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ABSTRACT

Case histories in mining have long described pillars or faces of rock failing violently with

an accompanying rapid ejection of debris and broken material into the working areas of the

mine. These unstable failures have resulted in large losses of life and collapses of entire mine

panels. Modern mining operations take significant steps to reduce the likelihood of unstable

failure, however eliminating their occurrence is difficult in practice. Researchers over several

decades have supplemented studies of unstable failures through the application of various

numerical methods. The direction of the current research is to extend these methods and

to develop improved numerical tools with which to study unstable failures in underground

mining layouts.

An extensive study is first conducted on the expression of unstable failure in discrete

element and finite difference methods. Simulated uniaxial compressive strength tests are

run on brittle rock specimens. Stable or unstable loading conditions are applied onto the

brittle specimens by a pair of elastic platens with ranging stiffnesses. Determinations of

instability are established through stress and strain histories taken for the specimen and the

system.

Additional numerical tools are then developed for the finite difference method to analyze

unstable failure in larger mine models. Instability identifiers are established for assessing

the locations and relative magnitudes of unstable failure through measures of rapid dynamic

motion. An energy balance is developed which calculates the excess energy released as a

result of unstable equilibria in rock systems. These tools are validated through uniaxial and

triaxial compressive strength tests and are extended to models of coal pillars and a simplified

mining layout.

The results of the finite difference simulations reveal that the instability identifiers and

excess energy calculations provide a generalized methodology for assessing unstable failures
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within potentially complex mine models. These combined numerical tools may be applied in

future studies to design primary and secondary supports in bump-prone conditions, evaluate

retreat mining cut sequences, asses pillar de-stressing techniques, or perform backanalyses

on unstable failures in select mining layouts.
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CHAPTER 1

MODELING UNSTABLE FAILURES IN MINING

Case histories in mining have long described pillars or faces of rock failing violently with

an accompanying rapid ejection of debris and broken material into the working areas of the

mine [88, 94]. These unstable failures have resulted in large losses of life and total collapses of

entire mine panels [21, 134]. Locally violent failures also occur in isolated pillars or sidewalls

which do not affect the general stability of the mine but which pose a great threat to miners

in the area.

Modern mining operations take significant steps to reduce the likelihood of unstable fail-

ures. Eliminating their occurrence is difficult in practice due to the uncertainty of rock

stresses, strains, strengths, stiffnesses, and micromechanical characteristics. The failure

mode of rock during highly dynamic loading is also not well understood, which further con-

tributes to the unpredictability of these failures. Researchers over the past several decades

have supplemented the study of unstable failures through the application of various numer-

ical methods with mixed success. The direction of the current research is to extend these

findings and to develop additional numerical tools with which to study unstable failures in

underground mining layouts.

1.1 Problem Statement

Unstable rock failures are low frequency, high magnitude events which pose a serious

threat to miners. Numerical methods are well suited to mitigate the likelihood and effects of

unstable failures, yet current limitations restrict their usage for effectively studying complex

mining geometries.

A review must be made of existing numerical methods regarding their applicability for

studying unstable failures. Improved methodologies should be forwarded for qualitatively

assessing the onset of unstable failure and for quantifying the effects of instability within
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numerical models. With improved methods of analyzing unstable failure comes the ability

to issue improved guidelines towards the design of safer mining layouts and the ultimate

reduction of rockburst and coal bump events.

1.2 Research Objectives

The goal of this research is to develop improved methods with which to analyze unstable

failures in numerical models of underground mines. The steps required to achieve this goal

are outlined below:

� Assess existing numerical methods for their suitability in studying unstable failure in

realistic mining geometries.

� Select appropriate numerical code(s) and perform elemental tests of idealized unstable

failures.

� Study the expression of unstable failure in the models using existing modes of analysis.

� Develop methods for identifying the onset of unstable failures which may be extended

to more generalized studies.

� Develop methods for calculating the relative magnitudes of unstable failure and of

quantifying their effects within a simulated rock support system.

� Validate instability identifiers and calculations of relative energy magnitudes using

simplified tests so that they might be applied to more complex models.

� Extend methodologies for assessing instability to models of coal mines.

� Study the effects of variable loading conditions and pillar size on the expression of

unstable failure using the constructed models.

� Compare results between parametric coal bump studies and historical observations of

coal behavior during unstable loading conditions and massive collapse.
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1.3 Scope of Work

� Review past research on numerical methods which have been used to study of unstable

failures.

� Construct discrete element models to represent a micromechanical brittle failure mode

of rock in compression.

� Construct continuum finite difference models to represent a macroscopic brittle failure

mode of rock in compression.

� Simulate unstable failures in laboratory style uniaxial and triaxial compressive strength

tests using the selected numerical methods.

� Explore methods of tracking instability in the micromechanical failure models.

� Explore methods of tracking instability in the macroscopic failure models.

� Develop method to identify unstable failure conditions and calculate their relative

magnitudes within a continuum model.

� Develop continuum models of room-and-pillar coal mining layouts in which unstable

failure conditions may arise.

� Conduct studies on pillar models to determine trends of energy released and of the

expression of rapid motion during unstable loading conditions.

� Summarize findings from this research and present recommendations for future work.

1.4 Thesis Overview

Chapter 2 of this dissertation explores unstable failure theory in idealized representations

of failure. Existing literature on numerical models for studying unstable failure are reviewed,

with a particular emphasis applied to coal bumps. Deficiencies of these existing methods are

presented and areas for advancements and supplemental work are explored.
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Chapter 3 presents a view of the micromechanics of rock fracture as is currently under-

stood in rock mechanics theory. The chapter extends this knowledge of rock fracture onto

the discrete element method. Uniaxial compressive strength tests are developed using the

DEM software PFC3D in order to study unstable failures in compressive tests on brittle

rock specimens. A novel approach to calibrating the discrete element method is presented in

Section 3.3.1 which employs a hybrid genetic algorithm to iteratively optimize the particle

and bond input parameters used in the model. A micromechanical investigation is made on

the failure of rock specimens under stable and unstable conditions. A discussion concludes

the chapter which frames the results of these studies in the context of studying unstable

failures in larger mine models.

A macroscopic, continuum-based view of unstable failure is developed at the beginning

of Chapter 4. Uniaxial compressive strength tests are again conducted, but in this instance

the simulations are run using the finite difference software FLAC3D. Brittle rock specimens

are failed under stable and unstable conditions while measurement histories record model

behavior. The laboratory style simulations are extended to triaxial compressive strength

tests which better represent the confined rock conditions found in underground mines. A

final analysis is conducted on the behavior of the finite difference model during dynamic

loading and a discussion is presented on the true dynamic response of rock in laboratory

tests.

The primary focus of this doctoral research is to develop improved methods for studying

the loss of stable equilibrium in numerical models of rock. The first of these improvements

is presented in Chapter 5, in which the concept of instability identifiers are developed and

validated in the context of the finite difference simulations of laboratory rock testing. Records

of maximum unbalanced forces, accelerations, velocities, and shear strain rates are explored

for their relation to unstable equilibria in the model. A qualitative assessment of instability

is derived from these measurements.
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An energy balance is developed in Chapter 6 to track the energy released as a consequence

of unstable force equilibria in the finite difference models. In this manner an additional tool is

provided for analyzing instability using the definitions of static and dynamic energy. Uniaxial

compressive strength tests are again conducted in FLAC3D, with the energy balance histories

from these tests reported within Chapter 6.

The instability identifiers and excess energy balance presented in Chapters 5 and 6 are

later applied to continuum models of full-scale pillar geometries whose material properties

are calibrated to match those of in situ coal. The calibration process required to achieve

these desired model responses is explained in detail within Chapter 7. Two- and three-

dimensional calibrated coal pillar models of width-to-height ratios varying from 1:2 to 5:1

are constructed using the Mohr-Coulomb strain-softening constitutive model. The strengths

and post-failure moduli of the pillars are compared against empirical formulae and in situ

coal pillar tests.

Chapter 8 explores a continuum two-dimensional mine model in which an elastic rockmass

fails a coal pillar with an applied local loading stiffness which is proportional to the elastic

properties of the rockmass. The failure of the pillars is analyzed within the context of stable

and unstable loading conditions. Localized unstable failures of the pillar rib are identified in

wider pillar geometries and are correlated to outburst bump events.

Chapter 9 incorporates the excess energy balance developed in Chapter 6 to quantify

the magnitude of energy released during a simulated massive collapses of room-and-pillar

layouts. The studies include three-dimensional models of coal pillars ranging from 1:1 to 5:1

width-to-height ratios. The pillars support simulated overburdens and increasing tributary

area loads. Larger pillars are seen to maintain overall stability however localized unstable

failures are still observed in large pillars under these global loading conditions.

Concluding remarks of the numerical investigations are found in Chapter 10. Limita-

tions to the proposed methods of analysis are presented and potential areas of future work

are identified. A final discussion of the numerical methods for unstable failure analysis is
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presented as the culmination of this doctoral research at the end of Chapter 10.
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CHAPTER 2

LITERATURE REVIEW OF NUMERICAL METHODS FOR STUDYING UNSTABLE

ROCK FAILURES

Unstable failures have been shown to occur in a wide variety of mining environments

and mine layouts. The conditions necessary for unstable failure are fairly well defined by

past researchers [23, 46, 101, 104, 107], yet mitigating the effects of these failures is difficult

in practice due to the complexities of measuring and predicting the interactions between

rock strength, rock brittleness, loading system stiffness, and in situ ground conditions. In-

formation of the failure process of large underground structures is limited due to a lack

of detailed knowledge of how these failures propagate in realistic mining situations. The

speed of failure and the substantial damage which typically results has further restricted the

amount of information which can be gained about the process of unstable failures in full

scale mining scenarios. Numerical models may be applied to further study the propagation

of failure during mining processes to attempt to reduce the likelihood of unstable failures.

This dissertation describes in detail the developments which were made to existing numerical

models in order to aid in the study of unstable failures in rock.

This literature review will first explore a brief overview of the general theory of unstable

failure as it pertains to rock. The texts of Cook [23] and Salamon [104] will be relied on

heavily as they were instrumental early works in the field. A review of coal bump history will

then be made with particular attention being made to room-and-pillar layouts and massive

collapses. The final component of the literature review will cover the topic of numerical

models which have previously been employed to study unstable failure. This section will

identify deficiencies of existing methods for studying unstable failure in large mine models

and attempt to determine areas of improvements for the field.
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2.1 Common Terms

The terminology to describe failures in mines differs significantly by the context under

which they occur. A brief description is provided below for the terms commonly found in

studies of failure and more specifically of unstable failure.

� Unstable failure or dynamic failure both refer to a sudden and violent release of stored

potential energy during an accompanying dynamic failure of rock.

� Rockbursts are a form of unstable failure in which a violent ejection of rock into a mine

or tunnel opening results in injury to personnel or significant damage to equipment or

underground workings.

� Coal bumps are similar to rockbursts, but occur in coal mines.

� A crush-type of unstable failure, also referred to as a strain-burst, is used to describe

the compressive failure of an underground support structure.

� A slip-type of unstable failure is that which initiates along a fault or discontinuity; slip-

type events may then cause additional failures in the underground workings through

induced seismic waves or by a redistribution of stresses.

� Longwall mining is a method of full extraction mining where large movable hydraulic

shields are used to temporarily prevent the immediate roof from collapsing while a

shearer mines the longwall face. Progressive caving of the roof is allowed as the shields

advance. The caved rock forms a pile of disjointed broken material referred to as the

gob.

� The unintended collapse of large portions of the roof may lead to large air blasts in

which a sudden increase in air pressures may cause injury and death along with damage

to mine seals and ventilation equipment.
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� Room-and-pillar mining is a method of partial extraction in which an array of rock

pillars are left in place throughout mining to support the roof and overburden.

� Retreat mining is a form of secondary mining in room-and-pillar layouts in which

primary support pillars are mined and the roof is allowed to cave behind the active

mining area. This method is prone to unstable failures and massive collapses in deep

mining conditions.

� The rib refers to the unconfined side of a pillar which is prone to dynamic ejections

due to a lack of confinement at the free face.

� Slabbing is a form of stable failure in which sections of rock, potentially large, are

broken from a rib or sidewall in a typically slow failure taking anywhere from days

to decades to occur. Slabbing does pose a crushing hazard for miners, especially

in deep mining conditions and weaker support rock, yet is fundamentally different

from unstable failures in that no significant excess energy is released as a consequence

slabbing.

2.2 Review of Unstable Failure Theory

Rockbursts and coal bumps occur in underground hard rock and coal mines when a

volume of brittle rock is stressed beyond its strength by a comparatively soft loading system

[23, 46, 104]. This instability is accompanied by a transfer of stored potential energy from

the loading system into the failing volume of brittle rock until a static equilibrium is reached

within the entire system. The large magnitudes of energy released during unstable failures

result in the rapid ejection of rock and debris into the working areas of the mine and present

a serious hazard to miners.

The energy required to propagate unstable failure is derived from the excess energy

released from a loading system which cannot be stored or dissipated during the failure

process. The rates of energy released by the loading system may be large as compared to the
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rate of energy dissipated or stored by the failing rock. Excess energy is then released from the

system as kinetic energy through fault slip, ejection of debris, or rapid roof-floor convergence.

Magnitudes of energy released during unstable failure range from very small unstable crack

extensions to extremely large events observed during massive pillar collapses. To unite

these wide reaching concepts under a common theme, unstable failure may be generalized

to describe any unstable equilibrium in a rock system which results in the deviation of rock

behavior from static conditions and introduces dynamic effects from the release of excess

energy.

Rock is typically found to behave in a quasi-static, controlled fashion during failure.

The failure may, however, take on dynamic characteristics if kinetic energy is applied to the

failing rock from an external loading system. If the loading system is shown to release more

potential energy than can be stored or dissipated by the failing rock, then the system is said

to be in unstable equilibrium. Unstable equilibria exist when a brittle rock is loaded past

the point of failure by a comparatively soft loading system. If the loading system stiffness is

less than the post-failure stiffness of a rock sample and the peak strength of the sample is

exceeded, then potential energy stored in the loading system will be transferred rapidly into

the failing sample of rock in the form of an unstable failure.

Cook and Salamon have explored this topic of potential energy initiating unstable failure

in rock through simplified representations of unstable equilibria. Figure 2.1 demonstrates

physical instability using the concept of the unstable equilibrium that can develop between an

elastic loading system and a brittle rock specimen during failure. A downward displacement

is applied to point O1, adding load P to the system until the specimen is caused to fail

completely. This system is analogous to a uniaxial compressive strength test on a brittle

rock specimen in which the stiffness of the loading system may be manipulated through

artificial means.

The spring in the system has a linear elastic force-displacement behavior which is shown

in Figure 2.2 where the spring force, Fs, is a function of the spring’s stiffness, k, and the
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Figure 2.1: Demonstration of physical instability between an elastic loading system and a
brittle rock during failure.

change in spring length. The total compression of the spring may be calculated from the

displacements at its ends, labeled γ and s.

Fs = k · (γ − s) (2.1)

Any displacement ∆s applied to point O2 would cause a change λ ·∆s, if λ is to represent

the local slope of theFr force-displacement curve.

∆Fr = λ ·∆s (2.2)

Displacements may be added to the top of this simple system and a new equilibrium

position and force will be found for point O2. If the system has become compressed to the

point that the specimen becomes brittle with increased load (see Point O1 in Figure 2.1),

then the spring has the possibility of releasing excess strain energy into the specimen if the

stiffness of the spring is less than the local slope of the rock. This statement may be explored

formally through work terms and energy released due to fictitious applications of work.

If a virtual displacement is applied onto the system and results in a release of excess

energy from the system, then the system is said to be unstable. Instability may be assessed

at any point of compression during the test. For convenience, let a virtual displacement be

applied to central point O2 in the downward direction with the top point in the system being
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Figure 2.2: Force-displacement plots of loading system and brittle rock in compression [104].

fixed. The virtual displacement will cause a release in energy from the spring and a resistive

work term caused by the rock. If the work released by the spring is greater than the work

performed by the rock, then excess energy is released and the system becomes unstable.

∆Ws −∆Wr < 0 (unstable) (2.3)

For a system in equilibrium, an initial force is applied through the spring and the rock

which is equal and opposite. This initial equilibrium force P is shown graphically for point A

on the force-displacement curves of the spring and the rock. A virtual displacement applied

onto the system will then cause a change in work which may be calculated as a function of

the equilibrium force and the change in the spring or rock force, respectively.

∆Ws = (P +
1

2
∆Fs) ·∆s (2.4)

∆Wr = (P +
1

2
∆Fr) ·∆s (2.5)

From the definitions of Fs and Fr, these equations may be further reduced to include the

relative stiffnesses of the spring and failing rock.

∆Fs = −k ·∆s (2.6)
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∆Fr = λ ·∆s (2.7)

∆Ws = (P − 1

2
· k ·∆s) ·∆s (2.8)

∆Wr = (P +
1

2
· λ ·∆s) ·∆s (2.9)

These terms may then be directly substituted into 2.3.[
P +

1

2
· (λ ·∆s)

]
·∆s−

[
P +

1

2
· (−k ·∆s)

]
·∆s < 0 (unstable) (2.10)

Further reduction leads to an isolation of the unstable failure criterion using only slopes

of the force-displacement curves of the spring and rock.

1

2
· (k + λ) · (∆s)2 < 0 (2.11)

k + λ < 0 (unstable) (2.12)

Within this system a negative slope would be observed for the brittle rock specimen

under failure. The value of the spring constant k is always positive by definition. Therefore,

if the negative slope of the rock after failure becomes greater than the stiffness of the spring,

then unstable failure will be initiated. In summary, instability may be characterized either

from a capacity of the loading system to exert more forces than will be resisted, or through

an investigation of the release of excess energy as a result of unstable equilibrium.

2.3 Literature Review of Numerical Methods Used to Study Unstable Failures

Case histories provide invaluable information for preventing unstable failures. Design

criteria are established from the historical records which provide guidance on the strength

of rock structures and on the post-failure characteristics of supportive rock. Extensive labo-

ratory testing of rock failure properties has also contributed to the knowledge of the failure

mode in rock under static and dynamic, stable and unstable loading conditions. These his-

torical repositories of information on unstable failures have paved the way for problems of

a more advanced nature to be addressed through numerical methods. Improvements have

13



been made to numerical methods, computer hardware, and the constitutive material models

for capturing rock behavior which provides additional incentive to employ numerical models

for the study of unstable failure in more complex mining geometries and in situ conditions.

Particular attention has been made in this dissertation to unstable failure in coal. Un-

stable failures in coal, or coal bumps, have an extensive database of past case histories from

which to draw. From 1983 to 2007 at least 187 bump events occurred in coal mines in the

United States. These bumps caused 229 injuries and 19 fatalities [20]. The prevalence of

unstable failures in coal is due in large part to the physical characteristics of coal, which is

a weak brittle rock. These contributing factors make coal an ideal rock in which to study

unstable failure.

Coal bumps have been documented extensively in the United States since the 1920s [54].

A large loss of life from bumps occurred as recently as the 2007 Crandall Canyon disaster

in which 9 miners and rescuers were killed, and 6 more were injured [36]. During a single

bump event, over one-half mile of coal pillars failed within seconds. The sudden release

of energy was observed as a 3.9 Richter magnitude event as over half of a million tons

of coal were crushed in an instant. Factors known to contribute to bump events include

deep cover [86, 126], hard competent roof strata [66, 117, 122], retreat mining [75], and

unfavorable stress concentrations from multiple seam [74] or longwall mining [27, 44]. The

majority of these factors were found to contribute to the Crandall Canyon disaster [92] with

the exception being multiple seam mining. Computer models had been used in the design

of the Crandall Canyon mine prior to the collapse, however these models were shown to

overestimate the strength of the coal pillars in the mine and disregarded the potential for

unstable failures [116]. Poor mine planning and faulty numerical analyses directly led to the

disaster and highlighted why recommendations need to be made for assessing the threat of

unstable failure within numerical models.

Extensive research has previously been conducted on the general causes of coal bumps

and on methods of mitigating their effects. Countless researchers and numerous regulatory
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Figure 2.3: Example of a crush-type unstable failure of a Crandall Canyon coal pillar after
massive bump event. Void space can be seen where coal was ejected from the original pillar
[116].

agencies have made design recommendations for underground room-and-pillar and longwall

mining layouts regarding sizing of pillars, support types, mining sequences, and appropriate

geometries [44, 53, 66, 72, 73, 135]. Numerical models have taken a more direct role in

studying bumps as these methods become more advanced [22, 82, 123]. Researchers have

conducted studies using finite element, boundary element, and discrete element methods

[50, 65, 93, 95, 98], which have been applied to simulate the micromechanical behaviors of

unstable failures [34, 43, 45, 87, 109, 132]. A range of theories have been presented on the

micromechanics of unstable failures which explore a variety of potential failure modes. These

include the stick-slip mechanism [136], material superbrittleness [113], and surface buckling

[5]. A cusp-type catastrophe theory explores the energy released during these events and

makes predictions as to the durations of unstable and stable failures [123].

Unstable failure research has recently been applied towards using larger models of mul-

tiple pillars and realistic mine layouts to identify potentially unsafe mining conditions [31,

70, 134]. Modern advances in computing technology have dramatically increased the possi-
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ble size and complexity of these models. Comparable advances in computer software have

enabled more realistic constitutive behavior to be applied to represent rock as it fails. The

behavior of brittle rock such as coal has been accurately captured within a continuum model

using a strain-softening constitutive model [105, 129]. For added detail at the microme-

chanical level, discrete element models have been inserted within a continuum framework to

reduce overall run time of the simulation while still maintaining a high degree of resolution

at the scale of a single pillar [19].

These numerical tools have led to several design recommendations in coal and hard rock

mines [29, 52]. Some studies have been conducted specifically on the prediction and preven-

tion of unstable failures, with the majority of this research being conducted on reducing high

stress concentrations [67, 133]. Some numerical analyses have been conducted on the post-

failure characteristics of support pillars. A major area of study in recent years was the sizing

of yield pillars in longwall mining layouts to reduce bump events and roof falls. A number

of numerical analyses were conducted to accurately capture the post-failure process when

using smaller sized yield pillars [89]. This design and sizing of yield pillars was investigated

through a stress and strain analysis of sequential mining steps taken in a longwall excavation

[90]. The role of loading stiffness was disregarded within these studies, although it is a vital

aspect to understanding the occurrence of bumps [30]. In order to better understand and

predict the conditions which lead to unstable failure, additional research should be made on

the combination of brittle rock and the potentially unstable loading conditions.

Researchers have aimed to definitively identify unstable failure conditions within the nu-

merical models using a number of analysis techniques. The primary method of identifying

instability is through detailed analyses of stress behaviors in the models [22, 61, 123, 124].

Some investigations have attempted to classify unstable failure from records of acoustic emis-

sions in dynamic models [68]. However, acoustic emissions are generated as a consequence

of failure in the models and are not a direct assessment of stability. Similar approaches

have made similar errors in analysis when classifying a failure as stable or unstable. The
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studies which define instability through the number of acoustic emissions or zone failures are

inherently flawed in that they are only capable of identifying magnitudes and locations of

failure, while being unable to apply a rigorous assessment of stability to a modeled system.

Research has been conducted by Wang to quantify the excess energy released in a finite

element program with failable linear-elastic elements as an ultimate assessment of system

stability [124]. The release of excess energy was calculated from the local loading system

stiffness applied onto an element at the time of failure. While this is a good application of

theory to quantify energy release during unstable failure, the program which was used in

these studies does not provide a time-dependent representation of the progression of failure

due to the implicit calculation mode being applied. Additionally, an elasto-brittle model for

the elements does not accurately account for plastic deformations which occur during failure

or for the plastic work required to perform these deformations. One additional consequence

of a perfectly brittle failable element on the proposed calculation of energy release is that

regardless of the conditions present in the model, excess “unstable” energy would be recorded

for any failures of any element in the models. Relative magnitudes of energy released may be

compared between tests as an assessment of unstable failure, however it is incorrect to assume

an instability condition for all failure within the models. The research conducted by Wang et

al. holds promise for future studies on unstable brittle rock failures in ground, however the

proposed finite element formulations make the approach undesirable for assessing unstable

failures until these numerical modeling limitations are addressed.

