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A B S T R A C T  

Ne gativ e c ontro l v ari ab les are s ome times us ed in nonexpe rime n tal s tudies t o det e ct the presenc e of c onfounding b y hidde n factors . A ne gativ e 
c ontrol outc ome ( NCO ) is an outc ome th at is influenc e d by uno bs erv e d c onfounders of the expos ure effe cts on the outcome in view, but is 
not ca usally imp acte d by the expos ure. T chetgen T chetge n ( 2013 ) in troduc e d the Control Outcome Calibration Approach ( COCA ) as a formal 
NCO coun te rfactual method to detect and correct for residual confounding bias. For ide n t ificat ion, C OCA treats the NC O as a n e rr or-pr one 
proxy of the treatme n t-fre e c oun te rfactual outcome of in te res t, a nd inv olv es re gressing the NCO on the tr ea tme n t-fre e c oun te rfactual, to ge ther 
with a ra nk-prese rving s tructural mode l, which assume s a const ant individual-leve l causal effect. In this work, we e st ab lish nonparame tric COCA 

ide n t ificat ion for the average causal effect for the tr ea ted, without r equiring rank-pr es erv a tion, ther efor e ac c ommoda ting unr estricte d effe ct het- 
e roge neity across units. This nonpa ra metric ide n t ificat ion res ult h as importa n t pract ical implicat ions, as it provides single-proxy confounding 
c ontrol, in c ontrast to re c ently propose d proxim al causal infe re nce, which re lie s for ide n t ificat ion on a pair of c onfounding proxies . For COCA 

est imat ion we propose 3 separate strategies: ( i ) an extended propensity score a pproach, ( ii ) a n outcome bridge function approach, and ( i i i ) a 
doub ly-ro bus t a pproach. Fin ally, w e illustrate the proposed methods in an app lication ev aluating the causal impact of a Zika virus out bre ak on 

birth rate in Braz il . 

KEY W OR DS : confounding proxy; doubly robust; extended propensity score; negative controls; unmeasured confounding. 

U  

i  

t  

t  

b  

t  

t  

(  

s  

c  

h  

i  

f  

m  

s  

N
 

s  

a  

C  

r  

c  

t  

s  

p  

t  

T  

v  

p  

 

p  

t  

i  

c  

 

i  

t  

a  

(  

o
 

 

t  

f  

e  

t  

t  

a  

t  

R
©
j

D
ow

nloaded from
 https://academ

ic.oup.com
/biom

etrics/article/80/2/ujae027/7655733 by C
D

C
 user on 23 April 2024
1 I N T R O D U C T I O N 

nmeas ure d c onfounding is a well-kno wn thre at to valid causal
nfe re nce from o bs erv ational d ata. An approach that is some-
imes used in practice to as s es s residual confounding bias, is
o check whether known null effects can be re c ov ere d fre e of
i as, by ev aluating whe ther the exposure or treatme n t of in-

e res t is found to be as s oci ated with a so-called negative con-
rol outcome ( NCO ) , upon a djustin g for meas ure d c onfounders
 Rosenb a um, 1989 ; Lipsitch et al., 2010 ; Shi et al., 2020 ) . An ob-
erv e d variable is said to be a valid NCO or more broadly, an out-
 ome c onfounding proxy, to the exte n t that it is as s oci ated with
idden factors confounding the expos ure-outc ome rel ation ship

n vie w, althou gh not dire ctly impacte d by the expos ur e. Ther e-
or e, an NCO tha t is empirically as s oci ated with the exposure,

i gh t su gge st the pre sence of re sidual c onfounding. In the ev e n t
uch an as s oci ation is prese n t, a natural question is whether the

CO can be used for bias c orre ction. 
The most we ll-e st ablished NCO approach for debiasing ob-

 erv ational caus al effect e stimate s is the diffe re nce-in-diffe re nces
pproach ( DiD ) ( Card and Krue ger, 1994 ; Le chner, 2011 ;
a ni glia a nd Murra y, 2020 ) . I n fact, DiD ma y be view e d as di-

e ctly lev eraging the pr etr ea tme n t outcome as a n NCO since it
annot logically be causally impacted by the tr ea tment. Iden-
 ificat ion then follows from an additiv e e qui-c onfounding as-
 umption th at the unmeas ure d c onfounder as s oci ation with the
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ost-tr ea tment outcome of interest m atches th at with the pre-
r ea tme n t outcome on the additive scale ( Sofer et al., 2016 ) .
he baseline outcome in DiD is thus implicitly ass ume d to be a

alid NCO, and e qui-c onfounding is equivalent to the so-called
 ara llel tren ds ass umpt io n , that the ave rage tre nds in treatme n t-

free pote n tial outcomes for tr ea tme n t a nd un tr ea ted units ar e
ar allel. In pr actic e, e qui-c onfounding or e quivalently parallel
rends may not be reas onab le for a n umbe r of reas on s, includ-
ng if the outcome trend is also impacted by an unmeas ure d
ommon cause with the tr ea tme n t. Furthe rmore, additive equi -

c onfounding m ay not be r ealistic as a br oa der de biasin g method
n non-DiD s e t tings wher e the NCO is not ne c es s arily a pre-
r ea tme n t measure me n t of the outcome of in te res t, but is ins tead
 post-tr ea tment measur ement of a different type of outcome
 a nd mi gh t the r efor e h av e s u pport on a d iffe re n t scale tha n the
utcome of in te res t has ) . 
To address these pote n t ial limitat ions of additive equi-

confounding, T chetgen T chetgen ( 2013 ) introduc e d the Con-
rol Outcome Calibration Approach ( COCA ) as a simple yet
orm al c oun te rfactual NCO a pproa ch to de bi as caus al effect
 stimate s in o bs erv ation al an alyses . At its c ore, COCA essen-
ially tr ea ts the NCO v ari ab le as a pr oxy measur e me n t for the
r ea tme n t-free pote n tial outcome, which the r efor e is as s oci-
ted with the latte r, a nd which be c ome s inde pe nde n t of the
r ea tme n t assi gnme n t me ch anism, upon c onditioning on the
 rn ation al Biome tric Socie ty. All ri gh ts rese rv e d. For permis sion s, p leas e e-mail: 
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FIGURE 1 A Graphical Illustration of a simple causal model. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

FIGURE 2 A graphical i l lustration of the assumptions for COCA. 
Thick arrows depict the deterministic r ela tion ship be tw e e n Y a nd 

(Y a =1 , Y a =0 , A ) , as e st ablished by the consistency assumption 

( Assumption 1 ) . 
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tr ea tme n t-fre e c oun te rfactual outcome. As the tr ea tme n t-free
pote n tial outcome can be viewed as an ultimate source of unmea-
s ure d c onfounding, this ass umption form alizes the idea th at, as a
releva n t proxy for the source of residual confounding, the NCO
would be made irreleva n t for the treatme n t assi gnme n t me ch a-
nism if one were to hypothetically condition on the underlying
pote n tial outcome. 

