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EVALUATION OF ALGORITHMS FOR
ToMOGRAPHIC RECONSTRUCTION OF

CHEMICAL CONCENTRATIONS IN INDOOR
AIR

L. Todd
G. Ramachandran

University of North Carolina, Department of Environmental Sciences
and Engineering, C.B. 7400, Chapel Hill, NC 27599

Numerical studies were performed to evaluate and compare
Sfour different algorithms for tomographically reconstructing
pollutant concentrations in indoor air measured with an op-
tical remote sensing system. With a remote sensing/computed
tomography system, two-dimensional maps of air concentra-
tions can be created for an entire room with good spatial and
temporal resolution. The success of such a system for char-
acterizing the flow of contaminants in air, exposure assess-
ment, and leak detection depends on the choice of
tomographic reconstruction algorithm. A systematic method
was developed to evaluate the performance of four algo-
rithms: ART, ART3, SIRT, and SART. One hundred and twen-
ty test maps were reconstructed by each algorithm under
ideal and nonideal sampling conditions, and image quality
was evaluated using four criteria. The nonideal sampling
conditions included simulation of measurement noise and re-
duction in the number density of rays. Performance of the al-
gorithms was found to be intimately related to the number of
peaks in the test maps. The importance of using multiple
measures of image quality was underscored by the fact that
for some sampling conditions simulated, performance of the
algorithms was judged differently depending on the evalua-
tion criteria. Results indicated that using numerical studies
is successful for evaluating such algorithms.

urrently, indoor air is sampled for chemical contam-
C inants by point samplers that average concentra-
tions over time. The samplers are placed on a few
individuals for exposure assessment or in specific locations
for area concentration profiles, and the results are assumed
to be representative of the larger work force or entire room.

This project was supported by grant 1 K01 OH00103-01 from
the National Institute for Occupational Safety and Health of
the Centers for Disease Control, by the Kenan Foundation
Fellowship at the University of North Carolina, and by the
U.S. Environmental Protection Agency cooperative agree-
ment CR815152 with the University of North Carolina.

This assumption may not be valid; in practice, it is difficult
to select a representative subset of individuals or locations to
sample because the concentration distributions are un-
known.

One strategy for selecting the subset of individuals in-
volves an observational approach that incorporates both task
similarities and similarities of the local environments where
the individuals spend their time; they are both strong deter-
minants of exposure.’ Task similarity may be predicted
from interviews and direct observation of individuals; how-
ever, environmental similarity is much more difficult to pre-
dict. Supporting data on ventilation systems and air flow
patterns for an entire room are usually lacking. Therefore,
the individuals selected for sampling may not truly be repre-
sentative.

Alternative sampling strategies involve statistical sam-
pling that uses the results from measurements from a large
data set to classify workers. The effort expended in observa-
tional detail is minimized in lieu of maximizing data collec-
tion.

Strategies for selecting locations for area sampling as-
sume that those with the highest or most relevant concentra-
tions are represented and that the areas between the samplers
are of less importance. In practice, this assumption is diffi-
cult to support. An accurate and representative profile of air
contaminant concentrations cannot usually be constructed;
the industrial hygienist is left with isolated numbers that pro-
vide poor spatial resolution of chemical concentrations for a
room. Whether used for personal or area sampling, point
samplers such as passive dosimeters and solid adsorbents
average concentrations over time, effectively smoothing out
fluctuations, which results in poor temporal resolution of
chemical concentrations.

A method has been proposed that can create two-dimen-
sional maps of chemical concentrations in air for an entire
room and provide accurate spatial and temporal information
about the concentration and flow of air contaminants.® This
method combines the real-time chemical detection methods
of optical remote sensing with the mapping capabilities of
computed tomography. The optical remote sensing system
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FIGURE 1. Geometry of an equal-angle, parallel-pro-
jection configuration. Representation of an 8 X 8
room with four projection angles, 0°, 90°, and =+ 45°.
0 is the projection angle; c,is the concentration within
the jth cell; p, is the ith ray sum; ABC is the area of the
jthcell intercepted by the ith ray.

scans the room and each real-time measurement provides a
path-integrated concentration, not a point sample. Using a
tomographic reconstruction algorithm, a computer uses
these measurements to reconstruct a two-dimensional chem-
ical concentration map of the entire room in a few minutes.
Such concentration maps can be used to track the flow pat-
terns of air contaminants in an entire room and provide de-
tailed information about the spatial domain of the worker.
This local environment of the worker defines a region of im-
portance for exposure assessment.

The maps can be used to help choose a truly representa-
tive subset of workers to use with point-sampling methods.
If the maps are coupled with worker location information,
they can be used directly to evaluate exposure for a much
larger number of workers than currently possible using
point-sampling methods. The ability to obtain measurements
for days, weeks, or months would facilitate the determina-
tion of exposure variability.

The use of a single optical remote sensing beam for de-
tecting gases and vapors has been primarily examined for the
outdoors.®* However, the indoor application is gaining at-
tention.® The use of computed tomography and multiple op-
tical remote sensing beams in the workplace was introduced
and described in a previous paper.”’ The appropriate choice
of a tomographic reconstruction algorithm and a configura-
tion for the placement of the optical remote sensing equip-
ment is essential to the successful implementation of this
method.

This article reports on numerical studies to evaluate and
compare four different algorithms for tomographically
reconstructing pollutant concentrations in indoor air. The

evaluation of optical remote sensing configurations will be
presented in a subsequent paper.

