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CHAPTER 1

INTRODUCTION TO LIMIT EQUILIBRIUM ANALYSES
FOR ROCK WEDGE STABILITY

It was indicated at several occasions that the discontinuous char=
acter of rock masses predominates their behavior. As a consequence
instability of rock slopes does ususally occcur in form of excessive
movement of rocks that are bounded by discontinuities or a combination
of discontinuities and failure surfaces through intact rock: the well
known wedge or block failures where movements can be in form of trans-
lational sliding and rotational sliding on one or several planes or, in
form of toppling or in form of combined modes. Limit equilibrium analysis
seems thus to be well suited for the treatment of these stability problems
and has been extensively employed for that purpose. In addition to a
few closed form approaches mainly charts and computer programs have been
developed as analysis tools.

In spite of the wide use of limit equilibrium wedge analyses, they
are still very restricted and to a large extent incorrect. The deficien-
cies occur in two main areas: 1) procedural simplifications and 2) basic
deficiency of the limit equilibrium approach.

The procedural simplifications include geometric limitations
(e.g., 2-joint wedges only), restriction to only one of a few failure modes
(translational sliding failure), consideration of driving and resisting
forces (simplified water pressure or seismic forces, external forces
acting through the center of gravity). Such simplications may have been
justified in hand calculations but most of them can be eliminated if
machine computation is used.

More problematic is the second area, the basic deficiency of limit
equilibrium approaches. Since these approaches are based on rigid body
assumptions, deformations and as a consequence stresses are nct known—-the
problem is fundamentally indeterminate. Usually limit equilibrium analysis
methods work thus with forces (rather than stresses) and include implicit
or explicit assumptions to make the problem determinate. These assumptions
often introduce substantial inaccuracies and can lead to, unknown to most -
users, potentially unsafe conclusions.

Since basic correctness and also largely unlimited applicability of
wedge stability analysis is essential in reliability analyses, 1t was
necessary to first make a strong effort to reduce the aforementioned re-
strictions and te create less limited and more correct analysis methods.
This has the additional advantage that these developments can be used in-
dependently of the reliability analysis.



Specifically, this led to the following results that will be de-
scribed in this part of the report:

1. Stability Analysis for wedges formed by
two or three planes (with a wide range of
additional features regarding modes of
failure and force application) (Chapter 2).

2. Simplified analysis for 2-plane wedges, to
be used with programmable pocket calculators
(Chapter 3).

3. Wedge stability analysis considering stress and
stiffness effects (Chapter 4).

4. Method of artifical supports, an approach to
complete limit equilibrium analysis




CHAPTER 2
STABILITY ANALYSIS FOR WEDGES FORMED BY TWO OR THREE JOINT

PLANES—SWARS (SLIDING WEDGE ANALYSIS FOR ROCK SLOPES)

Summary and Practical Application

SWARS is a computerized analysis method for rock wedges formed from
two or three joints and the slope. The designer simply has to list the
attitude of up to eight {or more) joint sets in the rock mass under
consideration, the attitude, length and height of the slope and the
inclination of the surface above the slope. The analysis procedure
combines all the joints the slope to determine all possible geometri-
cally and kinematically feasible 2-and 3-joint wedges. The analysis is
set up such that only wedges that fulfill the geometric and kinematic
conditions are created, thus greatly reducing the following computations.
The only separate kinematic test is that for size. The maximum extent
of the wedge on the slope face has to be within the slope dimensions
or within a specified smaller size, the latter beingan important feature
of the method that will be discussed later. The determination of geometri-
cally and kinematically feasible wedges does actually not have to concern
the user, since the analysis method proceeds directly . from the geometric
input to the kinetic analysis for which the user has to specify initially
(simultaneously with the joint and slope geometry):

- unit weight of rock

- external driving forces in form of point leads or uniform loads

- internal driving forces in form of water pressure distributions
and seismic forces

- internal resisting forces in form of the joint shear charac-
teristics i.e., friction angle ¢, cohesion c, asperity angle,
and joint persistence (continuity)

- external resisting forces e.g., bolt forces and-their points of
application and direction.

The kinetic analysis which is performed as limit equilibrium analysis
on a rigid body includes large number of practically important and often
innovative features. Point loads can act in any direction and can be
applied at any point; in particular they do not have to act through the
center of gravity. This is much more realistiec than the usual center of
gravity assumption of similar analysis methods. Particularly bolt (anchor)
design can now be based on the actual physical features rather than on an
idealized pressure. This is particularly advantageous together with the
aforementioned possibility to limit and thus specify the size of examined
wedges. Bolts (anchors) can be specified differently for different wedges
both excluding over-design as well as the danger of missing a smaller
wedge within a large one. Water pressure can be uniform or hydrostatic.
The stability analysis for each wedge is conducted for both peak and
residual jeoint resistance parameters and results in a peak and residual
factor of safety. Very important is the capability of SWARS to analyze



a variety of modes of failure translational sliding on one or two planes,
lifting off from all planes, and (for 2 joint wedges only) toppling about
the edges and the lower apex.

The output can be a listing of all kinetically analyzed wedges or
simply those that have a factor of safety below a specified walue. In
addition the geometry, resultant force vector and mode of failure are
presented.

SWARS is a very effective and efficient design tool. The designer
can simply describe the characteristics of the rock mass and can then
concentrate on the engineering: varying slope geometry and stabilizing
measures (reduction of external loads, application of bolts) to optimize
slope stability i.e., prevent instability of wedges and reduce the number
of marginally stable ones. Naturally, parameteric studies on the effect
of variable natural characteristics can be conducted also.

Limitations of SWARS are the water pressure and seismic force
assumptions that, althcugh realistic, require some judgement by the
user. Although the possibility to consider 2 and 3 joint wedges covers
oY approximates most geometries, a separate consideration of blocks
would be desirable. Finally, toppling for 3 joint wedges and rotational
sliding in all cases cannot be directly handled by SWARS nor can stress
and stiffness effectss the user has to employ the specific approaches
discussed in Chapter 4 and 5.

At the present time SWARS probably represents the most advanced and
practically efficient method for analyzing rock wedge stability, one of
the prime problems in rock slope design. In addition, the analysis
methods considering stress and stiffness effects (Chapter 4) and
additional modes of failure (Chapter 5) supplement SWARS to provide a
complete set of rock wedge analyses.



2.1 Introduction

A standard approach to rock slope stability analysis is through limit
equilibrium analyses of wedges formed by joints and the slope surface(s).
Combining two joint planes and the slope surfaces typically leads to
wedges like the one in Figure 2.1; three joint planes and the slope
surface can form a wedge like that in Figure 2.2. Many other shapes,
particularly in the case of 3 joint wedges, can occur depending on the
relative orientation of joint planes and slope surfaces. It is also
possible that three jeoint planes form both two-joint and three-joint
wedges as shown in Figure 2.3. The wedges are assumed to be rigid bodies
and the 'joint planes' each actually represent a joint set, i.e., other
parallel joint planes exist and the wedges can thus have a variety of sizes

but identical shapes (Figure 2.4.).

By assuming rigid body behavior wedge stability can be treated
through limit equilibrium analysis. Most present approaches based upon
Wittke's (1965a,b) are using vector amalysis. Amongst others, further
developments were those by Hendron et al (1971) simplifying and computer-
izing Wittke's approach, by Hoek et al. (1974) providing charts and by
Londe et al. (1969) who expanded Wittke's method, Turther contributions
were made by Kovary et al. (1975) in form of pocket calculator versions for
simplified wedge analysis and particularly by the M.I.T. group (Campbell, 1974)
in form of the expanded computerized version SWARS-2P. The analysis
method SWARS presented here uses the basic ideas of SWARS-2P but
substantially extends that analysis. The capabilities of SWARS can best
be illustrated by first discussing the requirements that an ideal wedge

stability analysis should fulfill.

The factors influencing the behavior of a wedge, that should be
considered, are
- slope geometry: single plane or multiple plane,
orientation of planes, size of planes i.e.,
height and width.
- discontinuity®* (joint)* geometry: jeoint orientation,

number of joint sets (A joint may be a single

*Joint and discontinuity will be used interchangeably.
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FIGURE 2.1 2-JOINT WEDGE
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FIGURE 2.3 2- AND 3- JOINT WEDGES
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FIGURE 2.4 SETS OF JOINTS FORMING WEDGES



discontinuity at a specific location or it may
be part of a joint set. A joint set usually
consists of non-parallel or sub-parallel joints
as was discussed in Part I Chapter ; a first

and usual approximation in deterministic analyses

is to assume parallelity of joints within a set).

Slope and joints combine to form typical wedges
as shown in Figures 2.1 to 2.4. 1In addition to
the wedges there are other typical bodies that

can be formed like the blocks in Figures 2.5a,b.

Weight: this is the prime driving force determined

by wedge geometry and rock unit weight.

Joint shearing resistance: the resistance (strength)
of the joints can be expressed with the Coulomb
parameters c, @ for actually jointed parts and for
intact rock bridges. (Joints are thus usually con-
sidered in a simplified manner te be a plane consist-
ing of jointed parts and intact rock bridges.) This
issue will be discussed extensively in Part IIIL.

Water: this factor has a significant effect reducing
stability through increase of the driving forces and

by decreasing the resistance (the effective stresses
and thus the frictional component G tan ¢ of resistance).
A problematic aspect regarding water pressure is the
usually unknown distribution. A maximum is hydrostatic
pressure distribution as shown in Figure 2.6a; this can
occur if the joint exit on the slope is blocked e.g.,
through ice. A more frequently occurring distribution
will be that of Figure 2.6b, but the location of the
maximum is usually unknown. Sometimes uniform pressure
along the entire discontinuity is assumed a convenient
but often not realistic simplification.

Other forces (Figure 2.7) : surcharges and earthquake
contribute to instability while bolts or anchors are

used to increase stability. Complicating the
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FIGURE 2.5 a,b BLOCKS FORMED BY JOINTS
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FIGURE 2.6a HYDROSTATIC FIGURE 2.6b 'USUAL' WATER
WATER PRESSURE DISTRIBUTION PRESSURE DISTRIBUTION
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Surcharge

Joint

Bolts

FIGURE 2.7 EXTERNAL FORCES

/
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FIGURE 2.8 WEDGES THAT ARE KINEMATICALLY RESTRICTED
BY THE SLOPE GEOMETRY



consideration of surcharges and bolt forces 1s the
fact that they usually do not act through the center
of gravity of the wedge. Earthquake forces act
through the center of gravity but their direction

and magnitude is not known.,

There are thus a multitude of factors influencing stability of wedges
or blocks. In addition, cne has to be aware of the fact that wedges or
blocks can become unstable in a variety of modes. This issue will
be discussed extensively in Chapter 5 and other authors have done this
to one extent alse (Hendron et al., 1971; Wittke, 1965; Londe et al.,

1969; Goodman et al., 1976). Briefly, wedges (or blocks) can either

slide, topple about an edge or corner, or be lifted off. ~If sliding occurs
it can be purely translational on one plane or on two planes (along the
line of intersection)s it can be rotational or a combination of rotation
and translation. The stability analysis is usually conducted in two

stages, the kinematic and kinetic stability analysis.

The kinematic analysis examines which movements can occur. First
of all the lines of intersection of joint planes i.e., the wedge edges
within the rock mass have to intersect the slope. Wedges whose apices
are beyond the slope face (Figure 2.8) or that are tapered (Figure 2.9)
cannot move. In a more refined consideration wedges with acute angles
at the apex are restricted if not prevented from toppling moments and
rotational sliding movements {(for further discussion see e.g., Goodman
(1976) or Wittke (1964)). An important point to be made here, is the
fact that the rigid body assumptions makes many movements kinematically
inadmissable that would be possible if relatively small deformations
could take place. The kinematic analysis is basically used to reduce

the number of bodies whose kinetic stability needs to be investigated.

In the kinetic analysis driving forces (weight, water, external
driving forces, earthquake forces) are compared to the resisting forces
(shearing resistance of joints and externmal resisting forces), i.e.,
the limit equilibrium analysis is conducted. Usually the ratio resisting/
driving forces i.e., a factor of safety is computed, often alsc a safety

margin (resisting forces winus driving forces). Although often not done,
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moments should be considered in the limit equilibrium analysis and in
the safety factor. A universally applicable wedge stability analysis
procedure should thus, for a particular slope geometry:

* combine all joints to all possible wedge shapes

« compute the associated weights

*+ apply appropriate water and other forces

* check the critical mode of failure for each wedge

« compute the factor of safety or other indicator of

stability (instability) for the wedge

* list stable and unstable wedges.
The user can then change slope geometry or stabilizing forces (e.g.,
bolts) or both and eliminate unstable wedges. (Recall that this is a
purely deterministic approach, uncertainty in all influencing factors
does thus not enter into the amalysis}. None of the available methods
has the desired capabilitieé. Most require the input of specific
geometries and forces and simply conduct the necessary vector com-
putations. The furthest developed method, SWARS-2P permits the user
to specify up to eight joints* and various force options, the procedure
then goes through many possible combinations of forces and geometries
and lists stable and unstable wedges. The method is however limited
by considering only two joint wedges and translational sliding failure.
Assuming the SWARS-2P procedure to be the most advanced one (others
may have individual features that are better, but overall they do not

reach the level of SWARS-2P), the following limitations can be identified.

2 joint wedges only (no 3 wedges, no blocks)

maximum number of 8 joint (sets) that can be
combined to form wedges

- consideration of tramnslational sliding only

forces have to go through the center of gravity

SWARS as described below will remove or reduce these limitationms.

*A 'joint' represents a joint or a set of many parallel joints.
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2.2 SWARS - Principle and Capabilities

(Details on the procedure and underlying analysis will be given
in Section 2.3.)

Geometry:

SWARS combines up to eight (or if desired, more) joints (jeint sets)
into 2-joint and 3-joint wedges for a particular slope and top of the
slope as shown in Figure 2.1 and 2.2. With appropriate analysis on
the wedge forming joints (see Section 2.3) it is possible to derive
directly combinations that can kinematically move in an infinite slope,
i.e., tapered wedges (2.9 ) or wedges that would have to slide upward
are automatically excluded. In a second step slope (and top of slope)
size limitation can be introduced, specifically the crest length and
slope height (Figure 2.10). This further reduces the number of kinemati-
cally possible wedges. Also, if desired, other size limitations may be
introduced in order to define wedges that are smaller than the slope (2.11)
would allow; this last capability is necessary for the study of remedial

actions, like bolt application.

Comparing these capabilities with the above mentioned desirable
ones, two restrictions remain: the maximum number of joints (8) from
which wedges can be formed and the exclusion blocks. The number of
available joints (sets) rarely exceeds eight and is usually smaller;
thus this limitation has been kept as standard procedure. However the
program is written such that only a card needs to be changed to accomodate
a larger number. Blocks can be considered to be "truncated 2-joint or

t

3-joint wedges." Only if the effect of area dependent forces {(cohesion,
water) differs between a truncated and a complete wedge, will the simpli-
fication of considering only complete wedges introduce errors. A

future version will have to include a specific block treatment, particularly
when more is know about the failure mechanism (see Chapter 5). For the

time being and in view of the uncertainty associated with the area

dependent forces, the simplification is justified.
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FIGURE 2.9 TAPERED WEDGE
(APEX OUTSIDE SLOPE)

Top of Slope
Crest /

Crest Length

Slope
Height

/ /

FIGURE 2.10 DEFINITIONS
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Driving Forces:

In addition to weight, two water pressure options can be treated,
a uniform water pressure acting on the entire respective joint plane and
a hvdrostatic water pressure below a user specified horizontal water
level (see Figure 2.12). These water pressure options are approxima-
tions of the most likely pyramid-shaped distribution. Nevertheless
the hydrostatic assumption is the extreme case that can occur if the

joint exits are blocked.

Seismic effects can also be handled by SWARS. The present option is
to specify direction and magnitude of a seismic force acting through
the center of gravity. <Caution should be exercised in chosing the
acceleration values as discussed by Seed (1973). The 'seismic resistance
option’' by which the direction and magnitude of a seismic force is
determined that just reduces the factor of safety to one, is a part
of the program but not included in the standard output. Difficulties
in interpretation make the use of this option problematic (Campbell
1974).

The most important imnovation is the possibility to introduce
point loads at arbitrary points and in arbitrary directions (not through
the center of gravity) apart from or in addition to considering a uniform

surcharge. A severe and unrealistic restriction has thus been removed.

Resisting Forces:

The resisting forces are of the Coulomb type consisting of a
cohesion component, a friction angle component, an asperties angle
component and including the possibility of consideriﬁg the effect of per-
sistence (through a multiplier of the cohesion cowmponents) i.e.,

S=(1-p) C + X tan (® + 1). An important feature of SWARS is the deter-
mination of two factors of safety for each wedge, one with the full
Coulomb resisting forces (including friction angle, asperity angle

and cohesion (persistence)), the other with only friction angle approxi-
mating the residual resistance. In this manner it is possible to con-
sider the effect of small movements that may reduce the resisting forces
to their residual wvalue. Also depending on the purpose of the project
under consideration a more or less conservative design may be based

on these factors of safety.
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In addition, bolt forces can be handled; they can be expressed
similarly to the point loads above, i.e., acting in arbitrary loca-
tions and directicns and not necessarily through the center of gravity.
This again is a significant advance since it makes a realistic intro-
duction of bolt action possible. It makes SWARS particularly attractive
in connection with the aforementioned wedge size limitation. Bolts
can be specified differently for different wedges and their effect can
be analyzed separately. The danger of designing a bolting pattern for
a large wedge that would allow a smaller internal wedge to become un-

stable is thus strongly reduced.

Mode of Failure:
Although still not considering all modes of failure, SWARS has

been expanded beyond its predecessors to include for Z2-jeint wedges:

Translaticnal sliding along any one or both

planes . -

Lifting off both planes

Toppling about the lower apex {point 0 Figure 2.1)

Toppling about any of the edges
for 3-joint wedges:

- Translational sliding along any one plane

— Translational sliding along any combination

of two planes

- Lifting off from all three planes
Not considered are thus the toppling of 3 joint wedges and rotational
sliding modes. Toppling is relatively rare in case of 3 joint wedges
(due to kinematic restraints except for wedges that are simultaneously
very shallow and steep (Figure 2.13)). Rotational sliding will be
discussed extensively in Chapter 5; it is often the critical mode if the
forces not acting through the center of gravity are large compared to
those acting through the center of gravity. Since rotation of
wedges, if treated completely, involves additional kinematic constraints
and double modes of failure (rotation in one plane, together in trans-
lation in the other) it was decided not to include it in SWARS. However
Chapter 5 amongst other things provides an analytic approach and

associated computer program to examine rotational modes of failure.
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FIGURE 2.1I WEDGE SMALLER THA.N‘SLOPE DIMENSIONS
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FIGURE 2.12 HYDROSTATIC WATER PRESSURE ON WEDGE

FIGURE 2.13 STEEP SHALLOW WEDGE
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Also the criteria are given there, (Chap. 5), when rotation becomes critical.
The user can check the output of SWARS, which lists wedge geometry

and location, direction and magnitude of the resulting force, against

these criteria and further examine wedges that are critical with regaxd

to rotation. In this manner it was possible to keep the use of SWARS
simple, while having the possibility to treat more complex modes of

failure if necessary.

Results of Analysis with SWARS:

For the given jolnt sets and slope geometry SWARS computes. the
factors of safety for all possible wedges; these are wedges that can
be geometrically formed and that are kinematically unconstrained. The
user can specify water, external and earthquake loads on one hand and
remedial measures in form of bolts (anchors)on the other hand. By
varying the slope geometry and bolting-pattern and forces one obtains

an optimum, although deterministic, design.

As mentioned previously some simplifying assumptions still remain
in the interest of having a streamlined and efficient program for most
practical applications. Limitations exist with regard to geometry
(no blecks) and water pressure, although reasonably approximated in
the present version..The other limitations, stress field and stiffness
effects and additional modes of failure can be studied and analyzed by

using the approaches listed in Chapters 4 and 5.

2.3 Swars-Detailed Procedure

While the previous section provided a general review of the cap-
abilities of SWARS. this section will discuss the details. It is a
somewhat expanded version of the algorithm discussion in Appendix UM7
and it is mainly intended to provide insight into the underlying analysis
procedures. For actual application of the method, the user is referred
to the user's manual and program documentation in Appendix UM7.