Exhaustive methods for determining stability do exist in numerical models. One method

developed by Schofield and Wroth [107] applies small probing forces at every point in the

model at every state of loading. If the probing force results in a greater magnitude of energy

released from the system than what was added in work done by the probe, then the system

is unstable in that direction of loading [104]. Finite element, finite difference, and boundary

element simulations have been conducted which have incorporated the force-probe stability

analysis, however as one might expect this approach becomes increasingly difficult to apply
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with the increasing size and complexity of model being studied [17]. No analyses are known

which have incorporated this rigorous determination of instability in complex mining layouts.

The exhaustive approach outlined by Schofield and Wroth is prohibitively difficult to perform

in numerical models which have many gridpoints, make many explicit timesteps, or which

experience non-uniform loading directions.

One promising area of research is in the field of advanced constitutive modeling of the

combined tensile-shear failure mode which is thought to be exhibited during dynamic failure

of rock. Wu et al. [128] have forwarded a tensile-shear failure criterion and demonstrated

its capacity for elementary research on the progression of failure in tunneling applications if

unstable equilibrium conditions are present. The authors carefully explored the calculation

of energy dissipation within a continuum model using Griffith’s theory of crack propagation.

The adherence of the models to strict definitions of energy storage and consumption permit-

ted the authors to make an assessment on the energy consumed and released during rock

failures. The preliminary tests conducted in FLAC3D showed that the combined tensile-

shear constitutive relation has the potential to consume less energy during failure than a

shear-only model. The reduced consumption of energy during failure led to more available

energy for propagating the failure. A tensile-shear constitutive model holds the promise of

more accurately simulating the failure of brittle rock in unstable conditions than the exist-

ing shear-based brittle failure models like the Mohr-Coulomb strain-softening model. At the

time of writing this dissertation, no follow up studies had been conducted on the constitu-

tive model presented by Wu et al. Additional testing of the proposed tensile-shear failure

criterion and further development of a flow rule is required to validate the method for use

in detailed studies of unstable failure.

2.4 Conclusions

Numerical studies have historically had great success in addressing unfavorable stress

concentrations in the design of underground mines. Modern advances in constitutive mod-

eling techniques have provided improved methods for simulating brittle rock failures and
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the unstable failures which may result. Concurrent improvements made to numerical mod-

eling of large scale underground mining layouts show that existing numerical models may

be calibrated to match expected behavior for roof and floor deformations. These parallel

advancements in numerical modeling techniques allow for the direct simulation of unstable

equilibria in geomechanical models of large rock support systems.

A striking limitation exists, however, when combining these numerical tools to study un-

stable failure. Few methods of analysis have been implemented to identify and quantify the

effects of instability on large rock systems. The methodologies which do exist for detecting

instability suffer from a number of restrictions which limits their application. Records of

acoustic emissions and the release of kinetic energy have been one major area of research

in numerical modeling of unstable failures, however existing dynamic models have not been

thoroughly evaluated for their accuracy in simulating dynamic rock behavior. A few exhaus-

tive methods exist for assessing stability in explicit numerical models, the most direct being

the application of virtual probing forces as demonstrated by Schofield and Wroth, however

this approach has been shown to be prohibitively difficult for identifying instability in com-

plex mine models. Currently, there is no method known for effectively assessing unstable

failure conditions in complex mining geometries. Further research is required to address

these deficiencies and to determine improved methodologies for analyzing the expression of

unstable failures using existing numerical methods.
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CHAPTER 3

DISCRETE ELEMENT MODELS OF ROCK FAILURE IN COMPRESSION

The discrete element method holds significant promise for studying the evolution of mi-

cromechanical damage leading to macroscopic failure in rock [50]. The discrete fracturing

of rock plays an integral role in its failure and within the case of unstable failure this point

is even more evident. During unstable failures, excess energy from the unstable system is

converted into the rapid formation of cracks and free surfaces within the failing rock. The

newly formed rock fragments are commonly ejected from the rock face with a sudden release

of kinetic energy and extraneous frictional heating. The ejection of broken material exposes

the rock underneath thereby causing a removal of confinement and a propagation of the

failure even deeper into the rockmass [3].

The exact mode of failure is not well understood for the case of dynamic compressive

failure in rock [32, 79]. A complex interaction between shear, tensile, and buckling failures

leads to the ultimate loss of strength of the larger rockmass. The evolution of these damage

mechanics are critically affected by local stress and strain concentrations, material inhomo-

geneities in the rock, and dynamic effects on material response. A discrete element model

which is capable of capturing the micromechanical material responses within a dynamic con-

text [45] is ideally suited to study the progression of failure in a rockmass during unstable

loading conditions.

3.1 Micromechanics of Rock Failure in Compression

Compressive stresses induce failure in rock through a number of stages which originate

at the pre-existing flaws found in all rocks. Griffith presented a now commonly accepted

hypothesis on crack theory [6, 9, 39] which yields a criterion for fracture initiation based

on the principal components of stress as related to the material’s uniaxial tensile strength.
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Griffith’s theories were substantiated with testing performed in tension on materials with pre-

formed cracks. The original theory was limited to cracks in tension. McClintock and Walsh

extended Griffith’s hypothesis to account for crack closure observed during compression

[78]. The modification’s to Griffith’s equations led to 3.1 which includes the term µ as the

coefficient of internal friction of the material, while σ1, σ3, and σt refer to the major principal

stress, the minor principal stress, and the uniaxial tensile strength respectively.

σ1 =
−4σt

(1− σ3/σ1)
√

(1 + µ2)− µ(1 + σ3/σ1)
(3.1)

Of great significance during these studies was the prediction of whether a fracture was

stable or was instead unstable and capable of continued propagation without the need for an

increased load. The energy required to crack a material was more fully developed by Irwin

[55] who showed that the propagation of the fracture will continue as long as more elastic

energy is released from the solid material than is consumed by the increase in surface energy

of the crack as new crack faces are formed. The total change in potential energy, ∆P , was

put in the form shown in 3.2 for an infinite plate of unit thickness. In this formula c is

the half-length of the crack, γ is the specific surface energy of the crack, E is the Young’s

modulus of the material, and σ is the applied far-field tensile stress.

∆P = 4cγ − πc2σ2

E
(3.2)

The first portion of this equation refers to the energy demand required to open new crack

faces while the second term is the increase in strain energy due to the introduction of the

crack. A negative change in potential energy for an increasing crack length would therefore

lead to an unstable tensile rupture. A more complete energy balance was developed to

include kinetic energy of the material during rapid propagations of cracks. It was shown

that for the case of a moving crack, 3.2 takes the form shown below, where v is the velocity

of the moving crack tip, ρ is the density of the material, and k is a constant proportionality

factor which was evaluated through additional research [102].
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∆P = 4cγ − πc2σ2

E
+
kρc2v2σ2

2E2
(3.3)

When considering compressive rather than tensile forms of failure a number of complexi-

ties are introduced, namely through the frictional sliding along closed cracks. When shearing

takes place rather than tensile rupture, the change in strain energy in a flat plate has been

shown to fit 3.4 [112].

∆U =
πτ 2c2

E
(3.4)

An effective shear stress term may then be substituted to account for the frictional

resistance between crack faces [23]. The idealized crack equation in compression is shown in

3.5 where µ is the coefficient of friction between crack faces and σn is the normal compressive

stress.

∆U =
π(τ − µσn)2c2

E
(3.5)

By introducing γs as the work of fracture in shear, it can further be derived that instability

arises when the inequality shown in 3.6 is met. Note that this instability criterion does not

factor in the velocity of rock during dynamic cracking in shear, but will identify the onset

of instability conditions and may be used as an assessment of the direction of quasi-static

crack growth.

(τ − µσn) ≥
√

2Eγs
πc

(unstable) (3.6)

The most stable direction of travel for tensile cracks has been shown from the above

inequality to be parallel to the major principal stress [23]. This theory matches well with

results observed from destructive compressive tests performed on carefully prepared rock

specimens. Under purely axial loading it is observed that existing flaws at the boundary

extend as cracks grow in the direction of loading. Under confined compression or when

loading an existing crack inclined to the direction of loading, shear forces develop across the

plane of fracture which result in the nucleation of tensile cracks which then curve towards
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the direction of principal compression. These effects can be observed polarized images of

cracks in laboratory specimens. Horii and Nemat-Nasser [49] have shown both stable and

unstable crack growth towards the direction of principal loading. Figure 3.1 and Figure 3.2

show this effect in a stable, “dogbone” specimen geometry and in an unstable barrel-shaped

specimen. In the dogbone specimen the crack did not extend to the ends due to the higher

levels of confinement at the specimen ends as compared to specimen center. Tensile cracking

was therefore isolated in the center of the specimen. For the barrel shaped specimen the

crack nucleated and grew unstably towards to less confined portions of the specimen.

For less idealized materials and conditions such as those found in typical mining appli-

cations, a failure is dependent upon the interaction of an array of pre-existing cracks in

the rock. Complex networks of microflaws result in the growth and coalescence of tensile

cracks from the tips of the existing flaws. These cracks interact most predominantly with

one another along a fractured zone which will ultimately fail through macroscopic shear-

ing when the frictional shear resistance of the interlaced discontinuities has been exceeded.

These fractured zones are referred to in this text as shear bands or localized shear failures.

Figure 3.3 shows a representation of the shear band which develops as tensile cracks coalesce

within rock during compression.

The complexity of calculating crack growth is again increased for the case of failure in

anisotropic rocks which include coal. Aligned joint sets, bedding planes, cleats or butts, or

inherent strength or stiffness inhomogeneities will lead to higher stress concentrations along

the boundaries of anisotropy [128]. In their tests, Horii and Nemat-Nasser [49] found that

larger flaws caused higher stress concentrations at their tips which resulted in the ultimate

failure of a specimen being dominated by the largest existing set of favorably aligned joints

or discontinuities.

Unstable crack growth leading to rupture in rock plays an integral role in the underlying

failure mechanism which is exhibited during macroscopic unstable failures. The equations

utilized above have been shown to approximate the point at which potential energy released
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(a)

(b)

Figure 3.1: (a) A dogbone-shaped model specimen containing a preexisting flaw. (b) Stable
crack growth under axial compression [49].
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(a)

(b)

Figure 3.2: (a) A barrel-shaped model specimen containing a preexisting flaw. (b) Unstable
crack growth under axial compression [49].
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(a)

(b)

Figure 3.3: (a) A laboratory specimen failing in macroscopic shear after the coalescence of
tensile cracks. (b) Diagram of crack extension and fracture initiation [13].
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from the material is sufficient to fuel unstable crack growth [32]. This concept may be

extended to study the interaction of the arrays of microcracks and flaws within real rock

specimens. Additional consideration may be made to the potential energy which is added to

the system through increases of stress or displacements from the surrounding rock. Excess

energy introduced from an external loading system may further contribute to unstable crack

growth from the existing arrays of microcracks, joints, or other such flaws inherent in the

rock, and such external contributions of energy may ultimately dominate the failure behavior

observed for macroscopic ruptures or unstable shear failures.

3.2 PFC3D Modeling of Micromechanical Failure

The discrete element method (DEM) may be used to model the progressive fracturing

of brittle rock and is well suited for studying dynamic rock behaviors due to its adherence

to Newtonian physics. A bonded-particle model (BPM) is one such form of DEM which

consists of a close packing of particles bonded together to represent a rock specimen of a

specified geometry [93, 98]. The explicit discrete element software PFC3D , or Particle Flow

Code in 3D, is capable of simulating bonded-particle models [59] and was selected for further

study of the micromechanical nature unstable failures.

The PFC3D calculation scheme simulates particles as rigid bodies with soft-contact over-

laps between particles as shown in Figure 3.4. The contact forces are projected onto the

particle centers to impart motion. Parallel bonds are generated between particles in contact

at the start of the simulation. Shear and normal forces are transmitted through the paral-

lel bonds, along with bending moments at the particle centers. A frictional force also acts

between sliding particles.

Forces are determined through the contacts and bonds. A local non-viscous damping

scheme is applied to the unbalanced forces acting on the particle centers. A damping coeffi-

cient is assumed for the model which is applied to the particle center in the direction opposite

the particle’s velocity vector. The local damping force is shown in 3.7 as the product of the

damping coefficient, α, and the force acting at the particle center.
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Figure 3.4: Particle contact logic [59].

Fd = α · F (3.7)

The particle accelerations are determined from Newton’s second law after the forces on

all particles have been calculated. A critical timestep is determined for the entire system to

prevent instability and chaotic motion of the particles. This critical timestep is calculated

from the parameters shown in 3.8.

tcrit =

{√
m/ktran (translational motion)√
I/krot (rotational motion)

(3.8)

Particle velocities and positions are then updated in a stepped forward marching scheme

with the critical timestep being calculated at each iteration. New forces are calculated

from the following step and the process is iterated until the simulation has been completed.

Figure 3.5 demonstrates this process.
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Figure 3.5: PFC3D general calculation steps.

The value in the discrete element method of simulating rock breakage comes from the

ability for the bonds between particles to break and thereby represent progressive rock frac-

turing. The bond parameters may be carefully calibrated so as to represent the desired

strength properties for models failing under various forms of loading. The bonds are given

ultimate tensile and shear strengths which are multiplied by the total bond areas to deter-

mine the bonding strength between particles. If these limits are reached then the bond is

deleted and failure is deemed to have occur between the particles.

The formation and propagation of shear and tensile induced cracking occurs through

the elimination of particle bonds once local strength limits have been reached. Progressive

micromechanical failure leading to macroscopic failure modes of shearing or tensile splitting

may then the assessed within model. Naturally observed phenomena such as tensile splitting

and ejection of debris in rapid compression are then emergent behaviors in DEM from which

analogues may be found for real rock fracture. Of particular interest for study in DEM is

the process of confinement loss due to the ejection of discrete material away from a free

face of failing rock. A discrete numerical formulation may be used to study the effects of

confinement loss on the speed and depth of failure within conditions similar to those found
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during unstable failure. The propagation and coalescence of micromechanical failures may

then be assessed within the context of unstable failures across a range of material and loading

conditions.

3.3 Unstable UCS Tests in PFC3D

A closely packed arrangement of bonded particles was used to represent a slender cylin-

drical rock specimen of width-to-height ratio 0.5 in a simulated UCS test. A packing scheme

was applied through the PFC3D FISHTank routine ’mg matgen’ to generate a cylinder of

spherical particles in which a desired isotropic stress state was reached by allowing the par-

ticles to interact, rearrange into a new configuration, and then be increased in size until the

desired stress was achieved. Parallel bonds are then installed between the centers of particles

which are in contact. A parallel bond transmits moments, shear forces, and compressive or

tensile forces between bonded particles. Strength limits are assigned for shear and tensile

loading. If the strength limit is reached then the bond is removed and the particles no longer

interact with one another through the bond, although contact forces including friction are

still applied so long as the particles are in contact.

3.3.1 Calibration of PFC3D

PFC3D was used to simulate uniaxial compressive strength specimens with material

properties specific to coal. Among these properties was brittleness, which was required for

controlled testing of unstable failure. A series of recommended calibration steps have been

developed by Itasca and others [16, 83, 121, 130] to provide a sensible means of determining

sets of BPM inputs to generate models with appropriate material responses. These steps

include guidelines on the relationships between input parameters and macroproperties of

the specimen. Some detailed studies have added insight into the effects of input parameters

using artificial neural networks [114], statistical central composite design method [130], and

dimensional analysis [33]. Due to confounding variables and a complex design space, the

difficulty of calibrating a BPM becomes compounded as a greater number of inputs are

30



considered. Non-linear effects between inputs and their responses only add to the difficulty

of developing a calibrated model.

A genetic algorithm was implemented [34] for resolving these issues by iteratively calibrat-

ing a simulated specimen with desired values for Young’s modulus, Poisson ratio, ultimate

compressive strength, and post-failure response (i.e., brittleness). A total of 9 variable in-

puts were used in PFC3D to calibrate the BPM specimen. These variable inputs consisted of

Young’s modulus of the particles, Young’s modulus of the bonds, the ratio of normal to shear

stiffness of the balls, the normal to shear stiffness of the bonds, the bond normal strength,

the bond shear shear strength, friction between balls, the ratio of maximum to minimum

particle size, and the percentage of pre-failed bonds in the specimen.

Figure 3.6: UCS specimen generated from BPM and the resulting calibrated stress-strain
curve after using the genetic algorithm.

The genetic algorithm routine was written in the FISH programming language to modify

these 9 inputs. Several choices were considered during the design of the genetic algorithm

to reduce the total number of trials required to obtain a calibrated sample [125]. The final

structure of the algorithm took the form of an elite survivor population of best fit individuals

performing a hybrid form of crossover and mutation as is described in the process below:

1) Generate initial population. Create forty sets of random inputs and generate forty

BPMs from these inputs.

2) Perform uniaxial compressive stress tests on each specimen. Compute E, n, UCS,

and post-peak modulus for each specimen based on these tests. Approximate the post-peak
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modulus by finding a linear fit between two points on the stress-strain curve. For convenience

these points were taken when the stress in the specimen is reduced by 25% and 50% after

failure. Assess the fitness of the population as a measure of relative error of N number of

BPM macroproperties. This fitness can be found from the relationship shown in 3.9.

Fitness = 1− 1

N

N∑
i=1

abs

(
desired− actual

desired

)
i

= 1− abs(avg. relative error) (3.9)

3) Identify three elite survivors which most closely fit the desired macroproperties.

4) Perform crossover between pairs of the survivors to generate sets of inputs for an

intermediate generation of 10 new specimens. During crossover the input values for each

new specimen are selected randomly from a uniform distribution of values lying between the

inputs of the parents.

5) Randomly mutate the newly generated sets of inputs with a frequency determined

by 3.10. If the fitness of both parents is high, then the likelihood of mutation will also be

higher. A suitable value for the maximum mutation rate [28, 37, 111] was found to be 15%

in this equation.

Mutation Rate = Max Mutation−
[
1−

(
Fitnessparent1 − Fitnessparent2

2

)]
(3.10)

6) Mutate the randomly selected inputs with a magnitude inversely proportional to the

average fitness of the selected pair of parents. This is achieved by creating a Gaussian

distribution with a mean equal to the input value prior to mutation and with a standard

deviation equal to the relative error of the parents multiplied by the mean.

7) Iterate the process starting on Step 2 until a termination criterion has been reached.

This process of generating new offspring through crossover and mutation of elite survivors

was allowed to continue for 1000 total trials before the calibration process was terminated.

If successful calibration limits were not reached then the process was restarted using a new

random seed for generating the initial population. A flow diagram of this routine can be
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found in Figure 3.7.

Over 25,000 bonded-particle models were generated and tested in the development of the

genetic algorithm. It was found that a typical calibration required between 500 and 1000

trials to match desired material properties to within 1%. The results of a demonstration

calibration are shown below in Figure 3.6 to Figure 3.9. A strain rate of 0.1 sec-1 was applied

onto the specimen until its strength was reduced to 50% of its recorded peak axial stress.

The calibrated BPM is shown in Figure 3.6 with its corresponding stress-strain response

after calibration. The results from the calibration after 100 trials and 500 trials are shown

in Table 3.1 with the corresponding percent error of each desired macroproperty.

Table 3.1: Results from demonstration calibration after 100 and 500 trials.

Macroproperty Desired 100 trials Error (%) 500 trials Error (%)

Young’s modulus 6.00 GPa 5.77 GPa 3.77 5.89 GPa 1.89
Poisson’s ratio 0.20 0.21 4.13 0.20 1.15

Peak UCS 25.0 MPa 24.8 MPa 0.82 24.9 MPa 0.39
Post-peak modulus -6.00 GPa -6.03 GPa 0.50 -6.02 GPa 0.35

The genetic algorithm was used to calibrate macroscopic material properties of the BPM

to match desired results within uniaxial compressive strength tests. The calibration method

proved capable of optimizing 9 variable inputs to achieve 4 outputs and also calibrated brit-

tleness of the specimen for a specific rate of loading. Over 25,000 specimens were generated

and tested during the development of the genetic algorithm. Future improvements could be

made to the heuristic to speed the calibration process. Parallel processing may be adopted

to reduce run times for simulations. Coupling the genetic algorithm with an artificial neu-

ral network may provide additional methods for reducing the total number of iterations

needed to calibrate a particular material property. These advancements to the calibration of

bonded-particle models allowed brittleness to be incorporated into the models, a necessary

requirement for research on unstable failures using DEM. With little modification the genetic

algorithm could be applied to a wide array of technically challenging DEM calibrations with
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Figure 3.7: Structure of genetic algorithm routine for calibrating BPM samples.

34



Figure 3.8: Fitness values of each specimen tested by genetic algorithm over 500 trials and
47 generations.

Figure 3.9: Maximum fitness of elite survivors after 500 trials.
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little prior knowledge on how to achieve the desired material properties.

3.3.2 UCS Test Procedure

A series of tests were conducted using PFC3D to determine the effect of unstable loading

conditions on a bonded-particle discrete element model. Uniaxial compressive strength tests

were conducted on cylindrical brittle specimens calibrated to represent a 7.6 MPa cubic

strength of coal. The specimen geometry was 1 m in diameter and 2 m in height. The

specimen stress-strain behavior shown in Figure 3.10 was calibrated at a specimen strain rate

of 0.01 sec-1, or 3.8e-7/step, through the genetic algorithm routine described in the previous

section. A quasi-static solution scheme with a damping coefficient of 0.8 was applied locally

to the particles. The combination of inputs shown in Table 3.2 were found to yield the

desired material properties shown in Table 3.3.

Figure 3.10: Stress-strain history of calibrated PFC3D specimen during uniaxial compressive
loading applied at a strain rate of 0.01/sec.

Two cylindrical platens sized 1 m by 1 m were set in series on either end of the specimen.

The particle generation procedure was applied to the entire system in a single process using

the ’mg matgen’ routine. Bonds were formed between all interacting particles in the system.
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Table 3.2: Macroproperty inputs for particles and bonds in PFC3D BPM.

Particle Inputs Parallel Bond Inputs

Dmax/Dmin 1.94 Radius Multiplier 1.0
Young’s Modulus 3.14 GPa Young’s Modulus 4.48 GPa

Normal:Shear Stiffness 1.84 Normal:Shear Stiffness 1.62
Coefficient of Friction 0.49 Normal Strength 6.67 MPa

Density 1313 kg
m3 Shear Strength 7.15 MPa

Table 3.3: Resultant material properties of calibrated PFC3D specimen.

Material Outputs

Young’s Modulus 4.21 GPa
Poisson Ratio 0.19

Peak Strength (UCS) 7.65 MPa
Post-Peak Modulus -5.17* GPa

* Linear fit between measurements taken at -25% and at -50% of peak stress.

Different strength and elastic properties were assigned to the bonds depending on if they

fell within the specimen or platen boundary definitions. Bonds placed across a specimen-

platen boundary were assigned either elastic or failable parameters to represent the platen

or specimen, respectively. The assignment of these microparameters was determined by the

location of the center of the bond which yields a “bonded” and highly frictional interface

condition. This configuration of particles is shown in Figure 3.11.

The UCS test procedure was repeated with three different sets of microparameters as-

signed to the particles and bonds of the system. These inputs are shown in Table 3.4. Elastic

values for Young’s modulus of the balls and bonds were assigned for each tests as 100, 10,

and 0.5 GPa. The possibility for initiating unstable failure conditions arose for loading sys-

tem stiffnesses less than the post-peak slope of the specimen. Note that for the calibrated

specimen, unstable failure conditions should therefore be initiated for platens with Young’s

modulus less than 5.17 GPa, or for the 0.5 GPa platen case only.

For the UCS tests a strain rate of 0.01 sec-1 was applied to the system, however a much

more detailed analysis of loading velocity effects may be found at the end of this chapter.
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Figure 3.11: Configuration of uniaxial compressive strength test system with elastic platens
(red) and a brittle specimen (blue). Strain is applied through walls at the top and bottom
of the loading system.

Table 3.4: Microparameter inputs of platens in PFC3D.

Particle Inputs Parallel Bond Inputs

Dmax/Dmin 1.94 Radius Multiplier 1.0
Young’s Modulus 0.5, 10, 100 GPa Young’s Modulus 0.5 GPa

Normal:Shear Stiffness 2.5 Normal:Shear Stiffness 2.5
Coefficient of Friction 0.5 Normal Strength -

Density 1313 kg
m3 Shear Strength -

Resultant forces were recorded at the velocity boundary such that the axial stress of the

system was to be determined and compared against strain measurements recorded for the

platens and the specimen.

