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Abstract--An exact theoretical solution is presented for the stresses and displacements in a 
radially end-constrained elastic cylindrical specimen deformed axially between cylindrical 
end-plates of different elastic properties from those of the specimen. The exact solution for the 
stresses and displacements is expressed by a Fourier series representation. The solution is 
exact in the sense that the stresses are expressed by series and become exact in the limit as 
more terms are used. 

There are four boundary conditions that are satisfied by the solution: (1) The radial and 
tangential stresses are equal to zero and/or to the value of the radial pressure applied to the 
surface of the specimen; (2) the shear stress is zero at all points along the cylindrical surface 
of the specimen; (3) the ends of the specimen remain plane while being subjected to a resultant 
applied axial force; (4) the radial displacement along the ends of the specimen is specified by 
the functional relation g(r), where r is a radial distance always less than or equal to the radius 
of the specimen. It is shown that the functional form of this relationship is determined by the 
elastic properties (Young's modulus and Poisson's ratio) and geometry of the specimen and 
end-plates. 

The solution is used to solve the problem of the deformation of a specimen compressed 
axially between rough end-plates (no slippage between the contact surfaces) of the same 
diameter as the specimen. 

INTRODUCTION 

A PROCEDURE commonly  used in experimental  rock and soil mechanics research involves 
the use of a circular cylindrical specimen loaded axially between rough end-plates-~ [1, 2]. 

It is known that  this test procedure is somewhat unsatisfactory because of the development  
of a n o n u n i f o r m  stress dis t r ibut ion th roughout  the specimen resulting from an elastic 
mismatch between the specimen and  end-plates{ [3-6]. Consequently,  mechanical  property 

values (Young 's  modulus,  Poisson's  ratio, rupture strength, etc.) are affected both  by 
the geometry of the test specimen (length-to-diameter ratio, L/D)  and  by the magni tude  of 

the radial cons t ra in t  arising at the interface between the specimen and  end-plates. A 
quanti ta t ive solut ion to this problem can provide useful informat ion  both  in unders tanding  
the mechanics of the problem and  in serving as a guide to designing a test specimen in 

"~ In a test specimen loaded between rough end-plates, there is no relative movement between the specimen 
and end-plate at the contact surface. 
A convenient measure of the magnitude of the elastic mismatch is the ratio (v~/Ep)/(vs/Es), where v and E 
are Poisson's ratio and Young's modulus and the subscripts s and p refer to the specimen and end-plate, 
respectively. For most tests in which steel end-plates are used (vdE~)>(vp/Ep), which implies that the 
specimen tends to expand radially more than the end-plates. Because of the frictional restraint offered by 
the end-plates, shearing stresses develop at the contact between the specimen and end-plate. These stresses 
act inward for compression testing and produce a 'clamping' effect. The effect of this 'clamping' is to 
produce a state of triaxial stress throughout the specimen. 
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which a somewhat uniform state of stress exists throughout the specimen during the test. 
Such a design will enable accurate measurements of the intrinsic mechanical properties of 
the specimen. 

A number of quantitative studies have been made of the effect of radial end-constraint on 
the elastic behavior of a cylindrical test specimen compressed axially between rough end- 
plates [1 ; 3-11]. These studies can be grouped into two distinct classes--experimental and 
theoretical. We are concerned chiefly in this paper with the theoretical aspect of the problem 
of radial end-constraint. The results of the experimental studies have beeu reported 
elsewhere [1, 2; 4--6]. 

