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MATHEMATICAL STUDY OF A PROPAGATING FLAME AND ITS 
INDUCED AERODYNAMICS IN A COAL MINE PASSAGEWAY 

by 

Donald N. H. ChiT and Henry E. Perlee 2 

ABSTRACT 

The unsteady, one-dimensional, compressible-flow equations have been 
solved numerically for a deflagration propagating through a gallery of finite 
length closed at the ignition end and open at the opposite end. These equa­
tions were solved for two situations wherein (1) the propagating flame was 
extinguished after 0.1 sec or before the return of aerodynamic disturbances 
reflected from the open end, and (2) the flame was allowed to propagate a full 
0.8 sec until it was extinguished. It was found that the process of sudden 
flame extinguishment creates rarefaction waves that, upon entering the burned 
zone, produce resonance within the burned cavity. For the relatively small 
value of the product of the expansion ratio (8.5) and the effective burning 
velocities of 7.4 m sec-1 for the first experiment and 4.9 m sec-1 for the 
second experiment, it was found that the acoustic approximation provides an 
adequate estimate of the pressures developed ahead of the flame during the 
system's early history. 

INTRODUCTION 

Background Information 

This study was undertaken as a continuation of the Bureau of Mines effort 
to conduct mathematical investigations of the aerodynamic history of flames 
(deflagrations) propagating through flammable gas mixtures in coal mine pas­
sageways using a one-dimensional, transient, compressible-flow description. 
The initial Bureau effort (}2) 3 dealt with the history of flame-induced aero­
dynamic disturbances ahead of a flame front where the flow was assumed isen­
tropic and the flame history was an implicit function. That study was 
concerned exclusively with the aerodynamics of the unburned gas region and 
neglected the possible creation of shocks. Although this approach severely 
limited the range of applications, it found its major use in extending experi­
mentally measured variable histories to uninstrumented regions. (See 

1 Research physicist. 
2 Supervisory research chemist. 
3 Underlined numbers in parentheses refer to items in the bibliography preced­

ing the appendixes. 
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reference 13 for a more complete discussion of this application.) Although it 
was found that the calculated pressure history agreed with the experimentally 
measured values to within 10 percent, it was felt that the calculations had to 
be extended to include the burned region to study the interaction between the 
flame front and its induced aerodynamics. Furthermore, although the method of 
characteristics was useful for solving the equations in this earlier study, it 
proved to be cumbersome in dealing with both the flame front and the shocks. 

The alternate approach consists of using the modified Lax-Wendroff scheme 
(l2) proposed by Rubin and Burstein (42) for solving the descriptive finite 
difference equations. Through the use of this technique it is no longer nec­
essary to keep track of the shock trajectories since the algorithm deals with 
these explicitly. However, the flame is treated as a moving, internal bound­
ary, not explicitly handled by the finite-difference equations. The resulting 
computer program is very flexible and useful for parametric studies. 

To test this code, the Bureau of Mines examined two flame propagation 
situations in a 50-meter long, smooth-walled gallery with a radius of 0.69 
meter. For the first part of the study, a flame propagated from the closed 
end with a constant velocity for a period of 0.1 second after which it was 
suddenly quenched creating a contact surface at the flame-front location. 
The research examined mathem?tically the interactions between the contact sur­
face and the flame induced aerodynamics. In the second phase of the study, 
the flame was allowed to continue propagating until it self-extinguished, its 
interactions with the induced aerodynamic disturbances was examined. The 
results of these two studies have been useful in the interpretation of experi­
mentally measured histories in both laboratory-scale galleries and the 
Bureau's Experimental Coal Mine. 

Historical Development 

Jones (1£) reported work which is very much in the spirit of the present 
work in which he obtained analytical solutions of linearized equations and 
studied the aerodynamics ahead of accelerating flames. In his studies the 
flame front was treated as a plane of discontinuity, moving with a prescribed 
acceleration. The energy that sustains this acceleration is then computed 
a priori. The limitation of this model lies in the fact that acceleration of 
the flame is fixed and consequently unaffected by its interaction with the 
induced aerodynamic disturbances. 

In the subsequent work of Artingstall (5-6) concerned with the propaga­
tion of coal-dust explosions, the author assumes that the system has attained 
a steady state. To deal with the unsteady state he applies the method of wave 
diagrams (see Rudinger (43)) to the flow equations. Such techniques are use­
ful but they become rather cumbersome in keeping track of the wave 
interactions. 

Markstein (33) suggested that the flame may be treated as an internally 
moving boundary, across which the phenomenological variables, burning velocity 
Su and expansion ratio x, define the combustion process. This procedure 
avoided having to deal with the mathematically cumbersome description of the 



flame structure concerned with chemical kinetics and transport processes. 
This paper has adopted Markstein's proposition although his assumption of 

incompressible flow will be removed. 
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THE MODEL 
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The physical problem that this paper proposes solving involves the one­
dimensional propagation of a deflagration through a cylindrical gallery closed 

at the ignition end and open at the other end. Two alternative methods exist 

for dealing with the deflagration. One involves the inclusion of appropriate 

terms in a basic conservation equation to account for thermal transport and 

exothermic reactions. In this manner the deflagration becomes an implicit 
part of the partial differential equation and the equations can be solved by 
spatial integration between the two ends of the gallery. Unfortunately 
neither the one-dimensional nature of the transport mechanisms nor the func­
tional nature of the exothermic reaction are readily available; hence, such an 
approach requires considerable speculation on the part of the investigator and 

consequently, the results lack rigor. The second approach, that adopted in 
this study, uses two experimentally measurable quantities, the expansion ratio 

and the burning velocity, to define the deflagration characteristics appropri­

ate to its aerodynamic response. These two parameters provide all the neces­
sary physical information required to completely characterize the aerodynamic 
characteristics of the deflagration process. However, since x and Su are not 

implicitly contained within the partial differential equations, one is neces­
sarily required to use separate sets of partial differential equations to 
characterize the burned and unburned regions and to match their solutions at 
the flame front using boundary conditions appropriate to a deflagration. 
These boundary conditions which include Su and x will be introduced at a later 
point in this paper. 

Assumptions 

The following simplifying assumptions will be adopted to facilitate solu­

tion of the problem: 

1. The flow is quasi-one-dimensional in the sense that the field vari­

ables (pressure, velocity, temperature, density, energy, entropy, etc.) repre­

sent averages over the cross sectional area, and the field components in the 
transverse direction are neglected compared with those in the longitudinal 

direction. 

2. The gas is homogeneous and continuous except across the flame front. 
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3. The gas is always in thermodynamic equilibrium; that is, its thermo­
dynamic state is uniquely determined by any two independent state variables. 

4. Body forces are neglected. 

5. The gas obeys the ideal-gas law. 

6. Molecular transport phenomena such as heat conduction and mass diffu­
sion are neglected. 

7. Radiant transport is neglected. 

8. The shearing stresses Txy = u ou and T z ay x 

stant at any cross section and the normal viscous 

compared to Txy and Txz· 

= u ou at the wall are con­
oz 

02 
stress u ~ is negligible OX 

9. The flame front is treated as an internal moving boundary across 
which the flow fields are discontinuous. The two phenomenological variables, 
namely, the expansion ratio x and the burning velocity Su completely character­
ize the flame. 

It has been observed (see Liebman (Jl) and Laderman and Oppenheim (28)) 
that the flow fields at a cross section of flame gallery are fairly uniform 
except within a distance of a few centimeters from the wall. This theory 
lends justification to the use of a one-dimensional model. The body forces, 
such as gravitational force,can, if necessary, be included in the model with­
out much difficulty and the ideal-gas assumption is not a restriction to the 
numerical solution. 