3.3.3 UCS Test Results

The values of specimen stress and strain recorded during the three uniaxial compressive

strength tests are shown in Figure 3.12. These combined results show that the peak strength

was reduced from 7.6 MPa to 6.4 MPa in the case of the 0.5 GPa Young’s modulus loading

platens. Several potential factors could impact the peak strength of the specimen, the

primary among these is the reduction in confining boundary effects at the platen-specimen

interface due to greater outward expansion for softer platens.
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For the unstable case of 0.5 GPa Young’s modulus platens the stress-strain behavior of

the specimen was a linear post-peak slope of -0.4 GPa. This result was slightly less than the

expected elastic rebound of -0.5 GPa for the platens. A much more surprising result was

found in the response of the specimen to the two supposedly stable sets of platen stiffnesses

during the 10 and 100 GPa tests. Assuming quasi-static failure the post-peak response of a

specimen under stable loading conditions should remain consistent for all loading stiffnesses.

It was seen that the post-peak response was shifted to have a more brittle response when

load was applied through the stiffer 100 GPa platens. It can be seen from the tests that the

10 GPa platens actually elicited a -6.9 GPa post-peak response while the 100 GPa platens

resulted in a much steeper -17.4 GPa response.

Figure 3.12: Specimen stress vs. strain for different sets of platens in UCS tests.

Further analysis was conducted on the micromechanical development of failure in the

specimen in order to identify the cause of discrepancies between stable test conditions. Fig-

ure 3.13 plots the uniaxial principal stress recorded within the specimen as a function of the

number of parallel bonds broken in the specimen.
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Figure 3.13: Stress of system vs. crack number during UCS tests.

A detailed view of fracturing within the models is shown in Figure 3.14 to Figure 3.16.

Red and black lines represent tension and compression within unbroken parallel bonds in

the loading system and specimen. Vacant areas indicate affected zones of broken bonds and

are a reference for the general degree of fracture which has occurred, yet particles may still

be present within these highly failed areas.

The mode of failure was shown to be consistent between the 10 and 100 GPa platen tests.

In these tests a clearly defined band of failed bonds separates large sections of unfailed rock

moving freely along planes of unbonded particles. The failure mode appears quite different

for the unstable failure case with 0.5 GPa platens in that extensive fracturing occurred in

a large affected region at the bottom portion of the specimen. This large failed zone is

indicative of rupture or the rapid failure of bonds prior to the formation of a clearly defined

failure path.
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Figure 3.14: Tensile and compressive forces within bonded particle model after specimen
failure for 100 GPa platen test.

Figure 3.15: Tensile and compressive forces within bonded particle model after specimen
failure for 10 GPa platen test.
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Figure 3.16: Tensile and compressive forces within bonded particle model after specimen
failure for 0.5 GPa platen test.

3.3.4 Dynamic Loading Effects on Model Response

Several issues arose from the analysis of results in the uniaxial compressive strength

tests. The post-peak material behavior was found to be inconsistent between similarly

constructed compressive strength tests under stable loading conditions. The peak strength

of the specimen was also found to be reduced in the case of the very soft 0.5 GPa Young’s

modulus platens. An extended series of tests was therefore run in PFC3D to isolate the

origin of these unexpected strength and post-peak material behavior changes under strictly

stable loading conditions.

The loading system described in the previous UCS tests was adopted for the extended

dynamic analysis, however the Young’s modulus of the bonds and particles making up the

platens were fixed at 100 GPa. Three strain rates of 0.1, 0.01, and 0.001 sec-1 were then

applied onto the system. The stress-strain results from the specimen during these three

tests is shown in Figure 3.17. For the fast loading case the peak stress was over 9 MPa as

compared to the 7.6 and 7.4 MPa peak stress values reached in the subsequent tests. This
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large increase in peak recorded stress was a consequence of the large dynamic forces in the

model as which were as large as 4 MPa at the onset of loading. However, the tests of slow,

quasi-static loading conditions still resulted in disparities between the post-peak responses

of the material. The specimen failing from the 0.01 sec-1 system strain rate maintained a

post-peak modulus of -20.4 GPa while the 0.001 sec-1 strain rate case resulted in a -60.9 GPa

post-peak modulus for the specimen.

Figure 3.17: Specimen stress vs. strain during 100 GPa platen loading with three applied
system strain rates of 0.1, 0.01, and 0.001 sec-1.

An investigation was also made into the development of cracks in the model. More

cracking and breaking of bonds was observed for the highly dynamic loading case shown in

plot Figure 3.18. This same result is shown graphically in to Figure 3.21 from the breaking

of force chains in the specimen

Figure 3.19 through Figure 3.21 show unbroken bonds at the conclusion of each speed test

in which red and black lines represent tensile and compressive forces transmitted through

parallel bonds. The absence of bonds indicate an area highly affected by failure. For the

slowest 0.001 sec-1 system strain rate test the failure developed along a localized plane within
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Figure 3.18: Tensile and compressive forces within bonded particle model after specimen
failure for 0.5 GPa platen test.

the specimen. This behavior ran in stark contrast to the highly dynamic 0.1 sec-1 test in

which extensive rupture caused the sudden loss in strength of the specimen. Figure 3.21

shows several large portions of the bonded-particle model which had separated from the

center of the specimen due to sudden rupture.

3.3.5 Conclusions

A series of uniaxial compressive strength tests were conducted in PFC3D to study the

condition of unstable failure using a discrete element method bonded-particle model. The

simulated rock specimen was a slender cylinder of bonded particles whose microproperties

were calibrated for a given strain rate to represent the coal macroproperties shown in Ta-

ble 3.3. Elastic platens were also simulated using PFC3D and were placed on either end

of the specimen, with strain then being applied at a constant rate to the system made up

of the platens and specimen. The microproperties of the platens’ particles and bonds were

then modified between tests to apply an effective loading system stiffness onto the specimen
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Figure 3.19: Tensile and compressive forces within bonded particle model after specimen
failure from the very slow 0.001 sec-1 system strain rate.

Figure 3.20: Tensile and compressive forces within bonded particle model after specimen
failure from the intermediate 0.01 sec-1 system strain rate.
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Figure 3.21: Tensile and compressive forces within bonded particle model after specimen
failure from the very fast 0.1 sec-1 system strain rate.

ranging from fully stable to highly unstable conditions.

The results from these tests showed a clear distinction between the failures of the specimen

under soft and stiff loading cases. For the soft platens, or unstable loading case, rupture was

observed at the bottom of a heavily fractured specimen. Records of fracture propagation

also revealed a higher number of total cracks in the case of unstable failure.

These preliminary investigations on the micromechanics of unstable failure were over-

shadowed by a number of unintended effects which emerged from the tests. The strength of

the specimen was seen to drop by 15% when failed by the 0.5 GPa Young’s modulus platens.

The reduction in strength was due primarily to the outward expansion of the soft platens

under axial compression and the application of tensile loads onto the ends of the specimen.

Of more pressing concern for studies of brittle failure came in the form of a shift in the

post-peak behavior between stable loading schemes.

An additional series of tests was run to determine the source of variations in the brit-

tleness of the BPM. A constant, stable platen stiffness was used between tests with loading
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velocities ranging from quasi-static to highly dynamic being applied onto the system. During

dynamic applications of load the propagation of cracks was similar to what was observed

for the unstable 0.5 GPa platen loading case. Through these tests it was observed that the

intrinsic post-peak behavior of a brittle bonded-particle model was velocity dependent, even

for loading velocities within the traditional quasi-static regime of discrete element models.

The specimen behavior was found to be highly dependent on effects from loading velocity.

A direct effect was seen on material brittleness even for quasi-static loading velocities in which

no other significant dynamic effects are measured. The results from this extended series

of uniaxial compressive strength tests revealed significant technical challenges to modeling

consistent material behavior for the BPM within static and stable loading tests.

3.4 Discussion of Bonded-Particle Method for Simulating Unstable Failure in
Rock

A discrete element method capable of producing realistic fracture paths is ideal for as-

sessing micromechanical effects from material or loading system characteristics. The explicit

nature of the method also makes it well suited for studies on the dynamic response of rock.

Discrete element models which combine the micromechanical progression of failure with an

accurate representation of the macroscopic failure response may then be applied with some

extrapolation to studies of rock failure under unstable loading conditions.

A discrete element method bonded-particle model was investigated for its ability to rep-

resent brittle failures in unstable compression. A PFC3D bonded-particle model was con-

structed to first attempt to represent brittle macroscopic failure through the propagation and

coalescence of cracks in a simulated rock specimen. An extensive calibration procedure was

required to achieve precise material properties for the bonded specimen. A genetic algorithm

was developed to aid in this process and the given heuristic was found sufficient for achieving

a set of desired material macroproperties at a given loading rate. Destructive uniaxial com-

pressive strength tests were then conducted on the BPM and the results were compared with

observations made in physical testing environments such as [13, 40, 48, 49]. Realistic modes
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of failure were presented in the bonded-particle models however the behavior of the speci-

men was found to vary considerably with changes to the applied loading rate. The post-peak

material response for the specimen was found to be inconsistent between different loading

velocities, even under previously assumed quasi-static loading conditions. Consequently, an

extreme level of care was required to calibrate a specimen for a given loading velocity.

Alternative methods for formulating bonded-particle models are currently being devel-

oped by researchers to address these significant technical challenges [62]. Recent publications

have risen additional concerns when applying the bonded-particle model which include unre-

alistic values for tensile to compressive strength ratios [3, 4], non-physical releases of energy

with the breakage of bonds [16], and large numbers of tensile bond failures as compared to

shear bond failures. Methods are being explored to resolve these fundamental issues, such as

projecting flat faces between spherical particles to more appropriately model continuous rock

[99]. Regardless of the developments being made to the method, the combined difficulties

which were introduced by the bonded-particle model made its use infeasible for the current

studies on mine layouts and realistic underground mining conditions.
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CHAPTER 4

FINITE DIFFERENCE MODELS OF ROCK FAILURE IN COMPRESSION

Unstable failure was presented in Chapter 2 through the axial stress-strain behavior of

rock in compression. This method relies on a deterministic approach to solving the stresses

and strains which develop within the rock. For typical rock there is no single process through

which can fail; inherent complexities introduced by material inhomogeneities, boundary con-

ditions, and dynamic effects all affect the evolution of failure. Microcracks and pre-existing

flaws in the rock are the underlying cause of failure [12] and yet the interacting arrays of mi-

croflaws and their resulting stress concentrations are a problem of such an advanced nature

that it is too complex to deconstruct the macroscopic failure response directly from a knowl-

edge of the micromechanical behavior of the rock [13]. Many different constitutive models

have been constructed to describe the strength of rock through a stochastic application of

macroscopic material properties.

Numerical methods which apply constitutive relationships to a continuum provide a useful

range of predictive tools for the failure of a rockmass. Computational approaches often use

boundary element or finite element numerical methods which have been shown to realistically

simulate brittle rock response. The finite difference method has also been applied extensively

to the field of rock mechanics with great success [57]. The explicit numerical formulation

of the finite difference method is of particular interest to the study of unstable failure due

to its calculation of dynamic motion as a response to physical instability in the model. For

this and additional reasons which will be discussed throughout this dissertation, the explicit

finite difference method was employed as the primary numerical tool for the study of rock

in unstable compressive failure.
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4.1 Mohr-Coulomb Rock Strength with Weakening Properties

The ultimate failure mode of rock under triaxial compression occurs through shearing

as microcracks coalesce along a favorably aligned, localized band along which the rockmass

bifurcates. A number of failure criteria and flow rules have been developed to represent the

effects on ultimate rock strength by variations of confinement conditions. These tools may

be combined to develop a constitutive material model to describe the overall macroscopic

response of a rockmass, even under conditions found past the point of failure.

The Mohr-Coulomb peak strength criterion is a longstanding and widespread approach

in geomechanical applications to determining the shear strength of rock under various levels

of confinement. The criterion accounts for a material-specific cohesion of the rock with a

friction across an assumed plane of shear failure. The strength envelope is defined by 4.1

where c is the unconfined cohesive strength, σn is the normal stress across the shear plane ,

and φ is the angle of internal friction for the material.

τ = c+ σn tanφ (4.1)

This concept is outlined in more detail in Figure 4.1 for a triaxial compressive strength

laboratory test specimen. The maximum shear stress develops along a critical shear plane

oriented with angle β found through a transformation of the major and minor principal

stresses (intermediate principal stress is typically ignored).

The diagram shown in Figure 4.2 ties these concepts together by projecting the Mohr’s

circle transformation of a stress state at the point of yield or failure, as defined by 4.1.

A material may be represented by a constitutive model with varying levels of complexity

depending on the analysis being performed. Elastic models account for recoverable elastic

deformation while peak strength models assign an ultimate strength to the material. Many

failure criteria may be used to define the peak strength however the Mohr-Coulomb criterion

is selected for additional study due to its relatively good fit to experimental data through a

straightforward application of rock mechanics theory.
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Figure 4.1: Triaxial compressive strength test with Mohr-Coulomb shear plane along which
failure occurs.

Additional levels of detail may be incorporated in a constitutive model to assign resid-

ual post-failure strengths to a material. For simulating brittle materials a strain-softening

strength rule may be incorporated to match the reductions in strength observed in controlled

physical tests. Consideration must then be made for the flow of the material past the point

of yield. Experimental tests show that rock dilates as it fails [8]. If shear occurs along a

plane, asperities will open due to the irregular surface of the plane. These effects may be

measured in terms of the dilation angle of the rock, which may be found through 4.2 with

Figure 4.2: Mohr-Coulomb shear strength envelope as a function of principal stresses.
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the determination of volumetric rate of strain shown in 4.3.

sinψ =
ε̇pv

−2ε̇p1 + ε̇pv
(4.2)

ε̇v = ε̇1 + ε̇2 + ε̇3 (4.3)

The plastic potential function shown in 4.4 takes on the same shape as the strength

envelope from 4.1 and is a type of non-associated flow rule which may be used to represent

plastic flow after failure [119]. The only change which is made from 4.1 is the substitution

of the dilation angle in place of the friction angle.

g = τ + σn sinψ (4.4)

Further control may be brought into modeling brittle failure by varying cohesion, internal

friction angle, and dilation angle as functions of plastic strain. A strain-weakening, friction-

hardening model is a commonly adopted approach to represent brittle rock [80]. The use

of this particular constitutive model has been shown to introduce a number of difficulties in

implementation due to grid-dependent localization effects [14, 25, 97, 100, 103], but these

issues will be discussed in more detail in subsequent sections.

Constitutive laws describe the elastic, plastic, and brittle failure responses observed in

rock. A simplistic approach to studying failure may be taken by calculating peak strength

using the Mohr-Coulomb failure criterion and assuming perfectly plastic behavior after fail-

ure. Varying levels of complexity may then be adopted into the models to more completely

describe the range of observed rock behavior. A Mohr-Coulomb strain-softening model is

one approach to defining brittle rock behavior. Difficulties may emerge from the use of these

methods in numerical models. However, their careful application provides beneficial tools

for analyzing the behavior of brittle rock during failure. The effects of unstable loading

conditions on brittle rock supports may then be assessed.
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4.2 FLAC3D Modeling of Macroscopic Failures

FLAC3D, or Fast Lagrangian Analysis of Continua in 3 Dimensions, is an explicit finite

difference numerical model which is commonly applied to the study of rocks or soils in

geomechanical simulations [57]. The continuum nature of the model proves beneficial for

reducing calculation times and is conducive to modeling larger mine layouts. Contrary to

traditional finite or boundary element methods, the explicit numerical formulation is able

to account for unstable force equilibria through the application of equations of motion to

determine potentially large-strain displacements within the continuum. These calculation

steps are necessary for tracking the progression of unbalanced force equilibria which lead

to the rapid velocities and displacements observed in unstable rock failures. The following

section describes the general numerical methodology used by FLAC3D and the limitations

which these formulations may present to the realistic representation of unstable failure.

Rock is simulated in FLAC3D as a Lagrangian (i.e., deformable) mesh of gridpoints

whose positions and velocities are updated at discrete timesteps. An example of a mesh

generated in FLAC3D is shown in Figure 4.3.

Internal strain and strain rate calculations are then performed within the “zones”, or the

discrete volumes whose vertices are defined by neighboring gridpoints (see Figure 4.4).

The general calculation scheme outlined in Figure 4.5 is then performed at the gridpoints

and within two sets of overlaying tetrahedral subunits which define each zone, as shown in

Figure 4.6.

The calculation steps which FLAC3D applies during its explicit iterations are as follows:

1) Forces are calculated at the gridpoints from stresses summed with applied loads and

body forces.

2) Equations of motion are used to calculate accelerations, and update velocities and

displacements at the gridpoints.

3) Strain rates are calculated from the values of gridpoint velocity.
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Figure 4.3: Example of a continuum grid generated in FLAC3D.

Figure 4.4: A FLAC3D volume element, or “zone”, showing numbered faces and gridpoints.
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Figure 4.5: FLAC3D general calculation procedure.

4) Stresses are calculated as a function of a constitutive law as a response to strain

increments.

Stresses within the polyhedral subunits constitutive the zones are first used to calculate

the tractions acting along edges of each polyhedron. Forces acting at the gridpoints are

calculated from a summation of these tractions. A local damping force is applied at gridpoints

to approach static equilibrium in the model. The damping force in direction i, labeled Fd,i,

is applied proportionately to the force, Fi, acting at the gridpoint in the direction opposite

of travel. This relation is shown in 4.5, where α is a constant damping coefficient.

Fd,i = −α |Fi| sgn(vi) (4.5)

Mass damping is also applied to reduce potential accelerations and maintain numerical

stability. Mass is artificially scaled to increase the inertial mass of gridpoints and resolve

any potential accelerations within a single timestep, which is set in the calculations to unity

as a matter of convenience. The inertial mass term used in the mass damping mode is

found from a summation of minimum mass terms required to maintain numerical stability

55



Figure 4.6: Tetrahedral volumes used for stress and strain calculations in zones.

for each polyhedron calculation, as is determined from the stiffness of the polyhedron. The

consequence of this static solution form is that the dynamic response of the model does not

result in a physically significant representation of mass or time dependent behavior.

After the unbalanced forces have been damped through local and inertial mass damp-

ing methods, the resulting gridpoint accelerations are used to calculate updated velocities

through a central differencing time marching scheme. Displacements are calculated at the

gridpoints and within large-strain mode the gridpoint positions are also updated to reflect

significant changes in geometry for subsequent timesteps.

Gauss’ theorem is applied to derive the strain rates acting within tetrahedral subunits

in the zones. Small deformation theory is then applied to derive strain rates directly from
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changes in velocities with an assumed linear spatial variation of velocity across a zone. The

strain rates are calculated at gridpoints through a nodal mixed discretization process [28,

77]. This approach is similar to the mixed discretization method and has been adapted for

dilatant materials by averaging velocities throughout a volume surrounding each gridpoint.

A constitutive law is used to calculate the resulting change in stress caused by an increment

in strain. Many different constitutive material behaviors may be applied withinFLAC3D,

however elastic, Mohr-Coulomb (plastic), and Mohr-Coulomb strain-hardening/-softening

(brittle/weakening) models are used exclusively within this dissertation.

The elastic constitutive law is a straightforward application of Hooke’s law to calculate

stress from strain. The Mohr-Coulomb model allows for the possibility of failure and plastic

deformation. The ultimate strength of the material remains constant after plastic deforma-

tion has occurred which results in non-associated plastic flow and a constant state of stress.

Plastic strain increments are calculated from 4.6 where λ is a constant which is calculated

from friction and dilation angles, and bulk and shear moduli. The function gs is the plastic

flow equation defined from 4.7 with Nψ being calculated from the dilation angle, ϕ, found

from 4.8.

∆εpi = λ
∂g

∂σi
(4.6)

gs = σ1 − σ3Nψ (4.7)

Nψ =
1 + sin (ψ)

1− sin (ψ)
(4.8)

The Mohr-Coulomb strain-softening (MCSS) model allows strength and flow properties

to vary as functions of total plastic strains and provides tremendous control over the re-

sponse of the constitutive model. The user enters tabular values for friction angle, cohesion,

and dilation angle which are then used in the standard fashion within the Mohr-Coulomb

constitutive law. This complete process is repeated at every timestep through a central

differencing scheme with the stress and strain calculations being performed at alternating
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half-timesteps.

The explicit finite difference software FLAC3D was selected for simulations of unstable

failure conditions due to its dynamic modeling of a continuum and capability to represent

physical instability. The three-dimensional nature of the software allows realistic mine models

to be constructed for backanalyses or parametric studies. Brittle material behaviors are

defined through a Mohr-Coulomb strain-softening model. Plastic deformations are then

calculated from a non-associated plastic flow rule with a potentially variable dilation angle.

4.3 Unstable UCS Tests in FLAC3D

The numerical methodology incorporated in FLAC3D was assessed for its ability to

simulate the onset and propagation of unstable failure through the laboratory-style UCS

tests which are described in the following sections. The tests were structured after the

idealized case of instability presented in Chapter 1 in which a compressive spring-specimen-

spring system becomes unstable if the unloading modulus of the springs is less than the post-

peak modulus of the brittle specimen. Through this simplified uniaxial loading condition

the analysis of unstable failure is reduced to an idealized one-dimensional test case. The

response of the finite difference method could thereby be assessed in the case of uniaxial

compression and the appropriateness of representing the failure through a Mohr-Coulomb

constitutive model could be evaluated. Unstable failure conditions could then be applied

within the model to record the resulting numerical effects caused by physical instability.

4.3.1 Calibration of Mohr-Coulomb Strain-Softening Model

The UCS rock specimen was modeled after idealized coal properties using the Mohr-

Coulomb strain-softening (MCSS) constitutive model for capturing brittle failure behavior.

The MCSS model requires an intensive calibration of cohesion, friction angle, and dilation

angle to elicit varying degrees of brittleness and peak strength from simulated rock specimens.

The details surrounding the calibration efforts proved so numerous that this section has been

dedicated solely to a description of these efforts, along with the subsequent lessons learned.
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The MCSS model uses a Mohr-Coulomb failure criterion that is determined from cohesion,

dilation angle, and internal friction angle as functions of plastic strain of a zone. The

method for achieving a brittle material response relies on a cohesion-weakening, friction-

hardening model [2] in which cohesion decreases and friction increases with the onset of

plastic deformation. Elastic properties of Young’s modulus and Poisson ratio were applied

directly to the zones at the initial stages of the calibration. The input values of dilation

angle were next set to match those determined from past numerical modeling of brittle rock

[47]. The real control of specimen behavior was then adjusted through the tabular inputs

for cohesion and internal friction angle. An iterative, manual calibration process was taken

to obtain a desired model response using input values within physically observed ranges.

The initial goal of the calibration was to develop a specimen with a linear post-failure

response to represent a characteristic coal behavior with peak strength equal to the 7.6 MPa

cubic strength of coal. Tests were conducted on a cylindrical specimen with rigid applications

of displacement at its ends. Manual adjustments of constitutive model input parameters

made the process difficult for obtaining a precisely controlled failure. This process of manual

calibration resulted in a non-linear post-failure response yet the averaged post-peak slope

was similar to intended behavior. The details of non-linearity in the specimen’s post-peak

response is shown in further detail in Figure 4.7.

The final set of MCSS inputs were calibrated for the model and are shown in Figure 4.8.

Table 4.1 shows the additional input properties used to define the material in the model.

These combination of parameters led to the material behavior displayed in Figure 4.7.

Table 4.1: Input parameters of calibrated FLAC3D coal specimen.

Model Inputs

Density 1313 kg
m3 Local damping Coefficient 0.8

Young’s Modulus 4 GPa System loading velocity 1.2e-7 m
s

Poisson ratio 0.2 Specimen height 2 m
Vertical gridpoint spacing 0.2 m System diameter 1 m
Radial gridpoint spacing 0.1 m Total system height 4 m

59



Figure 4.7: Stable stress-strain response of FLAC3D UCS specimen showing a detail of local
post-peak slopes.

