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Abstract: Pathfinding algorithms allow for the numerical determination of optimal paths of travel
across many applications. These algorithms remain poorly defined for additional consideration
of outside parameters, such as fluid flow, while considering contaminant transport problems. We
have developed a pathfinding algorithm based on the A* search algorithm which considers the
effect of fluid flow behaviors in two dimensions. This search algorithm returns the optimal path
between two points in a setting containing impermeable boundaries, allowing for a computational
approach to the determination of the most likely path of travel for contaminants or hazards of concern
due to fluid flow. This modified A* search algorithm has applications in the statistical modeling
of airborne contamination distributions, providing a relative estimate of the statistical relationship
between two points in an underground mine’s ventilation system. This method provides a significant
improvement to the spatial resolution of minimum-cost path methods currently in use in mine
ventilation network software.

Keywords: A* search algorithm; pathfinding algorithm; underground mining; mine contaminant;
fluid flow

1. Introduction

The A* (A-star) search algorithm has an established history as a competent pathfinding
algorithm, especially in its ability to return optimal or near-optimal minimum cost paths
via a heuristic approach. Since early publications of works involving the A* algorithm
and its applications, many versions and derivatives have been developed and successfully
implemented in pathfinding and path planning objectives. With the original goal to
reduce the space complexity of Dijkstra’s algorithm, the A* algorithm has been repeatedly
adopted across multiple disciplines. The most common disciplines to continually utilize
the A* search algorithm and its many derivatives are robotics and automation, inspired
by the Stanford Research Institute’s Shakey project from 1966 to 1972 [1]. This project
aimed to develop an autonomous robot, Shakey, that could navigate around obstacles in a
two-dimensional space without collision and in the most efficient manner. With the use of
the A* search algorithm informed by visibility graph representations of the space Shakey
was designed to traverse, Shakey could move freely around the space while avoiding any
obstacles. It was able do so in a manner that while in motion, Shakey would plan and
execute a path that considered all possible obstacles at once. This feat was considered a
massive advance in path planning for automation, as robots could now move, not only
in an entirely automated fashion through any environment but could also do so with
near-perfect efficiency [2].

The original A* algorithm is informed by the sum of a cost function and a heuristic
function. The cost function traditionally employed by the A* algorithm is the linear distance
between a current position and a potential next position. This cost is minimized with smaller
step sizes between a current position and a potential position. The heuristic function employed
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by the A* algorithm is generally some distance function between a potential position and
the goal position. The sum of these two functions governs the pathfinding ability of the
A* algorithm to return an optimal or near-optimal path between two points. The optimal
path occurs where steps between adjacent points move predominantly towards the goal,
and where the total number of steps is minimized. The combination of these goals allows
the A* algorithm to navigate around boundaries, making it effective in the determination of
shortest paths in environments where straight-line travel may not be possible [3].

The cost and heuristic functions that can be employed in the A* search algorithm are
not wholly limited to measures of distance. This is evidenced, for example, in applica-
tions of wireless sensor network design and optimization in which the cost function is
determined by a linear combination of residual and initial energy in the node, number of
packets transmitted and received, and the number of free and initial buffers of the node [4].
With changes to the cost or heuristic function in the A* search algorithm, it is possible to
tailor the algorithm to serve very specific use cases where high-confidence pathfinding may
be necessary [5]. Based on the ability to adjust the A* search algorithm’s cost and heuristic
functions, we have developed an additional method for the determination of shortest paths
when constrained by the flow of air in closed environments.

On its own, the A* search algorithm has great utility in path planning, even 55 years
after Hart, Nilsson, and Raphael’s 1968 paper that first introduced the algorithm to the
robotics and automation communities. As evidenced by many adaptations of the A* search
algorithm available in the scientific literature, however, the A* algorithm on its own often
fails to account for external variables that influence minimum cost paths as outlined in
the original 1968 paper. Because of this, it is often necessary to modify components of
the A* algorithm to account for these external variables. In 2021, Zhang et al. modified
the A* algorithm for unmanned aerial vehicles to include information on network radar
systems to construct a dynamic pathfinding algorithm to increase stealth abilities of the
vehicles [6]. In 2019, Liu et al. used the A* algorithm as a basis for a new pathfinding
algorithm for the planning of ship routes by including considerations for water current,
traffic, and maneuverability [7]. Similarly, Zheng, Luo, and Xiao modified the A* algorithm
in their 2024 publication, which considered a new heuristic method to reduce unnecessary
detours in traditional A* path planning [8]. Marzieh Bagheri et al. developed a modified
A* algorithm for the use of cranes in modular construction which considered the cost
to lift heavy items in 2020 [9]. In more safety-guided approaches, Veisi et al. developed a
modified A* algorithm for path planning after earthquakes that considered the risk of damage
to infrastructure in 2023, and Yu, Hou and Chen created a pathfinding algorithm in 2020
based on A* that improved dynamic obstacle avoidance by including that information in the
algorithm’s heuristic function [10,11].

Pathfinding algorithms in the mine ventilation network (MVN) software are well estab-
lished [12]. These algorithms are vital in the assessment of minimum distances between
points in the mine, such as distance to a refuge chamber or distance from a known contami-
nant emitter. At their core, pathfinding algorithms seek to achieve some optimal connection
between nodes of a graph [5,13]. These graphs are seen in MVNs and can be used to provide
vital insight into the behaviors of air, contaminants, equipment, and individuals. Most
vitally, however, is the stipulation that the graph used in MVN software has much lower
spatial resolution than that proposed for use here with a modified A* pathfinding algorithm.
Graphs in MVN software typically use the mine entry and ventilation ducting as edges of the
graph and the intersection of these mine entries and ventilation ducts as vertices. These graphs
may be directed and weighted as necessary to reflect in-mine conditions. Ultimately, these
graphs have multiple uses, especially in the design of ventilation systems in MVN software
which allow for system simulation using the Hardy Cross or similar methods [14–16].

