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Abstract

In the near field/far field (NF/FF) dispersion construct, the analytical solutions for the NF and FF concentration equations, respect-
ively denoted C (1) and C.(f) in mg/m?, are coupled in their mathematical derivation. Depending on the form of the contaminant
emission rate function G(1) (mg/min), deriving C,.(f) and C..(1) can range from being relatively easy to impossible. A method is
presented to more easily approximate these concentration functions. The method decouples the NF and FF equations by treating
the NF as an isolated well-mixed space with volume V. (m?) and supply/exhaust airflow rate f(m?) and treating the FF as an iso-
lated well mixed-space with volume V (m®) and supply/exhaust airflow rate Q (mq). Assuming that each space contains a source
with the same contaminant emission rate function G(), a contaminant concentration function is derived for the FF zone, denoted
Curs (), and an independent contaminant concentration function is derived for the NF zone, denoted C,,.,(1). Deriving a concen-
tration function for a single zone is far easier than deriving coupled concentration functions. It is shown that the sum C, .. (1) +
Cuuro(1) provides an excellent approximation of C (1) and that C,,..(1) provides an excellent approximation of C.(1). A discrete-

time numerical solution for the C,.(f) and C..(1) system based on a Markov matrix is also presented.
Key words: decoupling method; deterministic models; Markov matrix solution; near field/far field model; variable emission rates.

What's Important About This Paper?

The Near Field/Far Field model is widely used to estimate contaminant concentrations in workplaces, but prior solutions
have utilized relatively simple emission functions. This study presents a method that facilitates the application of the Near
Field/Far Field model where it is mathematically difficult to derive the coupled time-dependent contaminant concentration
functions.

Introduction

The near field/far field (NF/FF) model is a contaminant-
in-air dispersion construct widely used in the industrial
hygiene profession (IH MOD 2.0 2023). It has been
shown that the model usually provides NF contaminant
exposure estimates within a 2-fold factor of the corres-
ponding measured concentrations (Jayjock et al. 2011).
In accounting for higher exposure intensity near an emis-
sion source, the model also maintains a contaminant

mass balance within the room, unlike the well-mixed
room model employing a mixing factor (ACGIH 1998),
and unlike the commonly used versions of turbulent dif-
fusion models (Nicas 2009). The conceptual framework
for the NF/FF model was first presented in a ventilation
text about seven decades ago (Hemeon 1955); the time-
dependent concentration equations given a constant
contaminant emission rate were derived and published
4 decades later (Nicas 1996).
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The NF/FF model is not limited to considering only
constant emission, for which the rate is usually denoted
G (mg/min), but extends to continuous time-varying
emission rate functions which can be denoted G(z). The
most frequently applied G(¢) function is an exponen-
tially decreasing emission rate:

G(t) =ax My x exp(—a X t) (1)

where (i) M, is the contaminant mass (mg) in the
source at time ¢ (min) equal to zero, (ii) no further con-
taminant mass is added to the source, and (iii) « is a
first-order loss rate constant with unit min-! (Keil and
Nicas 2003).

A second published G(¢) function involves exponen-
tially decreasing emission from material that is applied
to a surface at a constant rate per Equation 2 below:

G(@) =I1x[1—exp(—a x t)] (2)

where (i) I is the constant mass rate (mg/min) of con-
taminant added to the surface and (ii) a is the same
parameter as in Equation (1) (Nicas 2016).

A third published G(¢) function involves cyclical (si-
nusoidal) emission per Equation 3 below:

Gma.x . 2w ™
G(t)= 7 X {sm (tCYde X t— 2) +1} (3)

where (i) G, (mg/min) is the maximum emission
rate, and (ii) £_, (min) is the time to complete 1 cycle
(period) of emission (Nicas and Armstrong 2003).

Analytical solutions for the NF/FF model have been
published based on assuming the NF zone emission
source has, alternatively: (i) a constant emission rate,
(i) an exponentially decreasing emission rate, and
(iii) exponentially decreasing emission from material
constantly being applied to the surface. An analytical
solution means there are closed-form equations for the
coupled time-dependent contaminant concentration
functions in the NF zone, denoted C(#) in mg/m?, and
in the FF zone, denoted C,, () in mg/m’. An analytical
solution is not yet available for the NF/FF model with
a sinusoidal emission rate from the NF zone, but a nu-
merical solution will be presented.