Theoretical studies of the problem of radial end-constraint have not been completely 
successful because of the mathematical complexity of the problem. FmoN [9] presented the 
first approximate solution to the radially end-constrained cylinder where no radial dis- 
placement along the perimeter of the specimen ends was permitted. While his solution gives 
results in general agreement with experimental results [5], exact numerical confirmation of 
the stress magnitudes does not exist. This discrepancy is particularly true near and on the 
end surface of the specimen. While some of this discrepancy is due to the approximate 
nature of Filon's solution, it can be shown that his solution does, in fact, diverge at the 
contact surface ([9], p. 189). BALLA [3] attempted to improve on Filon's solution by per- 
mitting a variable radial displacement along the ends of the specimen. However, the 
same arguments against the Filon solution hold true for Balla's solution ([3], p, 64) with 
the additional argument that his solution gives a finite value of the shear and radial stresses 
along the perimeter of the specimen at the contact surface. This condition violates the 
force equilibrium condition. Pier,~t'r [12] presented an exact theoretical calculation of the 
stresses and displacements in the specimen. He assumed that the ends do not expand at 
any point along the contact surface, i.e. radial slipping at the planes of contact with the 
testing machine does not occur and the end-plates have a viE value equal to zero. However, 
Pickett's solution does not satisfy uniquely the boundary condition that the ends of the 
specimen do not expand at any point. This leads to a discontinuity in the surface values of 
the radial and tangential stresses at the ends of the specimen and violates the boundary 
condition that no radial stress exists along the surface of the specimen ([12], equations (14) 
and (15)]. Consequently, there is not at present a unique exact theoretical solution to the 
classical problem of radial end-constraint as originally proposed by Filon. 

This paper is part of a continuing study by the Bureau of Mines of the problem of end- 
effects which arise in laboratory testing of cylindrical specimens of rock. The objective of 
this paper is to present an exact theoretical solution for the stress and displacement dis- 
tribution within a radially end-constrained cylindrical specimen compressed axially between 
rough end-plates and subjected to confining pressure applied to the lateral surface of the 
specimen. 

STATEMENT OF THE PROBLEM 

The theoretical problem to be solved is the determination of the stresses and displace- 
ments in a circular cylindrical specimen of diameter 2a and height 2b, when the ends of the 
specimen are deformed axially between rough cylindrical end-plates of different elastic 
properties than the specimen. The sides of the specimen are subjected to a uniform hydro- 
static pressure Po. The axial force applied to the ends of the specimen is equal: to zra2~ro, 
where ao is the axial stress which would exist in the specimen if there were no end-effects. 
It is assumed that the specimen is a homogeneous, isotropic, and perfectly elastic solid and 



THE RADIALLY END-CONSTRAINED CIRCULAR CYLINDER 

cro 

167 

> 

k O=2o]' 
L= 2b 

< 

< 

Po 

t t t t t  
(7-0 

Z 

Crzz 

~z. I 

I 
I 

Y 

FIG. 1. Specimen geometry, coordinate system, and associated nomenclature. 

that the ends of the specimen are parallel to each other and normal to the axis of  the 
specimen. Figure 1 defines the cylindrical coordinates r, O, and z, gives the nomenclature 
for the geometry of the specimen and end-plate, and illustrates the general loading 
conditions. 

BOUNDARY CONDITIONS 

We shall consider the cylindrical specimen to be subject to the following five boundary 
conditions: 

1. The total force applied to the ends of the specimen is 7ra~o. 
2. The radial and axial displacements, u and w, in the specimen must satisfy the 

symmetry conditions [9]: 

u: odd in r; even in z 
w: even in r; odd in z. 
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3. The ends of  the specimen are constrained to remain plane, i.e. 

W=wobatz---- : k b  (1) 

where We is a constant. 
4. Across the curved surface (r ----- a) for all values of  z the radial and shear stresses 

(~,, and ~rz) are equal to Po and zero, respectively. The hydrostatic pressure applied 
to the sides of the specimen is Po (Fig. 1). 