A minimum cost pathfinding algorithm for underground mine contaminant transport
analysis should be capable of accounting for dynamic and kinematic relationships between
the surface roughness of an excavation, mine geometry, and airflow direction. Using
current approaches, MVN software can consider these items without issue, albeit with
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one-dimensional resolution. Because graphs are one-dimensional structures and MVN
software relies on a graph realization of the underground space, MVN software is unable
to use the existing graph framework to estimate minimum cost paths between locations
within mine entries. Instead, minimum cost paths and their corresponding algorithms
for MVN software must rely on the relationship between intersections. Ultimately, this
poses an issue of resolution for the task at hand. For the large-scale design and planning
of ventilation systems, one-dimensional MVN approaches are the logical choice. This
begins to break down, however, when considering more granular relationships within the
mine and its air. As an example, the spread time metric offered by Ventsim allows for the
estimation of the duration required for a contaminant released in one portion of a mine to
be detected in another portion of the mine. Because of the one-dimensional nature of MVN
approaches, there is no way to determine the spread time at different positions within the
same mine entry. This poses a significant barrier to increasing the spatial resolution of
estimated contamination distributions within underground ventilation systems.

Outside of an MVN approach, computational fluid dynamics (CFD) approaches have
become somewhat popular for questions of contaminant transport in underground mines.
In 2020, Huang et al. used CFD to model the transport of carbon monoxide after roadway
blasting in underground environments [17]. In 2018, Ren and Wang used CFD modeling to
construct realizations of dust and gas flow dispersion across longwall faces in underground
coal mines [18]. In 2022, Xie, Xiong, and Chen used CFD to model the movement of
gases along roadways of non-metallic mines in an attempt to derive migration laws [19].
The body of work involving CFD for questions of mine ventilation, especially for mining
health and safety is expansive. In 2021, Brodny and Tutak compiled a literature review
encompassing the use of CFD for underground hard coal mining [20]. It is well known,
of course, that CFD methods are incredibly computationally- and time-intensive, even
when considering the addition of techniques like machine learning and high-performance
computing to accelerate modeling [21–23], and while the use of CFD methods allows for
increased spatial resolution when compared to MVN methods, they cannot compare to
the speeds with which MVN methods can simulate conditions. An intermediate method
to begin to assess questions of contamination transport and distribution in underground
mines with higher spatial resolution than MVN methods yet faster processing times than CFD
methods should be feasible, but there has been very little work conducted in this regard [24].

The modified A* algorithm presented here uses a departure from the typical graph rep-
resentation of mine ventilation networks used in MVN software. Rather than representing
mine entries and ducting as edges and entry intersections as vertices of a directed graph,
this modified A* algorithm represents discrete regions within mine entries as vertices. This
allows for a higher resolution of data and improved modeling of contaminant transport
outside of the typical MVN software or CFD approaches. The development of this modified
A* algorithm seeks to create a method for the estimation of spatial relationships between
areas in an underground mine for processes that are dependent on the movement of air.
This algorithm estimates a possible upper bound for the retained volume of air when
moving from an initial location to a target location and prioritizes a path between locations
where the retained volume of air is highest. This then represents the most likely path of
travel for contaminants through the mine.

This modified pathfinding algorithm is intended to serve as an indicator of relative
effective distance between regions within an underground mine’s ventilation system.
The outputs of this algorithm have wide-ranging applications, from the determination of
the most likely path of travel for contaminants through the mine to the use of the total
cost of the path for estimation of contaminant concentration levels using spatial methods
like inverse distance weighting or kriging. Work is ongoing that utilizes the modified A*
total cost as a substitute distance metric to krige airborne contamination in underground
mines, largely inspired by the work of Boisvert and Deutsch (2008) and Boisvert, Manchuk,
and Deutsch (2009) wherein Dijkstra’s algorithm was used for kriging in the presence of
locally varying anisotropy [25,26]. Rather than returning a shortest path length in terms of
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a distance, the path length can instead be considered as the sum of costs through the path.
This allows for the construction of effective distances on the same relative scale that can
then be used for spatial statistics in a manner that can better account for the movement of
air without the use of a network representation of the mine ventilation system.

When considering the construction of a minimum cost path in an environment in
which fluid flow is the primary agent of movement between points, characteristics of the
fluid flow within the space such as flow direction, surface roughness, and pressure losses
play a large role. The inclusion of these variables is necessary to produce a minimum cost
path with any degree of accuracy. Our method uses a two-dimensional mean flow direction
field alongside dynamic and kinematic phenomena to inform the cost function of the
search algorithm rather than a traditional, distance-based metric employed in the A* search
algorithm as constructed in Hart, Nilsson, and Raphael’s original paper. This allows the
pathfinding algorithm to return an optimal path through air within a bounded environment,
such as an underground mine, while initially designed for the purpose of pathfinding
within an underground coal mine, the modified A* search algorithm can be applied to any
environment in which a fluid flow constitutes the primary mechanism of motion. This
modified pathfinding algorithm provides a significant improvement in ability to reflect
the rank of spread time in underground ventilation systems when compared to the least
resistance distance metric available in Ventsim, with the length of path outperforming the
least resistance metric in simulations where contamination that does not reach airways are
excluded from the rank comparison (p < 0.0005), and the total cost of the path outperforming
the metric in simulations where contamination that does not reach airways are included in
the rank comparison (p < 0.0005).