Depending on the nature of the G(#) function,
deriving coupled solutions analytically for C,(¢) and
C,(t) can range from tedious to impossible, and a nu-
merical solution can involve computer implementation
that is much more complicated than feasibly performed
via a spreadsheet. In turn, difficulty in analytically or
numerically formulating the coupled solutions can
limit the application of the NF/FF model to only math-
ematically “convenient” G(¢) functions which may not
be adequate descriptors. This article shows that excel-
lent approximations for C(t) and C_(t) can be more
simply derived based on two decoupled well-mixed
space constructs. An explanation of the method is now
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presented based on a constant contaminant emission
rate.

The decoupling method for a constant
emission rate

In the NF/FF model with a constant emission rate G,
the NF steady-state concentration C equals the sum
G/B + G/Q, and the FF steady-state concentration C,,
equals G/Q, where § is the volumetric airflow rate (m?/
min) into and out of the NF zone, and Q is the volu-
metric airflow rate (m*/min) into and out of the room.
For C,, the quantity G/g is the concentration com-
ponent due to direct contaminant emission into the
NF zone, and the quantity G/Q is the concentration
component due to FF zone air carried back into the
NF zone. This circumstance suggests that the C(z)
can be approximated as the sum of 2 non-linked time-
dependent concentration equations. The first is labeled
Cyury (1) and is the traditional well-mixed room equa-
tion with parameters Q and V (m?, the room volume):

Cwmri (t) = g X {1 — exp (f% X tﬂ (4)

For simplicity, it is assumed C,.,(0) = 0. It will be
shown that C.,(t) is an excellent approximation of
the analytically-derived C,.(¢) equation; the approxi-

mation is denoted C_.* ()

Crr (¢) = Cppx (f) = Cwmna (2) )

The second equation is labeled C,,.,(t) and treats
the NF zone as an isolated well-mixed space with
parameters § and V. (m’ the NF volume), where

C (0) =0:

WMR2

; { ( ; )
C )= —x [1- ——— Xt
WMR2 (%) 3 P~y
The analytically-derived C() equation is approxi-
mated by the sum of C . (¢) and C (¢), denoted
C..* ()

Cnr (2) = Cnr* (1) = Cwmri (£) + Cwmra (2) )

Whereas analytically deriving C_.(t) and C,(t) re-
quires solving 2 coupled differential equations (Nicas
1996) deriving either Cy, .. (t) or Cg, .. () involves
solving 1 differential equation. If one solves for
Cympy (1), the parameters O and V can simply be re-
placed by the respective parameters § and V, to ob-
tain C, ., (#), and vice versa.

To illustrate the method, consider the following
hypothetical scenario. The NF is a cube with length as-
pect 1 m that sits on a surface, such that V, = 1 m’
and the free surface area FSA = 5 m? The random air
speed (denoted s) at the NF boundary is 4.6 m/min (or
15 fpm), such that f = %2 x FSA x s = 11.5 m*/min, and

(6)

WMR2
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Fig. 1. The near field/far field model with a constant contaminant emission rate. C (1) is the solid-line curve and C.* (1) is the dashed-
line curve corresponding to the “Near Field” arrow. C.(1) is the solid-line curve and C..* (1) is the dashed-line curve corresponding to the

“Far Field"” arrow.

B 1V =11.5 min~'. The room has V = 100 m* and Q
= 10 m*/min, such that Q/V = 0.1 min~". Let G = 1,000
mg/min. The corresponding approximation equations
for ¢t > 0 min are as follows:

Cwwmri (7) ,mg/m’= 100 x [ 1 — exp(—0.1 x )] (8a)

Cwwga (2) ,mg/m*= 87 x [1 —exp(—11.5 x t)] (8b)
Crp* (2) ,mg/m3= 100 x [1 — exp(—0.1 x )] (8¢)
Cnx (2) , mg/m>= 100 x [1 — exp(—0.1 x )] + 87 (8d)

x [1 —exp(—11.5 x 1)]

The general solution equations for C(¢) and C(?)

have been published previously (Nicas 1996). The spe-
cific equations for the present scenario are as follows:

