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Mechanistic Hierarchical Gaussian Processes

Matthew W. WHEELER, David B. DUNSON, Sudha P. PANDALAI, Brent A. BAKER, and Amy H. HERRING

The statistics literature on functional data analysis focuses primarily on flexible black-box approaches, which are designed to allow individual
curves to have essentially any shape while characterizing variability. Such methods typically cannot incorporate mechanistic information,
which is commonly expressed in terms of differential equations. Motivated by studies of muscle activation, we propose a nonparametric
Bayesian approach that takes into account mechanistic understanding of muscle physiology. A novel class of hierarchical Gaussian processes
is defined that favors curves consistent with differential equations defined on motor, damper, spring systems. A Gibbs sampler is proposed to
sample from the posterior distribution and applied to a study of rats exposed to noninjurious muscle activation protocols. Although motivated
by muscle force data, a parallel approach can be used to include mechanistic information in broad functional data analysis applications.

KEY WORDS: Functional data analysis; Gaussian process; Muscle force; Ordinary differential equations; Stochastic differential equations.

1. INTRODUCTION

Studies of physiological response to muscle stress are im-
portant in developing treatment protocols to combat work-,
athletic-, and age-related injury. To investigate muscle adap-
tation and maladaptation following repetitive resistance-type
exercises, scientists often obtain a series of functional measures
(typically at the beginning and end of a multisession exercise
protocol) on the force produced by the muscle as it moves
through its range of motion. These force curves can be com-
pared to determine the benefit/harm of an exercise routine to a
population of interest.

We investigate one such study conducted in rodents. In this
study scientists are interested in differences in physiological
response between young (3 month) and old (30 month) rats
exposed to the same resistive exercise protocol. Here rats un-
derwent 13 training sessions, described in Table 1, on the dor-
siflexor (lower leg) muscle group. At the beginning and end
of each training session the muscles underwent both isometric
(muscle activation without movement) and stretch shortening
contractions (muscle activation with joint movement). We are
interested in modeling the last stretch shortening contraction (la-
beled observation 5 in Table 1) observed in the first (considered
pre-exercise) and last (considered postexercise) exercise proto-
col. When modeling the stretch shortening contraction there is
also an isometric component to force generation, and model-
ing should estimate both the isometric and stretch shortening
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components. Our intent is to investigate possible differences in
responses between groups (young/old), as well as differences
in the response pre- and post-training, for both isometric and
stretch shortening components. We are interested in comparing
the individual and group level force tracings for isometric as
well as stretch shortening contractions.

Each observation was recorded as a muscle force tracing, as
illustrated in Figure 1. This figure shows the inter-subject vari-
ability of 15 muscle force tracings in gray with the mean of
these measurements shown in black. In this figure there are five
sections separated by a vertical line. The first and last sections
represent force generation when the muscles are not contracting.
The second and fourth sections represent the force generated
during an isometric contraction, with the third section denot-
ing the stretch shortening contraction, which also contains an
isometric component.

We have 84 such force tracings, and wish to model the iso-
metric and stretch shortening force generation. The data are
defined as follows: for an individual measurement, 565 evenly
spaced functional observations were taken. These measurements
were taken twice (pre- and post-exercise protocol) resulting in
2 x 565 = 1130 functional measurements per animal. All 42
animals (27 old and 15 young) underwent the same resistive
exercise protocol resulting in 47,460 total measurements.

As the observed function is thought to be the product of two
unknown functions (the isometric and stretch shortening com-
ponents) defined by ordinary differential equations (ODEs), the
individual components are not directly identifiable using stan-
dard functional approaches that allow each component to be
essentially any continuous function. Consequently, they must
be modeled using simplifying assumptions, but such assump-
tions may not be interpretable in terms of muscle physiology.
Our approach allows these assumptions to be based on scientific
considerations while retaining the flexibility of the functional
approach. Parametric models based upon ODEs do exist but are
known to be inadequate for characterizing muscle force tracings
(Herzog 2004). We develop Bayesian nonparametric methods
that favor shapes consistent with these parametric models, while
being flexible enough to account for deviations from parametric
assumptions. As we are primarily interested in mean differences
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Table 1. This table presents the steps of a resistive-type exercise
protocol administered in a rat model of muscle function

Experimental Test Protocol

Observation (3 Times/wk for 4.5 weeks)

1 Single Isometric force test conducted at 90°

2 1 Stretch-Shortening Contraction at
70° — 140° — 70°

3 8 sets of 10 Stretch-Shortening Contractions
90° — 140° — 90°

4 Single Isometric test conducted at 90°

5 1 Stretch-Shortening Contraction at

70° — 140° —70°

NOTE: Degrees indicate the angle of the joint during application of force. We investigate
differences in observation 5 from the first and last experiment. Adapted from Cutlip et al.
(2007)

between groups, we further extend these methods to a hierar-
chical setting to allow functional ANOVA style comparisons.

1.1 Skeletal Muscle Force

The force generated by muscle activation, illustrated in
Figure 1, is nonlinear (Maffiuletti 2010; Parsaei and Stashuk
2011) and is associated with complex physiology, such as mo-
tor systems and muscle twitch dynamics. The current lack of
accurate statistical models for characterizing force tracings has
made effective statistical comparisons challenging.
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Figure 1. Fifteen muscle force measurements (gray lines) made on
young rats before training, with the mean of these measurements shown
in black. The five sections separated by a vertical line describe different
portions of the muscle activation. The first and last sections represent
force generation when the muscles are not contracting. The second
and fourth sections represent the force generated during an isomet-
ric contraction; with the third section denoting the stretch shortening
contraction, which takes place during an isometric contraction.
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Models for isometric force measurements date back to Hill
(1938). A popular approach uses first-order differential equa-
tions relating muscle force output to a series of motor, damper,
spring systems (Wexler, Ding, and Binder-Macleod 1997; Ding,
Binder-Macleod, and Wexler 1998; Phillips et al. 2004). Such
models may reasonably describe areas of observed data across
the force activation curve but do not represent important as-
pects of the response. Other modeling approaches (Geronilla
et al. 2006) attempt to characterize the response curve using
a time-varying combination of basis functions, leading to im-
provements in prediction but a lack of interpretability and ac-
commodation of prior mechanistic knowledge.