THEORY AND METHODOLOGY
Evaluation of Reconstruction Algorithms

Over the past 25 years, many tomographic reconstruc-
tion algorithms have emerged to solve the problem of recon-
structing objects from their projections. These algorithms
have been applied in a variety of disciplines including medi-
cine,® radio astronomy,” electron microscopy® and air pol-
lution.®” The performance of an algorithm has been found to
depend on the application, including the types and complex-
ity of the images to be reconstructed, the method of data col-
lection, the number of data samples, and the accuracy of the
collected data."®'" Therefore, prior to using an algorithm, it
should be evaluated through exhaustive numerical studies
specific to the application. A thorough evaluation of recon-
struction algorithms should incorporate a diversity of appro-
priate test data, a variation in the number of optical rays to
study the effects of under-sampling, and various levels of
measurement noise. 1%

For this study, computer programs were developed to
evaluate different algorithms for reconstructing chemical
concentrations indoors. For each algorithm, 120 test concen-
tration maps were reconstructed under ideal and nonideal
sampling conditions; the nonideal conditions included a re-
duced number density of sampling rays, and three levels of
measurement noise.

Reconstruction Algorithms

Many types of tomographic algorithms have been devel-
oped. The three that have been explored in the greatest depth
include analytic,">" back-projection,"*'® and iterative
methods.®”'® When evaluated for other applications, the
methods have been found to differ in computational speed,
allowable configurations, and performance with measure-
ment noise and limited data. Iterative methods were chosen
for analysis in this study because they allow flexibility in the
placement of the remote sensing equipment in a room, per-
form well with limited data, and allow constraints to be im-
posed on the reconstructed measurements."'”'® These
attributes are important for reconstructing chemical concen-
trations indoors where there will, undoubtedly, be limita-
tions on the quality and quantity of usable data.

The four iterative algorithms selected were ART (Alge-
braic Reconstruction Technique),'®'® ART3,"%29 SIRT (Si-
multaneous Iterative Reconstruction technique),"*?" and
SART (Simultaneous Algebraic Reconstruction Tech-
nique).?**" ART has been used in previous research on re-
constructing chemical concentrations in air.® ART3, SIRT,
and SART were chosen because they all have been reported
to perform better than ART in the presence of noise.***

To evaluate these algorithms, an idealized room is bro-
ken into an N X N grid of cells. Figure 1 shows a room as an
8 X 8 grid. Within each cell the concentration ¢; is assumed
to be uniform and non-negative. The acute angle that a light
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ray makes with the room width is called the projection angle,
and all rays at the same angle constitute a projection. Ray
sums are line integrals of ¢ along various paths through the
room. The i" ray sum is denoted by p, The relationship
between the ¢;’s and the p;’s is approximated as a strip sum,
see Equation 1.

N2

Pi :Zaij Cj, i=17 27 o 'M’
j=1

M

where M is the total number of rays and a is the weighting
factor that represents the contribution of the j"™ cell to the i®
ray sum. This contribution is equal to the fractional area of
the jth cell intercepted by the it ray, i.e., the area of the trian-
gle ABC, in Figure 1.

ART Algorithm

For ART, an initial guess is made at the values of all the
cells in the grid; based on this guess, the first ray sum is cal-
culated. The values of all the cells are then corrected so that
the calculated ray sum equals the measured ray sum. The
correction procedure is shown in Equation 2, and is repeated
sequentially for each ray. One iteration is completed when
all the ray sums have been corrected.

Pi— 23 ¢ |3y

1
I

NZ
j:
2

Cj(q+1)=Cj(q)+ ,i=1,2,3, ..M (2)

where q is the iteration number.

ART3 Algorithm

A precise solution to Equation 1 is generally impossible
because the p;’s are physical measurements and are usually
noisy; ART3 takes this into consideration by finding a solu-
tion to the inequalities shown in Equation 3 using the same
correction scheme as in Equation 2. The equations have to be
satisfied only within a tolerance, which should be estimated
from a knowledge of the experimental conditions and the ex-
pected error.

N2
Zaij c;sSp;+¢g,i=1,2,3, ..M,
=1

<

Pi —&; ?

where €, is an allowed tolerance.

SIRT Algorithm

This algorithm also uses Equation 2 to determine the
change in the jth cell; however, the value is not changed im-
mediately. At the end of each iteration, the cell values are
changed after calculating changes for all the ray sums. The
change for each cell is equal to the average value of all the
corrections made to that cell.

SART Algorithm

In SART,**? the corrections are made as in SIRT, ex-
cept that instead of waiting to go through all the ray sums,
average corrections are applied to each cell after calcula-
tions are made for all ray sums in one projection. Therefore,
when four projection angles are used, four averages are
applied to each cell in an iteration. In this algorithm ray inte-
grals are calculated instead of strip integrals. Each ray inte-
gral is approximated as a finite sum involving M, equidistant
points along the ray, see Equation 4.

M.

b= o),
m=]
where As is the stepsize that was chosen to be half the grid
cell width, and ¢ (s;,) is determined from the values of c; of
the neighboring cells by bilinear interpolation,® see Equa-
tion 5.

Q)]

Nl
g_(sim)=2dijm ¢, form=1, 2,... M,, (5)
j=1

where the coefficient dy;,, is the contribution made by the j*®
cell to the m™ point in the i ray.

Stopping Criteria for Iterative Process

The stopping criteria for all four algorithms were based
on the fractional change in the variance of the reconstructed
concentration map, from one iteration to the next, see Equa-
tion 6. The iterations were stopped when this fractional
change was smaller than 0.001 for both ideal sampling con-
ditions and nonideal sampling conditions that used a reduced
number of rays. When simulated measurement noise was
added, the stopping criteria was relaxed to 0.01. Noise caus-
es inconsistencies in the projection data that may make it im-
possible to converge and satisfy a small variance difference.

‘Variance(q +1)-Var iance(q)} < Stopping Value

‘ Variance(q)
N2 5
2 (CJ - Cavg)

Variance(q) = 2=

(6)

N2
where q is the gth iteration number, c; is the estimated value
of the jth element in the map of N2 cells, and Cay 18 the mean
concentration of the true values in the concentration map.