Cnr (2),mg/m*> = —101.8 x exp( — 0.10 x ) — 85.2

xexp(—11.62 x 1)+ 187 (9,

Crr (t) ,mg/m> = —100.9 x exp( — 0.10 x ) +0.9x
exp(—11.62 x )+ 100 (9b)

Figure 1 graphs C_(#) (the solid-line curve) versus its
approximation C_.* (¢) (the dashed-line curve), which

are both labeled “Near Field,” over a 1-h period. Figure
1 also graphs C, () (the solid-line curve) versus its ap-
proximation C_* (¢) (the dashed-line curve), which are
both labeled “Far Field,” over a 1-h period. The curves
for the approximate and analytical solutions are nearly
coincident. The maximum difference between C_.* (z)
and C(#) is 1.7 mg/m’ (only 0.9% of the 187 mg/m’
steady-state C, value), and the maximum difference
between C_* (t) and C,(¢) is 0.88 mg/m? (only 0.9%
of the 100 mg/m’ steady-state C,, value).

The decoupling method for an
exponentially decreasing emission rate

In the NF/FF model with a G(¢) function per Equation
1, a steady-state concentration does not evolve. In
either zone, the contaminant concentration increases to
a peak value and subsequently declines to zero. Where

Cynni(0) = 0, the C ., (¢) equation is as follows:
M
Cwmri (1) = ai?fi—og
X |exp (7% X t) —exp(—a xt) (10)

For space considerations, the C, ..(¢) equation is
not shown, but it replaces O with B and replaces V
with V. As before, C_.* (1) = C (t) + C

WMR1 \X/MRZ(t) ‘
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To demonstrate the method’s performance, consider
a similar hypothetical scenario. The NF is a cube with
a length aspect of 1 m that sits on a surface, such that
Vs = 1 m®. The random air speed at the NF boundary
is 4.6 m/min such that 8 = 11.5 m*min. The room
has V = 100 m® and Q = 10 m*min. In this case, let
M, = 63 200 mg and a = 0.05 min~', such thatin 1 h
about 60 000 mg of contaminant are emitted from the
source, the same mass emitted into room air during a
1-h period in the previous constant emission rate scen-
ario. The corresponding approximation equations for #
> 0 min are as follows:

Cwmri (2) ,mg/m’
63 (11a)
=— x [exp(—0.1x #) —exp(—.05x 2]
Cwmgrz (2) , mg/m’

=—276 x [ exp(—11.5 x t) — exp( — .05 x ¢)]

In turn: C,* () = C +C ,and C..* (1)

wwri (£) wara(®)
=C

WMRl(t)'
The general solution equations for C(¢) and C_(¢)

have been published previously (Keil and Nicas 2003).
The specific equations for this scenario are as follows:

(11b)

Cnr (2) ,mg/m® = — 643.1 x exp( — 0.10 x ¢)
— 270.4 x exp( —11.62 x t)

+913.5 x exp(— .05 x 1) (123)
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Crr (£) ,mg/m> = — 637.5 x exp(—0.10 x )
+ 2.7 x exp(—11.62 x 1)

+634.8 x exp( — .05 x 1) (12b)

Figure 2 graphs C_(#) (the solid-line curve) versus its
approximation C_.* (¢) (the dashed-line curve), which
are both labeled “Near Field,” over a 1-h period. Figure
2 also graphs C_(¢) (the solid-line curve) versus its ap-
proximation C,.* (¢) (the dashed-line curve), which are
both labeled “Far Field,” over a 1-h period. The curves
for the approximate and analytical solutions are nearly
coincident. The maximum difference between C_.* (z)
and C(t) is 5.2 mg/m® (only 1.6% of the 324 mg/
m’® peak C_(t) value), and the maximum difference be-
tween C_.* () and C,(¢) is 2.7 mg/m? (only 1.7% of
the 157 mg/m’® peak C,(t) value).

It has been shown previously that the decoupling
method provides an excellent approximation for
C(t) and C_(#) in the related scenario of exponen-
tially decreasing emission from material applied to a
surface at a constant rate per Equation 2 (Nicas 2016).
Therefore, an example is not provided here.