2. Materials and Methods

The traditional A* search algorithm comprises two functions, the sum of which is
used to determine the fitness of moving from a current position to a neighboring position
on the path from some starting point to some ending point. For each set of starting and
ending points, the sum of these two functions can be iteratively minimized to return an
optimal path of travel. The two functions are referred to as the heuristic function and the
cost function [3].

The heuristic function acts as a measure of the distance between a potential neighbor-
ing position and the end target, while many potentially admissible heuristic functions exist,
the most utilized function is the Manhattan distance function, as shown in Equation (1) [5].
The use of this heuristic is important, as it helps to ensure that the pathfinding algo-
rithm preferentially explores paths that move closer to the goal rather than further away.
The heuristic provides an estimate of the minimum possible distance from the starting or
current location to the goal location. Other functions, like Euclidean distance, can be used
as well, but traversing a fixed grid of points typically requires that search directions remain
along the four cardinal directions (up, down, left, right). For this reason, the Manhattan
distance function is generally preferred and remains the heuristic function used in the
modified algorithm.

h(pn+1) = |xN − xn+1|+ |yN − yn+1|, (1)

where h(pn+1) is the Manhattan distance heuristic, calculated as the sum of the absolute
difference of the x (xN , xn+1) and y (yN , yn+1) coordinates of the target and neighboring
positions. It should be noted that the Manhattan distance heuristic can be likewise adapted
to any n-dimensional space, provided that the absolute differences are likewise summed
for each corresponding dimension above two-dimensional space.

The A* algorithm is distinguished from Dijkstra’s algorithm by its heuristic function,
which reduces space complexity while computing a minimum cost path solution. The use
of a distance-based metric enforces a requirement for the A* algorithm to preferentially
search for a position pn+1 that is closer to the target position than the current position pn.
Because of the preferential search, fewer locations must be stored in memory, reducing the
space complexity of the algorithm when compared to Dijkstra’s algorithm [3].
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The cost function traditionally acts as a measure of the distance between a potential
neighboring position and the current position. This function can be recognized as the
characteristic function of Dijkstra’s algorithm [13], while Dijkstra’s algorithm is generally
applied to the traversal of weighted graphs, the representation of any enclosed space can
be likewise represented as a weighted graph of discrete points (vertices) connected by
some known or unknown distance between points (weighted edges). When the distances
between points are unknown, the graph representation of the space is initially unweighted,
and weights must be measured. Weights within a weighted graph may have various
representations. The most common weighting in the solution of minimum cost paths for
spatial applications is some distance that separates two vertices. As such, for use in the
A* algorithm for spatial pathfinding, the Manhattan distance serves as a strong metric to
assign weights to the previously unweighted graph. This function holds well where the
search directions of the algorithm when selecting potential next steps in the path from the
current node to the target node are separated by 90-degree increments, such as up, down,
left, and right in 2-dimensional space, or additional directions for forward and backward
in 3-dimensional space [5].

The Manhattan distance function serves well as the cost function to calculate edge
weights for the A* search algorithm, as in Equation (2).

g(pn+1) = |xn+1 − xn|+ |yn+1 − yn|, (2)

where g(pn+1) is the cost function realized as the Manhattan distance between a neighbor-
ing position and a current position.

When the distance between adjacent points within the study space is identical, Equation (2)
can be simplified as in Equation (3),

gs(pn+1) = s, (3)

where gs(pn+1) is the simplified cost function and s is the uniform distance between
adjacent, non-diagonal points; while this may reduce the time complexity to return a
minimum cost path, the addition of points to create a study space in which points are
equally spaced may increase the space complexity required to return the path. To use
a simplified cost function, the even spacing of points must be an intrinsic construction
of the graph representation of the space prior to implementation of the A* algorithm.
Equal spacing allows the cost function of the A* algorithm to perform as a constant value,
increasing the speed with which a minimum cost path can be determined. In essence,
the assignment of the cost function as a constant value removes distance-based weighting
between vertices because the distance between adjacent points is identical. This can be
used to simplify the construction of additional weight relationships that determine cost
beyond spatial distance because the measurement of distances between adjacent points is
no longer necessary.

In doing so, the heuristic function should likewise be normalized as in Equation (4),

hs(pn+1) =
|xN − xn+1|+ |yN − yn+1|

s
, (4)

where hs(pn+1) is the simplified heuristic function that has been normalized by dividing
by the step size, s. This normalization of the heuristic function ensures that the measure of
distance from a candidate position and target position is considered in terms of number
of steps between the candidate position and target position, rather than in terms of some
original coordinate system prior to simplification of the cost function.

The minimum cost path generated by the A* search algorithm operates as an iterative
optimization of the sum of the heuristic and cost functions such that the resulting sum is
minimized, as in Equations (5) and (6).

f (pn+1) = g(pn+1) + h(pn+1), (5)
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where f (pn+1) is the sum of the cost and heuristic values defined by functions g(pn+1)
and h(pn+1).

This sum is minimized for each location on the path between the start and end points,
such that the resulting path can be represented as an ordered set of optimal steps between
the start and end points:

{P}optimal = argmin( f (p))∀p ∈ {P}, (6)

where {P}optimal is the set of two-dimensional column vectors or coordinates within the
study space that returns the minimum aggregate value f (p) of all points p within some set
{P} of points along the path.

In application as a computer program, this yields a general approach as in Algorithm 1.