In an effort to develop better training/rehabilitation protocols
tailored to individual needs, recent studies have investigated how
age affects muscle adaptation and maladaptation following spe-
cific noninjurious, repetitive, resistance-type loading protocols
designed to induce increases in performance and muscle mass.
Initial investigations (Cutlip et al. 2006; Murlasits et al. 2006)
and subsequent validations (Ryan et al. 2008; Baker et al. 2010;
Hollander et al. 2010) have supported the use of supramaximal,
electrically evoked stretch shortening contractions precisely pre-
scribed for inducing adaptation (increases in performance and
muscle mass) in young animals following repetitive exposures
of resistive muscle contractions. We use such data to study the
effects of age on resistive muscle training sessions to better
understand the benefits/harm of training across age groups.

Complexities arise when modeling the force tracings of a
stretch-shortening contraction. The force output is a product
of the isometric force at time ¢ and a function related to joint
movement. That is, the total force h(t) measured at time ¢ is
thought to be

h(1) = Q) F (1), )]

where F : RT™ — R is the isometric force at time ¢ and Q :
R* — R7 is a function representing the increase (1 < Q(t))
or decrease (0 < Q(¢) < 1) in isometric muscle force genera-
tion during a stretch shortening contraction. Scientific interest
focuses on differences in Q(¢) and F(¢) across experimental con-
ditions. Interest in F'(¢) stems from the premise it is the “base-
line” force produced by the muscle. Differences are related to the
general health of the muscle. Interest in Q(¢) is based upon the
premise that it represents the potential force that is released when
the muscle moves; differences here relate to the ability of
the muscle to adapt. Our focus is on developing nonparamet-
ric Bayesian methods that incorporate prior information us-
ing ODE:s that can estimate both Q(¢) and F(¢) using minimal
assumptions.

1.2 Relevant Literature

We are interested in modeling F(¢) and Q(¢) using scientific
information based upon ODEs. From a Bayesian perspective
there is a growing literature on parameter estimation for models
derived from ODEs. We consider parametric and nonparametric
approaches that are applicable to our problem.

If one assumes that muscle force activation is well described
by a known ODE, then there are several recent contributions
on Bayesian parameter estimation relevant in this context.
Lunn et al. (2002) developed a framework for pharmacoki-
netic/pharmocodynamic models. Putter et al. (2002) developed
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methods based on partial differential equations to estimate HIV
infection, and Huang, Liu, and Wu (2006) developed a hierar-
chical framework to investigate the antiviral response for HIV
infection in a population of individuals. To compare different
ODEs Vyshemirsky and Girolami (2008) investigated Bayes’
factors between several nonlinear ODE models.

Other parametric work focuses on novel estimation method-
ologies for nonlinear differential equations. For example,
Calderhead and Girolami (2011) used recent advances in
Hamiltonian Monte Carlo methods on Riemann manifolds
(Girolami and Calderhead 2011) to model biochemical pro-
cesses described by nonlinear differential equations. Other au-
thors (Ramsay et al. 2007; Calderhead, Girolami, and Lawrence
2009) developed novel techniques for estimating nonlinear
differential equations using smoothing-based approximations.
Though these methodologies explore approaches for modeling
data using parametric differential equations, they still assume
that the data are well characterized by a fully parametric model,
which is known to be incorrect for our problem.

From a nonparametric perspective the problem could be ap-
proached using a Gaussian process (GP) emulator (Kennedy and
O’Hagan 2000, 2001). In the first stage, a solver is used to ob-
tain the differential equation solution on a finite grid of points.
Then, uncertainty and bias are accommodated in the second
stage through centering a GP prior on the differential equation
solution. Though mechanistic information can be included in the
mean function, it is not included in the covariance of the Gaus-
sian process; hence realizations from the GP may be unrealistic
and not resemble different ODE solutions. Further the variabil-
ity in the curves may be inadequately represented, with credible
intervals around the estimated curve being quite unrealistic. Our
goal is to develop hierarchical Gaussian processes that inherit
the behavior of the ODE through the covariance kernel, while
also allowing variability among individual trajectories across
subjects.

Recent work based upon stochastic differential equations uses
differential equations to model data, like the GP emulator ap-
proach, but embeds mechanistic information into a stochastic
process through stochastic differential equations. In these ap-
proaches the forcing function for a differential equation is de-
fined by a stochastic process (the forcing function is the function
r(t) such that Lh(t) = r(t) for some differential operator L).
This induces a stochastic process over the observed curve that
inherits the behavior of the differential equation. Golightly and
Wilkinson (2006), Golightly and Wilkinson (2011), and Zhu,
Taylor, and Song (2011) are examples of approaches based on
diffusions. These methodologies assume a white-noise process
over the latent forcing function r(¢), which is not appropriate as
we assume a smooth r(z).