The decoupling method for a sinusoidal
emission rate

In the NF/FF model with a G(¢) function per Equation
3, a steady-state concentration per se does not evolve.
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Fig. 2. The near field/far field model with an exponentially decreasing contaminant emission rate. C,.(1) is the solid-line curve and C,.*
(1) is the dashed-line curve corresponding to the “Near Field” arrow. C..(1) is the solid-line curve and C..* (1) is the dashed-line curve

corresponding to the “Far Field” arrow.
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Instead, in either zone, the contaminant concentra-
tion attains a steady-state moving average such that
the concentration increases and decreases in a sinus-
oidal fashion around a constant mean value. Where

Cynny(0) = 0, the C, ., (#) equation is as follows:
N
CWMRl(t)_ZXQX 1 exp v X t
+ Cimaxx Q X [exp (—% X t)

teycle

: 2w Xt s 2n x V
in (22Xt — 7)) —
+s ( Teyle 2 ) O Xleye

X cOs (Zi - 7)] (13)

teycle

For space considerations, the C, ..(¢) equation is
not shown, but it replaces O with § and replaces V
with V.. As before, C_,* (2) = Cy 5, (1) + Cypumol)-

To demonstrate the decoupling method’s perform-
ance, consider another hypothetical scenario. As be-
fore, the NF is a cube with a length aspect of 1 m that
sits on a surface, such that V,, = 1 m’. The random air
speed at the NF boundary is 4.6 m/min such that § =
11.5 m*/min. The room has V = 100 m?® and O = 10 m%/
min. In this case, let G___ = 2,000 mg/min and Lode =
10 min, such that in 1 h 60 000 mg of contaminant are
emitted from the source, which is the same total mass
emitted in the previous scenarios. The corresponding

approximation equations for ¢ > 0 min are as follows:

Cwwmri (£) ,mg/m> = 100 x [1 —exp (0.1 x )] +2.471 x
{exp(—O.l X t)4sin (0.27r X t— ﬂ—)

2
—26.283 x cos (0.21 x t— )]
(14a)

Cwmrz (t) ,mg/m> = 86.957 x [1 —exp (—0.1 x t)]+86.698
. ™
X [exp(—O.l X t)+sin (0.271' X t— ?)

—.0546 x cos (0.2 x t— )]
(14b)

As before: Cnr* (1) =Cwwmri () +Cwwmrz (2), and
Crrx (t) =Cwmri (t)

The numerical solutions for C_(¢) and C,(¢) are
based on the first-order loss rates from the NF and FF
zones, respectively, incorporated into a Markov matrix
denoted P (Nicas, 2011). The P matrix is described in
Appendix 1 of the Supplementary file. To briefly ex-
plain the numerical method, one poses a small-time
interval, here At = 0.0001 min, and computes the mass
emitted in each interval running from the first interval
up through the last interval with an end time denoted
¢, For each interval, the mass that was emitted and is
present at the time ¢_, in the respective NF and FF zone
is computed; these remaining masses are summed and
divided by the zone volume to yield the contaminant

Nicas

concentrations C(z_,) and C_ (¢ ). The shorter the
At value, the closer the discrete-time numerical method
conforms to a continuous-time process. However, for
At equal to 103 min versus 10-* min, there is only a
0.5% difference in the 1-h TWA values for C(#).

The mass emitted in the interval t to ¢ + At is the def-
inite integral of the Equation 3 function from ¢ to ¢ +
At, as follows:

Mass emitted in interval [ 2,t+A t] =

Gumax Teydle 27 _
2 (At—i—ij x{cos[ X t 2}

Leydle

—cos [2” (t+At) — ”7} }) (15)

Leycle

The value of C (¢, ) is computed as follows:

n Mi ni
CNF (tend) :Zizl VNF X p11+] (16)

where (i) 7 = (¢, /At)x10%, (ii) M, is the mass emitted
in the ith interval, and (iii) p‘flﬂﬂis the entry in the first
row and first column of the P matrix multiplied by it-
self 7—i+1 times. Note that p}, is the entry in the first
row and first column of the P matrix.

Similarly, the value of C_(t ) is computed as

follows:

Crr lta) =Y % Pl (17)

The terms 7 and M, are the same as in Equation
16, and p, "™ is the entry in the first row and second
column of the P matrix multiplied by itself 7z—i+1 times.
phyis the entry in the first row and second column of
the P matrix.

