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Elastic Deformation due to Polygonal Dislocations
in a Transversely Isotropic Half-Space

by E. Pan, J. H. Yuan,” W. Q. Chen, and W. A. Griffith

Abstract Based upon the fundamental solution to a single straight dislocation seg-
ment, a complete set of exact closed-form solutions is presented in a unified manner
for elastic displacements and strains due to general polygonal dislocations in a trans-
versely isotropic half-space. These solutions are systematically composed of two
parts: one representing the solution in an infinite transversely isotropic medium and
the other accounting for the influence of the free surface of the half-space. Numerical
examples are provided to illustrate the effect of material anisotropy on the elastic dis-
placement and strain fields associated with dislocations. It is shown that if the rock
mass is strongly anisotropic, surface displacements calculated using an isotropic
model may result in errors greater than 20%, and some of the strain components near
the fault tip may vary by over 200% compared with the transversely isotropic model.
Even for rocks with weak anisotropy, the strains based on the isotropic model can also
result in significant errors. Our analytical solutions along with the corresponding
MATLAB source codes can be used to predict the static displacement and strain fields
due to earthquakes, particularly when the rock mass in the half-space is best approxi-
mated as transversely isotropic, as is the case for most sedimentary basins.

Online Material: MATLAB scripts to calculate rectangular and triangular dislo-

cations in a transversely isotropic half-space.

Introduction

Analytical solutions for dislocations of simple geom-
etries provide a useful means for inferring the behavior of
faults and intrusions at depth using remotely sensed data
on the Earth’s surface (Segall, 2007, and references therein).
Early approaches were limited to two dimensions, utilizing
analytical solutions for screw dislocations to study strike-slip
faults (e.g., Thatcher, 1975), edge dislocations as models of
dip-slip faults (e.g., Freund and Barnett, 1976), as well as
pressurized crack models of intrusive processes (e.g., Dela-
ney and Pollard, 1981). Extending the approach to three di-
mensions, Okada’s analytical solutions (Okada, 1985, 1992)
for rectangular faults received substantial applications in
geophysics due to their analytical nature. Applications of the
rectangular fault model in the field of geodesy are also very
diverse and vary from inferring dike propagation history
(e.g., Yun et al., 2006; Amelung et al., 2007) to spatial and
temporal reconstructions of earthquake slip (e.g., Johnsson
et al., 2002; Segall, 2007, and references therein) from sur-
face displacements measured using Interferometric Synthetic
Aperture Radar and Global Positioning System data. King

*Also at the Center for Mechanics and Materials, Tsinghua University,
Beijing 100084, China.

et al. (1994) showed that static Coulomb stress changes
calculated using rectangular dislocation models can be used
as a triggering predictor, as positive Coulomb stress changes
are typically associated with regions of large aftershock den-
sities. Following an approach similar to King et al. (1994),
Micklethwaite and Cox (2004) showed that static stress
changes calculated using the rectangular dislocation model
can be utilized to pinpoint potential locations of hydrother-
mal mineral deposits and related precious metals.
Although rectangular dislocations (or displacement dis-
continuities) are useful in fault deformation analysis, polygo-
nal elements (such as triangular dislocations) allow a greater
flexibility when the model surfaces (faults, joints, intrusions,
and bedding discontinuities) are complex in three dimen-
sions (Maerten et al., 2014). Jeyakumaran et al. (1992) de-
rived the triangular dislocation solution by superposing the
solution for angular dislocations in an isotropic half-space
(Yofte, 1960, 1961; Comninou and Dunders, 1975). Thomas
(1993) utilized the triangular dislocation solution in an iso-
tropic linear elastic half-space to develop the code Poly3D.
Poly3D has now been used by dozens of researchers on stud-
ies of complex geological discontinuities ranging from earth-
quake hazards (Griffith and Cooke, 2004; Maerten et al.,
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2005) to reservoir geomechanics (Maerten et al., 2002; Chan
and Zoback, 2007). A detailed and reliable algorithm for the cal-
culation of triangular dislocation-induced displacement, strain,
and stress fields was presented by Meade (2007), who also made
the source code available for convenient implementation. Very
recently, Maerten et al. (2014) presented a review of the develop-
ment and applications of Poly3D, which later became known as
iBem3D. Together, Poly3D and iBem3D found applications in
over 130 published papers (Maerten et al., 2014). Many of these
studies focused on deformation induced by faults in sedimentary
basins where the assumption of isotropy presents some limita-
tions (e.g., Griffith and Cooke, 2004; Muller et al., 2006).

Although the assumption of material isotropy is often ap-
propriate in crystalline basement rocks, sedimentary rock
masses are best described as transversely isotropic with the sedi-
mentary bedding parallel to the plane of isotropy (Amadei,
1996; Wang and Liao, 1998; Gercek, 2007). Furthermore, a
dislocation of polygonal shape is more convenient to approxi-
mate the shapes of real discontinuities, particularly when the
discontinuities are represented by meshes of multiple connected
polygonal elements. Therefore, it would be more desirable if the
half-space can be transversely isotropic and the dislocation can
be of a general polygonal shape, which motivates the present
study. This article is organized as follows. In the Problem De-
scription section, the problems to be solved will be defined,
along with a brief introduction of the linear elastic material con-
stants used to characterize the transversely isotropic solid. In the
Point-Source Solutions in a Transversely Isotropic Half-Space
section, we summarize the point-force and point-dislocation
solutions in a transversely isotropic half-space. In the Finite-
Dislocation Solutions in a Transversely Isotropic Half-Space
section, we derive the finite-dislocation solution in a trans-
versely isotropic half-space; and, in the Polygonal-Source Sol-
utions in a Transversely Isotropic Half-Space section, based on
the fundamental solution to a straight dislocation segment, the
elastic displacements and strains due to polygonal strike-slip
faults, dip-slip faults, and tensile fractures are obtained in exact
closed forms. Finally, in the Numerical Examples section, we
provide numerical examples to verify the correctness of the de-
rived solutions and to illustrate the influence of material
anisotropy on the elastic displacement and strain fields around
simple rectangular and triangular dislocations. We summarize
our work in the Conclusions section. () Solutions provided
here are also available in the electronic supplement to this article
in the form of four individual MATLAB codes. Exact closed-
form expressions for the displacement and distortion fields due
to a straight segment of the dislocation loop are given in Ap-
pendix A. These expressions are written in terms of the func-
tions directly used in the MATLAB programs. The function
relations between those defined in this article and those in
the MATLAB codes are listed in Appendix B.

Problem Description

Figure 1 shows a transversely isotropic half-space with
an embedded dislocation of polygonal shape. A global
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Figure 1. Geometry of a polygonal dislocation ABCDE with
three types of discontinuities U, Uy, and U, in a transversely iso-
tropic half-space (with x;—x, being the plane of isotropy and x3 = 0
being the free surface). In this figure, U; > 0, Uy > 0, U, > 0,
6> 0, and ¢ < 0. The color version of this figure is available only
in the electronic edition.

Cartesian coordinate system is drawn such that the x;—x,
plane is the free surface of the half-space, and x; <0 is
the problem domain. We assume the symmetry axis of the
transversely isotropic material is parallel to the x5 axis (i.e.,
the plane of isotropy of the transversely isotropic material is
parallel to the x;—x, plane). The strike-slip, dip-slip, and
tensile components of the dislocation are denoted by Uy, Uy,
and U,, respectively, and each component represents the
movement of the hanging-wall-side block relative to the foot-
wall-side block. The strike direction of the fault relative to
the x; axis is characterized by the rotation angle ¢, and the
dip angle of the fault is characterized by the inclined angle 6.
The main goal of this article is to derive the expressions of
the displacements and strains at any field point x(xy, x5, x3)
due to a general polygonal dislocation arbitrarily embedded
in the transversely isotropic half-space.