The user specifies the following:
number of joint sets: Any number up to and including eight
joint geometry: The strike and dip of each joint (set) in geologic
notation but strike in the northern quadrant.

ex.: N25E, 60SE
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slope geometry: Orientation in form of slope strike (like joint
strike) and dip, where dip direction is always away from
the slope (Figure 2.14). The slope can be overhanging.
The crest of the slope is always assumed to be horizontal
and to be parallel to the x- axis of the coordinate system
(positive y-axis is horizontal into the slope, the positive
z- axis upward (Figure 2.14). If there is a non-horizontal
top of slope its angle has to be specified also (Figure 2.14b)-
Slope size is defined by its length and height (see Figure 2.14),
The additional optional size limitations shown in Figure 2.14
make it possible to define wedges of any desired size.

joint resistance: Friction angle, asperity angle, cohesion and
joint continuity (persistence)} for each joint.

driving forces: Unit weight of the rock. Water pressure can be
introduced as a uniform pressure on a particular joint plane
or as hydrostatic pressure below a user specified water level
(see Figure 2.15). Two kinds of point forces can be applied
one acting through the center of gravity and the other
('specific point load') acting at specific points and in:specific
directions. Uniform loads and seismic forces can be formulated
as point forces of the first kind. Specific point forces
require that the wedge on which they act be identified first,
by listing the 2 or 3 joint sets which define the wedge
(Note that it is possible with the aforementioned feature
to limit wedge sizes, to specify the considered wedges even
further).

bolt forces: Analogous to specific point forces. The output consists
of a listing of wedges (see Appendix UM7). Each wedge is described
by: dits joint planes and its size, the direction and magnitude
of the resulting force the mode of failure, the peak and .
residual factors of safety. The ouput can be limited to wedges

having afactor of safety below a specified limit.
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The main algorithm is shown in Figure 2.16. It is basically the

execution of the user's decision to analyze only 2 or 3-plane wedges or
both. If a 2 plane analysis is required the joint planes are reordered
in ascending order of their strikes. (This makes the computational pro-
cedure of forming 2 joint combinations easier.) The only other computa-
tion specifically associated with the main algorithm is the determination

of the unit normal vectors w of each joint plane.

The 2 plane algorithm is listed in Figure 2.17. More of the details

of the underlying analysis have been described by Campbell® (1974) and Campbell
et al_ (1976); they are also very similar to that by Hendron et al. (1971). The
analysis first conducts a vector analytical check of the geometric feasi-
bility (can a wedge be formed) and of the kinematics, excluding kinemati-
cally constrained wedges and defining the mode of failure. Wedge

volume and welght rare calculated with basic geometry. Finally the
kinetic analysis is performed .summing vectorially the driving and
resisting forces to yield the factor of safety. There are however some
innovative procedures in this analysis that are worthwhile mentioning:
toppling failure can occur by toppling about the lower apex '0O' (Fig. 2.1)
or by toppling about one of the edges. Moments of the applied forces
about point O are calculated, by first finding the applied force in
vector form (?) and the position vector of its peint of application (P),

then the moment vector M is given by
M = P x F

For example, the moment vector (ﬁw) of the weight I is

M = 0S8 x W
where 0S is the position vector of the center of gravity of the wedge.

For distributed loads, the resultant force vector and its point of appli-

cation are used.

*A different convention compared to Campbell's regarding positive unit normals
has been introduced: they are always pointing into the wedge. This makes
the 2 joint and 3 joint analyses consistent.
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Figure 2.17 Algorithm of 2-P Analysis

Can a
2-P wedge be
found?

Calculate wedge
geometry, taking
into account size
limits

-

Calculate applied forces and moments due to

(1) weight

(2) point load (acting through the C.G. of wedge)
(3) seismic acceleration (through C.G.) '
(4) surcharge (through C.G. of top area)

(5) water

(6) specific point loads (not necessarily
through C.G.)

toppling
occur?

Determine the
mode ©of failure

h

Calculate the factor
of safety and list
results as reguired

Calculate and output
the minimum seismic
coefficients required
for failure




25

Toppling about an edge can occur when the reactions between the
wedge and the base planes, which are assumed to be non-negative, cannot:

maintain moment equilibrium.

Taking the edge OD of the wedge in Figure 2.18a as an example, it
will depend on the applied forces and their corresponding
points of application whether the wedge will rotate out of the slope
about the edge. However, one needs only to look at R (the resultant
force vector which acts through the point 0) and ﬁo (the resultant
moment vector of the applied forces about Q) since they are equivalent
to the set of applied forces. Since R intersects the axis 0D, it cannot
cause a toppling moment about OD and the condition for toppling depends
on ﬁo only: 'ﬁo - 0D < 0. Similarly, the condition for toppling about
0C is: Mo - 0C > 0.

In contrast, the conditions for toppling about DB and CB depend on

R too because it causes a moment about these edges. The respectve conditions

are: (Rx0D+M) - DE <0
(§x66+MO) -+ CB >0

It is important to note that there are kinematic conditions under
which the wedge cannot topple. In the present version of SWARS it is
assumed that if the angle between the two joint planes is less than 90 de-

grees, toppling about an edge is not considered.

The three plane algorithm (Figure 2.1%) is analogous to that of the

2 plane analysis. The analysis follows the same procedure as before
geometric feasibility and kinematic check -- wedge volume calculation --
kinetic analysis. The geometric calculations are now however quite com-
plex and the associated method of analysis is one of the significant

new developments.

Formation of a 3-P Wedge

The necessary and sufficient conditions for the formation of a 3-P
wedge from joint plames (I), (J), and (K) and the slope face are that
the three joints meet at a point and that any two of the joints and the
slope face meet at a point. The shape of the 3-P wedge formed is unique

(see Figure 2.20) once these conditions are satisfied. The



26

(a)

/ 0D IS ON (I) /

OC IS ON (J)

(b) S T_d__?__
T
E | ]

FIGURE 2.18 NOTATIONS FCR A 2Pt WEDGE



27

Figure 2.19 Algorithm of 3-P Anélysis
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positions of the 3 joints and the slope face do not affect the shape of
the wedge. Wedge geometry is defined by the intersection vectors X, the
unit normals W and the intersection normals S {see Figure 2.20). The
intersection vectors X, ,, X, and ik' are defined such that they all point
ij ik i _ _ _
towards the slope face. The three unit normals Wi, Wj and Wk all point
into the 3~-P wedge and the vectorsrsij, Sjk’ Ski’ Sji’ bik; Skj
as shown in Figure 2.20. Algebraically the following holds:

are defined

X, .=+HW, x W,
ij -1 h|
T - 4+ 17 7
ik i‘ hj X T/vk
X = 3+ W T
Xkl - wk x hl
S.,=4+W%, x X
ij - i ij
3 = + ﬁ, x X
jk - 73 ik
Sk1 =7 wk % Xkl
Sji =+X.x W
- ij h|
5. =+X W
ik T I R XN
= _ .z =
ki T R Hy

When one faces the slope face and looks at the three joint planes
(I), (J) and (K), the positive signs of all the above equations hold
if (I), (J) and (K) are in anti-clockwise order. The negative signs

hold if they are in a clockwise order.

However, the correct signs for the three unit normals are not known
beforehand. The problem can be solved by first determining the correct
signs for the intersection vectors X.., X.. and Rk" X.. has the

ij ik i ij

correct sign if

.o W< 0
1] o

where ﬁo is the unit normal of the slope face (Figure 2.20b). The

correct signs for Xj and iki are determined similarly by the inequalities:

k
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in . wo < 0

After the correct values for i_,, X. and ik, are calculated, the
i Tk i

following products are formed:

=
=
I
»<
=
s
s
-
e
~~
>l
—
ey

W,
i

]
s
w4
24
~
-
ol
[ N
Y
i
H
:_,_

These three vectors are the unit normals to the three joint planes
and they are either all pointing into the wedge or all pointing out.
If they all point into the wedge, ﬁk . Xij > 0. 1If not, their signs

have to be reversed to yield the correct unit normals,

Once the three unit normals are known to be ﬁi’ ﬁj and ﬁk’ they are

assumed to be in a clockwise order and the following products are formed:
ij ij i

s, . )
jk jk h

il
n
ol
[
b
|
I

ki
S.. =W, xX,,
i3 1j
o _

Sik =V * Xy
. - _

Ses = T % Ky

Simultaneously with describing. the wedge geometry,it is also necessary
to satisfy the geometric feasibility and kinematic requirements.

Geometric feasibility requires that the joint planes and the slope plane

are not coplanar i.e.,
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W (WZ X WB) #0
WO (W. x WZ) £0

WO (W2 x WS) # 0

w2 (W3 X WO) #0

Kinematic constraints consist of several conditions:

1) Apex '0O' shculd not be below A,B,C (Fig. 2.10) rhis can be ful-
filled if at least one of the vertical (z-axis) components of the inter-

" section vectors is equal or smaller than zero:

>l
=
I

12 0

1 % kS 0o
at least one 23 =
- ~ <

X31 k - 0

Fal
when k = unit vector in z - direction

Although '"upward movement' is under rare circumstances possible, (e.g.,
combination of seismic and water forces), it is not considered admissable
in SWARS. If this condition needs to be relaxed it is possible to intro-

duce other specific inclination limits).

2) At least one of the lines of intersection has to be inclined
downward and has to intersect the slope:
Q0 < inclinaticn of line of intersection < slope angle
< . X < kW
0 < ik * X, | < |&i_]

0< |k - X

< ||

23

0 < |k - X5l < e

3) The kinematic constraint due to slope size is introduced by com-
paring the maximum vertical and horizontal extent of the wedge to the

height and length limits.
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Static Water Pressure

To calculate the force acting on a joint plane of a 3-P wedge
due to static water pressure, one first considers the general situations
shown in Figure 2.21. OPQ in each of the three cases (a), (b) and {(c)

is the projection of the joint plane onto the Y-Z plane.

In each case the part of the joint plane under the water level
ST is composed of a trapezoid and an inverted triangle. The total water
force on the joint plane can be found by summing up the forces on the
trapezoid and the triangle. The water force on the trapezoid ORST
(see Figure 2.22 is calculated by

GW

PV = é Gw*h-}:(u-l-—h

* -4 2 -
gr—— )*RL*dh = = (GW) (RL) (H8)” (3HT-HS)/HT

where GW = unit weight of water and the other terms are defined in

Figure 2.22.
The water force on the triangle RQ is given by

PVL = (GW) (HS) (ARCQ) + (GW) (ZQO) (AROQ)/3

where (ZQ0) = magnitude of the Z-component of 56 and (AROQ) = area of
the triangle ROQ.

Summing PVU and PVL yields PV (PV = PVU + PVL) the magnitude of
the X - component of the water force on the plane. The water force vector

is then given by

W = (PV/|wWX|) ¥
where WX = X - component of the unit normal .

If the intersection of the joint plane and the slope face is a
horizontal line (i.e., WX = 0), the projection of the joint onto the Y - Z
plane is a line and the above method cannot be used. 1In this case the
projection of the plane on the X - Z plane may be considered where there
are two possibilities shown in Figure 2.23; PV for the two possibilities is

also given in Figure 2.23, and the water force vector is

=1

FW = (PV/|WY])

where WY = Y - component of W.
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(a)

{c)

FIGURE 2.21 GENERAL STATIC WATER CONDITIONS
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HT

FIGURE 2.22

STATIC WATER PRESSURE
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If both WX and WY equal zero, the jeoint plane is horizontal, and

the static water pressure is a uniform pressure equal to HS x GW.

For a totally submerged joint plane, PV is found by assuming the
water level to be at P and then sum the result and (GW)*(distance of

actual water level above P)*(AP0OQ).

The remainder of the three plane analysis consists of geometric
calculations (wedge volume) and the kinetic analysis which are analogous

to the 2 plane case, except for not considering toppling failure.

Details on the algorithm and on the programsteps are given in

Appendix UM7 together with the users’' manual and an example output.

2.4 Coneclusions and Outlook

SWARS provides the designer of rock slopes with an efficient tool
for analyzing rock wedge stability. At the present time SWARS seems to

be the most encompassing procedure and this without a loss in practicality.

A first advantage is the fact that the slope geometry and the attitude
of (up to eight) existing joint sets have to be specified and that the
program automatically sorts out all geometrically and kinematically
feasible wedges. This intermediate step however does not even have to
concern the designer, who initially also specifies external loads, an
approximate water pressure distribution and particularly stabilizing
forces in form of bolt (anchor) forces and directions. The results,

a listing of wedges having a factor of safety below a user specified
value, does provide the basis for the actual engineering. The designer
can vary slope geometry, bolt design and external lcads to eliminate
unstable wedges and to reduce the number of marginally stable ones.
Naturally the opposite is also possible, for instance to steepen a
slope if the wedges are overly safe. The efficiency and completeness
of the approach makes it possible to study many alternatives.

In addition to these capabilities there are other specific advantages
of SWARS: Wedges formed by 2 or 3 joint planes (and the slope) can be
treated. Since it is .possible to specify the wedge size, realistic
stabilizing measures that consider individual wedges of all sizes can be
designed. Translational sliding modes and (for 2 joint wedges only)

toppling modes are investigated. Seismic effects can be also considered.
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Looking at possible improvements of SWARS it seems that the con-
sideration of additional shapes {(mainly blocks) and of a greater variety
of water pressure options would be desirable. The inclusion of additional
failure modes, mainly toppling of 3 joint wedges and rotational sliding,
may be another step, as is the treatment of stress field and stiffness
effects. All these capabilities, which are now provided by separate
analysis methods (see Chapters 4 and 5), may be incorporated in SWARS.
The question of how SWARS should be further improved has to be studied
very thoroughly in view of the fact that failure mechanisms have to be
simplified to a certain extent and that the deterministic treatment of a
strongly stochastic phenomenon is limited. Basically, the question is
how far should a method which is by definition an approximation, be
pushed to achieve an optimum between accurate representation and

practicality.
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CHAPTER 3

SIMPLIFIED ANALYSIS FOR 2-JOINT WEDGES

Summary and Practical Applications

A simplified 2-joint analysis method for use with programmable
pocket calculators has been developed. The routine works with three
cards on HP 97/67 calculators. The user can specify the attitude of two
joints, the slope geometry (attitude of face and top of slope) and wedge
size and have the program calculate the wedge volume and areas of the
wedge planes. The second step determines the wedge weight based on the
geometry and water forces based on a user—-specified water level. At this
point the user can also specify other external driving or resisting
forces. All forces are then assumed by the routine and the resulting force
and failure mode is printed out. Sliding failure on each of the planes,
on both planes or lifting off are considered. Finally a factor of safety
for the potential failure mode is computed based on the previously derived
resultant force and the joint resistance; the latter is specified in form
of Coulomb parameters {c, ®). The structure of the program makes an
efficient parametric study of the effects of external forces, water forces,
and resistance values possible. Nevertheless, the main intention of the
method is to run a few stability checks on a reasonably well defined wedge.
For instance, the analysis for a specific bolt design for a wedge that
has been observed in the field can be performed easily and rapidly. The
analysis method and program is thus an efficient practical tool, particular-
1ly in connection with the increasing use of observational design methods.
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3.1 Introduction

Limit equilibrium analyses for wedges on rock slopes can be performed
with relatively simple vector analytical and geometric computations at
least as long as the geometry and failure modes are not too involved. This
has first led to the development of design charts like these in Mogk and
Bray (1974) relieving the user of most of the time consuming computations.
The arrival of programmable pocket calculators has substantially increased
the possibility for conducting stability analyses at the desk of the
designer or in the field (without having access to a large computer).

Bray et al. (1976) and Kovarv et al (1975) have developed such programs for
2-joint wedges. Particularly, Kovary's et al. however, is quite restricted,
allowing only sliding along the line of intersection. Bray's et al.

program includes also sliding along single planes; it is however limited as
far as extermal forces are concerned. Given these available procedures,

the question has to be answered as toward what use should any further

development of simplified wedge analysis methods be aimed.

In the design stage, the use of simplified analysis methods will be
limited. Extensive parametric studies to consider uncertain natural
characteristics and a variety of slope geometries and stabilizing measures
will be conducted. This can only be handled by methods like SWARS
requiring many analytical steps and significant storage capacity - pocket
calculators; even anticipating further development cannot handle such
appreoaches. On the other hand, the substantial development and price
reductions of micro-computers will make it possible to handle programs like
SWARS with such facilities. The use of pocket calculators in the design
stage will then be even more limited. The main use of pocket calculators
in design now and in the foreseeable future will be the investigation of
specific wedges and of possibilities to stabilize them (reduce critical

loads, apply bolts).

An increasing use of pocket calculator analysis can be foreseen in
field applications. There is a distinct tendency to go to less conserva-
tive designs, particularly in conjunction with observational methods:

By closely monitoring the performance of a slope and adapting the design

if necessary, one can stay close to a factor of safety of 1 and achieve
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an economical design. In such applications there will be a strong need to
quickly determine the stability of an identified rock wedge e.g., to apply
bolts before the lower apex is laid free (and thus the kinematic constraint
is removed). Resistance characteristics will have been determined and
water pressure alternatives will be known reasonably well. The user will

like to vary external loads and stabilizing forces.

The requirements for the design and field use of simplified analysis

methods are thus very similar:

- Computation of the geometry (vector characterization of all
wedge planes, wedge volume) of an identified kinematically
unconstrained wedge. (The calculator has to relieve the user
from conducting the somewhat tedious calculations, but the
decision on geometric and kinematic feasibility is made by the
user). The geometries that can be handled should be reasonably
realistic, i.e., a slope consisting of a slope face and a top of
the slope (Fig. 3.1). 2-joint wedges should be treated as a
minimum and if possible more complex wedge shapes.

- Computation of important driving forces. Magnitude and location
of the weight value can be obtained from the geometric analysis
above. The other important driving force is due to water and it
is desirable that the user can simply specify a water level.

— QOther external forces: uniform loads, driving point loads and
bolt forces should be included. A quick investigation of
the effect of such forces should be possible.

- Resistance values: The Coulomb (c,®) parameters description
should be used to express the existence of a stress-dependent
and a stress independent component.

- The output should be in the form of a factor of safety.

The pocket calculator program described below (Section 3.2) has been
developed to satisfy these requirements; an example application is given

in Section 3.3.

3.2 Pocket Calculator Program for 2-Joint Rock Wedges

The program is based on the 2-joint wedge analysis by Hendron et al.
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(1971) and Campbell (1974). The program has been developed for HP-97/67
calculators; it uses three (3) cards. A program listing and user guide

is given in Appendix F. The sample appendix includes alsc some of the
detailed analytical calculations. The method and calculator program
includes most of the desirable features discussed in Section 3.1. Natural-
ly, the limited number of programming steps in a pocket calculator

required some restrictions. It was thus decided to only treat 2-joint
wedges, but to include the other requirements, mainly the effect of

forces in addition to weight.

3.2.1 Principles and Capabilities

The geometry of the wedge, i.e., its volume and the surface area and
vector characterization of its planes, are computed from the slope
geometry, joint attitude and size specification (see Figs. 3.1, 3.2).
Slope geometry is defined by the angle o of the slope face and angle &
of the top of the slope. Joint orientation has to be specified by strike
relative to the slope crest (the horizontally assumed slope crest is the
x-axis of the coordinate system, (see Fig. 3.2) and dip from the horizontal.
Wedge size is specified by the vertical distance (hl) from Apex 0 to
slope crest. Wedge geometry is then used to compute the weight vector

and provides input for other force calculation.

The water force due to a hydrostatic pressure below a user specified

water level (for no water effect h = 0 has to be entered) is automatic-

water
ally added (vector addition) to the weight to arrive at the resultant
driving force vector. At this point the program stops and the user can
enter additional external driving and resisting forces., These forces are
entered in form of X, Y, Z components, i.e., magnitude and direction can
be specified by the user; these (as well as other forces) are assumed

however to act through the center of gravity.

t

The total resultant force is then obtained from weight, water and
other forces. (Note that the resisting external force is deducted from
the driving force, rather than to add it to the resisting force. This
is a subject of controversy - neither assumption being entirely

satisfactory.) With the resultant force the program determines .the
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mode of failure which can be translational sliding on either plane or on
both planes (along the line of intersection) or lifting off from both

planes. Rotational sliding and toppling.are not considered.

Finally, the factor of safety is calculated for the particular
mode of failure; the user has to select the appropriate subroutine based
on the information on failure mode provided previously. The factor of
safety is the ratio of the resisting tangential force over the driving
tangential force, where resistance is expressedlwith the Coulomb

parameters cohesion (¢) and friction (&)

ST _|N[tan® + ¢ x Area
R - N

where N = Normal Force Vector on plane, R = Resultant Force Vector.