Studies in the flame gallery show that the flame augments the intensity 
of turbulence, which in turn accelerates combustion in the flame. Although 
the initial study is restricted to laminar flow, turbulent effects can be 
included through the phenomenological expressions. The simplest treatment is 
to consider a turbulent flame as a "laminar flame with a pleated surface." 
This implies that we may replace the laminar burning velocitt Su by a turbu­
lent burning velocity or by an effective burning velocity Su . It is evident 
from the experimental data that laminar burning velocity cannot explain the 
flame speed observed. 

Governing Equations 

In reference 13 the derivation of the following conservation laws that 
govern the flow fields away from the boundaries is given: 

1. Conservation of mass 

Q.Q.+pou 
Dt ox 

0 (1) 



where 

(the substantive derivative); 

where 

and 

2. Conservation of momentum 

4·f F =­
D 

0 

u8 • __!!__ 

2 lul 

f = 0.0014 + 0.125· (Re)-0
• 38 for 3<Re<3Xl06 

where f is the friction factor for smooth wall. 

3. Conservation of energy 

lL(e+U
8

) 
Dt 2 

u op p ou 
q - p ox - p ox 

Finally, we need the equation of state to form a closed system; hence, 

P = p·R·T or P = (y-l)·p·e . 

5 

(2) 

(3) 

(4) 

(5) 

(6) 

Since these partial differential equations of gas dynamics are based on 
conservation laws, it is highly desirable to preserve these conservative prop­
erties in the finite difference equation. This is achieved, as shown by 
Courant and Friedrichs (14), by using the following transformations: 

m p·u (mass flux) (7) 

and E p(~u2 +e) (total energy per unit volume). (8) 

The governing equations 1, 2, and 5 can now be written as (see appendix A for 
the mathematical details): 

oP om (9) 
at ox 

om o ( m2 p) - p·F (10) - -ox\_p-+ ot 

and 
0E 0 

[ ~ (E + P)l (11) 
ot ox 

+ p·q . 
_) 
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Furthermore, if w is defined to be the vector 

p 

w m 

E 

and f(w) and g(w) are defined as the vector-valued functions 

-m 0 

I(w) c ~2 +P ) and g(-;) -p·F 

2 
- !!!..... (E+P) -p·q p 

Thus, the system of equations 9 to 11 can be expressed in the form 

ow 
at 

(jf 
- + g ox 

Such a form is referred to as conservation-law form. It can be readily shown 
that retaining this form in the finite difference equations, the conservation 
of mass, momentum, and energy is maintained across a mesh. This is an impor­
tant characteristic of the finite difference equation, since the Rankine­
Hugoniot relations across a normal shock are macroscopic conservation laws not 
involving the microscopic shock structure. This conservative property of the 
finite difference equation guarantees satisfaction of the Rankine-Hugoniot 
relations and therefore the correct jump conditions across a shock front. 
Consequently, there is no need to treat the shock separately outside the dif­
ference equations as an internal moving boundary, since the finite difference 
equations can handle the shock implicitly. In terms of mathematical terminol­
ogy, such finite difference methods will yield a weak solution, one in which 
discontinuities can occur or differentiability can be isolated. Note that the 
finite difference analogue of the partial differential equations written in 
conservation-law form can be interpreted as an integral law over each mesh, 
which can be thought of as a control volume. 

Boundary Conditions 

For the specific problem of interest to this investigation the following 
boundary conditions are required: 

1. At the closed-end (x=O) 

u(O,t) = 0 ; 

4Note that u does not appear explicitly in the energy equation. See appen­
dix G for more details. 



2. at the open-end (x=Lt) 

P(Lt,t) = Po 

where Lt is the length of the gallery and Po is the ambient pressure; 

3. across the flame front we use the following conservation laws where 
the subscripts u and b denote the flow fields on the unburned and the burned 
sides, respectively, and Su and Sb denote the unburned and burned gas veloci­
ties relative to the flame front, respectively. 

From the conservation of mass we obtain the expression, 

7 

(13) 

while the conservation of momentum provides 

(i4) 

Instead of the energy conservation law which requires knowledge of the chemi­
cal kinetics we used the expansion ratio, 

X = Pu / Pb , at x=xr 

to relate the gas densities on either side of the flame front. 

By using the definition of flame sfeed SF = uu + Su or SF = ub + Sb, the 
definition of sound speed (cb = ybRbTb) 2 and the equations of state Pu = PuRuTu 
and Pb = pbRbTb, we reduce the above boundary conditions to 

and 

Pu = XPb , 

llu = ub + (X -1 ) Su , 

Pu = Pb[l+yb ·x(x-1) ( ~) 
2

] 
cb 

(15) 

(16) 

(17) 

All these expressions are evaluated at x = xr. Tb(x = xr) and x are obtained 
from chemical equilibrium calculations and are implicitly a function of 
Pu (x = Xr ) and Tu (x = Xr ) • 

If the flame is extinguished at any time, our flame front discontinuity 
becomes a contact discontinuity in which case the above three conditions are 
replaced by 

(18) 

(19) 

Pu P 1/yu d 
u an pb (20) 
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To complete our model we used the following initial conditions: 

On the burned side of the flame front u = 0, T = Tb, P = P0 , and p Pb 
for x = 0 and t = 0; and 

on the unburned side u 
and t = 0. 

(x - 1) Su , P T
0

, and p Po at x 

Elsewhere all flow fields are equal to their ambient quantities and 
u(x, 0) = 0, x > 0. 

Equations of the Characteristics 

0 

As we shall see later, we use the method of characteristic to relate the 
flow fields at the boundaries to those of neighboring points in both the 
burned and unburned regions. For this reason we need to derive the appropri­
ate characteristic equations. It can be shown (14, 45) that equations 1, 2, 
and 3 are equivalent to the following set of ordinary differential equations: 

du + _1_ dP = (y-1)~ - F [1-(y-l)~J (21) dt p·c dt 

dx u + c (22) dt ' 

du _1_ dP = - (y-1).9. -F[ l+(Y-1)~] (23) 
dt p·c dt c 

dx 
dt 

u - c ' (24) 

dP - c:a iR = (y-l)·P·(q+uF) (25) dt dt 

and finally dx u . (26) 
dt 

We hasten to point out that the solution of equations 21, 23, and 25 are 
the two characteristic curves C+ and C_, and the particle trajectory Cg, 
respectively. Moreover, equations 21, 23, and 25 are valid only along their 
respective characteristics, namely, the curves 

c+ which is given by X+ = s:l (u+c)dt ' 

c which is given by X = s:l (u-c) dt 
' 

t 

and Cg which is given by Xp Jtl udt 
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p -m 0 

d m d - (m2 I p+P) + -p·F 
(lt ax 

E -m(E+P)/p -p. q 

and 
dxr 

= Uu (x,t) + Su (x, t) (27) 
dt 

over both the burned and unburned regions satisfying the boundary conditions 

ub + Cx -l)Su 

and Pb [ l+yb ·xCx-1) · ( ~: J J 
across the flame front; however, we use Uu = ub, Pu = Pb, Pu = Pu l/Yu, and 

1/y and pb = Pb b across the contact surface and u(O, t) = 0 and P(Lt, t) = P0 

at the two ends of the gallery. The method of characteristics was used to 
match the boundary conditions to the partial differential equations at the 
boundaries. 