4.3.2 UCS Test Procedure

A series of simulated uniaxial compressive strength tests were conducted in FLAC3D

to study a brittle specimen failing between two elastic platens. The model of the UCS

loading system and specimen is shown in Figure 4.9 with cylindrical platens representing

spring elements. The resulting testing system is shown in Figure 4.9 along with its idealized

representation as a spring-specimen system.

A slow velocity boundary condition of 6e-8 m/step was applied to simulate quasi-static

loading of the system. Stress was measured through unbalanced forces at the top and bottom

of the model boundaries. Strains were measured both for the specimen and for the entire
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Figure 4.8: Cohesion, internal friction angle, and dilation angle values as functions of plastic
shear strain for the calibrated FLAC3D Mohr-Coulomb strain-softening constitutive model.

loading system which included platens.

A plane of interface elements was applied to the top and bottom of the coal specimen

between the coal and the platens. A Mohr-Coulomb strength law was applied to the interface,

however slip was allowed to occur early along the interface by defining it as a cohesion-

less plane. These interface elements were introduced to reduce potential confinement of

the uniaxial specimen in order to mimic true uniaxial loading conditions of a slender rock

specimen.

A series of uniaxial compressive strength tests were run on the calibrated coal specimen

while adjusting the Young’s modulus of the platens between tests. Values of 1.5, 10, and

100 GPa were assigned for the Young’s modulus of the platens. This range of values was

selected to provide a case of unstable, stable-unstable-stable, and stable type failures (see

Figure 4.10) as determined from the post-peak response of the specimen. Primary studies

were conducted on the effects of damping, however it was determined that a default local

damping ratio of 0.8 was assumed for the tests.
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Figure 4.9: FLAC3D model of uniaxial compressive strength test specimen for research into
unstable failure.

4.3.3 UCS Test Results

The model platens were assigned elastic material properties with a Young’s modulus of

1.5, 10, and 100 GPa. Platens with low elastic moduli should result in an unstable failure

in the given loading condition. Platens with high elastic moduli should result in a stable

failure. A “high” or “low” moduli is based on the steepest post-failure slope of the brittle coal

specimen. From the detailed study of the specimen’s material response, it was determined

that the most brittle response of the coal specimen achieved a local post-peak modulus of

approximately -11 GPa. Any Young’s modulus less than 11 GPa for the platens should

therefore result in an unstable failure. Under these conditions, the specimen should lose

stability if its brittleness exceeds the loading system stiffness, but will then regain stability

when it hardens under increased strains. These failures in which stability may be regained

will be referred to as stable-unstable-stable failures.
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Figure 4.10: FLAC3D specimen response with superimposed load lines to represent 1.5 GPa
(Soft), 10 GPa (Semi-Stiff), and 100 GPa (Stiff) platens.

Figure 4.12 and Figure 4.11 show the resulting stress-strain behaviors for specimen and

for the system as were recorded during the 1.5, 10, and 100 GPa platen test cases. Stress was

measured through a summation of unbalanced forces at the top and bottom of the system

while axial strains were measured across the specimen and system, respectively.

According to instability theory, the strength of the specimen should be lost suddenly

due to platen rebound while no added system displacements would be required to fail the

specimen. The system stress-strain response would therefore appear as a vertical drop in

stress. This expected system response was confirmed in FLAC3D for the system loaded

under unstable 1.5 GPa platen conditions as is shown in Figure 4.11. The response of the

specimen should then appear as a linear response identical to the platen elastic modulus

during unstable unloading or rebound. This behavior was also confirmed in the specimen

plot for the 1.5 GPa platen shown in Figure 4.12, while the specimen plot assumed a constant

response between the comparatively stable tests of 10 and 100 GPa platens.

An additional test was conducted to further study the theoretically stable-unstable-stable

case when a Young’s modulus of 10 GPa was used for the platens. In this test the velocities

at the model boundaries were set to very slow values, with pauses taking place between small
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Figure 4.11: FLAC3D system stress-strain response for varying platen stiffnesses.

increments of total system strain. In this way it was possible to increase the load on the

coal specimen in a controlled fashion and study the response of the specimen for indications

of losses in stability. These individual loading steps may be observed in the incremental

post-peak failure of the pillar shown in Figure 4.13. If an exceedingly small increment in

system strain resulted in a large increase in specimen strain then it could be determined

that stored strain energy in the platens was being converted to the unstable failure of the

specimen.

4.3.4 Conclusions of Unstable UCS Tests

From the system and specimen stress-strain responses shown in Figure 4.12 and Fig-

ure 4.11 it can be seen that the brittle FLAC3D sample exhibited the behaviors expected

from an unstable failure when a low elastic modulus of 1.5 GPa was used for the platens. In

this test case the system stress-strain response was found to approach vertical as failure of the

sample was propagated using strain energy stored within the system. No additional external

loading was required to fully fail the specimen when unstable failure was first initiated. An

equivalent effect was observed in the specimen stress-strain response during unstable failure

which assumed the elastic behavior of the platen during unstable failure.
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Figure 4.12: FLAC3D specimen stress-strain response for varying platen stiffnesses.

For the 100 GPa stable case, the post-peak slope of the system curve was found to remain

non-vertical as the specimen was failed with the slow application of total system strain. The

stress-strain response of the specimen in the stable case was found to assume a constant

material response and remained unchanged from the calibrated response.

For the stable-unstable-stable failure case of 10 GPa platens the system curve was found

to approach a vertical slope for a portion of the test. This relatively sudden loss of strength

was an indication of unstable failure and additional pause tests were conducted to further

explore this effect. The relative instability was found to occur between 5.3 and 4.4 MPa of

the specimen’s post-peak response and was exclusively a result of platen rebounding.

The combined results for the uniaxial compressive strength tests in FLAC3D showed that

the explicit finite difference method was well suited for modeling brittle rock undergoing

unstable, stable-unstable-stable, and stable type failure modes. The stress-strain response

of the specimen and system were used to determine stability of the failure. Pause tests

could be used for ambiguous cases of stability, such as stable-unstable-stable type failures,

to determine the onset and duration of physical instability.
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Figure 4.13: Stable-unstable-stable failure case of 10 GPa platens failing a specimen while us-
ing modified testing procedure with pauses during failure. The drop in strength corresponds
to the duration of unstable failure in the FLAC3D model.

4.4 Triaixial Compressive Strength Tests in FLAC3D

Failure was modeled in the FLAC3D UCS tests through an application of the Mohr-

Coulomb strength criterion. An integral component of the Mohr-Coulomb model is the

material strength’s dependence on the confining stress state. This model is particularly well

suited to account for the triaxial states of stress typically found in underground mining

environments. Robust analyses of unstable failure must therefore take into account the

effects of confining stresses on the ultimate strength and failure mode of rock.

A general analysis was conducted in FLAC3D on the failure mode and strength charac-

teristics of a confined specimen failing under stable loading conditions. This analysis was

then extended to include unstable loading conditions applied to the same specimens under

varying levels of confinement. An assessment was made for the stability of each specimen

using stress and strain measurements recorded during the tests.

4.4.1 Triaxial Test Procedure

A series of confined tests were conducted in FLAC3D on the brittle coal specimen cali-

brated for the previous UCS tests. Confining forces were applied onto the gridpoints across
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the surface of the specimen to simulate radial confining pressures of 1, 2, 3, 4, 5, and 6 MPa.

Small displacements of 6E-8 m/step were applied to the gridpoints at the top and bottom

of the system until the resulting loads caused the specimen to fail. This loading procedure

was continued until a specimen strain of 0.01 was achieved.

A local damping scheme was applied to the tests with a default damping of 0.8 on

unbalanced forces at gridpoints. Additional damping was applied through a mass scaling

technique applied to the gridpoints. These measures were installed to promote quasi-static

solutions during the timestepping process.

For each level of confinement the specimen was caused to fail under both stable and

unstable loading conditions. A high Young’s modulus of 100 GPa was used for the platens

to fail the specimen in a stable manner. Unstable failures were initiated using a low Young’s

modulus of 2 GPa for the platens during an identical series of tests. The behaviors of the

brittle Mohr-Coulomb strain-softening model were then compared against a perfectly plastic

Mohr-Coulomb model with a similar peak strength of 7.6 MPa and a friction angle of 30°.

The inputs of the MCSS model matched those of the UCS test while the values for the

Mohr-Coulomb specimens are shown below in Table 4.2.

Table 4.2: Input parameters of Mohr-Coulomb (plastic) FLAC3D coal specimen.

Model Inputs

Density 1313 kg
m3 System loading velocity 1e-7 m

s

Young’s Modulus 4 GPa Vertical gridpoint spacing 0.2 m
Poisson ratio 0.2 Radial gridpoint spacing 0.1 m

Cohesion 2.15 MPa Specimen height 2 m
Friction angle 30° System diameter 1 m
Dilation angle 5° Total system height 4 m
Local damping 0.8

4.4.2 Results of Triaxial Tests

The stress-strain results of the confined tests using FLAC3D are shown in Figure 4.14

with stable and unstable results marked accordingly.
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Figure 4.14: Stress-strain responses of triaxially confined brittle coal specimens undergoing
failure under unstable (2 GPa) and stable (100 GPa) platen loading conditions.

It was found that the specimen assumed a cohesion of 2.3 MPa and a friction angle of

30° during the triaxial compressive strength tests. This behavior had been initially defined

through the friction angle table (see Figure 4.8), yet was confirmed in these results. The

specimen was found to assume a brittle yet hardening stress-strain behavior for increasing

levels of confinement under stable loading. The post-peak slope assumed the stiffness of the

soft 2 GPa platens for the unstable failure cases until a residual strength was reached. Due

to the regaining of stability, the 2 GPa platens induced stable-unstable-stable type failures.

The residual strength of the specimen was identical between stable and unstable failure

tests. Note that each unstable test was readily distinguishable from its respective stable test

through a review of stress-strain behavior with slow applications of load onto the system.
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Figure 4.15: Stress-strain responses of triaxial compressive strength tests on plastic Mohr-
Coulomb specimens under 2 GPa and 100 GPa platen loading conditions.

The results from the second series of triaxial compressive strength tests using plastic

Mohr-Coulomb behavior for the specimen are shown in Figure 4.15. Some pre-peak failure

was observed for the specimen when a Young’s modulus of 2 GPa was used for the specimens.

This behavior was thought to be caused by a slight reduction in confinement at the contact

between the specimen and platen when greater radial strains were observed within the softer

platen. Aside from the small deviation in strain at which the specimen reached peak strength,

the Mohr-Coulomb constitutive model behaved as expected during the triaxial compressive

strength tests while representing a perpetually stable specimen.

4.5 Dynamic Loading Effects on Model Response

An area of particular interest for simulating unstable failure which has not yet been

discussed is the effect of dynamic loading on the finite difference model response. The

explicit formulation of FLAC3D attempts to damp any large unbalanced forces which may
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develop as a result of physical instabilities through both local and mass scaling methods as

an approach to return the model to a quasi-static state. Unforeseen numerical effects may

thereby result from the application of damping or due to the inherent construction of the

calculation scheme.

The UCS test conditions for unstable loading were again applied in a repeated series

of tests to record a more detailed response of the mode stress states across the principal

loading direction. Elastic platens of 2 GPa were used to fail the specimen in a rapid and

unstable manner. The increased spatial resolution of the stress-strain measurements allowed

for the study of the localized dynamic response through discrete disc-shaped segments of

the cylindrical coal specimen. The stress measurement of the specimen was divided along

its principal axis at 0.2 m, or one-zone, increments. Stress measurements were therefore

recorded for the specimen within 10 individual discs. Each discretized measurement volume

was labeled from 11 to 20 in the manner shown in Figure 4.16.

The corresponding stress results for each segment are shown in Figure 4.17 with stress

displayed as a function of the total axial strain of the specimen. The figure also includes

results from the platen stresses (label ’50’) to compare this measurement technique with the

previous method for determining the specimen response.

The averaged specimen were averaged for a stable UCS test with a quasi-static solution

against the resulting specimen behavior under unstable and highly dynamic loading condi-

tions. The results from these tests are shown in Figure 4.18 with a significant increase in

internal stress measurements during unstable/dynamic loading.

These results showed a clear deviation of the specimen behavior from the observed quasi-

static response. Dynamic loading from the platens increased the unbalanced forces acting at

the gridpoints and therefore the strains and resulting stress increments. The model response

was subsequently hardened as a result of dynamic loading from the elastic platens. Although

this effect is an unintended consequence of the explicit solution scheme, the increased strength

properties on dynamic loading reflect to some degree the strengthening observed during
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Figure 4.16: Labels applied to vertical stress measurement sections of the model which
correspond with the numbering of plot Figure 4.17.

dynamic laboratory tests [60, 108, 110, 131]. This correlation should not be considered

too deeply since the deviation from stable behavior is purely an effect of the numerical

construction, however the effect provides a convenient extension of rock mechanics theory

onto the numerical model.

4.6 Discussion of Finite Difference Method for Simulating Unstable Compres-
sion Failure in Rock

The calculation method which was incorporated in FLAC3D proved useful for simulating

unstable failure in a continuum. Many aspects of brittle material failure were realistically

modeled within the continuum. Unbalanced force initiated by unstable elastic rebound were

effectively transferred to rapid plastic deformations of the Mohr-Coulomb strain-softening

specimen in both uniaxial and triaxial confinement conditions. An approximate solution

for the states of stress and strain were found during unstable failure calculations. Some
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Figure 4.17: Specimen stress vs. strain plot with detailed assessment of stress in principal
loading direction for unstable UCS test.

additional information could be extracted from these models regarding the dynamic motion

of the model which provided a qualitative assessment of the relative speed of motion of

gridpoints during failure.

The equations of motion applied in FLAC3D take a continuum form of a second order

approximation to Newton’s second law. Error is introduced into these calculations in the

presence of rapid changes to accelerations which are typically assumed to be negligible in

quasi-static solutions. Unstable loading conditions in rock may lead to large jerks applied

to accelerations which would not be reflected in the models. The relevance of these errors

would rely on the magnitude of changes to unbalanced forces as a function of time.

Special care should be taken when applying the MCSS model within FLAC3D. Strain

localization is shown to occur as element size is reduced. Problems evoked by strain local-

ization cause great consternation when applying a strain-softening model, yet follow trends
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Figure 4.18: The internally measured specimen stress strain response in static vs. unstable
(2 GPa) UCS tests.

witnessed in nature in that the widths of shear bands reduce in response to smaller grain

sizes. An approach which accounts for the total energy consumed during failure may be

used to assess the appropriateness of a zone size selection. This method may be extended

to calculate the plastic energy consumed by affected volumes of plastically deformed rock.

The response of the rockmass may therefore be analyzed against desired values of energy

consumption during failure and for total affected volume of failed rock. Such precautions

enable more reasonable approximations of the evolution of failure and provide quantitatively

viable results for elastic and plastic energies.

Concluding remarks:

� FLAC3D was shown to provide a realistic approximation to physical instability through

an explicit formulation through uniaxial and triaxial compressive strength tests.

� The continuum nature of the software is conducive for larger and more complex mining

geometries.
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� The Mohr-Coulomb strain-softening model may be applied directly to represent brittle

behavior, however care should be made when selecting zone size in order to better

approximate the localization of failure.

� The failure of a brittle material is path dependent, both in nature and in a MCSS

representation; with this understanding it is possible to gain significant insight into

the onset and development of failure in stable and unstable conditions.

� Errors may be introduced into these calculations through the quasi-static formulation

and a quantitative assessment of the dynamic response of the model should not be

made.

� The results of the UCS and triaxial confinement strength tests showed clear delin-

eation between stable and unstable failure responses which adhered well to theoretical

determinations of rock response to unstable equilibrium.

74



CHAPTER 5

IDENTIFIERS OF UNSTABLE FAILURE IN FINITE DIFFERENCE MODELS

Continuum and discrete explicit numerical methods have been shown to simulate the

onset of unstable failure conditions in rock and have presented some estimation of the post-

failure behavior of a brittle specimen. These numerical tools may be applied to analyze

unstable failure conditions in both uniaxial and triaxial compression. With additional devel-

opment these methods may be extended to study unstable failures in the context of realistic

mining geometries and complex loading conditions.

The initiation of unstable failure was identified within the tests run in previous chapters

by recording specimen stress-strain behavior and highlighting any deviations from idealized

behavior. The investigative methods used to identify unstable failure were limited in the

sense that an analysis could only be conducted along a single direction of loading and upon

a pre-defined volume of the model. These limitations did not hinder an analysis of uniaxial

or triaxial compressive strength tests due to a strongly dominant principal loading direction

and clearly defined volumes of unstable rock (i.e., the specimen). However, an examination

which relies solely on stress and strain is prohibitive for studies of unstable failure in the

more complex model geometries and loading conditions found in typical mine models.

Several approaches have been taken by researchers to definitively identify unstable failure

conditions in realistic mine models. One method is to apply small probing forces at every

point in the model at every state of loading [107]. If a probing force results in a greater

magnitude of energy released from the system than what was added in boundary work due

to the probe, then the system is unstable in that direction of loading [104]. Finite element,

finite difference, and boundary element simulations have been conducted in which a probing

force is applied onto every point during every stage of mining while recording the resulting

deformations of the system [1, 17]. A similar method was applied to FLAC3D in Chapter 4
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in which a nominal strain was added to the system in a so-called “pause” test; if the strain

increment led to large displacements and work performed on the specimen then the system

was determined to be unstable. Such exhaustive approaches are difficult to put into practice

and are typically infeasible to perform on any but the most simple of model geometries.

Less stringent yet more readily available methods may be available with which to study

instability in complex rock models. Rather than directly identifying unstable failure con-

ditions, it may be possible to analyze the secondary effects of instability as an informal

indication of unstable failure. Explicit methods are practically suited for such a task in the

sense that the dynamic effects which result from unstable failure are calculated at explicit

timesteps throughout the simulation. Within the explicit finite difference software FLAC3D,

any instability will result in accelerations of the gridpoints which are analogous to Newton’s

second law of motion [57]. 5.1 demonstrates this concept in the simplified uniaxial compres-

sive strength case shown in Figure 5.1 where F is the unbalanced force at point O due to a

difference between the force applied by the spring and the force resisted by the rock.

F = FS + FR = m · a (5.1)

Figure 5.1: Representation of unbalanced force equilibrium which may develop at point O
in uniaxial compression case.
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Unbalanced forces resulting from unstable failure conditions will lead to accelerated mo-

tion within the models and to a general deviation from quasi-static behavior. This process

takes a more complicated form in FLAC3D through the calculation steps outlined in Chapter

4. The formulations still approximate this Newtonian model within the continuum field and

lead to increased accelerations at the onset of instability. The largest accelerations of point O

will therefore correspond to the largest magnitudes of unbalanced forces, max(F ). Velocities

continue to increase through the unstable failure if no viscous damping forces are applied

to the system. Localized assessments of unstable failure conditions may be developed from

these records of dynamic motion within the numerical simulation. Measurements applied

at the gridpoints and particles could therefore provide valuable information on the location,

duration, and magnitude of unstable failure. Additional measurements may then be applied

to the zones within the continuum model as a means of incorporating the smallest volume of

failable material in the studies. Effective identifiers for studying unstable failure in explicit

models would focus on unbalanced forces, accelerations, and velocities within a simulated

brittle failing rock.

5.1 FDM Identifiers of Instability in UCS Tests

Indicators of instability which are derived from explicit dynamic behaviors may be de-

veloped to identify the onset of unstable failure conditions, track the loss of stability, and

determine relative magnitudes of energy released during simulated unstable failures. An

exploration was made into the potential identifiers to be employed, and a series of tests was

performed to determine the applicability of these methods. The basis for the explicit, time-

dependent instability identifiers is derived from the concept that an initial unbalanced force

which acts at a gridpoint under unstable equilibrium causes point O to move with a certain

acceleration based on the point’s apparent mass. If the instability criterion shown in 2.12 is

met at any point during the simulation, then an unstable equilibrium will be initiated.

A series of uniaxial compression strength tests were conducted on stable and unstable

platen-specimen-platen systems while recording potentially valuable dynamic indicators of
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unstable failure. The FLAC3D specimen which was calibrated in Chapter 4 using a Mohr-

Coulomb strain-softening model was again used within these tests. Specific identifiers which

were measured were unbalanced forces, accelerations, velocities, and shear strain rates. The

absolute magnitudes of these values did not reflect any physically realistic results due to the

quasi-static nature of the calculations. The recorded identifier magnitudes could, however,

be compared between known stable and known unstable tests on the system. In this way a

qualitative assessment could be derived from an observed range of dynamic responses.

5.1.1 Testing Procedure

A simulated cylindrical rock specimen sized 1 m in diameter and 2 m in height was tested

between two elastic platens each measuring 1 m in height. The combined system of platens

and specimen is shown in Figure 5.2.

Figure 5.2: Uniaxial compressive strength test configuration in FLAC3D model.

The specimen was calibrated to generally represent coal using the Mohr-Coulomb strain-

hardening/-softening (MCSS) constitutive law. The values provided from Chapter 4 were

again used to define cohesion, friction angle, and dilation angle as functions of plastic strain.
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A finite difference mesh identical to that found in the preliminary study was used for these

continued tests. The specimen was calibrated to exhibit a peak strength of 7.9 MPa and

a Young’s modulus of 4.1 GPa. The specimen assumed a brittle failure response with a

maximum post-peak drop of approximately -11 GPa.

The elastic modulus of the platens was controlled between tests and spanned the range

of 2 to 100 GPa. According to the post peak response of the specimen, any platen with a

stiffness greater than the maximum post-peak drop of -11 GPa should result in an unstable

failure. The instability identifiers which were recorded consisted of unbalanced forces, accel-

erations, and velocities at the gridpoints, and shear strain rates of each zone. The maximum

value of each identifier was recorded for all gridpoints and zones within the coal specimen

using the FISH commands ’gp extra’ and ’z extra’, respectively. The specimen strain at

which each maximum was recorded was also stored so as to provide a context for when these

values were measured during the simulations. At the end of the analysis these values were

then analyzed against the magnitude of relative instability present during each test due to

elastic rebounding conditions for the platens.

The model was run in static solution mode with masses scaled artificially at the grid-

points. The ideal method for analyzing dynamic failure would be through a truly dynamic

analysis, however uncertainties in the calibration of such a model and the length of time

required to compute a dynamic solution made the static mode a more favorable option. The

drawback of the static solution mode is that any measurements which are dependent on time

hold little physical significance. Insight may still be gained by comparing a known stable

failure case against an unknown, potentially unstable failure case. In this manner a measure

of relative instability may be established.

A velocity boundary with a small rate of 6e-8 m/step was applied at the end of the platens

to apply an increasing load onto the system until a specimen strain of 0.003 was achieved. At

this point, the simulation was run for an additional 1000 steps and the system was allowed to

come to static equilibrium. A second series of identical uniaxial compressive strength tests

79



was then run in which the coal specimen was modeled using a plastic Mohr-Coulomb (MC)

constitutive law. These tests provided information on how loading system stiffness may

directly affect the selected identifiers within the finite difference calculations. The specimen

was calibrated with a cohesion of 2.15 MPa, dilation angle of 5 degrees, and friction angle

of 30 degrees to undergo plastic flow at 7.9 MPa, or at a peak strength comparable to the

Mohr-Coulomb strain-softening (MCSS) model which was calibrated in Section 4.3. The

stable stress-strain response for the MCSS model is re-plotted as reference in Figure 5.3

along with the Mohr-Coulomb (MC) plastic model response as a comparison.

Figure 5.3: UCS specimen stress-strain response of Mohr-Coulomb Strain-Hardening/-
Softening (MCSS) and Mohr-Coulomb (MC) models.

Axial stresses were calculated during the test from the sum of unbalanced forces applied

at the boundaries divided by the cross-sectional area of the specimen. Strains were then

recorded from the displacements at the specimen-platen contacts and from total displace-

ments at the top and bottom of the system. The stress-strain responses of the specimens

and loading systems were recorded from these values.
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5.1.2 Identifier Results of UCS Tests

During the unstable uniaxial compressive strength tests, it was observed that the speci-

men failed along a linear stress-strain path which tracked the elastic modulus of the platens

following the onset of unstable failure. These results are shown in Figure 5.4 in which the

stress-strain behavior of the specimen was found to deviate from idealized behavior for any

platen Young’s modulus less than approximately 10 GPa.

Figure 5.4: Stress-strain behavior of specimen showing rebound along elastic modulus of
platens for unstable tests.