In this article, summation over a repeated (or multiple-
repeated) index is assumed unless this index occurs on both
sides of an equation. Also, the range of values of Roman
indexes (i, j, k, etc.) is 1, 2, 3, whereas the range of values
for Greek letters (a, f, 7, etc.) is 1, 2, unless otherwise
specified. For example, in the equation D;; = A,B;;Ci4s
i(=1,2,3) is a free index without summation because it oc-
curs on both sides of this equation, whereas a is a dummy
index that should be summed from 1 to 2 because it occurs
only on the right side of this equation and repeats itself
three times. The single index j(= 1,2,3) on the left side
of the above equation is also a free index that indicates
Dy =Dy = Dj.

For a transversely isotropic material, if the plane of isot-
ropy is parallel to the x;—x, plane, then the elastic stiffness
tensor ¢;j;; can be expressed as
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Cijrr = (€11 = 2¢66)9j011 + Co6(0ik0j1 + 5:10j1)

+ (ci1 + ¢33 = 2¢13 — 4¢44)0363613013

+ (c13 — ¢11 + 2¢66) (630301 + 6330136;)

+ (Caq — €66) (630130 + 613030 jx + 636130«

+ 6,36130;1) (1)
(Pan and Chou, 1976), in which §; j is the Kronecker delta;
C11, C13, €33, C44, and cgg are the five independent elastic stiff-
ness constants.

Two basic sets of material constants (see Fabrikant, 2004),
which will be used frequently in this article, are defined as

1
B W EEo
X[(C11033—C%3)i\/6’11633—6’%3 \/‘311033—(013+2044)2]
(2)
and
JG,EL _ \/044 +ma(cis +ca) \/ My Ca3 7
Sq c1 MyCas + (€13 + Caa)
hzé = [ (3)
with
mymy, =1,

my —my; = 0O(y; —y,), and
O =ci (1 +r2)/(ci3 + caa). 4)

In equation (2), m; and m, correspond to the result on the right
side of the equation with plus and minus signs, respectively.
We point out that these expressions and the solutions derived
below are based on the assumption that the material is a non-
degenerate transversely isotropic material. In other words, for
this material, y, # y, (i.e., m; # m,). Should the material be
degenerate with isotropy being a special case, one only needs
to slightly perturb the material properties to distinguish y; and
y, (and thus m; and m,) (Pan, 1997). The solutions thus ob-
tained for a nearly isotropic material can still be verified against
the isotropic solutions of Okada (1985, 1992), as will be shown
below in the Numerical Examples section.

Point-Source Solutions in a Transversely Isotropic
Half-Space

We first derive the point-force Green’s tensor u;;(y; X),
which denotes the ith component of the displacement vector
at y(y;,y2,y3) due to a unit point force in the jth direction
applied at x(x, x,, x3) in a transversely isotropic half-space.
Using the image method, this Green’s tensor can be expressed

E. Pan, J. H. Yuan, W. Q. Chen, and W. A. Griffith

in terms of a simple superposition of two individual
parts as

wij(y; %) = ufy (v; %) + u§; (v %), 5)

in which u{7 (y; x) is the point-force Green’s tensor of a trans-
versely isotropic full-space, whereas uj;(y; x) is the comple-
mentary part from the image source due to the free surface of
the half-space. They can be expressed in a new, simple, and
unified way as

x| _ 1 & [¥xmx
u; (y; X) 4rcyy Oy;0x; T (vix)

5 0* [ ®X(y;x)
471'6{44 (9)C3 { (I) (y’ X) } (6)

(see Yuan, Pan, and Chen, 2013), in which

VE@X | _ [em0 - raas:x)
g, (y;x) wS(y;x) — raxs(y:x) |

{ mw}_{ Fy:x)
\Ij%’/ (y’ X) l//2 (y’ X)
53 s _ [vrx
§3 (y’ X) I//3 (y’ X)
LE AN B RN (7a)
33 (y’ X) l//4 (y7 X)
and
{q>g°(y;x)} 2{7313(%?&)} {<I>§’°(y;X)} _ {0}
PE(y; %) rsy:x ) ®5(y: %) 0of
(7b)
The functions in equations (6), (7a), and (7b) are defined as
wiE(yix) = ;i)um@w
—1)ets+1p
wo(y:x) = %((yfﬁ Toptap(iX) (¢ =1.2.3.4)
(®)

(see Ding et al., 2006; Yuan, Pan, and Chen, 2013), in which

Ty = yp/my, T =T, = v Ty = myyp,

Top =71p/mp.  Tog=mayg/my.  Top=1p

Tiﬂ = MyYp, (9)
and

A = sysp(my + my +2),
Py = —(m3_q + D)(my + D53, +55).  (10)
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The potential functions y; and y;; in equations (7a), (7b),
and (8) are defined as

X(y’ X)EX _ { +Zj ln(Rj + Zj) - Rj if Rj + Zj # 0
)(ij(y§ X)E)(ij = —Zjj ln(Rij - Zij) - R;; (11)

(see Fabrikant, 2004; Ding et al., 2006), in which

R; = R;(y;x) = \/(yl —x1)? 4+ (= x)* + ()%

R;; = R;j(y;x) = \/()’1 —x1)? + (2 — %) + (z;)%
(12)

and

Zj = Zj(y; X) = 5_,‘()’3 —X3),

7 = 2;;(y:X) = s;y3 + 5;x3.

(13)

We point out that the above point-force solutions are
extremely simple, involving only the scaled distances be-
tween the source and field points R; and R;; and the natural
logarithmic function In(), as deﬁned in equatlon 1.

Based on these point-force solutions, we now present
the corresponding point-dislocation solution. We consider an
infinitesimal surface of area dA with an arbitrary orientation
in a transversely isotropic half-space. An infinitesimal dislo-
cation is created by displacing the lower surface of dA by the
Burgers vector b(by, by, b3) relative to its upper surface and
then rejoining the lower and upper surfaces together. We de-
fine the positive normal n(n, n,, n3) of the infinitesimal sur-
face as the outward normal of the lower surface (Pan, 1991);
then the positive direction of the closed dislocation curve
surrounding the infinitesimal surface is determined by the
positive normal n according to the right-hand rule (Yuan,
Chen, and Pan, 2013). Using Betti’s reciprocal theorem (see
Pan, 1989), the point-dislocation solution in a transversely
isotropic half-space can be found simply as

’ 0
uW]l (X; y) = —Cijki 5’_)’1 Ukm (y’ X)v (14)

in which (x y) is the mth component of the displacement
vector at x(x;,X,,x3) due to an infinitesimal dislocation of
unit area located at y(yy, y,, y3) with positive normal compo-
nent along e; and Burgers vector component along e;. Here,
e;(i = 1,2,3) is the unit base vector of the global Cartesian
coordinate system. It is noted that, except for the minus sign,
the right side of equation (14) is actually the Green’s stress
tensor with components (i5) at y(yy, y;, y3) due to a unit point
force in the mth direction applied at x(x, x,, x3) (Pan, 1991).
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Finite-Dislocation Solutions in a Transversely
Isotropic Half-Space

We now assume a three-dimensional dislocation loop C
of arbitrary shape with Burgers vector b(b{, b,, b3), which
bounds a curved surface A in a transversely isotropic half-
space. We point out that the polygonal dislocation surface
ABCDE shown in Figure 1 is a simple example. By integrat-
ing the point-dislocation solution in equation (14) over the
curved surface A, the elastic displacement field induced
by the loop C can be expressed as

u,(x) = /dA b; u”(x y) (15)
(see Hirth and Lothe, 1982; Yuan, Chen, and Pan, 2013;
Yuan, Pan, and Chen, 2013), in which u,,(x) is the mth com-
ponent of the displacement vector at X(x;, x,, x3) due to the
dislocation loop in the half-space, and dA;(= n;dA) is the ith
component of the area element vector dA at y(y;, y,, y3)-