3.2.2 Details of Procedure

Note that the program listing and some of the underlying analytical

formulations are given in Appendix F.

User input (see also Figs. 3.1 and 3.2):

Bl, 82 - strikes of joint plane 1 and joint plane 2,
relative to routine x-axis, i.e., slope crest

Y159 - dip of joint plane 1 and joint plane 2

o — dinclination of slope face

- inclination of top of slope
h - vertical distance from ‘wedge daylight at slope

face (wedge apex 0) to crest

Ywater - ynit weight of water
Y rock - unit weight of rock
- vertical distance from wedge apex O to
water
horizontal ground water level
Fx’Fy’Fz - components of other forces (other than weight and

water), e.g., seismic, surcharge, bolts
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Cl - cohesion of joint plane

¢l - friction angle of joint plane 1

02 - cohesion of joint plane 2 *
¢2 - friction angle of joint plane 2

*Note that C can describe the effect of intact rock and that ¢ can

include the asperity angle.

Sequence of computation (for steps marked with an asterisk more

detailed formulations are given in Appendix F):

- unit normals, Wl’ W,

— line of intersection vector ilZ

- 'in plane' normal vectors to line of intersection,

15120 2512
- volume and weight of wedge
- L35 . 70
Volume = 6|DB x DC, (h1 + h2) (3.1
tant - tant-:x tans
= % =800
where h2 tane, - tand tano 1
X
where tanft_ = 12z
12y
- area of joint planes 1 and 2%
A =113 « OB A, = = |0C x 0B]  (3.2)
1 2 ? 2 2 ’
- water forces F and F on joint planes 1 and 2
wl w2
1 hw hw
e.g.,le = a-Ywhw X [E_Xh +h I x Al (3.3)
171 2
hw hW
{(where Ez-h1+h2 = 7 of area A1 under water)

- resultant force R

R = Weight + Fwi + QOther TForces (3.4)
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- Mode of Failure Determination

Mode 1: R-'W > O, ﬁl~§ < 0 slides on 1, separates from 2

12
2: R-W < 0, ﬁi.glz <0 slides on 2, separates from 1
: R, oW R_*S > i
3 Rl > 0, R2,S12 0 slides on 1 and 2
4: RW < 0, E-w2> 0 lifts off from planes 1 and 2

- Factor of Safety Determination:

Mode 1:
Conditions to be fulfilled R ° ﬁl > 0
Ri’SIQ <.&
N.tan®, + C.A, R-*T tand, + C.A
rg = -1 % 171 _ _ __;-11 (3.5)
1 | R - (REWH, ]
Mode 2:
Conditions to be fulfilled -E-‘ﬁz < 0
Rp*S1p <0
N,tan®, + C,A (R*W.)tand, + C,A
2
FS = e (3.6)
2 IR - (R*W,)W,

where Tl = tangential component of R to plane 1.
R

tangential component of to plane 2.

=
3
Il
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Mode 3:

Conditions to be fullfilled:

=
92)
o

=
=]

2712

ex <gdf 0 <a<T

e <8 difa=r"1
p-4

Note that downhill sliding if R + X;, O
uphill sliding if R - 5(12 <0
N.tan®, + C,A, + N.tand_ + C.A
s - TGN T R T O 6.7
12
R X
Tyt (3.8)
12
N, W N W
Nl - _122 2% . lEx 2y (3.9)
Wiv¥ax T P1xay
N, W, - N
Ny = 12%,lx - 1{ 12x (3.10)
F - W
leﬁ\ 5 W le 2y
where
N,,=R-T (3.11)

The program is structured such that the geometric calculations are performed
with Card’l, the force calculations (weight, water, other user specified
forces) with Card 2, and the factor of safety calculations with Card 3.
This simplifies the performance of parametric studies: 1) for variation

of water forces and study of various external forces only Cards 2 and 3

need to be used after the first run. (Before reusing Card 2 one has to
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store hl in register A and hl+h2 in register E). 2) for variation of
resisting forces, i.e., to study effect of uncertainties in ¢,$ only Card 3

needs to be used after the first run.

The procedure is thus straightforward and efficient, and even permits
the user to conduct some parametric studies without repeating those
computations that do not change. A short example will further illustrate

the use of the program.

3.3 Example Application

A 2-joint wedge potentially sliding toward a vertical slope is

investigated (see Fig. 3.3). No water is assumed.

The input information is:

By =17 B, = 63° 0o =89.999 c, =0
v, = 60° Yy, =80° §=0° 9, = 30°
h,=12 c, =0
¢, = 30

P = 10 tons (20,000 1lbs.) in the positive y direction.*

The geometric computations are conducted with the first card by

performing the following steps:

17 ENTER 60 A
63 ENTER 80 A
B
89.999 ENTER 0O ENTER 12 R/S

*
Since program does not print the input external force (0,20,000,0), the
user should mark it on the output paper.
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FIGURE 3.3

EXAMPLE CASE OF A 2-JOINT WEDGE
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The geometric results are printed out:

Bl 17.00
Yy 60,00
Bz 63.00
Yy 80.00
o 90.00

€.00
hl 12.00
h2 0.00

Force calculations with Card 2 require:
62.4 ENTER 160 ENTER 0 C

0 ENTER 20,000 ENTER O R/S

and result in:

R 0.00
W
Fraction water 0.00
Volume 329.26
Area 1 182.97
Area 2 52.00
Re x‘ql 42904.33
R ﬁz 18089.88
R'-ls12 11054.02
R-zsl2 30616.30
I 57.24
X

Since both R 1512 and R 2812 are positive and since EX = 57.24 is smallex

than ¢ sliding in failure mode 3 is potentially possible. The corresponding

factor of safety calculation is performed with Card 3.

0 ENTER 30 ENTER 0 ENTER 30 fe



and the printed out results are:

C 0.00

1
¢1 30.00
C2 0.00
¢2 30.00
FS 1.34

The considered wedge is thus stable.

3.4 Conclusions

A simple efficient analysis and program for HP 97/67 (or correspondiqg)
pocket calculators has been created. The program which allows the user
to examine 2-joint wedges subject to water and external driving and
resisting forces satisfies the needs for rapid stability checks during
the design phase and particularly in the field. Tt is thus possible
to examine on site the effect of changing water conditions and the
stabilizing effect of bolts. Also the effect of changing resistance
parameters can be efficiently investigated. Although the program is
structured to make these limited parametric studies efficiently possible
it is not intended to provide the services of a complete method and
procedure like SWARS. The pocket calculator program is aimed at cases
where the wedge is reasonably defined and stability should be quickly
checked. It is probably one of the most complete and efficient programs
of this size and is particularly well suited for applications with

observational design methods.
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CHAPTER 4

STABILITY ANALYSIS FOR 2-JOINT WEDGES
CONSIDERING THE STIFFNESS-
AND STRESS FIELD EFFECTS

Summary and Practical Application

Limit equilibrium analysis with its rigid body assumption precludes
deformation and thus any knowledge on stresses acting in the joint planes.
Not being able to determine the stress distribution makes the problem
indeterminate. In the normally employed force analysis, assumptions
are required with regard to direction or even magnitude of forces
to make unique solutions possible. As indicated in the previous chapters
the exclusion of moments is a frequent assumption (consideration of
moments in stability analysis will also be treated extensively in Ch. 5).
The other common simplifying assumption and the subject of this chapter
is the normality of reactions on the joint planes, an assumption that
is often not explicitly stated. However, assuming normal reactions o
only can have severe consequences. Stability predictions can deviate
considerably from the real situation and often on the unsafe side.

The normality assumption can be eliminated and more realistic force
assumptions made if one considers the stiffness of joints or the state
of stress in the slope (and wedge). Quite obviously these are artificial
means to introduce the effect of stresses in a rigid body analysis method.
They are however justified since the wedge itself is still considered
to be a rigid body, butis:acted upon by stresses (forces) determined via
joint stiffnesses or related to the stress state in the slope. The
standard normality assumptions for joint plane reactions imply that
there is no shear stiffness (the ratio of normal stiffness to shear
stiffness is infinite) and that the ratio of lateral to vertical "K"
is 1. Stated in this way one becomes aware how far from reality one
may be. Initial developments by other researchers for the stiffness
and stress approaches were available but limited to simple geometries
and frictional resistance only. Nevertheless, the state-of-the-art
review and an investigation employing these approaches already show the
possibility of significant discrepancies im stability predictions of
"normal” and more realistic force assumptions.

In this chapter the stiffness and the stress approach are consider-
ably expanded to be applicable to a broader range of 2-joint wedge
geometries and particularly to include all the other capabilities of
wedge stability analysis. These generalized approaches are used to again
demonstrate the effect of the simplifying normality assumption. Using
the stiffness approach one can show that, particularly for narrow wedges
or wedges with one steep joint, considerable deviations in stability
predictions result - the required friction angle (an expression of safety)
can be up to 30° greater than for the normality assumption. A lateral
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stress ratio different from K = 1 (implying non-normal reactions) is
particularly significant if the wedges have relatively flat lying lines
of intersection. K > 1 underestimates the factor of safety, while

K < 1 overestimates it.

The definite need to eliminate the restrictive normality assumption
in wedge stability analysis can thus be established.

Before developing a better analysis method it has,however,to be
decided how the stiffness and stress approaches relate to each other.
They evidently both represent the effect of a more correct force assump-
tion, i.,e., the underlying stress distribution. It can be shown that
the stress approach correctly models the wedge in its natural environment.
A state of stress has developed in the slope through a series of histori-
cal changes and the present stability is governed by the present state
of stress. The joint stiffnesses in contrast can only be used to
determine stress changes due to additional loads; stiffness cannot pro-
vide information on the present state of stress. The stiffness approach
can therefore be used to make predictions on the effect of additional
loads.

A method of analysis and computer program SWARS-2PM for 2-joint
wedges was therefore developed incorporating the generalized stress
and stiffness approaches and applying them in the correct sequence -
stress approach to analyze the effect of weight, stiffness approach for
the effects of other forces. Since the method and program is basically
an extension of SWARS-2P, it includes all the powerful features of the
latter: resistance descriptions with Coulomb ' parameters including
persistence and asperity effect; water, seismic and external driving
forces; bolt forces, possibility to determine all wedges formed by up to
eight joint sets. These features, together with the realistic force
assumption, which require however that stiffnesses and stress be
determined, makes the analysis methocd and SWARS-2PM a highly effective
tool for slope design.

4.1 Introduction

Limit equilibrium analysis is the usual approach to wedge stability
analysis. Standard wedge analysis methods have been reviewed and advanced
analysis methods and programs have been developed in Chapters 2 and 3

of this report. These approaches all follow the basic rigid body assump-

tion of limit equilibrium analysis. The rigid body assumption i.e.,

the neglect of deformations, makes the problem indeterminate. Determinacy
is implicitly or explicitly introduced by neglecting certain forces or
by making assumptions on force directions. A well known example in the
related field of soil mechanics is the interslice force in sliding

circle analysis. As will be discussed in Section 4.2, the usual
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simplifying assumption in wedge analysis is that the reactions of the
wedge weight act perpendicularly to the joint* (discontinuity*) planes;
also moments are often neglected (the consequence of the latter
assumption and new methods considering moments will be discussed in
Chapter 5.} Usually unknown te the common user, these simplifying
force assumptions imply certain conditions regarding deformability or
the stress field or both. As long as the real and the assumed con-
ditions correspond to each other the solution will be correct.
Deviating conditions may however considerably change this and result
in failure where stable conditions were analytically determined or vice
versa. Quite obviously, since the rigid body assumption excludes
deformation considerations and, associated with it, effects of stress dis-
tribution, it is the deformability and the stress field that may

cause significant errors if they do not comply with the assumptions.

This chapter therefore investigates the effect of discentinuity
stiffness (discontinuity stiffness or deformability has normally a
much greater effect than that of intact rock) and of the stress field

in limit equilibrium analysis.

It will be shown how the results of wedge stability analysis change
if the conditions are different from the standard assumptions. The
methods and associated computer programs developed for this investiga-
tion can naturally be used by designers who like to include stress or
discontinuity stiffness effects in their analyses. It should be pointed
out however, that one still makes assumptions with regard to applied
forces - although they are assumptions that are explicitly stated and
related to underlying causes. Nevertheless they are still simplifications.
One will be able to avoid some major mistakes by including stress field

and stiffness effects, but caution is still necessary.

A good way to introduce the topic is by briefly reviewing the state-

of-the-art.

*Terms joint and discontinuity are used interchangeably in this chapter.
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4.2 State of the Art - Stiffness and Stress Effects

Most present approaches to rigid body analysis assume that the
reactions between the wedge and the parent rock mass are perpendicular
to the two* joint planes (Figure 4.1). Figure 4.2 shows a typical
wedge and two sections - one perpendicular to the line AC, the line of
intersection, and one parallel to line AC. The perpendicularity assump-
tion regarding the reactions on the joint planes leads to the force
diagram in Figure 4.3. The two reactions, Rl and R2, can be derived

by solving two equations of force equilibrium:

Weos 8 = Rl cos Bl + R2 cos 82 (4.1)
Rl sin 81 =R, sin 62 (4.2)
If Bl = 82 = B
_ _Wcos 8 (4.3)
}/y = R =9 s B

Assuming normality of the reactions simplifies the analysis, but is
not entirely realistic. This has been investigated by considering
non-normal reactions by Mahtab and Goodman (1970) and St. John (1971)

through the use of joint shear and norwmal stiffnesses and by Steiner (1977)

*Al1l the wedges discussed in this chapter are "two-joint wedges' i.e.,
tetrahedrons formed by two intersecting joints and two free surfaces.
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Figure 4.2 Resolution of Weight Vector into Components
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W cos @

Figure 4.3 Force Diagram—--Reactions Perpendicular to
Joint Planes



through the use of the ratio of horizontal to vertical stresses,

approaches that will now be briefly reviewed:

The stiffness approach introduces (Figure 4.4A) the tangential

force T, in addition to the normal forces N, to represent the reactions
on the sliding planes. Ni and Ti can be determined if the shear stiff-

ness (ks)*and normal stiffness (kn)* of the joint or their ratio
k

R="n 1is known. TFor a symmetric wedge the ratio Tl/Nl can be calculated
as k'S

.0 K emB o g (4.4)

Nl Unl kn (cos R) Gr R

From the force diagram shown in Figure 4,4C:

Wcos § = N, cos B + N2 cos B+ Tl sin B (4.5)
+ T2 sin B
and
Nl - NZ - g cos B 5 W cos © (4.6)
2(sin” B + R cos” R)
T, = T, = sin 23 W cos 8 4.7)
1 2 5 5
2(sin” B + R cos™ R)
For R = =, i.e., for zero shear stiffness:
+ _ Wcos 8 _
hl = E—EEE—E- and Tl =0
*
kS _ T kn _ SE. where T and 0, are the shear and normal stresses;
8 "8

68 and Gn are the shear and normal displacments.
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Figure 4.4 Symmetric Wedge--Reactions with Components
Tangent to Joint Planes
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These are the values derived earlier (Eq. 4.3) with the standard

normality assumption.

The forces Ti and Ni can be used in the limit equilibrium equation
for the wedge:
2N, tan &

Factor of Safety = FS = I (4.8)

where 2Nl tan & is the resisting factor (assuming only frictional
resistance is present) and T is the driving force which is the vectorial
addition of the shear forces perpendicular and parallel to the line of

intersecting (Figures 4.4A and 4.2),

T =/(2’I‘l)2 + (W sin 9)2 (4.9)

If only the shear force in the direction of wedge movement, i.e.,

parallel to the line of interaction AD is considered,®

2N tan ¢
FS 1 (4.10)

W sin B

To show the effect of different shear and normal stiffnesses @R (the
"required friction angle" to obtain FS = 1.0) has been plotted versus
the angle § (for a symmetrical wedge) in Figure 4.5. The most
important conclusion from the figure is that decreasing R, i.e.,
increasing ks relative to kn, leads to a greater required friction

angle.

*Section 4.4 examines the question of what constitutes failure and how
to define the factor of safety.
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The importance of R raises the question,What values of R do occur
in nature? As was discussed in Part I of Chapter 6 several investiga-
tions have been conducted by Goodman (1972), Kulhawy (1975), Rossc (1976)
and Barton (1972) in addition to the cne by the MIT group. It has been
shown there that it is not yet possible to correlate stiffness values
with particular rocks, and only to a limited extent, with particular
surface characteristics. Also R values range widely from 0.5 to 1000.
Unweathered joints usually fall in the upper (500-1000) portion of the
range while joints with fillers usually have R values below 50.

Several improvements of the stiffness approach should be made. The
St. John model is based on & symmetric wedge with identical stiffness
ratios on the two sliding planes. The strength of the joint is char-
acterized solely in terms of frictional resistance with no provisions
for cohesive resistance, Some of these limitations have been eliminated

in an extended version of the model that will be discussed below.

The stress approach as introduced by Steiner relaxes the force

direction assumptions by explicitly including the horizontal stress
acting on the wedge. From the stresses acting on a small element of

the wedge (Figure 4.6), one can establish a force equilibrium:

dN = (dW') cos B(LCB) + (KdW') sin B(LCA) (4.11)
where LCB = distance CB
and LCA = distance CA,
when LCB =1
LCA = tan B (4.12)
and thus
dX = dW' cos B + KdW' sin B tan B (4.13)
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Since dW' and kdW' are constant along the entire length of the joint

the equation can be integrated to yield the normal force on the joint.
N=W (cos B+ Ksin B tan B) (4.14)

(Instead of the differential force equilibrium described above, one
could arrive at the same result using the Mohr stress circle,

Figure 4.7). 1If W' = %w cos 8, i.e., one-half the weight component in
a direction perpendicular to the line of intersection (see Figure 4.3),

1 2 %w cos 6 (cos B + K sin B tan B) (4.15)

=2
I
=
1

and

T, =T, = 7% cos § (sin 3 - K cos B tan B) (4.16)
for K = 1, the forces become:
N.  Wecos © _ ¢ (4.17)
1l = E_EEE_E— and Tl 0

i.e., the values for the standard normal reaction assumption (Eq. 4.3).
This standard assumption includes thus implicitly the equality of

vertical and horizontal stresses.

Factors of safety can be derived either by considering the
tangential forces parallel and perpendicular to the wedge movement

direction or by only considering those parallel to the movement:
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A
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Q

Figure 4.7 Mohr Stress Circle for the Stress State Shown

in Figure 4.6
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2Nl tan @
FS = (4.18)

\/(2"_[1)2 + (W sin 0)°

J
2L1 tand

FS = 7 cine (4.19)

The effect of introducing a factor K # 1 in the computation of factors

of safety is presented in Figure 4.8, where

W cos 8 2 2
n Ve YV & .
FS with K # 1 _ Wsin 6 20 &  ogg g (cos B+ Ksin B (4.20)
FS with X =1 W cos O an @5 1
W sin 8 cos R
= cos2 B + K sin2 R (4.21)

Figure 4.8 shows that with K > 1 the traditional assumption K = 1
{and thus a reaction normal to the sliding plane only) underestimates

the factor of safety and for K < 1 it overestimates it.

The notion of the stress ratio K needs some further clarification
particularly in the context of a jointed rock mass. K used by Steiner
refers to the state of stress within the wedge which may or may not be
equal to the stress state in the remainder of the rock mass. A change
or discontinuity in the material properties of a medium deces not
necessarily create a discontinuity in the state of stress existing in
the medium. The question that arises is, what created the discontinuity
in the first place or (more generally formulated) what is the stress
history at the particular location? Depending on the stress history of
the jeint, K in the wedge may be or may not be identical to K in the

entire rock mass.