Algorithm 1 A* Search Algorithm Pseudocode

1: function A_STAR(study_space, start_position, target_position)
2: open_list← ∅
3: closed_list← ∅
4: for point in study_space do
5: open_list[point].cost = ∞
6: open_list[point].heuristic = ∞
7: open_list[point].f_value = open_list[point].cost + open_list[point].heuristic
8: open_list[point].previous_point = NULL
9: end for

10: heuristic_value = dist(start_position, target_position)
11: open_list[start_position].cost = 0
12: open_list[start_position].heuristic = heuristic_value
13: complete = FALSE
14: while complete == FALSE do
15: if length(open_list) == 0 then
16: complete = TRUE
17: else
18: current_position = minimum(open_list.f_value)
19: if current_position == target_position then
20: complete = TRUE
21: closed_list[current_position] = open_list[current_position]
22: else
23: position_neighbors = study_space[current_position].neighbors
24: for neighbor in neighbors do
25: if neighbor not in closed_list then
26: cost_value = dist(open_list[current_position], neighbor)
27: if cost_value < open_list[neighbor].cost then
28: open_list[neighbor].cost = cost_value
29: open_list[neighbor].heuristic = dist(neighbor, target_position)
30: open_list[neighbor].previous_point = current_position
31: end if
32: end if
33: end for
34: closed_list[current_position] = open_list[current_position]
35: open_list.remove(current_position)
36: end if
37: end if
38: end while
39: return closed_list
40: end function
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2.1. Cost Function Determination for Flow-Constrained Paths

In order to consider minimum cost paths as bound by fluid flow, the flow field must
be realized in the same dimensionality as the study space. This field is best displayed as
a group of points representing a series of unit vectors indicating direction of fluid flow,
as in Figure 1 below. The magnitude of these vectors is irrelevant for the determination
of minimum cost paths in this construction of the modified A* algorithm, as direction of
flow is assumed to be the primary determinant of the flow path between two locations.
Additional consideration of the magnitude of vectors within the flow field is possible for
the determination of time of travel and calculations of effective distance between points
but provides no meaningful effect on the path of travel, nor is it particularly important to
the improved estimation of rank and therefore lies outside the scope of this paper.

0 200 400 600 800 1000
0

100

200

Gross Division of Study Space Flow Field

Right Up Left Down

Figure 1. Gross division of the flow field in the study space. All flow directions are spaced at 90-degree
intervals, representing the general trend of fluid flow within the study space. The space pictured is a
portion of an underground room-and-pillar coal mine in Emery, UT, USA. Each point represents an
approximate area of 15 m2 and the axes indicate transformed mine coordinates in meters.

The modified pathfinding algorithm retains the same heuristic function construction
as in the A* search algorithm, as the overall goal of both algorithms is to continually move
towards the end target. The cost function, however, is significantly different from the A*
search algorithm, as distances between points alone do not provide enough information
to inform the algorithm of the fluid flow field. To inform the modified algorithm of the
flow field, the cost function is used in a manner similar to Equation (3), where all adjacent,
non-diagonal points within the study space are considered equidistant. Using this method,
the distance value is some constant and is effectively negligible. Only interactions between
movement direction and fluid flow angle need to be considered. Further, the simplified
heuristic function in Equation (4) is retained entirely.

By considering the relationship between the angle of fluid flow within the field at
the current location as described by the accompanying unit vector and the angle between
the current location and neighboring location, the cost function can be constructed as a
function of these differences, as in Equations (7) and (8).

θc = |θ f − θn,n+1|, (7)

where θc is the criterion angle as defined by the absolute difference between the relative
angle of fluid flow, θ f , and the angle of movement (search direction) between the current
location and the neighboring location, θn,n+1, when both angles are measured with respect
to the positive horizontal axis in a two-dimensional study space.

This criterion angle can be applied to the cost function,

g f (pn+1) =

{ s, θc ≤ 45◦

2α−1/2 ∗ s, 45◦ < θc ≤ 90◦

β−2 ∗ s, θc > 90◦
(8)

where g f (pn+1) is the cost function for the modified A* search algorithm dependent on
the neighboring position and the criterion angle; α and β are some small positive values
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not exceeding 1, tied to volumetric flow reduction due to pressure losses; and s is the
step size between adjacent points within the study space. By multiplying the step size by
some additional factor, the modified pathfinding algorithm prioritizes motion within 45◦

of the flow direction over any other movement. Because motion is assumed to be dictated
overwhelmingly by fluid flow direction, movement beyond 45 degrees, and especially
movement beyond perpendicular to the flow direction is highly penalized to encourage the
algorithm’s adherence to the flow field wherever possible.

The motion of contamination, of course, can be perpendicular to or against the di-
rection of general fluid flow and should not be inherently discounted as an allowable
movement direction for the algorithm. This movement against or perpendicular to the
direction of general fluid flow may arise in regions of the study space where there may be
turbulence that can move portions of the fluid body in opposition to the general direction
of fluid flow, or in cases where the enclosed study area may branch, allowing some fluid to
move into the branched area. In the case of underground coal mining, the movement of
air against the direction of general fluid flow can occur when considering friction losses
due to surface roughness of shafts, drifts, and crosscuts. The cost function of the modified
algorithm seeks to provide an upper bound to the retained volume of air when moving
from one location to another, and the total cost of the path should not overestimate the
relative spread time from one location to another when comparing the rank of spread time
to the rank of total cost.

Right-angle pressure loss, tied to the α coefficient in Equation (8), can be generalized
across the study space based on the pressure loss due to right-angle movement. This
is based on the ratio of curvature radius to hydraulic diameter, r/d, within a section of
the study space. A solution for this case is only possible via numerical solutions to the
Navier–Stokes equations that require a level of input data pertaining to the boundary and
initial conditions that are impractical if not impossible to ascertain across a large, highly
variable study space [27–29]. As such, several assumptions can be made to estimate an
appropriate value of α. Primarily, Kirchhoff’s Current Law dictates that all flows into a
node must be equal to those leaving a node [14]. In a highly idealized setting in which
resistance and geometry are constant, this means that any situation in which flow must
move either in line with or perpendicular to general flow direction due to a right-angled
branching yields an even division of the original entry flow into two discrete exit flows as
per Equation (9).