Most similar to our approach is the approach of Lawrence,
Sanguinetti, and Rattray (2007), Alvarez, Luengo-Garcia, and
Lawrence (2009), Honkela et al. (2010), and Alvarez, Luengo,
and Lawrence (2013), who developed latent force models that
embed mechanistic information into a GP prior while assuming
a smooth forcing function. The embedding is accomplished by
defining a novel covariance kernel specified as the double in-
tegral product of a squared exponential kernel and the Green’s
function corresponding to the linear ODE of interest. These
models can be extended to allow for a limited hierarchical spec-
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ification by including independent processes for each output.
Though similar to our approach, the nature of our problem
makes it difficult to use directly. Other authors have consid-
ered the case in which mechanistic information is used to de-
fine stochastic processes over nonlinear differential equations
(Hartikainen, Seppanen, and Sarkka 2012; Titsias et al. 2012).
These methods develop approximate sampling algorithms spe-
cific to the nonlinear case, and do not consider methods for
linear ODEs, which is the case we are faced with.

By examining the reproducing kernel Hilbert space (RKHS),
the latent forcing approach can be shown to be similar to
the smoothing approach of Heckman and Ramsay (2000) (see
chaps. 20 and 21 of Ramsay (2006) ). Here a white-noise process
governs the behavior of the latent forcing function, as compared
to a squared exponential kernel in the latent forcing approach. In
this smoothing approach, the equivalent covariance kernel was
extremely ill-conditioned for n as small as 20. In our problem
we consider linear ODEs with a smooth forcing function, but
have observed similar behavior for large n, which may be caused
by the fineness of the temporal sampling between observations.

Alternatively to finding the analytical solution for the convo-
lution one can use approximation methods to solve the ODE.
One approach relies on the MAP-Laplace approximation (Gao
et al. 2008), which finds the maximum a posteriori (MAP) es-
timate of the latent forcing function and then uses a Taylor
approximation at that point. We develop an alternative approach
that relies on accurately approximating solutions to the differ-
ential equations directly using a Runge-Kutta approximation.
We name this process the mechanistic hierarchical Gaussian
process to differentiate it from the latent force methodology as
it can be used on an arbitrary covariance kernel without fur-
ther derivation; the approximation avoids the quite complex
direct analytical solution required when using the latent force
approach. We also extend this method using the hierarchical
Gaussian process (Behseta, Kass, and Wallstrom 2005) which
allows for information sharing between observations. By using
the hierarchical Gaussian process we model individual experi-
mental group effects as well as individual subject effects.

2. MECHANISTIC GAUSSIAN PROCESS

Consider modeling an unknown response 4 : 7 — R, with
T = [ty, ;] € R and data consisting of error-prone measure-
ments (yi,...,Yy,) of h at locations (¢q,...,1%,). A common
approach lets

(&) = h(t) + €, )

where h(t) ~ GP(0, R(-, -)), a zero mean GP with covariance

kernel R(-,-), and & ~ N(0,z~"), with{ = 1,..., n. The co-
variance kernel R(-,-) is frequently chosen as squared expo-
nential, exponential, Matérn or some default form that leads to
flexible realizations. Although prior information about 4 can
potentially be incorporated through the mean of the Gaussian
process and choice of the covariance kernel, it can be difficult
to choose appropriate values in practice.

We incorporate prior information by defining a covariance
kernel favoring shapes consistent with mechanistic information
specified by differential equations. We assume the information
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is expressible in the form of a linear ODE

d"h(t) d"'h(r) dh(t)
Lh(t) = 1) ————— + .. .a () ——
()= =2 a5 )
+ ap(Dh() = r(1), 3)
where {ay(¢), ..., a,_1(t)} are known nonzero functions on 7 .

Under these conditions the solution to (3) exists and, given initial
values, can be expressed as

t
o = [ Ga.eren. @
o

Here G(t, &) is Green’s function that is used to explicitly cal-
culate the covariance kernel for latent force models (Lawrence,
Sanguinetti, and Rattray 2007; Alvarez, Luengo-Garcia, and
Lawrence 2009; Honkela et al. 2010; Alvarez, Luengo, and
Lawrence 2013). The integral operator (4), described in short-
hand as G, is a linear operator, and is the inverse of the differ-
ential operator L in (3). As G is linear, if r(¢#) ~ GP(0, R(, -)),
then A(?) is also a Gaussian process with a covariance kernel
dependent on G and R(-, -). This defines a GP over & whose
covariance kernel favors shapes consistent with (3).

One can alternatively look at (4) from a process-convolution
perspective (Higdon 1998, 2002; Alvarez, Rosasco, and
Lawrence 2012). Here the covariance kernel can be seen to
be derived from the convolution of the Green’s function related
to the ODE of interest and the covariance kernel of the latent
forcing function. From this perspective it can be viewed as de-
veloping a kernel specific to the needs of the problem.

In our case, due to the fineness of temporal sampling, the
exact solution to the resulting covariance matrix is often ex-
tremely ill-conditioned resulting in computational instability.
We tried a wide variety of existing methods for addressing ill-
conditioning problems in GP regression with no success. The
induced covariance of /(#) tends to be substantially more subject
toill-conditioning than even the squared exponential covariance.
This is because one is compounding the ill-conditioning of the
covariance matrix defined over r(¢) with an ODE, which for
some initial values may also be extremely ill-conditioned (see
chap. 9 of Asaithambi 1995). We avoid the exact solution and
rely on a Runge-Kutta approximation (Asaithambi 1995) that
allows direct modeling of r(¢) for an arbitrary covariance kernel
R(-, -). In our experience, this aids in computation while by-
passing the cumbersome calculations necessary to compute the
covariance kernel.