For systems with platen Young’s moduli greater than approximately 10 GPa, the post-

peak stress-strain response of the specimen was consistent between UCS tests. However, for

lower elastic platen moduli, unstable failure conditions were initiated and large unbalanced

forces resulted from the difference in stress applied by the rebounding platens and the re-

maining strength of the specimen. This is demonstrated for the stable 40 GPa and unstable

2 GPa loading cases shown in the first plot of Figure 5.5. The specimen in the unstable
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failure case assumed a -2 GPa post-peak stress-strain response which was identical to the

elastic modulus of the loading system. The second plot of Figure 5.5 compares the response

of the maximum unbalanced force between the unstable and stable loading conditions. The

onset of unstable loading conditions led to a dramatic increase in the maximum unbalanced

force acting within the model.

Figure 5.5: Stress vs. strain of Mohr-Coulomb strain-softening specimen during stable (40
GPa platens) and unstable (2 GPa platens) failures with corresponding histories of maximum
unbalanced forces.

Low platen stiffnesses such as the 2 GPa case elicited an unstable failure response in

the specimen as indicated by the stress-strain response and by the maximum unbalanced
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force in the specimen. These unbalanced forces were carried through the model to cause

large accelerations, velocities, and shear strain rates during unstable failure conditions. The

maximum unbalanced force was large for high platen stiffnesses during initial loading due to

the rapid application of forces on the specimen from a more stiff loading system. Identifier

values were recorded only after the vertical specimen strain reached 0.001 in order to avoid

recording the dynamic effects from the initial load application process.

The maximum values for the previously selected indicators were compared between the

MC and the MCSS test cases to attempt to further isolate the unstable failure phenomenon

from dynamic effects caused exclusively by changes to the loading system stiffness. The

results from these tests are shown in semi-log plots in Figure 5.6 through Figure 5.9.

Figure 5.6: Maximum gridpoint unbalanced force (N) within specimen over a range of platen
stiffnesses for both plastic Mohr-Coulomb and brittle Mohr-Coulomb strain-softening models.

Note that the behavior of the indicators diverge between the MCSS and the MC cases with

platen stiffnesses less than approximately 10 GPa. This change in behavior corresponded

well with other measures of unstable failure and the previously assumed initiation of unstable

failure for platens softer than the steepest portion of the specimen’s stress strain response,
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Figure 5.7: Maximum gridpoint accelerations (m/step2) within specimen over range of platen
stiffnesses for plastic Mohr-Coulomb and brittle Mohr-Coulomb strain-softening models.

Figure 5.8: Maximum gridpoint velocity (m/step) within specimen over range of platen
stiffnesses for plastic Mohr-Coulomb and brittle Mohr-Coulomb strain-softening models.
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Figure 5.9: Maximum zone shear strain rate (step-1) within specimen over range of platen
stiffnesses for plastic Mohr-Coulomb and brittle Mohr-Coulomb strain-softening models.

which was approximately -11 GPa.

The results of the maximum shear strain rates were further split into a histogram covering

the range of both 100 GPa and 2 GPa platen tests, shown as Figure 5.10. The histogram was

split into 100 bins, with each bin representing an equal portion of the full range of values.

The zones with maximum shear strain rates corresponding to each bin were tallied for either

test. The maximum shear strain rates for the 100 GPa platen test and the 2 GPa platen test

were 7.8e-6 and 4.1e-5, respectively, with these records marked accordingly in the figure.

Further insight was gained on the failure process by analyzing localized volumes of in-

stability as determined by the gridpoint and zone identifiers. Each identifier was studied

individually during the tests to determine the magnitude, location, and point in time at

which physical instability was exhibited within the unstable coal specimens. Figure 5.11

shows a contour of the maximum unbalanced forces located at the gridpoints within the

specimen during an unstable uniaxial compressive strength test using 2 GPa platens. The
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Figure 5.10: Histogram of maximum zone shear strain rate (step-1) within specimen for 2
and 100 GPa platen tests of a brittle Mohr-Coulomb strain-softening model.

results have been filtered to exclude any unbalanced force which fell below the maximum un-

balanced force recorded during the stable 100 GPa platen case. The specimen was found to

undergo the largest unbalanced force at its core. Due to the mass scaling effects in the model,

the gridpoints along the center of the specimen had the highest applied mass. These large

unbalanced forces were therefore converted into large accelerations and velocities towards

the least confined and lowest gridpoint masses at the perimeter of the specimen.

These large unbalanced forces were found to translate into large accelerations and ve-

locities at the free boundary of the specimen. The lack of confinement at these locations

propagated the dynamic effects of the unstable failure so that maximum accelerations and

velocities were propagated along a ring around the outside perimeter at the center of the

specimen. Figure 5.12 and Figure 5.13 show these results for the unstable UCS test which

have been filtered to only include identifier values in excess to the maximum value recorded
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Figure 5.11: Maximum unbalanced forces (N) from 2 GPa UCS test that were in excess of
stable unbalanced forces from 100 GPa test.

for the stable 100 GPa UCS test.

Shear strain rates were also analyzed as a method to assess the non-associated plastic

flow rule which was applied to the Mohr-Coulomb strain-softening constitutive model. In

this way the speed of deformation of the zones was calculated through combined elastic and

plastic shear. The results of the shear strain rates during unstable uniaxial compressive

failure case are shown in Figure 5.14 and have been filtered to only include values in excess

to those recorded for the stable UCS test.

By analyzing the records of maximum shear strain rates for the zones it was possible to

extrapolate the areas of the coal specimen which were most affected by instability during the

unstable loading case. Rapid shear strains were observed across the horizontal centerline of

the model where the largest plastic deformations were also observed. The unconfined zones

at the sides of the specimen were found to fail in the most sudden and dynamic fashion

during the tests.
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Figure 5.12: Maximum accelerations (m/step2) from 2 GPa UCS test which were in excess
of stable accelerations from 100 GPa test.

5.1.3 Conclusions on Unstable Failure Identifiers in UCS Tests

A series of uniaxial compressive strength tests were conducted in FLAC3D in which a

brittle rock specimen was failed under a range of stable and unstable loading conditions.

Several indicators of dynamic motion were recorded through the tests to better understand

the dynamic behavior resulting from instability in the models. It was found that large mag-

nitudes of unbalanced forces, accelerations, velocities, and shear strain rates were recorded

within the specimens undergoing unstable failure as compared to the specimens failing un-

der stable loading conditions. The maximum magnitudes of these indicators of instability

were further shown to increase according to the relative magnitude of instability which was

present during the tests. The dynamic measurements were further used to identify the

localized volumes of the model which were most affected by instability.

The instability identifiers which have been proposed were shown to distinguish a stable

from an unstable failure in the modeled specimen. The method was applied in a straight-
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Figure 5.13: Maximum velocities (m/step) from 2 GPa UCS test which were in excess of
stable velocities from 100 GPa test.

Figure 5.14: Maximum shear strain rates (step-1) from 2 GPa UCS tests which were in
excess of maximum stable shear strain rate from 100 GPa test.
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forward manner for the uniaxial compressive strength case, however certain difficulties did

arise. Steps were taken to reduce the dynamic effects of the initial load installation proce-

dure for the system. Small increments of displacements were used to increase load to reduce

potential dynamic loading effects. For extremely stiff platen systems it was additionally

necessary to filter extraneous dynamic effects from the initial loading stage. The mass scal-

ing procedure which was applied at the gridpoints to promote a more damped system also

resulted in physically meaningless magnitudes for time-dependent processes in the models.

To derive meaning from the dynamic motion of the model it was therefore necessary to relate

the magnitudes of motion back to a known stable failure case. If more rapid motion was

observed during a test than the known stable case, then this would be a good indication that

some form of instability arose in the model due to unstable loading conditions.

5.2 FDM Identifiers of Instability in Triaxial Compressive Strength Tests

The triaxial compression strength tests which were conducted in Chapter 4 were repeated

while recording potential identifiers of unstable failure. The primary role of these tests was

to elucidate the role of an applied confinement boundary condition on the effects of dynamic

behavior within an explicit finite difference model. The stress-strain response of the specimen

is shown in Figure 5.15 for confining pressures ranging from 0 to 6 MPa.

A second series of tests was also repeated while using the plastic Mohr-Coulomb consti-

tutive model to represent a perfectly stable specimen response. The stress-strain histories

from these tests are shown in Figure 5.16.

5.2.1 Identifier Results of Triaxial Tests

The identifiers of unstable failure which were previously developed under uniaxial loading

conditions were extended to triaxial compressive strength tests. These included the max-

imum unbalanced forces, accelerations, velocities, and shear strain rates. Identifiers were

recorded for the specimen and the results from the tests are shown in Figure 5.17 through

Figure 5.20. The results of plastic Mohr-Coulomb specimens failing during identical tests
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Figure 5.15: Stress-strain responses of triaxially confined brittle coal specimens undergoing
failure under unstable (2 GPa) and stable (100 GPa) platen loading conditions.

Figure 5.16: Stress-strain responses of triaxial compressive strength tests on plastic Mohr-
Coulomb specimens under 2 GPa and 100 GPa platen loading conditions.
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have been included to provide a reference for how a fully stable, plastic model responded

to changing platen stiffnesses and confinements. Note that within these tests, gridpoints

located at the surface of the specimen had a confining force applied onto them which was in-

cluded within the measured output of unbalanced forces. Due to this convention in FLAC3D,

the identifier measurements of unbalanced force and resulting accelerations could not be ac-

curately calculated at the confinement boundary. The unbalanced force and acceleration

measurements were therefore not recorded at gridpoints located on the surface of the spec-

imen. Other identifiers such as gridpoint velocity and shear strain rate were unaffected by

the feature.

Figure 5.17: Maximum unbalanced forces (N) at gridpoints for triaxial strength tests ranging
from 1 to 6 MPa confinement.

The maximum indicators of unstable failure show clear distinction in the magnitudes

between stable and unstable test cases. Large unbalanced forces were observed at all levels

of confinement for the soft loading condition as compared to the stiff, stable case at the same

levels of confinement. Large unbalanced forces then led to increased accelerations, velocities,

and shear strain rates in the model. The effect of physical instability in the specimen could
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Figure 5.18: Maximum accelerations (m/step2) at gridpoints for triaxial strength tests rang-
ing from 1 to 6 MPa confinement.

Figure 5.19: Maximum velocities (m/step) at gridpoints for triaxial strength tests ranging
from 1 to 6 MPa confinement.
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Figure 5.20: Maximum shear strain rate (step-1) in zones for triaxial strength tests ranging
from 1 to 6 MPa confinement.

be separated from direct changes to the loading system stiffness by comparing the Mohr-

Coulomb strain-softening specimen results to the Mohr-Coulomb specimen results. It was

found that the plastic Mohr-Coulomb specimen showed an opposite trend for dynamic effects

in that the magnitudes of the indicators were slightly higher for the stiffer 100 GPa platen

case than the softer 2 GPa platen case.

A histogram was generated from the results of the maximum shear strain rates recorded

for the MCSS zones. Figure 5.21 shows a strong distinction between stable and unstable tests

in that the largest result from the 100 GPa stable case was less than the smallest result from

the 2 GPa unstable case, while their maximum values of 4.0-e7 and 2.2e-5 were separated

by orders of magnitude.

A further assessment of the influence of confinement on the proposed instability measure-

ments was conducted by analyzing the localization of failure of the 6 MPa confinement tests

between the stable (100 GPa) and unstable (2 GPa) platen test cases. The results of the
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Figure 5.21: Histogram of maximum shear strain rates (step-1) recorded for Mohr-Coulomb
strain-softening zones for stable (100 GPa) and unstable (2 GPa) failures.

confined unstable failure are shown in Figure 5.22 to Figure 5.25. These figures do not in-

clude unbalanced force or acceleration data at the specimen boundary due to the difficulties

in obtaining accurate unbalanced forces at a points of applied external loads. All maximum

gridpoint identifiers which were recorded were greater in the unstable, 2 GPa platen case

than the largest magnitude of identifier which was recorded in the stable, 100 GPa platen

case. Large excess shear strain rates were seen to affect a localized shear band while all other

zone shear strain rates fell below those values recorded during the stable 100 GPa test.

Maximum velocity measurements showed the bifurcation of two halves of the specimen

concluding the unstable failure. The maximum shear strain rates further indicated that the

unstable portion of the failure acted along an inclined shear band within the specimen. To
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Figure 5.22: Maximum unbalanced force (N) recorded in MCSS specimen for 2 GPa platens
at 6 MPa confinement.

Figure 5.23: Maximum accelerations (m/step2) recorded in MCSS specimen for 2 GPa
platens at 6 MPa confinement.
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Figure 5.24: Maximum velocities (m/step) recorded in MCSS specimen for 2 GPa platens
at 6 MPa confinement.

Figure 5.25: Maximum shear strain rates (step-1) recorded in MCSS specimen for 2 GPa
platens at 6 MPa confinement.
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Figure 5.26: Specimen strain increment at which each respective zone reached its maximum
shear strain rate for triaxial strength test with 2 GPa platens and 6 MPa confinement.

confirm that these strain rates corresponded with the unstable portion of the failure, an

additional record was made of the time at which the maximum magnitudes of shear strain

rates occurred, in terms of specimen strain. The resulting strain measurements from the 6

MPa confined test with 2 GPa platens are shown in Figure 5.26. The zones were seen to fail

unstably from 0.0086 to 0.010 specimen strain during the test. This corresponded well with

the expected range of unstable failure for specimen strain between 0.0075 and 0.010, as was

determined from the specimen stress-strain response shown in Figure 5.15.

5.2.2 Conclusions on FLAC3D Identifiers of Unstable Failure in Triaxial Tests

Identifiers of unstable failure conditions were tested under triaxial conditions in FLAC3D

as an extension of a previously conducted series of uniaxial compressive strength tests. It

was found that the largest magnitudes of unbalanced forces, accelerations, velocities, and

shear strain rates were all observed when unstable failure conditions were present in the

models. The model was found to deform most quickly along an inclined shear band, and
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the speed of this deformation was proportional to the magnitude and duration of unstable

failure conditions. It was further observed that the maximum magnitudes of the instability

identifiers occurred during periods of maximum physical instability.

5.3 Discussion of Dynamic Identifiers of Unstable Failure

Uniaxial and triaxial compressive strength tests were conducted in FLAC3D to determine

an effective method of identifying the onset and duration of unstable failure conditions. Four

identifiers of dynamic motion (unbalanced forces, accelerations, velocities, and shear strain

rates) were recorded within stable and unstable testing environments to assess the presence

of physical instability in the models. It was found that magnitudes of dynamic motion could

be analyzed directly between tests to evaluate relative levels of instability.

The quasi-static formulation of FLAC3D yielded unrealistic values for dynamic motion

in the models. Implementing local and mass damping further complicated this issue by

changing the path dependency of the Mohr-Coulomb strain-softening brittle rock model

during dynamic applications of load, such as those experienced after the onset of unstable

failure conditions. A method was developed which relied not on the absolute magnitudes

of dynamic motion but instead on the relative magnitudes between a known stable testing

condition and an unknown, potentially unstable test. This approach was applied successfully

to find the onset and duration of instability in the model. The method was then extended

to study the propagation of instability by determining the total volume of rock failing under

unstable conditions. These qualitative measurements provided a robust means for analyzing

the loss of stability in explicit numerical simulations of unstable failure. This approach may

be extended with little additional effort to analyze the effects of physical instability in models

with complex geometries and combined forms of loading which would have previously been

prohibitive for studies on unstable failure.
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CHAPTER 6

ENERGY BALANCE OF UNSTABLE FAILURES IN CONTINUUM MODELS

A coal bump or rock burst is the result of damage caused by a release of excess energy

from an unstable stress-strain equilibrium within a rockmass. Potential energy is rapidly

converted into kinetic energy which initiates the motion of the rock. In stark contrast,

stable forms of failure occur continuously through the mining process with the energy in the

surrounding host rock being released during a controlled process of stable crack propagation

and rock failure [15, 18]. A more rigorous definition of unstable failure may be developed

through a formal analysis of these excess energies released during failure. The differences

between stable and unstable forms of failures may then be isolated and applied to select

numerical methods.

The absolute stability of a system may be considered in the force probing method outlined

by [107]. The authors examined a volume of soil or rock under a set of applied loads as it

is stressed from the surrounding loading system (shown in Figure 6.1). A fictitious force, or

probing force, is applied onto the outer surface of the volume in question and the resulting

release of energy is calculated. If the probing force results in a release of energy from the

system which is greater than the work done by the probing force, then some excess energy has

been released from the system due to instability. An unstable equilibrium is then derived

in an absolute sense from the change in forces and displacements at every point on the

surface of the enclosed volume. This concept is demonstrated in Figure 6.1 where there are

i external node points on the surface with a resulting change in force ∆P̄ and displacement

∆Ū from the application of a probe of a point on the surface. Note that the probing force

is also included in this summation to account for the energy added to the system by the act

of probing.
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Figure 6.1: Probing forces applied onto a predefined volume of rock or soil. From [18].

The total energy released from the system may then be put in terms of resulting force

and displacement changes at the system’s surface. Any system which releases excess energy

is therefore unstable, as shown in 6.1.∑ 1

2
·∆P̄i · 4Ūi < 0 (unstable) (6.1)

While it is possible to perform near exhaustive checks to assess the instability criterion

through applications of virtual work, this method is typically restricted to simplified nu-

merical models because of the added complexities of determining absolute fitness at every

point during the calculations. An alternative method of assessing the onset and propagation

of unstable failures in the numerical models may be developed using the concepts of excess

energy as a means of studying instability conditions.

In the example of the uniaxial compressive test of a coal specimen shown in Figure 6.2,

the displacement at the top of the platen will contribute work to the system equal to the

force at the boundary, P , multiplied by the distance the boundary is displaced, γ. This

boundary work term, Wb, is calculated from the integral of P (x) due to its dependence on
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γ.

Figure 6.2: Demonstration of unstable failure energy balance in uniaxial compressive strength
test.

Wb =

ˆ
P (γ)dγ (6.2)

The boundary work directly contributes to three forms of static energy in the system:

elastic strain energy in the spring/platen, Us, elastic strain energy in the rock specimen, Ur,

and dissipated plastic work performed by the rock during failure, Wr. This relation is shown

in 6.3. The formula assumes that no kinetic energy is released from the system.

Wb = Us + Ur +Wr (6.3)

If the system is extended to include additional spatial dimensions, the total strain energy

in the spring and rock may be calculated from the total strain energy density multiplied

by the volume, V , as shown in 6.4. The assumption inherent in 6.4 is that the platen and

rock material will continue to behave as a linear-elastic material throughout loading and

unloading.

U =
V

2
· σij · εij (6.4)

The elastic strain energy formula may alternatively be converted to the form in 6.5 using

shear and normal stress components.

U = V ·
[(

1 + ν

2 · E

)
σijσij −

( ν

2 · E

)
σkkσjj

]
(6.5)
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An explicit timestepping numerical model allows the calculation of plastic work by taking

the difference in the change in elastic strain energy from the change in total energy in the

system over some duration of time. These energy relations are shown for the change in

plastic work performed by the rock, ∆Wr, as shown in 6.6.

∆Wr = ∆

(
V

2
· σij · εij

)
r

−∆Ur (6.6)

The total plastic work done by the rock is then found through a summation of all incre-

mental changes in plastic work over the duration of the simulation as shown in 6.7.

Wr =
∑

∆Wr (6.7)

Energy is fully accounted for in the system through the static processes outlined in 6.3 as

long as the static equilibrium conditions outlined in 2.12 are met. If these stability conditions

are not met, then excess energy, Ee, is released from the system. The magnitude of excess

energy may be found from the difference in boundary work and energy stored or consumed

within the system, as shown in 6.8.

Ee = Wb − (Us + Ur +Wr) (6.8)

In the example of the idealized uniaxial compressive strength test, the unbalanced force

acting at point O applies work onto the point which is equal to the excess energy caused

by the presence of unstable loading condition. In rockbursts and coal bumps, kinetic energy

is eventually damped out through dissipated seismic vibrations, collisions of broken rock if

ejections were present, friction and heat losses, and additional work performed by supports,

to name the primary contributors. An analogous damping mechanism may be applied in

numerical models to dissipate excess kinetic energy, such as the local force damping employed

in the static solution mode of FLAC3D.

An additional energy term may be developed from the static assumptions where total

excess energy is equivalent to the sum of current kinetic energy, Ek, and total dissipated

kinetic energy, Wk. Current kinetic energy may then be calculated for any system from the

displaced rock’s mass and current velocity as shown in 6.10.
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Ee = Ek +Wk (6.9)

Ek =
1

2
·m · v2 (6.10)

The excess energy released as a result of dynamic instabilities may be calculated in numer-

ical models through a static energy balance such as that outlined in 6.8 or directly through

the kinetic energy and damping work, as shown in 6.9. Either method would be equally

valid for use in dynamic numerical models and would result in separate determinations of

excess energy released through physical instability. This excess energy may then be used as a

quantitative method of studying simulated unstable failures in explicit models. However, for

quasi-static models the formula in 6.8 is a complete determination of excess energy released

as a consequence of unstable equilibria such as those experienced during unstable failure.

6.1 Extension of Energy Balance to FDM

The investigations made in previous chapters have shown that FLAC3D is capable of

simulating the stress-strain behavior of a rockmass system failing under unstable loading

conditions. It has also been shown that records of rapid dynamic motion are strong qualita-

tive identifiers of instability conditions in the system. This current research hopes to extend

these findings to explore the energy tracking capabilities of the program and to determine its

usefulness in studying simulated unstable failures. The energy balance concepts for stable

equilibrium which are shown in 6.3 may be adopted with little additional effort into FLAC3D

v4.00.

Elastic strain and plastic work which are defined in a generalized sense in 6.4, 6.5, and 6.6

may be performed using existing FLAC3D calculations for stresses and strains. A method

was adopted into FLAC3D v5.00 to compute these terms at each timestep [58]. This energy

calculation procedure is described more fully in [58], but a comprehensive overview is included

below.
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The energy balance procedure implemented in FLAC3D first calculates the elastic energy

for the tetrahedral subunits which make up the zones of the model. 6.11 shows the calculation

for the current elastic energy, U , of a tetrahedron with volume, V . The elastic energy is

calculated for shear and volumetric components from the deviatoric, σdij, and mean stress

values, σ̄. The shear and bulk moduli, marked G and K accordingly, are taken from the

elastic material properties applied directly to the zone. Note that this equation is identical

to the form previously derived for U as was shown in 6.5.

U =
V

2

(
σdijσ

d
ij

2G
+
σ̄σ̄

K

)
(6.11)

The plastic work is calculated at each timestep by tracking changes in shear and volumet-

ric strain energy terms and comparing these values to the total work performed over a step.

These changes to strain energy are calculated through Hooke’s law applied to a continuum.

The volumetric energy change in a single timestep, ∆Wv, is found for each tetrahedral sub-

unit using 6.12 where σ̄′ is the mean stress from the previous timestep and ε̄ is the current

mean strain.

∆Wv =
3V

2
(σ̄ + σ̄′) ε̄ (6.12)

The total shear energy change per timestep, ∆Ws, is then found from the deviatoric

stresses and strains.

∆Ws =
V

2

[(
σ11 + σ

′

11

)
ε11 +

(
σ22 + σ

′

22

)
ε22 +

(
σ33 + σ

′

33

)
ε33

+ 2
(
σ12 + σ

′

12

)
ε12 + 2

(
σ13 + σ

′

13

)
ε13 + 2

(
σ23 + σ

′

23

)
ε23

]
(6.13)

The total plastic work performed per step may then be calculated from the difference of

the total energy change (as calculated by total deformations) and the elastic energy change

due to changes in stress and strain. This is demonstrated in 6.14 below.

∆Wr = (∆Ws + ∆Wv)−∆U (6.14)
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The plastic work performed through plastic deformation, Wr, is found through a cumula-

tive summation of the change in plastic work calculated for n timesteps. This straightforward

relation is shown in 6.15.

Wr =
∑
i=1,n

(∆Wr)i (6.15)

The boundary work term may be calculated from the forces which develop at any dis-

placement boundary. The change in boundary work at a gridpoint, ∆Wb, is found from the

increase in boundary work performed over a time step, as shown in 6.16. Note that Fi is

the unbalanced force in direction i while F ′
i refers to the unbalanced force of the previous

timestep. The variable di then corresponds to the displacement of the gridpoint where d′i

refers to the displacement recorded from the previous timestep.