5. The ends of  the specimen (z = ± b) undergo a radial deformation specified by the 
functional relationship g(r) [0 ~< r ~< a]. If  Jr (ft. r) (n = 1,2. . . )  represents a Bessel 
function of  the first kind of  order one and the ft, are constants whose values are 
determined by solving the equation J1 (ft. a) = 0, this boundary condition can be 
written [11] 

u=g(r)=~F.J~([3,  r), [0 ~< r ~< a , z =  :[zb] (2) 

where 

a 

2 ~ rg(r)J~(fl.r)dr 
0 

d 
J ' l  (/3. a) -= ~ [,/1 (13. a)]. d (O. a) 

(3) 

METHOD OF SOLUTION 

As the radial, tangential, and axial displacements (u, v~ w) are independent o f  the a n ~ a r  
coordinate 0 (Fig. l) because of  axial symmetry, the displacement differential equations to 
be solved in the absence of  external body forces are [12] 

V 2 u - ~  + (~ + ~)~r + - +  = 0  
r 

Or LTOr ] -F~-~ = 0  (4) 

t, v 2 w + (a + t,) ~z OU + r ~z = 0  

where/~ and A are the Lain6 elastic constants t and V 2 is the Laplacian operator defined 
in'cylindrical coordinates to be 

~2 1 0 
V 2 ~ Or-- ~ -b r ~r" 

t If E and u dmot© the Young's modulus and Poisson,s ratio of an elastiC m a t ~  tho relations~ps 
between t h ~  quantities and the ~ c o n J t t m t 8  ¢~m be ~ ~ ~ Ev/(1 +i) (1 --2 v) and tt ~ El2(1 + v). 
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The axial (%z), radial (z.),  tangential (~o0), and shear (c%) stresses are related to the dis- 
placements u and w by the following equations: 

%= = 2, au -~- + (3, + 2t.) ?-~ 

, ~ . = ( ~ + 2 u ) ~  + ~  ~ +  

'~oo = (1 + 2~,) 7 

(5) 

ANALYSIS 
Elementary forms of the particular solutions for the displacements in the cylindrical 

coordinates r and z in elastic materials are as follows [12]: 

u =/./1 --}- u2 -}-//3 -37/,/4 

w = wl + w2 + w3 + w4 
(6) 

where 

1 J'sinh/3,, z'~. 
u, = ~-J1 (/3. r) l cosh/3, zJ '  

I  eosh .z I 
wl = --  ~ Jo (ft. r) ~sinh/3. z j  

J'sinh/3. z "[ 
u2 = z J1 (~. r) [cosh/3. z J ;  

t / 3  ~ - -  _ _  ,Isin am z "~. 
1 11 (am r) k c°s am z j '  

o- m 

1 j (/3. z cosh/3, z 

w2 -- - ~ So (/3. r) 

/3. sinh/3, z 

~ q- ~ sinh/3, z] 

~ + 3 / z  / + ;  cosh/3.  ) 

(7) 
1 ~fsin am z'~ 

w3 "- am-- Io (an, r) [.COS a m z j  

f s i n  a m Z l • 
u ,  = Io (6,, r)  [cos am ZJ' W 4 ~ - -  - -  1 [amrll(amr ) 

Oc m 

- -  2 ./)h+tz + 2/* Io (a,, r) ---- sin am z j" 

The quantities Jo (/3. r) and J1 (/3. r) are Bessel functions of the first kind of order zero and 
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one, respectively, and I o (a.~ r) and I t  (o~ r) are the modified Bessel functions of order zero 
and one, respectively [11].I" 

I f  all the above particular solutions are combined and substituted into equation [4], the 
general equations for the radial and axial displacements can be written 

u = Uo r + J1 (ft. r) A, z sinh/3, z + ~ cosh/3, z 

C,~cosamz.~ ,~ + 2~ + . . . . . .  ah (am r) -- rio (am r) 

(8) 

W = Wo Z + ft. A. [ ~  smng.z  -- f l .z  coshfl.z -- Bn sinhfl. 