For ide n t ificat ion a nd infe re nce for a con tin uous outcome,
the ori ginal COCA a pproach of Tchetge n Tchetge n ( 2013 ) in-
v olv es the c orre ct spe c i fication of a r egr e ssion mode l for the
NCO, c ondition al on the tr ea tme n t-free pote n tial outcome a nd
meas ure d c onfounders, to ge ther with a rank-pre serving struc -
tural model, which effe ctiv ely ass umes a cons ta n t individual -
level tr ea tme n t effect. In this pa pe r, w e dev elop a nonpa ra met-
ric COCA ide n t ificat ion framework for the average causal effect
for the tr ea te d, which e qually applie s irre spe ctiv e of the n a tur e
of the primary outcome, whethe r bina ry, con tin uous, or poly-
tomous. Importa n tly, as we show, the proposed COCA ide n tifi-
cation framework comp le tely o bvi ates the ne e d for ra nk prese r-
va tion, ther efor e ac c ommodating an arbitrary de gre e of effect
he tero geneity acros s units. Rel at edly, an alt ern ativ e c ounterfac-
tual a pproach na med proximal causal infe re nce has rece n tly de-
v elope d in causal infe re nce lite rature ( Mi ao e t al., 2016 ; 2018 ;
T chetgen T chetgen et al., 2024 ) , which leverages a pair of nega-
tive tr ea tme n t a nd outc ome c ontro l v ari ab les, or mor e br oadly
tr ea tme n t a nd outc ome c onfounding pro xies, to nonpar amet-
rically ide n tify tr ea tme n t causal effe cts s ubje ct to residual c on-
founding without invoking a ra nk-prese rvat ion assumpt ion. Im-
porta n tly, while proximal causal infe re nce re lie s on 2 proxies for
causal ide n t ificat ion, in con tras t, COCA is a single-proxy con trol
a pproach, which the refore may prese n t pra ctical a dva n t age s. For
est imat ion and inferenc e, w e introduc e thre e strate gies to imple-
me n t COCA, which improve on prior methods: ( i ) an extended
propen sity s core ( EPS ) approach, ( ii ) a so-called outcome cali-
bration bridge function a pproach, a nd ( i i i ) a doubly robust ap-
pr oach, which car efully combines appr oaches ( i ) and ( ii ) and re-
main s unbi as ed, pr ovided tha t eithe r a pproach i s al s o unbi as ed,
without ne c es s arily knowing, which me thod mi gh t not be unbi -
ase d. Fin ally, w e illustrate the methods with an application eval-
uating the causal effect of a Zika out bre ak on birth rate in Braz il ,
and w e c onclude with pos sib le exten sion s to our methods and a
brief d isc ussion. 

2 N OTAT I O N  A N D  B R I E F  R E V I E W O F  CO C  A  

Conside r a n o bs erv ational s tudy whe r e, as r epr ese n ted in Fig-
ure 1 , one has o bs e rved a n outcome va riable Y , a binary tr ea t-
me n t A whose causal effect on Y is of in te res t, a nd meas ure d pre-
tr ea tme n t cova riates X . We are c onc erne d th at as disp l aye d s uc-
cinctly in the figure with the bow arc, the as s oci ation be tw e en A 

and Y is c onfounde d by hidden factors. 
Throu ghout, Y 

a denote s the pote n tial outcome or coun te rfac- 
tual, had pos sib ly con tra ry to fact, the expos ure be en s e t to A = a
b y a n exte rnal hypothetical in te rve n tion. Furthe rmor e, thr ough- 
out, we also make the consis te ncy assumption: 

Assumption 1 Y = Y 

A a lmo s t s urely. 

He reafte r, we aim to make infe re nces about the causal effect of 
tr ea tme n t on the tr ea t ed ( ETT ) , denot ed by ψ 

∗ = E 

(
Y 

a =1 −
 

a =0 
∣∣ A = 1 

)
. Unde r consis te ncy, ψ 

∗
1 = E 

(
Y 

a =1 
∣∣ A = 1 

)
is 

ide n tified b y E 

(
Y 

∣∣ A = 1 

)
; to ide n tify the coun te rfactual mea n

ψ 

∗
0 = E 

(
Y 

a =0 
∣∣ A = 1 

)
r equir es addit ional assumpt ions. Stan- 

d ard me thods often res ort to the no unmeas ure d c onfounding 
ass umption, th at is, Y 

a =0 |� A 

∣∣ X , a strong ass umption w e do 

not m ake. Instead, w e s uppose th at one h as meas ure d a valid 

NCO W , pos sib ly m ultidime nsional, w hich is know n a pr ior i to
satisfy the following conditions: 

Ass umption 2 Cond ition ( i ) : W 

a = W a lmo st su rel y for a =
0, 1, wh ere W 

a is th e p o t ent i al NCO u nder a n extern a l i nterv en-
t io n tha t sets A = a; co ndit io n ( ii ) : W � |� Y 

a =0 
∣∣ X ; co ndit io n ( iii ) :

 |� A 

∣∣ (Y 

a =0 , X ) . 

Ass umption 2- ( i ) enc odes the key ass umption of a known null 
causal effect of the tr ea tme n t on the NCO in pote n tial out- 
come notation . As sumption 2- ( ii ) encodes that W is releva n t for 
pr edicting the tr ea tme n t-free pote n tial outcome of in te res t. As- 
sumption 2- ( i i i ) st ate s that W is inde pe nde n t of A c ondition al on 

tr ea tme n t-free pote n tial outcome a nd cova riate s. The se condi- 
tions formally encode the assumption that W is a valid proxy for 
the tr ea tme n t-free pote n ti al outcome, a s our ce of r esidual con-
founding bias; W is only associated with the treatme n t mech- 
anism to the exte n t that it is as s oci ated with the confounding 
me ch a nism ca ptured b y the pote n tial outcome. We i l lustrate 
thes e NCO as sumption s with the caus al grap h disp l aye d in Fig -
ure 2 . The thick arrows in the graph indicate the dete rminis tic 
r ela tionship defining the observ e d outc ome in t erms of pot e n tial 
outcomes and tr ea tment v ari ab les by the consistency assump- 
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FIGURE 3 A graphical i l lustration of a structural model compatible 
with ( 1 ) . Meas ure d c ov ari a tes X ar e suppr es s ed for simplicity. The 
thick arrows depict the deterministic r ela tionships Y 

a = 0 = h y ( U 0 ) 
and Y = Y 

A . 
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ion . The mis sing arrows on the graph form ally enc ode the core
 ondition al indepe nde nc e c ondition s imp lied by As sumption 2.
It is instructive to consider a data ge ne rating me ch anism th at is

ompatible w ith A ssumption 2. A s a n exa mple, w e c onsider the
o llowing l ate n t va riable model for a con tin uous outcome: 

Y 

a =0 = h y (U 0 , X ) , ( 1a ) 

W � |� U 0 
∣∣ X and W |� A 

∣∣ (U 0 , X ) , ( 1b ) 

here U is a continuously distributed uno bs erv e d v ari ab le
nd h y ( u , x ) is a function that is strictly monotone in
 for all x , but otherwise complete ly unre stricted. In the
upplemen ta ry Mate rial A.1 , we e st ablish that expres sion s
 1a- b ) imp ly As sumption 2. Expres sion ( 1a ) means that the
r ea tme n t-fre e outc ome is a monotonic transform ation of an un-
 bs erv e d v ari ab le U 0 , a spec i fic instance of a so-called changes-

n-change s mode l ( Athey a nd Imbe n s, 2006 ) . Although the l at-
er would also assume under the causal graph in Figure 2 that W
 h w ( U 0 , X ) where h w ( u , x ) is strictly monotone in u for all x ,

n assumption we do not make. Expression ( 1b ) corresponds to
ssumption 2- ( ii ) and ( i i i ) . In fact, our formulation ac c ommo-
ates an addition al meas ure me n t e rror in W , say εw , so that W =
 w ( U 0 , X , εw ) where h w ( u , x , εw ) varies in u ( potentially non-
onotonic ) and εw |� A 

∣∣ (U 0 , X ) , ( 1b ) i s sati sfied. Figure 3
rovides a graphical re pre se n tat ion compat ible with, although
ot ne c es s arily with, expres sion s ( 1a - b ) . 
For ide n t ificat ion a nd es t imat ion in the case of a cont inuous

utcome, T chetgen T chetgen ( 2013 ) further ass ume d the rank-
rese rving s tructural model: 

Y = Y 

a =0 + ψ 

∗A, ( 2 ) 

hich, b y consis te ncy, imp lies a con s ta n t individual -level causal
ffect ψ 

∗ = Y 

a = 1 − Y 

a = 0 . Under this model, he noted
hat upon defining Y ( ψ ) = Y − ψA , then one can de-
uce from Assumption 2 that W |� A 