System Parameters 

As we have already seen, the system is dependent on the five functional 
parameters Su, x, Tb, Yu, and Yb· Three of these parameters namely x, Tb, and 
Yb are calculated from the Gordon and McBride (}2) Chemical Equilibrium Com­
bustion Program for various values of pressure and unburned gas temperature 
for a homogeneous stoichiometric methane-air mixture. Yu is calculated from 
values of y for the reactants (air and methane) using the JANAF tables (li). 
These calculated quantities (pb, Tb, yb, and Yu) are regressed against the 
pressure and unburned gas temperature to obtain the following expressions: 

Yu = 1.3900 + 2.454 X 10-4 Tu - 7.721 X 10-7 Tu 2 

where Tu is in Kelvin; 

Yb 1.2005 + 5.038 X 10-3 Pu- 2.6515 X 10-4 -Pu 2 

-6.07 X 10-5 Tu 

where Pu is in atm; 

(28) 

(29) 
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in (gm cm-3
); 

and 

pb 10-3 X (8. 7694 X 10-3 + 1.59487 X 10-1 Pu 

- 3.56567 X 10-5 Tu - 1.012662 X 10-6 Pu 8 

-3.57939 X 10-5 Tu·Pu + 4.56762 X 10-8 ·Tu 2
) 

+ 1. 70406 X 103 Tu ]/[4.23302 X 103 

+ Pu (1. 78149 X 103 + 2. 27219 X 10-1 Tu) 

- 1. 66 715 X 10 -a Tu ] 

(30) 

(31) 

The laminar burning velocity for a homogeneous unburned mixture, which is 
a function of the pressure and unburned gas temperature at the flame front can, 
at present, only be obtained from experiments. However, for the purpose of 
this preliminary investigation, two particular functional forms will be used 
to simulate constant burning, and constant burning followed by sudden flame 
extinguishment. The particular forms will be introduced in the discussion of 
the cases. 

COMPUTATIONAL PROCEDURE 

To arrive at a finite-difference analogue of the system of equation 27 or 
its equivalent equations 21 through 26, the space domain is divided into equi­
distant mesh points [x1 ji = 1,2, --, N + 1, x1 +1 = x1 + (i - 1).6x} separated 
by an interval ,6x. 

Since the algorithm used to solve the finite difference equations 
requires a set of three nodal points, special consideration has to be given to 
the situation when the flame front is within two nodal points of the bounda­
ries. If the flame is within two nodal points of the closed end, this is 
designated as category one; if it is within two nodal points of the open end, 
this is category three; and if the flame is anywhere else, the designation is 
category two. The algorithm used to compute the flow fields at each nodal 
point depends on the location of the flame front. At nodes at least at a 
distance of 2 .6x away from the boundaries, a modified Lax Wendroff algorithm 
(42) is used to solve equation 27. At the open end, closed end, and across 
the flame front, a first order finite difference analogue of the characteris­
tic equations 21 through 26 is used. For nodal points adjacent to the flame, 
linear interpolation is used to calculate the field variable from their values 
on the flame front. Method of lines has also been used at these locations. 

Depending on the three categories and the direction of travel of the 
flame, there are 42 separate cases that must be considered in order to solve 
the equations in the vicinity of the flame front. Appendix C gives a detailed 
listing of all 42 cases. 
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Modified Two-Step Lax-Wendroff Scheme 

Recall that the system of partial differential equations 9 through 11 can 

be written in the form 

or 

ow 
at 

of 
- + g ox 

where w, f, and g are vector-valued functions defined in the section on 

"Governing Equations. " In the following discuss ion we omit the term g(w) and 

examine one component of equation 12; thus, the bars above all the variables 

will be removed. The Lax-Wendroff scheme is based on a Taylor series expan­

sion of the function w(t+6t) where the second order term Wtt in the expansion 

is replaced by the expression 

(33) 

where A is a matrix whose determinant is the Jacobian of f(w) with respect to 

w. Thus, an approximate value for w(x+6x,t+6t) is given by 

where w!, f~+ 1 , and f~_1 designate w(x+n6x,t), f(x+(n+l)6x,t), and 

f(x+(n-1)6x,t). 

Richtmyer (41) used the same procedure to obtain a two-step Lax-Wendroff 

scheme with an overall accuracy of second order. Rubin and Burstein (42) 

modified the Richtmyer algorithm and arrived at the following algorithms: 

wt+6t (w~ +1 + w~) ( lit ) (ft fJ) + -
' n +}z 2 llx n +1 

( 2~~x) 
t t 

- ft+ C:lt l . 
and wt+6t wt + [fn+1 - fn -1 + ft+ C:lt 

n n 2 n +}z n -~ .-1 

To find wJ+6t, one proceeds as follows: Compute wt+~t and wt+~t by using 
n +'2 n -":2 

(35) 

(36) 

equation 35, evaluate f(w) at these two points and substitute these values 

into equation 36, along with the corresponding values at the points 

((n-l)llx,t), (nllx,t), and ((n+l)llx,t). It is clear that whenever the flame 

front trajectory lies within the interval ((n-1)6x,(n+l)llx) the present proce­

dure is no longer applicable and special treatment is required. Rubin and 

Burstein ~) have shown that the Lax-Wendroff, the Richtmyer-Lax-Wendroff, 

and the Burstein-Lax-Wendroff all have the same amplification matrix (40). This 
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implies that they all have the same stability criteria, namely, the Courant­
Friedrichs-Lewy (j2) stability condition, 

where c and u are the local sound speed and gas velocity, respectively. For 
the detailed proof, see the work of Lax and Wendroff (S2). Rubin and Burstein 
have also shown in (42) that their approach seems to be the best of the three 
in minimizing overshoot near the tail of shocks. 

If we include the g term in the original equation, we add a term t:.t·gt 
and !':.t · g; to obtain the final form n +~ 

wt+l':.t (w~+1 +w~) +(.At) t t /':.t t +1 2 A (f n+l - fn) + -2 (g~ + gn+1) (37) n '2 , uX 

and (38) 

The addition of these terms does not alter the stability criteria since the 
amplification matrix is not affected. Appendix E contains the equations 37 
and 38 into their nondimentional component forms. 

Method of Characteristics 

To compute the flow fields on both sides of the flame front, the method 
of characteristics was used in conjunction with the deflagration boundary con­
ditions. Figure 1 shows the intersection of four curves, the flame (or con­
tact surface) trajectory (Cr), the particle trajectory (Cg), and the two char­
acteristics c+ and c_. 

o= xf t+t.t 
-~r--------*---------4--- t+t.t 

A 

FIGURE 1. - The characteristic curves at the 
flame front, 

In figure 1, xi and x;+t:.t are the location of flame front at time t and t+t:.t, 
respectively. When the finite difference analogue of the system of equa­
tions 21 through 26 is used in conjunction with the boundary conditions equa­
tions 15 through 17, the final working equations are obtained. (See appen­
dix E for details.) When the flame front is within the zone adjacent to the 
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closed (open) boundary special treatment is required since C_(C+) intersects 
the boundary. This treatment is included in appendix E. Note that since the 
flame loci, the particle trajectory, and the C+ characteristic curve are given 
by the solution of the equations 

respectively, the particle trajectory always lies between the flame loci and 
C+. This fact simplifies considerably the computational effort. A flow chart 
of the program structure is shown in appendix F. 

RESULTS AND DISCUSSION 

In this section the mathematics developed in the previous sections are 
used to study the aerodynamic history associated with a flame propagating 
along a 50-meter-long, 0.69-m-diameter smooth-walled gallery containing a 
stoichiometric methane air mixture. It is the particular purpose of this 
initial study to examine the interaction of the flame-induced aerodynamics 
with (1) the flame front (phase 1) or (2) the contact surface formed following 
flame extinguishment (phase 2). To facilitate the analysis we have chosen 
burning velocity as constant and equal to 7.4 m sec-1 although the remaining 
parameter functions (yu, yb, E, and C) are specific to a stoichiometric 
methane/air mixture. 