∆Wb =
∑
i=1,2,3

(
Fi + F ′

i

2

)
(di − d′i) (6.16)

The total boundary work for the system may then be found through the cumulative

summation of incremental boundary work across n timesteps as shown in 6.17.

Wb =
∑
i=1,n

(∆Wb)i (6.17)

These terms may then be combined in the form of the static energy balance shown in 6.18.

The total excess energy which is released is calculated as the difference between the boundary

work applied to the system and the stored elastic strain energy plus the accumulated plastic

work.

Ee = Wb − (U +Wr) (6.18)

6.2 UCS Test with Energy Balance

A series of uniaxial compressive strength tests were performed on a FLAC3D coal speci-

men using variable elastic moduli for platens which were placed on either end of the specimen.

These tests mimicked those previously conducted in Chapter 4 to determine a specimen’s

stress-strain behavior under unstable loading. A controlled loading rate of 1e-7 m/s was
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applied to boundaries at the top and bottom of the platen-specimen-platen system. A

Mohr-Coulomb strain-softening constitutive model was used to represent brittle material

behavior of the specimen. A Mohr-Coulomb specimen was also prepared to demonstrate the

purely plastic response of the model to different platen stiffnesses. The stress-strain behavior

of the brittle and plastic material models are shown in Figure 6.3.

Figure 6.3: Uniaxial compressive stress vs. strain for Mohr-Coulomb (plastic) and Mohr-
Coulomb strain-softening (brittle) material responses.

Input values were taken from the calibration efforts performed in Section 4.3.1 for the

Mohr-Coulomb and Mohr-Coulomb specimen models. Strain measurements were taken for

the system and the specimen was loaded through failure until its strength was reduced to a

negligible value. Stress was recorded within the system through a record of reaction forces

at the applied velocity boundaries.

A local damping scheme was applied to all gridpoints with a damping factor of 0.8. Mass

scaling was applied while the simulations were run in “static” mode. Elastic and plastic

energy terms were calculated every timestep. Excess energy was calculated from the time

histories of the terms from the static equilibrium energy balance applied to finite difference

models shown in 6.18.

107



Simulated uniaxial compressive strength tests were performed using elastic platens with

Young’s moduli ranging from 2 to 100 GPa. Due to their relative stiffness to the post-peak

behavior of the specimen, the softer 2 GPa platens will elicit an unstable response while

the more stiff platens (e.g., greater than 16 GPa) will fail the specimen stably. The results

of these stable and unstable failures of the brittle MCSS specimen were compared against

equivalent tests performed using a Mohr-Coulomb plasticity model for the specimen material

behavior.

6.2.1 UCS Test Energy Balance Results

The final values of excess energy measured using static equilibrium energy balance are

shown in Table 6.1 for the uniaxial compressive strength tests. The brittle Mohr-Coulomb

strain-softening model resulted in a release of total dynamic energy ranging from 376 to 8,173

J, with larger excess energies for Young’s modulus platens less than 16 GPa. The results for

the specimen with a Mohr-Coulomb constitutive model is shown for the two test cases with

platen Young’s moduli of 2 and 100 GPa. The excess energies from these tests were smaller

than those observed from the Mohr-Coulomb strain-softening model, and the softer platen

resulted in a reduction of excess energy which was released.

The total energy histories taken during the duration of the tests are shown in Figure 6.4

through Figure 6.9, where the terms from the excess energy balance are further broken into

the elastic strain energy of the spring/platen (Us), elastic strain energy of the coal specimen

(Ur), work performed in the plastic rock deformation of the coal specimen (Wr), and the

boundary work applied to the system (Wb).

The series of uniaxial compressive strength tests revealed that the potentially unstable

system of a brittle specimen and two elastic platens released increasing magnitudes of excess

energy with increasing levels of physical instability in the system. Excess energy was calcu-

lated through the static energy balance developed in 6.8. Table 6.1 demonstrates a trend in

the values of excess energy which matches previous trends established from the tests which

focused on the dynamic instability identifiers of Chapter 5. The total excess energy which
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Figure 6.4: Specimen stress vs. strain for UCS test with 2 GPa platens, overlayed with the
energy terms used to calculate excess energy.

Figure 6.5: Specimen stress vs. strain for UCS test with 4 GPa platens, overlayed with the
energy terms used to calculate excess energy.
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Figure 6.6: Specimen stress vs. strain for UCS test with 6 GPa platens, overlayed with the
energy terms used to calculate excess energy.

Figure 6.7: Specimen stress vs. strain for UCS test with 100 GPa platens, overlayed with
the energy terms used to calculate excess energy.
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Table 6.1: Total excess energy (Ee) released during UCS tests on Mohr-Coulomb strain-
softening (MCSS) and Mohr-Coulomb (MC) coal specimens.

Platen Young’s Modulus (GPa) Ee of MCSS (J) Ee of MC (J)

2 8,173 121
4 2,619 -
6 981 -
8 805 -
10 620 -
12 537 -
14 488 -
16 455 -
18 434 -
20 417 -
40 376 -
60 390 -
80 408 -
100 444 222

was released during the tests increased dramatically for platen Young’s moduli less than 16

GPa.

The calculation procedure for determining excess energy was partially validated through

tests conducted on a Mohr-Coulomb plastically failing specimen which was caused to fail

under sets of 2 and 100 GPa Young’s modulus platens. The energy histories of the plastic

specimen, shown in Figure 6.8 and Figure 6.9, indicated only nominal values of excess energy

released over the course of the tests. The total energy within these definitively stable systems

was thereby shown to be accounted for through static processes.

A static calculation mode was assumed within FLAC3D for the tests. However, any

system which required updates to the gridpoint position also required small velocities to be

applied onto the gridpoints in order to bring them to their new equilibrium positions. This

behavior was observed in the results of the energy balance when applying the static energy

balance to stable failures. In cases of high platen stiffnesses or perfectly plastic specimens,

a non-zero magnitude of excess energy was calculated which could be attributed to the

modest dynamic energy required to update gridpoint positions through the simulation. A
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Figure 6.8: Specimen stress vs. strain for UCS test on Mohr-Coulomb specimen with 2 GPa
platens, overlayed with the energy terms used to calculate excess energy.

Figure 6.9: Specimen stress vs. strain for UCS test on Mohr-Coulomb specimen with 100
GPa platens, overlayed with the energy terms used to calculate excess energy.
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baseline magnitude was established to determine the expected excess energy released during

the laboratory style uniaxial compressive strength tests. Any deviations in excess to these

baseline measures may therefore be attributed to additional dynamic energy released due to

dynamic applications of load or due to the presence of unstable failure conditions.

6.3 Discussion on Energy Balance in Explicit Models of Unstable Failure

The energy balance which was developed at the beginning of this chapter was found to be

a straightforward method for determining the excess energy released as kinetic energy due

to the presence of unstable failure conditions. The calculations assume that a static energy

balance can track the energy stored and consumed during brittle rock failure. Any energy

which can not be accounted for through static processes is thereby summed to calculate the

energy in excess to that which is required to satisfy static equilibrium. The imbalance in

the static equation comes from the difference in total energy supplied to the system and the

energy stored elastically or consumed through plastic work during zone failure.

Gravitational potential energy may also be considered for simulations of larger rock-

masses in which gravity plays a significant role. The gravitational potential energy should

be calculated from the volumetric mass of the rock distributed evenly through the gridpoints

rather than from the numerically derived nodal masses which are assumed in the static so-

lution mode of FLAC3D. A more thorough discussion of how to adapt the static energy

balance to realistic mine models follows in Chapters 8 and 9.

The calculation of elastic and plastic work terms assumes that the change in energy over a

single timestep is small or that it follows a linear relationship over that timestep. Error may

be introduced in the calculation of elastic strain energy changes and plastic work performed

during periods of rapidly changing stresses and strains such as those experienced during

instability. These assumptions are similar to those made in the second order finite difference

scheme employed in FLAC3D however further reduce the calculations of energy to a first

order equation. Errors may also be introduced in the calculation of plastic work through

limitations of the plastic flow rule and and failure criterion to adequately describe the flow
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of rock during periods of unstable failure, as has been discussed in previous chapters.

Each term of the static energy balance holds physical relevance within a rock mechanics

context, in contrast to the instability identifiers which have been developed as a qualitative

assessment of unstable failure. Determinations of excess energy represent the maximum

magnitude of energy which may be released in the form of kinetic energy as a result of

physical instability. Research on unstable failure has previously made some attempts to

uncover the total kinetic energy released due to rockbursts or coal bumps, however these

energy magnitudes are poorly understood even within the domain of idealized laboratory

studies. The FLAC3D results were therefore not extended to direct energy measurements

due to the lack of correlational data. The application of the energy balance was further

restricted by a lack of experimental data for the plastic work performed by rock during

unstable failure in a laboratory style uniaxial compressive strength test. However, historical

records of large unstable mine failures have been shown to provide a few additional details

on the kinetic energy released during unstable failures through the seismic records of these

failures. A transition may therefore be made from the energy balance of rock failures in

laboratory experiments to full-scale mining layouts and simulations of large excavations.
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CHAPTER 7

COAL PILLAR MODELS

For most applications of numerical models in pillar design it is sufficient to capture

a realistic pillar response using either elastic or plastic strength characteristics. However

in some scenarios the post-peak response of a pillar plays an integral role in the design

of a layout; notable examples of post-peak pillar design include retreat mining and the

use of yield pillars. Studies which focus on rockbursts and coal bumps demand that even

greater attention be given to the post-peak behavior of supportive rock structures in order

to determine the magnitude and extent of dynamic energy released during unstable failures.

This chapter describes a series of pillar studies which were conducted in the finite differ-

ence method to develop models of coal pillars with realistic strength and post-peak failure

responses. These pillars were caused in subsequent tests to fail under loading conditions

which ranged from soft to stiff through an application of both strain energy and gravita-

tional potential energy from the host rock. Note that the results and methods of these tests

may be extended to common hard rock mine models, however the following models have

been calibrated to the unique strength characteristics observed in coal.

7.1 Coal Pillar Strength Characteristics

Confinement and size effects drastically affect the ultimate strength and post-peak failure

characteristics of in situ coal pillars. Research studies which have been conducted on full-

sized coal pillars demonstrate a dramatically increased peak strength and hardening post-

peak strength behavior with increasing width-to-height ratios. The coal at the edge of the

pillar is shown to confine a much stronger central core which is more difficult to fail with

increasing loads. Statistical analyses have been conducted on large databases of successful

and unsuccessful pillar designs in attempts to derive appropriate strength criteria for pillar

design across a range of mining conditions. These historical references were used in the
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current finite difference calibration to develop appropriate strengths and strain-softening

characteristics for smaller pillars ranging from width-to-height ratio 1:2 to 5:1.

Several different approximations of coal pillar strength have been developed from failed

pillar case history. The Bieniawski strength formula [10] has gained widespread usage in the

United States. An extension to this formula was made by Mark to include a second pillar

dimension (i.e., length) for rectangular pillar geometries [73]. The original formula developed

by Bieniawski is shown in 7.1 with the extension to a second width dimension shown as 7.2.

The pillar strength, Sp, is derived from the cubic strength of coal, S1, and the pillar’s width,

height, and length in the case of the Mark-Bieniawski formula. The cubic strength of coal

for use in the these formulas was found through backanalyses to be approximately 6.2 MPa

for coals typically found in the Eastern United States [76].

Sp = S1

(
0.64 + 0.36 · w

h

)
(Bieniawski Strength) (7.1)

Sp = S1

{
0.64 +

[
0.54− 0.18

(
w2

hL

)]}
(Mark −Bieniawski Strength) (7.2)

A similar statistical method was developed by Salamon and Munro [106] for use in South

African collieries. Case histories of coal pillar failures indicated that the equation shown in

7.3 made a reasonable prediction of coal pillar strength when the constants for a and b were

set to 0.46 and 0.66, respectively. The resulting Salamon-Munro strength formula has been

applied with widespread success to deep South African coal mines [51].

Sp = S1h
awb (7.3)

The Mark-Bieniawski and Salamon-Munro pillar strength formulas were selected to es-

tablish a range of allowable values for the ultimate pillar strengths within the finite difference

model. These two strength criteria were adopted due to their widespread application in safe

mine designs through independent methodologies for determining strength. The range in

strengths between the two criteria thereby produced a workable range of strengths for the

calibration of the numerical models.
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No similarly clear-cut methodology exists for determining the post-peak modulus of coal

pillars during failure. Tests conducted by Wagner and Van Herdeen have shown that pillars

with width to height ratios up to 4:1 exhibit some form of softening behavior [118, 120].

With the increase of confinement, the pillar becomes less likely to reach a peak strength. At

these and greater widths it is assumed that the pillar continues to harden with increasing

loading. It is difficult to determine at what width a pillar will assume a hardening post-

peak behavior. Backanalyses of massive collapses and cascading pillar failures indicate that

pillars with a ratio of width-to-height greater than 3:1 tend to reduce the threat of massive

collapse [73]. Pillars with a width to height ratio of 4 and greater are therefore thought

to have a rapid increase in ultimate strength with increasing width as compared to their

slightly smaller sized counterparts, and may be assumed to have an effectively plastic or

hardening post-peak behavior. Additional evidence for a positive post-peak modulus comes

from the pillar strength databases themselves, in which all of the pillar “failures” which have

occurred for width-to-height ratio pillars greater than 3:1 have resulted from a gradual failure

of the pillar or foundation leading to squeezing ground rather than in a collapse of the pillar

itself. This fact is demonstrated from the chart shown in Figure 7.1 of pillar case histories

used in the ARMPS (Analysis of Retreat Mining Pillar Stability) database of successful and

unsuccessful pillar cases.

Numerical models which have been conducted using finite difference, finite element, and

boundary element methods all lend substantial evidence to the idea that a pillar with a

certain width and confining rock will become increasingly strong due to a confined core

of strain-hardening frictional material. However, if unstable loading conditions are applied

onto a wide pillar, excess energy may result in the localized unstable failure of the pillar

rib. Many examples exist of unstable failures acting only at pillar ribs or sidewalls without

extending deeper into the coal mass. Such behavior was observed in wide coal pillars during

the recent Crandall Canyon failure in which pillars of width-to-height ratios greater than

8:1 were shown to violently eject material from their ribs into the entries, effectively filling
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Figure 7.1: ARMPS database of pillar collapses and squeezes [73]. Note that no pillar
collapses were found to occur at widths greater than 3:1.

the voids throughout the collapsed area of the mine [116]. A long mining history of violent

ejections of coal from portions of pillars and sidewalls dictate that an analysis of unstable

failure must also include these localized forms of instability in order to properly account for

the safety of mining personnel.

The exact failure mode and extent of failure is difficult to assess from past case histories,

primarily due to the speed of the coal bumps and amount of damage which is incurred by

the ejected material. The micromechanical behavior of pillar failures are also not known for

unstable failure conditions. For these reasons the discrete element method was not chosen as

a primary tool for analysis of the unstable failure mechanism. The finite difference method

with an assumed shear mode of failure was instead adopted for studying the onset and

duration of instability within coal structures of varying geometries.
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7.2 FLAC3D Calibration Procedure

A calibrated Mohr-Coulomb strain-softening (MCSS) constitutive model with a non-

associated flow rule, which has been discussed in detail as an approximate model for sim-

ulating brittle rock in a continuum, has been shown by previous researchers to simulate

realistic strength and deformation characteristics of coal pillars [2, 91]. The process of mod-

eling appropriate pillar behavior was adopted from these previous studies and extended to

a parametric analysis of the cohesion, friction, and dilatancy input parameters used to cali-

brate the MCSS model. The validity of the resulting pillar models were then assessed against

established pillar strength formulas for width-to-height ratios ranging from 1:2 to 5:1.

Two- and three-dimensional models were developed within FLAC3D to record the stress-

strain response of an in situ coal pillar as it was loaded through failure by a stiff loading

system. The two-dimensional models assumed a plane strain condition to represent an

infinite length pillar of set width. Zone sizes were restricted to 0.1 m cubes for the pillar

and immediate roof and floor. Reduced zone resolution was then applied to the remainder

of the model. A coal seam height of 2.4 m was assumed for all tests. Figure 7.2 shows the

zone meshing used for a single pillar model. Loading was applied onto the system through

displacement boundaries at the top and bottom of the model. Roller boundary conditions

were applied to the sides of the model to make it a half symmetry plane strain model of a

single pillar. The form of displacement loading which was applied to the stiff roof and floor

reduced the potential of an unstable equilibrium developing as a result of potential energy

being released from the loading system..

The three-dimensional pillar calibration model which was developed represented a 1/4

symmetry system with roller boundary conditions along four sides of the model to represent

an infinite room of pillars. Displacements were again applied simultaneously at the top and

bottom of the system to slowly apply load onto the pillar. The model boundaries were

extended within the three-dimensional model to include the far-field roof and floor so as to

reduce the effects of the boundary on the resulting pillar load-deformation characteristics.
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Figure 7.2: FLAC3D 2D pillar calibration model.

A zone size of 0.1 m3 was again adopted for the pillar zones. The three-dimensional quarter

symmetry model is shown in Figure 7.3.

A Young’s modulus of 2.7 GPa and a Poisson ratio of 0.12 were applied to the elastic

properties of the pillar in order to represent coal from the Hiawatha coal seam in Utah

in which the Crandall Canyon mine disaster occurred. A Mohr-Coulomb strain-softening

constitutive model was applied to the coal pillar in order to capture the reduction in strength

inherent in brittle rocks. A calibration approach was taken which followed the method

outlined by Badr [2] in which the peak and residual cohesion values are variable, along with

the cohesion drop rate to determine the rate of cohesion decrease as a function of plastic

strain. By steepening the cohesion drop rate it is thereby possible to increase the brittleness

of the modeled rock. This concept is demonstrated in Figure 7.4.
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Figure 7.3: FLAC3D quarter-symmetry pillar calibration model.

Nine sets of tables were established for the cohesion, friction, and dilatancy inputs of the

MCSS model. Coal pillars ranging from width-to-height ratios of 1:2 to 5:1 were then failed

through the displacement boundary condition previously described. Cohesion was varied

between 1.65 MPa and 0.1 MPa with cohesion drop rates of -6 MPa/εp to -400 MPa/εp.

The friction angle was assumed to increase with the introduction of plastic deformation,

as is seen in laboratory testing and took on values ranging from 23 to 35 degrees. The

dilation angle played less of a role in the calibrations however values were taken from 0 to 30

degrees. The resulting pillar strengths were compared between tests in order to determine

the closest fit to empirical pillar strength formulas. Figure 7.6 shows the results of these

tests for the two dimensional model and compares the modeled pillar strengths to the desired
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Figure 7.4: Cohesion drop rate as a method to control brittleness in the MCSS constitutive
model [2, 41].

Mark-Bieniawski strength values.

The simulated pillar strengths which most closely matched the Mark-Bieniawski strength

formula were adapted for use in a calibrated set of MCSS input parameters. The calibrated

pillar strengths are further detailed in Figure 7.7 which showed good agreement with the

Mark-Bieniawski formula. Figure 7.5 shows the record of the stress-strain characteristics of

the two-dimensional pillars. The corresponding MCSS inputs for these models are plotted

in Figure 7.8 to Figure 7.10.

The calibrated input parameters which were derived in two dimensions were extended to

the three-dimensional pillar models. A Young’s modulus of 21.4 GPa was applied to the roof

and floor. An entry width of 6 m was assumed within the models. The resulting stress-strain

results of the three-dimensional pillars are shown in Figure 7.11.

A weakening behavior was observed for pillars of width-to-height ratios 3:1 or less. The 4:1

pillar was seen to exhibit relatively plastic deformation while the widest 5:1 pillar continued

to increase in strength with increasing strains. A practical limit was established at 1.5%

strain at which point the 5:1 pillar had reached a stress of 15.3 MPa. If the tests were

continued then the 5:1 pillar would continue to strengthen with increasing strains.
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Figure 7.5: Stress-strain results of calibrated 2D pillar model.
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Figure 7.6: Ultimate strengths of 2D pillar model from calibration tables in FLAC3D.

Figure 7.7: Pillar strengths of calibrated FLAC3D model compared to Mark-Bieniawski
strength formula.
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Figure 7.8: Cohesion input values for MCSS pillar models.

Figure 7.9: Friction angle input values for MCSS pillar models.
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Figure 7.10: Dilation angle input values for MCSS pillar models.

Figure 7.11: Stress-strain results of calibrated 3D pillar model.
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The ultimate strength values were again compared against the Mark-Bieniawski strength

formula, but in this instance a finite length dimension was applied. The Salamon-Munro

strength formula, which is only applied to square pillars, could also be used to assess the

pillar strengths in the three dimensional case. The pillar strengths recorded from these

tests are shown in Figure 7.12 with the two selected pillar strength formulas included as

references. The modeled pillar strengths fell close to the range established by the pillar

strength formulas, however was found to lie slightly lower than the Salamon-Munro value

for the 2:1 pillar and would greatly exceed the expected strength of the 5:1 pillar had the

test not been stopped at the arbitrarily derived 1.5% strain limit.

Figure 7.12: Calibrated strength values of pillars from 1:2 to 5:1 width-to-height as compared
to empirical formulae.

The post-peak pillar responses of the three-dimensional model were also shown to be in

good agreement with the in situ pillar tests conducted by Wagner and Van Herdeen. The

values which Wagner obtained for the post-failure modulus of South African coal pillars are

shown in Figure 7.13. The ranges, when marked, indicate the average and the maximum

slope of the post-failure stress-strain response which were recorded at each width-to-height
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ratio. The maximum values of the pillar post-failure modulus in the FLAC3D pillar models

are projected onto this plot for the three width-to-height ratios within the scope of the

Wagner study. Only the maximum slopes are presented because the residual strength of the

continuum model prevented the calculation of average post-failure modulus from holding

physical significance. The complete tabulated FLAC3D post-failure modulus results are

listed in Table 7.1 and were within expected ranges.

Figure 7.13: Wagner post-failure modulus from [120] with overlayed FLAC3D results at 0.5,
1, and 2. The range of post-failure moduli from Wagner represents the maximum and the
average post-failure modulus while the FLAC3D results show the maximum modulus only.

Table 7.1: Steepest post-failure modulus (Epp) of calibrated FLAC3D pillar trials.

W:H Min. Epp (GPa)

1:2 -3.14
1:1 -1.51
2:1 -0.67
3:1 -0.99
4:1 -0.45
5:1 +0.62 (avg.)
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The calibrated FLAC3D pillar model was seen to match desired ultimate strength values

as determined from the Mark-Bieniawski and Salamon-Munro pillar strength formulas. The

post-failure modulus fell within the ranges established by the Wagner in situ pillar tests

for width-to-height ratio pillars 2:1 or smaller. A rapid increase in post-failure modulus

was also observed in the FLAC3D models for pillar sizes 4:1 and larger, as is supported by

pillar collapse case history. From these results it was concluded that the pillar model was

appropriately calibrated for continued testing under potentially unstable failure conditions.
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CHAPTER 8

2D MODEL OF LOCAL LOADING STIFFNESS

A series of two-dimensional tests were conducted in FLAC3D to simulate a coal seam

being loaded by an elastic rockmass. An excavation was made in the model to form a single

pillar with a width-to-height ratio of between 1:1 and 5:1. Soft roof and floor conditions

initiated unstable failure of the pillar when more elastic strain energy was released from the

rockmass than could be statically stored or consumed. The instability identifiers developed

in Chapter 5 were recorded during the tests to provide a method of identifying the occurrence

of physical instabilities in the model. The static energy balance from Chapter 6 was used

to quantify the magnitude of the simulated coal bumps. The identifiers and energy balance

were used to analyze the expression of unstable failures and their applicability for studying

physical instability was explored in the single pillar mine model.

8.1 Test Procedure

A mine-scale model was constructed to represent a single pillar being loaded past failure

by an elastic rockmass. A velocity boundary condition was applied onto the top and bottom

of the model in order to compress the rockmass and increase the stresses transmitted onto

the pillar. The elastic properties of the rockmass were adjusted between tests to vary the

loading stiffness which was applied onto the pillar. Soft rockmass properties were used to

induce unstable failure within the brittle pillar.