∣∣ ( Y ( ψ ) , X ) if and
nly if ψ = ψ 

∗, in which case, given ( 2 ) , Y 

a = 0 = Y ( ψ 

∗)
 Y − ψ 

∗A , which motivates a regre ssion- based imple-
e n tation of COCA, that e n tails sea rching for the pa ra m-

 ter v alue of ψ = ψ 

∗ s uch th at E 

{
W 

∣∣ A, Y (ψ ) , X 

} =
 

{
W 

∣∣Y (ψ ) , X 

}
. A s trai gh tforwa rd imple me n tation of the ap-

roach uses linear models whe reb y for each value of ψ on
 su ffic ie n tly fine grid, one o btain s a n es tima te of the r egr es-
ion model E 

{
W 

∣∣Y (ψ ) , X 

} = β1 + β2 A + β3 Y (ψ ) + β4 X 

sing ordinary least squares ( OLS ) , with estim ate d c oefficients
̂ β1 ( ψ ) , ̂  β2 ( ψ ) , ̂  β3 ( ψ ) , ̂  β4 ( ψ ) 
)

. Then a 95% c onfidenc e in-
erval ( CI ) for ψ 

∗ consists of all values of ψ for which a valid
est of the null hypothesis β2 ( ψ ) = 0 fails to reject at the 0.05
ype 1 error level. Such hypothesis test might be performed
 y ve rifying whethe r the in te rval ̂ β2 (ψ ) ± 1 . 96 ̂

 SE 

(̂ β2 (ψ ) 
)

 ov ers 0, with 

̂ S E 

(̂ β2 (ψ ) 
)

the OLS estim ate of the s ta nda rd
rror of ̂ β2 (ψ ) . Tchetgen Tche tgen ( 2013 ) als o des cribes a
ote n ti ally simp le r one-shot a pproa ch, which fits a sin gle re-
ression E 

(
W 

∣∣ A, Y , X 

) = β1 + β∗
2 A + β3 Y + β4 X via OLS

here β∗
2 = −β3 /ψ 0 , in which case ̂ ψ = −̂ β∗

2 / ̂
 β3 wherê β∗

2 , ̂
 β3 
)

are OLS e stimate s; a corre sponding st andar d err or es-
imator of ̂ ψ is given in the Supplementary Material A.2 for con-
e nie nce. Though practically conve nie n t, val id ity of either ap-
r oach r e lie s on both c orre ct spe c i fication of the linear model for
 give n ( Y 

a = 0 , X ) , a nd on the ra nk-prese rving s tructural model,
hich may be bio lo gically imp l ausib le. In the following, we de-

cribe altern ativ e methods aime d a t addr e ssing the se limit ations.

3 I D E N T I F I C AT I O N  O F  T H E  E F F E C T O F  

T R E AT M E N T  O N  T H E  T R E AT E D  

3.1 Ident ificat ion via EPS weighting 

n order to e st ablish ident ificat ion, consider the EPS function: 

π∗(y, x 
) = Pr 

(
A = 1 

∣∣Y 

a =0 = y, X = x 
)
, 

hich makes explicit the fact that, in the presence of unmeasured
onfounding, the tr ea tme n t mecha nism wi l l ge ne rally depe nd
n the tr ea tme n t-free pote n tial outc ome ev e n afte r conditioning

or all o bs erv e d c onfounders . For notation al brevity, w e denote
he tr ea tme n t odds b y ω 

∗( y , x ) = π∗( y , x ) /{1 −π∗( y , x ) }. Since
 

∗ and π∗ h av e a one-to-one r ela tionship, we use ω 

∗ thr ough-
ut to model the exposure mechanism. We assume that positiv-

ty holds, that is, 

ssumption 3 S(1) ⊆ S( 0) where S( a ) is t he su pport of
(Y 

a =0 , X ) 
∣∣ (A = a ) for a = 0, 1. 

ext, we note that were ω 

∗ known, the average tr ea tme n t-free
ote n tial outcome in the tr ea te d w ould then be empirically iden-

ified by the expression 

ψ 

∗
0 = 

E 

{(
1 − A 

)
Y ω 

∗(Y , X 

)}
E 

{(
1 − A 

)
ω 

∗(Y , X 

)} . ( 3 )

ee the Supplemen ta ry Mate rial B.1 for the details. Ther efor e,
he ETT would be ide n tified b y 

ψ 

∗ = E 

(
Y 

∣∣ A = 1 

) − E 

{(
1 − A 

)
Y ω 

∗(Y , X 

)}
E 

{(
1 − A 

)
ω 

∗(Y , X 

)} . 

s ω 

∗ is unknown, we next de mons trate how the NCO as-
umption can be leveraged to ide n tify the la t te r qua n tity.
et p 

∗(w, x 
) = Pr 

(
A = 1 

∣∣W = w, X = x 
)

. The proposed
pproach to identify ω 

∗ is based on the following equality, which
 e prov e in the Supplemen ta ry Mate rial B.2 : 

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae027#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae027#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae027#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae027#supplementary-data
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Res ult 1 Under Assu mption s 1-3, th e f ollowi ng resul t h olds alm ost
su rel y: 

p 

∗(W , X 

)
1 − p 

∗(W , X 

) = E 

{
ω 

∗(Y , X ) 
∣∣W , X , A = 0 

}
= 

∑ 

y 

π∗(y, X 

)
1 − π∗(y, X 

) f ∗
(

y 
∣∣W , X , A = 0 

)
, ( 4 )

where f ∗
(

y 
∣∣W , X , A = 0 

)
is the co ndit io nal law of Y given ( W, X,

A ) eval u a t ed a t Y = y, and in slight abuse of nota t io n, 
∑ 

y may be
int erpret ed as an integral for continuous Y . 

Re sult 1 provide s an expre ssion re lating the exposure mech-
a nism of in te res t to the o bs erv e d data distribution, as of the
3 qua n t it ies inv olv e d in the expression p 

∗, f ∗, a nd ω 

∗; 2 a re
uniquely determined by the o bs erv e d data, m ainly p 

∗ and f ∗,
which are then r ela t ed t o the unknown function of int erest ω 

∗
in res ult 1; se e the Supplemen ta ry Mate rial A.3 for a graphical
i l lustra tion. Equa tion ( 4 ) is known as an integral equa tion, mor e
precisely a Fredholm integral equation of the first kind. In sli gh t
abuse of notation, the sum may be in te rpreted as an integral if Y is
Lebesgue measurable. We then have the following ide n t ificat ion
result. 

Res ult 2 If Assu mptions 1-3 hold, and the integral eq u a t io n ( 4 ) in
result 1 a d mits a uniq u e sol u t io n, then ω 

∗ a nd π∗ a re nonpa ra met-
ricall y i dentified from the observ e d d ata by solving ( 4 ) , and ψ 

∗
0 is

nonpa ra metricall y i dentified by ( 3 ) . 

Su ffic ie n t conditions for the exis te nce a nd unique nes s of a s o-
lution to such an equation are well -s tudied; see the Supplement
a ry Mate rial A.5 for details. Such conditions were re c e n tly dis-
cus s ed in the context of proximal causal infe re nce ( Mi ao e t al.,
2016 ; 2018 ; T chetgen T chetgen et al., 2024 ) . A detailed com-
parison of COCA with proximal causal infe re nc e is rele gate d to
Sect ion 6 . Intuit ively, the condit ion that the integral equation ad-
mits a unique s o lution es s e n tially r equir es tha t W is su ffic ie n tly
releva n t for Y 

a = 0 in the sense that for any variation in the lat-
te r, the re is corresponding v ari ation in the former. This assump-
tion is akin to the assumption of relevance in the context of in-
s trume n tal va riable methodology, which st ate s that v ari ation in
the ins trume n t should induce va riation in the treatme n t. Impor-
ta n tly, Result 2 app lies whe ther Y is bin ary, c ontinuous or polyto-
mous, provide d th at W is s u ffic ie n tly releva n t for Y 

a = 0 , to e nsure
th at e quation ( 3 ) admits a s o lution . Als o, the result o bvi ates the
ne e d for a ra nk-prese rving s tructural model, a nd delive rs fully
nonpa ra metric ide n t ificat ion of the causal effect of tr ea tme n t on
the tr ea ted. 