The area integral in equation (15) can be transformed into
a line integral form as follows (see Yuan, Pan, and Chen, 2013):

U (X) = upy (X) + up (%), (16)
in which
U ()| _ by ) B® |1 o (¥3X)
e, [ An |00 [ 4x 4 liEmi i) e LX)
1 0 0 ot (V3X)
8 9% €ijk )’ka { mu(y’x)} (17)

In equation (17), the subscript semicolon is used to separate the
subscript groups, and €;; is the permutation symbol. Also in
equation (17), we define

0 0 1
0 = | (da-Z + 244 —) —
7 [x( : Oy 73805 dy3/) r3R;

Q533(X) = pceindyy 8;{;} Y3X33s
D533(X) = —¢ceindyx 3y,»;y3 Y3X33 (18a)
{WE?:(Y?X)} _8_2{ yats }
Wi (y:%) i Ly )
{ Wis(y:x) } 7/3)(3 }
Wia(y:x) 73)(33
{ers(y’x)} P 3/3)(3 }
W5e(y:x) 8"383’3 vars )
{ 33(y;X)} 2 9? { Y3X3 }’ (18b)
Wis(y:x) 8x;8y; Y3X33
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W;;Og,, (y:x)
ij-g,, (y:x)

/j ]3(y’ X)
]3(Ys X)
{ W3 gq(Ya X) }

= 73X3 }
—V3X33

ﬁ3/(y’x) {l//?o +l//c2>°—73)(3}
ﬁ3/(y’ X) Wi+ ys —rars )

W3 $En (Ya X)

Wg? 3 (y;x)
W (y:x)

33,(y,X)} {l//C3>°+l//ff° +73)(3}
W5;(y:x) w5+ i+

(18¢)

The line integrals in equation (17) are along the positive
direction of the closed dislocation loop C. The area integral
Q3°(x) shown in equation (18a) is the quasi-solid angle sub-
tended by the cut surface of the dislocation loop at point x in
the transversely isotropic full-space, which can also be trans-
formed into a line integral (see Yuan, Chen, and Pan, 2013).

We now let U;;(x) denote the ith component of the dis-
placement vector at x(x;, x,, x3) due to a dislocation loop in
the half-space with unit Burgers vector in the jth direction.
Then U,;;(x) can be expressed as

Ujj(x) = Uy (x) + Uj;(x), (19)
in which U7 (x) denotes the ith component of the displace-
ment Vector at x(x;,x,,x3) due to a dislocation loop in
the corresponding full-space with the unit Burgers vector in
the jth direction, and UY (x) accounts for the influence of the
free surface of the half—space Although all components in
U;j(x) can be directly obtained from equation (17), we
modify Ugs(x) slightly for the benefit of further simplifica-
tions. From equation (17) we have

Ug(x) , 0F (v
53 0
4r e53:dy 73 { }
{U;;(X)} fC p3EVYE 38 2 0
o (v +v —yf
- Oxg fcga3y’dy” Dya { }

Wi+ s — v
(20)
Then, by utilizing the following relation
ety o? {u/‘f°+w§°—w8°}
T Oyp0ya |y 4 v — v
P {wi’°+w§°—w8°}
= gct /j3dy3 vy c c c
fecars Vs oy By, i+ s — g
Py v -y
+feepedye s 5 { S, (21
o | v+ s — v

equation (20) can be transformed into
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UK > (U v
4”{ Us,(x) } feepedie { . }
ii{wi"’ +w§°—l//8°}
0309, | ws +ws—vs |
(22)

+ de€apdys

With these preparations, we can now express the dislo-
cation-loop-induced fields in terms of simple line integrals
along the loop with the integrands being elementary func-
tions. We point out that, in this article, the dislocation loop
C is called simple if one of the following conditions is sat-
isfied: (I) the dislocation surface A is described by a single-
valued function x3 = S(xy, x,) or (II) the dislocation surface
A coincides with a certain cylindrical surface perpendicular
to the x;—x, plane. Actually, condition (II) can be considered
as a limiting case of condition (I), and a general loop can
always be divided into certain simple ones (see Yuan, Chen,
and Pan, 2013). Because of the above facts and without loss
of generality, we now express U,;(x) explicitly for a simple
dislocation loop C under condition (I). Furthermore, we or-
der them first by the full-space solution and then followed by
the complementary part.

An(=1)FUZEX) = (=D (=) — gisil5 s,
- Zngiin}Z, (23a)
4n (- 1)§U§(3 5)(X) = 530535 + gisili?,-;g - 253f7:Ci
+253firiCF, (23b)

4r(— 1)§U3(3 9 (x)= —mﬁsﬁ(2s3fﬂl2ﬁ 3+ 8516,5.0)s (23¢)

4]7,'(—1)5U<(>3°_§)3(X) = —g,-sil‘g?l.;3 — 8a¥algaes (23d)
477.'U§% (X) = sgn(S(xl, .X'z) - x3)é + mﬂgﬂsﬂC/}, (236)

4r(=1)SUL() = (=1D(=C + 53C33) — gijsil5 s
2S3flﬂ/tclz 4S%fijLzlt?ii';3’ (243)

4ﬂ(_1)§UZ(3—§) (X) = S316.33.3 + glJSIg?)ljé - 2s2f,»j)/,-C,-j

+253f7iCE + 253 f,;,C5. (24b)
Ar(=1EUS 5y (%) = (253 fap iy + Sapliape)
+253FLS_ s, (24¢)
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3 ~
4n(-1 )éUf3_§)3 (x) = —8ijSiI§;ij;3 - ga/ﬁ’alo;aﬁ;gv (24d)

4rUS5(x) = -C- Mp8apSCop- (24e)

In equations (23) and (24), sgn(x) is the sign function, and

7 33
Ci75(x) = 231212;61‘;3 (x) + Igi‘ﬁ(x)’

CF®) = 25755 (0 + 1 (%). (252)
Cr(x) =13, (%) - 13, (%),
Ci(x) =15, (%) — 15, (%), (25b)
Ci(x) = 571355(x) + I (%),
Cij(x) = 71355 (%) + 1575 (%), (25¢)
C(X) = L%;N;Z(X) - L%;N;l(x)’
CH(0) = 21555 (%) — L5 ().
QL (x) = —sgn(S(xy, x,) — X3)C(X) -53C5(x).  (25d)

We point out that the difference between the three function
pairs C’Z‘f (x) and C'Zf(x) in equation (25a), C; (x) and Cj;(x)
in equation (25b), and C;(x) and C;;(x) in equation (25¢) is
that the latter expression in each pair can be obtained directly
from the former one by replacing the subscript i in the former
function L., (x) by subscripts ij to become I,.; ;... (x). This is
equivalent to replacing x3 by x;j defined in equation (27) be-
low. In other words, once we have the exact closed-form ex-
pressions for the former functions, we can obtain the exact
closed-form expressions for the latter functions by simply
replacing x; by x;j in the former expressions. This becomes
apparent by looking at the definitions of the involved func-
tions I(x), L(x), and J(x) below.