Qin = 2×Qout, (9)

where Qin and Qout represent the volumetric flows into and out of branches connected by a
node, respectively. Volumetric flow can be otherwise generalized according to the square
law as a relationship between velocity pressure and resistance per Equation (10) [30].

Q =

√
P
R

, (10)

where P is the frictional pressure loss, and R is the path resistance. Assuming an arbitrary
r/d value between 1 and 0.5 yields a pressure loss of approximately 50%. Considering
the case requiring movement perpendicular to the direction of general fluid flow, a 50%
reduction in velocity pressure with no change in resistance yields a 29.3% reduction in
volumetric flow along the perpendicular path as per Equation (11).

%Qretained =

√
Pinitial − Pf inal

Pinitial
× 100% (11)

The retained fraction of volumetric flow is dependent on the pressure loss encoun-
tered. Here, a 50% loss in pressure corresponds to a 70.7% (

√
0.5) retention in the section

that moves perpendicular to the direction of general fluid flow. Based on Equation (9),
the maximum theoretical amount of volumetric flow perpendicular to the direction of
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general fluid flow is one-half the input flow magnitude. Modified by the 70.7% retention of
volumetric flow, this yields a maximum volumetric flow perpendicular to the general flow
direction in the form

√
0.5
2 Qin, or approximately 35.4% of the original flow into the node.

Based on this number, the coefficient α can be estimated as the estimated average fractional
pressure drop, ∆P, due to right-angle shock loss. Following the structure of Equation (8),
2α−1/2 yields a movement cost that is inversely proportional to the amount of retained
volumetric flow.

Reversed motion in the movement of fluid flow is generally characterized by the
thickness of the turbulent boundary layer formed between a region of otherwise more
cohesive fluid flow and a solid contact surface [31–33]. The thickness of the turbulent
boundary layer is highly variable, depending on the Navier–Stokes equations to arrive at a
numerical solution or experimentation to reach an experimental result [34,35]. Similarly,
the level of input data required severely outweighs any ability to collect said data for use in
the modified algorithm. For the purposes of analysis, the coefficient β can be estimated as
the ratio between the roughness height and the hydraulic diameter, e/D. This is reflected
in the cost function for the modified pathfinding algorithm by the ratio of cross-sectional
areas defined by (e/D)2, and while this construction of the β coefficient (β = e/D) fails to
account for numerous other variables that would otherwise be used in solving the boundary
layer equations governing reversed flow, it provides an upper limit of reversed volumetric
flow because of surface roughness within the study space.

The final cost function for the modified pathfinding algorithm is thereby dependent on
the criterion angle, average fractional pressure loss due to perpendicular motion, and the
surface roughness as a ratio of roughness height to the hydraulic diameter. This yields a
cost function as shown in Equation (12).

g f (pn+1) =

{ s, θc ≤ 45◦

2∆P−1/2 × s, 45◦ < θc ≤ 90◦

(e/D)−2 × s, θc > 90◦
(12)

With further implementation, values for ∆P and e/D can be included in the algo-
rithm inputs directly, albeit with increased time complexity. An average value for ∆P
may be estimated via network simulation in a ventilation simulation software or via
computational fluid dynamics, and e/D can likewise be estimated via methods outlined
in Watson and Marshall’s 2015 paper discussing methods for determining absolute sur-
face roughness, e [36]. Estimation of shock loss can be computed using CFD methods,
as described by Zhang, Falk, and Allen (2024), or derived numerically as described by
Levin and Semin (2019) [37,38]. More modern approaches to the estimation of surface
roughness have similarly included the use of photogrammetry and point clouds, as out-
lined in Li et al. (2023) and Gao et al. (2022) [39,40]. For the sake of analysis in this paper,
we have elected a value of 0.5 for ∆P and a value of 0.025 for e/D. These values represent
a rather typical shock loss through a 90-degree turn between two identically sized cross
sections as would be encountered in an underground mine, and a reasonable expectation of
surface roughness during well-controlled blasting or excavation during the mining process.
These values are easily obtained from values listed in Chapter 5 of McPherson’s Subsurface
Ventilation and Environmental Engineering for shock loss, and the United States Bureau
of Mines friction factor tables or McPherson’s Subsurface Ventilation and Environmental
Engineering to estimate absolute roughness via the Von Kármán Equation [30,41]. As esti-
mated values, ∆P and e/D have been chosen in a manner that likely understates the effect
on volumetric loss when moving between two points. This understatement is important
for the sake of admissibility. Admissibility seeks to ensure that any more efficient paths are
not excluded from consideration while solving a minimum cost path problem [5].

This admissibility feature is a requirement for the successful implementation of
pathfinding algorithms [42]. To ensure an optimal or near-optimal path is found, the cost
and heuristic functions must return values that do not overestimate the true cost along
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the most optimal path. The cost function as implemented in the modified pathfinding
algorithm is inversely proportional to the change in volume between two points. This
change in volume cannot overestimate the true change in retained volume observed in
the space. To ensure an admissible cost function, the values selected for ∆P and e/D are
optimistic. These values yield an overestimation of the volume change, which underesti-
mates the cost to move between two points. This leads to an optimized path between two
points. Because of this admissibility requirement, the equations bridging the two notations
of the cost function as presented in Equations (8) and (12) do not seek to perfectly estimate
the behavior of fluid flow by considering all factors that impact the movement of fluids.
If that were the case, a computational fluid dynamics approach that uses the Navier–Stokes
equations would be overwhelmingly more favorable. Instead, these equations attempt to
provide a simple means for predicting behavior on a scale that is intermediate to MVN and
CFD methods without the intense computational load associated with CFD. This behavior
can likewise be validated using MVN software to assess that the modified A* algorithm is
generally capable of making these estimations.