In this preliminary study we do not strive to obtain accurate estimates 
of system histories as measured experimentally. It is more the purpose to 
identify and study the major aerodynamic characteristics associated with 
deflagrations propagating in coal mine passageways.· 

In the following sections two combustion processes are considered, both 
characterized by a constant burning velocity and an expansion ratio given by 
x = Pu/Pb where Pb is given by equation 30. 

Interaction With Contact Surface (Phase 1) 

In the first phase of this study the full set of partial differential 
equations given in the section on '~overning Equations" were solved for a 
flame propagating at a constant burning velocity of 7.4 m sec-1 for a duration 
of 0.1 sec, after which Su = 0 and a contact surface replaces the flame front. 
This value of 7.4 m sec-1 was chosen because it results in the same peak pres­
sures ahead of the flame front as measured in the 50-meter gallery. A burn 
duration of 0.1 sec was chosen to insure that the leading edge of the aerody­
namic pulse traveling ahead of the flame and reflected from the open end had 
not yet returned to the flame before the flame extinguishes. Solution of this 
problem for a real time of 0.5 sec required about 6.5 min of computer time on 
a CDC 6500. 

Figures 2 and 3 show the calculated pressure and velocity histories at 
locations 0, 2, 4, 6, 8, and 10 m from the ignition. Figures 4 and 5 show 
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similar pressure and velocity histories at locations 0, 10, 20, 30, 40, and 
50 m from the ignition. In both of these figures, the flame trajectory is 
indicated by a solid curve. The dashed line shows the trajectory of the con­
tact surface. From the figures, it can be seen that the flame extinguishes 
after traveling a distance of 6.7 m. 

Also shown in these figures are Mach lines corresponding to the leading 
edge of the more interesting features of the aerodynamic history. The nomen­
clature adopted distinguishes between compression (C) and rarefactions (R) and 
the subscripts identify the previous history of any particular wave. For 
example, the C 1 ~t~ identifies a compression (C) that had its origin in the 
parent wave number 1 which intersects a boundary (open-end, closed-end, flame 
front, etc.) generating a reflected wave W1 r (W standing for either C orR 
depending on the nature of the boundary); this wave (W1 ~) subsequently inter­
sects another boundary generating a transmitted wave W1 ~t and this transmitted 
wave in turn is reflected off another boundary, creating C 1 rt~; the wave sub­
scripts identify the ancestral types (reflected or transmitted) of each wave. 
In general, the greater the number of subscripts the weaker is the wave; with 
each boundary intersection the resultant waves are weakened. 

In general, following ignition, the fireball grows as a hemispherical 
volume at the closed-end wall until it completely fills the cross section of 
the gallery. During this phase, as discussed in reference 13, the particle 
velocity upstream of the flame increases as ~ until the flame front reaches 
the gallery sidewall. After the flame fills the cross section it propagates 
down the gallery. In this study the hemispherical growth process is ignored 
and it is assumed that following ignition the flame front is flat, completely 
filling the cross section of the gallery and propagating down the gallery 
unchanged in shape. 

During flame propagation the expanding flame front pushes back the 
unburned gas ahead of it creating the pressure wave C1 shown in the illustra­
tions. The "overshoot" of pressure and velocity shown at the leading edge of 
C1 in these illustrations is an inherent characteristic of the Lax-Wendroff 
algorithm, although it looks very similar to those associated with the hemi­
spherical flame growth process. The pressure of the plateau ahead of the 
flame front in figure 2 has a value of 1.22 atm corresponding to a pressure 
increase of 0.22 atm (3.23 psig). Figure 3 shows that this pressure increase 
corresponds to a particle velocity of 56.6 m sec-1 . This overpressure com­
pares favorably with the value of 2.94 psig calculated from the acoustic 
approximation given by the relation 6P = U·C 0 ·P 0 , a difference of 9 percent. 
The pressure and particle velocity behind the flame front are not related 
through the acoustic relation; however, these values compare favorably with 
the measured pressure of 1.21 atm and an unburned gas velocity of 57.4 m sec-1

. 
Both calculated values differ from the experimental values by only 2 percent. 

From figure 2 we see that as the flame front passes each station the 
velocity drops (x-l)Su m sec-1

, and in this case, the gas velocity falls below 
zero momentarily, indicating a slight velocity reversal behind the flame front. 
Such a velocity reversal has often been observed in gallery experiments. To 
our knowledge the small pressure change across the flame front has been 
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clearly observed in only a few 
ies is not sufficiently flat. 
constant at about 3 psig while 
for a nonaccelerating flame. 

experiments, because the flame front in galler­
Between the flame front and C1 the pressure is 
the velocity remains zero. This is as expected 

When the flame extinguishes after 0.1 sec at 6.7 m, two rarefactions are 
created, one propagating toward the closed end~' and one toward the open end 
Rz· Since the speed of sound in the hot-product gases is about 850 m sec-1 , 

it takes about 7 msec for R3 to reach the closed end where it reflects as 
R3 r. R3 r travels back to the contact surface where the interaction of ~r and 
the contact surface density discontinuity results in a transmitted rarefaction 
R3 rt and a reflected condensation C3 rr. Observe that an incident wave travel­
ing in a high-density (unburned gas) medium that intersects a boundary to a 
lower-density medium (burned gas) reflects a wave of the same character as the 
incident wave. The transmitted wave is always of the same character as the 
incident wave regardless of the nature of the discontinuity. The disturbance 
within the burned zone continues to reflect between the closed end and the 
contact surface, producing a decaying resonance within the product cavity with 
a frequency of about 14Hz (A~ 60 m). Every intersection of the wave 
reflected from the closed end with the contact surface produces a transmitted 
wave that travels toward the open end. The cavity resonance is evident in the 
oscillating pressure and velocity records seen in the region of these waves. 
This resonance decays rapidly because on each interaction with the contact 
surface it loses part of its energy to the train of transmitted waves, 

~ r t ' c3 r r r t ' etc . 

This resonance continues until the pressure in the burned zone ls 
returned to ambient and the velocity to zero. At the same time the contact 
surface velocity slows to zero as the length of the burned zero expands to 
8 m. 

Meanwhile, the compression, C1 , has been traveling toward the open end at 
local sound speed in the unburned mixture (330m sec-1 ). Upon reaching the 
open end it reflects and returns back down the gallery as a rarefaction R1 r. 

Note that the velocity doubles at the open end as expected from conservation 
of momentum. R1 r passes through the oncoming rarefaction train R2 , R3 rt> etc., 
created by the burn-out and eventually at t = 0.27 sec reaches the contact 
surface. As before, the interaction of R1 r with the contact surface results 
in a transmitted R1 rt and reflected C1 rr wave. This interaction of ~r and 
the contact surface results in a pronounced acceleration of the contact sur­
face toward the open end. Because R1 r has a large wavelength (60 m) compared 
with the length of the burned gas zone (8 m), a pronounced resonance within 
the cavity is not observed. However, at 0.35 sec the shorter wavelength 
(8 m) disturbances (C2 r, C3 rtr, etc.) created by the flameout and subsequent 
burned gas cavity resonance returns to the contact surface creating both 
reflected (R2 rr, C3 rtrr, etc.) and transmitted (C2 rt' C3 rtrt> etc.) waves. 
Because the wavelenth of the transmitted waves are now comparable to the 
cavity length, a resonance is established corresponding to a frequency of 
about 5 Hz. This can be seen best in figure 3 where the oscillation in veloc­
ity are most pronounced. It is quite apparent from figure 3 that the ampli­
tude of these oscillations is considerably larger by a factor of about 3 than 
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that created following flameout. We are apparently observing an amplification 
process associated with cavity resonance. We also notice that the contact 
surface moves from the 8-m station to about the 11-m station at which time C2 r 

contacts it and it begins a gradual (oscillatory) return to zero. Again, the 
oscillations decay rapidly and the pressure eventually returns to ambient, the 
velocity to zero, and the contact surface returns to 8 m. The calculations 
were stopped at 0.5 sec just before the R1 rrr returned from the open end. 