3.2 Ident ificat ion via CO C A confou n ding bridge fu n ct ion 

In this Se ction, w e introduc e a n alte rn ativ e nonpa ra metric ide n-
t ificat ion and est imat ion approach, which does not rely on mod-
eling the EPS, but instead re lie s on the exis te nce of a so-called
confounding bridge function formalized below. 

Assumption 4 For all ( y, x ) , there e x ists a f u nction ( p ossib l y
non li ne ar ) b ∗( w, x ) tha t sa t isfies the f ollowi ng e q u a t io n 

y = E 

{
b ∗

(
W , X 

) ∣∣Y = y, X = x, A = 0 

}
. ( 5 )
Intuit ively, upon not ing th at under Ass umptions 1-2, Ass ump- 
tion 4 ca n equivale n tly be stated in terms of pote n tial outcomes 

Y 

a =0 = E 

{
b ∗

(
W , X 

) ∣∣Y 

a =0 , X 

}
, ( 6 ) 

which es s e n tially form alizes the idea th at W is a s u ffic ie n tly
releva n t proxy for the pote n tial outcome Y 

a = 0 if there exist a 
( pote n tially nonlinea r ) tra nsformation of ( W , X ) whose condi- 
tion al expe ctation giv en ( Y 

a = 0 , X ) re c ov ers Y 

a = 0 . As b ∗( W , X )
provides a bridge betw e en the o bs erv e d data equation ( 5 ) , and 

its pote n tial outc ome c oun te rpa rt ( 6 ) , we a ptly refe r to b ∗( W ,
X ) as a COC A confound ing bridge function. Note that cl as sical 
measure me n t e rror is a special case of the equation in the display 
above in which case b ∗ is the ide n tity ma p a nd W = Y 

a = 0 + e
where e is an independent mean zero error. The condition can 

ther efor e be view e d as a nonparametric generalization of cl as si- 
cal measure me n t e rror which allows W a nd Y to be of a rbitra ry
na tur e and does not assume the error to be unbi as ed on the ad- 
ditive scale. We further i l lustrate the assumption in the case of 
bina ry W a nd Y . As shown in the Supplemen ta ry Mate rial B.4 , in
this case with suppressing cov ari ates, the fo llowing b ∗( W ) s atis- 
fies ( 5 ) : 

b ∗(W ) = 

{
W · Pr 

(
W = 0 

∣∣Y = 0 , A = 0 

)
−(1 − W ) · Pr 

(
W = 1 

∣∣Y = 0 , A = 0 

)}
{

Pr 
(
W = 1 

∣∣Y = 1 , A = 0 

)
− Pr 

(
W = 1 

∣∣Y = 0 , A = 0 

)} ;

provide d th at Pr 
(
W = 1 

∣∣Y 

a =0 = 1 

) � = Pr 
(
W = 1 

∣∣Y 

a =0 = 

0 

)
, encoding the r equir e me n t that W cannot be independent of 

Y 

a = 0 , i .e., Assumpt ion 2. Beyond the bina ry case, for more ge n- 
eral outc ome types, Ass umption 4 likewise form ally defines a 
Fre dholm inte gral e quat ion of the first kind , for which su ffic ie n t
conditions for exis te nce of a s o lution are well cha racte rized in 

function al an alysis textbooks; w e again r efer the r e ader to M iao 

et al. ( 2016 ) and the Supplementary Material A.5 . We are now 

r eady to sta te our r es ult, which w e prov e in the Supplemen ta ry
Material B.5 : 

Res ult 3 Supp o se th a t Ass umpt io n s 1–4 h old, and b ∗ sa t isfies ( 5 ) .
Then, 

ψ 

∗
0 = E 

{
b ∗

(
W , X 

) ∣∣ A = 1 

}
and 

ψ 

∗ = E 

{
Y − b ∗(W , X ) 

∣∣ A = 1 

}
. ( 7 ) 

In the binary examp le dis cus s e d abov e where b ∗( w ) was 
uniquely ide n t ified , w e h av e th at 

ψ 

∗
0 = E 

{
b ∗

(
W 

) ∣∣ A = 1 
}

= 

Pr 
(
W = 1 

∣∣ A = 1 
) − Pr 

(
W = 1 

∣∣Y = 0 , A = 0 
)

Pr 
(
W = 1 

∣∣Y = 1 , A = 0 
) − Pr 

(
W = 1 

∣∣Y = 0 , A = 0 
) . 

We briefly hi ghli gh t a key fea tur e of the above result reflected 

in its proof, which is that b ∗( W , X ) ne e d not be uniquely ide n ti -
fie d by e quation ( 5 ) , and th at any s uch s o lution leads to a unique
value for E 

(
Y 

a =0 
∣∣ A = 1 

)
. In te res tingly, the ide n ti fying for mula 

in the disp l ay above w as als o o btained by Tche tgen Tche tgen 

( 2013 ) in the binary case, although he did not emphasize the key 
role of the bridge function as a ge ne r al fr a mework for ide n tifica- 
tion beyond the binary case. 

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae027#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae027#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae027#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae027#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae027#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae027#supplementary-data
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3.3 Se mipa ra met ric efficie ncy theo ry 
et M denote a se mipa ra metric model defined as a collection of
 bs erv e d data laws that admit a solution to ( 5 ) , that is, 

M = 

{ 

P 

∣∣∣∣∣ P (O ) is regular and Assumption 4 holds, i.e., 
the re exis ts b ∗ s o lving (5) 

} 

e further consider the following s urje ctivity c ondition: 

( Surj ectivity ) : Le t T : L 2 (W , X ) → L 2 (Y , A = 0 , X ) de-
note the ope rator give n b y T (g) = E 

{
g(W , X ) 

∣∣Y , A =
0 , X 

}
. At the true data law, T is s urje ctiv e. 

The s urje ctivity c ondition st ate s that the Hilbert space
 2 (W , X ) is su ffic ie n tly rich so that any element in L 2 (Y , A =
 , X ) can be re c ov ere d from an element in L 2 (W , X ) via the
 ondition al expe ctation m apping; se e Cui et al. ( 2023 ) , Dukes
t al. ( 2023 ) , and Ying et al. ( 2023 ) for r ela ted d isc ussions. In
ddition, we consider a submodel M sub : 

M sub = 

{ 

P ∈ M 

∣∣∣∣∣ ω 

∗ a nd b ∗ a re unique s o lution s to (4) and (5), 
respe ctiv ely, and (Surjectivity) is satisfied 

} 

e the n es tablish the se mipa ra metric local efficie ncy bound for
 

∗ under M at the submodel M sub . 

es ult 4 Supp o se th a t Ass umpt io n s 1-4 h old. Th en, th e f ollowi ng
esul ts h old. 

( i ) The f ollowi ng funct io n IF (O ; ω 

∗, b ∗) is an influ en ce fun c-
t io n fo r ψ 

∗ under M . 