2.1 Approximation of the Process

There is a large literature on approximate solutions to differ-
ential equations. Given a set of initial conditions corresponding
to h(ty) as well as the first m — 1 derivatives of h evaluated
at the initial point #y, one can use Runge-Kutta (RK) methods
(see chap. 9 of Asaithambi 1995) to accurately approximate the
solution to an mth order ODE. When L is linear, RK methods
express the numerical solution to the ODE as a linear combina-
tion of the forcing function r(¢) evaluated at a finite set of points,
{t;}]_,, along with the initial conditions h* = (h7, ..., h}) . We
illustrate the approach using the Euler-Cauchy second-order ap-
proximation, though other RK approximations proceed in much
the same way.

897

The Euler-Cauchy approximation recursively defines a solu-
tion to h(z) at {;};_,, by approximating the function as a linear
combination of r = (r(#1), ..., r(t,)) and h*. As an example,
consider a first-order differential equation (i.e., m = 1 in (3))
where points are equally spaced with A = 2(¢; — #;_;). The ap-
proximate Euler-Cauchy solution is formed recursively by

A

hy =hi—1+ A{g(ti—1, hi-1)} )
A ~
hy = hi—y + > {gtiz1, himy) + g, hp)}. (6)

Here g(#,_1, h;_1) is a function of the derivative evaluated at
ty—y and h;_; for [ > 1 (e.g., for (3) with m =1 one has
g(ti_1, hy—1) = [r(—1) + ao(ti—1)h;—1] where the function ag(-)
is a known function described in (3)). As long as g(z, f) is
linear, the approximation is a linear function of »(¢) and the ini-
tial conditions h*. Consequently the solution can alternatively
be expressed as a product of a matrix G and a vector of ele-
ments r* = (h*, r’)’. We form the matrix recursively with row
[ corresponding directly to each function evaluation described
above. Continuing with the example, one defines the matrix G
as follows: first set row [ =1to (1 O 0), which cor-
responds to the initial condition specified by h}. For [ > 1 the
approximation proceeds by specifying a row vector

A

Guy =1+ Aap(t-)1Gy_1.4 + K.

Here K is a row vector of zeros except at the entry [, which is
set to A, and Gy . is the previous row. One then defines row
[ of G as

A N
Gy =Gy + 5 [ao(ti-)Gy-1.) + ao(ti-1)Gy ] + K,

where K is a row vector of zeros except at entries / and [ +
A

1, which are set to 3. Through this alternate expression one
arrives at the approximation %(¢) &~ Gr*. This can be seen as
approximating A(¢) in the context of a linear regression where
r* is unknown and G is a known regression matrix.

Though we describe the method using the Euler-Cauchy ap-
proximation (an O(A?) approximation method), a similar G ma-
trix can be constructed using higher order RK methods. Though
higher order methods form better approximations they also re-
quire more functional evaluations of r(¢). This may require r(¢)
to be evaluated at points on the index set that have not been ob-
served, often greatly increasing the computational complexity
when sampling from the posterior. Before implementation, this
tradeoff between accuracy and computational efficiency should
be evaluated, as in many situations a lower order approximation
is adequate.

One should also investigate the appropriate step size A, which
also controls the accuracy of the approximation. Too large a
step size may result in unacceptable approximation error, and
too small step sizes result in unnecessary computational over-
head. In our example, with the Euler-Cauchy approximation, our
step size was A = (1/260). Under these conditions numerical
experiments produced results that had a maximum absolute dif-
ference on the order of approximately 10~ between the actual
and numerical solution across the entire curve.
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2.2 Posterior Sampling

For the above approximation, sampling from the mechanistic
GP proceeds using a series of conditionally conjugate Gibbs
steps. The discussion assumes model (2) with Y ~ N (h, 717,
where 1 is a (n x n) identity matrix, Y = (y1(f1), ..., Yu(t2))',
and h = (h(ty), ..., h(t,)), with © ~ Ga(ag, by). From the
above discussion we define A = (o, ..., ;) to be a z x 1
vector of parameters used in the functions {a;(¢?), ..., a,—1(t)}.
These parameters can be specified to be known constants or can
be estimated. If the parameters are estimated, in most cases a
conjugate prior does not exist and a Metropolis within Gibbs
step is necessary. Consequently, in the algorithms that follow
we do not specify an exact prior for A. We assume the ini-
tial conditions h* are specified as h* ~ N(Ay, By), which are
independent of r(t).

Sampling Algorithm 1.

1. Sample r* ~ N(E, W), where W = (1G'G + Q1!
and E = W(tG'Y 4+ 7! p), where p is the prior mean
of r*. Further 2 = block-diag(By, ¥) , which is a (n +
m) X (n + m) block diagonal matrix defined using By and
Y. Here By is the prior variance of h* and X isthen x n
covariance matrix for r*.

2. Sample t from Ga(ag+n/2,by+ (Y — Gr*)(Y —
Gr*)/2).

3. Marginalizing out r*, that is, Y ~ N(0, GRG’ + t7'I)
as above I is a (n x n) identity matrix, block sample the
parameters A using a Metropolis—Hastings step.

Gibbs sampling proceeds by iterating over the above steps.
To keep the algorithm general, we do not provide an explicit
description of sampling of the GP hyperparameters in the above
algorithm. However, we have observed the best mixing when
these hyperparameters are block sampled with A.