The presence of the viscous term in the equations used had little effect 
on the history of the waves. There occurred a small decrease in the peak 
pressures as the waves moved through the gallery, but this is not noticeable 
in the plots. However, there is reason to believe that the value for the 
friction coefficient is not accurate. This requires further study. 

Figure 6 shows the histories for the flame and contact surface, flame 
speed, particle velocity, gas density, and overpressure, all in the unburned 
gas immediately ahead of the flame (contact surface). Correspondingly, fig­
ure 7 shows the same information on the burned side of the flame (contact 
surface). 

Comparing the particle velocity and overpressure traces in figure 6 we 
see that up to the time (~.3 sec) of the interaction of the rarefaction wave, 
R1 r, and the contact surface, the unburned particle velocity, and overpressure 
are in phase and related to one another through the acoustic approximation 
6p = P0 C0 U. After ~r but before the interaction of the contact surface and 
the C2 r and C3 r waves created in flameout, the overpressure and particle 
velocity are 180° out of phase, but still related through the acoustic law. 
However, after the return of the C2 r and C3 r waves the overpr~ssure and par­
ticle velocity no longer exhibit a fixed-phase relationship and the acoustic 
laws break down. 

Interaction With a Flame Front (Phase 2) 

In the second part of this study the situation where the flame is per­
mitted to burn sufficiently long (0.8 sec) to observe the interaction of the 
flame front and the waves reflected off the open end was considered. The 
burning velocity in this study is taken to be 4.9 m sec-1 . Recall that 
although the burning velocity is constant the mass flux through the flame 
front is not constant. The mass flux through the flame is Su Pu where Pu is 
evaluated at the flame front. It is primarily through this variable (that is, 
mass flux) that the flame and aerodynamics are coupled in this study. Subse­
quent studies will be concerned with changes in flame shape and therefore 
aerodynamic effects on Su proper. We now determine if there is any signifi­
cant difference between the interaction of the aerodynamics with a flame and a 
contact surface. Figures8 through 11 show histories for the pressure and par­
ticle velocity at various stations along the gallery. The experiment was run 
twice as long as the previous study in order to see more reflections at the 
flame front. 

The first major difference between this study and the preceding one is 
that in the absence of flameout there is only a parent wave, namely, C1 ; all 
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subsequent waves are decendents of C1 • The pressure of the plateau following 
the Lax-Wendroff spike amounts to 1.067 atm or 1.32 psig and the corresponding 
particle velocity is 21.9 m sec-1 Again, the acoustic approximation for 6P 
gives a value of 1.40 psig for this velocity, a difference of 6 pet. Fig­
ures 8 and 9 show the same pressure drop and velocity reversal across the 
flame front as was seen in the phase 1 experiment. Figure 10 shows C1 reflect 
off the open end and return toward the flame as R1 r intersecting the flame at 
0.28 sec, 8 m from the closed end. Following the intersection, the flame 
front is momentarily accelerated (although Su remains constant) toward the 
open end, but quickly returns to a constant flame speed after the burned gas 
cavity resonance decays. Figure 8 shows that, in the absence of flameout, the 
pressure never returns to a constant ambient state as it did in the previous 
case after flameout, although the particle velocity returns to zero following 
passage of the flame front and after decay of the burned cavity resonance. 

With the return of the compression C1 rrr from the open end, the flame 
front decelerates and thereafter appears to exhibit a slow oscillatory motion. 
This mechanism explains the often observed (47) flame oscillations in galler­
ies. At 0.55 sec the flame velocity goes to zero and the flame momentarily 
stops for a period of about 0.05 sec. Such phenomena have also been observed 
in gallery experiments. 

The oscillatory behavior of the particle velocity in the resonance decay­
ing region is not significantly different during the three periods, 0.3 to 0.4, 
0.55 to 0.7, and 0.75 to 0.95 sec. There does not appear to be any aerody­
namic amplification previously noticed in the flameout case. 

Because of the relatively low overpressures in both cases (3 psig for the 
first and 1 psig for the second) and the relatively short gallery length 
(50 m), the initial disturbance never developes into a shock front. 

Although the flame goes out at 0.8 sec and 22 m, except for a slight 
abrupt drop in the pressure and a corresponding increase in the particle 
velocity, the remaining aerodynamic features of the history are determined by 
the contact surface (indicated by the dotted lines in the illustrations) as 
well as the reflection and transmission of waves from the various surfaces. 

Figures 12 and 13 show the density, pressure, and particle velocity 
histories adjacent to the flame on the unburned and burned sides of the flame 
front. Figure 12 shows that the particle velocity on the burned side of the 
flame remains negative at about 10 m sec-1 for the majority of the combustion 
history, only going positive when ~r intersects the flame front at 0.3 sec 
and following flameout at 0.8 sec. Similarly, the particle velocity on the 
unburned side (fig. 12) remains positive except at 0.59 sec, where flame 
reversal occurs and the particle velocity momentarily goes negative. Since 
Sr = uu - Su and Su = 4. 9 m sec -l , whenever llu < 4. 9 m sec -l Sr < 0, that is, 
flame reversal occurs. 
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SUMMARY AND CONCLUSIONS 

The conservation of mass, momentum, and energy equations for one­
dimensional compressible unsteady flow in the conservation-law form have been 
solved for a deflagration propagating in a finite-length gallery. For this 
particular investigation the burning velocity Su remained fixed although the 
remaining system parameters (E, Yu, Yb, etc.) assumed functional values cor­
responding to a stoichiometric methane/air mixture. However, because of the 
relatively small changes in the pressure (<±5 psig) the change in these 
parameters is insignificant. 

In the first phase of the study the aerodynamic disturbance that devel­
oped ahead of the advancing flame traveled down the gallery at the speed of 
sound in the unburned gas and developed an overpressure of 3.23 psig and a 
par~icle velocity of 56.0 m sec-1 for a burning velocity of 7.4 m sec~ and an 
expansion ratio of 8.5. The relationship between the pressure differential 
and velocity is satisfactorily described by the acoustic expression 6P = 
u c 0 Po. It was also observed that the act of sudden flame extinguishment 
generates strong rarefaction waves that travel away from the point of flameout 
in both directions. The interaction of the contact surface (after flameout) 
and the returning flameout rarefaction waves induce a resonance within the 
burned gas volume that decays rapidly to a quiescent state. Not unreasonably, 
the magnitude of the resonance depends on the relationship between the wave­
length of the returning wave and the length of the burned gas cavity. 

Note that as long as the burning velocity is constant, the slope of the 
flame trajectory is constant. The slope changes, however, whenever it inter­
acts with the reflected waves from the boundaries and, in general, whenever it 
accelerates. 

The presence of a viscous term in our equations had an insignificant 
affect on the aerodynamic history. 

Unlike Jones (26), results in which a strong reverse flow of gas behind 
the flame front for an accelerating flame was found, only a momentary reverse 
flow immediately behind the flame front followed by an extended zero velocity 
region back to the ignition face was determined in this study. 

In the second phase of this study where the flame was allowed to propa­
gate until extinguished after interaction with the returning wave reflected 
from the open end of the gallery, flame front oscillation was observed. 
Although a burned gas cavity resonance is observed similar to that of the 
phase 1 case, there does not appear to be any appreciable pressure 
amplification. 