IF (O ; ω 

∗, b ∗) 

= 

[
A 

{
Y − b ∗

(
W , X 

) − ψ 

∗}
−(1 − A ) ω 

∗(Y , X ) 
{

Y − b ∗
(
W , X 

)}]
Pr 

(
A = 1 

) . ( 8 ) 

( ii ) The influ ence funct io n IF (O ;ω 

∗, b ∗) is the efficient in-
flu en ce fun ct io n fo r ψ 

∗ under M a t the s u bmode l M sub .
Ther efor e, the corr es p ond ing sem ipa ra m etric local efficien cy
b ou nd for ψ 

∗ is V ar 
{
IF (O ; ω 

∗, b ∗) 
}

. 

he influence function IF sha res simila rity with a n influe nce
unction for ψ 

∗ in the proximal causal infe re nce fra mework;
e e Se ction G of Cui e t al. ( 2023 ) for de tails. In te res tingly, the
nfluenc e function h as the fo llowing doub ly ro bus t prope rty
 Scha rfs tein et al., 1999 ; Ba ng a nd Ro bin s, 2005 ) ; s ee the Supp
emen ta ry Mate rial B.6 for the proof: 

es ult 5 Supp o se th a t Ass umpt io ns 1-4 are sa t isfie d. In ad dit io n,
u ppose t hat eit her ( i ) E 

{
b † 

(
W , X 

) ∣∣ A = 0 , Y = y, X 

} = y or
 ii ) ω 

†( y, x ) = ω 

∗( y, x ) , but not nece ssar ily both, is sa t isfied. Then,
 e hav e that E 

{
IF (O ; ω 

† , b † ) 
} = 0 . 

n words, if either the COC A confound ing bridge function or the
PS, but not ne c es s arily both, is c orre ctly spe c i fie d, the influenc e

unction is an unbi as e d estim ating function of ψ 

∗. 
Using expres sion s ( 3 ) , ( 7 ) , and ( 8 ) , one ca n cons truct pa ra-
etric estimators of ψ 

∗. Spec i fically, the first estimator using
 3 ) e n tails a pr ior i spec i fying a pa ra metric model for the EPS,
 ay a lo g i stic r egr e ssion mode l. The se c ond estim ator base d on
 7 ) e n tails a pr ior i spec i fying a pa ra metric model for the COCA
ridge function, say a linear model. Lastly, the third estimator
ased on ( 8 ) e n tails pa ra metric models for both EPS and COCA
ridge functions. The first two estimators rely on the c orre ct ex-
osure and COCA bridge function spec i fica tions, r espe ctiv ely.
hus, misspec i fication of either model wi l l li kely result in bi as ed

nfe re nces about the ETT. On the other hand, the last estimator
as a doub ly-ro bus t prope rty ( Scha rfs tein et al., 1999 ; B an g and
o bin s, 2005 ) in that it can be used for unbi as ed infe re nce about

he ETT if either EPS or COCA bridge function is c orre ct, with-
ut a pr ior i kno wledg e of which model, i f any, is incor rect. In the
upplemen ta ry Mate rial A.4 , we provide details on constructing
hese 3 pa ra metric es timators a nd their la rge sa mple behavior. 

A si gnifica n t limitation of the three pa ra metric es timators is
heir depe nde nc e on spe c i fic pa ra metric spec i fications of n ui -
anc e c omponents, which can lead to bi as e d inferenc e if the

odel spec i fica tions ar e incorr ect. To addr ess this c onc ern, a
ote n ti al s o lution is to develop an estima tor wher e nuisance
ompone n ts a re es tim ate d using nonpa ra me tric me thods, draw-
n g on a dva nce me n ts in re c e n t lea rnin g theory. In the followin g
e ction, w e c onstruct s uch a n es timator a nd s tudy its s tatis tical
roperties. 

4 A  S E M I PA R A M ET R I C  L O C  A L LY  E F F I C I E N T  

E ST I M ATO R  

ur estimator is deriv e d from the influence function IF in Re-
ult 5 and adopts the cr oss-fit ting appr oach ( S chick, 1986 ; C her-
o zhuko v et al., 2018 ) , which is imple me n te d as follows . We ran-
omly split N study units, denoted by I = { 1 , . . . , N} , into K
on-ove rla pping folds, de noted b y {I 1 , . . . , I K } . For each k =
, …, K , we estimate the EPS and COC A confound ing bridge

unction s using o bs erv ation s in I 

c 
k = I \ I k , a nd the n evaluate

he estim ate d n uisa nce function s using o bs erv ation s in I k to o b-
 ain an e stimator of ψ 

∗. We refer to I 

c 
k and I k as the est imat ion

nd evaluation folds, respe ctiv ely. To use the e n tire sa mple, we
ake the simple average of the K estim ators . 

We introduce the followin g a ddit ional notat ion in order to
acilitate the dis cus sion . Le t H ( V ) be the Reproducing Ker-
el Hilbert Space ( RKHS ) of V endow e d with a universal ker-
el function K, such as the Gaus si a n ke rnel K , i.e., K (v, v ′ ) =
xp 

{ − ∥∥v − v ′ ‖ 

2 
2 /κ

}
where κ ∈ ( 0, ∞ ) is a bandwidth pa-

a mete r; se e Ch a pte r 4 of Steinwa rt a nd Chris tma nn ( 2008 )
or the definition a nd exa mples of the unive rsal ke rnal func-
ion. For each k = 1, …, K , let P 

(−k) (V ) = |I 

c 
k | −1 ∑ 

i ∈I c k 
V i and

 

(k) (V ) = |I k | −1 ∑ 

i ∈I k V i . For a function g ( O ) , let ‖ g ‖ P , 2 =
 E { g 2 ( O ) }] 1/2 be the L 2 ( P ) -norm of g . 
We estimate the EPS and COCA bridge functions by a doptin g

 re c e n tly dev elope d minim ax estim a tion appr oach ( Ghas s ami
t al., 2022 ) . We re ma rk that othe r a pproaches ( eg, Mas touri
t al. ( 2021 ) ) can also be adopted with minor modification. Note
hat ω 

∗( Y , X ) and b ∗( W , X ) satisfy 

 

[{
(1 − A ) ω 

∗(Y , X ) − A 

}
p 
(
W , X 

)] = 0 , ∀ p ∈ L 2 (W , X ) , 

E 

[
(1 − A ) 

{
Y − b ∗(W , X ) 

}
q (Y , X ) 

] = 0 , ∀ q ∈ L 2 (Y , X ) . 

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae027#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae027#supplementary-data
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Ther efor e, fo llowing Ghas s ami e t al . ( 2022 ) , minimax est ima-
tors of ω 

∗ and b ∗ are given by 

̂ ω 

(−k) (·) 

= arg min 
ω∈H ( Y,X ) 

⎡ ⎢ ⎢ ⎣ 

max 
p∈H ( W,X ) 

⎡ ⎣ 

P 

(−k) 
[

p( W, X ) 
{

( 1 − A ) ω(Y , X ) − A 

}
−p 2 (W, X ) 

]
−λp 

∥∥p 
∥∥2 
H 

⎤ ⎦ 

+ λω 

∥∥ω 

∥∥2 
H 

⎤ ⎥ ⎥ ⎦ 

̂ b (−k) (·) 

= arg min 
b∈H ( Y,X ) 

⎡ ⎢ ⎢ ⎣ 

max 
q ∈H ( W,X ) 

⎡ ⎣ 

P 

(−k) 
[

q ( Y , X )( 1 − A ) 
{

Y − b(W, X ) 
}

−q 2 (Y , X ) 

]
−λq 

∥∥q 
∥∥2 
H 

⎤ ⎦ 

+ λb 
∥∥b 

∥∥2 
H 

⎤ ⎥ ⎥ ⎦ 

where 
∥∥ · ∥∥

H 

is an RKHS norm and λp , λω , λq , and λb are posi-
tiv e re gula rization pa ra mete rs. 

We make a few re ma rks about the minimax est imat ion ap-
proach, of which details are rele gate d to Section A.6 of the
Supplemen ta ry Mate rial . Firs t, despit e the complicat ed formu-
l as, clos ed-form r epr ese n tations of ̂  ω 

(−k) and ̂

 b (−k) are av ail ab le
fr om the r epr ese n te r theore m ( Kimeldorf a nd Wahba, 1970 ;
Schölkopf e t al., 2001 ) . Se c ond, the ba ndwidth a nd regula riza-
tion pa ra mete rs ca n be sele cte d vi a cros s-v alid ation . Lastly, ω 

∗
may vary widely because it is a ratio of 2 probabilities. In such
cas es, the propos e d minim ax estim ator m ay res ult in si gnifica n tly
sm all or ne gativ e estim ates . To mitigate this iss ue, one m ay c on-
sider a practical approach to regularize the minimax estimator
when it appears to be i l l- be h av e d. 