+ ~ C ,  s i n a z {  [ A + 2 t ~  Io(a,,,a)] } 
11 (a., a) rI1 (,~,. r) + 0 + ~) a., a 11 (,~,.-d) axe (%. r) 

where A., B., C., ft. and am are constants to be evaluated from the b o u n ~  conditions. 
The constants ft. and a,. in equation (7) can be evaluated from the boundary condition 

that the shear stress (~z~) is zero at all points on the curved surface of the specimen. C0m. 
bining equation (5) for the shear stress and equation (8) for the displacements gives 

sin am b ----- 0 (m = 0, 1,2 . . . .  ) 
(9) 

J1 (/~. a) = 0 (n = 0 , 1 , 2 , . . . )  

where am = m~/b (m = 0, 1 ,2. . . )  and the constants ft. denote the zeros of J~ 03. r)[ l l ] .  
The result is 

u =  g(r) = ~ ! g ( r ) B . J l ~ . r )  (10) 

~r~J1 ~ r ) d r  
2 0 2 

~ . = a 2  [j , t(f l ,  a)] ~ -~ flnjo(flna) ( n =  1,2, . . . )  (11) 

where 

t The unmodified and modified Bess¢l functions of tho first kind and orders are defined to be 
vo 

(n r/2~ s+2r 
J.(i~.r) ( -  " " "" -- 1) r!F(s  + r + 1) 

r ~ O  

oo 

(am r/2) s+2" 
Is (am r) = r ! P ( s  + r + 1) 

r ~ O  

oo 

whero F (s + r + l) is the gamma funetion [I'(s + r + l) - f t°+') e-' dt]. 
0 
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with 
d 

a ' ,  (/7. a) = d (i7. a) [J' (/7. a)l. 

Consequently, equation (8) for the radial displacement at z = :k b can be rearranged to read 
~o 

2; [ " ] 0 = JL (/7. r) A. b sinh/7, b ,-5- ~ cosh/7, b + (e* + Uo)/7. 

cos. {I +,o I } 11 (h+/*)ama ~ ali(a,.r)--rlo(ctmr) (12) 

oo 

+ ~ C . ,  

I t l ~ l  

where 
a 

2 f  Io =- Io (am a), I, - I, (am a), e* -- a2 jo~ 2 g(r) J12 (ft. r) dr and Jo ~ Jo (/7. a). 
O 

If both sides of equation (12) are multiplied by r J1 (~. r) and integrated over the interval 
(0, a), the following relationship between the constants A., B. and C,. is obtained: 

Bn 2Zmn 
A. b sinh 3. b q- ~ cosh i7. b = -- (e* + Uo)/~. aZ jo2, #l >1 1 (131 

where 

cos = b A + 2/* Io 
- -  + aI1 (am r) -- rio (a.,  r) lql  (i7. r)  dr. Z,.. = Cm II +1  x) ama 

m =  I 0 

Evaluation of the integral in equation (t4) gives 
o o  

Zmn ~- ~ Cm(-- 1) m+l a 3 
A 

(a,.a) ~ (1 + ~X~) 
m = l  

where A - ~7.~am. 

(14) 

3. q- 2/. 2 ] 
Jo L A + / *  + I + A  ~ (15) 

The relationship between the constants A. and B. can be found by applying the boundary 
condition that the axial displacement is a constant at the ends of the specimen, i.e. w = 
wob at z = ,~- b. The result is 

(A + 3/* _ b [7. coth/7.b) B . =  A. \-.t-Tr_- ~ _' (n >1 1). (16) 

The constants A. and B. can now be written in terms of the constant Cm as 

[ 2zo.] 
(e* -1- uo)/7. -t- a2 jo2j sinh/3, b 

A n  = ~  

b [1 (1 + 3/*'~ sink2/7, b] 
- t ~ - - ;  / 2-~2-/.b j 

B.  = 

2zo.q + 3/* b] 
(d -t- Uo)/7. q- aZ jo2j I_ a - - - -~  sinh/7, b -- b i7. cosh/7. 