FUTURE WORK 

It is apparent from these investigations that the propagation character­
istics of dust or gas flames in galleries are modified significantly by flame­
induced aerodynamics. The implications of this fact, in view of the complex 
nature of coal-mine networks are far reaching, in that the history of flame 
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propagation in a coal mine network is not only a function of the combustion 
characteristics of the process, but also a function of the network geometry. 
In other words, effects such as changes in the cross sectional area, wall 
roughness, junctions, distance between junctions, etc., all have a pronounced 
effect on the history of a propagating flame. All of these factors can be 
studied within the present program and these results will be forthcoming in 
subsequent reports. 

In addition to the above, an effort is currently underway to include 
source terms in the three conservation equations so as to provide for studying 
the effects of such processes as thermal losses to the walls, water-barrier 
spills, combustion inhibitor jets, dust entrainment, and ventila·tion flow on 
the system history. Since this inclusion does not appear to constitute a 
major modification to the existing program, the results of these studies 
should be forthcoming. 
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APPENDIX A.--TRANSFORMATION OF THE GOVERNING EQUATIONS 
INTO CONSERVATION-LAW FORM 

The continuity equation 1 can be written as 

or 

with the substitution m 

aP a - +- (pu) = 0 
at ax 

p·u, this becomes 

oP om 

ox 

Rewriting the equation of motion (2) as 

aP 

au 
P at 

au 
pu­ax 

C\P 
-pF 

ox 

and adding u at to both sides of this equation, one obtains 

au op op au aP 
p- + u- = u- pu- - pF 

at at ()t (Jx ~X 

Note that the left-hand side is 
om 
at while 

()p 
u[- ~:J u- = at 

om 
u[-

am] _ C\u oP 
- pF - m-

at ax ax ox 

therefore, d [u·m + P] p·F -ax 

But u = m/p 

Finally we obtain 

om 0 
[nf /p + P] - - pF 

at (Jx 

( 9) 

(10) 



With e cvT and (e + u8 /2) = 1 (p·e + pu8 /2), equation 5 becomes 
p 

D 
1

1 J DtLP E q 
u oP P (Ju 
p ox p ox 

where E = P·e + Pu2 /2 . 

By the definition of substantive derivatives, we get 

or 
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Recall that oP/ot = am/ax then the above equation becomes 

Hence 

Finally, 
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APPENDIX B.--EQUATIONS IN DIMENSIONLESS FORM 

Two-Step-Lax-Wendroff Scheme 

All the nondimensional variables are distinguished from the dimensional 
ones by a bar. 

Thus, the expressions are written as follows: 

m m/lllo where m0 ambient sound speed, 

P P/P0 , 

E E/P0 , 

X: = x/LT, 

t t/LT/C0 , and fin~lly, 

D D/LT. 

Substituting these expressions into the system of equations derived for 
"The Model" the following is obtained: 

and 

where 

and 

am 
at 

a'E 
at 

(B-1) 

zf mimi -·--D p (B-2) 

Yo 

~ [m(E + P)J + -p.q 
ox p 

(B-3) 

Note that only the equation of motion differs in its form from equation 10 by 
1 

a factor Yo in the second term on the right-hand side. 

Also, 

p (; 1 -2 ) 
(y - 1) \.E - 2 Yo ~ . (B-4) 
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The boundary conditions remain the same in form. As for the initial condi­
tions we have 

u(o,o) = 0, P(o,o) 

on the burned side and 

u(o,o) = Su/C0 , P(o,o) = 1, p(o,o) = 1, T(o,o) = 1 

on the unburned side. Elsewhere, all field variables are set to equal 1 
except the gas velocity which is at zero. 

The nondimensional forms for the conservation laws across the flame front 
are exactly the same as the dimensional ones. 

By applying the same analysis, we obtain the following expression for the 
characteristic equations: 

and 

du ( 1 ) 1 d'P 
dt + Yo PC dt 

2f _
1

_

1

rl n u u 1 - (y-1) 

du 
dt 

dP 
dt 

+ (y-1) ( ~0 ) 
.9.. 
c 

dx = u +c dt 

( L" _1_ dP - - 2f 
[1 + (y-1) ¥J Yo ) p C dt TI 

- (Yo) 'C2 

(y-1) ( ~0) ~ 
dx 
dt 

ii c 

.9£ ( 2f- -,-, (Y0 ) y-1) D p•u u dt 

+ (y-1) P· q 

dX = u. 
dt 

~ J 
(B-5) 

(B-6) 

(B-7) 

(B-8) 

(B-9) 

(B-10) 

Note that again the only difference between the dimensional and nondimen-

tional forms is the factor Yo 
Po Co 

8 
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In all subsequent discussions, we denote 

2f r -_.!:!c] - (~~-1) ( Ylo ) _:g:c ' FL(u,c) = D uluiLl- (y-1) r (B-11) 

2f [ -l c 1 ) -FR(u,c) = =- ulul 1 + (Y-1) gj + (y-1) -- ~ 
D c Yo c ' 

(B-12) 

and c (P, u) = < y -1) 
2 ~ f P" • u 1 u 1 + < y -1) P". <r • (B-13) 

The bars will also be removed since the presence or absence of the factor Yo 
will unambiguously determine whether an expression is in a nondimensional form. 



APPENDIX C.--DISTINCT CASES RESULTING FROM THE POSITION 
OF THE FLAME FRONT RELATIVE TO A GIVEN MESH 

35 

The descriptive partial differential equations are solved on both sides 
of the flame front and the solutions are matched at the flame front through 
appropriate boundary conditions using the method of characteristics. In 
applying the boundary conditions at the flame front it is necessary to con­
sider the totality of possible geometrical arrangements of the flame trajec­
tory within the finite difference mesh. Figure C-1 illustrates the total 
arrangements considered for this problem. In each arrangement, distinct com­
putational procedures are used. 

The nodal points are denoted by x1 , x2 , ••• , xN+l. xFn and xFn+l are 
locations of flame front at time t n•6t and t = (n+l)6t. 

The first category (fig. C-1) refers to the situations where x1 ~ xFn 
and/or xFn+l ~ X3; that is, either xFn+l or xFn may be greater than Xs but 
less than x4 ; the second category (fig. C-2) refers to the condition that 
:lS ~ xFn and xFn+l ~ xN _1 , while the last category is the case when 
xN_1 > xFn+l or xN_1 >xFii. Dotted lines in figures C-1 and C-2 denotes flame 
trajectory. 

Category III is the case where xN_1 ~ xFn, xFn+l ~ xN+l, namely, in the 
vicinity of the open end. Since it is a mirror image of category I, detailed 
diagrams are omitted. 
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Cateory I 

[x1sxF" and XFn+lsx31 
or t X1 s XF" < X3 and 

eitner X3 < XF"l 
or X3 <XFn+l 

Yes k No 
r"' .. 

X1 = XF" < XFntl < X2 X1 = XFn+l < XF" < X2 
/ I ' ' I / 

' / ' 
XI x2 x3 XI x2 x3 

X1 < XF" s XFn+l < X2 X1 < XFn+l s XF" < X2 

I I ' l I ' ' 
XI x2 x3 XI x2 x3 

X1 < XF" sXFn+l = X2 X1 <XFn+l < XF" = X2 

///1 ',, l 
XI x2 x3 XI x2 x3 

XF" = XFn+l = X2 X1<XFn+l <X2 <XF"<X3 

I 't,, 
X1 X2 x3 X1 X2 x3 

X1 < XF" < X2 <XFn+l <X3 X2 = XFn+l < XF" < X3 

...... + ......... r"' I ' ..... ,, 
XI x2 x3 XI x2 x3 

X2sXF"<XFn+l =X3 X2 <XFn+l s XF" <X3 

1. .... :--
.... .. 