The use of the stress ratio K in wedge stability analysis introduces
the possibility of active or passive failure modes of a wedge in the
direction perpendicular to the line of intersection. As shown in

Figure 4.9A, the active case is:
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4.98B

Figure 4.9 Mohr Stress Circles for Active and Passive Cases



70

tan ¢ T T sin B - K sin R
_IT _T_ _ - (1 - K) (4.22)
0, N cos B +Ksin g tan 8 ctn B * K tan B
Thus,
Ka =1 - tan ¢ ctn B (4.23)

1 + tan ® tan R

In the passive case (Figure 4.9B) the direction of T reverses;
therefore, a minus sign must be introduced into Equations 4.16

and 4.22.

tan & _ -T _ -(1 - K) (4.24)
N ctn B + K tan B

Thus,

_ 1+ tan & tan B (4.25)
P 1l - tan ¢ ctn B

The practical significance of these two failure modes will be dis-
cussed in Section 4.5. Although the joint shear strength is exceeded in
both cases it does not imply sliding failure along the line of inter-
section. It simply means that in the active case the wedge will settle
in its niche and in the passive case the wedge will be lifted up until
equilibrium is reached. 1If K in the rock mass is outside the range
Kp - Ka’ then the overall stress field in the rock mass will be differ-
ent from the stress field in the wedge. In the wedge, K can only vary
between the limits K and Kp as determined by ® and f (see Equations
4,23 and 4.25) whereas in the rock mass K values smaller and greater
respectively than these Ka and Kp can exist; K in such a rock mass will

be inhomogeneously distributed.

The discussion above treated symmetric wedges. The concept can be

extended to handle asymmetric wedges. Figure 4.10 is a section taken
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Figure 4.10 Stresses on Differential Areas of the Joint Planes
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perpendicular to the line of intersection of a typical asymmetrical
wedge. Each differential segment along the joint plane can be treated
like the element shown in Figure 4.6. The K parameter relates the
shear and normal stresses on the joint planes (Equations 4.15 and 4.16).

The stresses can be integrated to vield the following expressiong:=®

T (1-K) o (4.26)
Nl ctn Bl + K tan Bl 1
T
2. (1-K) - (4.27)
N2 ctn 62 + K tan 82
Equations 4.26 and 4.27 can be used in conjunction with the
equations of force equilibrium to evaluate Nl, Tl’ N2’ NZ'
Summing forces in the x direction (Figure 4.10):
1 (4.28)

Ny cos B; + AN, sin B, + N, cos B, + A,N, sin 3, = W

wl is the component of the weight acting perpendicular to the line of

inteérsection. As shown in Figure 4.2, Wl = W cos €. Summing forces in
the y direction:
. _ - : ;\ = .2
N; sin 81 klNl cos Bl N, sin BZ + AN, cos 62 0 (4.29)
Rearranging Equation 4.29:
1 (sin By - Ay cos By) (4.294)

N
L2 = A
N2 (sin Bl - Al cos Bf 3

* K may vary over the height of the wedge. 1If K does vary, the parameter
shown in Equations 4.26 and 4.27 is the mean value of K for the entire
height.



Equations 4.29A and 4.28 can be solved for N2:

B W cos 6 (4.30)
2 k3(cos Bl +>Kl sin Bl) + {(cos Bz + Xz sin BZ)

N

Finally,
- a 4.29B
Nl A3h2 (4.29B)
Tl = AlNl (4.26A)
T, = AN, (4.274)

In this section both the stiffness and the stress approaches were
presented but not the relations between these two methods for determining
‘reactions at the joint planes. This important aspect will be discussed in
Section 4.4 after the now following generalization of the stiffness.

approach.

4.3 Generalization of the Stiffness Aﬁproach

4.3.1 Derivation

The stiffness approach outlined by St. John can be generalized to
include asymmetric wedges and arbitrary loads such as those shown in
Figure 4.11. (The figure is a cross-section taken perpendicular to the
line of intersection between two joint planes.) The generalized problem
can be treated in a manner very similar to the omne used by St. John.
The fundamental assumption in the approach is that the wedge behaves
as a rigid body resting on a deformable medium (the joint planes). The
deformational characteristics of the joints can be expressed in terms

of two stiffness wvalues: kn and ks.
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X, Y: RESULTANT LOADS
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Joint Plane 2
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Figure 4.11 Generalized Stiffness Approcach--Known Parameters



g - hormal stress _ SE (4.31)
n mnormal displacement 6n
shear stress (4.32)

T
K3 = Shear displacement E;

kn and ks are material properties which are assumed constant throughout
the range of stresses encountered in engineering practice. The method
implicitly assumes that o and 63 as well as v and Gn are unrelated,

i.e., the off-diagonal terms in the stiffness matrix are zero.

%a kn 0 (on' (4.33)

As indicated in Figure 4.12, the problem involves six unknowns:
Nl’ Tl, NZ’TZ’ 6t and o, There are also six independent equatiomns.

Two equations are the force equilibrium equations in the x and y

directions:
Nl cos Bl + Tl sin Bl + N2 cos 62 + T2 sin BZ =X (4.34)
Nl sin Bl - Tl cos Bl - N2 sin 52 + T2 cos 52 =Y (4.35)

where X and Y are the resultants of the applied load in the vertical and
horizontal directions respectively (see Figure 4.11 and 4.12).

The other four equations relate the shear and normal stresses to the
magiitude and direction of the resultant displacement:

N
! (4.36)

(sin o + cos o ctn Bl)kln

S h =
t

Tl
= o (4.37)
{cos o sin o ctn Bl)kls
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81 = Resultant Displacement

Figure 4.12 Generalized Stiffness Approach--Unknown Parameters
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. N2 (4.38)
t (cos o ctn BZ - sin Oc)k2n
) (4.39)

(cos 0 + sin o ctn 62)k25

All of the above expressions are derived in Appendix D.

The six equations can be reduced to two if Tl’ T2 and N2 are ex-

pressed in terms of T, and substituted into the force equilibrium

1
equations:

cos B 4 akls sin Bl + bkzn cos 62 + ckzs sin 62 X
1 (sin. o +'cos o ctn Bl)kln Nl

sin b akls cos Bl + kan sin 82 - Cst cos 82 e (4.41)
1 (sin o + cos O ctn Bl)kln N1

where a = cos o - sin o ctn 31

b = cos ¢ ctn B2 - sin o

¢ = cos o + sin o ctn 82

The two equations involve only two unknowns (Nl and o). They can

solved for o:

(4.40)



Q
I

-1 EzB - XA
tan -

XC - YA (4.42)
A= (Kln - kls)cos Bl + (kZS - kzn)cos 82
2 2
_ cos B . cos P
B = kln —7————l> + kls sin Bl + k2n _T____Z,+ k sin B
sin B sin f 2s 2
1 2
c052 2 2
C=kgp sin By +k o~ Loy gin B, +k, 5 B
sin B 2n 2 2s ———
1 sin Bz

All the remaining unknowns can be found by substituting back into the
various equations. The solution procedure is a cumbersome operation
to perform by hand, but it can be easily programmed for a computer. (They

have been included in the program SWARS-2PM described in Appendix UM5.)

All the expressions shown above were based on a two dimensional
cross section; hence, the analysis implicitly assumed the wedge has a
length of unity along the line of intersection. Strictly speaking,
the equations are valid only for cases involving an infinitely long wedge
of constant dimensions in an infinitely high rock slope (Figure 4.13).
The joint planes bounding the wedge form a notch in the slope; X and Y
correspond to loads per unit length along the notch. All of the re-
actions at the joint planes are constant along the slope. Obviously,

these conditions are seldom even approximated in the field.

Fortunately, the physical interpretation of the results need not
be quite so restrictive. The left side of Equations 4.40 and 4.41
depend only on stiffnesses and the shape of the wedge (Brﬁz); they do not
contain any terms involving h, the height of the wedge. Thus, the
ratios X/Nl and Y/Nl are constant for geometrically similar cross
sections even though X, Y and N, may each be functions of h., This
independence can be used to generalize the applicability of Equations 4,40

and 4.41. They are valid for finite wedges as long as all cross sections
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Notch in Infinite Slope
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perpendicular to the line of intersection are geometrically similar,

This situation occurs whenever the line of intersection of the joint

planes intersects the slope at a right angle (Figure 4.14)}. The proof

of this generalized relationship is relatively straightforward:
Equation 4.40 can be rewritten in terms of differentials

-
Ny = = (4.43)

k sin Sl + bk cos BZ + ckzs sin 82

where e = (cos Bl + 31g 2n )
(sin @ + cos @ ctn Bl)kln
Nl is the total force in joint plane 1.
1
N, = Jle = e JdX (4.44)
entire entire
wedge wedge
N o= 2 (4.45)
Similarly,
_ Y {4.46)
S B
where f = (sin Bl - akls cos Bl + bk2n sin B2 - Cst cos 82

(sin o + cos o ctn Bl) kln

Equations 4.45 and 4.46 are mathematically identical to 4.40
and 4.41; however, X and Y represent the total applied forces in the

x and y direction rather than unit loads as in Equations 4.40 and 4.41.
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Figure 4.14 Wedge With Geometrically Similar Cross Sections
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Analyses involving asymmetrical wedges must be handled on an
individual basis. The gross contact areas between the wedge and its
parent rock mass must be calculated for each joint plane. As will be
discussed later, the analysis can easily be programmed for computerized

solutions.

4.3.2 Applications Under Special Conditions

There are some special situations where it is. possible to simplify
the analysis. If there is no load in the y direction, i.e., ¥ = 0

the expression for & (Equation 4.42) simplifies to:

o1 (kpg ~ kpgleos B+ (k- k) cos By AT
0 = tan { 22 7 ]
. cos” Pl . cos” B2
kln sin Bl + kls sin 782 + k2n sin B2 + kZS sin 82

]
o
=

]
e

]
~

]
=

Case 1: Y

When all the stiffnesses are equal the numerator of the equation
reduces to 0 and o becomes Q. The equality of stiffness (together with
Y = 0 implies that the resultant displacement of the wedge will be in

the x direction (o = 0).

Case 2: Y =0 kln = k2n >> kls = k2s

These conditions correspond to the assumptions implicitly made
in conventional stability analyses. The equation for ¢ becomes:
-1 cos BZ - cos Bl B, - By (4.48)

o = tan
[

sin Bl + sin 82 2



Thus, the resultant displacement will occur at an inclination

equal to half the difference between 5 values (Figure 4.15).

4.3.3 Discussion of Results Obtained with Generalized Stiffness Approach

The soclution procedure outlined above has been used to develop
several plots that illustrate the sensitivity of the results (particu-
larly N
k

and NZ) to changes in the input parameters(Bl,Bz, kln’an’k

1 1s?

28). The results are valid for a wedge in a infinitely long notch

or a wedge whose line of intersection is orthogonal to the strike of
the slope face. In all cases, it has been assumed that Y = 0 and

X = weight of the wedge. The results are expressed in the same manner
as those presented in Section 4.1 i.e., the dependent variable is QR

(the value of @ required to produce a factor of safety equal to 1.0):

%
-1 Wsin 6 4
@ = tan _— (4r49)_
R N1 + N2
5 = angle between the line of intersection of joint

planes and the horizontal (Figure 4.16).

W = weight of wedge

Figure 4.16 shows a typical wedge and identifies the parameters selected

for study in the sensitivity analyses.

kK, k =k = 90°

-4
1n 2n* T1s 2s’ v
0° < B, < 90°

Case 1: k

I A

1

0° < 8, < 90°

1A

*Tangential driving force parallel to line of intersection only,



Kin = Kop >> Kig = Ko

Joint Joint Plane 2

Plane |

. _ . . . - S -
Figure 4.15 Direction of Displacement When Kln K2n > Kls 1\25
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Figure 4.17 illustrates the functional relationship between
= ° LYy - =
Bl and ¢R (Bl and 52 are complementary angles as 62 180 Y Bl
90° - 81). Two families of curves were developed for § = 30° and
8 = 45° respectively. Each family is composed of several members that

represent different values of R, the stiffness ratio:

.ln 2n (4.50)

All the curves are symmetrical about the line 81 = Bz_= 45

R =« and R = 1 represent conditions that are tentatively considered
to be the upper and lower bounds for natural rock jeints. The curve for
R = @ reflects the effect of 'wedging" (Hoek and Bray, 1972)
as G decreases with increasing Bl. The curve for R = 1 shows just
the opposite trend as @R increages strongly with Sl' (The two curves
seem to be symmetrical about the line QR = 0. However, this apparent
symmetry has not been analytically proven. There is no readily dis-
cernible explanation for this effect from a mechanical standpoint).

A stiffness ratio of 2.5 yields a virtually constant value of friction

angle that is approximately equal to 8.

. - . = o= °

Case 2: kln an’ kls st Y 120°,
0° < Bl < 60°
0° < B, < 60°

The curves for y = 120° (Figure 4.18) look quite similar to those
for Y = 90° (Figure 4.17). They have an axis of symmetry and they
diverge as Bl increases. However, the divergence is not as pronounced
for Y = 120°. The difference in @R values is approximately 8.2°
at B =8, = 30°. Once again, a value of R = 2.5 yields ¢,~ &

R
regardless of the value of Bl.



87

¢

Symmetry

¥ =90°
B B2
Ba= 90°-8,
II(|n kan
II‘Is st
k
R ="
Kis
—— 2 45°
— = 3o°
¥ = 90°

20 J S U I S GE R | B

0 iIc 20 30 40
I

Figure 4.17 CDR VS, ,Sl For ¥ = 90°



40°

88

2

Symmetry

| S N S

/ o. éﬂ

10° 158° 20° 25° 30°

By

Figure 4,18 o)

R

vs. Bl For ¥ = 1200



89

. = > = H ) = @

Case 3: kln k2n’ kls, kZS’ ¢ = 60
0° < 8, < 120°
0° < B, < 120°

Figure 4.19 presents results for the case § = 60°., Near the axis
of symmetry (ﬁl = 60°) the curves behave much like the ones examined
earlier. However, as Bl approaches 0 the curve become irregular. A
problem arises in that region because 82 (BZ = 120° - Bl) becomes greater
than 90°, i.e., joint plane 2 overhangs the wedge (Figure 4.20). The
overhang does not pose any difficulties from an analytical standpoint;
however, the physical interpretation of the results demands closer
scrutiny: for every R there is a critical value of Bl (defined as Blcr)

such that for all 3 the normal force on joint plane 2 is tensile,

1< Frer
This value Blcr occurs when the direction of the wedge's resultant dis-
placement 6T is parallel to joint plane 2 (Figure 4.20), Figure 4.21

shows the relationship between Elcr and R. If Bl S_B the wedge tends

ler
to pull away from joint plane 2. Continuous rock joints cannot sustain

a tensile load so the Bl - @R curves must be modified to reflect the
change in NZ' The exact form of the curve depends on the shape and
deformational characteristics of the asperitiesin the joint plane.

It is conceivable that even in the absence 0of a normal force some
asperitiesmay interlock and generate a shear force in the overhanging
joint plane. On the other hand, if the plane is relatively smooth,

Ty (as well as Nz) may reduce to 0 as scon as Bl is less than Blcr'

Figure 4.22 illustrates schematically scme of the typical forms

that the curve for R = 1 may assume. Curve B ignores the tension problem,
It is merely a mathematical extension of Curve A into tensile region of NZ'
Curve C represents the other extreme, A severe discontinuity occcurs

at 31 = Blcr = 30° as both Nz and T2 drop to 0. The portion of Curve C
that lies to the left of point O represents sliding along a single
plane--plane 1. The estimated curve D recognizes the existence of some

shear forces in the joint plane for 0 < B < Blcr' Most natural joint
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Joint Plane 2

Joint Plane | B2

Figure 4.20 Overhanging Joint Plane
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planes would probably have curves that plot between C and D,

When Bl > Blcr’ the curves for R = 1 and R = @ gseem to be symmetri-
cal (Figure 4.19), a property which is apparently shared by all such
pairs of curves (Figures 4.17, 4.18). TFor 0 = 60°, the maximum differ-
ence (A@Rmax) between the curves is 30°. This difference always reaches
a maximum at Bl = ﬁ% Gymmetry) and is a function of . Figure 4.23
shows that AQRmax is a very strong function of y and decreases rapidly

as Y increases.

Case 4: kls = kln; an

0% < B <90°

0° < 32 < 90°

The effect of different stiffnesses in the joint planes is shown
in Figure 4.24. The curves become more skewed as § increases. The
changes in shape reflect the fact that in Equation 4.49 the numerator
(W sin 6) is a constant while the denominator (Nl + NZ) varies with
geometry of the wedge. A high value of S suggests that joint plane 2
bears a disproportionately large share of the weight of the wedge. The
reaction at joint plane 2 consists of N2 and T2. Since Bl and 82 are
complementary angles, Bl values near 0° are associated with 62 values
near 90°. When 62 approaches 90° most of the reaction is supplied by

T Under these conditions (low Bl and high §), N, and N, are low and

2" 1 2
a high @R is required to maintain equilibrium. The argument can be

reversed for cases involving Bl near 90°. 62 near 0° implies a high N2

and a correspondingly low @R.

All of the curves pass through the point Bl = 45° and @R = 54.75.

Since ¥ equals 90°, 8. of 45° defines a symmetrical wedge. Under this

1
special condition, the sum N, + N, is a constant regardless of the value

1 2
of S.
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All of the results summarized in this section are based on wedges
that have geometrically similar cross sections along their entire
lengths. The physical significance of this assumption was discussed
earlier. The method can however be generalized to handle wedges with
arbitrary geometries. The technique is discussed in Section 4.6 in

connection with the computer program SWARS-ZPM.

4.4 Stress Approcach Vs. Stiffness Approach

Section 4.2 showed that assumptions regarding force acting on planes
critically affect stability analysis. That same section discussed the
"stress" and'stiffness" approaches as two alternate methods to more
correctly consider the actual conditions. As mentioned there and in the
introduction (Section 4.1) (usually simplifying) assumptions have to be
made because the rigid body conditions do not consider stress distribu-
tions which in turn govern the forces. An obvious question arises:

Is it possible teo know the stresses on the joint planes? The question
is difficult to answer because the stresses depend on cumulative effects
of loads and joint stiffnesses - both of which can change as time pro-
gresses. Figure 4.25 illustrates the concept. It is a schematic repre-
sentation of the temporal variations in loads, joint stiffnesses and

stresses that occurred during the existence of a hypothetical wedge.

The stresses are a function of the loads and stiffnesses. During
any small time increment At there is a direct relationship between in-
cremental loads (AL) and incremental stresses (AS). AS is related to AL
through the stiffness equations presented in Section 4.4. The precise
relationship between AS and AL depends on the values of the stiffnesses
during that interval. An incremental load applied at tl will not
necessarily produce the same change in stresses as the same load applied
at t, because the stiffnesses at tl and t, may be different. The stresses
at any time t reflect the original stresses {(at tO) plus all the changes
that have occurred since tg- (The model presumes that the principle of
superposition is wvalid at least in a crude sense.) Thus,,sp, the present
state of stress, is a function of the cumulative interaction between loads

and stiffnesses; Sp is not directly related to the current stiffnesses.
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The lateral gstiffnesses are instrumental in determining the effects of

additional loads, but yield no information concerning Sp'

The lateral stress ratio K is an expression of the present state of
stress Sp' As a consequence of the conclusions just drawn, K reflects
the original state of stress and any changes since then, including the
stress that created the discontinuities. The stress state may however
have further changed after creation of the joints (within the limits
Kp and Ka as explained in Section 4.2). Two important conclusions can
be drawn from the fact that the present stress state and K reflect the

entire history.

- K within the wedge can be different from K in the slope.
(K in the wedge can only vary between'Ka and Kp; K in the
slope can vary over a wider range).

— The stability analysis of a wedge only subject to its weight

should be considered with "stress approach' and not the

stiffness approach. (The present joint stiffness has only
effect on the last stress increment but not on the stress

state - see Figure 4.24.)

A practical note needs to be made here. Although the stress approcach is
analytically correct, it may be problematic to perform since K is

difficult to measure,particularly if the stresses are absolutely small.

Joint stiffness has, however, to be considered if the present (matural)
state of stress Sp is changed. If,again referring to Figure 4.25, a load
is added at T (dotted line in Figure 4.25) the new stress state can
be derived only through the joint stiffnesses. One would naturally measure
the stress state or K after application of the load, this is however
practically difficult (and expensive) as mentioned before; more importantly,
however, it would not allow predictive analyses, the normal use of
analysis. These considerations on stiffness lead thus to the conclusion

— Stability amnalyses of wedges subject to loads in addition

to their weight have to be considered with the "stiffness

approach’,
The complete stability analysis has thus to combine stress and stiff-

ness approaches in the following manner:
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1. The stress approach is used to calculate the reactions
(Nl, N2, Tl’ T2) due to the weight of the wedge.

2. The stiffness approach is used to calculate the reactions
due to all other additional loads, particularly if the

analysis is used to make stability predictions.

The procedure is admittedly a simplification of actual conditions

but it does present a consistent methodology for treating rock wedges.

