodwin equation (3) 
adjusted by a residual slope (dp/dT)r obtained from the deviation plots in figure 2. 

TABLE 5. Enthalpies of vaporization for ethane 
(calth = 4.184 J) 

T AHv T AHv T AH~ 
cal~h mol - 1 K caleb mo1- ~ K calth mol- ~ 

248.15 2699.9 293.15 1474.2 304.15 608.8 
253.15 2610.5 298.15 1202.9 305.15 306.8 
263.15 2406.6 302.15 878.6 305.25 230.4 
273.15 2168.0 303.15 766.4 305.33 0 
283.15 1874.2 

SINGLE PHASE REGION 

Compressibility measurements. The procedure used was similar to that described 
for methane. (1°) Measurements were made to about 400 atm along isotherms, begin- 
ning with the lowest, spaced at 25 K intervals in the range 248 to 623 K and along 
the 303.15 and 305.37 K isotherms (table 6). Except for the vapor-liquid coexistence 
and critical regions, each isotherm was begun at 0.75 rnol dm-a,  continued thereafter 
at regular increments of  0.5 tool dm -a from 1.0 tool dm -3, and continuing to the 
highest density. Upon completion of  the measurements at the highest density of 
every isotherm, the 0.75 tool dm-3  point was remeasured to determine if  an apparatus 
change or decomposition of  the sample had occurred. The greatest pressure difference 
between initial and repeat measurement at 0.75 mol dm -3 was 0.0024 atm at 548 K, 
which is well within the calculated accuracy of the method. The average difference 
for all isotherms, 0.0006 atm or 0.003 per cent, is indicative of  the overall precision 
of the apparatus at low density. At 623 K the algebraic sum of all the pressure 
differences was nearly zero, which indicated that no significant trend had occurred 
during the isothermal compressions. However, an increase of 0.0073 atm (0.035 per 
cent) at 373 K, observed after measurements of higher temperatures were finished, 
was caused by outgassing of  the pycnometer during upper temperature settings. 

The calculated overall maximum uncertainty in Z = p V/RTfrom the measurements 
of  pressure, volume, and temperature varies from 0.03 per cent at the lowest tem- 
perature and pressure to 0.2 per cent at the highest temperature and pressure. The 
tabulated values of pressure (table 6) were corrected for partial pressure of  mercury 
vapor adjusted at each pressure for the Poynting effect. Selected values of the vapor 
pressure of  mercury and a description of the way the mercury vapor pressure cor- 
rections were applied have been given. (2' 3) However, the vapor pressures of mercury 
at 573, 598, and 623 K were taken from the recent values reported by Ambrose and 
Sprake. (41) A correction for van der Waals interaction of  mercury vapor with ethane 
was not made because it cannot be calculated accurately at present. Although the 
inaccuracy introduced by neglecting the van der Waals interaction was generally 
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sma11, it may not be negligible in the higher pressure and temperature regions of  these 
measurements. Therefore, the overall maximum uncertainty claimed for measure- 
ments at the highest temperatures and pressures is arbitrarily increased from 0.2 
to 0.3 per cent. 

Compression factors, Z = p V ] R T  (tables 1 and 7), were calculated f rom the 
unsmoothed experimental values of  temperature, density, and pressure (tables 1 and 6). 
The non-ideality of  ethane in terms of the derived residual quantity B(V) = (ZT-- 1)VT 
where ZT signifies the value of Z along an isotherm, is a family of  curves that are 
almost linear at low density (figure 8). Within this family of  curves, tie lines a were 
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FIGURE 8. Use of derived residual B(V) = (pV /RT  -- 1)V for comparing experimental p, V, T 
data of ethane. The numbers on isotherms are values of (T/K -- 273.15). Note orthobaric con- 
tinuity of isotherms. - - - - - - ,  Present values; x, Pope; (24) A, Michels et al. ;(42) [3, Beattie et al. c18"43) 
at 298 and 373 K only; a, tie lines (not values of B(V)  in the coexistence region). 