3. ADAPTATION TO MUSCLE FORCE APPLICATION

The mechanistic GP is not directly applicable to the mus-
cle force application, which has the additional complication of
decomposing h(t) as

F@) 1 ¢ [ta, 1]

F®)Q(t) t € [ta, tp]° (7

h(t) = {

where F(t) and Q(t) are describable through first- and second-
order differential equations, respectively. Additional constraints
are needed to separately identify F(¢) and Q(#). For F(t), shape
constraints are needed that rule out Gaussian processes, SO we
use restricted splines. As Q(¢) is known to equal one at the be-
ginning and end of the stretch shortening contraction, we modify
the GP to include this information. In what follows, we describe
the individual ODEs governing F(¢) and Q(¢) and outline an
extension of the posterior sampling algorithm of Section 2.2.

3.1 Prior Extended to Muscle Force Data

We define an ODE for F(¢) and Q(f) using generalizations
of models from the muscle force literature. The isometric force
function F'(¢) is historically related to the first-order differential
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equation (Hill 1938)
dF(t)
dt
Here B represents the damping constant of the muscle fibers,
and p(t) corresponds to the joint action of muscle at time ¢.
We assume that the form of the motor activation function is
unknown but is linear shortly after activation.
Placing a linearity assumption on p(t) only during the stretch
shortening contraction, we let

— BF(1)+ p(1) = 0. 8)

s
pt) =" Bibs(0),
s=0

where by(t) = 1 and B; ~ N(a, b). Also, we let by(t) for s > 1
be defined as piecewise polynomial splines on the interval 7; =
[ts—1, Ts+1]. For all s # s’, which are defined outside of the
stretch shortening contraction, we use cubic splines defined to
be O prior to the interval and 1 after the interval. For the interval
including the stretch shortening contraction we let by be a linear
spline on the interval, O prior to, and 1 after the stretch shortening
contraction, which defines a linear interpolation of the function
on this range. To model a flexible curve we use a large number of
evenly spaced splines to estimate p(¢). This spacing resulted in
35 splines outside of the stretch shortening contraction, except
during the stretch shortening contraction where one linear spline
is used to interpolate the area in this region. Equivalent spline
spacing was tested on a large number of isometric force tracings
(tracings without a stretch shortening component) where it was
more than adequate in modeling all observations.

When the joint is moved through its range of motion, the
force on the joint is related to the angle of the joint and other
factors. Angular motion is often described using a second-order
differential equation, and we follow this approach. As the exact
form of the differential equation is unknown (damping constant),
we model this function through the fully specified second-order
differential equation:

d*Q(1) , 400
t

2 tA T AL ) =0, ©))

where g(¢) ~ GP(0, R(-, -)), A > 0, and the damping constant
A < 0. When g(¢) = 0 this defines a periodic function having a
period 7 +/A.

Itis further known that the multiplicative effect of Q(#) should
be 1 prior to and after joint movement. We add the constraint
that at the beginning 7, and end #, of the stretch shortening
contraction, Q(¢,) = Q(,) = 1. One can easily sample from
this using the conditional properties of the multivariate normal
distribution.

3.2 Posterior Sampling Extensions

The RK approximation is used to sample both F(¢) and Q(¢).
Analogous to h* above, we define F* = (F) ~ N(Ay, Bg) and
Q* = (Qo, Q1) ~ N(Ay, B)), initial value vectors for F(¢) and
Q(t), respectively. Similarly let p = (p(#y), ..., p(t,)), and
g=(g),...,g)), which are vectors of the latent forcing
functions evaluated at a finite set of points for F(¢) and Q(z),
respectively. Finally define p* = (F*, p’) and g* = (Q*, g).’
For convenience we refer to G as the Euler-Cauchy approxi-
mation to either (8) or (9). For all references to F(¢), G is the
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solution to (8), and for all references to Q(¢), G is the solution
to (9).

In sampling F(¢t) one has p = Xf, where X is the n x
(S + 1) matrix of spline basis functions {bs(t)}ss=0 evaluated at

(ti,....ty) and B = (Bo, Bi. ..., Bs). Letting B ~ N(0, Xp),
Step 1 of sampling algorithm 1 is modified as follows:

Sampling Algorithm 2.

1. Putting the prior F* ~ N(Ag, By) over the initial
conditions, define V=GX,p=(A; 0), and =
block-diag(By, X ). Then sample p* ~ N(E, W), where
W=cVV+QH landE = WVY +Q'p).

We also modify algorithm 1 to sample g* given Q(¢,) =
QO(tp) = 1. This is done using the conditional properties of the
multivariate normal distribution, that is, for

(] Lenes])
X wy |71 Cr2C2 | )’

XX, ~ N(p; — CCyy [y — X2],
Ci — C12C2_21C2])~ (10)

one has

In the above approximation Q(t,) = Qo and Q(,) = Gy, 18",
where Gy, . is the last row of G. We modify step 1 of sampling
algorithm 1 as follows:

Sampling Algorithm 3.

1. Calculating g* ~ N(E, W) as in algorithm 1, define the
following quantities

| I
E*Z[G{n:}:|E’ W*=|:G{11:}1|W[I G{n,:}]-

Then sample g*|Q(t,)Q(t,) from a normal distribution
whose mean and covariance are derived from E* and W*
as in (10).

On the interval [¢,, #,], sampling Q(¢) and F(t) proceeds
conditional on knowledge of the other. To sample F'(¢) one uses
algorithm 2 and multiplies each row of G by the corresponding
value of Q(¢) (i.e., for row / one multiplies each element in this
row by Q(#)). Similarly we multiply by F(¢) when sampling
Q(t) and sample from algorithm 3.

4. HIERARCHICAL MECHANISTIC GAUSSIAN
PROCESS

We extend the mechanistic GP to hierarchical modeling of
functional data (Behseta, Kass, and Wallstrom 2005). This al-
lows modeling of individual curves as well as population means.
The extension is described in terms of our application but can
be readily used in other settings.