The number of iterations required to reach the stopping
criteria was used as a measure of convergence rate.

Test Remote Sensing Configurations

An equal angle parallel projection configuration, Figure
1, was used in evaluating the performance of the algo-
rithms.® The hypothetical cross section of a room was bro-
ken into a 40 X 40 grid of cells. Four projections were used
for the reconstructions: 0, 90, and *+ 45 degrees. Using only
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four projections, with a total of 240 rays, to reconstruct 1600
grid cells results in a system of equations that is highly un-
derdetermined. However, numerical simulations using this
configuration for reconstructing chemical concentrations
found four projections to be sufficient to achieve good re-
constructions assuming Gaussian profiles.”’ This configura-
tion was selected for evaluating reconstruction algorithms
because every grid cell has the same number and orientation
of rays going through it; the location of the peaks in the test
concentration maps has no affect on the quality of the recon-
structions. Therefore, differences in the reconstructions
should be directly related to the algorithm.

Test Concentration Maps

Test concentration maps used to evaluate the algorithms
should be representative of the wide variety of concentration
profiles in the workplace. The number of test maps must be
large enough to obtain a statistically meaningful sample.”"”
To ensure diversity and eliminate human bias, a computer
was used to randomly generate 120 different maps. The test
maps assumed a 40 X 40 room with grid cell locations de-
scribed by a Cartesian coordinate system. Normal bivariate
distributions were used to model concentrations. The maps
had from 1 to 6 randomly located concentration peaks; peak
heights varied randomly from 50 to 500 ppm, and peak stan-
dard deviations varied randomly from 1 to 6. The number of
peaks in a map was taken as a measure of the complexity of
the map. The set of 120 test maps included 20 maps for each
of the 6 levels of complexity. Simulated ray measurements
were made from the test concentration maps and the algo-
rithms were then used to reconstruct the maps from these
simulated measurements.

Test Sampling Conditions

Ideal sampling conditions were used to establish a base-
line for comparing the algorithms. Ideal sampling assumes
that a full complement of contiguous rays is used for each of
the four projections in the equal angle parallel projection
configuration and that the data is free of measurement noise.
The 120 maps that were reconstructed by each algorithm
represented the “best possible” reconstructions using this
configuration with four projections. For the ideal case, the
ART3 algorithm is mathematically equivalent to ART; the
baseline values for ART are the baseline values for ART3.

The concentration maps were then reconstructed under
nonideal sampling conditions that included a reduction in the
number density of rays and the addition of simulated mea-
surement error. To investigate the effect of reduced number
density of rays (under-sampling) on reconstruction accuracy,
all 120 test maps were reconstructed using 50% and 25% of
the full complement of rays. The number density of rays was
reduced systematically; for the 50% case, every other ray
was deleted, while for the 25% case, three out of every four
rays in a projection were deleted. At the start of the recon-
struction, the missing rays were assigned values based on a
cubic spline interpolation of the adjacent ray sums.

Noise was simulated by adding normally distributed ran-
dom errors with a mean of zero and standard deviations of

5%, 10%, and 20% to the ray sums before reconstruction.
Sixty concentration maps were used to evaluate the effect of
measurement noise. For each test map, 10 simulations were
performed at each of the three noise levels, resulting in a
total of 1800 reconstructions in the presence of noise.

Evaluating Quality of Reconstruction

For industrial hygiene, the quality of the reconstructed
test concentration map determines the ability to use the map
for exposure assessment, leak detection, and evaluating air
flow of contaminants. No single statistical measurement can
be used exclusively to compare mathematical algorithms.
For this research, both quantitative and qualitative measures
were used to evaluate image quality. Two of the quantitative
measures, nearness and projection data distance, have been
used in other applications.**? The third quantitative mea-
sure, exposure location analysis, was developed for the in-
dustrial hygiene application®*” and is similar to the idea of
resolution described by Frieder and Herman.” The qualita-
tive measure, visual assessment of the two-dimensional re-
construction maps, is important for all applications of
tomography.

Nearness, Equation 7, describes the discrepancy be-
tween the original concentration map and the reconstructed
concentration map.'*** Nearness evaluates errors over all
the grid cells in a map; a nearness of zero implies a perfect
match. Nearness is a dimensionless number.

Nearness = (7)

where c_i* is the true value for the jth cell in the map, ¢; is the
estimated value for the jth cell in the map, and cavg* is the
mean true concentration in the map.

Projection data distance, Equation 8, is a measure of how
closely the reconstructed ray sums match the original ray
sums.'*?® A data distance value of zero implies a perfect
match. Data distance has units of concentration times path-
length, e.g., ppm-m.

N2

» i
z Pi *zaij o

. . i=l =
Projection Data Distance = Y ,

(8

2
N

where p; is the true i" ray sum, Zaijcj is the calculated i™ ray
i=1

sum, a; is the contribution of the j™ cell to the i" ray, and M is
the total number of rays.

Exposure location error analysis gauges how accurately
a reconstructed concentration map measures exposure. As-
suming that a worker is usually mobile throughout a work-
day, the cumulative dose of an air toxic that a worker
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receives is related to the average exposure over all the loca-
tions in the room through which the worker travels, If the
room is broken up into a grid of cells as in Figure 1, the accu-
racy of one specific grid cell in the reconstructed concentra-
tion map may not be as important as the average accuracy
over all the grid cells visited by a worker. This measure of re-
construction quality is calculated by obtaining the average
concentrations for several locations in the original test map
and comparing them with the average concentrations for the
same locations in the reconstructed map.