drawn inside the coexistence envelope to demonstrate that the isotherms of  B ( V )  

in the liquid phase are natural extensions of  isotherms in the vapor phase. However, 
B ( V )  inside the coexistence envelope is not represented by the tie lines. (See figure 5 
and accompanying discussion under the section on coexistence region.) Because 
B ( V )  is quite sensitive to experimental error, it is convenient to use for comparing 
p, V, T data f rom different sources. The low-temperature investigation of Pope (24) 
overlaps the present investigation at 273 K with a consistent difference in B ( V )  of 
about 1 per cent, which is only 0.16 per cent in density if pressures and temperatures 
are assumed to be in exact agreement. The data of  Michels, van Straaten, and 



PRESSURE, VOLUME, TEMPERATURE RELATIONS OF ETHANE 509 

Dawson ~42) and of  Beattie, Su, and Simard ~s) are in excellent agreement with the 
present results; however, the low-density data ofBeattie, Hadlock, and Poffenberger ~43) 
are not in good agreement with the present results nor with those of Michels et al. 

Virial coefficients. The temperature dependent virial coefficients Bo, Co, and D O 
from the infinite series: 

p V / R T  = 1 + Bo/V + Co/V 2 + D o / V  3 + . . . .  (7) 

were evaluated by graphical methods from self-consistent plots of the residual 
quantities B(V),  C(V), and D(V)  in the equations: 

B(V) = ( p V / R T - 1 ) V ;  Bo = limv-,-~o{B(V)}, (8) 

C(V) = { ( p V / R T - 1 ) V - B o } V ;  Co = limv-l-,o{C(V)}, (9) 

and D(V) = [ { ( p V / R T - 1 ) V - B o } V - C o ] V ;  O o = l imv-~o{D(V)} .  (10) 

At each temperature, the terms in equations (8) to (10) were calculated from un- 
smoothed experimental values of p, V, and T (table 6), and the resulting values of B(V),  
C(V), and D(V)  were extrapolated to zero density to obtain Bo, Co, and Do, tables 9 
and 8, respectively. A simple yet effective guide t3) was used for extrapolating equations 
(8) and (9) based on the shapes of  the curves for C(V) and D(V).  Least-mean-square 

TABLE 8. Third and fourth virial coefficients Co and Do of ethane from the 
infinite expansion pV/RT = 1 + Bo/V + CoV 2 + Do/V ~ + ...  

T/K 102Co/dm 6 tool -2 104Do/dm 9 mo1-3 

273.15 1.036 
298.15 1.060 
303.15 1.040 
323.15 0.965 
348.15 0.866 +0.01 
373.15 0.772 -0.07 
398.15 0.696 +0.04 
423.15 0.626 0.06 
448.15 0.568 0.31 
473.15 0.529 0.44 
498.15 0.484 0.80 
523.15 0.450 1.05 
548.15 0.413 1.46 
573.15 0.386 1.69 
598.15 0.354 2.07 
623.15 0.327 2.32 

analytical solutions of truncated polynomial approximations to the infinite series 
(equation (7)) would yield values of  the virial coefficients that are different than 
those in tables 8 and 9. 

lntermolecular potential energy function. Second virial coefficients are often measured 
in ranges where temperature-dependent trends in intermolecular potential energy are 
similar for molecular models that are structurally different. For  instance, a centrally 
embedded point dipole will show, in the second virial coefficient, a temperature- 
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TABLE 9. The second virial coefficient Bo for ethane in the infinite series 
p V / R T =  1 + Bo/V + Co/V 2 + Do/V 3 + . . .  