1
154 (1, X2, x3) = ftid)’ka

oy ]
ION;ij;k(xl’x2vx3)EIa;~;k(x1’x2’x3j) = fftfdyk» (26a)
ij

(yg - x5)(y3 —X3)---

127 (1, X0, X3) = —
Nk (X1 X2, X3) <ﬁ: RVR,

dykv

3. 83 ij
I;fv;,‘j;k(xl » X2, x3)=1§v;~;k(x1 » X2, xl3j)

e = x9)(rizig) -+
= — - d s
ﬁ‘ RNR” Yk

(26b)
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(e —x)(y3 — x3) -+
L}f\iN;k(xl»xzs%) = ¢ ¢ 7N dyy,
L}f\?uk (1, X2, x3)EL§\I3;:;k(xl (X, x5)
e = x9)(izij) -+
= # < é:RN J dyk, (260)
3. _ ()’5 - xg) (3 —2x3)---
Wi (1, X2, 63) = e RS dye,
Jii’lf.};k(xl,xz,x3)EJ,§V3;:;k(x1,x2,x;j)
(e —x9)(vizyy) -
= # 3 < : Vs (26d)

RN p3
RVR,

in which N is an even number and

R = \/(yl —x1)? + (2 — %)%, x§ = —yis;x3. (27)

Again, the paired function relation discussed above can
be clearly observed from equations (26a), (26b), and (26d), in
which R; is involved in the integrand. We point out that the
function J(x) defined in equation (26d) will occur in later der-
ivations (e.g., in equations 30a—h and 31a—h). We also remark,
in some special cases, the line integrals in equation (26)
become divergent so that they should be integrated in the
finite-part sense.

We further point out that, in equations (23) and (24),
although equations (23d) and (24d) are derived from
equation (22), equations (23a)—(23c), (23e), (24a)—(24c),
and (24e) are all derived from equation (17). Also in
equations (23) and (24), the coefficients are defined as

_ (_1)a+lm3—a

fa T —m, 8a=(my+Dfe, fr=8=1
Fup = (=D (ms_y + 1) (m3_5 + 1)(723—a +7p) ’

O(m; + my +2)(y1 —72)
Cap =My +Vfep,  frz=gun=1, [fu3=8s=0,
fip =283 =0, F:%—l. (28)

Note that when deriving equations (23) and (24), use has
been made of the following relations:

Zfizov Zgizo’ 1+Zzgaﬁ=0»
i i a fp
ZZ(””/} +1)gu=0, 1+ ZZ(’"/} + D)sprafop=0.

a p a p
(29)

We remark that, instead of taking derivatives of the dis-
placement solutions, the distortions can also be calculated
directly from equations (17) and (22) as follows:
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ous . (x) .
4”(_1)5% = & (_1)Ts3(J8;3;(3—1) - J(()?3;3)
=+ 5,15.93]6;3;3 =+ giSiC:I:Z; =+ ZS_%fiin;"fT,
(30a)
U, _, (%)
4”(_1)517(87)6? = 5'1§S§J8;3;3 - S3Jg;3;n - gﬁsﬁ‘lg;ﬂ;i
—253f,5,C. (30b)
oUS,_ s (X) .
4”(_1)5% = —mygpsplo.pe — 2s§mﬁfﬁsﬂC§;3’
(30¢)
o0USH_» (%)
4;:(—1)'5#? = —mys(8pspTo e = 255/ pplopa)-
(30d)
AU, 4 (X)
(3-9)3 _ T &t
477(_1)58—)67 = —gprplope — 8:5:Ci5 (30e)
oUY_5(x)
47[(—1)5% = —gﬁsﬁlg;ﬁ;g + giSiJg;i;y (301)
UK (X) 37
4n % = —(=1)"mygpsp(ss = Bopay).  (302)
U (x)
47[ 5;3 = mﬁgﬂsﬂ(J(]);ﬂ;z - J(z);ﬁ;l), (30h)
OU¢ 5_5(X) L,
4”(_1)5% = &3(= 183033, ~ J(()?33;)3
+ Byes3lizan + 8ij5iClle
+ 2S%flj}/l (C?fr + 2Sié?fr), (313)
U 5_5(X)
471(—1)57((97)3 = —6,e5300335 + SSJ€;33;:1
+ 8apSpl0iaps
OUS s (%)
3(3-9) T
4n (—1)57 = Mp8apSpli.ape

+ 25%(mﬂfaﬂslgci;;3 + FC::T), (31C)
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OUS 5. (X)
Ap(—1) 200 — 2 B
7(=1) B3 m/}s/i(ga/isa 0sap;¢
- zs%faﬁya‘](é);aﬂg)’ (31d)
OUS,_ 4 (X)
(3-9)3 z T
4”(—1)57 = —8apYaIl0pe — gijsicfjﬁ’ (31e)
OUS,_ 4 (X)
(3-9)3 3
4”(—1)687)63 = gaﬁsﬁJg;aﬁ;g - gijst(f);ijS’ (31f)
0U%;(x) . (B2
4”63—; = (=D'mp8upSToiaps = Noapsa-n)-  (318)
AUS5(x)
4r 82; = my8apSpSp¥aToapa — Toapr).  (31H)
in which
C(x) = 2L1_5(x) = 8,L5,_5(X)
CI(x) = 4LE (X) — 8, L5015 (%)
= 85 L 15 (%) = 8,15 15 (%), (32a)
ClE(X) = 2045, (X) + T35, (X) — 8,613, (%)
Cla) = 215, (%) + 135, (%) = 5,15, (%), (32b)
CIF(x) = 8521173 (%) + 41T (x) — T (%)
— 5287155 (%) + 1y ()]
- 5}75[25‘!21?:3 (X) + 15;5;3 (X)]
= 8,e[2571575,(%) + 15,5, (0],
CIF"(x) = 8STIETA (%) + 4155 (%) = I35 (%)
— B 2821 5 (%) + 14,5 (%)]
_ ”5[25"%12??].;3()() + 15,.5(%)]
= 8,255 3 (%) + 15,15 ()], (32¢)

One observes that the functions defined in equations (32b)
and (32c) are function pairs between their indexes i and ij, as
discussed previously. We further note that while equations (30e),
(30f), (31e), and (31f) are derived from equation (22), other dis-
tortion components in equations (30) and (31) are obtained from
equation (17).

We also remark that when deriving the components in-
volving the solid angle (referring to equations 18a and 23a),
use has been made of the following relations (see Yuan,
Chen, and Pan, 2013; Yuan, Pan, and Chen, 2013):
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o0L(x 0 0 1

8.xf ) #( ‘[aka +}/3 3k ay ) dyk’
033(x)  0V55(x) a 5, 0 1

Ox, B Ox, B §[C (emka_ya MEER 8_373) 73R33 W
aQ3 33(%) 1

7]
——56?( Erak gy~ +73 By ) R%dylv (33)

When deriving equations (30b) and (31b), use has been made
of the following identity:

5a778§3ﬂ + 5a§€3r[ﬁ = _6a[18§7/3' (34)

We finally point out that equations (23), (24), (30), and (31)
are still applicable to a simple dislocation loop corresponding
to condition (II), provided that we set the (S(x;, x,) — x3)
term in equations (23a) and (23e) to be zero.

Polygonal-Source Solutions in a Transversely
Isotropic Half-Space

We now consider a dislocation of polygonal shape lying
within a general flat plane characterized by the two orienta-
tion angles ¢ and 6 (Fig. 1). The strike-slip, dip-slip, and
tensile components of the dislocation are denoted by U,
Uy, and U, respectively (Fig. 1). Using the coordinate trans-
formations, we can derive the induced (global) displace-
ments and distortions as follows:

For a strike-slip fault,

u;(x) = —U;cos p[UY (x) + US, (x)]
— Ussing[U% (x) + U, (%)),

) _ ) o5 g QUED) , OV )
Ox; Usc S¢|: o, o,
- U, Sin¢|: Uz (x) I 8Ui2(x)} (352)
axj 6)6]
For a dip-slip fault,
u;j(x) = Ugysin ¢ cos S[UF (x) + US; (x)]
— Uycos ¢pcos 5[US (x) + US, (x)]
— Uysind[U% (x) + U (x)],
aui(x) _ . U?lo (X) 6(]01 (X)
ox, = U,sin¢coséd |: o, x,
— U, cos ¢ cos 5[8U"2 (x) + anz(X):|
— Ud Sin5|:6Ui3 (X) + aUl-3(X)i|. (35b)
xj 6xj
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For a tensile fracture,