Using the minim ax estim ators of the nuisance functions, a
se mipa ra metric es timator ̂ ψ of ψ 

∗ is the n o btained as fo llows: 

̂ ψ = 

1 
K 

K ∑ 

k=1 

̂ ψ 

(k) , 

̂ ψ 

(k) = 

⎡ ⎣ 

∑ N 
i =1 A i Y i /N 

−P 

(k) 

[
(1 − A ) ̂  ω 

(−k) (Y , X ) 
{

Y −̂ b (−k) (W, X ) 
}

+ A ̂

 b (−k) (W, X ) 

]⎤ ⎦ 

∑ N 
i =1 A i /N 

. 

Unde r regula rity condition s, the s e mipa ra metric es timator ψ̂ 

i s consi s te n t a nd asymptotically normal for ψ 

∗. 

Ass umption 5 Supp o se th at the f ollowi ng co ndit io ns hold for all k
= 1, …, K: 

( i ) ( Bo un dedn ess ) Th ere e x is ts a finit e co ns tant C > 0 such
that ∣∣ω 

∗(y, x ) 
∣∣ ∈ [ C 

−1 , C] , 
∣∣̂ ω 

(−k) (y, x ) 
∣∣ ∈ [ C 

−1 , C] 

for all (y, x ) , ∣∣b ∗( w, x ) 
∣∣ ≤ C , 

∣∣̂  b (−k) ( w, x ) 
∣∣ ≤ C for all (w, x )

E(Y 

4 ) ≤ C . 

( ii ) ( Co nsis t ency ) As N → ∞ , we have 
∥∥̂ ω 

(−k) − ω 

∗∥∥
P, 2 =

o P (1) and 

∥∥̂  b (−k) − b ∗
∥∥

P, 2 = o P (1) . 
( iii ) ( Cr oss-pr od u ct ra t es ) As N → ∞ , w e hav e 

min 

⎡ ⎢ ⎢ ⎢ ⎢ ⎣ 

∥∥̂ ω 

(−k) − ω 

∗∥∥
P, 2 

×∥∥E (−k) [(1 − A ) 
{

b ∗(W, X ) −̂ b (−k) (W, X ) 
} ∣∣Y , X 

]∥∥
P, 2 , ∥∥̂  b (−k) − b ∗

∥∥
P, 2 

×∥∥E (−k) [(1 − A ) 
{
ω 

∗(Y , X ) − ̂ ω 

(−k) (Y , X ) 
} ∣∣W, X 

]∥∥
P, 2 

⎤⎥⎥⎥⎥⎦
= o P (N 

−1 / 2 ) . 

Assumption 5- ( i ) st ate s that n uisa nce functions a nd the corre- 
spond ing estimator s are uni for mly bounde d. Ass umption 5- ( ii ) 
st ate s that the estim ate d n uisa nce functions a re consis te n t for the 
true n uisa nce functions in the L 2 ( P ) norm sense. Assumption 

5- ( i i i ) st ate s that the cross-product rate of n uisa nce function es- 
tima tors ar e o P ( N 

−1/2 ) . Assumption 5- ( i i i ) i s sati sfied if b ∗ and
ω 

∗ are su ffic iently smooth, the c ondition al expe ctation opera- 
tors f (W , X ) 
→ E{ f (W , X ) 

∣∣Y , A = 0 , X } and f (Y , X ) 
→
E{ f (Y , X ) 

∣∣W , A = 0 , X } are su ffic iently smooth, and ̂ ω 

(−k) 

and ̂

 b (−k) are estim ate d ov er an RKHS with fast enough eigen- 
de cay; se e Se ction 5 of Ghassami et al. ( 2022 ) for details. Im- 
porta n tly, if one n uisa nce function is es tim ate d at su ffic ie n tly fas t 
rates, the other nuisance function is allowed to converge at a sub- 
s ta n tially slowe r ra te pr ovide d th a t the cr oss-pr oducts r emain
o P ( N 

−1/2 ) . Thi s i s a n ins ta nc e of the mixe d -bias prope rty de-
scribed by Rotnitzky et al. ( 2020 ) a nd Ghassa mi et al. ( 2022 ) . 
It i s al so worth hi ghli gh ting the s tructure of the mixed bias in 

the curre n t con text which is the minim um of two product bi - 
ase s, each cont aining a bias term for a nuisance function and a 
proje cte d bias term for the other nuisance function; this prop- 
erty was first reported in Ghas s ami e t al. ( 2022 ) for a l arge cl as s
of functionals including ours. 

Result 6 establishes that ̂ ψ i s consi s te n t a nd asymptotically 
nor mal ( CA N ) for ψ 

∗. 

Res ult 6 Supp o se th a t Ass umpt io ns 1-5 hold. Then, 
w e hav e 

√ 

N 

(̂ ψ − ψ 

∗) D → N(0 , σ 2 ) where σ 2 = 

 ar 
{
IF (O ; ω 

∗, b ∗) 
}

, and a co nsis t ent es t ima t o r of σ 2 iŝ σ 2 = 

∑ K 
k=1 ̂  σ 2 , (k) /K where 

̂ σ 2 , (k) = 

P 

(k) 

[ [
A 

{
Y −̂ b (−k) 

(
W, X 

) − ̂ ψ 

(k) 
}

−(
1 − A 

)̂ ω 

(−k) (Y , X ) 
{

Y −̂ b (−k) 
(
W, X 

)}]2 
] 

(∑ N 
i =1 A i /N 

)2 . 

Using the v ari anc e estim ator ̂  σ 2 , valid 100 ( 1 − α) % CIs for the 
ETT a re give n b y 

(̂ ψ + z α/ 2 ̂  σ/ 
√ 

N , ̂ ψ + z 1 −α/ 2 ̂  σ/ 
√ 

N 

)
where 

z α is the 100 αth pe rce n tile of the s ta nda rd normal dis tribu- 
tion. A lter n ativ ely, one m ay c ons truct CIs using the m ultiplie r 
boots tra p ( va n de r Vaa rt a nd Wellne r, 1996 , Cha pte r 2.9 ) ; see
Section A.6 for details. 

L astly, the cross -fitt ing est imator depends on a spec i fic sam- 
p le sp lit, a nd th us, m ay produc e outlying estim ates if some split 
s amp les do not r epr ese n t the e n tir e da ta. To mitiga te thi s i ssue,
Che rnozh ukov e t al. ( 2018 ) propos es to us e medi a n adjus tme n t 
fr om multiple cr oss-fit t ing est imates; the detail can be found in 

the Supplemen ta ry Mate rial A.6 . 
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5 DA  TA  A P P L I C A T I O N : Z I K A  V I R U S  

O U T B R E A K I N B R A Z I L  

he Zika virus, which can be transmitted from a pre g -
a n t woma n to he r fetus, ca n caus e s e rious brain abnormal -

tie s, including microce phaly ( ie, an abnormally s mall head )
 Rasmus s en e t al ., 2016 ) . Braz il is one of the countries ha rdes t
it by the Zika virus. In particular, the out bre ak in 2015 res ulte d

n over 200 000 cases in Brazil by 2016 ( Lowe et al., 2018 ) . As a
es ult, m any prior works ( Castro et al., 2018 ; Diaz-Quij a no et al.,
018 ; Taddeo et al., 2022 ; T chetgen T chetgen et al., 2024 ) asked
hether the Zika virus out bre ak caused a drop in birth rates. 
We re-an alyze d the d atas e t an alyze d in Tadde o et al. ( 2022 )

 nd Tchetge n Tchetge n et al. ( 2024 ) . In the dataset, we focused
n 673 municipalities in 2 st ate s of Braz il , Pern ambuc o and Rio
rande do Sul, which are northeastern and southernmost st ate s.
ut of the 1248 cases of microc eph aly th at oc curre d in B razil
 y Nove mbe r 28, 2015, 51.8% ( 646 cases ) wer e r eported in Per-
 ambuc o ( PE ) , less th an 10 cases of Zika-r ela ted micr ocephaly
er e r eported in Rio Grande do Sul ( RS ) ( Gregi anini e t al.,
017 ) , which shows that PE w as s ev erely impacte d by the Zika
irus out bre ak, whi le RS was minimal ly affected. Based on their
pidemio lo g ic hi stories, w e define d 185 and 488 municipalities
n PE and RS as tr ea ted and control groups, respe ctiv ely. 