2.2. Validation of the Modified A* Algorithm

Because the modified pathfinding algorithm returns shortest paths with respect to
airflow direction, numerous applications of the algorithm are feasible. By considering the
calculated cost between discrete locations in a mine’s ventilation system, the modified
A* algorithm can estimate the shortest possible path of travel of a contaminant in an
underground mining environment without the use of a network solver typical of MVN
software. With the coal of using the total path cost calculated by the modified A* algorithm
as an indicator of the statistical relationship between two points in a mine’s ventilation
system, spread time can be used as a helpful MVN-based starting point from which to
measure the performance of the modified algorithm.

Using Ventsim 5.4, a section of the underground mine can be constructed as in Figure 2.
The section has two intakes with volumetric flow rates of 19 m3/s, indicated with the
upwards green arrows in the figure, and an additional intake with a volumetric flow rate
of 6 m3/s to provide a minimum air velocity of 0.3 m/s throughout the entire section. Air
is exhausted from one major outlet indicated in the figure, with an additional minor outlet
from the section via an overpass not indicated in the figure for the sake of visual clarity.
The simulation of a steady-state contaminant release at 100 ppm in the mining environment
can return a set of spread times calculated by Ventsim.

Figure 2. MVN representation of underground mine section in Ventsim 5.4. Section intakes are
indicated with green arrows and exhaust with an orange arrow.

To verify the pathfinding algorithm, results of the modified A* pathfinding algorithm
can be used to estimate the order in which contamination would reach the airway, while
this estimation is possible in Ventsim and similar MVN software, estimation of spread time
requires a network representation of the ventilation system. With the use of a pathfinding al-
gorithm, the modified A* algorithm stands to remove the need for a network representation
of the system while improving spatial resolution of the space. This method still relies on a
graph representation of the space, but by representing discrete regions of the ventilation
system as nodes rather than mine entries as branches. In other words, the space can be
represented as a bidirected graph where each node represents a point in the ventilation
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system rather than an intersection of airways. As a result, the modified A* algorithm will
be able to predict behavior within mine entries, which is not otherwise feasible in Ventsim.
By varying the placement of contaminant sources in Ventsim 5.4, multiple observations of
path of travel are possible. The selected locations are indicated in Figure 3, with airways
containing emitters marked in orange. Only one location contains the contamination source
at a time, for a total of ten scenarios. A set of 20 airways were selected for analysis, with care
taken to distribute the monitored airways somewhat evenly within the space. Because
the modeled portion of the underground coal mine is composed of 182 discrete airways,
an analysis of 10% of the airways in the simulation provides a large enough sample to
generalize the behavior across the portion of the mine. When combining this with ten
locations for emitters, this represents approximately 15% of the portion of the mine that is
considered in-depth in analysis. The selected airways are likewise indicated in Figure 3.
By comparing the least resistance path calculated by Ventsim and the modified A* pathfind-
ing algorithm’s total cost and path length with the calculated spread time generated by
the network solver, the two pathfinding methods can be used to gauge their fitness as a
surrogate for spread time.
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Emission Locations and Monitored Airways

Figure 3. Locations of contaminant sources during simulation in Ventsim (orange) and airways
monitored for spread time analysis (blue).

To judge the fitness of the pathfinding algorithm, pathfinding cost results can be
ranked and compared to the rank of spread time. A pathfinding method serving as
a perfect surrogate for spread time would return costs whose rank match the rank of
spread time for all airways. For building a statistical relationship between locations in the
mine’s ventilation system, an acceptable metric from the modified A* algorithm should
provide a rank that matches or underestimates the rank of spread time while providing
higher spatial resolution and improved accuracy than other minimum-cost pathfinding
methods currently available in MVN software. To assess the performance of the modified
A* algorithm, the ranks of path length and total cost can be compared to the least resistance
measurement in Ventsim as a surrogate for spread time. Naturally, the flow of airborne
contamination should follow a path of least resistance, providing some relation to spread
time that could potentially be used to krige airborne contamination distributions, but the
adoption of the modified A* algorithm’s path length or total cost should ideally outperform
the least resistance metric.

3. Results and Discussion

Qualitatively, the modified A* algorithm performs as expected, returning a path
between two locations within the mine that follows the direction of airflow. Figure 4
indicates the minimum-cost modified A* path between one of the section’s intakes and the
section’s exhaust. Comparing this with the least resistance path as measured in Ventsim
(Figure 5), this shows strong agreement with an MVN approach.



Mining 2024, 4 440

0 200 400 600 800 1000
0

100

200

Minimum Cost Path from Section Intake to Exhaust

Figure 4. Minimum cost path from one of the section’s intakes to its exhaust. The path starts indicated
in red and ends in blue.

Figure 5. Least resistance path as calculated by Ventsim. Note that the paths returned are identical in
terms of airways used.