I ', 
', 

XI x2 x3 XI x2 x3 

X2 < XF" s XFn+l < X3 .... ... X2 <XFn+l s XF" =X3 

I / 
.... 

I ' / ' / ' 
XI x2 x3 XI x2 x3 

X2 < XF" s XFn+l = X3 XF" < X3 < XFn+l < X4 X2 < XFn+l < X3<XF"<X4 

I ......... r"' I _.,{"' I I l'_-. I .... / 

FIGURE C-1.- Category I. 



37 

Category :n 

X3 s XF 0, XFn+l s NN-I 

N = total number of 
mesh points 

Yes ~ No 
j"'lf ... 

~lr ~lr 

XF 0 = XFn+l = Xn n+l n .. Xn-1< XF < X0 <XF <Xn+l 

I """ .. 'i',, 
Xn-1 Xn Xn+l Xn-1 Xn Xnt I 

XF0 < Xn <XFn+l .... ... Xn =XFn+l <XF 0 < Xntl 

/l/ .... ... r',,, 
Xn-1 Xn Xn+l Xn-1 Xn Xntl 

Xn = XF0 < XFn+l < Xn +I n+l n Xn < XF < XF < Xn+l 

1/// .... ... 
I ' ' ' 

Xn-1 Xn Xn+l Xn-1 Xn Xn+ I 

Xn < XF 0 ~XFn+l < Xntl 
..... ... Xn<XFn+l =XF0 <Xn+l 

I / """ ... 

I / I 
J/ I 

Xn-1 Xn Xn+l Xn-1 Nn Nn+l 

Xn <XF0 <XFntl = Xn+l n+l n 
..... ... Xn < XF < XF =Xn+l 

I / .... . 
I ', / 

/ 

' / 

'~ 
Xn-1 Xn Xn+l Xn+l 

FIGURE C-2. - Category II. 
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APPENDIX D.--NUMERICAL ALGORITHMS 

Applying the modified two-step-Lax-Wendroff scheme (35) to equations 9 
through 11 in nondimensional form (appendix C), we obtain the following work­
ing equations (see fig. 1): 

Pt+Clt _l (pt 1 + t) !;;t ( t t) 
1 - + Pn - Ax m-+1 - m-n +'2 2 n u •• '"ll •• 'n 

(D-1) 

Cl)(M) 
4 ,6x [ t t ) 2( t+Clt t+L',t)] 

IllJ1. +1 - IllJ1. -1 + m +1 - m 1 • 
n '2 n -'2 

(D-2) 

t+Llt 1 ( t + t) - L',t [(~+1)2 
- (~)

2 

+ 
mn +1<2 - 2 IllJ1. +l IllJ1. L',x pt pt 

n +1 n 

(D-3) 

(~~~t )2 pt+~t pt+~t 
------~ + _n __ +~_2_ - _n __ -~_2_]} 

Pt+1[',t Yo Yo 
n -~ 

(D-4) 

(D-5) 



Note that P; 

Et _ (1).~ L,t) r_m;;+l CEt + t 
n 4 \. L,x l_ P! + 1 n + 1 P n + 1 ) 

t 
Pn -1 

mt + .Clt 
n+,k 

(E~ -1 + P; -1 ) + z[P t+ ~t 
n+~ 

+ f'c,t J pt+.Clt qt+L,t - pt+/'c,t qnt~~2t} • 
i_ n +~ n +~ n -~ ,_ 
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(D-6) 
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APPENDIX E.--NUMERICAL SCHEMES AT THE BOUNDARIES 

In this appendix the finite difference expressions for the boundary con­
ditions at the three boundaries (closed end, open end, and flame front) are 
derived. The mesh point labeled A, B, C, D, ZL, ZR, XFt, and XFtt6t refer 
to coordinate labels shown in figure 2. 

Across Flame Front 

See figure 2 for the definitions of the points denoted by A, B, C, D, ZR, 
XFt, and XFt+6t. The last two are sometimes denoted as XFn and XFn+l. PzL• 
PzR• UzL• UzR, etc., are pressure and velocity at the points ZR, ZL, etc. The 
subscripts u and b refer to flow fields on the unburned and burned side, 
respectively. 

The finite difference analogues (first order) of equations B-5 and B-6 
are given as follows: 

Uo - uzl 
( ~0) 

1 Po - PzL 
+ - FL (uzt , CzL ) ; 

6t PZL czL 6t 

and 6t 1 
B - ZL UZL + CZL 

where Ud = Ub and P0 = Pb. Therefore, for the burned side we have 

and B - ZL = 6t (UZL + Czl) • 

Similarly, on the unburned side equations B-8 and B-9 become 

( L)( 1 )P _ (L)( 1 )P 
Yo PZR CZR u Yo PzR czR zR 

and B - ZR 

while equations B-9 and B-10 are transformed into 

B - xp = Ux P • 6t • 

(E-1) 

(E-2) 

(E-3) 

(E-4) 

(E-5) 

(E-6) 
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Solving these together with the boundary conditions equations 15 through 17 
across the flame front we obtain the final expression 

where a = PzL • Czt 

+ (a·K·UzL + ~ UZR) - 6t (a·K·FL(UzL, CzL) 

+ f3 FR (Uz R , Cz R ) ) 1 I (a + f3) , 
) 

and K 1 + Yb X (x-1) C CSub ) 2 

and 

u~+6t = u~+At + <x-1) Su ' 

Pt+6t - t+ 6t b - - Yoa Ub + Pzt + Yoa UzL. 

p t+6t = K pt+6t 
u b ' 

[(put+ 6t P ) 1 c2 - x p Yo + x p Px p 

- M· G(Uxp, Pxp)} IC~P , 

P~+6t = P;+6tlx. 

(E-8) 

(E-9) 

(E -10) 

(E-ll) 

(E-12) 

~+6t, m~+At, E~+6t, and E~+6t can be computed from the transformations. 
In the expressions above, we use the following: 

and 

where 

Let 

then 

and 

(xFt-xFt+ 6t) + (xFt+ 6t-A) u~ + 6t (u;-u~) czL 

[ (xFt -A) + 6t (U~ -UA)] 

ZL Xpt+6t - At (U + c ) 61 Zl Zt 

1 
CZL ~2 (CA + Cb) • 

A. = c xFt - ZL ) . 
xFt - A ' 

Pzt = A.PA + (1-:\) Pb 

Pzt = /..FA + (1-A.)Pb • 

(E-14) 

(E-15) 

(E-16) 
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with 

where 

For 

and 

Finally, 

in which 

and 

where 

(C-xFt+[}t) U~ + (xFt+flt_xFt) U~ + 6t (u;-u~).CzR 

[(C-xFt) + [}t (Uc-U~)] 

uxp 

ZR XF t +fit - At (U c ) 
0 Z R.- Z R 

_ (C-ZR) 
6 - (C -xFt) ' 

p z " = 6 • p~ + (1- 6 ) p ~ 

PzR = 6u ·P~ + (1-6) P~ • 

(ZR-xFt+6t) U~ + (xFt+l',t_xFt)·UiR 

[(ZR-xFt) + [}t (UiR-U~)] 

xP = xFt+l',t - lit Dxp , 

Pxp = 'Jf.p~ + (1-'f) PzR , 

pxP = 'fP~ + (1-'f) PzR 

ZR - xP 
'f = 

ZR - xFt 

At the Closed End 

(E-17) 

(E-18) 

(E-19) 

(E-20) 

(E -21) 

(E-22) 

(E-23) 

When the flame is not at the vicinity of the closed end, ~, the follow­

ing expressions are used (fig. E-1): 

and 

where 

ut+llt = 0 1 (E-25) 

(E-26) 

(E-27) 



( 
ZR-x1 ) t 
--- P2 , 

t:.x 

( x2 -ZR) t 
PZR = ~ pl + '-- t;.x 

x1 =Xp ZR X2 

FIGURE E-1. - Boundary geom­
etry at closed 
end, 

At the Open End, xN+ 1 
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In this case, we again assume that the flame front is at least at a dis­
tance of 6x from xN+l, as seen in figure E-2. 