--Bo/cm 3 mol- 1 

T68/K Present, Obs. M.S.D.(42) H.M.(45) D.S.(46) H.N.L.K.(~7) p.(24) 
obs. --calc. ~ 

273.15 222.2 --0.i 221.6 221 223.4 219.4 
298.15 185.8 --0.2 185.6 
303.15 179.4 --0.3 175.8 
323.15 156.7 --0.5 156.4 146.4 152 
348.15 133.0 --0.5 132.9 125.0 
373.15 113.6 --0.6 113.5 111.0 
398.15 97.3 --0.5 97.5 103.3 
423.15 83.6 --0.4 83.6 83.5 
448.15 71.7 --0.3 
473.15 61.5 --0.1 
498.15 52.4 0 
523.15 44.5 +0.2 
548.15 37.3 0.2 
573.15 30.9 0.2 
598.15 25.0 0.1 
623.15 19.6 0 

Stockmayer <44) intermolecular potential energy function, 0 = 8/k = 205.59 K, bo = (2/3)nLa 3 
=0.11482 dm 3 mol-1; t=0.4 is an empirical orientational parameter evaluated from experimental 
Bo's. In a highly polar molecule t could properly be set equal to 8- lt2(/z~/~a3), where/zE =/t(4rceo)- 1/2, 
/t being the dipole moment and 8o the permittivity of a vacuum. 

dependent orientation effect that  is very much like a non-spherical but  non-polar  
molecule. I f  a molecule is both  polar  and non-spherical, the orientation effects will 
not  be separable in the temperature trend of  the second virial coefficient. Thus a 
single empirical orientation parameter  in the Stockmayer potential  energy function (44) 
can represent either the effects o f  polarity, non-sphericity, or a combinatiofi  o f  them. 
For  this reason, the Stockmayer potential was chosen to represent the second virial 
coefficients o f  ethane. Observed and calculated values and values f rom the literature 
are compared  in table 9. Note  the very close agreement with values derived f rom 
Michels et aL (42) To obtain second virial coefficients f rom Michels et al., their original 
values o f  density and pressure-volume product  were converted to the IPTS-68 and 
used to calculate values o f  B ( V )  = ( p V / R T - 1 ) V ,  which were plotted in order to 
obtain graphical evaluations o f  Bo at zero density. All seven isotherms investigated 
by Michels et al., f rom 273 to 423 K (figure 8) can be extrapolated accurately to zero- 
density intercepts. They overlay the present isotherms to within a few hundredths 
o f  a per cent in p V]RT.  

4. Discussion 
Every experimental pressure, temperature, volume, or density reported as par t  o f  
this investigation on ethane is an internally consistent unsmoothed  result o f  original 
measurement.  A single sample filling was used, and, during the course o f  the measure- 
ments, no  changes were made in apparatus or procedure that  could lead to experi- 
mental  discontinuities in the results. 
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When the experimental work began, concern over the possible effects of  density 
gradients in the critical fluids led to a close scrutiny of the problem. Consequently, 
the fluid height at the critical was kept small, 2 cm, and isotherms where the value 
of  (Op/O V)r  approached zero were not used in correlations involving the coexistence 
envelope. The location of  the coexistence envelope within several hundredths of  a 
kelvin of  the critical point was determined from polynomial relations describing the 
orthobaric densities, the experimental vapor pressure-temperature relation, and the 
value of (~p/OT)p along the critical isometric above the critical point. Thus, gravity- 
induced gradients in near-critical fluids did not influence significantly the selection 
of  the critical constants or the location of the coexistence envelope in the immediate 
critical region. 

There is no indication in the experimental vapor pressure values near the critical 
temperature that (d2p /dT  2) is approaching a singularity at T¢. On the contrary, a 
rather sharp break in Ap/p  for the Goodwin equation (a2) just below To indicates that 
the shape of  the experimental vapor pressure curve is regular and that no singularity 
exists. 

The assistance of Paul Clopp in the servicing of  equipment and of R. T. Moore in 
the purification of the sample and the reduction of results to tabular form is gratefully 
acknowledged. 
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