Most notably, the modified A* algorithm can return a minimum cost path in the
reverse direction (Figure 6) as well, which Ventsim is not always capable of. This is a
consequence of representing the space as a network. Naturally, it would not be appropriate
to assume that the shortest path of contaminant travel between two points in this reverse
case would be to exit the section entirely and re-enter, as suggested by Ventsim in Figure 7.
This limitation of MVN approaches is especially visible in this case, where only a portion
of the ventilation system is modeled in Ventsim. For the eventual use case in the kriging
of air contamination distributions, it is vital to construct measures of statistical relation
that reflect the anisotropic nature of a mine’s ventilation system. In this reverse case, it
is clearly much more likely that contamination could reach a location despite adverse
flow conditions because of mixing and reversal within the turbulent boundary layer at
the ribs, back, and floor of the excavation than considering the complete exhausting of the
contaminant and re-entry of the still-entrained contaminant in the section supply. As such,
any metric that is to be used to measure the statistical relation between points in the mine’s
ventilation system should return paths that are entirely constrained to the ventilation
system, without assuming exhausted contamination will remain entrained in intake air;
while this is not a possibility for MVN software like Ventsim, the modified A* algorithm is
capable of enforcing this requirement.
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Minimum Cost Path from Exhaust to Section Intake

Figure 6. Minimum cost path from the section’s exhaust to one of its intakes. The path starts indicated
in red and ends in blue. Note that the path has changes slightly but remains entirely constrained to
the section of the mine.



Mining 2024, 4 441

Figure 7. Least resistance path as calculated by Ventsim from the section’s exhaust to one of its
intakes. Note the nonsensical route suggested by the software due to the use of an MVN approach.

The modified A* algorithm was compared to the least resistance metric within Ventsim
to assess the appropriateness of the algorithm for use as a surrogate for spread time that
improves the spatial resolution. Spread time, as calculated in Ventsim, cannot account
for conditions under which contamination is unlikely to reach an entry. Within Ventsim,
the spread time is indicated as 99,999 when this occurs. Two sets of t-tests can be performed
to determine whether the modified A* algorithm path length or total cost values outperform
the least resistance measurement.

First, the cases where spread time in an entry is reported at 99,999 can be excluded
from analysis. This has various implications, especially as it pertains to capturing short-
scale and long-scale statistical relationships. By excluding values of 99,999 from analysis,
the reverse cases that Ventsim cannot address as discussed above are ignored. Spread times,
path lengths, total costs, and least resistance path lengths can all be ranked, and a success
rate can be determines as the percentage of observations for which the ranks of various
surrogate metrics do not overestimate the rank of spread time. Table 1 displays the success
rates of these various surrogate metrics when spread time values of 99,999 are excluded.

Table 1. Success rates for various surrogate metrics with spread time = 99,999 excluded from analysis.

Emitter Airway Number
Success Rates

Least Resistance Total Cost Path Length

403 0.647 0.824 00.824
516 0.526 0.737 0.789
393 0.647 0.706 0.824
369 0.688 0.750 0.875
323 0.667 0.800 0.933
472 0.647 0.824 0.882
499 0.647 0.824 0.882
371 0.688 0.813 0.938
360 0.667 0.800 0.933
367 0.647 0.824 0.882

Mean 0.647 0.790 0.876
Standard Deviation 0.043 0.041 0.048

The total path length as computed using the modified A* algorithm significantly
outperforms the last resistance metric in Ventsim (p < 0.0005), and the total cost likewise
provides an improvement over the least resistance metric, albeit with a slightly higher
p-value (p < 0.001). By extension, when excluding spread times of 99,999, the path length
from the modified A* algorithm significantly outperforms the total cost (p < 0.005), but less
drastically than improvements seen over the least resistance measurements.

Alternatively, spread times of 99,999 can be included in analysis. This inclusion can
provide an insight into the modified A* algorithm’s ability to handle these reverse cases as
mentioned above. Obviously, success rates should be lower than when values of 99,999 are
excluded from analysis, but their inclusion can highlight the dramatic improvement over
using the least resistance measurement in Ventsim as a method for determining statistical
relationships between locations in underground ventilation systems. Table 2 displays the
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success rates for least resistance measurements, total path cost, and the modified A* path
length when values of 99,999 are included in the analysis.

Table 2. Success rates for various surrogate metrics with spread time = 99,999 included in analysis.

Emitter Airway Number
Success Rates

Least Resistance Total Cost Path Length

403 0.450 0.800 0.150
516 0.450 0.750 0.450
393 0.450 0.700 0.200
369 0.400 0.700 0.250
323 0.250 0.750 0.250
472 0.350 0.800 0.150
499 0.350 0.800 0.150
371 0.300 0.750 0.250
360 0.250 0.750 0.250
367 0.450 0.800 0.250

Mean 0.370 0.760 0.235
Standard Deviation 0.078 0.037 0.084

Here, the total cost of the modified A* algorithm’s returned path dramatically outper-
forms the least resistance metric with p < 0.0005. Interestingly, the modified A* algorithm’s
path length significantly under-performs when compared to the least resistance measure-
ment in Ventsim (p < 0.01). By extension, the total cost provides a significant improvement
(p < 0.000005) in success rate over the path length when spread times of 99,999 are considered.

For the use as a potential distance metric for the statistical estimation of airborne con-
tamination distributions, the modified A* algorithm’s total cost of path is a very promising
candidate. Without the need for a graph representation like those used in MVN approaches,
this distance metric can be used to provide a much higher spatial resolution than otherwise
available. Additionally, compared to a least resistance metric that is possible to calculate
in MVN software, the modified A* algorithm’s total cost significantly outperforms any
other method to reflect relative statistical relationships more accurately between points in
the mine. The modified A* algorithm shows superior adherence to spread time, which is
ultimately one of the best currently available ways of gleaning information pertaining to
the path of travel of airborne contamination in underground mines. Because the modified
A* method can use a significantly smaller cell size than the entire-entry representation of
the mine’s ventilation system, distribution estimation using statistical method could stand
to have much improved spatial resolution while retaining model accuracy. Preliminary,
in silico assessment of the use of the modified A* method’s total cost of path for ordinary
kriging of airborne contamination distributions has shown promising results, with further
testing planned.