—U,sin¢ sin 8[USY (x) + U%, (x)]
+ U, cos ¢sin o[USY (x) + US,(x)]
— U, cos8[U% (x) + Ui(x)],
L)
Ox; Ox;

6U§@>+ava@q

u;(x) =

Ou;(x)
Ox

= —U,sin¢sin5|:
J

3)6]- a)CJ
+ UG (X)].

ax]'

+ U, cosqbsiné‘[

OUE (x)

B (35¢)

- U,COS5|:
J

Because the polygonal dislocation is composed of a
finite number of end-to-end straight segments, the elastic
fields of a polygonal dislocation can be found by simply
superposing all the solutions corresponding to the straight
segments of the polygon. For a directional straight segment
AB, beginning at point x* and ending at point x5, the induced
displacements u;(x) and their derivatives (or distortions)
Ou;(x)/0x; are still given by equation (35), with U7 (x),

U5 (x), 3U 7 (x)/ Ox,, and OUY;(x)/ Ox; also defined in equa-
tlons (23), (24) (30), and (31), respectlvely In equations (23),
(24), (30), and (31), however, the line integrals over the
straight segment AB can be expressed analytically in terms of
elementary functions as listed in detail in Appendix A and
coded in ) MATLAB (four MATLAB codes are available
in the electronic supplement: one for a rectangular dislocation,
one for a triangular dislocation, and the other two for compari-
son of displacements between the present and Okada codes).

Numerical Examples

Before applying our solutions to a general polygonal
dislocation embedded in a transversely isotropic half-space,
we should point out that by taking the proper limits, our ana-
Iytical solutions will reduce to those in Okada (1992). Fur-
thermore, as we mentioned earlier and will show below, our
formulations can be directly compared with the Okada
(1992) problem of a rectangular dislocation in an isotropic
half-space. A rectangular dislocation having a dimension of
12 km x 8 km with ¢ = 0° and § = 40° and its lower edge
located 10 km below the free surface is shown in
Figure 2. Results are shown for three different displacement
discontinuity cases (i.e., U; = 50 cm, or Uy = 50 cm, or
U, = 50 cm), representing an earthquake source of approx-
imately M,, 6. We assume that A = u, in which 4 and p are
the two Lamé constants of the isotropic material. To directly
use our transversely isotropic formulations for the isotropic
case, the five elastic constants are selected to be close to the
isotropic case by, for instance, letting ¢4, = u(1 + 0.00001),
ces = p(1 4+ 0.00003), ¢35 = A(1 + 0.00005), ci; = A+
2p)(1 + 0.00007), and ¢33 = (4 + 2u)(1 4 0.00009). If the
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Figure 2. A rectangular dislocation of dimension 12 km x
8 km with Uy = 50 cm (or Uy = 50 cm, or U; = 50 cm) in an iso-
tropic half-space. The lower edge of the rectangle is 10 km below
the surface. The strike direction of the fault is parallel to the x; axis
and the dip angle is § = 40°. The field points are along the depth
direction with fixed horizontal coordinates (x;, x,) = (25, 15) km.
The color version of this figure is available only in the electronic
edition.

second proportional factors in these constants (c;;) all equal
1, the material becomes isotropic. Therefore, an arbitrary
small value (e.g., 10°-107°) is added to make the propor-
tional factors slightly different from 1 but very close to the
isotropic case so that the solutions presented in this article
can still be directly compared with the isotropic case
(Pan, 1997). The strains (referring generally to strains, tilts,
and deformation gradients) beneath the observation point
(x1,x,) = (25,15) km along a vertical observation line
ranging from 0 to 20 km depth are evaluated for the
strike-slip fault with Ug = 50 cm, the dip-slip fault with
U4 = 50 cm, and the tensile fracture with U, = 50 cm, re-
spectively. One can observe from Figure 3 that our results are
exactly the same as those in Okada (1992), which verifies
that our formulations for the transversely isotropic rocks
are correct in this limit and that they can be further directly
compared with the isotropic half-space case. Comparison of
displacements between our solution and the solution by
Okada (1992) for the same problem, as described in Figure 2,
is provided in the (E) electronic supplement, along with the
corresponding MATLAB codes.

A Rectangular Dislocation in a Transversely Isotropic
Half-Space

As the first numerical example, we investigate the effect
of rock anisotropy on strains due to rectangular dislocations
(or faults). Rock anisotropy has been well documented, and
the source of anisotropy may be intrinsic (due to bedding or
laminations in sedimentary rocks or aligned minerals form-
ing foliations in metamorphic rocks) or extrinsic (formed by
stress-induced cracking of intrinsically isotropic rocks). In
this article, two representative examples of intrinsic, trans-
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Figure 3.  Variation of strains (general names for strains, tilts,

and deformation gradients) beneath the observation point (x;, x,) =
(25, 15) km for (a) strike-slip fault with U, = 50 cm, (b) dip-slip
fault with U4y = 50 cm, and (c) tensile fracture with U, = 50 cm in
an isotropic half-space. The geometry of the rectangular dislocation
is shown in Figure 2. The color version of this figure is available
only in the electronic edition.
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Table 1
Elastic Coefficients (c;;) of Two Typical Transversely
Isotropic Rock Materials and Their Voigt Averages
(4 and p) in GPa

n €33 Caq €66 13
Material 1 113 87 30 415 22
Voigt average of material 1 A=27.1,4=36.2
Material 2 25 19 5 7 10

Voigt average of material 2 A=10.6, 4 =59

versely isotropic rock are selected, with one being strongly
anisotropic and the other only weakly anisotropic. Both rep-
resentative datasets are obtained from measurements of rock
velocities in multiple directions with respect to the dominant
rock fabric. The first set with strong anisotropy is the average
of the rock properties in the garnet-oligoclase zone of the
Haast schist, a prominent metamorphic belt south of the Al-
pine fault in New Zealand, where foliation is approximately
vertical (Godfrey et al., 2000). The second set with weak
anisotropy is the average of the rock properties in North
Sea shale, with ~20% P-wave anisotropy (Wang, 2002).
In the numerical calculations, we assume the dislocation
model is exactly the same as in Figure 2 (but with transverse
isotropy) and that the plane of isotropy of the material is par-
allel to the free surface of the half-space (i.e., the x;—x;
plane). The five independent stiffness constants are listed
in Table 1. For comparison, their corresponding Voigt aver-
ages are also used to calculate the induced strains in the
equivalent isotropic rock half-space. The Voigt average
assumes (c;;;j)™™ = (c;;;)"™ and (c;35;)™ " = (i)™
For transversely isotropic materials, the Voigt average is
defined as A = (cy; + ¢33 + 5¢1p + 8¢13 —4cyy)/15 and
u=(Tcyy —5¢c1p + 2¢33 + 12¢44 — 4¢13)/30, in which 4
and u are the equivalent Lamé constants (Hirth and Lothe,
1982). Again, the isotropic material property is slightly per-
turbed (as described above) so that we can directly make use
of our solutions for transverse isotropy.