As mentioned,the weight of the wedge should be analyzed
through the stress apﬁroach. The stiffness plots shown as
Figures 4.17 to 4.19 are a direct vieclation of this principle. -
These plots describe the highly idealized situation portrayed in
Fig.4.26;the wedge weight is treated as an external load that is
applied only after the stiffnesses have revealed their current values.
As discussed earlier, the stiffness approach should however only
treat "current'" loads. Although the plots should not be used to
examine gravitational loads they can be used to examine any other
loading that is directly proportional to the size of the wedge.
The plots were based on cross sections with different shapes (Sl
varied) but with a constant height (Figure 4.16). Ny and N, are

directly proportional teo the weight of the unit cross sections

(Equation 4.43); X = W cos 6§ . Equation 4.49 indicates that @R,
the ordinate of the plots, is a function of . ; hence, any
Nl + N2

loading that is directly proportional to the weight should yield
the same values of @R. Since the wedges have a constant height,
the distance AB in Figure 4.16 is directly related to the area or
to the weight of the action. Thus a uniform loading along AB
would be directly related to the weight of the wedge. Therefore,
Figures &4.17 to 4.20 show the effect of a uniform surcharge on

the top (and front) faces of the wedge.

4.5 The Factor of Safety

The presence of shear forces on the joint planes in a direction
perpendicular to the line of intersection presents some difficulties in

defining the factor of safety (FS). This problem was alluded to in
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Section 4.2 where FS was calculated two different ways. In rock slope
analyses FS is usually defined as the ratio of resisting to driving
forces. However, the definition assumes that both forces act in the

same direction. The condition is seldom fulfilled in real problems.

Figure 4.27 shows the shear forces that should be considered in
a typical stability analysis. As derived in Figure 4.2, the shear
force along the line of intersection is W sin 6%. Tl and T2 are shear
forces perpendicular to the line of intersection. In the special case
where K = 1 (the situation considered in conventional analyses) Tl and T
are both zero; therefore, the entire shear resistance along the joint
planes counteracts W sin 0. Whenever K does not equal unity the shear
resistance must counteract T, and T, in addition to W sin &. 1In fact,

1 2

the effect is magnified because the presence of Tl and T2 actually de-

creases the shear resistance. As indicated in Section 4.1, Tl and T2

increase at the expense of Nl and NZ' As Nl and N2 decrease the
frictional resistance declines. The crucial questions are, how do
Tl and 'I’2 affect the stability of the wedge,and how can they be incor-

porated into stability calculations?

St. John addressed this problem in analyzing symmetric wedges with
purely frictional resistance. As indicated in Section 4.2, St John
defined the factor of safety as:

2N tan &

FS =

- (4.56)
VQET)Q + (W sin 0)2

Thus, the driving force was considered the vectorial sum of the shear
forces** in the joint planes. The resultant shear forces in the two planes
are mirror images of one another because the wedge is symmetric. At

limiting equilbrium the direction of impending motion is down the line

* This simplified model presumes that gravity is the only force acting
on the wedge.

%%St. John computed the T forces through a stiffness analysis; however,
the derivation of T is met a salient feature of the current discussion.
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Figure 4.27 Shear Forces on Joint Planes
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of intersection and into the notch i.e., the wedge has a tendency to

"settle'" in the notch as well as move down the line of intersection.

The direction of motion is an important ceonsideration in examining
stability problems. What are the practical implications of a wedge
settling in its notch? Surely there is a limit to the amount of movement
that can occur in this direction. A minor amount of settlement may not
be significant from an engineering standpoint. The important question
is What happens after failure? Settlement may be tolerable but sliding
down the line of intersection is clearly unacceptable. Strictly speaking,
limiting equilibrium cannot provide any insight into post-failure behavior
because it is concerned solely with the condition of the system just at

failure.

Baligh et al. (19xx) have done some interesting work in the area
investigating the influence of K, the stress ratio, on the stability
of symmetric wedges. They used the stress approach developed by Steiner
(as presented in Section 4.2) to determine the forces on the joint planes;
hence, both T and N are functions of K. Like St. John, Baligh et al.
treated the driving force as the vectorial sum of the two shear components

on each plane. They define the factor of safety as F3:

2N tan @
FS = F, =
3 Vom? + mosin )2

The equation can be rewritten as:

F3 2N

tan &

(4.56)

) VQZT)Z + (W sin 8)2

As shown in Figures 4.28 and 4.29, the quantity F3/tan $ can be’
plotted as a function of K. The three curves in each figure correspond
to wedges whose lines of intersection plunge at 5°, 15% and 45°.

Figure 4.28 and Figure 4.29 were developed for f's of 30° and 45° respec-

tively.
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All of the curves have a maximum at XK = 1.0. When K = 1.0, T is

zero and the impending motion is down the line of intersection. Also,

Fq 1 (4.57)

tan ® ~ tan @ cos B

The plots are helpful in visualizing how rock wedges fail. Figure 4.30
ig a schematic representation of an F curve similar to the ones in
Figures 4.28 and 4.29. (The term tan @ will be considered a constant.

It can be factored into the ordinate scale.) At some arbitrary time

(say tp in Figure 4.25) the stresses on the joint planes correspond to
point A. If some additiomnal loads are placed on the wedge the stresses
on the joint planes will change - the incremental stresses will depend

on the stiffnesses as discussed in Section 4.4. Let the new stress

state correspoﬁd to point B. At B the wedge is at limiting equilibrium;
any additional loads will initiate movement. The direction of movement
will be along the line of intersection and into the notch. However,

as soon as the wedge begins to settle into its notch the lateral stresses
will increase. This "wedging' action increases K which in turn increases
N and decreases T. According to this conceptual model the wedge can
sustain additional loadings and pass from point B to C and D.* With

each incremental load the wedge settles a little more and K increases.
Finally, the wedge reaches point E where T is zero. At E i.e., K= 1.0
the direction of movement is exclusively along the line of intersection.
Theoretically, there now is nothing to prevent the wedge from sliding

along the line of intersection out of its notch.

A similar effect occurs when K > 1.0 i.e., to the right of the maximum.
This situation would correspond to passive conditions and the initial
movement would be ocut of the notch and along the line of intersection.

K would eventually reach 1.0 as the load increased.

*In the model tan ¢ is assumed to be constant even after initial failure
(point B).
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ctn & sec B

Figure 4.30 Schematic Failure Sequence



109

Thus, it is possible to define two factors of safety; FSI, the

initial factor of safety, corresponds to point B; FS the ultimate

>
factor of safety, corresponds to point E. FSU is thg value used in
traditional stability calculations. The engineer must use his judgement
in deciding whether to use FSI of FSU as a design criterion in a
particular situation. If movements must be kept to an absolute mini-
mum FSI would be the more appropriate choice. If one merely wanted

to design against catastrophic movements, PSU would be the better choice.

The distinction ™ between the two factors of safety is clear from
Figure 4.30. However, that figure is a highly idealized model that
ignores some important effects. In particular, it assumes that the
shear strength of the joint planes consists solely of frictional re-
sistance that can be expressed with a constant ¢. In reality ¢ may be
composed of interlocking asperities as well as mineral to mineral fric-
tion. The asperities may shear off as movement occurs. In effect, ¢
should decrease as the wedge is loaded beyond initial failure. Also,
the model neglects cohesion along the joints. This cohesion may con-
sist of bridges of intact rock which will shear when movement commences.
One simplistic method for treating these effects is to neglect the
cohesion and asperities in computing FSU. {(This is the approach that
is used in the method and computer program that will be described in

Section 4.6).

All the wedges considered in the discussion of factor(s) of safety
have been symmetric with respect to their geometric, stiffness, and

frictional characteristics. Under these conditions i.e.

B, = B, (4.58)
9 =9, (4.59)
Ry = Koo (4.60)
kK, =k (4.61)

1n 21



110

the impending motion is in the wvertical plane that contains the line of
intersection. The resultant of all the driving forces and the resultant
of the shear resistances are in that same plane; in fact, the two re-
sultants are colinear. Thus, the FS used by St. John and Baligh et al.
is a direct comparison of colinear forces. Given the assumption of
rigid body movement FS 1is rigorously defined from the standpoint of

mechanics or statics.

FS is much more difficult to define if the wedge is asymmetric
i.e., any of the conditions prescribed by Equation 4.58 to 4.6l are
violated. Most asymmetric conditions will introduce a displacement
component out of the wertical plane that contains the line of intersec-
tion. (The situation is shown in Figure 4.12 o is generally non zero
for asymmetric conditions.) Also, the resultant of all the driving
forces will no longer be colinear with the resultant of all the resisting

forces.

The forces (and resultants) are shown in Figure 4.31 which is a
plane view of the notch. Each joint plane has a shear component in
the direction parallel to the line of intersection. The two components
add up to W sin £. The components in planes 1 and 2 are n*W sin 8 and
(1 - n)+sin € respectively. FEach plane also has a shear force perpen-
dicular to the line of interaction (Tl and TZ). The resultants of
(Tl 4+ n W sin 6 = Sl) and (T2 + (1-n) Wsin 6 = SZ) are shown in Fig. 4.31.
The shear resistance in each plane is in the direction of the respective

resultant. Thus, R, is in the direction of §l and ﬁz is in the direction

1

of §2. Both ﬁl and §2 represent the maximum possible shear resistance

that can be mobilized; therefore, their magnitudes (but not directions)
may differ from él and §2. Figure 4.31 indicates that the sum of the

resistances R = ‘(ﬁ + §2) is not in the same direction as the sum of

1
the driving forces D = (Sl + 52). (Rl + Ez) cannot be compared directly
with (§1 + §2) because of the disparity in directions. Thus, FS must be
defined in terms of some arbitrary eriterion; there is no unequivocal

definition.

The computer program that will be described in Section 4.6 uses the

following definition:
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FS (4.62)

|
g

[w]
L]
=1

I

is the resultant vector of all resisting forces

=]}

is the resultant vector of all driving forces

=1

is the direction of impending motion

FS is considered the ratio of the components of R and D in the direction

of

=1

The definition of A is somewhat ambiguous because the "direction
of impending motion'" is considered the direction of displacement due
to an imposed load. Thus, A will not correspond to failure conditions
unless the load creates a condition where FS = 1.0, Different loads

will produce different A's. The program offers the user two options:

1. A is displacement that would occur under a purely
vertical load,i.e., In what direction would the
wedge move if its unit weight suddenly increased
by a small percentage? A is based on the current

stiffness.

2. A is the displacement that occurs under all the
"current loads'. Current loads include all loads
except the weight of block; they are the loads

that are analyzed using the stiffness approach.

In the special case where there is total symmetry Equation 4.57 will

yield the same FS as Equation 4.56.

4.6 Computer Program SWARS-2PM

The stiffness and stress approaches discussed in Sections 4.2 to
4.5 and in Appendix G have been incorporated into a computer program,
SWARS-2PM. SWARS-2PM is a modified version of SWARS-2P which was
originally developed by Campbell (1974) using the conventional assumption
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regarding the absence of T1 and T, forces on the joint planes. SWARS-2PM
retains all the versatility of its predecessor with respect to loading
conditions and ground water options; in addition, it-determines the —- =~
reactions on the joint planes according to the method prescribed in

Section 4.4. 1If the failure mode involves sliding on both planes*, the

program computes the two factors of safety defined in Section 4.5: FS
and FSU. The stress approach is used to calculate the reactions on the
]joint planes due to the weight of the wedge. WNo further comments are neces-

sary on this procedure which follows the analysis described in Section 4.2.

The generalized stiffness approach is used to calculate the reactions

due to all other loads. In implementing the generalized stiffness
approach, SWARS-2PM utilizes the relations developed in Appendix G

with two modifications:

1. Al’ the area of joint plane 1, replaces the
term h csc Bl in Equation G.3,
2. Az, the area of joint plane 2, replaces the

term h csc 82 in Equation G.6,

The program resolves the resultant of all "stiffness" loads into com-
ponents along the A, B and C axes shown in Figure 4.32. The B and €
components (Figure ~ 4.33) correspond to the respective Y and X com-
ponents in Equations G.10 and G.9. The A component that lies along
the line of intersection is part of ﬁ, the driving vector, that appears

in the denominator of the FS equation:

o
L=l

(4.62)

(=]}
.
=1

A, the direction of impending motion, is composed of components
along the A, B and C axes. AB and AC ARE related to éh and Gv, the
magnitude and direction of the displacement, in the generalized stiffness

approach:

*If the failure mode involves sliding on a single plane, SWARS-2PM
will perform exactly the same analysis as SWARS-ZP.

EES) ol LI
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==
I

B Gt sin o (4.63)

>
[]

-ét cos o (4.64)

In computing AA’ the program assumes that the shear stiffness in the
direction parallel to the line of intersection is identical to the shear
stiffness in the direction perpendicular to the line of intersection.¥®

Thus,

F (4.65)

where FA is the load component in the A direction

If the user selects the option wherein & is considered the dis-
placement that would occur in response to a purely vertical lecad, the

program computes the AA’ A_ and AC that would occur under an imaginary

B
vertical load of unity. (The imaginary load is not considered in the

R or D computations.)

Appendix UM5 contains a complete listing of SWARS-2PM as a users'’
manual. SWARS-2PM expands the powerful capabilities of SWARS-2P to

include force assumptions that correspond bétter to reality.

4.7 Conclusions

Approximations of force application that are used in standard
equilibrium analyses for rock wedges can lead to significant inaccuracies.
Particularly the assumptions that the reactions on a joint plane are

perpendicular to the plane can result in substantial underestimation or

*The program can easily be modified to accept two shear stiffness for
each joint planme but such a refinement is probably unwarranted given
the state of the art concerning the measurement of stiffness values.
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overestimation of the factor of safety if the real situation deviates
from the assumed one. However force assumptions have to be made, since
stress distribution is by definition unknown in rigid body analysis and
the force analysis is thus indeterminate. This chapter has shown that
better force assumptions can be made by including the effects of joint
stiffness and, of the in situ stress field. The usual normality
assumption implies that the joint has no shear stiffness and that the
stress field is uniform, i.e., K = 1. These restrictive situations

can be made more realistic through consideration of actwal stiffness
and stress state ranges. This was introduced by other researchers but
only for relatively simple geometries and for frictional resistance
only. More importantly no relation between stress and stiffness effects

had been established although they seem to have common causes.

The developments reported in this chapter greatly expand the
stiffness and stress approaches to non-symetric and tetrahedron
shaped wedges and realistic resistance representation. By applying
the thereby generalized stability analyses to typical geometries, relations
were determined between geometry and stiffness (or stress field) on
one hand, and required friction angle (as an expression of safety) on
the other hand. The stability of narrow wedges and of wedges with one
steeply inclined joint plane is very sensitive to stiffness changes;
a result of particular importance in view of the fact that stiffnesses
can vary considerably. Stress field changes have the greatest effect

on wedges with. flat lines of intersection.

A direct consequence of the work on stiffness and stress approaches
was the clarification of their relative significance. The stress ap-
proach correctly models the behavior of a wedge in the natural environ-
ment subject basically top its own weight. This is so because the
history of a slope has led to a certain stress state which governs
the current stability of wedges. Joint stiffnesses in contrast can
only be used to determine stress changes due to additional loads, the
stiffnesses cannot provide information on the present natural state of
stress. The stiffness approach can therefore be used to make predictions

on the effect of additional locads.



113

Based on this relation between stress
and on the generalized formulations of the
possible to develop a method for stability
program, SWARS5-2PM. This method for wedge

and stiffness approaches
two approaches, it was
analysis and a computer

stability analysis makes

force assumptions that are much closer to reality and includes the

powerful features of SWARS-2, particularly

representation of joint

resistance with a frictional and cohesiecnal component, water-seismic-

and external driving force effects, bolting and the possibility to

investigate all wedges that can be formed from a number of joint sets

and slope geometries. In addition to being a comprehensive analysis

method by itself it can also be incorporated in the probabilistic

wedge analysis as will be shown in Chapter 4, Part TIT.
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CHAPTER 5

COMPLETE LIMIT EQUILIBRIUM ANALYSIS - THE
METHOD OF "ARTIFICIAIL SUPPORTS"

Summary and Practical Applications

The method of artificial supports (MAS) described in this Chapter
reduces and eliminates problems associated with the rigid body assump-
tion in limit equilib¥ium analysis. Although this goal is similar to
those of Chapters 2 (SWARS) and 4 (Stress and stiffness approach) the
approach here is more basic. Rather than addressing and eliminating
specific problems, thorough rethinking and laying the groundwork for an
encompassing improvement of limit equilibrium analysis is intended.

The method of artificial supports addresses the by-definition~unknown
stress and force distribution in surfaces supporting rigid bodies. A
satisfactory representation of the actual reactions is achieved through
introduction of artificial supports and reactions in these supports.

The concept and analytical formulation of the method are developed
in this chapter as are the concept, analytical components and an
algorithm for a complete wedge analysis based on MAS. Where necessary,
computer programs for the analytical components have also been developed.
Specifically these analytical components are the analysis of (in plane)
rotational sliding failure, either in free rotation or around a fixed
point, translational sliding failure and toppling (covering thus all
modes of failure and indicating the encompassing nature of the approach).
These analyses methods can be used individually and to some extent
have been incorporated, in the previously described wedge analysis
methods (Chapters 2 and 4). 1In addition, the component analysis can be
employed in conjunction with each other if a complete wedge analysis
needs to be performed. This can be done by following the detailed
algorithm described in this chapter and using the component analyses
where indicated. No "all encompassing" computer program has as yet
been developed. The algorithm permits a slope designer to quickly
examine which component analyses are needed. (The gain of doing this
by computer would be small. However, once better knowledgeof failure
mechanisms becomes available, and together with additional user
oriented input-output routines such a program may be desirable.)
Equally important as the practical user oriented analysis methods and
programs are the entire concept and methodoclogy. It seems that a new
and promising way has been opened to a more satisfactory consideration
of rigid body reactions and thus a more satisfactory limit equili-
brium analysis.

Specifically, this chapter starts with a brief review of common
wedge stability approaches and then introduces the method of artificial
supports. The three-support model, the simplest version of the MAS,
and the corresponding computer program PF3 is developed and used to
analyze the sliding modes of failure. It is at this point that



120

rotational and translational failure can be compared, translational
failure being a special case of rotational failure. A number of

cases with different force applications and support geometries

are investigated. Rotational failure is usually the critical

mode, if driving forces other than the weight become significant - a
fact that so far has not been generally recognized. The difference
between the two critical coefficients of friction (rotation and trans-
lation) increases with the distance of the applied force vector from
the center of gravity and as the center of rotation moves closer to the
supports.

To examine the correctness of the three-support model an n-support
model and associated analysis was developed. Specifically a 10-support
model is applied to the previously considered 3-support cases, i.e.,
to cases with the same applied forces. It can be concluded that the
3-support model provides results of satisfactory accuracy if a suffi-
cient number (between 5 and 10) of 3—-support geometries are used to
determine the critical coefficient of friction and the mean taken.

The MAS and its applications are then extended to include the remain-
ing modes of failure which are sliding rotation about a fixed axis, top-
pling and translational sliding along a line of intersection. For the
fixed point rotation an analysis method and computer program (ROTFA)
were developed, while the toppling and intersection sliding analyses
are extensions of previously known methods to include the MAS concept.
This is followed by the description and example application of the
algorithm for the complete wedge failure analysis.
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5.1 Introduction -

Wedge stability analysis, the convenient and most frequently used
method for rock slope design, has been discussed extensively in Chapters
2-4., The methods described there attempt to improve the practical use-
fulness of wedge analyses and also to reduce the limitations associated
with limit equilibrium analysis. As mentioned there, these limitations
are due to the rigid body assumption which does not permit the deter-
mination of stress distributions, thus makes the problem indeterminate
and requires assumptions regarding force and moment applications. The
restrictive assumptions,usually execluding moments and requiring nor-
mability of reactions on the joint plane, have to some extent been
eliminated in SWARS (Chapter 2) and SWARS-2PM (Chapter 3) while main-
taining the practical efficiency needed by the designer. Since some
limitations particularly with regard to possible failure modes remain,
a basic investigation on limit equilibrium approaches for block and
wedge-stability was undertaken. This led to the method of artificial
supports (MAS) disucssed in this chapter. As will be seen this method

as presented here attempts to fulfill two purposes:

-1 Provide a practical means to examine conditions that are not
treated by SWARS and SWARS-2PM, not only the method and computer pro-
gram will be provided but also criteria based on which the user can

decide if he needs to go beyond SWARS and SWARS-2PM or not.