FIGURE E-2. - Boundary ge-
ometry at 

Furthermore, 1 ' (E -28) 

and (E-29) 
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where -(yu -1) ( qZL ) 2·f I I' [ UZL J 
FL = Yo CzL + D UzL Uu • 1 - (Yu -1) CzL ' 

G <Y -n t t < ) zf t t I t I u • PN+l ·qN+l + Yu -1 ·u· PN+l ·UN+l uN+l. 
Yo 

6x·U~+l + 6t (U~-U~+ 1 )•CzL 

PzL 

and 
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APPENDIX F.--PROGRAM STRUCTURE 

Figure F-1 is a flowchart of the program structure. The following abbre­
viations can be seen in the flow chart: 

1. SPTIALC: Used to compute flow field at x1 and x2 when xFn+l= x1 
xFn ::;; ~· 

2. SPTIALO: To compute flow fields at xn+l (open end) when 
xFn+l = Xn+l and xFn :?: Xn · 

3. BOUNDRY: To compute flow fields at ~ and Xrr+l when flame is at 
least at a distance of 2~x away. 

4. ACROSFM: Compute flow fields across flame front. 

5. LAXWEND: Compute flow fields by a two-step Lax-Wendroff scheme due 
to Burstein and Rubin. 

6. LINRINT: Linear interpolation routine. 

7. QUADINT: Quadratic interpolation routine. 

8. MESHONE: To compute flow fields when flame is within the first two 
meshes. 

9. DPMZL, DPMZR, DPMXP: To compute flow fields at the points ZL, ZR, 
and XP by the method of characteristics. 

10. GAMMABU: To estimate Yb and Yu· 

11. TRANSCL: Compute p, m, E from u, P, p. 

12. TRANSLC: Compute u, P, p from p, m, E. 

Several other functions subprograms such as heat sources and/or sinks Su, 
pb, E, Tb, Yu, Yt, etc., must be supplied by the users. 



46 

DPMZL 

DPMZR 
DPMXP 

Advance 
flame-front by 

XFn+l = XF" + .<lf· SF 

Reset all 
flow fields., that 
is,replace 
quantity (t) by 

quantity (t+ At). 

READ initial and 
boundary conditions, 

various para meters and 
geometric constraints 

CALL PARAMTR 
To convert all 
quantities to 

dimensionless form 

CALL FLAMLOC 
To locate the 

position of 
flame front 
and identify 

NCASE applicable 
to this situation 

CALL COMPUTE 
To calculate the 

flow fields for this case 

CALL CONVERT and 
CALL GAMMABU 
To compute y, T, 

U, P and C from 
E,P and m 

FIGURE F-1.- Program structure. 
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APPENDIX G.--VISCOUS TERM IN THE ENERGY EQUATION 

In the energy equation we should have two terms (41) of the form (consid-
ering a two-dimensional case): 

.... 
Exp = - lj . vP + lj (Tf. v) 

r(luP + ()vP< 
~J ~ (lx 

+ _Q_ [<l[u) ou + (IJ v) cv] + ..2.. [<~u) OV + (IJ v) au] ax ox (lx dX (ly oy 

+ d~ [ (l[v) 
()v 

(IJ u au] 0~ [(lev) 
au ( u) Clv] -+ - + -+ 

ay oy ax IJ ax 

where A K 
2 - )iJ ' 

1l K 
4 

+31J 

and K = bulk viscosity 

By analyzing the "Assumptions" section, we get 

E xp = _ o (uP) + ...2.._ ( 'Jlu au ) + ...2.._ (IJ u) (lu 
ox ax ax 2ly aY 

If L and H are the length and height of an entryway, then 

0: (uP) = 0 ( ~ ) 

and -d (~ au "\ a ( au ...._, ·l- u
2 

u2 
-1 'Jlu - \ + - IJU - ) = 0 1l - + 11 n? _I • ox ox / ny oy / ' L 2 

'"' rr 

Now we need only to compare 

P and 1l :!::!. + 
L 

U ~ IJU 

( 
H . ...._ 

H - I 
L ,/ 

( _Ll+ u ) 
H(H/L) 
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For our problem, 

and 

Then 

and 

u ~ 2X 10-5 kg m -l sec -1 , 

H~lm, 

L ~SO m , 

P ~ 1 atm = 105 kg 

u ~SO m • 

.... _, 

-z s 

Hence, we simply drop the term 9 • (n · v) from the energy equation. 
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APPENDIX H.--SYMBOLS LIST 

Constant volume specific heat (m3 atm K-1 g -1
). 

Constant pressure specific heat (cal g-1 K-1
). 

-1 Sound speed in the ambient atmosphere (m sec ). 

Sound speed on the burned side of the flame front (m sec-1
). 

Sound speed on the unburned side of the flame front (m sec-1
). 

The characteristic curve in the +X direction. 

The characteristic curve in the -X direction. 

Particle trajectory. 

Expansion ration (= PuiPb). 

Diameter (m). 

Divergence. 

Hydraulic diameter= 4 X duct area/duct perimeter (m). 

Total energy per unit volume (atm). 

2 -2 Internal energy per unit mass m sec 

=Wall friction coefficient (1). 

Yo A constant rendering the equations nondimentional (= C~ p0 /P0 ). 

Yu Specific heat ratio on the unburned side (1). 

Yb Specific heat ratio on the burned side (1). 

h =Height of the cross section (m). 

L =Width of the cross section (m). 

Le Lewis No. (='A CP - 1 Pu -1
). 

LT Length of flame gallery (m). 

Boundary layer thickness (m). 

m Mass flux p • u kg m -2 sec -1 

V · · t (kg m-1 sec -1 
) • l.SCOSl. y 
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p 

PZL 

PZR 

Qw 

Qd 

Qr 

Q 

R 

Ru 

Rb 

Re 

p 

Pu 

Su 

Pressure (atm). 

Ambient pressure (atm). 

Pressure on the unburned side of the flame front (atm). 

Pressure on the burned side of the flame front (atm). 

Pressure at the point ZL (atm). 

Pressure at the point ZR (atm). 

Heat loss through the wall per unit mass per unit time (J kg-1 sec-1
). 

Heat release by coal-dust flame per unit mass per unit time 
(J kg -1 sec -1 ) • 

Heat gain or loss due to radiation (J kg-1 sec-1 ). 

( 
-1 -1 ) 

Heat transfer per unit mass per unit time J kg sec • 

Universal gas constant (cm2 sec-2 K-1
). 

R on the unburned side of the flame front. 

R on the burned side of the flame front. 

Reynolds number (= u d w-1 p). 

-3 
Density of gas (kg m ). 

p on the unburned side (kg m-3
). 

p on the burned side (kg m-3
). 

Laminar burning velocity on the unburned side relative to the sta­
tionary gas (m sec-1 ). 

Laminar burning velocity on the burned side relative to the station­
ary gas (m sec-1

). 

Flame speed in the laboratory coordinate system (m sec-1 ). 

T Temperature (K). 

T0 Ambient temperature (K). 

Tu T on the unburned side of the flame front. 
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