For the exposure location error analysis two measure-
ments were computed: the first used peak-centered and the
second used randomly selected locations. The peak-centered
measurement is a worst case analysis; it averages concentra-
tions at the peak heights, and assumes that an individual
spends his or her time at these places of highest concentra-
tion in the room. The randomly selected location measure-
ment assumes the individual could work anywhere in the
room. For this measurement the computer randomly selected
3,5, and 10 different locations from the 1600 grid cells. This
was repeated 10 times for each location set. Because an indi-
vidual will usually occupy several grid cells when working
at any single location, each location was given two “foot-
print” sizes, 3 X 3 and 5 X 5. Separate calculations of expo-
sure location error were made for the two footprint sizes, see
Equation 9.

Exposure Location Error =

z_cnz*‘_—*ig x 100 (9)
Cl]

where ¢, is the true value for the n' cell of a footprint, ¢, is
the estimated value for the n™ cell of a footprint, and the
summations are over all the cells in a footprint.

Visual Assessment

The reconstructed maps were compared visually to the
original concentration maps and to each other. The factors
that were considered included preservation of peak heights
and shapes, location of peaks, smoothness of peaks, and in-
troduction of artifacts.

RESULTS AND DISCUSSION
Ideal Sampling Conditions

Nearness and Data Distance

For all four algorithms the nearness values increased
(deteriorated) as the number of peaks in the test maps in-
creased. Figure 2 is a plot of nearness versus number of
peaks for the algorithms; the nearness values for the algo-
rithms were statistically different from one another (p <
0.0001). For any specific number of peaks in the test maps,
ART (and ART3) had the smallest (best) nearness values,
SART had slightly higher nearness values, and SIRT had the
highest (worst) nearness values. The results for the data dis-
tance measurement were similar to the nearness results.

0.5 I 1 [} 1 T T
ART
A SIRT
S AR
04 -
w 03 [ -
0
o
£
o
9]
< 02 - s
01 r b
0.0 1 | ] i [ 1
1 2 3 4 5 6
Number of Peaks
FIGURE 2. Variation of final nearness values with
complexity of picture (number of peaks) for the four
algorithms in the ideal case; error bars denote one
standard error

Number of Iterations

The number of iterations necessary to reach convergence
for ART (and ART3) and SART was not dependent on the
number of peaks in the test maps, i.e. the complexity of the
maps. For SIRT, however, the number of iterations required
for convergence decreased with an increase in the number of
peaks. The mean number iterations required for convergence
was 15 for ART (and ART3), 40 for SART, and 90 for SIRT.
ART had the most rapid convergence rate based on number
of iterations. Although SIRT took the most iterations, SART
is computationally the most expensive algorithm, and the
time for convergence of SIRT and SART was similar.

Exposure Location Analysis

Figure 3 is a plot of the mean percent errors for the peak-
centered exposure location measure versus the number of
peaks in the test maps. As the number of peaks in the test
maps increased, the mean percent peak errors increased for
all algorithms. As with the other quantitative measures, the
ART (and ART?3) algorithms produced the smallest errors,
the SART algorithm errors were slightly higher, and the
SIRT algorithm had the highest errors. The mean percent er-
rors across the algorithms were significantly different from
one another (p < 0.05).

For all four algorithms the peak-centered exposure val-
ues in the original maps correlated well with the peak-cen-
tered exposure values in the reconstructed maps. This
implies that all the algorithms reconstructed the test maps
with good resolution. For all algorithms the correlation was
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similar for test maps with 1 to 5 peaks; at 6 peaks, the in-
creased complexity of the maps translated into decreased
correlation. The regression lines produced for all the algo-
rithms were similar to one another. The agreement was good,
with the R? values above 0.990 for test maps with fewer than
six peaks; the correlation dropped at the six-peak level for all
algorithms to a low of 0.96 (see Table I). The slopes of all of
the regression lines were significantly smaller than 1 (p
0.05), implying an underestimation of exposures.

For the analysis using the randomly selected locations,
similar results were obtained with all four algorithms. The
correlation between the exposure values calculated in the
original maps and the reconstructed maps with the randomly
selected locations was better than the correlation obtained
with the peak-centered locations for the test maps with six
peaks (see Table I). For the
ART (and ART3) algorithm,
the slopes of all the regression
lines were not significantly dif-

than 1; the exposures were underestimated. Based on this
measure, SART appears to smooth out the images and thus
decrease peak values more than the other algorithms.

Visual Image Quality

For all four algorithms the final maps were close in ap-
pearance to the original maps and to one another. Using one
of the three-peak maps as an example, Figure 4a shows the
original map, and 4b, 4c and 4d the reconstructed test maps
for ART (and ART3), SIRT, and SART. These represent the
“best possible” reconstructions for these algorithms using
the equal angle configuration with four projection angles.
For all the algorithms, the reconstructed peaks were in their
correct locations. All the algorithms tended to smooth out
the image; this resulted in shortened peak heights for the
tallest peak at location (11, 10), and the sharpest peak at lo-
cation (7, 32). This is because of the correction schemes used
by all the algorithms, which tend to smooth out images and
flatten the peaks. The reconstruction using SIRT shortened
the peaks more than the other algorithms. All the reconstruc-
tions introduced some artifacts at the bases of the peaks, the
points of lowest concentration in the map. The extent of
shortening of peaks and presence of artifacts would be de-
creased if more projection angles were used.”” Based on vi-
sual assessment, ART (and ART3) had slightly better
reconstructions than the other algorithms, followed by
SART and SIRT.

Nonideal Sampling Conditions: Reduced Number
Density of Rays

Nearness

For all four algorithms, when only 50% of the rays were
used, the nearness values increased in most cases as the num-
ber of peaks in the test maps increased (see Figure 5). The
nearness values for ART were smaller (better) than for the
other algorithms, ART3 had the next smallest nearness val-
ues, followed by SIRT and SART. There was no significant
difference between the nearness values for the ideal case and
when only 50% of the rays were used for ART and SIRT;
however, there was a significant difference for ART3 and
SART.