Once again, the strains beneath the observation point
(x1,x2) = (25,15) km with depth ranging from 0 to 20 km
are evaluated for the strike-slip fault with Ug = 50 cm, the
dip-slip fault with Uy = 50 cm, and the tensile fracture with
U, = 50 cm, respectively, and for materials 1 (strongly
anisotropic) and 2 (weakly anisotropic) and their isotropic
equivalents. For this case, although all the strains are influ-
enced by the rock anisotropy, the strain component Ou; /Ox3
is strikingly affected, as compared to the isotropic one
(Figs. 4 and 5). The relative difference between the trans-
versely isotropic and isotropic solutions for this component
can be over 200% for material 1 with strong anisotropy and
over 100% for material 2 with weak anisotropy. Thus, the
elastic anisotropy of rocks should be considered to accurately
predict the static field of dislocations in transversely iso-
tropic rocks.
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Figure 4. Variation of strains beneath the observation point
(x1,x2) = (25, 15) km for (a) strike-slip fault with U; = 50 cm,
(b) dip-slip fault with Uy = 50 cm, and (c) tensile fracture with
U, = 50 cm in a half-space occupied by the transversely isotropic
material 1 (or an isotropic material equivalent to material 1 by Voigt
average). The geometry of the rectangular dislocation is the same as
in Figure 2. The color version of this figure is available only in the
electronic edition.
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Figure 5. Variation of strains beneath the observation point

(x1,%) = (25,15) km for (a) strike-slip fault with U; = 50 cm,
(b) dip-slip fault with Uy = 50 cm, and (c) tensile fracture with
U, = 50 cm in a half-space occupied by the transversely isotropic
material 2 (or an isotropic material equivalent to material 2 by Voigt
average). The geometry of the rectangular dislocation is the same as
in Figure 2. The color version of this figure is available only in the
electronic edition.
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13km |
15km ' 15km '
Figure 6. A triangular dislocation with Ug = 50 cm (or

Uy = 50 cm, or U; = 50 cm) in a transversely isotropic half-space.
The upper side AB of the triangle is parallel to the x; axis and it is
3 km below the free surface. The side BC and CA are of the same
length. The strike direction of the fault is parallel to the x; axis and
the dip angle is § = 30°. The color version of this figure is available
only in the electronic edition.

A Triangular Dislocation in a Transversely Isotropic
Half-Space

As the second example, we consider a buried triangular
dislocation in the half-space occupied by transversely iso-
tropic material 1 (see Table 1). It is well known that both
the Northridge and Puente Hills thrust faults of the Los An-
geles basins attributed to M, >5.9 earthquakes in the last
three decades (e.g., Yeats and Huftile, 1995; Shaw and
Shearer, 1999). Both faults are blind in the sense that their
upper tip lines are below the surface of the Earth. For thrust
faults, representative of those ruptured in the Los Angeles
basin as discussed above, we use a representative fault size
of about 30 km x 20 km and dip angle of about 30°.
We thus investigate a representative triangular dislocation
ABC with the following three vertices: A(30, 10+4/3, =3) km,
B(0, 104/3, —3) km, and C(15,0,—13) km, as shown in
Figure 6. In the following calculations, the displacement dis-
continuity over the fault plane is assumed to be U; = 50 cm
(or Uy = 50 cm, or U; = 50 cm, separately). We also assume
the plane of isotropy of material 1 is parallel to the free surface
of the half-space (i.e., the x;—x, plane). Numerical results are
shown in Figures 7 and 8 for the transversely isotropic material
1 and are compared with the results based on the isotropic Voigt
average.

Figure 7 shows the strains beneath the observation point
(x1,x,) = (45, —15) km with depth ranging from O to 25 km
for the strike-slip fault with U; = 50 cm (Fig. 7a), the dip-
slip fault with Uy = 50 cm (Fig. 7b), and the tensile fracture
with U, = 50 cm (Fig. 7¢), respectively. The strain Qu; /0x;
is much more sensitive to material anisotropy than the tilt
Ous/0x; and the areal dilatation Ju,/0x; + Ou,/0x,, re-
gardless of the fault model (Fig. 7).
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Figure 7. Variation of strains beneath the observation point
(x1,x,) = (45,—15) km for (a) strike-slip fault with U; = 50 cm,
(b) dip-slip fault with Uy = 50 cm, and (c) tensile fracture with
U, =50 cm in a half-space occupied by transversely isotropic
material 1 (or an isotropic material equivalent to material 1 by Voigt
average). The geometry of the triangular dislocation is shown in
Figure 6. The color version of this figure is available only in the
electronic edition.

Figure 8 shows the variation of surface strains (x3 = 0)
with the location of the observation point for the strike-slip
fault with U; = 50 cm (Fig. 8a), the dip-slip fault with Uy =
50 cm (Fig. 8b), and the tensile fracture with U; = 50 cm
(Fig. 8c), respectively, in which x; is fixed at 20 km and
X, ranges from —15 to 30 km. Along this line, the material
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Figure 8. Surface strains as functions of x, (with fixed

(x1,x3) = (20,0) km) for (a) strike-slip fault with U, = 50 cm,
(b) dip-slip fault with Uy = 50 cm, and (c) tensile fracture with
U, = 50 cm in a half-space occupied by the transversely isotropic
material 1 and by an isotropic material equivalent to material 1 by
Voigt average, as listed in Table 1. The geometry of the triangular
dislocation is shown in Figure 6. The color version of this figure is
available only in the electronic edition.

anisotropy has a considerable effect on both the surface strain
(Ou,/0x3) and the surface area-dilatation (Ju;/0x; +
Ou,/0x,), with the maximum differences of over 40%
between the isotropic and anisotropic models.
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Figure 9. Horizontal displacement vector fields on the surface

due to the triangular fault with U4 = 50 cm in Figure 6. Black ar-
rows correspond to displacements in transversely isotropic material
1 and gray arrows to those in the Voigt average isotropic material 1
(Table 1). Contours of Au are the percentage difference in magni-
tude between material 1 and its Voigt average material, as defined in
equation (36).

To examine the spatial differences of surface displace-
ments, we plot the horizontal displacement vector (u;, u,) in

terms of its magnitude u = /u? + u3 and orientation in the
Xx1—x, plane as shown in Figure 9. The fault is of triangular
shape with Uy = 50 cm (Fig. 6), and both material 1 and its
Voigt average are considered (Table 1). Although the surface
displacement fields are similar for both material 1 and its
Voigt average, the discrepancies in magnitude and direc-
tion of the displacements are heterogeneously distributed
throughout the surface domain over the fault (Fig. 9). For
example, the difference in the surface displacement magni-
tude Au between material 1 and its Voigt average, defined as

Au = Uyoigt — Umaterial 1 ’ (36)
uVoigl

can be over 20% and the discrepancy in the orientation can
be as large as +4°.

Conclusions

Based on the concepts of the dislocation loop and dis-
location segment, we derived a complete set of analytical sol-
utions for displacements and strains due to a dislocation of
general polygonal shape in a three-dimensional transversely
isotropic half-space. Our solutions reproduce the well-known
results of Okada (1992) for a rectangular dislocation in an
isotropic half-space as a special case. We also point out that
our solutions are applicable to both blind faults and faults
that intersect the free surface. Because our solutions are in
exact closed forms for any polygonal dislocation, one can
simply superpose these solutions to find the elastic fields of
an arbitrary dislocation. Our numerical examples reveal the
important effect of material anisotropy on the internal and
surface strains and surface deformations due to polygonal

E. Pan, J. H. Yuan, W. Q. Chen, and W. A. Griffith

dislocations. Our solutions should be particularly appealing
for researchers who are interested in the static displacement
or strain fields due to a dislocation of arbitrary shape with
nonuniform Burgers vector in transversely isotropic rock
half-spaces.

Data and Resources

All data used in this article came from published sources
listed in the references. The second numerical example
was based on the approximate geometry and size of the
Northridge fault as defined in the Southern California Earth-
quake Center community fault model at http://structure.rc.fas
.harvard.edu/cfm/modelaccess.html (last accessed March
2013).
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Appendix A

Analytical Integration of the Displacement and
Distortion Fields due to a Straight Segment AB of
the Dislocation Loop

The line integrals involved in equations (23a—e), (24a—¢),
(30a-h), and (31a—h) for the displacement and distortion fields
of the dislocation loop can be carried out exactly over the
straight segment AB in terms of elementary functions. We
now list the analytical results below.