[1 ? + 3/*] sinh2/7.q 

07) 
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The stress distribution equations can now be found from the stress--displacement relations, 
namely 

[fl A cosh3,  z ~,, = AWo + 2(A + Ix) Uo + 2~ A. Jo (3. r) , z sinh ft. z + ~ qS t~ 

cO 

a + 3tz b/3. coth 3, b --  2Ix sinh ft. z + c o s h f l ,  z ~ I x  r 
Zt==l 

1 (A + 3Ix 
co 

b 3. coth fl, b -- 2Ix 11 z [a.rI10.r) 

( a_~o) IA +__ 2__g amalo~ 11 (amr)] 
-- 1+ Xo(amr)+ kA+l  x "4- 1"--7-I a,n-----~j (18) 

~ • cos 3, z aoo --- AWo + 2(A + Ix) Uo + 2tx A, Jo (fin r) A + Ix 
t i r o l  

co 

(3, r) zsinhfl.z + ~ c o s h f ,  z b3ncoth3.b 
+2Ix r + Ix 

. m l  

+ 2ix ~ Cmc°samg [i ~t + 2tx araaI°~ I1 (afar) IX Io (amr)] (19) 

L\~+~ 

co_s z a.rI, 
n t ~  l 

+ (2 a aIo  h ] Io (am r)]. (20) 

2 Io cr'"=21xEA"Jl(flnr)(A+21X)sinhfl"z+2Pa +Ix C= sin a= Z l l  mrI°(amr) 

a m aIo ] (21) Zl (a~ r) • 

Notice that the shear stress (~,,) is identically zero whenever r = 4- a. When z = =k b, ~,, 
is zero for r ---- 0 and r = a. Therefore, all boundary eon~fions of  ~,. are met exaetty. 



THE RADIALLY END-CONSTRAINED CIRCULAR CYLINDER 173 

If we apply the boundary condition that  e~. -= Po for all values of  z along the specimen 

surface, then 

Po ": kWo -l- 2(A -~ /*) Uo --~- 2/* A,, Jo ,, z s inh/3 ,  z -I- A 7- /* -+-/* 
n ~ l  

am alo" t -,,~,coth,,:,,,i co~h,~,z]-2,~ Cm COS O,,,-" [ . , a . , i ,  --(1 + ~ , ' o  
111 ~ 1 

q- t 'a -~  2/* a,.alo I 11 ] 
\ A ÷ / *  1- 1, / a ~ "  (22) 

We can now expand the terms/3,  z sinh/3, z and cosh/3,, z in terms of  cos %, z i.e. 

2 /3. z sinh/3, z -- ao,, + am,, cos am z 

m - I 

where 

cosh/3,, z == bo. q- 2 b,.1 cos am Z 

m = ~  I 

1 
aol, --= f l ~  [/3. b cosh/3,, b --  sinh/3, b] 

I 
bo,, = - - s i n h / 3 .  b 

/3,,b 

(23) 

(24) 
2 [1 - -  (am//3.) 2] 

sinh/3, b cos %, b 
a ..... = /3. b [1 ÷ (am//3.) 21 

2 sinh/3, n cos am b 

/3,, b 1 + (~m//3.): 
If we insert equation (24) into equation (22) and equate like terms, two additional relation- 
ships between the unknown constants result: 

ao  

.\wo i- 2(A q- /*) Uo = Po --  2/* A. Jo ao. -t- bo,, -~- bo,, , 
n - = l  

A (A + 3/. 

C D t  ~ n ~ 1 

am alot (A + 2/* %, al  o ,,1 b,,o' ,-('  +-v-, , /o ~ ,,., +,. + ~ ,  a+al 

There are now six relationships---equations (9), (16), (20). (25)--between the seven unknown 
constants (am. /3,,, A., B,,, Cm, Uo, Wo). The remaining equation is found by applying the 

R O C K  8 / 2 - - - G  
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force equilibrium condition in the axial direction, i.e. if o0 is the value of the applied axial 
stress when there is n.o end-effect 

u 

2n 
I 

ru,, dr = pa2 u. z-&b (26) 