-2 Provide the analytical structure for a complete 1limit equili-
brium analysis, an analysis that will not restrict force and moment
assumptions and consider all failure modes. Only the analysis and
the algorithm will be provided at the present time, incorporation in
a computerized program with designer oriented features will be done
later, once designer requirements and interaction with stochastically

based methods are more ¢learly established.

To set the stage for the method of artificial supports the present
procedure for wedge stability analysis shall be recalled. Calculating
the factor of safety (FS) for rock wedges (like the ones in Fig. 5.1)

usually comprises the following steps:
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(a) 2-P wedge (b) 3-P wedge

Figure 5.1: General wedge formations

o

(a) Linear translation: (b} Rotation about point C:
all points on the every point on the body
body moving with the moving in a circular arc
same velocity. with C as center.

Figure 5.2: Translation and rotation
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1. Determination of geometry, (including geometric feasibility
i.e., whether a failure wedge can be formed).

2, Determination of forces due to weight, water pressure, sur-
charge, point loads, seismic effects, stabilizing forces

(like bolts).

3. Determination of the mode of failure from the resultant
force and geometry.

4. Determination of available resistance due to frictional

and cohesive force components.
{total available resistance)
(driving force)

5. Determination of FS =

+

The usual procedure only considers translational sliding failure

(but not or only to a limited extent failure) by rotational sliding and
toppling:

a) Rotational sliding on one plane:

In this case the wedge slides on a joint plane with a non-

linear motion. The initial motion is a rotation about an

axis perpendicular to the supporting plane. Figure 5.2

illustrates the difference between a linear translaton and

a rotaticnal sliding on a plane.

b) Toppling about an edge:

This is again a rotational mode of failure but is caused by
"out of joint plane” moments. As shown in Figure 5.3, if
force F increases from O, a point will be reached when the
cube will fail by toppling about the edge. Although the
frictional resistance may be large enough to prevent sliding,
the moment of the applied force F may cause toppling in-

stability.

As indicated before all commonly used sliding wedge analyses
either 1limit themselves to translational failure (often simplified)
and neglect or simplify rotational failure analysis. Consequences
of simplified translational failure analysis have been described in
Chapter 4. A specific example as to how such simplified rotational

analysis may cause problems, 1s discussed in Appendix H. The cause
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Figure 5.3: Cube toppling about the edge of a table
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Figure 5.5: Vector representation of reaction
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for these and other problems is the fact that overall moment equili-
brium (in 3-dimensional space) and the distribution of reactions are
often ignored or over-simplified. This can be corrected with the

method of Artificial Supports (MAS).

5.2 Methed of Artificial Supports

5.2,1 Introduction-and Assumptions

When an object slides on a plane the initial motion is very often
not a pure translation. 1In fact the initial motion is always a rotation
about an axis perpendicular to the plane. If the axis is far away from
the object, however, translation and rotation are practically identical.
In order to analyze rotational failure the moments of the applied
forces on the object have to be congidered. A system of forces Ei act-
ing on an object through points with position wvector Bf; can be repre-
sented completely by: -1}a resultant force R which acts through O and

-2} a resultant moment ﬁo of the moments of forces ﬁi about 0:

R

IF,
1

=1
1

) ZO_Ti X F,

The method of artificial supports can be used to find a critical
coefficient of friction U at which sliding occurs. It makes the follow-
ing basic assumptions:

(1) The plane is flat.

(2) The reaction between the object and the plane can be

represented by a number of points of contact, the so-called
"artificial supports', Pi,i = 1,n. The position vector
of Pi is OPi and the reaction through Pi is Qi {(Fig. 5.4).
(3) When limiting equilibrium is reached, each reaction Qi

acts at an angle equal to the friction angle ¢ with the
normal on the plane.

The direction of 51 (see Figure 5.4) is perpendicular to Ef; where C

is the center of rotation which has to be a point common to both the

plane and the axis of rotation about which the object begins to rotate.
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5.2.2 Vector Representation

By assumption (3), Gi is parallel to the vector {(see Figure 5.5)

(wl + U W x CPi/CPi)

where Wy = normal vector,

U tan ¢,

CP,

i magnitude of CPi

Therefore Qi = Ai (wl +u wy X CPi/CPi) where Ai = proportionality

constant. Note that (Ai/cos¢) = Qi and so Ai is also the normal re-

action.

In limiting equilibrium,

n
forces: I Qi + R = 0, R = resultant applied force

n
moments: X OPi X Qi + M0 = 0, Mo = resultant applied moment vector.

I
hX Ai(wl + Wi X CPi/CPi) +R=0

(5.1)
n — - — — —
b A, OPi X (wl +Uw X CPi/CPi) +M = 0

Without loss of generality, let

then

= (0,0,1)

1
I

= (pll’ pizs O)

cC = (cl, Cys 0)

[P
o]
]

5 (Cil, Cigo 0)=‘-opi -~ 0C

\'.\Tl X CPi/CPi = (_Cizs cill

Wyt U v X CPi/CPi = (-p CiZ/CPi’ u Cil/CPi’l) and

O)/CPi,

1
OP, X (wl t v X CPi/CPi) = (Pi2’ “Pyqs M (pil c;1 T Pis CiZ)/CPi)
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Equations 5.1 can then be expanded inte algebraiec Forms:

n
—uEAiciz/CPi + rl =0 (5.2a)
n
uZAicil/CPi + r, = 0 (5.2b)
n
IA, +r, =0 (5.2¢)
i3 (5.2)
n
ZIAipi2 + m, = 0 (5.2d)
n
- + = .
ZAipil m, =0 (5.2¢)
n
EAiU(pilcil+piZCiz)/CPi tmy =0 (5.2f)
where R = (rl,rz,r3), M0 = (ml’m2’m3)
Note that the third force equation and the first and second
moment equations are linear in Ai:
Apt Ay F AL+ L L L H A = -T,4 (5.2¢)
A1p12 + A2p22 + . ..+ Anan = -m; (5.2d) (5.3)
Alpll + A2p21 + ...+ Anpnl = m, (5.2e)

5.2.3 Physical Interpretation of Equations (5.2)

It should be noted that Ai is the normal reaction at Py and is
assumed positive. Equations 5.2 can then be explained in physical

terms. From Figure 5.6,

c../CP. sind,
i2 i i

c,./CP, cosH .
il i i
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Y —-—
Q; Pi
T\_'
CPj Li2
S X
8i i
I_fcil—'l

Figure 5.6: Rotational failure

Tl

Z 4 * P2
) P3

Figure 5.7: The 3—sﬁpports model



Equations 5.2a canbe re-written as,

n
-— ! + =
Z(uAi) 91n6i r, 0
(uAi) (= normal reaction times friction coefficient) is just the fric-
tional force in the XY-plane and multiplication by sinei yields the

component in the X-direction.

Similarly for-egquation 5.2b:

n
Z(uAi)cosﬁi +r, =0

2
where (uAi cosei) is the frictional force in the Y-direction. Equation
5.2c is the equation of normal reactions on the XY-plane and of nor-

mal components of the forces applied to the XY-plane.

In equation 5.2d and 5.2e moments about the X and Y - axes
respectively are considered. Equation 5.2f is the moment equilibrium

gbout the Z-axis.

5.2.4 Proof that Rotational Fajilure is Always More Critical Than

Translational Failure

The critical coefficient of friction with respect to transla-

tion is,
_ tangential component of resultant applied force
He normal component of resultant applied force
2 2
+
'1 2
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Substituting the expressions for rys r2 and r3 given by equations

5.2a, 5.2b and 5.2¢, one obtains:

_V/h ) n 9
Mo (ZAiciZ/CPi) + (ZAicil/CPi)
n

ZA,
i

Up =

where Uy = ecritical coefficient of friction with respect to rotation.

Using the notation of Section 5.2.3 and re-arranging:

1/[1 2 n 2
ue . (ZAicosei) + (ZA151n6i)
Wy n

LA
1

It w1ll be proveg mathematlcally in the follow1ng sectlon(S 2.9)that
((ZA cosf . ) + (ZA sinf, ) ) is always less than (ZA ) for n > 1 and
if not all Gi s are equal. In the actual case these conditions are
fulfilled since n (the number of points of support) must be greater
than 1 and the points of support do not lie on the same straight line
(indicating that no all Gi's are equal). Therefore Wy > e and the

rotational failure mode is more critical, The assumption of trans-

lational failure usually overestimates safety.

However, when the axis of rotation is far away from the object,
such as in the case when there is only 1 force (the weight) acting

on the object,

6. = 8, (=6) and
1 J
n n

2 . 2
(EAicosei) + (ZA151nei)

hn] n
cosze(EAi)z + sinze(ZAi)z

&t

134

n
2
(ZAi)

which implies Wy = Y,..
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5.2.5 Mathematical Proof That s < B,

The objective is to prove that

n 2 n 2 n 2
(X AcosB,)" + (Z Asin®,)” < (X A))
. i i . i i . i
i=1 i=1 i=1
o 2
Left Hand Side = I {(A.cosB.) ™42 T A,A cosB,cos8,
. i i . i3 i j
i=1 i=1l,n-1
i=2,n
i<j
o 2
+ I (Aksine,) + 2 z A, A.sinB,sin8,
i=1 * i=1,n-1" 3 ]
j=2,n
i<j
B2
= ¥ A"+ 2 )} A A cos(B8.-8.)
i=1 * 1=1,n—ll J +J
j=2,n
i<j

Since cos(@i—ej) < 1 when ei%ej,

n
Left Hand Side < I A.2 + 2 z ALA,
i=1 * 1=1,n-1" 7
ji=2,n
i<j
n
< (L A )2
i=1

Since the rotational failure mode is thus more critical than
the translational failure mode, sliding on a plane is usually in
form of rotation and not translation, It will noe be shown how
suitable sliding models with artificial supports can be developed

and how they can be used together with equations 5.2 to determine

Hy -
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5.3 Sliding Models

5.3.1 The Three-supports Model

By inspecting equations 5.2, one can see that for given applied
forces and moments, there are a total of (n+3) unknowns. These unknowns
include the critical coefficient of friction for rotation, the X and Y -
coordinates of the center of rotation, and the n normal reactions. By

considering three supporting points only, the number of unknowns will

equal the number of equations (6) and the problem becomes statically

determinate when limiting equilibrium is assumed.

The method is described using a cube model of size 12x12x12 with

three supports (figure 5.7).

5.3.2 The Method of Solution

Al’ A2 and A3 are first found by equations 5.3. They have to
be all non-negative, If at least one of them is negative, the supporting
base formed by the three chosen supports cannot keep the cube in
equilibrium since it is assumed that no tension can occur between the
supporting plane and the cube. In other words the three supports must
form a stable base for the cube before limiting {sliding) equilibrium

is reached.

The remaining three equations in 5.2 are:

3
—uZAiciZ/CPi + r, = 0 (5.2a)
3
uZAic11/CPi tr, = 0 {5.2b)
3
uZAi(pilcil + piZCiZ)/CPi + m, = 0 (5.2f)
From equations 5.2a and 5.2b and rearranging,
3 3
rZZAiciz/CPi + rlZAicil/CPi =0
and also 3 3 (5.4)

mBZAiciZICPi+rlZAi(pilcil+pi2ci2)/CPi = 0,

which is derived from equations 5.2a and 5.2f.
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By noting that

€41 T P317%e

€i2 T P27 %>

2.1/2
12 )

2
CP, (cil +c
<y and Cos the coordinates of the center of rotation, can be found from
equations 5.4. By substituting the known values of ¢y and cy into
equations 5.2a, 5.2b or 5.2f, Y can be found.

Since the computations are complicated and solving equations 5.4
requires numerical methods, the computer program PF3 (Plane failure -
3 supports) was developed and is used to calculate the location (cl,
cz) of the center of rotation and the critical coefficient of friction

U. (For details and documentation of PF 3 see Appendix UMS8.)

5.3.3 (Case Studies

The "three-supports'’ model has been applied to many different
cases to illustrate the practicality of the method and to show that
rotation is indeed the critical mode in most instances. In this
section three typical cases are discussed to show the main features
of the "three-supports'" model. This will be followed by Section
5.3.4 where a series of systematic case studies will be performed to

investigate the effect of different variables.

Case I: Single Force

A single inclined force Fl {(10,10,-20)* acts through the center
(6,6,6)* of the cube. The three supports Pi are at (7,8,0), (11,7,
0) and (10,10,0) (see Figure 5.8).

The summarized results are:
Force: Fl = (10,10,-20) at (6,6,6)

The reactions Qi at the 3 supports are thus found to be 8.91,

2.23, 13.4 respectively; the critical friction angle for rotation ¢r

*#Consistent units should be used.
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Z, *
P~

Figure 5.8: Case I = Single force

Solution set of Eq.5.3 Solution set of Eq. 5.2

Both sets Sl and.S2

contain an infinite

number of elements

Figure 5.10: Sclution sets

Figure 5.12: A 1l0-supports case study
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is 35.26° and that for translation is 35.26°. The center of rotation
is at (32400,-32300,0). As expected for a single applied force, the
center of rotation is very far away from the cube and rotation equals
translation. This is representative of cases where gravity and one
or more additional forces act through the center of gravity, for
instance the often assumed concurrence of weight and bolt forces in
sliding wedge analysis (the application of bolt forces through the

center of gravity is a simplifying assumption, however, (see Chapter

2.

Case II: Weight and One Applied Force (Not Acting Through the

Center of Gravity)

F) = (0,0,-10) at (6,6,6) {weight) ¢
?2 = (5,0,-4) at (8,11,0)
Support 1 Support 2 Support 3
L (3,7} (12,1) (10,10)
Q 8.04 1.72 5.65
¢r = 24.68°; ¢t = 19.65°

Center of rotation = (6.19, 1.48)

There is a considerable difference between ¢ and ¢t. i
r

Case T1I: Weight and a Force Couple

?i = (0,0,-10) at (6,6,6) (weight)
F, = (4,0,0) at (0,11,3)
fé = (-4,0,0) at (0,1,3)
Support 1 Support 2 Support 3
P (3.5,8) (8,3.5) (10,8)
Q; 7.53 6.99 1.21
¢_ = 50.52% o, = 0.0°

Center of rotation = (5.44, 6.38)

In this case ?2 and ?3 form a couple and F, can be considered

1
to be the weight. The assumption of translational failure is com—

pletely incompatible with the real situation.
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5.3.4 Systematic Case Studies

In order to study more closely how ¢r varies with different

sets of applied forces and locations of the three supports, a

series of systematic case studies were conducted. For each set
of applied forces, eight different (support) point sets of reactions

are used (see Figure 5.9).

The results of the case studies are summarized in the form

(@r, Ql’ Q5 Qg s c2) in tables 5.1 through 5.9 where:

¢

r critical friction angle for rotation

Ql’QZ’Q3 = magnitude of reactions at Pl’PZ’P3 respectively
€1:Cy = X and Y-coordinates of the center of rotation.

When a tensile reaction (Ai < ) occurs at P, the supporting

base formed by P P2 and P3 is not stable and ¢r, c, and ¢, cannot

be calculated. %o denote this fact the symbol ”Ui" is usedzin
summaries in Tables 5.1 - 5.9; when both Ai and A.j are negative,
”Uij" is used. Once this occurs in a calculation the locations of
the 3 supports are modified until all "Ai's

" are positive. These

new support locations are listed in the tables together with the

associated results.

(When the numerical accuracy test described in Appendix UM8
fails, a warning message is given together with the three errors

in Equations 5.2a, 5.2b and 5.2f.)

Comments on the Results of the Systematic Case Studies

Let 4 = “r - ut

From the examples above and additional ones not recorded here,
the following conclusions can be drawn.
1. 1If the set of applied forces consists of a single force (e.g.
weight) or if the forces are nearly parallel to each other, d

is small and practically negligible (i.e., that the error in a
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(3)

(3)

(7)

Pz
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Pz
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Figure 5.9:

(2,2)
(11,2)

(9,11)

(2,2)
(11,3)

(6,11)

(4,4)
(8,4)

(6,8)

(6,4)
(8,8)

(4,9)
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(2)

(4)

(6)

(8)

P P3
«Pa
P
P
.Po
P3
P
Pa
.Pg
P2
Py

Configuration of the 8 point sets

(2,10)
(7,2)

(11,10)

(3,11)
(2,1)

(11,4)

(3,7)
(8,4)

(7’9)

(4,3)
(8,6)

(3,8)
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Table 5.1 .

Results of systematic case studies - Case 1

(1) Forces: (5.77,-1,-10) at (6,6,6)
(.1,-.5,-3) at (6,9,6)

& = o =
T 28.08 ut .5334
Ppint Sets Results
1 (-28.18,1.62,6.58,6.55,14.90, -
32.50)
2 Ul (Al is negative)
(L.5,10),(7.5,2),~ = {-28.24,.55,7.38,6.82,13.30, -
(11.5,10) 23.40)

(The above point set is derived by modifying point set 2)

3 (-28.14,.00,9.21,5.53,18.5,49.6) -
4 u2
(3.5,11.5),(2.5,1.5), (-28.12,3.49,.78,10.50,24.90, -
(11.5,4.5) 77.50)
5 U1
6 U1
(7,6),(11,6),(9,10) (-28.26,6.92,7.84,0.00,12.50, -
21.10)
(5,6),(10,3),(9,8) (-28.51,.93,5.55,8.32,10.1,11.6) -
7 u3
(9,3),(11,73,(7,8) (-28.29,4.83,5.43,4.51,12.10, -
19,80)
8 ul3
(7,3),(11,6},(6,8) (-28.20,2.41,8.74,3.61,14.00,28.20) -

The negative sign of ur indicates the rotation is anticlockwise.

.5357

.5371

.5349

.5343

.5376

.5431

.5382

.5363
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Table 5.2

Results of systematic case studies - Case 2A

Forces: (0,0,-10) at (6,6,6)

(3,-1,0) at (6,9,6)

¢g = 17.55° ut = .3163

Point Set Results By
1 (20.66,2.9,3.75,4.04,4.64,-2.48) L3771
2 Egs. 5.4 unsolved
3 (20.72,1.89,5.36,3.44,5.53,-2.01) .3783
4 (20.45,2.72,1.37,6.58,5.43,-2.36) .3729
5 Ul
6 Ul
7 u3
8 U3

When point set 2 was used, equations 5.4 could not be solved.
One can, however, notice a substantial difference between Hy and Mg,
probably because the second applied force acts at a considerable

distance from the center of the cube.
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Table 5.3

Results of systematic case studies - Case 2B

Forces (0,0,-8) at (6,6,6)
(3,-1,0) at (6,9,6)

¢t = 21.57°, M = .3953
Point Set Results Hr
1 (25.29,1.99,3.66,3.20,5.60,-2.56) L4725
2 Egs.- 5.4 unsolved
3 (25.55,1.24,4.98,2.65,6.69,-1.45) .4780
4 (25,26,1.98,.94,5,92,6,50,-1.67) L4718

5 Ul
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Table 5.4

Results of systematic case studies - Case 2C

Forces: (0.0,-10) at (6,6,6)

(3,-1,0) at (6,12,6)

¢, = 17.55°, U, = .3163
Point Set Results Lr
1 (25,93,3.02,3.9,4.2,5.55,-.023) .4862
2
3 (26.7,1.98,5.61,3.61,7,83,1.14) .5030
4 (26.53,2.85,1.44,6.89,8.72,2.01) -4994
3 Ul
(6,3),(10,3),(8,7) (40.19,3.27,1,96,7.85,7.18,4.08) .8448
& Ul
(4,7),(9,4),(8.9) (17.55,2.19,6.67,1,62,-1,75E9%,-5,24E9).3163
*¥%*Warning: .000,-.000,-168.91
7 U3
(8,2),(10,6),(6,7) (37.32,3.21,4.05,5.31,7.59,3.18) 7624
8 U3
(5,3),(9,6),(4,8) (17.55,2.46,7.48,.55,-1.7419,-5.21E9) ,3163

#%%*Warning: .000,-.000,-169.03

(5,3),(10,6),(5,8) (35.21,3.62,6.85,1.76,5.84,3.10) . 7057

In two of the cases above, the accuracy test om Uy, ey and Cy
is not satisfied, The thru values following the warning message are
the errors in equations 5.2a, 5.2b and 5.2f respectively. For this
set of applied forces, ur seems to be very senstitive to the support:

locations.