Consider a study in which there is a single factor of interest
having I levels. For subject j a functional response /;x : 7 — R
is measured K times. In our application the factor is age, I =
2, K = 2 and represents measurements pre- and post-exercise
routine, and h;;(¢) is the time varying force function. Here, for
all i, j, k, the n functional measurements are taken at equally
spaced points on the index set 7. Data are modeled as

Vijk(t) = hije(t) + €iju,

899

where ;1 5 NQ,t j_l), and a mechanistic Gaussian process
prior is defined over () as in (3).

For subject j, in group i, the pre- and postfunctional measure-
ments are modeled as

hiji(t) = hijn(O1k > 1) + hijp()1(k > 2), (11)

where 1(-) is an indicator function that takes the value of 1
if the argument is true, and O otherwise. This additive form
allows modeling of the muscle force measurements pre- (k = 1)
and post-(k = 2) exercise protocol, with changes in the muscle
force output due to the exercise routine modeled through hi j2(t).
In terms of the mechanistic GP one models the latent forcing
function as

rije(t) = Fiji(OLk = 1) + Fijp(0)1(k = 2). 12)

To get an equivalent expression as in (11) one integrates (12)
using (4). For interpretability between observations and groups
we use the same integral operator G across all levels of the
hierarchy.

Extending (12) to account for variability between factors we
define

Fiji() ~ GP(ri (1), R (-, )
@ ~ GP(r¥(). R, ),

with k = 1,2 as in (12) and r>(t) ~ GP(0, R®(., -)). Sam-
pling from this hierarchy proceeds in much the same way as
algorithm 1. Analogous to the case of the single curve we de-
fine f';‘} o rl(.,lc)*, and ri)* to be vectors representing the latent
forcing function and subsequent hierarchies evaluated at sam-
pled points. We define the individual vector of observations
Yijx = Gije(t), - - ., yije(t,)). Sampling from the posterior is
specified in terms of ¥, r)*, and r'?*, and proceeds as

follows:
Sampling Algorithm 4.

1. For each i, j, k, sample 7, conditionally on F};,, where
k=1 if k=2 and k' =2 otherwise. Here let Y* =
(Yijk — Gi"}’}k,) and sample f'l’.fik ~ N(E, W) where W =
(tG'G+ ;)" E=WrG'Y* + @ ,r,). Here, as
in sampling algorithm 1, &;;; is a subject specific (n +
m) X (n + m) covariance matrix.

2. For each i,k pair, sample rf.}()* ~ N(E, W), where

in this case W=, 2+ [@1") and E=

W, Qlfj,l{i‘:‘j +[R017'r7%). Again Q) is an (n +

m) X (n + m) covariance matrix as specified above and

Rf,l)(g -) is used to compute the finite dimensional covari-

ance for the latent forcing function.

For r\”*, sample as in Step 2 replacing ¥;j; with r'}”* etc.

4. Foreachi, j, sample t; from Ga(ag + n, by + Zk(Y,-jk —
Grl’.‘jk)’(Y,-jk —Gr};)/2), where 1, =F;1k =1+
Bk = 2).

5. Sample A similarly to algorithm 1.

»

Inference on the group average curves hg,lc)(t) and the popu-
. ®) . . .
lation average curves /" (t) proceeds using the approximations

Grﬁ}{)* and Gr,(f)*, and as G is the same across all i, j, k, the pop-
ulation averages have the same interpretation as other curves in
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the hierarchy. Extending the above framework, by adding more
hierarchies, is straightforward. Each additional hierarchy is sam-
pled as in Step 2 noting that the previous level is used as the
input vector.

4.1 Extensions to the Hierarchical Mechanistic Process

We extend the hierarchical mechanistic process to our appli-
cation. Here

Fiu@) t ¢t 1]
Fijp)Qijn(@) t € [ta, ] °

where the isometric force function F;j; () and the stretch short-
ening multiplier function Q;;(¢) are defined using (8) and (9),
respectively. For F; ;i (¢) and Q;x(¢) we define the hierarchy over
the latent forcing function, with the isometric and SS forcing
functions p; () and g;x(¢) specified as in (12). This discussion
uses the same notation as above, that is, the latent functions
measured pre- and post-treatment for the stretch shortening
contraction and isometric functions are represented as g;;x(¢)
and p;x(¢) with the corresponding vectors evaluated at sampled
points represented as g;;, and p; .

hiji(t) = {

For Q;jx(t), the forcing functions g;;x(?), gf},)((t), and gsz,z(t)

are defined such that Q;;x(t,) = Q;jx(tp) = 1, etc., and these
constraints are implemented in exactly the same way as in sam-
pling algorithm 3. To sample &, , g*, g?* one proceeds by
computing E and W as in sampling algorithm 4 and then sam-
pling from the conditionally conjugate distribution specified in
sampling algorithm 3.

Hierarchical extensions in modeling Fjj(¢) are direct. Using
the same hierarchical notation, we place multivariate normal
hierarchies over the spline coefficient vector 8

% 1 1
ﬂijk ~ N(ﬂl(‘k)v Zfs,)ik)
(€)) 2) v(2)
Bix ~ N( 2 ) Eﬂ,k)’
which in turn defines p; (1), P,(yi)(t ), and p,(cz)(t). Sampling each
P p\.*, and p{’”* proceeds by placing the modifications of
sampling algorithm 2 into sampling algorithm 4.