TABLE I. R?Values for Exposure Values for the Original and Reconstructed Maps for
the Four Algorithms for Different Number Density of Rays

ferent from one. For the SIRT

algorithm the slopes of the re-  agorithm # Peaks

gression lines were not signifi-

cantly different from one for ART 1—5

the maps with less than 6 6

peaks; for maps with 6 peaks ARTS3 1—5

the slope of the regression line 6
SIRT 1—5

was significantly smaller than
1. For the SART algorithm, the 6

- SART 1—5
slopes of all the regression
lines were significantly smaller

Ideal 50% rays used 25% rays used
Peak Random Peak Random Peak Random
0.99 0.99 0.99 0.99 0.97 0.99
0.96 0.97 0.96 0.97 0.94 0.95
0.99 0.99 0.99 0.99 0.98 0.99
0.96 0.97 0.96 0.97 0.94 0.95
0.99 0.99 0.99 0.99 097  0.98
0.96 0.97 0.95 0.97 0.97 0.95
0.99 0.99 0.97 0.99 0.97 0.99
0.96 0.98 0.96 0.97 0.89 0.96
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When 25% of the rays were used, the nearness values for
all the algorithms were significantly higher than the near-
ness values when 50% of the rays were used. The nearness
values for the four algorithms were not significantly differ-
ent from each other and were all equal to ~0.3, regardless of
the number of peaks in the test maps.

As the number of peaks in the test maps increases above
three, the nearness values are not changed as much as those
maps with fewer peaks. This is because the concentration
patterns tend to be more homogeneous with increasing
number of peaks, and as a result, errors in interpolation be-
tween rays decrease.

Data Distance
Figure 6 is a plot of data distance versus the number of
peaks in the test maps when 50% of the rays were used. As

FIGURE 4. (a) Original test map; reconstruction in the ideal case using (b) ART and ART3; (c) SIRT: and (d) SART.
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with the ideal case, the data distance values increased with
an increase in the number of peaks in the test maps. When
50% of the rays were used, the ART algorithm had the small-
est data distance values. There was no significant difference
in these values when compared with the ideal. ART3 and
SIRT had data distance values significantly higher than ART
though not significantly different from one another. The data
distance values for SIRT were not significantly different
from the ideal case. The data distance values for SART were
significantly higher than the ideal case, and the values for
the other algorithms (p < 0.0001).

When 25% of the rays were used, all of the data distance
values for the four algorithms were significantly higher than
when 50% of the rays were used (p < 0.0001). The order of
algorithms from smallest (best) to largest (worst) data dis-
tance values rearranged to SIRT, ART, SART, and ART3.
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It is not surprising that ART3 had the largest data dis-
tance values. This algorithm only requires that the ray sums
be matched within a tolerance, unlike the other algorithms,
which require exact matching.

Number of lterations

Except for SART there were minimal changes in the
number of iterations required for convergence when fewer
rays were used. When 50% of the rays were used, the number
of iterations required for convergence decreased for all the
algorithms to ~10 for ART, ART3, and SART, and to ~80 for
SIRT, regardless of number of peaks in the test maps. When
25% of the rays were used, the number of iterations required
for convergence increased to ~20 for ART, ART3, and
SART, and to ~90 for SIRT.

Exposure Location Analysis

Figure 7 is a plot of mean percent peak errors for the
peak-centered exposure location measure versus the number
of peaks, for all four algorithms when 50% of the rays were
used. As the number of peaks in the maps increased, the
mean percent peak errors increased. When 50% of the rays
were used, these errors increase significantly compared to
the ideal case only for the SART algorithm (p < 0.0001).
There was no significant difference between SIRT and
SART or between ART and ART3. ART and ART3 gave the
best results.

When 25% of the rays were used, the mean percent er-
rors increased significantly for all four algorithms (p <
0.0001) compared to when 50% of the rays were used. At
this level there was no significant difference between the
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FIGURE 8. Reconstruction when 50% of the rays are used with (a) ART; (b) ART3; (c) SIRT; and (d) SART.
e

algorithms; the mean percent errors were all about 16% re- The correlation between the exposure values in the origi-
gardless of the number of peaks in the test maps. nal and the reconstructed maps was slightly better for the
Table I shows the R? values for the exposure values for randomly selected locations than for the peak-centered loca-
the peak-centered and randomly selected locations. For all tions when 50% or 25% of the rays were used. For ART,
four algorithms, the peak-centered exposure values for the ART3, and SIRT, the slopes of all the regression lines were
original maps correlated well with the peak-centered expo- significantly larger than 1 (p < 0.05); the exposures were
sure values for the reconstructed maps when 50% of the rays overestimated. As with the ideal case, the slopes of the re-
were used. The R* values were not significantly different gression lines for the SART algorithm were significantly
than the R? values for the ideal case, implying no loss in res- smaller than 1 (p < 0.05).
olution.

When 25% of the rays were used, the R? values dropped.

2 . . Visual Image Quality
The R* values for ART, ART3, and SIRT were similar to one

another; the correlation was the poorest for SART. As with When 50% of the rays were used, the reconstructed maps
the ideal case, the slopes of the regression lines for the peak- for all four algorithms were nearly identical to the recon-
centered errors for all the algorithms when 25% or 50% of the structions obtained with the full complement of rays. The re-
rays were used were all significantly less than 1 (p < 0.05). constructions obtained using the SART algorithm, however,
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L e

resulted in the greatest shortening of the tallest and sharpest
peaks. When 25% of the rays were used, the reconstructions
were close in appearance to the ideal in terms of peak
location and shape. However, there was observable degrada-
tion in the reconstructions.