% ~1.75E9 = -1.75 x 10°
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.. Table 5.5

Forces: (0,0,-7) at (6,6,6)
(3,-1,0) at (6,12,6)

$pp = 24.31°,
Point Set
1
2
3
4

e = .4518

Results
(36.13,1.67,3.97,3.03,9,48,1.18)
Eqs. 5.4 unsolved

.4 unsolved

wi

Egs.

w

Egs. 5.4 unsolved

U1

.7299
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Table 5.6

Forces: (0,-2.59,-9.66)
(.5,-2,-2.5) at
¢t = 20.79°,
Point Set
1
2
3
4
5

(5,3),09,3),07,7)

6
(3,6),(8,3),(7,8)
7
(6,2),(8,6),(4,7)
8

(5.5,0),(8.5,7),(4.5,5)

at (6,6,6)
(9,6,6)

Mp = . 3797

Results
(21.24,5.44,5.,09,2,52,-5,58,1.95)
(21.18,1.45,10.2,1.37,-10.3,1.85)
(21.37,4.99,6.24,1,82,-4,71,2.16)
(21.22,1.50,4.66,6.88,-9.09,1.73)

03

(21.24,5.77,4,88,2.40,.63,2.95)
***Yarning: 0.000,-.000,-1.691

u3
(21.97,2.95,10,.16,.385,3.58)

u3
(22.11,7.43,5.68,.012,2.40,2.76)

u3

(21.21,5.8,6.26,.98,-8.36,1.74)

. 3887
.3874
.3901

.3883

. 3886

.4033

.4063

.3883



Results of systematic case studies - Case 3B

144

Table 5.7

Forces: (0,-2.59,-9.66) at (6,6,6)

(5,-2,-2.5) at (12,6,6)

¢t = 20.79°,

Point Set
1
2
3
4
5

(5,2),(9,2),(7,6)

6
(3,5),(8,2),(7,7)
7

(8,0),(10,4),(6,5)

8

(6,0),(10,3),(5,5)

He = .3797

Results
Eqs. 5.4 unsolved
(22.73,.57,10.32,2.29,2.59,2.33)
Eqs. 5.4 unsolved
(22.45,1.24,4.05,7.87,-.527,1.85)
U3

(21.35,2.13,5.26,5.66,-.873,2.83)
#%%Warning: .000,-.000,-4.047

u3
(23.56,.52,8.45,4.29,2.8,3.33)
U3

(21.26,2.59,3.53,6.92,-1.27,2,98)
%%*Warning: .000,-.000,-4.285

U3

(21.14,.77,6.31,5.95,-1.46,3.06)
***Warning: .001, .000,-4.902

. 4189

L4131

.3909

4361

.3891

.3866



145

Table 5.8

Results of §ystematic case studies - Case 4A

Forces: (5.77,-1,-10) at (6,6,6)

(1,-5>_4) at (6;9:6)

b, = 25.87°, U = L4849
Point Set Results Uy
1 (-26.26,1.85,5.71,8.05,9.5,15.7) -.4933
2 (-26.20,0.73,6.55,8.33,10.4,20.8) -.4921
3 Ul
(2.5,2.5),(11.5,3.5), (-26.07,1.03,8.31,6.25,10.2,29.3) -.4893
(6.5,11.5)
4 U2
(4,11.5),(3,1.5), (-25.98,5.12,.81,9.64,11.9,50) -.4872
(12,4.5)
5 Ul
(7,6),(11,6) ,(9,10)  (-26.48,6.95,6.18,2.51,9.42,13.7) -.4982
6 Ul
(5,7),(10,4),(9,9) (-26.68,2.03,6.57,7.06,9717,11:5)~ ° -.5026
7 U3
(8,3),(10,7),(6,8) (~26.51,2.2,10.3,3.2,9.47,14) ~.4989
8 U13
(7,3.5),(11,6.5), .(-26.19,2.36,8.58,4.66,9.92,21.1) -.4919

(6,8.5)
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Table 5.9

Results of systematic case studies — Case 4B

Forces: (5.77,-1,-20) at (6,6,6)
(1,.5,-4) at (6,9,6)
6, = 15.79°, W, = .2829
Point Set Results
1 (-15.80,6.47,6,35,12.,1,21,7,196)
2 (-15.80,4.14,11.3,9.50,20.3,177)
3 (-15.80,3.10,10.9,10.9,21.5,194)
4 (-15.80,8.97,1.,19,14,78,30.5,316)
5 Ul

(5,5),(9,5),(7,9) (-15.80,3.87,12.5,8.59,10.5,45.3)

6

U1

(4,7),(9,4),(8,9) (-15.80,4.72,11.2,9.02,12.3,69.3)

7

u3

(7,3),(7,7), (5,8 (15.79,5.28,14.2,5.51,-104,-1500)

8

(6,4),(10

**%*%Warning: -.000,~.000,.397
Ul

+7),(5,9) (-15.80,8.39,11,8,4.80,14.0,91.3)

Uy

L2829

.2829

.2828

.2829

.2831

.2830

.2829

.2829
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physical test for the actual friction angle between the cube and the
plane may be greater). This can be explained by the fact that
nearly parallel forces can be approximated by one single force in
which case all the reaction vectors 61 are parallel to the applied
force and translation results. In translational failure ur = U

t
and the center of rotation is infinitely far away from the cube.

2. If there is more than one applied force, the farther away from the
center of the cube the applied forces, the greater the difference
d. This trend can be explained by the fact that greater moments
about the center of the cube make it easier for the object to

rotate.

3. "d" increases as the center of rotation C moves closer to the 3
artificial supports Pi. If C l1ies within the base formed by the
three support points, d reaches maximum values, and the closer the
three supports, the greater will d be. This can be explained by
the fact that, if the three joints are closer, the moment arm of
each reaction becomes smaller and to resist rotation, ur has to

be greater,

5.3.5 The n-Supports Model

5.3.5.1 Problem Statement and Principle of Solution

The 3-support model described above is often a simplification
of the real situation. 1In the actual case the number of contacts
between the object and the plane can be greater than three and the

problem becomes statically indeterminate. A question arises as to

whether the results obtained with the 3-support model can satisfactorily
describe the actual conditions. The main point is whether the wvarious
critical coefficients of friction found with the 3-supports analysis

can satisfactorily approximate the actual critical coefficients of

friction. To investigate this problem an n-supports model is needed.

So far the six equations 5.2 are the only known equations
relating the different quantities. In addition, since no tensile

forces are considered,
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A, >0, i=1,n (5.5)

If the points of contact Pi are chosen beforehand, there still
remain (n+3) unknowns (i.e., Ai’ [ and eqs cz). A solution has to
be in the form (Al, AZ’ . An’ Hes Cps c2) which can be thought of as
a vector with (nt+3) components. Generally there are an infinite number
of solution vectors which constitute a solution space with (n+3-6=n-3)
degrees of freedom. 1If n=3 there are no degrees of freedom and so

there is only one solution vector which means that the problem is

determinate. If n > 3, the number of solution vectors becomes infinite.

Therefore it is impossible to consider every solution vector
in the solution space. However, this problem is not uncontrollable

"representative' solution

because if one can find a finite number of
vectors, one obtains a good impression of the entire solution space.

In principle every representative solution vector has to be calculated,
which is difficult because of the nature of equations 5.2a, 5.2b and
5.2f. In contrast, equation 5.3 (equations 5.2¢, 5.2d and 5.2e are
referred to as equation 5.3) are much easier to manipulate because

they are linear in Ai.

For every solution vector (Al’ AZ’ ces An’ B €5 cz) of
equation 5.2, there is a sub-vector (Al, AZ’ - An), the solution
vector of equation 5.3 because equation 5.2 include equation 5.3

(see Figure 5.10).

By finding all the representative solution vectors of 5.3,
which will be discussed later, the representative solution vectors
of the entire space can also be found by solving the 3 non-linear
equations 5.2a, 5.2b, 5.2f with each representative solution vector
of 5.3 as input. The first step is to define what vectors can be
regarded as representative of the solution set of equation 5.3

under constraints equation 5.5,
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Itshould be noted that the solution space of eq.5.3 under constraints
eq.5.5 1is a convex body in n-dimensional space (n-3) degrees of freedom. This
convex body isbounded by a rumber of corner points, whoseposition vectors are the
"boundary solution vectors" ﬁm = (0, 0, ... Ai’ 0, ... Aj’ o, ... Ak’

0, ... 0) in which at least (n-3) Ai's are zerces. Physically, each
Dm represents a 3-support case, After all the Dm's are found (see

5.4.5.2), all the solution vectors of equation 5.3 can be expressed
as a convex linear combination of Bm’ m = 1, nb where nb = number of

boundary solution vectors:

For every solution vector Zm of equation 5.3,

A =g, D, +0a. D, + ... + anb Dnb

+ o0, + ... + =1 and o, > 0.
where al &2 anb al >

A set of "representative" solution vectors of equation 5.3 is
defined to be a set which contains all the 5m's and a number of other
vectors which are convex linear combinations of the 5m's. There can
be many reasonable ways of forming these combinations and in the

following case study, a '"random” method is used.

Each solution vector of the representative set will then be
input into the 3 non-linear equations 5.2a, 5.2b and 5.2f, which can
be solved because the number of unknowns (ur, 1> c2) is now 3.
{They are solved by numerical methods using the subroutine ZSYSTM of

IMSL, as was the case in PF3, see Appendix UM8 for details.)

5.3.5.2 Finding the Boundary Vectors

To find a boundary vector, (n-3) of the Ai's in equation 5.3
are set equal to zerc. Then equation 5.3 are solved for the remaining
3 Ai's. If these 3 Ai's satisfy constraints, equation 5.5 also, a boun-

dary vecter is found.

To exhaust all the boundary vectors, (nCn—3) or less trials

are required. (nCi) is the number of ways of choosing i objects
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from among n different objects,

n!

nCi = (n—-i)! it ? n>i
Examples are:

n ncn—3

3 1

10 120

20 1,140

50 19,600

100 161,700

The realization of the n-supports model is feasible but
cumbersome. Particularly for the purposes of examining the validity
of the simpler 3-supports model the efforts required would not be
worthwhile. As a reduced version of the n-supports model the 10-supports

model was therefore developed.

5.3.6 The 10-Supports Model

5.3.6.1 Description of the 10-Supports Model

As a step towards a more realistic description of the failure
mechanism (compared to the 3-supports model), a 10-supports model
(n=10) is analyzed, The method of analysis follows that of the more

general n-supports model and can be outlined as follows.

1. Choose the ten support points,

2, Find all the boundary solution vectors ﬁi’ i=1, nb.

3. The values of the normal reactioms Ai from each boundary vector
are substituted intoe equations 5.2Za, 5.2b and 5.2f, reducing the
number of unknowns to 3 (ur, C1s CZ)' These 3 equations éan then
be solved by the subroutine SOLVE. (See 'remarks"” at the end of
this outline.) With this step the critical coefficient of frie-

tion and the center of rotation can be found for each boundary
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vector (such a boundary vector represents a three-supports case).
This is equivalent to analysing a number (nb) of 3-supports cases
where all the 3-supports are taken from the set of ten supports.
Solve equations 5.2a, 5.2b and 5.2f using the values from nb
combinations of the boundary vectors. Each convex linear com-
bination is usually dominated by one or two boundary vectors

e.g. D3 and Dé.

Let D (0,3,4,3,0,0,0,0,0,0)

(]|
|

= (0,0,2,6,2,0,0,0,0,0)

The combination vector C may be

¢ = (.01,1.9,3,3.6,.7,.03,.61,.10,.04)

which is approximately (.6 * 53 + .3 % D4)

C represents a case in which most of the reactions are at points
2, 3, 4, 5 and 6, which approximates a S5-support case. The

procedure for forming such combinations is:

1. C, =0
1

2. Generate 50 random numbers rvi, i=1, 50 and O < rv:.L <1
3. wt = 1.0

4, 3 =0

5, j=3+1

=0 * *
6. € =T +we*uov, *xDy.

~

&

s
H

wt * (1 - er)
8. If (wt < .0001), go to #9

10. Go to #5 if j < 50
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Ci is now formed and can then be input intoc the 3 non-linear

equations 5.2a, 5.2b and 5.2f, so that ur, ¢, and ¢, can be

1 2
cbtained by SOLVE. Di+j—l is taken to be [(1+J_2)mod b +1]
when (i+i-1) > nb. For example, if nb = 38 and (i+i-1) = 40,
then Di+j—l is taken to be DZ'

5. Solve equations 5.2a, 5.2b and 5.2f for 100 random combinaEEOns

' C = % D + %* D e % D E )
of the form C (rvl D1 v, D2 + + ™V b Dnb)/ z v,

This step is performed, although Step 4 has already lead to
a solution for ur, 1 and Coe Its purpose is to simulate the
randomness of the situation. On the other hand, the reason for
performing Step 4 as outlined above is that, although the actual
normal reactions are usually random, only a few (e.g. 5) of

the supports are dominant, having relatively large reactions.

Remarks

A computer program PFL0O is used to carry out the above cal-
culations (see Figure 5.11). Step 3 is conducted by the subroutine
SOLVE, which uses ZSYSTM of the IMSL to solve the 3 equations with a
maximum error of .005 in each equation. Only the algorithm (but
neither a listing nor a user's manual)is provided for this program
because its purpose is only to serve as a tool in examining the
validity of the 3-supports model. The fully documented 3-supports
model satisfies the requirements for practical use (as will be showm
below) and therefore no documentation for the 10-supports model is

included.

5.3.6.2 Case Study Using the 10-Supports Model

This case will serve as a basis for comparison between the
3-supports and 10-supports models. The cube model and the set of
applied forces of the 3-supports model-case (2A) (see Section 5.3.4)

are used.

The forces are: F

1 = (0,0,-10) at (6,6,6)

il
1l

5 (3,-1,0) at (6,9,6)
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START

Input all forces
and the 10 points
of reaction

b

Calculate resultant
force and moments

I

Do loops to find
all the boundary
vectors

!

Call SOLVE to solve
egns 5.2a, 5.2b, 5.2f for
each boundary wvector

!

Form combinations of
the boundary vectors
with 1 or 2 dominating

J

Call SOLVE for each
of the combinations

L

Form random combinations
of all the boundary vectors

4

Call SOLVE for each
of the combinations

&

Output results

STOP

Algorithm of PF10
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Therefoere, My = .3113, ¢t = 17.55°

Step 1: (see Section 5.3.6.1): The ten supports chosen are:

P, = (0,0), P, = (12,0), P3 = (12,12), P, = (0,12),
P, = (2,2), P, = (11,2), P, = (9,11), Pg = (6,4),
P9 = (10,4), Plo = (8,8).

Step 2: 38 boundary vectors are found, some examples are:

51 = (3.5,2.0,4.5,0,0,0,0,0,0,0)
52 = (0,5.5,1.0,3.5,0,0,0,0,0,0)
538 = (0,0,0,0,0,0,0,3.75,2.75,3.5)

Step 3: These boundary vectors are input into the subroutine SOLVE
and 26 cases are solved successfully. In the remaining 12 cases
equations 5.2a, 5.2b and 5.2f cannot be solved. Successful examples
are:
(3.5,2.0,4.5,0,0,0,0,0,0,0,.3549,1.94,-6.79), which corres-
ponds to the sub-vector D, and ur = ,3549, c, = 1.94,

= -6.79.

1 1

Co

(0,5.5,1.0,3.5,0,0,0,0,0,0,.3429,4.65,-9.67) which corres-
ponds to D2 and B = .3429, ¢q = 4,65, cy = -9.67.

For the 26 cases, values of M. range from .3429 to .4185 with

a mean of .3712 and a standard deviation of .018143.
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Step 4: 38 (= nb) combinations are formed which are then input to

SOLVE. An example of a combination is

62 = (.16,4.89,1.42,2.99,.41,.13,.00,.00,.00,.00), which

is dominated by 52.

The corresponding entire solution vector is
(.16,4.89,1.42,2.99,.41,.13,.00,.00,.00,.00,.3446,4.35,-9.33)

for which My = L3446, ¢, = 4.35, = -9.33.

1 €2

Only 35 of the 38 cases are solved and the wvalues of M, Tange
from .3446 to .4349, with a mean of .3773 and a standard deviation of
.021604.

Step 5: 100 random combinations arxe generated. Two examples of entire

solution vectors, which do not vary much among themselves, are:
(.66,.72,.87,.59,.58,1.11,.69,1.32,1.88,1.58,.3750,5.23,-2.38)
(.48,1.00,.92,.66,.79,1.20,.88,1.46,1.33,1.28,.3731,5.19,-2.63)

All the 100 cases are solved and the values of ur range from
23671 to .3778 with a mean .3733 and standard deviation .002617.

5.3.6.3 Observations and Comments

Average values for the critical coefficient of friction using

different assumptions obtained with the 10-supports model are:

translation 3-supports few supports 10-supports

n, = .3163 B o= -3712 = .3773 w_ = .3733
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The mean coefficient of friction using a 'few supports' model

is derived from Step 4 in the previous section,

The 10-support model should be the most realistic. However,
as can be observed above and from ancther case study not recorded
here, the mean value for H. using the 3-support model does not deviate
much from that of the 10-support model. Therefore-it is sufficiently accurate

provided that a sufficient number of support sets are analyzed and the

mean for ur taken.

5.4 Extension of the Method of Artificial Supports to Other Modes

of Failure

5.4.1 Introduction

One of the basic principles underlying the Method of Artificial
Supports is that the macroscopic concept of friction (friction = normal
reaction x coefficient of friction) can be applied to hypothetical
points of contact (the artificial supports). In light of this prin-
ciple, other modes of sliding failure (and other non-sliding modes
as will be shown in Section 5.3) can be modelled. The following
sections discuss the extension of the method to include rock wedge

rotation about the point 0 (Fig. 5.13) and sliding on two planes.

5.4.2 Wedge Rotation About (

A wedge resting on two intersecting joint planes (see Figure
5.13) can fail in one of several modes. One mode is rotation about
the lower tip O on one of the joint planes. In Figure 5.13 rotatiocn
on plane (1) is shown. The Method of Artificial Supports will now
be applied to this failure mode and the following assumptions are

made :

1. The basic assumptions of Section 5.2.1 apply, but now the axis

of rotation is fixed at 0.



axis of
rotation
to(1)

S 7

Figure 5.13: Rotation about 0
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2. All the reactions at 0 are tangential in the plane on which the
wedge rotates ('in-plane" reactions). This is justified since
the motion is planar, and thus reactions normal to the plane
should not have a significant influence. The soundness of this

justification will Be examined later.

3. It is also assumed that the wedge is "simply supported" (just
o J

touching, no tensile forces) at point 0.

The 3-supports madel described earlier will be used to analyze

this mode of failure —- in-plane rotation about 0.

5.4.,3 Equations of Limiting Equilibrium

The six equations of limiting equilibrium are similar to equation
5.2, but now (cl, cz) = (0,0). The tangential reactions T and ry (see
Figure 5,14) at 0 are introduced in equations 5.2a and 5.2b, which be-

come equations 5.6a and 5.6b shown below:

The six equations are:

-u § A piZIOPi try+r =0 (5.62a)
3
u) A /0P, + 1, + r, =0 (5.6b)
3
) Ay +1q=0 (5.6¢) 5.6)
3
) Ay Py, tmy =0 " (5.6d}
3
-7 A; by tmy =0 (5.6e)
3
TN 0P, + my =0 (5.6f)
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rx acts in the positive x-direction

P>. ry acts in the positive y-direction

Yy A : - P3

Figure 5.14: Rotation about 0

SLIDING

7 _—

Figure 5.15: S1liding on two planes

— ad”
nd Qj 1 s;
b
|
P =X Ui -X
Qj = Aj(-ar-H X) Si = Bj{Wp-psX)
where Ai = normal reaction where Bi = normal reaction

Figure 5.16: Reaction Vectors
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5.4.4 Method of Solution

Al’ AZ and A3 are first found by solving equations 5.6c, 5.6d
and 5.6e. If they are all non-negative, they are substituted into
equation 5.6f to find u. Then T, and ry can be solved by equations
5.6a and 5.6b respectively, T, and ry should be non-negative because
the block is assumed to be simply supported at 0; negative roorr,
would mean that there is tension between the block and the point of

contact at O,

The above calculations are performed by the computer program
ROTFA (Rotation - Fixed Axis). The algorithm and user's manual for
ROTFA are given in Appendix UM9, Two example applications are des-—

cribed in the following section,

5.4.5 Example Applications

The same forces and support points as in Cases 3A and 3B
(Section 5.3.4) are used. For comparison, the results for the 'fixed
axis of rotatiom at 0' case are listed together with that of the
free-rotation case and the translational case (see Section 5.3.4).
uh_denotes the critical coefficient of friction for rotation about 0;
ML denotes that for the free rotatiomnal case and Uy that in the trans-

lational case.