An(=1)*UE(x) = —(=1)7Q° — g;5:122() - 253f17:Ci2()
0Q5°(x) = —sgn(S(xy, x2) — x3)Char() — s3CjN(),
(Ala)

4r(=1)E U, (0 = $:1000) + gi5i1220) = 253 7,Ci()
+ 2s%fi7/icj2()s (Alb)

47[(—1)‘5Ug?3_§) x) = —m/;sﬂ[Zs%fﬂIZZ() + g/;IOO( )],
(Alc)

(Ald)

An(=1) U 53 (x) = —g;8i122() = g474100(),

4rUS(x) = sgn(S(x;,x;) — x3)Cbar() + mpgyssCiN();
(Ale)

47[(_1)5UE§(X) = (=1)*[-Cbar() + s3CjN()] - 8ijsi122()
—252f,7:Ci2() — 452, 143(),  (A2a)


http://dx.doi.org/10.1016/j.cageo.2014.06.007
http://dx.doi.org/10.1130/G20559.1
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4n(=1)Ug5_s (%) = 53100() + g;;5:122() = 253£,;7:Ci()
+ ZS%fiﬂ/iCjz() + 2s§fiijar1(),
(A2b)

471'(—1)5U§(3_5) (x) = mﬁsﬂ[ngfaﬂIZZ() + 8451000)]
+ 253FL21(), (A2¢)

4”(_1)§Uf3_5)3(x) = —g,-js,-IZZ() - gaﬁ}’aIOO(), (AZd)
4nUS5(x) = —Cbar() — mpg,pssCiN(); (A2e)

Ul—5(X)

0
4Az(-1)¢ o = £,53(=1)"s3[J01(3;3 — 7)

—J01(3 = 733)] + 6,:53J01(z: 3)
+ £:5:Cik2() + 2s3f7:Ci3().
(A3a)

0
4r(=1)¢ = ”§s§J01(3; 3) — s3J01(&; )

Ust-p®)
3x3
— 8555301 (n; &) — 253 ;5,Cik2(),
(A3b)

U X
4;:(—1)5327;‘9() = —myg;s,J01(z; &)

UL, _ . (X)
4;1(_1):357; = —mys3(gss5101(3;6)

—253fprp001(&:3)],  (A3d)

OUR _5;5(x) .
477(—1)5% = —8/37/}J01(T§ $) — &isiCik2(),

) (A3e)
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oU® X
4n(—1)5%‘f®3() = ~gysy101(3:8) + gis,J01(&:3).
(A3f)
o 6(]5; B 1)y 013 - 2:3)
—J01(3;3 = 7)], (A3g)
4x 8%3;3(") = mygyssJ01(132) = J01(2: 1)) (A3h)
ouU¢ X
4m(=1)° ”(57;5’() = £,:5(=1)"s3[J01(3;3 - 7)
~J01(3 = 733)] + 8,:55301(; 3)
+ g;5:Cik2()
+ 253f,;7:(Cj3() + 2s,Cbar3()],
(Ada)
ou* X
4;1(—1)6”5#9() = —8,:53901(3;3) + 53J01(&; )
+ 8apspl01(n; &)
+ 2s3[f,;5;Cik2() — FCbar2()],
(A4b)
AUS 5 (X)
4;:(—1)532% = Mygaps I01(z; £)
+ 253[mpf opspCik2()
+ FCbar2()], (Adc)
oUs X
471(—1)53(63%:)() = —ms3[8upsI01(3: &)
- Zs%faﬂya']()l(é, 3)]v (A4d)
OU_p3(X) .
Ar(=1)f — 2 = g J01(x: &) — 8,5, Ck20).,

T

(Ade)
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4r(-1)% = gupspl01(3; &) — g;5;,J01(&; 3),

(A4f)

ou = 3 (x)
8X3

oU%;(x)

4
g ox,

= (=1)"mpgupsplJ01(3 — 7:3) = J01(3;3 — 7)],
(Adg)

and

0US;(x)

4
d 8)63

= mpgupSpSpro[I01(1:2) —JO1(2; 1)]. (A4h)

Functions Cbar( ), 122( ), etc., in equations (A1)—(A4),
are those defined exactly in the () MATLAB codes in the
electronic supplement and are listed below in their exact
closed forms in equations (A5)—(A18). The involved param-
eters and functions in equations (A5)-(A18) are listed in
equations (A19)—-(A27).

Cbar( ):
- T8 ™
C(x) = arctanv—3 - arctanV—B, (AS)
Cbarl( ):
RB
Ci(x) = (- 1)‘f (12 ) ln -
+ (-1)¢ i 213 (LVi+ 5LVy = 13V3) —— €t
V3
13 Vs 2 p
+ (= 1)5 = RLLWs + (I — D 3V3]
x [(RF)=2 - (RA)_Z]
+ (=)= b (z Vo+ LV, + %)
L
x [T5( RB)‘2 — T4(RM7?, (A6a)
C_ffj(xl,xz,x3) = Ci(xl,xz,xgj). (A6Db)

Remark: Equation (A6b) indicates that to obtain the ex-
act closed-form expression for C (x] , X5, X3), one needs only

to replace x; in C%(x) by x'3’. This is also discussed in the
main text.
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Cbar2( ):

G = = 2=l + (1) s IR = (R
—%{(—1)5+"13_513_,1—zglnuTB(ieB)-z—TA<RA)-2],

(A7)

Cbar3( ):

Cén(x )——{4121 W3+ (—1)1(28,,+ DLV, +2[2e,,5 L2
=3(=DF (B B) syl Va | [(RP) 2= (R) 2]
+(—1)612—‘;%[(15—2z§_ﬂ)15v3_,7+311zzzg_nv”

T+ @B= B )l V3 IRE) = (R )

_"1_15[(255,, 1)L 4B (R T (RN

(- 1)§+ﬂ [41 L(RVs_y+ 15,3V

+<l%—z%)%)][TB(RB>-4—TA<RA)-41, (A8a)
é?fﬂ(xl,x27x3) = C‘ff”(xl,xz,xéj)
Fgé — ¢ — (¢

Cli (x) = Ci*(x) = C;7"(x). (A8b)

Remark: Equation (A8b) is similar to equation (A6b).
Namely, to find the expression for the functions with double

indexes ij, one just replaces x5 in the functions by ng' .
Gj():

L2 12 LW
’1013(x) sB( ) — = 3s,

A;(x)

Ci(x) = 7

(A9)

Remark: Function If;., (x) and its pair function I, ., ()
are defined as function 100() in equation (A14) below. It is
further noted that if we replace x3 in C;(x) by ng , we then
obtain its pair function C;;(x).
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Cj2( ):

2s; zéz 2

Il -
C'(0) = 73 LY = D)Iga(x) -

B;(x)

l;V3
L2
S 13

[lg - (-1 )§+”l3—§ V3, IN: (%)

|:( 1)513 fvn +( l)yll.fv'j -n

2151”W3 Ai(x)
L? Vs

— [TV, + (V3 PR,
(A10)

Remark: Replacing x; in Cf” (x) by x;j , we then obtain
its pair function C'fj'?(x).

Cj3():
Gls (1 1
L[2L2\RE R4
(=1)%Lels
L*L2V?
+ (L} + 057 BR) 51, Vs

CH(x) =

+ (=Dl + 15 el JL* V5

T8 14
- s23[(- 1)‘5+’713V3 ot B 5[,7V3—§]}(R_23 _R_i-‘)

lV_
;“{< Rl 2<v —3VD)

+ (-1)[4V3_, — (26:, + 1)‘72]}Ni(x)

214 v3

—(=1) V3 ”(v —3V2)N,(x)
L{ I

_5[( D1V, (3 = B) + 21,1, ”]}M (x)
F DRI (v - 313 )P, )
—2P;(x)] |

LV3 (13
_(—1)~f+'1‘_/3‘72 {L 22VE, -V

+ 315, (L*V,Vy = 1,1, V2)
ViV
IRAOER 3V§_,7)1}Qi(x>,

i

(Alla)

E. Pan, J. H. Yuan, W. Q. Chen, and W. A. Griffith

C?EE(X) — Cfﬂf(x) = Cffﬂ (x), (Allb)

GiN():

Ci (x) = r;A;(x). (A12)

Remark: Replacing x3 in C; (x) by ng' , we then obtain
its pair function Cj;(x).