5. SIMULATION

We conduct a simulation experiment based upon the model
developed in (7). Curves similar to those expected in a mus-
cle force application are generated, and the simulated curves
are compared against posterior estimated curves. Mirroring the
muscle force application, the hierarchy was generated assuming
I =2,J =20, and K = 2. The group levels of the hierarchy,
1’4}(,(1 (1) and Ql(.,lc) (¢), were simulated to resemble muscle force
tracings of isometric and stretch shortening contractions based
upon (8) and (9). The individual level data were generated at 565
equally spaced points, assuming A = ﬁ. Here the first 80 ob-
servations represent the force tracing prior to muscle activation.
After activation 120 observations were taken of Fjjx(t). The
next 201 observations were of F;jx(¢)Q;;x(¢) with the 164 re-
maining observations generated from Fj;;(¢). Similar to the real
data, all data were generated assuming little variability between
observations; here 7; = 300 for all observations.

We chose weakly informative priors for all hyper param-
eters. We place a GP prior over g;jx(¢), where the covari-
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ance kernel is specified using the squared exponential kernel
K, t") = o?exp(—L||t —t'||*). We set 02 ~ Ga(l, 1) and let
£ ~ Ga(100, 0.1), which reflects the assumption that g;;(¢) is
not expected to be very smooth. The same assumptions are made
for all other levels of the hierarchy. For p;;x(¢) we put normal
priors over the § coefficients, with diffuse priors specified at
the topmost level. The precision parameter for all other levels
was assigned a Ga(0.1, 0.1) prior. Finally the precision param-
eter 7; was specified using a Ga(100, 0.1) prior. This is a vague
prior on 7; centered approximately at the observed error found
in muscle force tracings. For the parameters in (8) and (9) we
defined discrete uniform priors over a range of plausible values.
Here B is defined to be in [4.1, 7.5], based upon analyses of
isometric data with a parametric model. Further the parameter
A, which defines the period of Q;j«(t), is put in the range of
[—3.5, —0.6]. This choice corresponds to a range representing
a half of a period to a period and a half. Finally the damping
constant was expected to be negligible, and A was given a plau-
sible range of [0.01, 2]. Note that A cannot take on values at 0
due to the identifiability constraints on the ODE.

We collected 50,000 MCMC samples disregarding the first
5000 as a burn-in. Examinations of trace plots for the quan-
tities of interest, the individual curves and curves in the hier-
archy, showed adequate mixing. Geweke’s diagnostic tests on
the chains (Geweke 1992) indicated convergence. Further the
effective sample size was calculated to be 1000 or greater for all
quantities of interest (hierarchical means had effective sample
sizes greater than 30,000). Hyperparameters for the covariance
kernel as well as the parameters specified in (8) and (9) con-
verged as evident in trace plots as well as Geweke’s diagnostic.
Mixing was slow, however, with effective sample sizes typically
calculated to be around 400.

For the quantities of interest (i.e., the individual level func-
tions and the first level of the hierarchy F;;x(z), Q;;x(?), Fi(kl)(t),
and Ql(.,l()(t), respectively, which represents 95 total curves), the
true curve was within the 95% credible region at the specified
level for these curves. Figure 2 shows the estimates of QEP (1)
and Ql(é)(t), for one of the groups. Here the true curve is given
by the gray line, the estimated curve is shown in solid black,
and the 95% credible intervals on the central estimate are given
by the dotted lines. One can see that the true curve is estimated
within these regions. This figure is representative of the other
estimates, where truth is well described by the model.

6. MUSCLE FORCE APPLICATION

With the goal of investigating the effect of noninjurious, repet-
itive muscle contractions on muscle force generation, we ap-
ply our approach to data compiled from Cutlip et al. (2000),
Murlasits et al. (2006), and Baker et al. (2010). In these studies,
15 young (3 months) and 27 old (30 months) rats’ dorsiflexor
muscles were exposed to a resistive muscle contraction proto-
col that included 13 sessions. At the end of each session the
dorsiflexor muscle group underwent isometric as well as stretch
shortening contraction (as described in Figure 1). Individual ob-
servations were taken at evenly spaced intervals (A = ﬁ ofa
sec). The entire measurement lasted just over 2 sec, resulting
in 565 total functional observations, as in our above simula-
tion study. Our analysis looks at possible differences between
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Figure 2. Estimated group level curves for the dynamic force in a
stretch shortening contraction for a simulated dataset. The black line
and corresponding 95% credible region (dotted lines) represent the
mean estimated curve and credible region. The true curve is given by
the gray line and can be seen to be well represented by the model.

muscle force measurements pre- (after the first resistive muscle
contraction protocol) and post- (after the last protocol) study,
between young and old animals. Priors for all parameters as
well as computational implementation were specified as in the
simulation.

Figure 3 shows the individual fits of h;;;(¢) for one animal’s
pre- and postobservations. Here the central posterior estimated
curve is shown in black, with the observed data shown using gray
hash marks. The credible intervals are not shown, as they are
too close to the central estimate to be visible. Figure 4 shows
the expected mean isometric contraction for the pre- (dashed
line) and post- (solid line) exercise protocol in the old animals
(top left) and the young animals (top right). The difference
(solid line) between the pre- and the post-training, as well as the
95% pointwise credible interval (dashed line), is shown in the
bottom row for the old (bottom left) and young (bottom right)
animals. Here it is seen that the young and the old animals,
as a group, displayed increased muscle performance related to
stretch shortening contractions, and the post-exercise increase
maximum was approximately 1.5 to 2.2 times an increase in
force output. In contrast, there was no difference in the group
average isometric contraction (i.e., Fl.(kl)(t)) for either young or
old animals. Figure 5 shows the estimated posterior curves (top)
and corresponding differences (bottom) for the young animals.
Here the pre-treatment (dotted line) and post-treatment (solid
line) estimated isometric contractions are shown in the top row,
and, though the central estimates are different, the bottom row
shows that there is not enough evidence to suggest differences
between the two groups. Similar results (figure not shown) were
observed for the older animals.