(5A) corresponds to 3A in Sectionm 5.3.4

Forces: (0,-2.59,-9.66) at (6,6,6)
(.5,-2,-2,5) at (9,6,6)

M= .3797



Point Set1
1
2
3
4

5
(5,3),(9,3),(7,7)
6
(3,1),(8,3),(7,8)
7
(6,2),(8,6),(4,7)
8

e T T e Y e

16l

(uh,rx,r )

.3627,1.77,1.06)
.3575,1.22,.88)
.3627,1.79,1.07)
.3626,1.49,.86)

U32

,3782,1.69,.62)

U3

.3684,1.64,.90)

u3

.3796,1.53,.51)

u3

(5.5,0),(8.5,7),(4.5,5) (.3704,1.30,.70)

(5B) corresponds to case 3B in Section 5.3.4

(0,-2.59,-9.66) at (6,6,6)

Forces:

(.5,-2,-2.5) at (12,6,6)

Ut =

Point Set

1

2

3

4

5
(5,2),(9,2),(7,6)

6

(3,5),(8,2),(7,7)
7
8

(6,0),(10,3)(5,5)

.3797

NN N S

(

(“h’rx’ r}’) ‘

.3950,1.79,.65)
.4010,1.32,.25)
.3964,1.84,.64)
.3992,1.60,.40)

U3

.4071,1.63,.26)

u3

.4028,1.54,.34)

U3
U3

.4050,1.77,.42)

(]—lr)clicz)

(.3887,-5.58,1.95)
(,3874,-10.3,1.85)
(.3901,-4.71,2.16)
(.3883,-9.09,1.73)
U3
(.3886,.63,2.,95)%
U3
(.4033,.385,3.58)
U3
(.4063,2.40,2.76)
u3
(.3883,-8.36,1.74)

(Hpscyscy)

unsolved
(.4189,2.59,2.33)
unsolved
(.4131,-.521,1.85)
U3
(.4523,3.81,3.14)
U3

(.4361,2.8,3.33)
u3

U3
(.4219,3.06,3.97)%

The configuration of the point sets are shown in Figure 5.9

U3 means A

*Means the fesults (1 ,c

accuracy problems.

r’€1°%2

is negative, i.e., the support base is unstable.
) may not be reliable due to numerical
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It is interesting to see that generally in Case 5A ur > ut > 1

h

while in 3B ur > uh > ut for each point set. However, these results

do not imply that the object (e.g. rock wedge) always fails in the free

rotation mode (pr) because in the actual case kinematic restrictions

may affect mode of failure.

In case of a wedge resting on two joint planes, one obvious

kinematic limitation is that the wedge cannot rotate on one plane and

move towards any part of the second plane.

Another limitation may be

that the wedge is not free to move past point 0 because of an obstacle

at 0. If this is so, the wedge may fail by rotation about € even

though u. U, > Hy - The relative values of these critical friction

coefficients together with the kinematic limitations determine the

actual mode of failure.

5.4.7 Justification for Assumption '2' (only in-plane reactioms at 0)

In Section 5.4.2, it was assumed that any normal reaction r_ at

0 can be neglected in calculating My, -

To examine whether this is

a reasonable assumption, Case 5A is re-worked, adding a normal reaction

of T, = 1 (Case 6Al below)

coefficient uh with a non-zero rZ is denoted U

and r = 2 (Case 6A2 below). The critical

(6Al) Forces: (0,-2.59,-9.66) at (6,6,6)
(.5,-2,-2.5) at (9,6,6)
r = (0,0,1) at (0,0,0)

z
.3797

[

u
t

Point Set

W N

4
5 (5,3),(9,3),(7,7)
6 (3,6),(8,3),(7,8)

(0T Ty)

(.3623,1.50,1.32)
(.3657,1,12,1.04)
(.3617,1.52,1.34)
(.3620,1.32,1.20)
(.3765,1.47,.97)

(.3731,1.41,1.03)

(Mh,rx,ry) in 5A

(.3627,1.77,1.06)
(.3575,1.22,.88)
(.3627,1.79,1.07)
(.3626,1.49,.86)
(.3782,1.69,.62)
(.3684,1.64,.90)



(6A1) (continued)
Point Set

7 (6,2),(8,6),(4,7)

8 (5.5,0)(8.5,7),(4.5,5)
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(U-hzarx:r )
u3

(6A2) Forces: (0,-2.59,-9.66) at (6,6,6)
(.5,-2,-2.5) at (9,6,6)
rZ = (05052) at (O)O)O)

Point Set
1
2
3
4
(5,3),09,3),7,7

(3,6),(8,3),(7,8)

Comments

(phz,rx,r )

(.3619,1.24,1.58)

(.3742,1.01,1.20)

(.3606,1.25,1.61)

(.3615,1.11,1.53)

(.3749,1.26,1.72)
Ul

(uh,rx,ry) in 5A

(.3776,1.53,.51)
(.3704,1.30,.70)

(Mh,rx,ri? in 5A

(.3627,1.77,1.06)
(.3575,1.22,.88)
(.3627,1.79,1.07)
(,3626,1.49,.86)
(.3782,1.69,.62)
(.3648,1.64,.90)

It can be observed that th can be smaller or greater than Wy

(usually smaller).

from each other, justifying the assumption 'rz

However, the two values do not deviate significantly

This phenomenon can be explained by the fact that when r, in-

creases, the normal reactions at the nearby supports decrease while

those that are further away increase, but by a smaller amount only.

mn

As a result, z AiOPi remains essentially unchanged because the increases

n
and decreases in the Ai’s compensate each other in the sum E AiOPi'

5.4,8 Wedge Sliding on Two Planes

The most common mode of failure for a wedge resting on two

intersecting joint planes is sliding on both of the base planes along

the line of intersection,

Supports can also be applied to this mode of failure,

The principles of the Method of Artificial

It will now be
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shown how a factor of safety can be derived for this mode of failure

using the Method of Artificial Supports.

Vector notations

To derive the factor of safety for sliding on two planes, the
following vector notations have to be introduced (see Figure 5.15).
61 and 52 are the normals to the planes 1 and 2 respectively. x is the
unit vector along BO, the line of intersection. Pi is a point of
reaction on plane 1. Ql is the associated reaction vector. Under limit
conditions the projection of Qi on plane 1 is assumed to be parallel to
0B* and Qi is at an angle ¢l relative to (-wl). Similarly, Si of plane
2 encloses angle ¢, with (Wz) (see Figure 5.16).

If joint plame 1 is not completely persistent, a cohesive
resistance Hl exists. The corresponding cohesive force wvector on
plane 1 is (—H1 xX) since the cohesive force directly opposes the
sliding motion which is in the direction of X. Similarly, the cohesive

resistance vector on plane 2 is (~H, X%).

2

Equation of limiting equilibrium

Assuming n points of reaction (supports) on plane 1 and m points

on plane 2, the equation of limiting equilibrium of forces is

. n m _ .
A;ZAjﬁ—wl—ulx) - Hlx + EBi(wz—uzx) - Hzx + R =20

11} m
ice., (-wymyx)JA; + (Fymp,x) B = -R + Hix + Hyx

ul coefficient of friction of wedge on plane 1

Uy coefficient of friction of wedge on plane 2

R

resultant driving force.

#The assumption -- projection of ai being parallel to OB -- makes the
simplifying assumption criticized in Chapter 4. This has been done only
for reasons of clarity; the Method of Artificial Supports permits one
to use other directions of the reaction Qi'
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Since the vector (-R + H.x + Hzi) is a linear combination of

1
(-&l-uli) and (Gz—pzi), these three vectors are coplanar.

.". (-R+H x+H2x) . (—wi—ulx)X(wz-uzx) =0

1

The expression is equal to

uz(R—HIx—Hzx) . wa1+ul(R—Hlx—H2x) . waz-(R-Hlx-Hzx) . WZXWI =0

by expanding the expression and noting that x X x=0.

It further follows that

__c-— —c—--l- -'__=_o_"—
qu wal+ulR wa2 (H1+H2)x WEle R wzkw

The above equation can be rewritten as

;{XV_\T . }_QXXTT w Xw

uzﬁ . 1‘““%— + ulﬁ . _—E— + (Hl+H2)(}_( . _2 _1
]W2Xw1 [w2le| [w2Xw1[
W, Xw
-rR - 2L (5.7)
|W2XW1

The term on the right-hand side is equal to(ﬁ . ;) which is the
component of the resultant force along BO, the direction of sliding,
This is the driving force which causes the wedge to slide along BO.

The first two terms on the left hand side are proportional to Hy and My
respectively and are the frictional resistances from planes 2 and 1
respectively. The remaining term is equal to (H1+H2), which is the

total cohesive resistance derived from the two planes.

Derivation of factor of safety

Equation 5.7 relates the values of ul, uz, Hl and H2 at which

limiting equilibrium occurs. Equation 5.7 can be rewritten as
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XX _ Ew, o
——— tWR = ———+ (H#H,) =R " x

1 - -
|w2XWlI

=l

|w2le|
For the case in which the wedge is stable,

L.H.S. > R.H.S.

i.e., resisting forces available > driving force.

A factor of safety FS can be defined as

_ iXGl XXWZ _ _
FS = {qu s+ ——— +y R e —=—+ (H1+H2)]/(R' * %)

|, SR N

This expression for FS coincides with that of the analysis by

Hendron, Cording and Aiyer (1971).

Comments on Equation 5.7

Equatien 5.7 can be rewritten as

+ ulﬁ + G.+H=R - x (5.8)

HoR = G 2

1

where @1, G2 are vectors depending on the geometry and H = H1+H2.

For given geometry, applied forces and H, the failure condition

equation 5.8 is linear in “1 and uz.

When there is only frictional resistance (H = 0), the well known
fact is confirmed that only direction (and not the magnitude) of R

affects the stability of the wedge.

5.5 '"Complete" Rock Slope Stability Analysis

5.5.1 Introduction

As has been shown so far, it is possible, with the Method of

Artificial Supports as a working tool, to analyze all the sliding
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modes of failure of a rock wedge (translational sliding on 1 or 2
planes, free rotational sliding, and rotational sliding around a fixed
axis, in particular the axis through the 'tip' 0). This Section
describes as an example of a complete stability analysis, the pro-
cedure by which the overall stability of a 2-P wedge (wedge formed

by 2 intersecting joint planes, see Figure 5.la) can be determined.
{(No enccmpassing computer program has been written to execute this
algorithm,but with the analyses and computer programs described in

the previous Sections it is possible to carry out the whole algorithm
step by step.) The stability analysis of a 3-P wedge (see Figure 5.1b)
can be performed in a similar way except that additional kinematic

restrictions have to be considered.

5.5.2 Stability Analysis of a 2-P Wedge, Definitions and Assumptions

The purpose of this analysis is to determine the stability of
a rock wedge formed in a slope by two discontinuity planes. The general
shape is shown in Figure 5.17. There can be any number of applied
forces at different points. These forces include the weight, possible

water pressures, surcharges and other artificial loads.

Vector Notations Used

Each applied force is represented by a force vector Fi and the
position vector Fﬁi of its point of application relative to 0. The
coordinate axes are chosen such that the x-axis is horizontal and
parallel to the projection of the edge DC on a horizontal plane. The
z-axis is vertically upward and the y-axis points horizontally into

the slope.

The vectors associated with the geomettry are depicted in Figure
5.18.

%l and @2 are unit normal vectors to plames 1 and 2 respectively.

L points into the mass while 52 points out of it. The vector ;12 is
parallel to BO and is given by 212 = %2 X ﬁll



Figure 5.17: 2-P wedge

Figure 5.18: Vector Notations
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In the following analysis, R (acting at 0) represents the
resultant of the applied forces while ﬁo is the resultant moment

vector of the applied forces about 0.

=
]

~1

&=l

=1
Il
~
d
o
i
H

Thus the entire force system is reduced to a force R at 0 and

a moment FIO.

Assumptions

To be consistent, the joints are assumed to be fully persistent
and the reactions between the wedge and the joint planes are never
tensile, (In representing sliding resistance a friction and cohesion
term could be used; however, cohesion implies tensile resistance,
which has been excluded in the method of artificial supports. Conse-
quently, full persistence is assumed. However, 1if the user desires,

cohesion can te introduced in form of additional forces at the supports.)

It is also assumed that all the reactions can be represented

in point form, just like the applied forces.

5.5.2 Modes of Failure

There are three major modes of failure:

Mode TO = Toppling
Mode $51(S2) = Sliding on planme 1 or plane 2
Mode S§12 = Sliding on both planes

Mode 51.(S2) is further subdivided into:

Near translational T1{T2)
Free rotational RF1(RF2)
Restrained Rotational RR1(RR2)
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The identification of these modes and the determination of the respective
safety factors will now be discussed. (Note that the analysis method
and expressions have been incorporated in SWARS for the modes that

SWARS considers, i.e., TO, T1(T2), S512.)

1. Mode TO. Toppling About an Edge. This mode of failure takes place

when the reactions on the plane containing the edge cannot balance the

moments of the applied forces about the edge.

Taking edge 0D as an example, whether the wedge will rotate out
of the slope about the edge 0D depends on the applied forces and
their corresponding points of application. However, one needs only
to consider R and ﬁo since they are equivalent to the set of applied
forces. Since R intersects the axis 0D, it cannot cause a toppling
moment about OD. Then the condition for toppling depends only on ﬁo

and is:
M+ 0D <0 (5.9)
Similarly, the condition for toppling about OC is
M - 0C <0 (5.10)
The condition for toppling about DB and CB depends on Mo and on

R because R causes a moment about the edges. The respective couditions

are:

(RXOD+M) »DB<O (5.11)

(R X 0C + Mo) * CB >0 (5.12)

2. Mode 851($2). Sliding on One Planme Only

For a particular problem, this mode of failure may occur on

either one of the two joint planes. Sliding can occur on plane 1 if:
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M * x..>0 (5.13)

M - x,,%<0 (5.14)

It should be noted that when'ZTI0 s+ X, % 0 (within measurement

12
errors), both 51 and S2 have to be considered, i.e., further inves-

tigations have to be conducted for both planes.

After determining on which plane sliding can occur, the three

submodes have to be examined:

Submode T1(T2). Near-Translational Failure

T1(T2) takes place if only the weight or if the applied forces
can be represented by one resultant at a certain point (e.g.,the
forces are concurrent or parallel), Mathematically, this is expressed

as,
IR+ M =0 (5:15)

If equation 5.15 holds, one has to examine whether the wedge
would slide towards the line of intersection 0B. Taking plane 1 as
an example, if

R * 1812 >0 (5.16)
the wedge moves toward the line of intersection and a single plane

failure on plane 1 is not possible., If R » < 0 single plane

S
1712
sliding occurs and the critical coefficient of friction can be found
from the ratio of tangential to normal components of the applied

forces. (The analagous procedure is applied to plane 2,)
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Submode RFl or RF2. Free Rotational Sliding

Theoretically mode T1(T2) is a special case of this mode.

The rotational mode (RF) is only considered, if equation 5.15 does
not hold, since calculations involved in mode TL1(T2) are much simpler.
The critical coefficient of friction for mode RF is indeterminate
because it depends on the positions of the points of contact. But
the range of possible values for the coefficient and the center of
rotation can be assessed by the Method of Artificial Supports. After
a number of sets of possible values are found, a kinematic test is
carried out on the possible centers of rotation. For example, for

anti-clockwise rotation on plane 1, it is necessary that

BEr «BO >0 (5.17)

for the rotation (with axis of rotation at Cr) to be kinematically
possible. After kinematically impossible cases are rejected, a
critical coefficient of friction can be determined for the remaining
cases., For example, the greatest of all critical coefficients or

the mean can be taken to be the critical coefficient,

If all the cases are found to be kinematically impossible
(i.e., some part of the wedge tends to rotate towards the line of
intersection) rotation about 0 {in some rare cases, about B) has to

be considered, that is Mode RR.

Submode RR1{RR2), Rotation about 0 (or B)

This case occurs when the wedge tends to rotate towards 0. The
approach described in Sections 5.4.2 to 5.4.4 is used to find possible
values of critical friction coefficients. If the wedge tends to rotate
uphill (a rare case) and it also rotates towards B, then rotation about

B is considered.

As before, the critical coefficient may he taken to be the
greatest for all kinematically possible cases (or the mean). If again

all the cases are found to be kinematically impossible (i.e., tensile
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reactions or direction of rotation being into the other plane), then

single-plane failure is impossible.

Mode S12. Sliding on Both Planes

In this mode the wedge slides along the line of intersection BO,
making contact with both planes. This mode has always to be considered
unless there are some kinematic obstacles (e.g.,the wedge touches
‘horizontal ground' at 0). The fact that failure on one single plane

is possible dces not rule out the possibility of failure on both planes.

The determination of the factor of safety for this mode was

described in Section 5.%4.8.

-

5.5.6 Algorithm for the 2-Plane Wedge Analysis

This algorithm summarizes the analysis procedure described

befere (Figure 5.19),

The modes of failure considered are recalled: toppling (the
case of completely lifting off from base planes is automatically
included in tcppling) (T0); sliding on plane 1 (S1) or on plane 2 (S2);
sliding on both planes ($12). - SI(2) is further divided into near-tranla-
tional sliding T1(2); free rotational sliding (RFl,RF2), when the plane
rotation is not restrained kinematically; and restrained rotational

sliding (RRi,RRZ), ébout the fixed axis at O or B.

After the geometry and applied forces on a wedge are determined,
the procedure shown in Figure 5.19 starts by examining failure by
toppling about an edge. If the wedge is found te be stable with
respect to toppling, then the possibility of sliding failure is in-

vestigated on plame 1 (S1). If this is not possible (i.e., M <),

© X
o 12
then S2 may be a potential mode. If S1 is a possible mode, T1l, RF1
and RR1 are examined to see which one is in fact the potential mode.
{It is possible that none can occur.) After that, plane 2 is con-

sidered in an analagous manner. Finally, whenever a mode is found to
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transilational failure

=

Sliding

on plane 2

possible ? ES

NO

(MO. Xlz:-" O)

Q

Figure 5.19: Summarizing Algorithm
CCFi = critical coefficient
of friction for
input geonetry prlane i
and applied
forces
Calculate R and ﬁo
!
Will toppling YES Qutput resuits __<4STOP
take place
NO
Sliding in plane 1
. NO
possible? Near- NO (a
translational 2?2
YES
— : F ) B
[near-translational *? NO 2 YES
YES - = .
. B ?
R 120 YES
R-S..>»0 ? YES
12 NO
Find CCF2 for
NO translaticnal failure
. L
Find CCF1l for

Calculate

FS for

sliding on both planes

i)

Output FS

and,if anvy,

CCFl1 &/or CLF2




Figure 5.19:
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Summarizing Algorithm

YES

{continued)
<;> Use Method of
Use Method of Artificial Supports
Artificial Supports on plane 2
on plane 1.
Are all cases Analyse wedge| |Are all cases
kinematically YES | held-up kinematically
impossible ? problem on impossible ?
NO plane\f NO
Choose CCF1 Choose CCFL 'Choose CCF2
from all from all
o p . oo . from all
Kinematically kinematically xi ticall
ossible poesible inematically
Eases cases possible
cases
Sliding on plane 2 YES heldup
possible ? - —“%
(Mo' %12 QJ plane

NO

Analyse wedge

problem on

2

|

cases

Choose CCF2
from all
kinematically
possible
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be possible, the factor of safety or critical coefficient of friction
is determined. The procedure terminates with the determination of

the factor of safety for two-plane failure (S12).

5.6 Conclusions

The method of artificial supports makes it possible to eliminate
or reduce most of the restrictions that are usually a part of wedge
stability analysis. The major problem associated with rigid body
assumptions, the unknown stress and force distributions acting in
the supporting planes, is greatly reduced by specifically consider-
ing a variety of reactions in the joint planes. The appropriate
consideration of these reactions leads to an analysis method that
correctly models all modes of failure. In particular it was shown
that the usual assumption of translational failure can be incorrect
and cause unsafe predictions, if forces other than the weight are
significant, Most satisfactory and convenient is the fact that the
methodology employed in the artificial support model can be applied
to all failure modes of a wedge. This was demonstrated with a pro-

cedure for a "complete'" stability analysis of a 2-joint wedge.