Figure 3 graphs C,(#) (the solid-line curve) versus its
approximation C_.* () (the dashed-line curve), which
are both labeled “Near Field,” over a 1-h period. Figure
3 also graphs C,,(t) (the solid-line curve) versus its ap-
proximation C, . (f) (the dashed-line curve), which
are both labeled “Far Field,” over a 1-h period. The
curves for the approximate and numerical solutions are
nearly coincidental. The maximum difference between
Cy* (t) and C(#) is 3.4 mg/m’ (only 1.2% of the 276
mg/m’ peak C_,(¢) value), and the maximum difference
between C..* (¢) and C,.(z) is 1.7 mg/m? (only 1.5%
of the 115 mg/m® peak C(t) value). The Matlab com-
puter code used to find the C_(¢) and C,(z) series is
presented in Appendix 2 of the Supplementary file.

Discussion

Performance for different 3 and Q values

For a fixed NF volume, 8 determines how rapidly the
contaminant emitted into the NF zone disperses into
the FF zone, and for a fixed room volume, O deter-
mines how rapidly the contaminant is exhausted from
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Fig. 3. The near field/far field model with a sinusoidal fluctuating emission rate. C, (1) is the solid-line curve and C.* (1) is the dashed-line
curve corresponding to the “Near Field” arrow. C_.(1) is the solid-line curve and C..* (1) is the dashed-line curve corresponding to the
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the room. In the illustrative scenarios considered, 8 =
11.5 m*/min corresponded to 11.5 air changes per mi-
nute (ACM) for V, = 1 m? and O = 10 m*/min corres-
ponded to 0.1 ACM (or 6 ACH) for V = 100 m?. The
decoupling method worked well for this plausible pair
of B and Q values, but does it also work for more ex-
treme f3 and Q values?

To investigate the issue, four combinations of g and O
values were considered: (i) = 1.5 m*min and QO = 0.83
m?/min, (i) f = 1.5 m*min and Q = 50 m*/min, (iii) 8
= 50 m*min and O = 0.83 m*min, and (iv) f = 50 m?/
min and O = 50 m*/min. For the cubic NF geometry that
was posed, the 8 values of 1.5 and 50 m*min corres-
pond to random air speeds of, respectively, 0.6 m/min (2
feet per minute, fpm) and 19.8 m/min (65 fpm). These 2
values are in the tails of the reported lognormal distribu-
tion of indoor air speeds with geometric mean = 3.6 m/
min (11.8 fpm) and geometric SD = 1.96 (Baldwin and
Maynard 1998). For room volume V = 100 m?, the O
values of 0.83 and 50 m*/min correspond to ACH values
of, respectively, 0.5 and 30 h-', which are at the tails of
the plausible range of air exchange values for industrial
and commercial workplaces.

The constant emission rate, exponentially decreasing
emission rate, and sinusoidal emission rate functions
previously posed in the illustrative scenarios were con-
sidered with these B and Q combinations. Respective

Supplementary Tables S1 to S3 in the supplementary file
summarize the following output: (i) the 60-min TWA
value computed by the coupled solution (denoted CS
TWA), (ii) the average absolute difference between the
coupled solution and the decoupled solution (denoted
Diff. Av.) at 6 x 10° equidistant time points across the
60-min period, (iii) the maximum concentration com-
puted by the coupled solution (denoted CS Max.), and
(iv) the absolute difference between the respective max-
imum concentrations for the coupled and decoupled so-
lutions over the 60-min period (denoted Diff. Max.). The
tables also show the output for the illustrative scenario
combination of = 11.5 m¥min and Q = 10 m*min.

For a constant emission rate and for both the NF
and FF concentrations, the percentage differences be-
tween Diff. Av. and CS TWA, and the percentage dif-
ferences between Diff. Max. and CS Max., are <1.2%
across all g and Q combinations except for 1. For 8 =
1.5 m*min and Q = 0.83 m*min, the percentage dif-
ference between the FF CS Max. and Diff. Max. values
1s 2.1%.