901
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Figure 3. The estimated mean isometric force generated for a single
animal pre- and post-treatment. The dark black line represents central
estimates of the function h(t) = Q(¢)F(¢), with the dark gray hash
marks representing the observed data. Here credible interval estimates
are not shown as they are very narrow.
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Figure 4. The estimated group level dynamic force multiplier gen-
erated by old (left column) and young (right column) animals. Here the
top row represents the average force increase during a stretch shortening
contraction pre- (black line) and post- (dotted line) exercise protocol.
The bottom row represents the observed increase (solid black lines)
thought to be due to exercise along with the 95% pointwise credible
interval (dotted line) for this increase due to exercise.



Downloaded by [Stephen B. Thacker CDC Library] at 10:55 17 October 2014

902

Force (Newtons)

Force Difference (Newtons)

Time (Seconds)

Figure 5. Estimated mean isometric muscle force generated for the
young animals pre (dashed line) and post (solid line). The bottom
row gives the estimates, and 95% pointwise credible intervals of the
difference between the two.

The model also allows one to look at individual estimates
between curves. Though the animals showed no significant dif-
ferences at the group level for isometric force generation, in-
dividual differences were seen. Figure 6 shows the isometric

N

Force (Newtons)
w

0 s s s s
0 0.5 1 1.5 2

Time (Seconds)

Figure 6. Estimated dynamic muscle force for an old animal. This
figure shows the central estimate for the pre- (dashed line) and post-
(solid line) for the isometric contraction of an individual old animal.
Credible intervals are not shown as they are indistinguishable from the
central estimate.

Journal of the American Statistical Association, September 2014

contraction difference for an individual animal. Here the pre-
and post-treatment estimates are shown in the top graph with the
estimated differences being shown in the bottom graph. Here in-
dividual differences are seen, which is significant as it supports
the idea that some older animals vary in their physiology related
to the overall muscle health.

Note that there is an additional advantage of modeling the
latent forcing function as it may be used to generate or support
hypotheses. For example, for F;;; (), the latent forcing function
Dpijk(t) represents the muscle motor action at time ¢. These curves
(figure not shown) show a steep increase right after activation,
a sharp decrease shortly thereafter, and then a stabilization to a
near constant level. This is consistent with the idea that large
amounts of calcium influx the cytoplasm and bind rapidly to
troponin upon muscle activation (steep increase in force trac-
ing), until finally calcium is sequestered from the cytosol upon
deactivation (return to baseline in force tracing).

7. DISCUSSION

This article proposes a flexible nonparametric Bayesian
method that takes into account prior scientific information based
upon an ODE. This method relies on a sampling algorithm us-
ing a Runge-Kutta approximation to the ODE. The nature of the
approximation allows for a hierarchical specification at the pop-
ulation level estimates by modeling the latent forcing function
directly. The goal was to develop an inferential framework for
muscle force tracings, and investigate the effect of noninjurious
resistive exercise protocols on muscles of different ages (i.e.,
young and old muscles). It was important to accurately model
both the overall functional response and the two constituent
functions, which themselves have scientific interest.

For our specific problem the model is able to show that the
dynamic force generated through the stretch shortening contrac-
tion may be more informative and specific in showing adaptation
and maladaptation following noninjurious mechanical loading.
Both groups of rats have an adaptive response in dynamic mus-
cle force produced. Force generated is, at the population level,
greater after the exercise protocol, but both groups have statis-
tically nonsignificant responses in isometric force generation.
Maximal isometric force generation, which is represented by
a single value, has been seen as the gold standard response of
interest in the muscle force literature in terms of measuring
adaptation/maladaptation. The models presented here may al-
low researchers to begin to model more sensitive endpoints and
look at their data from a functional data perspective. Further,
such analyses may lead to new insights. For example, the max-
imal force for older rats appears to occur at a different joint
angle, suggesting impacts affecting the length = tension curve
dynamics as the animals age.

The proposed approach can be extended to human muscle
force tracings, and may allow for in-depth study of human
physiologic responses to exercise routine posttraining. Such
an analysis, on the entire force output, has previously not been
attempted. For such a study, age, as well as other variables, can
be included in the hierarchical framework. In this manner the
efficacy of the current “one size fits all” approach across the
spectrum of prevention/intervention including occupational,
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athletic, physical therapy, strength and conditioning, and well-
ness programs can be studied. If similar results are seen in human
populations, this might suggest that different treatment protocols
are appropriate depending on age or other variables of interest.

In domains outside of the muscle force literature, the approx-
imation method allows researchers to easily incorporate mech-
anistic information into analyses, while bypassing the cumber-
some integrals that are required for direct calculation of the
covariance kernel. In situations where there are fewer observa-
tions that are not evenly spaced, one can still use this approach.
This can be done either by using our regression based approach
directly, or, when inference is desired on less closely spaced
observations, one can approximate the covariance matrix by
computing GXG’. Here, as above, X is the finite dimensional
covariance defined on the latent forcing function. As this matrix
will represent a fine grid of points across the domain of interest,
one needs only to extract the rows and columns that correspond
to locations where inference is desired. Finally, this method can
be used where there is prior knowledge on the approximate
shape of the response, but no direct mechanistic information
is available. Here, one would tailor a covariance kernel to the
problem at hand, which may result in some gains in efficiency
for problems where points are sampled at sparse intervals.

[Received January 2013. Revised January 2014.]
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