Naturally, testing the modified A* algorithm against a MVN realization of a mine’s
ventilation system will only serve to validate large-scale behaviors of the algorithm. Just as
MVN approaches are limited in their ability to consider behaviors within different parts of
the same airway, this analysis is limited to behaviors between airways. Notably, the above
results continue to hold when the monitored locations as indicated in Figure 3 are moved
to any other place within the same airway. Regardless, further analysis with a method
capable of providing improved spatial resolution may be worthwhile, but care should be
taken when using methods like computational fluid dynamics or fast fluid dynamics, as the
determination of initial and boundary conditions as well as simplifications to the model
for the sake of processing time can have an outsized impact on actual behaviors within
the mine entry [43–45]. Ultimately, this harms the reliability of the use of the CFD method
for analysis and can be evident when comparing CFD results with experimental data.
Additionally, computational fluid dynamics, including fast fluid dynamics methods are
incredibly computationally intensive; it may not be possible to accurately model a portion



Mining 2024, 4 443

of the mine large enough to perform any adequate analysis while using a grid size that is
small enough to avoid grid dependency [46]. As such, we suggest that further validation
of this method would be best achieved using tracer gases in actual underground mines,
or via post hoc analysis of model and algorithm performance when using the modified A*
algorithm in the estimation of contamination distributions in actual underground mines.

The modified A* algorithm, as presented, is still limited in its ability to construct mean-
ingful relationships with the same resolution as computational fluid dynamics methods
and is especially limited by its nature as a two-dimensional method. Additional work is
required to assess the function of the modified A* algorithm as a three- or n-dimensional
method. Any future work seeking to expand the modified A* algorithm’s capabilities
by considering cases in three dimensions should take great care to assess the feasibility
of determining the general three-dimensional behavior of airflow within the ventilation
system. Additionally, while the “pure” A* algorithm (and by extension, the modified A*
algorithm) does provide a significant reduction in space complexity when compared to
Dijkstra’s algorithm, time and space complexities for the modified A* algorithm should
reasonably be expected to worsen with each additional search direction added to the space.
In the two-dimensional case presented, there is a maximum of four cardinal directions the
algorithm must consider when identifying the minimum cost path. For a three-dimensional
case, this would be a maximum of six cardinal directions, with each additional dimen-
sion adding two cardinal directions to the maximum number of directions the algorithm
must consider.

4. Conclusions

This modified A* algorithm seeks to describe minimum cost paths based on a fluid flow
field within a two-dimensional study space of any arbitrary geometry that can be realized as
a continuous space consisting of a single region. As an extension of the A* search algorithm,
the modified algorithm provides a reliable estimation of the shortest path between points
with respect to additional dynamic and kinematic factors that the traditional A* algorithm
cannot directly account for by including information on the direction of airflow. Despite the
obvious exclusion of other endogenous factors that impact the transport of contamination,
this pared-down model continues to provide a suitable means of estimating path-of-travel
of contamination in underground mines. This behavior is verified in Ventsim by comparing
the spread time to the total cost of the path. The modified A* algorithm consistently
outperforms other pathfinding methods available in Ventsim, especially the least resistance
measurement, which should theoretically provide similar performance. This method proves
promising in its ability to estimate paths of travel for airborne contamination. Its superiority
to other pathfinding methods in MVN software, both in accuracy and spatial resolution,
suggest that the total cost of path as calculated by the modified A* algorithm could function
well as a measure of statistical relation between discrete locations within underground
ventilation systems.

While more work is indicated in the validation of short-scale behaviors and the
implementation of the modified algorithm in three- and n-dimensional cases, the initial
validation presented shows the promising nature of the modified A* algorithm. To proceed
with spatial interpolation in a highly anisotropic space, the determination of statistical
relationships within a mine’s ventilation system is crucial to model performance; while
other distance metrics, like the least resistance measurement in Ventsim, are available for
use with MVN representations of ventilation systems, they are inherently limited by the
one-dimensional nature of MVN representations. This modified pathfinding algorithm
presents an opportunity to increase spatial resolution of contamination distribution and
transport models by taking a step away from the traditional graph representation of
underground ventilation systems. As discussed above, future work should focus on the
validation of this pathfinding algorithm through experimental means; while the initial
results via simulation are promising, the use of tracer gases and real-time gas monitoring
would allow for an additional layer of validation to show that the algorithm functions as
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intended. Additionally, verification through simulation using more expansive underground
ventilation models and models for other underground mines will help to evaluate the
robustness of this approach.

The A* algorithm and similar pathfinding algorithms are incredibly applicable to ques-
tions in engineering and science, as highlighted by the explosion of derivative pathfinding
methods presented in the past several decades [6–11]. With the modifications to the original
A* algorithm we have presented, this modified algorithm can begin to account for the
effects of airflow direction and excavation roughness as a means of determining the path of
travel of contamination in underground ventilation systems. This is highly applicable for
future work to estimate contamination distributions without the use of computational fluid
dynamics or mine ventilation network methods, which can stand to provide estimates with
less time and space complexity than CFD method by higher spatial resolution than MVN
methods. By using the modified A* algorithm as a measure of statistical relation between lo-
cations in a mine’s ventilation system, these models could stand to better account for locally
varying anisotropy in the ventilation system. At current, the other alternative would be to
use Euclidean distances, which would be wholly incapable of accounting for this anisotropy.
Large-scale validation in Ventsim 5.4 shows a stronger correlation between spread time and
the modified A* algorithm’s total cost of path than Ventsim’s least resistance pathfinding
distance, further showing the capabilities of the A* algorithm and its derivatives, especially
when considering the impact of factors that guide physical phenomena.
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