For an exponentially decreasing emission rate and
for both the NF and FF concentrations, the percentage
differences between Diff. Av. and CS TWA, and the
percentage differences between Diff. Max. and CS
Max., are £2.1% across all f and O combinations ex-
cept for 1. For B = 1.5 m*min and Q = 50 m*/min, the
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percentage difference between the FF CS Max. and FF
Diff. Max. values is 5.5%. However, focusing on the
average absolute difference is a worst-case comparison,
because the average difference (the mean of FF Diff.
Max. minus FF CS Max.) for this  and O combin-
ation corresponds to a 0.21% difference; in turn, the
FF 60-min TWAs computed by the coupled and de-
coupled solutions differ by only 0.21%.

For a sinusoidal emission rate and for both the NF
and FF concentrations, the percentage differences be-
tween Diff. Av. and CS TWA, and the percentage dif-
ferences between Diff. Max. and CS Max., are <2.9%
across all B and QO combinations except for 1. For
B = 1.5 m*/min and Q = 50 m*/min, the percentage
difference between the FF CS TWA and FF Diff. Av.
values are 16%, and between the FF CS Max. and
FF Diff. Max. values is 3.2%. Again, focusing on
the average absolute difference is a worst-case com-
parison, because the average difference (the mean of
FF Diff. Max. minus FF CS Max.) for this § and O
combination corresponds to a 1.0% difference; in
turn, the FF 60-min TWAs computed by the coupled
and decoupled solutions differ by only 1.0%. Part of
the reason for the discrepancy can be seen in a graph
(not shown) of the FF concentration time series for
the coupled and decoupled solutions. The sinusoidal
peaks (and troughs) occur about half a minute earlier
for the decoupled solution, which causes the mean ab-
solute difference to be greater than the mean differ-
ences across the time points. The offset occurs because
the decoupled solution is based on the instantaneous
emission of a contaminant into the FF zone, whereas
B = 1.5 m*min (or 1.5 ACM) in the coupled solution
involves a slower release into the FF zone.

Other considerations

The model equations discussed here apply to gas-phase
contaminants and, in general, not to particulate con-
taminants. The reason is that the loss rate constants
accounted for only exhaust air flows (8 and Q) and not
for particle loss by gravitational settling and deposition
onto vertical surfaces in the NF and FF zones. Given
the same mass of contaminant emitted into NF zone
air, the particle loss pathways would decrease particu-
late contaminant concentrations relative to those for
a gas-phase contaminant. Particle loss rates can also
be posed as first-order rates with an inverse time unit,
but their values depend on particle aerodynamic diam-
eter. A further complication is that particulate contam-
inants are almost always emitted as a distribution of
aerodynamic particle sizes, so one needs to consider a
distribution of loss rates.

The decoupling method C.* (¢) approximation is
based on a superposition principle, that is, the solution
is the sum of 2 independent equations. The equations
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Cymri(?) and C,.,(2) are independent in that neither
depends on the other. A superposition principle also
applies to the C_* (¢) approximation where there are
2 or more emission sources in the room. To explain,
consider 2 NF zones in a room, where NF #1 contains
a source with an emission rate of G, (t), and NF #2 con-
tains a source with a different emission rate of G, ().
The 2 sources generate the respective room concentra-
tion series Cy ., ,(t) and Cy ., ,(t), where the G,
and G, subscripts index the sources. In this situation:
C.i (1) = Cypmran(® + Cyprica(t), but the respective
Cyuro(?) equations for the 2 NF zones are not affected.
Where there are 2 or more NF zones in a room, ana-
lytically solving the linked differential equations would
be decidedly more difficult than solving 2 linked differ-
ential equations, assuming that an analytical solution
for the system could be found in the first place.

The C,,.,(t) equation by itself is convenient where
the values of V and Q for the larger space are not
known, or where V and Q cannot be defined because
the NF zone is in ambient air outdoors. In this situ-
ation, C, .,(¢) provides a lower-bound estimate of ex-
posure intensity. Given an enclosed space where 8 and
Q are on the same order of magnitude, as in the hypo-
thetical scenarios posed in this analysis, the Cg,,,,(?)
lower-bound increases underestimation. However, in
the outdoor environment where f is determined by
ambient wind speeds that may be 1 to 10 mph, con-
taminant would rapidly disperse away from the NF
zone and a lingering background concentration would
be at a relatively low level. In turn, C,.,(¢) should be
a close approximation of C(z).
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