Cik2( ):
Lilel, 1 1
& _ ktEnt3
Cal = =T33 (F_R_A)
[
‘mkzvz{[( V¥l _gly + (=)Ll )JLH5 V5

— (B, + LI W3 + 8 [1EW5
T8 T4

— (=D)L L(ELV; + L215V§)]} (RB R?)
lkv3 £

- 2V [( V3V, + (=1)"V:V;3_,IN;(x)
LVs3
‘—/‘71{ 2V2 [( 1)§V3 §V17 +( 1)’1V§V3 17]
3

+ P Tty + D1 bt 0

l
+ z—k‘—/3[V¢V;7 - (_1)§+”V3—§V3—;7]Pi(x)
i {_W VeV, = (=D5V3_ V5]

!
+ f34[(_1)f=“+'vz§(z§v,7 —30.,Vs_y)

—Bo(l3¢Vsy = 3an¢)]}Q,-(x), (A13)
100( ):
I, . L;RE—T5
[ (%) = Lkl W (A14)

Remark: Replacing x3 in Ifj,;, (x) by xgj , we then obtain
its pair function If; . ((X).
122( ):

Il Il
Ii*,ko—ﬁ%g,k()—ﬂ iBi(x) + yiAi(x).

(A15)

(=Dl3¢ly
L?
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Remark: Function [j;, (x) is given in equation (A14);
replacing x5 in Igi.;k(x) by ng , we then obtain its pair func-
tion Ig?i ik x).

JO1( ): Listed below are JO1(&; k) and JO1(3; k),

Ll (1 1
¢ &k
o _L_%(R_?_R_i‘)
™ 1
szz [(=D)(s713V3 = 15— év*)](RB R?)
I3l 1 [ T8 T4
3 _ 3tk k i i
a0 == (7)™ ()

(A16)

Remark: Replacing x3 in J;. (X) by x I (m=1,2,3),
we then obtain its pair function Jg;; (x).

L21():
I, RE 1)°15_¢l

Lo = iR C0 iy (an)

LA43():

LLE RE B2
Ly, (x)= _2 3n —+—4(12 —B)C(x)

Z3V*(l3v2+z3 Vi34 LI Vo) I(RF)2—(RY)2)

—%[211lzW3+l3V3(l%—l%)][TB(RB)_2—TA(RA)_Z],

(A18a)

Lfs;3(x1,x2,x3) = L2 (x1, %0, x5). (A18Db)

Remark: It is noted that the superscripts 123 in this L-
function correspond to the subscripts in / and V.

In equations (A1)-(A18), the involved functions and
parameters are defined as

Si‘_/Mg
(Vidf)? +

A;(x) = arctan
(M%)?

Si‘_/Mz:g

Vi (Vidd)? + ()

(A19)

— arctan
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V (Vidd)? + (M§)? = s;Vd§

V(V3d5)? + (M5)?

1 ‘/ (Vld?)z + (Mg‘)z bl Si‘-/d?
n
V(V3dy)* + (M5)?

V(V3d5)? + (M5)?

V(Vidd)? + (ME)? + 5,Vdb
eV (V3d5)* + (M5)?
V(Vidd)? + (M4)? + 5,Vdh

Bl‘(X) =In

=In

(A20)

V,db _ V,di
Joa@y Ty [@a+ oy
(A21)

M;(x) =

(Vfng) (vidg)z + (M5)?
(V3d5)* 4+ (M5)?

N;(x) =

(Vid})/ (Vid})* + (M4)?

(V3d3)? + (M4)? ) (A22)

(Vid5)3\/ (V,d8)? + (M5)?
[(V3dB)> + (M5)*]

(Vid§)* (Vid$)? + (M3)?

[(V3d)® + (M3)°F

Ni(x) =

(A23)

ME Ty + i w3 [ + o2

R U 7 e U R
(A24)
. MB I(V dB)2+(MB 3
P = v amr + aByep
MATLS(V-d22 + (MA)2P
_ 3[ ( 13) +( 3) (AZS)

[(V3d§)? + (M*P
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B A
0,(x) = = ik i M ,
JOar oy [@a+ o
(A26)
in which

xA=(xf x4, 1), xB= (B, x8 x8), x=(x1,%2,%3),
& =x—xA=(d!,dy,d3), d® =x—xB=(db,d8 db),

IZXB—XA 2(11,12,13),

L=\/B+13, Li=,/L*+s,
MA = d x (a4 x1) = (M1, M5, M%),
M8 =d? x (d® x1) = (M5 M5 M%),

Ri= @)+ @y, RP=

R = (@) + (@) + 52(d)2,

(@})* +(d3)?,

R = \J (@) + () + 2(d5)2.
TA=lid}{ +1Ld}, T®=1,df+1,d5,
T =T +s23dy, TP=TP+s215d5,
V=dix1=d? x1=(V,,V,,V3),

=JV3+ V3, Vi=/s?V24V3,

Ix (d4 x1) =1x (d8 xI) = (W, W,,W5).

1%
w (A27)

Appendix B

Detailed Function Relations Between Those Defined
in this Article and Those in the Supplemental
MATLAB Codes

Cbar( ) = Char(TbarA,TharB,V);

Cbarl( ) = Cbarl(ks,l,d33A,d33B,V33,W33,Lbar,Rbar33A,
Rbar33B,Tbar33A,Thbar33B);

Cbar2( ) = Cbar2(it,ks,l,d33A,d33B,V33,Lbar,Rbar33A,
Rbar33B,Thar33A,Tbar33B);

Cbar3( ) = Cbar3(it,ks,t,1,d33A,d33B,V33,W33,Lbar,
Rbar33A,Rbar33B,Thar33A,Thar33B);

E. Pan, J. H. Yuan, W. Q. Chen, and W. A. Griffith

Cj( ) = Cj(gamaj,L,dA,dB,V,W,MA,MB Vbar,Vj,Lbar,Lj,RjA,
RjB,TjA,TjB);

Cj2( ) = G2(1,2,gamaj,l,dA,dB,V,W,MA,MB,Vbar,Vj,Lbar,
Lj,RjA,RjB,TjA,TiB);

Cj3( ) = G3(it,ks,t,gamaj,l,dA,dB,V,MA,MB,Vbar,Vj,Lbar,
Lj,RjA,RjB,TjA,TiB);

CjN( ) = (jN(gama3,dA,dB,V,MA,MB,Vbar,V3);

Cjk2( ) = (jk2(it,t,gamaj,ks,l,dA,dB,V,W,MA,MB,Vbar,Vj,
Lbar,Lj,RjA,RjB,TjA,TjB);

100( ) = 1I00(3,,L3,R3A,R3B,T3A,T3B);

122( ) = 122(ks,gamaj,3-ks,,dA,dB,V,MA,MB,Vbar,Vj,Lbar,
Lj,RjA,RjB,TjA,TiB);

JO1(3-t;1) = J01(3,gama3,3-t,L,V,W,V3,L3,R3A,R3B,

T3A,T3B);
L21() = L21(ks,l,d33A,d33B,V33,Lbar,Rbar33A,Rbar33B,
Tbar33A,Thar33B);

L43( ) = L43(l,d33A,d33B,V33,W33,Lbar,Rbar33A,
Rbar33B,Thar33A,Thar33B).
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