The height of the pillar remained constant at 2.4 m between tests, however the width

took on values ranging from 1.2 m to 6.0 m. A symmetry boundary condition was applied at

the representative centerline of the pillar in order to then simulate mirrored width-to-height

ratios ranging from 1:1 and 5:1. A 3 m entry was developed within the rockmass next to the

pillar. An elastic sidewall was modeled outward for 80 m and was given elastic properties

identical to those of the pillar. The roof and floor were given a height of 80 m. The resulting
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model is shown as Figure 8.1. Note that gravitational forces were excluded for this analysis

and did not play a role in the failure of the pillar.

A roller boundary condition was applied to the left and right sides of the mine model with

displacement boundaries loading it from top and bottom. With the plane strain condition

and the imposed symmetry condition, the system shown in Figure 8.1 was representative of

an infinitely long barrier pillar with a 6 m entry on either side. The calibrated Mohr-Coulomb

strain-softening model developed in Chapter 7 was applied to represent a characteristic coal

pillar. The pillar was constructed of 0.1 m cubic zones in the model.

The velocity which was applied at the boundaries remained constant through each test

but varied depending on the Young’s modulus of the rockmass. Softer systems were loaded

faster to reduce the overall run time of the tests. Stiff rockmasses were loaded slower to

reduce the resulting unbalanced forces which were induced at the boundaries. Table 8.1

shows the complete listing of velocities applied for a given Young’s modulus of the rockmass.

Table 8.1: Loading velocities applied to top and bottom of system for varying rockmass
Young’s moduli.

Rockmass E (GPa) Boundary Velocity (m/step)

0.5 40e-8
1 20e-8
2 10e-8
5 10e-8
20 7.5e-8
40 4e-8

The initial loading of the model caused large unbalanced forces to be measured at the

model boundaries. In turn, these unbalanced forces were factored into the calculation of

boundary work in the static energy balance (see 6.2). Energy terms were therefore not

recorded during the initial loading stages of the model, or until a vertical pillar strain of

0.002 had been reached.

Maximum velocities and accelerations were stored for the gridpoints and maximum shear

strain rates were stored for the zones. The energy balance was calculated for the entire model
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Figure 8.1: Two-dimensional pillar model with inset showing detail of pillar and entry.
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at each history step and the unbalanced energy was recorded as excess energy. The bound-

aries were displaced inwards until an average vertical pillar strain of 0.0175 was reached. At

this point the test was stopped and the calculation routine was cycled until the system came

to equilibrium.

8.2 Results of 2D Pillar Behavior

The smaller width-to-height ratio pillars of 1:1 and 2:1 were seen to behave similarly to

slender rock specimens in UCS tests. Wider pillars introduced significant complexities as a

result of multi-stage failure modes. These complexities and the steps taken to analyze the

pillar behavior are discussed later in this chapter when width-to-height ratio 3:1 pillars are

introduced.

The 1:1 width-to-height ratio pillar was seen to fail in an unstable manner for the rock-

mass Young’s moduli of 5 GPa and smaller. This determination of instability could be made

directly from the pillar’s stress-strain behavior, shown in Figure 8.2. The pillar deviated

from calibrated stress-strain behavior in cases of unstable failure and assumed a reduced

post-peak modulus.

The calibrated pillar strength of Figure 8.2 was reduced to 5.79 MPa and 5.28 MPa in

the 1 and 0.5 GPa tests, respectively. An investigation of this strength reduction revealed

that the pillar failure was more localized at the pillar rib for the softer rockmass conditions.

A more complete discussion is given for the wider 3:1 and larger pillars in which this effect

was more pronounced.

The maximum velocities, accelerations, and shear strain rates are shown in Figure 8.3.

The horizontal axis of the plots has been set to the average vertical pillar strain at which each

maximum identifier value was recorded in the simulations. These strains may be compared

against the stress and strain histories to identify periods of instability in the simulations.

The maximum velocity and shear strain rate were recorded when the pillar reached

its residual strength and again became stable. The maximum acceleration was recorded

while the unstable failures were occurring, at the approximate point when the difference in
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Figure 8.2: W:H=1, Pillar stress-strain response.

Figure 8.3: W:H=1, Maximum velocities, accelerations, and shear strain rates.
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unbalanced force between rockmass and pillar reached its highest value. The results from the

1:1 pillar show a clear demonstration of the trends which were expected from the identifiers

of instability.

The magnitudes of the identifiers were compared between tests to assess relative degrees

of instability in the models. The magnitudes of velocity, acceleration, and shear strain rate

were elevated for the lower stiffness rockmass cases of Young’s moduli 5 GPa and less. The

results showed a maximum shear strain rate of 1.83e-4 for the 0.5 GPa test and 4.58e-6 for

the stable 40 GPa case. The 5 GPa rockmass, which caused only minor instability in the

pillar, led to a maximum shear strain rate of 3.52e-5. In the 1:1 pillar the selected identifiers

confirmed the presence of unstable failure in the models. The complete listing of maximum

identifier magnitudes are shown in Figure 8.4.

Figure 8.4: W:H=1, Maximum velocities, accelerations, and shear strain rates.
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Greater interest was applied to the energy balance than the instability identifiers in the

pillar model due to the continuum model’s adherence to accurate static calculations of energy.

The complete histories of excess energy are shown in Figure 8.5 for the 1:1 pillar tests.

A large excess energy was recorded during the initial application of strain at the bound-

aries of the model. The increase in excess energy was a result of gridpoint velocities increasing

throughout the model until a constant, uniform strain rate was achieved at all points. Great

effort was made to reduce the applied strain rate and to subsequently reduce these extra-

neous contributions to excess energy. Ultimately, a set of extremely slow loading velocities

(see Table 8.1) was applied onto the top and bottom of the model and the excess energy

was zeroed once a pillar strain of 0.002 was reached. The accounting of energy was then

continued from that point.

Figure 8.5: W:H=1, Pre-filtered histories of excess energy.

Figure 8.5 shows the complete histories of excess energy to demonstrate to the reader

that a significant amount of excess energy is introduced into the energy balance during the

initialization of the model. Figure 8.6 shows the filtered histories of excess energy as a clearer
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demonstration of how excess energy may be used to calculate the magnitudes of unstable

failures.

Figure 8.6: W:H=1, Cumulative excess energy.

The results of the tests showed some increases in excess energy at the beginning of the

measurements due to initial loading effects. A more sizable increase of excess energy was

seen for the 20 GPa test. Note that this energy may be reduced by reducing the strain

rate applied to the models, however the simulations remained quasi-static during loading as

measured by an unbalanced force mechanical ratio of 1e-5.

The excess energy reached the maximum magnitudes shown in Figure 8.7 during the

tests. The excess energy of the 20 GPa test was elevated due to loading rate effects, however

all other tests showed an increase in excess energy with a reduction in Young’s modulus

of the rockmass. The larger excess energies for smaller Young’s moduli were caused as a

consequence of more strain energy being released from the softer rockmasses than from the

stiffer rockmasses during elastic rebound. The energy results from these tests matched the

laboratory scale model, however the size of the mine model introduced significant noise into
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the calculation of excess energy.

Figure 8.7: W:H=1, Maximum excess energy.

The results of the 2:1 pillar tests are shown in terms of the pillar’s vertical stress and

strain. Similar trends were observed as in the 1:1 tests. The strength of the pillar was reduced

for rockmass Young’s moduli of 5 GPa and less. This strength decrease was significant and

was again a result of the localization of failure at the pillar rib. The post-peak modulus of

the pillar in these cases assumed a reduced slope from the rebounding elastic rockmass.

Figure 8.8: W:H=2, Pillar stress-strain response.
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An unexpected result was obtained for the 40 GPa rockmass. The pillar stress-strain

behavior greatly deviated from the calibrated pillar model and a sudden stress drop was

observed at approximately 0.0065 strain. The sudden stress drop was caused by a favorable

formation of shear planes within the pillar which initiated a kinematically favorable failure.

Less energy was required for the failure and so the rockmass, even with stiff elastic properties,

was capable of providing the energy required to unstably fail the pillar. This 40 GPa rockmass

result for the width-to-height ratio 2:1 pillar was unique in the results of the 2D pillar strain

models by providing an example of unstable failure initiated in stiff ground conditions.

Figure 8.9 and Figure 8.10 display the maximum strains in the pillar following stable failure

caused by the 20 GPa rockmass and the unexpectedly unstable failure caused by the 40 GPa

rockmass.

Figure 8.9: Maximum principal strains in W:H 2 pillar after stable failure in 20 GPa rock.

The maximum identifier values experienced in the 2:1 pillar model are shown in Fig-

ure 8.11. The velocity values followed expected trends with elevated velocities at the end

of instability in the unstable soft rockmass conditions. The unstable 40 GPa results showed

higher velocities as compared to the 20 GPa case. The 20 GPa rockmass provided the only
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Figure 8.10: Maximum principal strains in W:H 2 pillar after unexpected unstable failure in
40 GPa rock.

Figure 8.11: W:H=2, Maximum velocities, accelerations, and shear strain rates.
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example of stable failure. Acceleration magnitudes were seen to be relatively constant be-

tween tests and were located along the pillar’s post-peak response. The 0.5 GPa rockmass

showed its maximum shear strain rate at the onset of failure which is good indication that

the pillar became unstable at the first onset of failure.

The instability identifier magnitudes are listed as a function of the Young’s modulus of

the rockmass in Figure 8.12. The velocity magnitudes were seen to increase for the soft

rockmasses and the stiff yet unstable 40 GPa case. The shear strain rates followed a similar

trend with a more direct response to the rockmass Young’s modulus.

Figure 8.12: W:H=2, Maximum velocities, accelerations, and shear strain rates.

The filtered excess energy balance is shown in Figure 8.13 and the final values are plotted

in Figure 8.14. The excess energy was found to be a reliable measure of the magnitude of

energy released during the simulated unstable failures. Peak excess energy of 8220 J was

recorded in the 0.5 GPa, as compared to 1860 J in the stable 20 GPa case. The 40 GPa
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unstable failure also showed an elevated magnitude of 3720 J.

Figure 8.13: W:H=2, Cumulative excess energy.

Figure 8.14: W:H=2, Maximum excess energy.

The 3:1 pillars showed a dramatic strength reduction with decreasing Young’s modulus

of the rockmass. Figure 8.15 shows the stress-strain behavior of the pillar and the plastic

strengths of the pillars. A reduction of ultimate pillar strength with decreasing elastic

rockmass properties matches rock mechanics theory for brittle rock, however the phenomenon

is rarely discussed in practical mining literature. The reduction in strength was caused by

higher stress concentrations at the pillar rib due to soft roof and floor conditions which led

142



to more localized failures. This trend was observed in the smaller pillars but the effects

of rockmass stiffness on pillar strength became more pronounced with increasing widths of

pillars.

Figure 8.15: W:H=3, Pillar stress-strain response during failure.

Figure 8.16 shows the maximum principal strains which were calculated in the zones at

the conclusion of the 0.5 and 40 GPa tests of a 3:1 pillars. These figures provide a good

comparison of the localization of the pillar failure in the rib for the soft roof and floor. The

figure shows that pillar failure was concentrated more closely to the pillar rib for the soft 0.5

GPa rockmass condition with zones in the rib experiencing larger strains.

The occurrence of unstable failure could not be identified directly through the stress-strain

behavior of the pillar. An unstable failure at the rib of a wide pillar did not significantly

affect the average pillar stress and strain response. The instability identifiers became useful

for tracking the onset of instability in larger pillars where a stress-strain analysis would be

unable to recognize unstable failures. The velocities and shear strain rates showed increased

magnitudes for the 0.5 and 1 GPa rockmasses. These peak values were recorded at the onset
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Figure 8.16: Maximum principal strain of 3:1 pillar in 0.5 GPa rock. Localized failure is
observed at the pillar rib in the soft loading conditions.

Figure 8.17: Maximum principal strain of 3:1 pillar in 40 GPa rock. A distributed failure
extends over 3 m into the pillar in the stiff loading conditions.

144



of failure in the rib of the pillar (see Figure 8.18). The magnitudes of maximum accelerations

showed no relation to unstable failure and a reduction of accelerations was observed for the

more unstable test cases. This trend of reducing accelerations with increasing instability

was contrary to that which was witnessed for the UCS tests and for smaller width-to-height

ratio pillars.

Figure 8.18: W:H=3, Maximum velocities, accelerations, and shear strain rates.

The excess energies shown in Figure 8.20 were released during the 3:1 pillar tests. The

excess energies in the unstable failure cases of 0.5, 1, 2, and 5 GPa were greatly reduced

from corresponding tests on smaller pillars. Two major increases in excess energy were

recorded for the 2 GPa rockmass case. This two-stage increase in energy is thought to be

the consequence of two major unstable failure events.

The peak magnitudes of excess energy are shown in Figure 8.21. The simulation of the

0.5 GPa rockmass showed no significant increase in excess energy from the stable 20 and 40
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Figure 8.19: W:H=3, Maximum velocities, accelerations, and shear strain rates.

Figure 8.20: W:H=3, Cumulative excess energy after 0.002 pillar strain had been reached.
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GPa cases. So, although the instability identifiers showed good indications of rapid motion

in the 0.5 GPa case, the total release of energy was significantly smaller than other unstable

failure cases due to a reduction in the pillar and rockmass areas which were affected by

the instability. The true benefit of the excess energy balance in assessing instability was

highlighted for the 3:1 pillar. Smaller localized unstable failures were readily distinguishable

from larger unstable failures which affected the entire pillar stability through an assessment

of excess energy.

Figure 8.21: W:H=3, Maximum excess energy.

The stress-strain results of the 4:1 pillar cases showed a gradual strength increase with

increasing strains due to a wide, highly confined pillar core. Figure 8.22 compares stress and

strain histories against the calibrated pillar behavior.

Velocities and shear strain rates showed rapid motion of the pillar in the 0.5 GPa rock-

mass. Slightly elevated values were also recorded for the 1 GPa case, with all other tests

resulting in comparable velocities and shear strain rates. The maximum accelerations, like

in the 3:1 pillar case, showed no correlation to the expression of unstable failure in the 4:1

pillar model.

The excess energy balance of the 4:1 pillar in Figure 8.25 showed significant increases

in the energy released from the 2 GPa system as compared to other rockmass stiffnesses.

This increase was due to the combination of an increase in elastic energy released from the

rockmass and a pillar failure mode which allowed large volumes of the pillar to fail in a

sudden and brittle manner.
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Figure 8.22: W:H=4, Pillar stress-strain response.

Figure 8.23: W:H=4, Maximum velocities, accelerations, and shear strain rates.
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Figure 8.24: W:H=4, Maximum velocities, accelerations, and shear strain rates.

Figure 8.25: W:H=4, Cumulative excess energy.
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Figure 8.26: W:H=4, Maximum excess energy.

The results of the widest 5:1 pillar are shown in terms of stress and strain in Figure 8.27.

The strength of the pillar was seen to increase with increasing Young’s modulus of the

rockmass. The pillar followed the approximate response of the calibrated pillar.

Figure 8.27: W:H=5, Pillar stress-strain response.

Instability identifier values of velocity and shear strain rate showed increases for the

0.5 GPa and 1 GPa rockmass cases. These maximum values and the strain at which they

occurred may be used to show that the most rapid deformations of the pillar resulted from

softest rockmass properties.

150



Figure 8.28: W:H=5, Maximum velocities, accelerations, and shear strain rates.

Figure 8.29 shows the maximum magnitudes of the instability identifiers for the 5:1 pillar

tests. The response of the velocity and shear strain rate showed no increase in magnitudes

for the 2 GPa case which was an unstable failure. In this instance the unstable failure of large

portions of the pillar did not result in larger instability identifier magnitudes and unstable

failure could not be identified directly from indicators of dynamic motion.

Excess energy histories showed a dramatic increase in energy released for the 1 and 2 GPa

rockmass case as compared to all other stiffness values which were tested. These failures

were highly unstable, and the amount of energy released from the system was greater than

in the unstable tests of 4:1 pillars. The 0.5 GPa rockmass elicited a slightly increased excess

energy due to the localized unstable failure at the rib.

The combined results of the energy balance calculation are shown in Table 8.2 and Fig-

ure 8.32. The 0.5 GPa rockmass caused unstable failure with elevated excess energies. The
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Figure 8.29: W:H=5, Maximum velocities, accelerations, and shear strain rates.

Figure 8.30: W:H=5, Cumulative excess energy.
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Figure 8.31: W:H=5, Maximum excess energy.

Table 8.2: Peak excess energy of 2D pillar studies.

Rockmass E (GPa)
Peak Excess Energy (J)

W:H 1 W:H 2 W:H 3 W:H 4 W:H 5

0.5 5.76e3 8.22e3 4.69e3 5.99e3 7.18e3
1 4.85e3 7.17e3 2.05e4 1.79e5 4.44e5
2 3.92e3 5.12e3 1.05e5 3.99e5 5.44e5
5 1.26e3 3.30e3 1.20e4 0.00 0.00
20 1.70e3 1.86e3 5.20e2 2.36e2 4.35e0
40 3.96e2 3.72e3 2.83e2 5.09e2 7.70e2

Figure 8.32: Excess energy released as a function of pillar width-to-height.
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range of excess energies for different pillar widths showed a relatively small range of values

for the 0.5 GPa rockmass as compared to other unstable Young’s moduli which were tested.

These results indicate that the unstable failure occurred locally in the pillar rib and did not

extend deeper than the 1.2 m width which was modeled in the 1:1 pillar case. The 1 GPa

rockmass showed an increase in excess energy between the 3:1 and the 4:1 pillar cases. This

same behavior shift was observed between 2:1 and 3:1 pillars for the 2 GPa rockmass. The

5 GPa rockmass was shown to release reduced magnitudes of excess energy for the wider 4:1

and 5:1 pillars. This is thought to be a response to stabilization of the pillar with increasing

widths. The results of the 20 GPa rockmass remained consistent between tests. The 40 GPa

case showed an increase in excess energy for the 2:1 pillar in which an unexpected unstable

failure had occurred.

8.2.1 Conclusions

The two-dimensional FLAC3D pillar models were tested under a range of elastic rockmass

properties to elicit unstable failures for softer roof and floor conditions. The small pillars

of widths 1:1 and 2:1 behaved similarly to a uniaxial compressive strength specimen. The

failure of wider pillars brought added complexity into the simulation by allowing the pillar to

fail in discrete vertical sections beginning at the pillar rib. This more localized view of pillar

failure brought a nuance to the evaluation of unstable failure because unstable failures were

allowed to occur in localized portions of the pillar without affecting total pillar stability.

In the case of the small pillars, the system released more excess energy with decreasing

Young’s modulus of the rockmass. The instability identifiers showed a similar trend and

increased in magnitude with decreasing rockmass stiffness. The larger pillars with widths

of 3:1 and greater showed a more complex failure response than their slender counterparts.

Local unstable failures were observed at the ribs of the wide pillars for soft rockmass condi-

tions. However, the propagation of the unstable failure into the confined core of the pillar

was also dependent on the failure pattern which was initiated at the rib of the pillar. A

striking feature of these tests was that if the material at the pillar rib was failed prior to the
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more confined core, then less excess energy was released due to unstable failure. The softest

rockmass of 0.5 GPa was seen to cause such high stress concentrations in localized areas of

the pillar that the failure could not propagate significantly into the confined pillar core. The

total magnitude of energy released was less than the more stiff 1 and 2 GPa rockmass trials.

Traditional methods of analyzing unstable failure which have been presented in the lit-

erature proved insufficient for addressing localized forms of instability in the larger pillar

models. The instability identifiers developed in Chapter 5 and the excess energy balance

developed in Chapter 6 were, shown to accommodate the additional complexities presented

by wider pillar geometries. A few practical limitations were found for these numerical eval-

uation tools. Firstly, the maximum gridpoint accelerations did not correspond to systems of

high instability for the pillars with widths of 3:1 and higher. Secondly, significant noise was

introduced into the calculation of excess energy due to the application of strains onto the sys-

tem. Modifications were made to the analysis to account for these deficits. The shear strain

rates and velocities became the focus of the instability identifiers, and the energy balance

was calculated after an initial application of strains. With these modifications the instability

identifiers proved well suited for determining the onset of unstable failure and the presence

of localized unstable failures at the pillar ribs. Larger unstable failures which affected the

stability of the entire pillar could be assessed through magnitudes of excess energy released

from the system.
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CHAPTER 9

3D MODEL OF GLOBAL LOADING STIFFNESS

Chapter 8 previously explored the failure of large pillars through a two-dimensional pillar

set in a local mine model. The instability identifiers and energy balance were employed to

track and quantify the unstable failures which occurred in the pillars. In these tests, the

energy which contributed to unstable failure came entirely from an elastically rebounding

rockmass. These models did not include the effects of gravity and the energy to cause

unstable failure came from the elastic strain energy of the rockmass. These two-dimensional

tests were extended into three-dimensional models of pillars under gravitational loads in

studies described within this chapter. Small modifications were made to the existing energy

balance to account for the potential energy contribution made by body forces. Unstable

failure was then analyzed in the context of the gravitational loading model.

The pillar, roof, and floor were modeled with a 1/4 symmetry condition to represent an

infinite room-and-pillar layout with repeating pillar geometries. This scenario represents a

massive collapse of a mine and defines the maximum excess energy which could be released

for a given pillar geometry. If the peak strength is met and the pillar is weakened in any

way, then a constant pressure would be applied onto the pillar regardless of the resulting

strains. If the pillar could not increase its strength to its previous levels, then a complete

crushing of the pillar would follow and the roof and floor would converge.

Width-to-height ratio pillars ranging from 1:1 to 5:1 were tested using calibrated values

for the Mohr-Coulomb strain-softening constitutive model. The strain-softening material was

used to represent a brittle coal pillar with increasing strength with confinement. The residual

strength of the three-dimensional pillar was less dependent upon the formation of individual

shear planes than the two-dimensional model and was therefore more representative of the

true failure mode experienced by coal pillars.
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9.1 Test Procedure

The three-dimensional model of a coal pillar was constructed in FLAC3D using 1/4

symmetry. The pillar height remained constant at 2.4 m between tests and its width was

adjusted from 1.2 m to 12 m. An elastic overburden of height 30 m was modeled along with

an equivalent height of the floor. The rockmass was given a Young’s modulus of 20 GPa

and a Poisson ratio of 0.26 to represent a soft sandstone. A roller boundary condition was

employed to reflect the boundaries of the model to simulate pillars of width-to-height ratios

ranging from 1:1 to 5:1. An entry of 3 m was modeled to simulate 6 m entries in an infinitely

large room-and-pillar layout A slightly reduced entry width of 4.8 m was modeled for the

1:1 pillar case in which a 6 m entry caused failure of the pillar before a stress was applied

to the top of the system. Figure 9.1 displays the total pillar model with a magnified view

of the pillar and shows a plan view of the pillar and entry, along with the roller boundary

conditions used to simulate a full pillar.

The rockmass had a density of 2,250 kg/m3. The bottom of the system was fixed and a

gravitational acceleration of 9.81 m/s2 was given to the gridpoints in the model. An initial

stress state was applied which corresponded to the pressure gradient caused by gravitational

loading. A pressure boundary was applied to the top of the model after the system had come

to static equilibrium. The downward pressure was increased at a rate of 1 kPa per 100 steps

until the vertical pillar strain reached 0.02.

The excess energy balance was calculated for the model. A new energy term shown in

9.1 was introduced to account for gravitational potential energy changes in the rockmass.

The change in potential energy due to downward displacements of mass was calculated for

each zone in the model. Mass was determined from the pre-deformed volume of the zone,

V , multiplied by its density, ρ. The gravitational acceleration, g, was set to -9.81 m/s2 for

these tests. Downward displacements, ∆z, were calculated from the zone centers at each

calculation step.

157



Figure 9.1: 3D global pillar model. Full model and zoomed view of pillar.
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Wg =
∑
i=1,n

ρ · V i · g · 4zi (9.1)

The potential energy contributions were introduced into the updated form of the excess

energy calculation shown in 9.2. Note that U is the total elastic strain energy stored in the

rock while Wr is the total work performed by the work during plastic deformation.