Figures 8a, 8b, 8¢, and 8d show the reconstructions by
the four algorithms when 50% of the rays were used. The re-
constructions using ART and SIRT were nearly identical to
the reconstructions obtained with the full complement of
rays. The peak heights and shapes were essentially un-
changed; however, there were additional artifacts evident
around the bases of the peaks. SIRT added more artifacts at
the base than ART. The reconstruction using SART when
25% of the rays were used was nearly identical to the recon-
struction obtained when 50% of the rays were used except
for the addition of some artifacts. The reconstruction using
ART3 resulted in slightly shortened peaks for the tallest and
sharpest peaks; however, the height of the peak at location
(16, 35) was increased. This reconstruction using ART3 had
more artifacts than the reconstructions using the other algo-
rithms.

Nonideal Sampling Conditions: Noise

Nearness

When noise was introduced into the measurements, the
nearness values tended to increase for all algorithms as the
number of peaks in the test maps increased. At 5% noise the
nearness values for all four algorithms were higher than the
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FIGURE 10. Variation of final data distance value
with complexity of picture (number of peaks) for the
Jour algorithms with 20% measurement noise; error
bars denote one standard error

ideal case (p < 0.0001). There was no statistical difference
between ART and ART3, the algorithms with the smallest
nearness values. SART had the next largest nearness values,
and SIRT had the largest nearness values. This ordering of
algorithms from smallest to largest nearness values was
identical to the ideal case.

At * 10% noise the nearness values increased signifi-
cantly for ART, ART3, and SART (p < 0.0001); nearness val-
ues were essentially unchanged for SIRT. The order of
algorithms from smallest to largest nearness values changed.
As shown in Figure 9, ART3 had the smallest nearness val-
ues, followed by ART, SART, and SIRT. At this level there
was no significant difference between SART and SIRT.

At = 20% noise the nearness values for all four algo-
rithms were significantly different from one another (p <
0.0001). The ordering of algorithms had changed again;
SIRT had the smallest nearness values, followed by ART3,
SART, and ART.

Data Distance

As the noise level increased, the data distance values in-
creased significantly for each algorithm (p < 0.001). The
greater the number of peaks in the test maps, the higher the
data distance values. At = 5% noise the order of the algo-
rithms from smallest to largest data distance values was sim-
ilar to the ideal case: ART had the smallest values, followed
by ART3, SART, and SIRT. At *+ 10% noise, the order had
changed: ART had the smallest data distance values, fol-
lowed by SART, ART3, and SIRT. At * 20% noise there was
no statistical difference between ART and SART, which had
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the smallest data distance values (see Figure 10). ART3 had
the next highest data distance values, followed by SIRT with
the highest values.

Number of Iterations

When noise was added to the simulated measurements,
the number of iterations required for convergence decreased
for all the algorithms. This was expected because a larger
stopping criterion of 0.01 was used. At = 20% noise, the
number of iterations required for convergence was the small-
est for ART3, followed by SIRT, ART, and finally SART. At
this noise level, the number of iterations required for ART3,
SIRT, ART, and SART, dropped from ~10 to 5, ~100 to 7,
~10t0 9, and ~40 to 13, respectively.

Exposure Location

TABLE Il. Range of Mean Values for Peak-Centered
Errors for Different Levels of Noise

Algorithm  Ideal +5% + 10% +20%

ART 1.3—9.9 3.4—9.1 4.9—8.9* 7.8—10.4*
ART3 1.3—9.9 2.8—9.8* 4.7—10.6* 8.8—13.0%
SIRT 41—147 9.5—153* 9.5-—153* 9.5-153"
SART 2.0—11.5 6.26—17.5* 6.26—17.5" 6.26—17.5"

*Indicates that the mean value for the peak-centered error is statistically
different than the ideal case (p < 0.0001)

order of algorithms from smallest to largest mean percent er-
rors was the same regardless of noise level; ART had the
smallest errors, followed by ART3, SART, and SIRT.

Figure 11 shows the mean percent peak errors for the
four algorithms for the worst-case condition of = 20%
noise. When the test maps had two or more peaks at the =
5% and = 10% noise level and three or more peaks at the *
20% noise level, the ordering of algorithms was similar:
ART had the smallest errors, followed by ART3, SART, and
SIRT. When the test maps had fewer peaks, there was no
consistency in the performance of the algorithms for the dif-
ferent noise levels.

Table II shows the range in mean values for the peak-
centered errors for all noise levels. For ART, noise was sta-
tistically significant only above the = 5% noise level (p <
0.0001). For ART3, as noise levels increased, the peak errors
increased significantly (p < 0.0001). For SART and SIRT
when noise was added to the measurements, the mean per-
cent error increased significantly above ideal; however, the
errors were the same regardless of the particular noise level.
For SART at 20% noise the errors were the greatest for the
maps with one peak.

For the peak-centered locations, the correlation between
the exposure values for the original maps and the recon-
structed maps tended to decrease as the percent noise in-
creased for all four algorithms (see Table III). At = 5%, =
10%, and £ 20% noise, the correlation was essentially con-
stant for ART and for ART3. The correlation for SIRT was
essentially constant regardless of the noise level and was
better than the other algorithms at + 20% noise. The correla-
tion was the poorest for SART at any noise level. As with the

Analysis TABLE IlI. R? Values for the Four Algorithms for Different Levels of Noise

As the noise level in- +5% +10% +20%
creased, there was a general  A/gorithm # Peaks Peak Random Peak  Random Peak Random
tendency for the mean percent
peak erryors to increasepfor all ART 1—5 0.99 0.99 0.99 0.99 0.97 0.95
the algorithms. As the number 6 0.97 0.97 0.96 0.96 0.92 0.94
of peaks in the test maps in- ART3 1—5 0.99 0.99 0.99 0.99 0.96 0.95
creased above two, there was a 6 0.97 0.99 0.96 0.96 0.93 0.94
slight increase in the mean per- SIRT 1—5 0.99 0.99 0.98 0.99 0.97 0.98
cent peak errors for all the al- 6 0.94 0.96 0.94 0.96 0.94 0.95
gorithms. When the test maps SART 1—5 0.98 0.97 0.97 0.98 0.96 0.97

6 0.95 0.95 0.94 0.95 0.90 0.92

had more than two peaks, the
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ideal case, the slopes of the regression lines for the peak-
centered errors were all significantly less than 1 (p < 0.0001).