0 

where o,, is given by equation (20) with z replaced by & 6. If equation (20) with z replaced 
by f b is substituted into equation (26) and the indicated integration is performed, the 
relationship between the constants u. and w. is 

au0 + (A + 24 Wr.l = 00. (27) 

Therefore the constants in the series expansions for the displacements and stresses in the 
specimen can be written 

cc* + uo) B” + g2] sinh /3,, b 

“= 

24, = A, ‘2 - bB.coth&b] 

(284 

(28b) 

(28~) 

n-1 
Un = m 

(284 ._ 

20 4 CL) - +& - 2P c J fn @I B 

Og,(b) n 
n=l 

=0 - 2Auo 

‘yo = x + 2/L 
(284 

where 

2 a 
E* S - 

a2 Jo2 s 
g(r) J12 (A r> dr 

0 

fn (4 = aOn + bon 
2x + 3P 
- x + ~ - bj3,,coth&b 

g,(b) = b sinh& b + - b&cothB,,b 

h. Cb) = a,,,, + b, 

(29) 
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The constants ao,,, a,,o, bo,,, b .... %,, and p,, have been defined earlier [see equations (9) 
and (24)]. 

To qualitatively check the above equations we consider first the stresses at the geo- 
metrical center of the specimen (z/b) =: (r/a) : 0. Let the L/D or b/a value of the specimen 
increase to large values. We see from equation (28) that the constants A,,, B,, and C,. all 
approach zero and 

Aw o 4 - 2 ( A + ~ ) U o  : P o  

and 

2AUo _ (A 4- 2/x) Wo : ao. 

Consequently the stresses (a. Z, ~,~, a00 , a,~) approach the equilibrium values (i.e. no radial 
end-effect) of (ao, Po, Po, 0). Next let the LID or b/a value of the specimen approach zero. 
The constant w o approaches ao/(A+2/~). The stresses (a~, a~,, ao0, a,:) become (a o, aov,. 
(1 -- ~), c~ov/1 --  v), O, where v is the Poisson's ratio. These stress values for these extreme 
limiting cases agree with the values obtained by the finite element method of solution[5]. 

NUMERICAL EVALUATIONS 

The stresses and displacements in the specimen are found by calculating the constants in 
equation (28). The values of the constants A,,, B., C,,, Uo and Wo are determined by sub- 
stituting equation (28d) into (28a). Equations (28a) and (28c) are solved simultaneously for 
the C .... The known values of the C,,, are then substituted into equations (28a)-(28e) to 
determine the A,,. B,,, Uo and w o. The radial displacement distribution [g(r)] along the ends 
of  the specimen must be specified in order to perform these calculations. 

To check the theoretical solution, four terms of the A,,, B, and C,, series were evaluated. 
The L/D value of the specimen was 2.00. The Young's modulus and Poisson's ratio (v) of 
the specimen were 2 >: 10 6 psi and 0.24, respectively. The radial displacement function. 
g(r), was taken to be 2.04 × 10-Srao. It has been shown [6] that this displacement function 
corresponds to the case of a cylindrical specimen with elastic moduli E and v to 30 
106 psi and 0.24, respectively, compressed axially between rough end-plates (of the same 
diameter as the specimen) with elastic moduli E and v equal to 30 ;~. l 0  6 psi and 0-30. 
respectively. Figure 2 shows the results of tfie theoretical calculations (dashed lines). The 
results of the solution of this problem solved by the finite-element method of solution are 
shown for comparison (solid lines). The conclusion to be obtained from this figure is that the 
agreement between the finite element and theoretical solutions is good even though only four 
terms of the series were evaluated for the theoretical solution. 