For each municipality, we included the following variables
n the an alysis . As pr e-tr ea tme n t cova riates, w e include d

unicip ality -level popul ation size, popul ation den sity, and pro-
ortion of females measured in 2014. We used the post- ep idemic
unicip ality -level birth rate in 2016 as the outcome Y , where

he birth rate is defined as the total n umbe r of live h uma n births
er 1000 pers on s. We us ed the pre- ep ide mic m unicip ality -level
irth rates in 2013 and 2014 as the outcome proxies ( ie, NCO ) ,
e noted b y W 1 a nd W 2 , respe ctiv ely. To be valid proxies, the
irth rates in 2013 and 2014 m us t satisfy Assumption 2: ( i ) birth
ates in 2013 and 2014 cannot be causally impacted by the Zika
irus epidemic, which oc curre d in 2015, ( ii ) birth rates in 2013
 nd 2014 a r e corr ela ted with what the birth rate in 2016 would
 av e be en h ad there not be e n a Zika virus epide mic, a nd ( i i i )
irth rates in 2013 and 2014 are independent of a municipal-

ty’s Zika epidemic status, upon conditioning on its Zika virus
 pidemic -free pote n tial birth rate in 2016. The first 2 conditions
 re uncon trove rsial, while the third condition largely re lie s on
he exte n t to which pre- ep idemic b irth rates can accurately be
iew e d as a proxy for the coun te rfactual birth rate had the pan-
emic not oc curre d, and as s uch w ould not further be pre dictiv e
f whether the municipality experienc e d a high rate of Zika virus

ncidenc e, c ondition al on the region’s e pidemic -fre e c oun te rfac-
ual birth rate in 2016. Although one mi gh t conside r this las t
s sumption reas onab le, ultimately, it is empirically unte st able
ithout making a n alte rnat ive assumpt ion. Neverthe le ss, in the

upplemen ta ry Mate rial A.8 , we describe a s trai gh tforwa rd se n-
itivity analysis to evaluate the exte n t to which vio l ation of the
ssumption mi gh t impact infe re nce. 
Using the d atas e t, w e estim ate d ψ 

∗ = E 

(
Y 

a =1 − Y 

a =0 
∣∣ A =

 

)
, ie, the diffe re nc e betw e en the o bs erv e d av er age birth r ate

f Pe rna mbuco a nd a forecas t of wh at it w ould h av e be en h ad
he Zika out bre ak been preve n ted. The r efor e, the ETT quan-
ifies the average tr ea tme n t effect ( ATE ) of the Zika outbreak
n the birth rate within the Pe rna mbuco region. Of note, the
rude es tima nd E(Y 

∣∣ A = 1) − E(Y 

∣∣ A = 0) was estim ate d to
e equal to 3.384, su gge s ting that m unicipalities in the PE re-
ion ( with hi ghe r incide nce of Zika virus ) expe rie nc e d a hi ghe r
irth rate than RS regions in 2016 during the Zika virus out-
r eak. An immedia te concern is that this crude as s oci ation be-
w e e n A a nd Y mi gh t be s ubje ct to si gnifica n t confounding bias,
ea din g us to conduct 2 separate analyses g e ar ed a t addr essing
esidual confounding bi as; the propos ed COCA me thods, which
 e c ompare d with a s ta nda rd diffe re nce-in-diffe re nces a nalysis.
h us, we es timate the ETT using the approach outlined in Sec-

ion 4 where the NCOs are spec i fied as either ( i ) W 1 , birth rate
n 2013, or ( ii ) W 2 , birth rate in 2014, or ( i i i ) ( W 1 , W 2 ) . For
 omparison, w e also obtained doubly-robust parametric e stima -
ors of the ETT using the thre e NCO spe c i fication s; s ee the
upplemen ta ry Mate rial A.7 for details on how these estimators
 ere c onstructe d. 
Table 1 s umm arizes c orr esponding r es ults . We find th at the 6
OCA e stimate s vary betw e en −1.833 and −2.410, meaning
etw e en 1.833 and 2.410 birth per 1000 pers on s were re duc e d

n PE due to the Zika virus out bre ak, a n e mpirical finding bet-
e r ali gned with the scie n tific hypothesis that Zika may likely
 dversely impa ct the birth rates of expos ed popul ation s. Com-
ared to the crude estimate of 3.384, the negative effect e stimate s

nde e d provide c ompelling evidenc e of pote n tial confounding.
e also obtain an estimate using the d ifference-in-d ifference es-

imator under a standard parallel trends assumption ( eg, Card
 nd Kruege r ( 1994 ) ; Angris t a nd Pi schke ( 2009 ) ) , which yield s
 con siderab ly sm aller effe ct estim ate v arying be tw e en −1.156
nd −1.041; noting that the DiD estimator requires the assump-
ion of e qui-c onfounding of the A − Y as s oci a tion in the pr e and
os tpe riods, while our propose d estim ator does not ( but instead
 equir es conditions ( i ) - ( iii ) outline d abov e ) . Re gardless of the
 stimator, all e stimate s appear to be consistent with the antici-
ate d adv ers e caus al impact of the Zika Virus epide mic . Con s e-
ue n tly, w e c onclude th at base d on infe re nc es aime d at ac c ount-

ng for confounding ( DiD and COCA ) , the Zika virus out bre ak
ikely led to a decline in the birthrate of affe cte d re gions in B raz il ,

hich agrees with similar findings in the litera tur e ( Castr o et al.,
018 ; Diaz-Quij a no et al., 2018 ; Taddeo et al., 2022 ; Tchetgen
che tgen e t al., 2024 ) . 

6 D I S  C U S S  I O N A N D  P O S S  I B L  E  E X T E N S  I O N S  

e h av e describe d a COCA nonpa ra metric ide n t ificat ion frame-
ork, ther efor e extending previous results of Tchetgen Tchet-

en ( 2013 ) to a more ge ne ral s e ttin g a c c ommodating outc omes
f a rbitra ry na tur e and o bvi ating the ne e d for an assumption of
ons ta n t tr ea tme n t effects, ie, ra nk prese rvation. We h av e pro-
osed 3 est imat ion strategies, including a doub ly ro bust me thod,
hich has a ppealing robus tness prope rties. In te res tingly, the
OCA ce n tral ide n t ifying assumpt ion, that condit ioning on the

r ea tme n t-fre e c oun te rfactual would in principle shield the tr ea t-
e n t assi gnme n t from a ny as s oci ation with the NCO i s i somor-

hic to an analogous assumption in the missing data literature
he re a n outcome mi gh t be missing not at ra ndom; how ev er, a

ully o bs erv e d so-calle d sh adow v ari ab le ( the mis sing d at a ana -
og of an NCO ) reasonably ass ume d to be c ondition ally inde-

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae027#supplementary-data
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TAB LE 1 Summ a ry of data a n alysis . Value s in “e stima te” r ow r epr ese n t the estimates of the ETT. Values in “SE” and “95% CI”
r ows r epr ese n t the SEs associated with the e stimate s and the corresponding 95% CIs, respe ctiv ely. 