The correlation between the exposure values for the
original and the reconstructed maps was better for the ran-
domly selected locations than for the peak-centered loca-
tions for the test maps with six peaks. For the test maps with
fewer than six peaks the correlation was better than the peak-
centered values for SIRT and SART and worse for ART and
ART3. The slopes of the regression lines for ART and SART
were significantly less than 1 for all noise levels. The slopes
of the regression lines for SIRT were significantly higher
than 1 for all noise levels. The slopes of the regression lines
for ART3 were less than 1 for = 5% noise and greater than 1
for the higher noise levels.

For test maps with three or more peaks the addition of
measurement noise resulted in increased errors and decreased

FIGURE I2. Reconstructions with 20% measurement noise using (a) ART: (b) ART3; (c) SIRT: and (d) SART
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correlation for all algorithms; ART gave the best results,
SIRT the worst. With the simple test maps with fewer than
three peaks, there was no cousistency to the performance of
the algorithms. For the peak-centered measurements, all of
the algorithms underestimated exposure; for the randomly
selected locations above 5% noise, ART and SART underes-
timated exposure, and ART3 and SIRT overestimated expo-
sure.

Visual Image Quality

At = 5% noise the reconstructions were all similar to one
another. They were somewhat peppered with errors, and the
shape of the peaks was not as smooth as in the ideal case. At
* 10% noise the reconstructions had deteriorated; the peaks
were much more jagged, and additional artifacts were present
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at the bases of the peaks, the places of lowest concentration.
The ART and ART3 algorithms produced images that were
slightly smoother than SIRT and SART.

Figures 12a, 12b, 12¢, and 12d show the worst-case re-
constructions at = 20% noise. There were artifacts at the
base of the peaks and on the peaks themselves. All three
peaks can be identified even at this noise level. ART3 had
the smoothest peak reconstructions. ART had peak shapes
that looked the noisiest, and the heights of the peaks were in-
creased more than the other algorithms. SIRT added the most
artifacts around the base of the peaks, ART added the least.

These images were produced without applying the usual
post-reconstruction smoothing procedures. Averaging tech-
niques can decrease the appearance of noise and can result in
a better approximation to the original map than can be ob-
tained using an unprocessed noisy picture.!%*

CONCLUSIONS

A systematic method has been presented that compares the
effectiveness of different algorithms for tomographically re-
constructing chemical concentration distributions in air. The
underlying assumption is that the performance of an algo-
rithm can be accurately assessed only by thorough testing
using a wide variety of possible concentration maps under
ideal and nonideal sampling conditions. This research exam-
ined 4 different algorithms using 120 different test concen-
tration maps and 6 different sampling conditions. The
performance of the algorithms was intimately related to the
complexity of the test maps, underscoring the need to use a
variety of maps. In addition, more than one reconstruction
quality measure should be used to evaluate algorithms; four
different criteria were used in this research. It was found that
for some sampling conditions, the algorithms were ranked
differently depending on the criteria used.

Ideal conditions are important to establish baselines for
comparison. Under ideal conditions all the criteria ranked
the four algorithms similarly: ART and ART3 were the best,
followed by SART and then SIRT.

Ideally, a room is flooded with contiguous parallel rays;
the optimal ray widths are (1/N ) max{Isinfl, lcosfl}, where
N is the number of grid cells on one side of the room, and 8 is
the projection angle.">'? In practice, there may be physical
and cost limitations to obtaining a large number of projec-
tion data. The simulations using a reduced number density of
rays were performed to examine this. Three of the algo-
rithms had little alteration in reconstruction quality with
only 50% of the rays, when compared to the ideal case; the
performance of SART deteriorated by all criteria. When only
50% of the rays were used, the algorithms were ranked the
same by each of the reconstruction quality measures. When
25% of the rays were used, all of the algorithms had de-
creased reconstruction quality. Based on exposure location
errors and nearness, the algorithms were the same; however,
there were visual differences. The algorithms differed in the
introduction of artifacts at the bases of the peaks and the
amount of shortening of the peak heights. Visually, ART

gave the best reconstructions, ART3 the worst. If quantita-
tive measures were the only ones used to evaluate image
quality, the algorithms would have appeared alike.

The visual and quantitative impact of reducing the num-
ber density of rays is greatest when the concentration peaks
are closer to one another than the rays, or when the rays do
not pass through the highest concentration points. Other re-
search has shown that when setting up a remote sensing con-
figuration, if possible, the rays should be positioned near the
expected points of highest concentration.®”

When simulated measurement noise was added, the per-
formance of each algorithm deteriorated. ART and ART3
were stable at low levels of noise; as the noise level in-
creased above = 5%, performance deteriorated with increas-
ing noise. SIRT and SART were sensitive to low levels of
noise; performance deteriorated at = 5% noise, and was sta-
ble as noise increased.