THE SURFACE DISPLACEMENT FUNCTION g(r) 

An exact theoretical solution of the stress and displacement distribution in a radially end- 
constrained circular cylinder requires a knowledge of the radial displacement function 
[g(r)] along the end surfaces (z ~= :tzb) of the cylinder. This function can be calculated 
exactly by using equation (7) to solve the general problem of a cylindrical specimen loaded 
axially between rough end-plates, provided both the geometry and the elastic properties 
of the specimen and end-plates are specified. This problem is difficult to solve and for all 
practical purposes this approach is mathematically intractable. Another and more practical 
approach is to estimate the functional form ofg(r). There are two methods of estimating this 
function, namely the experimental and empirical methods. In the experimental method a 
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knowledge is required of the displacements on the surface (r = a) of the cylinder. For example, 
a value of g(r) is substituted into equations (8), (28) and (29), and the calculated displace- 
ments are compared with the measured displacements. If  the calculated values are different 
from the measured values, a new value of g(r) is used and the displacements are recalculated. 
This procedure is continued until the calculated displacements converge to the measured 
displacements. This method requires the function g(r) to vary linearly with the radial distance 
r (0 ~< r ~< a). Application of the finite element method of solution to this problem [4,5] has 
shown that g(r) does vary linearly (for a wide range of Young's modulus for the specimen) 
across the ends of the specimen, provided there is no relative movement between the specimen 
and end-plate. In the empirical method an estimate is made of the functional form ofg(r).  A 
lower bound on g(r) is easily obtained by equating the radial strain along the ends (z -- - :  b) 
of the specimen to the radial strain that would exist in the end-plate if it were free to expand 
in the radial direction. Similarly an upper bound on g(r) is obtained by equating the radial 
strain along the specimen ends to the radial strain that would exist in the specimen if it 
were free to expand in the radial direction. Therefore, the function (gr) must satisfy the 
inequality 

1 ~ (0 ~< r ~< a , z  ~ - b )  (30) Err  --- ~_=~ _~_ 
F 

where the quantities E(~ ~ and ec~ ) refer to the unconstrained values of the radial strains in the 
end-plate and specimen, respectively. In the case of uniaxial loading equation (30) becomes 

F~ E~ ,~o ," (31~ 

where Ep and %and E~ and v~ are the Young's modulus and Poisson's ratio of the end-plate 
and specimen, respectively. 

The values of the Young's moduli and Poisson's ratios for the end-plate and specimen 
were taken to be Eo = 30 x 106 psi, v = 0-30, E~ = 2 x 106 psi, and v~ -- 0-24 in the ex- 
ample illustrated in Fig. 2. The substitution of these values into equation (31) gives the 
bounds on g(r) to be 

1 x 10-S~o r ~< g(r) ~< 12 x 10-SCro r. 

The value of g(r) determined independently by the finite-element method of solution is 
2.04 ~< 10 -8 % r [6]. 

BRADY and BLAKE [5] found a closer apparent lower bound on the function g(r) by 
calculating the harmonic mean of~f  ) and ely ), i.e. 

2 1 1 
- -  _ ~ -  (~ -~-p~ (32) 

1 Err  t r r  
- g* (r) 
t" 

where the superscript * is the value of the harmonic mean. If the above values of Young's 
moduli and Poisson's ratios for the end-plate and specimen are substituted into equation (32), 
the harmonic mean ofg(r )  is 1-85 x 10 -8 c~ o r for uniaxial loading. We have used a value 
ofg(r )  equal to 1.85 × 10 -8 ~r o r in the theoretical analysis and have found an increase in 
the stresses (~r,~, %o, cr_~, or,=) amounting to less than 1 per cent of the theoretically deter- 
mined stress values shown in Fig. 2. These results show that (for the range of E~ values investi- 
gated) equation (32) forms a close approximation of the radial displacement function [g(r)] 
along the ends of the specimen. 
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CONCLUSIONS 

An exact theoretical solution has been presented for determining the stresses and dis- 
placements in an elastic cylindrical specimen with prescribed radial displacements along the 
ends of the specimen. The solution was used to solve the problem of the deformation of a 
specimen compressed axially between rough end-plates (no slippage between the contact 
surfaces) of the same diameter as the specimen. It was shown that the stresses in the speci- 
men predicted by the theoretical solution are in agreement with the values given by a finite 
element study of this problem. 
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