Ee = (Wb +Wg)− (U +Wr) (9.2)

The maximum velocities, accelerations, and shear strain rates were recorded at the grid-

points and zones. Vertical pillar stress was calculated from an average of the vertical stress

in the zones at the top and bottom of the pillar. An average of gridpoint displacements was

at the top and bottom of the pillar was used to calculate vertical pillar strains.

9.2 Results of 3D Pillar Behavior

The 3D pillar model showed expected behaviors for the pillar and rockmass under gravi-

tational loading. Plots of stress vs. strain are shown as Figure 9.2 for width-to-height ratios

ranging from 1:1 to 5:1. The gravitational loading caused the 5:1 pillar to deviate from its

calibrated behavior starting at 0.016 strain in which a large stress drop was observed in the

pillar. Aside from this unexpected reduction in strength, the stress-strain behavior of the

pillars remained in accordance with calibrated responses.

The energy balance was reset beginning at 0.002 strain to avoid excess energy being

calculated from the initial application of stresses onto the model. Large increases in excess

energy were observed in the cases of unstable failure for the small pillars 3:1 and smaller.

These unstable failures represented total pillar collapse under gravitational loading. Absolute

magnitudes of excess energy were seen to increase with increasing widths up to 3:1. The 4:1

pillar was then seen to result in very small releases of energy for the relatively plastic pillar.

A large energy increase was observed in the 5:1 pillar during the unexpected strength drop

of the pillar.
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Figure 9.2: Stress vs. strain behavior of pillars under global loading.

Figure 9.3: Excess energy of systems under global loading.
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A more detailed view of the 1:1 pillar test is shown in Figure 9.4 as an example of total

collapse. In this test the pillar reached a peak strength of 5.4 MPa at which point the

pressure boundary and loading force remained constant as the pillar failed. The free-moving

overburden collapsed the pillar and the system released excess energy which was recorded

during the decidedly unstable failure.

Figure 9.4: 1:1 pillar failing from global loading. Stress and excess energy are plotted against
the pillar strain. The applied global load is also shown.

The 4:1 pillar trial is presented as a contrast to the 1:1 pillar failure. The 4:1 pillar

maintained its peak strength of 10 MPa. The reductions in strength shown in the stress line

of Figure 9.5 demonstrate that small unstable failures could still affect pillars with relatively

plastic failure characteristics. The history of excess energy was shown to track periods of

instability in the model.

A complete overview of the maximum excess energy values from the pillar simulations is

shown in Figure 9.6. The absolute values hold little physical meaning due to the changing

size of the model between tests. The total volume of overburden was greater for larger width-

161



Figure 9.5: 4:1 pillar failing from global loading. Stress and excess energy are plotted against
the pillar strain. The applied global load is also shown.

to-height ratio pillars. The excess energy magnitudes must therefore be normalized in some

way to account for the difference in overburden volumes. The absolute magnitudes of excess

energy were divided by the total plan area of the development to obtain the normalized values

in Table 9.1 which are in terms of excess energy released per square meter of development.

Figure 9.6: Peak magnitudes of excess energy.

The normalized results show dramatic increases in excess energy for the width-to-height

ratios of 3:1 and smaller in which a total collapse of the overburden was allowed by the pillars
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Max. Excess Entry Half- Model Extraction Excess Energy
W:H Energy (J) Width (m) Area (m2) Ratio per Area (J/m2)

1:1 2.04e5 1.2 5.8 0.75 3.54e4
2:1 6.28e5 3.0 29.2 0.80 2.15e4
3:1 8.72e5 3.0 43.6 0.70 2.00e4
4:1 2.09e5 3.0 60.8 0.62 3.44e3
5:1 6.15e5 3.0 81.0 0.56 7.59e3

Table 9.1: Excess energy released for global loading conditions, normalized by the develop-
ment area being modeled.

with weakening post-peak responses. The smallest 1:1 ratio had the largest corresponding

magnitudes of excess energy of 35.4 kJ/m2. The predominantly plastic and hardening 4:1

and 5:1 pillars resulted in a significantly reduced value of excess energy per square meter

of developed area. These normalized values are plotted in Figure 9.7 as a function of pillar

widths with the normalized energy histories shown in Figure 9.8.

Figure 9.7: Peak magnitudes of excess energy per m2 of development.

An analysis was conducted using the previously tested instability identifiers. The pil-

lars of widths 3:1 and smaller experienced the largest accelerations at a point when the

pillar reached its residual strength. These values correspond to the highest magnitudes

of unbalanced forces which would exist between the applied load and the resisting load of

the pillar. The large accelerations translated into an increasing velocity at the gridpoints

which increased until the test was stopped. The maximum shear strain rates were found

at the conclusion of the 1:1 through 3:1 pillar tests. For the wider pillars of 4:1 and 5:1
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Figure 9.8: Excess energy released per square meter of development under global loading.

the maximum accelerations occurred in the middle of the small unstable portions of their

post-peak responses. Maximum velocities were recorded at the end of these instabilities, as

were maximum shear strain rates.

The three instability identifiers corresponded well to expected periods of rapid dynamic

motion. These identifiers could be used in future tests to identify periods of highest instability

within a mine model employing a gravitational loading scheme. Note that the ultimate

magnitudes of the identifiers did not provide insight into the magnitudes of unstable failure

due to the inherently non-dynamic calculation scheme which is solved in FLAC3D. A fully

dynamic simulation must be employed to capture the true dynamic response of a rock pillar

under gravitational free fall of roof.

A demonstration of how the shear strain rate identifier may be used to identify the

location of unstable failure in the model is shown in Figure 9.10 through Figure 9.12. The

maximum shear strain rate reveals the area of greatest instability over the longest durations.
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(a)

(b)

Figure 9.9: (a) Records of stress and strain for global loading models. (b) Maximum accel-
erations, velocities, and shear strain rates in the pillar plotted against pillar strain.
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This indicator of shear deformation of the zones was most concentrated along the shear

planes of failure which developed in the pillar. The least confined rock close to the rib was

seen to experience the most rapid deformations and the lowest speeds of shear deformation

were found in the pillar core.

Figure 9.10: Projected elevation view of side of 3:1 pillar after unstable failure by gravita-
tional loading. Zones colored by maximum shear strain rate show areas of highest instability.

Figure 9.11: Internal view of innermost 3:1 pillar core after unstable failure by gravitational
loading. Zones colored by maximum shear strain rate show areas of highest instability.

9.3 Conclusions

A series of tests was conducted over coal pillars of width-to-height ratios ranging from

1:1 to 5:1. An overburden transferred an applied pressure boundary and its own gravita-

tional force onto the pillar. The pressure boundary was increased until the pillar achieved
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Figure 9.12: View of rib corner of 3:1 pillar after unstable failure by gravitational loading.
Zones colored by maximum shear strain rate show areas of relative instability.

a 2% vertical strain. Roller boundary conditions were applied to the sides of the system to

represent a large room-and-pillar layout on the verge of massive collapse.

The pillars with widths of 3:1 and smaller were seen to fail completely under the global

loading scheme being represented. The smaller pillar saw a release of excess energy greater

than 20 kJ per square meter of development. The 4:1 and 5:1 pillars maintained enough

residual strength to resist complete collapse, yet increases in excess energy were still observed

when the wide pillars experienced numerous failures of their zones. The normalized excess

energy values of 3.4 and 7.6 kJ/m2 were recorded for the 4:1 and 5:1 pillar as compared to

the higher magnitudes observed for smaller pillars. Velocities, accelerations, and shear strain

rates were recorded during the tests. These identifiers provided useful measures for the onset

of unstable failure and pinpoint the locations at which they occurred in the models.

The global pillar model provided valuable insight into the residual strength bearing capac-

ity of calibrated coal pillars. The excess energy balance was modified to include gravitational

potential energy and was used to calculate the total release of energy in simulated massive

collapses. Smaller pillars which had a negative post-failure modulus were seen to release

high magnitudes of excess energy as compared to their larger counterparts. A study was
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presented in which pillars of varying widths were analyzed for their burst-proneness and

resulting magnitudes of unstable failure through the records of excess energy and instability

identifiers.
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CHAPTER 10

CONCLUSIONS

Great effort is made by modern mining operations to reduce the likelihood of unsta-

ble failures. Eliminating their occurrence is difficult in practice due to the uncertainty of

rock stresses, strains, strengths, stiffnesses, and micromechanical characteristics. Numerical

methods have been applied in attempts to mitigate the effects of unstable failures, however

existing methods of analyzing unstable failures in numerical models suffer from several lim-

itations. Most striking, most do not adequately identify localized forms of instability nor

do they assess the release of energy as a consequence of unstable failure within complex

geometries or large mine models. These limitations restrict computational analyses from

being applied more widely to studies of unstable failure in realistic mine geometries.

Techniques were advanced in this doctoral research to calculate the magnitude of excess

energy released as a consequence of unstable equilibria in continuum models. This calculation

of excess energy is identical in magnitude to the total kinetic energy which is released during

a dynamic failure and may be used as an ultimate assessment of a rock system’s stability.

Concepts of dynamic motion during unstable failure were also explored through identifiers

of instability within explicit numerical models. By tracking instability identifiers and the

release of excess energy it was shown that both local and global unstable failures could be

straightforwardly assessed in large mine models. The concepts developed in this research

provide a detailed methodology by which to study unstable failures in discrete element and

finite difference models.

10.1 Summary of Conclusions

A methodology has been presented for studying unstable equilibia in brittle rock systems

using discrete element and finite difference methods. Laboratory style compressive strength

simulations showed that rapid dynamic motion could be used to identify the onset and
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duration of instability in the explicit numerical models while providing some insight on the

relative magnitudes of energy released during failure. Quasi-static assumptions made in

the DEM software PFC3D and the finite difference software FLAC3D prevented a detailed

analysis from being performed on the dynamic response of the simulated rock and more

suitable methods of analyzing unstable failure were sought within the quasi-static explicit

models.

A static energy balance was derived to calculate the magnitude of excess energy released

as a consequence of unstable equilibria in continuum finite difference models. The energy

balance was applied to laboratory style uniaxial compressive strength tests to validate the

approach within an idealized testing environment. The results of these tests showed good

agreement to theoretical calculations of energy released from unstable systems. The UCS

energy balance was then extended to two-dimensional coal pillars being loaded by an elasti-

cally rebounding rockmass and three-dimensional coal pillars being loaded by gravitational

loading to simulate massive collapse. The stability of small width-to-height ratio pillars was

assessed directly through their stress and strain responses during failure and the calculation

of excess energy was confirmed within these more slender pillar geometries. For wider pillars

the stress-strain determination of instability proved insufficient and alternative methods of

analysis were required. The excess energy balance was used as the primary assessment tool

for studying unstable failure conditions in the FLAC3D wide pillar models for which no other

comprehensive methods of analysis existed. The total magnitudes of excess energy released

from unstable rock systems were calculated as an ultimate assessment of instability in the

two- and three-dimensional pillar and mine models.

The instability identifiers and excess energy balance provide a robust methodology with

which to study unstable failure in explicit numerical models. These analysis techniques

provide a means of assessing unstable equilibrium conditions within rock systems and mining

geometries which have previously been too complex for numerical studies. The modeling

techniques which have been developed may be applied in future research to design primary
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and secondary supports in burst-prone conditions, evaluate retreat mining cut sequences,

asses de-stressing techniques, or perform backanalyses of unstable failures in select mining

layouts.

A more detailed listing of the conclusions is provided in relation to the Chapter in which

each concept was developed:

Chapter 2 - Literature Review of Numerical Methods for Studying Unstable Rock Failures

� explicit numerical methods are well suited for assessing rock failure during unstable

equilibrium conditions due to their ability to simulate progressive failure while approx-

imating dynamic effects

� acoustic emissions and other signatures of large failures may be used to assess failure

in numerical models but these measures neglect the role of instability on failures

� excess energy has previously been calculated by [124] for an elasto-brittle finite element

simulation

� additional development of existing numerical methods is required to allow detailed

studies of mining induced instability to be conducted within in situ models

Chapter 3 - Discrete Element Models of Rock Failure in Compression

� a genetic algorithm may be used to calibrate the many input parameters of DEM to

achieve desired macroproperties through multi-objective optimization

� a proposed genetic algorithm required between 500 and 1000 trials to determine a set of

9 input parameters which yielded 4 specimen macroproperties to within 1% of desired

values

� a brittle bonded-particle discrete element model mimics unstable failures observed in

controlled laboratory UCS tests using DEM software PFC3D
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� the post-failure modulus of the bonded-particle model in PFC3D was highly dependent

on loading rate even for previously assumed quasi-static loading conditions; no char-

acteristic post-peak strength behavior could be defined for the UCS specimen, even in

cases of stable failure

� higher loading velocities of the BPM resulted in an increased number of cracks and

signs of rupture during UCS tests

� long computation times, limited applicability to study large rock structures, and post-

failure modulus load rate dependence of the bonded-particle model made its use in-

feasible for the intended studies on mine layouts and realistic underground mining

conditions

Chapter 4 - Finite Difference Models of Rock Failure in Compression

� the Mohr-Coulomb strain-softening (MCSS) constitutive model may be used to simu-

late compression-induced brittle shear failure

� care is required when selecting zone size for the MCSS model to prevent failure from

localizing along small-width bifurcation planes

� the explicit finite difference calculations in FLAC3D provide a realistic approximation

to unstable failure of brittle rock in uniaxial and triaxial compressive strength tests

� dynamic loading increases the ultimate strength and the post-failure modulus of a

FLAC3D specimen similarly to trends observed in physical dynamic loading tests

Chapter 5 - Identifiers of Unstable Failure in Finite Difference Models

� identifiers of unstable failure were used inFLAC3D to assess the onset, duration, and

location of instability
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– maximum unbalanced forces and accelerations correspond to the point of great-

est instability when the difference is highest between the applied stress and the

residual strength of the specimen.

– maximum velocities result from sustained accelerations during instability and cor-

respond to the final point of instability as the rock system regains static equilib-

rium.

– maximum shear strain rates are analogous to maximum velocities, however focus

the analysis on a normalized calculation of zone deformations to allow a com-

parison to be made on the instability of differently sized zones within the same

test

� the magnitudes of velocities and accelerations hold no physical relevance on their own

within the quasi-static FLAC3D simulations, however a loose qualitative assessment of

relative magnitudes of instability may be derived by comparing magnitudes between

known stable and potentially unstable test cases

Chapter 6 - Energy Balance of Unstable Failures in Continuum Models

� an energy balance was derived to calculate the magnitude of excess energy released as

a consequence of unstable equilibrium

– Ee = Wb − (U +Wr)

– where Ee is the excess energy released from an unstable equilibrium in the system,

Wb is total boundary work added to the system during loading, U is the stored

strain energy in the system, and Wr is the work consumed by plastic deformations

during failure.

� a plastic Mohr-Coulomb specimen shows no increase in excess energy for changing

platen stiffnesses due to its inherently stable, perfectly plastic failure characteristics
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� the magnitudes of excess energy released in FLAC3D UCS tests match theoretical

calculations of energy released due to unstable failure

Chapter 7 - Coal Pillar Models

� two- and three-dimensional coal pillar models were calibrated in FLAC3D using the

MCSS constitutive model

� coal pillars ranging from width-to-height ratios of 1:2 to 5:1 were calibrated to match

strength values obtained through the Mark-Bieniawski and Salamon pillar strength

formulae; the post-peak modulus was calibrated to match the results of Wagner’s in

situ tests for the 1:2 to 2:1 pillars

Chapter 8 - 2D Model of Local Loading Stiffness

� width-to-height ratio pillars 1:1 and 2:1 behave similarly in failure to slender UCS

test specimens; wider pillar geometries of 3:1 and greater introduced a more complex

failure mode which progressed from the rib and propagated into the strong central core

of highly confined rock

� unstable failure was observed in the 1:1 to 5:1 pillars for all rockmass cases in which

the Young’s modulus was 2 GPa or less

� the velocity and shear strain rate identifiers of instability showed increased magnitudes

for the most unstable failure cases

� the maximum acceleration results matched expected trends for the 1:1 and 2:1 pillar

cases however were shown to decrease as a function of decreasing rockmass stiffness;

the cause of the unexpected reduction in accelerations could not be identified in these

tests

� the excess energy balance provided a method of quantifying the magnitudes of energy

released as a consequence of unstable equilibrium in the models
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Chapter 9 - 3D Model of Global Loading Stiffness

� normalized values of excess energy over the total developed area of the models provided

a comparison of energy released between different pillar layouts

� excess energy was released in the systems with 4:1 and 5:1 pillars when the pillars

had temporary reductions in strength during portions of their otherwise plastic or

hardening strength behavior

� the calculation of excess energy and the identifiers of unstable failure provided a

straightforward assessment of stability loss in coal pillars during simulated massive

collapse

10.2 Contributions

1. Designed a genetic algorithm to calibrate a bonded-particle discrete element model.

(Section 3.3.1)

2. Demonstrated unstable failures in controlled UCS tests using a bonded-particle discrete

element model. (Section 3.3.3)

3. Showed that the bonded-particle model’s failure mode and resulting brittleness was

highly dependent on the rate of loading at the time of failure. (Section 3.3.4)

4. Demonstrated unstable failure in controlled uniaxial and triaxial compressive strength

tests using a finite difference model. (Chapter 4)

5. Developed instability identifiers to study dynamic response of finite difference models

as qualitative measures of unstable equilibria. (Chapter 5)

6. Developed static energy balance to calculate the excess energy released as a conse-

quence of unstable failure. (Chapter 6)
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7. Evaluated the unstable failure of coal pillars (i.e., coal bumps) using the finite difference

method in FLAC3D. Applied excess energy calculations and identifiers of instability

to assess the onset, duration, location, and relative magnitudes of unstable failure in

the models. (Chapters 8 and 9)

8. Calculated the excess energy released during massive collapses of room-and-pillar coal

mine layouts using finite difference models. (Chapter 9)

10.3 Future Work

1. Develop a discrete element model whose post-failure response is independent of loading

velocity during stable loading conditions.

2. Use discrete element models to study the role of confinement loss in the progression of

failure when dynamic loading causes broken rock to be ejected from a free face.

3. Assess the appropriateness of the Mohr-Coulomb failure criterion to represent unstable

failure of brittle rock or develop a more appropriate constitutive model for dynamic

rock failure.

4. Assess the effects of heterogeneity on the failure of the Mohr-Coulomb strain-softening

model and the subsequent expression of unstable failure.

5. Further assess the role of the coal/rock interface on coal pillar strength and post-failure

characteristics in finite difference models.

6. Examine the effects of faults or discontinuities on the release of excess energy in un-

stable rock systems.

7. Modify energy balance to account for excavated material in active mining steps made

within the finite difference models.
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8. Calculate the excess energy which is released from isolated sections of a continuum

numerical model in order to reduce the error introduced by boundary effects and small

kinetic energies distributed across a large mine model.

9. Perform validation of energy balance through backanalyses of massive mine collapses,

cascading pillar failures, and localized pillar bursts. Relate excess energy calculations

to observed damage and seismic records in selected case studies.
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Babić, M. (1997) Average balance equations for granular materials. International Journal

of Engineering Sciences, vol. 35, no. 5, 1997, pp. 523-548.
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APPENDIX A - EXCESS ENERGY OF FLAC3D UCS TESTS

Figure A.1 through Figure A.10 display additional energy plots from Chapter 6 in which

an energy balance is performed during a series of uniaxial compressive strength tests in

FLAC3D v4.01. The Young’s modulus of the simulated loading platens was adjusted between

2 and 100 GPa with the full results of these tests displayed below. Some plots have been

omitted as having been provided in the text of Chapter 6.

Figure A.1: Specimen stress vs. strain for UCS test with 8 GPa platens, overlayed with the
energy terms used to calculate excess energy.
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Figure A.2: Specimen stress vs. strain for UCS test with 10 GPa platens, overlayed with
the energy terms used to calculate excess energy.

Figure A.3: Specimen stress vs. strain for UCS test with 12 GPa platens, overlayed with
the energy terms used to calculate excess energy.
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Figure A.4: Specimen stress vs. strain for UCS test with 14 GPa platens, overlayed with
the energy terms used to calculate excess energy.

Figure A.5: Specimen stress vs. strain for UCS test with 16 GPa platens, overlayed with
the energy terms used to calculate excess energy.
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Figure A.6: Specimen stress vs. strain for UCS test with 18 GPa platens, overlayed with
the energy terms used to calculate excess energy.

Figure A.7: Specimen stress vs. strain for UCS test with 20 GPa platens, overlayed with
the energy terms used to calculate excess energy.
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Figure A.8: Specimen stress vs. strain for UCS test with 40 GPa platens, overlayed with
the energy terms used to calculate excess energy.

Figure A.9: Specimen stress vs. strain for UCS test with 60 GPa platens, overlayed with
the energy terms used to calculate excess energy.
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Figure A.10: Specimen stress vs. strain for UCS test with 80 GPa platens, overlayed with
the energy terms used to calculate excess energy.
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APPENDIX B - SUPPLEMENTAL ELECTRONIC FILES

FISH codes were developed within the PFC3D and FLAC3D modeling environments to

conduct all numerical tests described within this document. Complete program listings are

included as supplemental electronic files to this document. A summary of these codes is

provided below with a reference to the section of the document in which they were used.

FISH Codes from Section 3.3.1 PFC3D v4.0

pb cyl driver.dvr Primary batch file for running genetic algorithm

calibrations.

pb cyl gen v00.dvr

run away.dvr

pb cyl tAucs v00.dvr

run away farther.dvr

run ucs.dvr

pb cyl tAucs part2 v00.dvr

run away farther still.dvr

pb cyl tTriax v00.dvr

pb cyl tTriax2 v00.dvr

read complete.dvr

find top10.dvr

FISH Codes from Section 3.3.2 PFC3D v4.0

cyl sample batch driver.dvr Primary batch file for performing a series of UCS

tests.

cyl sample v00.dvr
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FISH Codes from Section 3.3.4 PFC3D v4.0

d.8 tA-tw EV.dvr Primary batch file for conducting dynamic UCS

tests.

spc.dvr

tAucs-param.dat FISHTank inputs for UCS test.

param.dat FISHTank inputs for BPM specimen.

2region-setup.dat

FISH Codes from Section 4.3.2 FLAC3D v4.01

cyl sample batch driver.dvr Batch file for conducting UCS tests.

cyl sample v00.f3dat

FISH Codes from Section 4.3.2

(Pause)

FLAC3D v4.01

cyl sample batch driver.dvr Batch file for conducting UCS pause tests.

cyl sample v00.f3dat

FISH Codes from Sections 4.4.1

and 5.2

FLAC3D v4.01

cyl sample batch driver.dvr Batch file for triaxial compressive strength tests.

cyl sample v00.f3dat

FISH Codes from Section 4.5 FLAC3D v4.01

cyl sample batch driver.dvr Batch file for dynamic UCS test.

cyl sample v00.f3dat
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FISH Codes from Section 5.1.1 FLAC3D v4.01

cyl sample batch driver.dvr Batch file for UCS tests with instability

identifiers recorded during tests.

cyl sample v00.f3dat

FISH Codes from Section 6.2 FLAC3D v4.01

cyl sample batch driver.dvr Batch file for UCS tests with energy balance and

instability identifiers recorded during tests.

cyl sample v00.f3dat

FISH Codes from Section 7.2 (2D) FLAC3D v4.01

pillar batch vA00.fis Batch file for calibration of 2D pillar with

applied loading.

pillar vA01.fis

FISH Codes from Section 7.2 (3D) FLAC3D v4.01

pillar batch vA00.fis Batch file for calibration of 23D pillar with

applied loading.

pillar vA01.fis
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FISH Codes from Section 8.1 FLAC3D v4.01

wh1 pillar batch driver v71 for 2D pressure.f3dat Batch file for running a

series of 2D elastic rockmass

tests for W:H = 1 pillar.

wh2 pillar batch driver v71 for 2D pressure.f3dat

wh3 pillar batch driver v71 for 2D pressure.f3dat

wh4 pillar batch driver v71 for 2D pressure.f3dat

wh5 pillar batch driver v71 for 2D pressure.f3dat

pillar v73 for 2D pressure.f3dat

jacktest batch v51.f3dat

jacktest v51 nextrun.f3dat

FISH Codes from Section 9.1 FLAC3D v4.01

pillar batch v74.f3dat Batch file for running a series of 3D gravitational

loading tests for W:H 1:1 to 5:1 pillars.

pillar v74.f3dat
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