Discrepancies among the quantitative image quality
measures were particularly obvious at = 20% noise. Among
the algorithms SIRT had the smallest nearness values, the
highest data distance values, the highest mean peak errors
for test maps with greater than two peaks, and the lowest
mean peak errors for maps with one peak. Within algorithms
there were discrepancies between nearness trends and mean
peak location errors. For ART and SART, maps with one
peak had the largest mean peak errors, and the smallest near-
ness values. Nearness is a global measure of accuracy for the
entire map, while mean peak error is a local measure and fo-
cusses only on the points of highest concentration; therefore,
the results would not necessarily follow the same trends.

The exposure location error analysis was very useful for
comparing the algorithms for accuracy of exposure assess-
ment. Two types of measurements were calculated: worst-
case peak-centered and randomly located. The peak-centered
measurement consistently underestimated exposures; the
randomly located measurement gave better exposure esti-
mates, and for some test conditions, over-estimated expo-
sures. This over-estimation was probably due to the addition
of artifacts at the bases at the peaks that would increase val-
ues over background. In future studies, the peak-centered
measurement could be used alone as a worst-case analysis of
peak height reduction.

Both nearness and data distance should be used when
evaluating algorithms because they are different measures of
reconstruction quality. Nearness evaluates the overall recon-
structed image, data distance evaluates how close the recon-
structed ray sums are to the measured ray sums. These
measurements ranked the algorithms similarly for the ideal
case, and for the reduction in the number density of rays;
however, they ranked the algorithms differently in the pres-
ence of measurement noise. Nearness is only a research tool,
it cannot be used for experimental verification because it re-
quires knowledge about the true concentration map. In con-
trast, data distance can be used for experimental verification.

The number of iterations required for convergence was
similar for ART, ART3, and SART for nonideal sampling
conditions. SIRT took the most iterations. Number of itera-
tions relates directly to convergence rate, not to computation
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time. SART was the most computationally expensive algo-
rithm and took the longest time for convergence.

Two important conclusions were reached from this re-
search. First, as echoed by other authors, algorithms need to
be tested using images and sampling configurations specific
to the application in which they will be used. Second, when
evaluating algorithms, the choice of the algorithm will de-
pend on the ultimate purpose of the tomographic reconstruc-
tions.

Algorithms tested for other applications may use differ-
ent configurations, a different number of projections, and
different types of test images. The majority of algorithms
have been tested for medical applications, and some have
been tested using a photograph of a person or geometric pat-
terns.

These images are very different from chemical concen-
tration gradients. Most of the studies in the literature have
used a far greater number of projections than used in this re-
search. Given these differences, it was not altogether sur-
prising that the results presented here for reconstructing
chemical concentrations did not always agree with the re-
sults found in the literature using the same algorithms in
other disciplines.

Other research found that SIRT was superior to ART and
ART3 based on visual assessment and nearness when recon-
structing circles of uniform density”" and based on visual
assessment when reconstructing a beating heart from X-ray
measurements using 10% noise.” This research found ART
and ART3 to be better than SIRT based on both measures for
the same noise level. For reconstructing a “head phantom,”
which consists of a number of ellipses of various densities,
other research found that SART was more resistant to the ef-
fects of noise than the other ART algorithms;*? this research
found it to be worse than ART when noise was used.

When evaluating algorithms for computer tomographic
reconstruction of chemical concentrations in air from a re-
mote sensing system, the eventual use of the system must be
considered. Reconstruction quality criteria should be related
directly to the problem to be solved. For example, if the sys-
tem is only to be used for leak detection of chemicals, where
location of peaks is more important than absolute concentra-
tion, any of the algorithms could be used. All of them recon-
structed the peaks in the correct locations. If the system is to
be used for exposure assessment information, then absolute
peak height is important; algorithms that do not substantially
smooth out the peaks (like ART or ART3) should be chosen.
In this study, using four projections, ART resulted in the
least reduction in peak height. If smaller reductions in peak
height are necessary, additional projection angles must be
added. If the system is to be used for evaluating the air flow
of contaminants through a room, evaluating a ventilation
system, or validating fluid flow models, then overall accura-
cy and suppression of artifacts would be important. ART3
might be a good choice here.

Computer tomographic reconstructions of concentra-
tions of air contaminants using an optical remote sensing
system shows promise as a method to produce two-dimen-
sional concentration maps of an entire room with good

spatial and good temporal resolution. For this research, as
few as 120 rays were used to reconstruct 1600 cells in a40 X
40 room. This is obviously far fewer than would be needed
to get the same level of spatial detail using the traditional
point sampling methods. Tomography also offers a gain in
efficiency for determining many points in a room; the num-
ber of required beam paths increases slowly compared to the
number of reconstructed points in the sampling grid. For ex-
ample, if the room were an 80 X 80 grid instead of a 40 X 40
grid, the number of cells in the room would quadruple while
the number of rays required would double. The near real-
time measurement capability of a remote sensing system
coupled with the ability to reconstruct the concentration
maps in a matter of minutes would result in good temporal
resolution.

The success of the system in practice will depend on the
reconstruction algorithm, configuration, and remote sensing
equipment. This article dealt with the evaluation of algo-
rithms using numerical studies. For studies like this, the use-
fulness of the results is highly dependent on the realism of
the simulations. Therefore, evaluation should include all
measurement uncertainties. Uncertainties not measured here
include errors in the measurement of the projection angles in
the configuration, and the relationship between instrument
scan time, or the time required to take all the projections, and
air movement in the room. Slight errors in the measurement
of angles could either be systematic or random. The relation-
ship between scan time, air movement, and accuracy is not
simple to predict. Because concentrations of pollutants in in-
door air are rarely in steady state, the amount of scan time
must be balanced with the movement of air contaminants to
obtain the best reconstructions; the longer the scan time, the
more movement of contaminants, and, therefore, the more
inconsistencies in the projection data. Work is currently un-
derway to evaluate these additional uncertainties, as well as
alternative configurations.
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