Estimator Statistic NCO 

W 1 W 2 ( W 1 , W 2 ) 

Se mipa ra metric COCA Estimate −2.410 −2.182 −2.180 
SE 0.356 0.503 0.342 

95% CI ( −3.107, −1.713 ) ( −3.168, −1.196 ) ( −2.850, −1.510 ) 
Doub ly-ro bus t pa ra metric COCA Estimate −2.235 −1.833 −2.182 

SE 0.502 0.519 0.415 
95% CI ( −3.220, −1.250 ) ( −2.850, −0.816 ) ( −2.996, −1.368 ) 

Sta nda rd DiD under parallel trends Estimate −1.156 −1.041 −1.041 
SE 0.199 0.195 0.195 

95% CI ( −1.546, −0.767 ) ( −1.424, −0.658 ) ( −1.424, −0.658 ) 
The reported values are expres s ed as births per 1000 pers on s. 
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pe nde n t of the missing data proc ess giv en the value of the poten-
ti ally mis sing outcome. For exa mple, Zahne r et al. ( 1992 ) con-
side red a s tudy of the childre n’s me n tal health evalua ted thr ough
their teachers’ as s es sme n ts in Conne cticut. How ev er, the data
for the teachers’ as s es sme n ts a re s ubje ct to nonignorab le mis s-
ingness. As a proxy of the teacher’s as s es sme n t, a sepa rate pa r-
e n t report is av ail ab le for all children in this study. The parent
re port is like ly to be corre lated with the teacher’s as s es sme n t
but is unlikely to be r ela t ed t o the t eacher’s respon s e rate given
the teacher’s as s es sme n t a nd fully o bs erv e d c ov ari ates . Henc e,
the pa re n tal as s es sme n t is rega rded as a shadow v ari ab le for the
teacher’s as s es sme n t in this study. The litera tur e on shadow vari-
ables is fast-growing ( d’Haultfoeui l le, 2010 ; Kott, 2014 ; Wang
e t al., 2014 ; Mi ao and Tche tgen Tche tgen, 2016 ; Li e t al., 2023 ;
Mi ao e t al., 2023 ) , the methods dev elope d in this pa pe r h av e
close parallels to shadow v ari ab le counterparts in this litera tur e.
This c onne ction to sh adow v ari ab les is particul arly s alient when
the COC A confound ing bridge funct ion is not uniquely defined ,
which can easily occur for instance when the shadow v ari ab le ( or
analogously, the NCO ) is multiv ari a te, ther efor e significantly
complica ting infer enc e. Fortun ately, the methods dev elope d by
Li et al. ( 2023 ) for the an alogous sh adow v ari ab le s e t ting dir ectly
apply to the correspond ing COC A s e tting a nd th us provide a
comp le te s o lution for ide n t ificat ion a nd infe re nce for the ATE
for the tr ea ted without r elying on comp le tenes s condition s nor
on unique ide n t ificat ion of either the EPS or the COCA con-
founding bridge function. We refer the int erest ed reader to this
la t ter work for further details. It is worth noting that the dou-
b ly ro bus t es tima tor pr oposed in this pa pe r a ppea rs to be com-
p le te ly ne w, a nd diffe re n t from thos e of Mi ao and Tche tgen Tch-
e tgen ( 2016 ) , Li e t al. ( 2023 ) , and Mi ao e t al. ( 2023 ) a nd the re-
fore may also be of use in shadow va riable a pplications. Likewise,
the doub ly ro bus t es tima tors pr oposed in the la t te r works ca n
equally be applied to the curre n t COCA s e tting as an altern ativ e
infe re n tial a pproach. 

Additionally, as me n tioned in the previous section, the key as-
s umption th at c onditioning on the tr ea tme n t-free pote n tial out-
c ome w ould in principle m ake the NCO or outc ome pr oxy irr el-
eva n t to tr ea tme n t me ch ani sm i s ultimat ely unt e st able, and may
in certain s e ttings not ho ld exa ctly. In fa ct, this would be the case
if the NCO were in fact explicitly used in assigning the tr ea tment
in which case the assumption mi gh t be violated. In order to ad-
dress such eve n tuality, the a nalys t mi gh t conside r seve ral ca ndi -
da te pr oxies/NCOs when av ail ab le, and m ay ev e n pe rform a n
ove r-ide n t ificat ion tes t, b y inspecting the exte n t to which the es-
tim ate d causal effe ct depends on the choic e of proxy. A lter na- 
tively, a s en sitivity analysis might also be performed to evaluate 
the pote n tial impact of a hypothe sized de partur e fr om the as- 
sumption. In the context of the Zika virus application, an over- 
ide n t ificat ion test and a s en sitivity an alysis w ere carrie d out as
i l lus trative exa mple s, with the corre sponding re sults and d isc us- 
sion provided in the Supplemen ta ry Mate rials A.8 and A.9 . 

Finally, as previously me n tioned in the Introduction, COCA 

offe rs a n alte rn ativ e appr oach to pr oximal causal infer ence for 
de biasin g obse rvational es timates of the ETT by leveraging neg- 
ativ e c ontro l or v al id confound ing pro xies. A k ey diffe re nce hi gh- 
li gh ted ea rlie r betw e e n these 2 fra mew orks is th a t COCA r e-
lies on a single valid NCO, which dir ectly pr oxies the tr ea tme n t- 
free pote n tial outcome, while proximal causal infe re nce re- 
quires both valid NCO and ne gativ e c on trol treatme n t va riables 
tha t pr oxy a n unde rlying unmeas ure d c onfounde r. Importa n tly, 
COCA t ake s adva n tage of the fact that the tr ea tme n t-f ree po -
te n tial outcome is o bs erved in the untr ea ted, while in pr oximal 
causal infe re nc e, the unmeas ure d c onfounders for which prox- 
ies are av ail ab le, are them s e lve s never o bs erv e d, ar gua bly a more
challen gin g ident ificat ion t ask. De spite the pra ctical a dva n tage 
of ne e ding one rather th an tw o proxie s, it is import a n t t o not e
that though COCA ide n tifies the ETT, it fails to nonpa ra met- 
rically ide n t ify the populat ion ATE, without an additional as- 
s umption. In c on tras t, proximal causal infe re nce provides non- 
pa ra metric ide n t ificat ion of both ca usal p a ra mete rs a nd th us ca n
be in te rpr eted as pr o vidin g riche r ide n t ificat ion opportunit ies. A 

key reason for this diffe re nce in the scope of ide n t ificat ion is the 
fact that in the curre n t pa pe r, w e h av e emph asize d a n in te rpret a -
tion of the NCO as a proxy for the treatme n t-free pote n tial out- 
come but not for the pote n tial outcome unde r tr ea tme n t, in the 
s en s e that under our conditions, it must be that the tr ea tme n t- 
free pote n tial outcome doe s not only shie ld the tr ea tme n t from 

the NCO, but also shields the pote n tial outcome unde r tr ea t- 
me n t from the latter. Two pote n tial s tra tegies to r e c ov er COCA
ide n t ificat ion of the population ATE, mi gh t be eithe r ( i ) evoke a 
ra nk-prese rvat ion assumpt ion which if appr opria te would imply 
that the ETT and the ATE are equal ( this is the assumption made 
in Tchetgen Tchetgen ( 2013 ) ) ; or ( ii ) identify a se c ond proxy 

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae027#supplementary-data
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CO which is a valid proxy for the coun te rfactual outcome un-
er tr ea tment. The se c ond c ondition w ould be ne e de d if Y 

a = 1

an also be view e d as a hidden confounder. By a symmetry ar-
ume n t, one ca n show th at ( ii ) in fact w ould provide ide n tifica-
ion of the average coun te rfactual outcome under tr ea tment for
he untr ea te d. A w eighte d av erage of both counterfactual means
ould then pr ovide identifica tion of the ATE. Details are not
rovided, but can easily be deduced from the prese n tation. 
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