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A method is presented for the evaluation of the bias, variability, and accuracy of gas monitors.

This method is based on using the parameters for the fitted response curves of the monitors.

Thereby, variability between calibrations, between dates within each calibration period, and

between different units can be evaluated at several different standard concentrations. By

combining variability information with bias information, accuracy can be assessed. An example

using carbon monoxide monitor data is provided. Although the most general statistical software

required for these tasks is not available on a spreadsheet, when the same number of dates in

a calibration period are evaluated for each monitor unit, the calculations can be done on a

spreadsheet. An example of such calculations, together with the formulas needed for their

implementation, is provided. In addition, the methods can be extended by use of appropriate

statistical models and software to evaluate monitor trends within calibration periods, as well as

consider the effects of other variables, such as humidity and temperature, on monitor variability

and bias.

Keywords: accuracy, bias, evaluation of gas monitors, precision

D
irect-reading monitors are available for a
wide range of workplace contami-
nants.(1) Different versions of these in-
struments may be used for area moni-

toring in one location, for area monitoring in
different locations, and for personal monitoring.
Data obtained from them provide warnings to
workers and management of high concentrations
of the measured toxic gases, vapors, or aerosols,
and enable calculation of average concentrations
of these toxic substances. The development of
personal direct-reading monitors with data log-
ging capability has increased their usefulness and
convenience in assessing exposure.

Because the data from monitors can be used
for many applications, it is important to deter-
mine data accuracy. Extensive protocols for the
evaluation and use of these instruments provide
procedures for examining performance char-
acteristics such as repeatability, variation in

response with temperature and humidity, re-
sponse time, and long-term stability of re-
sponse.(2,3) However, these protocols do not al-
low calculation of overall accuracy of the
instrumental data.

This article is intended to introduce the con-
cept of statistical modeling of this kind of data,
but not to give the statistical details. The detailed
description of the statistical procedures is con-
tained in another document.(4) Statistical mod-
eling of such data will allow estimation of accu-
racy, much like accuracy evaluation of analytical
methods for gas and particulate matter.(5,6) Be-
cause decisions concerning use, development,
and effectiveness of controls depend on data ac-
curacy, this kind of evaluation is important.

This study developed a procedure to do such
an accuracy evaluation. The procedure requires
that the response of the monitor to target con-
centrations be modeled as a linear or higher
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order (for example, quadratic) function of these concentrations.
In the simplest case the response function will be a straight line,
although more complex response functions also can be treated.
The method used to generate these target concentrations must
meet certain requirements so that the true concentration has the
target concentration as its mean and individual deviations from
the target are small. If necessary the target concentrations can be
verified by an independent method.

Statistical analysis of the response function can be done while
a number of variables are changed. For instance, the response
function of a set of monitor units can be determined repeatedly
over a period of time with a fixed calibration interval to determine
response stability for this calibration interval. The response curve
also can be determined while changing other variables such as
temperature, relative humidity, and interferences to determine
their affect on instrumental response and accuracy.

Accuracy is defined in terms of bias and variability.(6) Bias is
estimated by the ratio of the monitor’s response to the target con-
centration. Variability is expressed as the relative standard devia-
tion (RSD)—the ratio of the standard deviation to the target con-
centration. The combined effects of bias and of variability are
assessed via accuracy, which is computed so that the probability
equals 95% that a measurement will fall within A% of the true
value. The current criterion for analytical methods developed by
the National Institute for Occupational Safety and Health
(NIOSH) requires that A#25%.(6) If bias and variability are esti-
mated rather than treated as known, then a second probability
corresponding to the chance of obtaining accuracy A associated
with the first probability may be estimated. The work presented
in this article enables the user to obtain an estimate of the value
of A, such that 95% of individual measurements are within A% of
the target value. Also, this work enables the user to obtain an
upper 95% confidence limit on the value of A. Note that both bias
and precision are defined relative to the target concentration to
which the monitors are exposed. The concentration generated
must be checked by an independent method to determine that,
on average, the targets are approximately attained. This is impor-
tant. If the generation process has a systematic bias, that bias can-
not be separated from the monitor bias, because no comparison
to an independent method is provided for in these tests.

In the example used here, monitor response was measured as
a function of concentration over an extended time period. A num-
ber of identical monitors for carbon monoxide were calibrated
simultaneously at fixed intervals during this period and evaluated
simultaneously at various times between calibrations. The main
purpose was to determine whether the calibration procedure and
frequency were adequate to fulfill the accuracy requirement. An-
swering these questions required statistical modeling of the data
so that differences in response with time and with monitor could
be identified.

MODEL FOR MONITOR RESPONSE

The model given below describes a procedure for estimating the
accuracy of the measurements taken by the monitor over an

extended time period. The accuracy is estimated for randomly
chosen monitors, which are calibrated at the beginning of each
calibration period, and subsequently evaluated at randomly chosen
times in the period. Monitors will be assessed by fitting a response
curve for each trial, in each of which the monitors are exposed to
several different concentrations of analyte. A related example is
given in Vecchia(7) of assessment of the variability over time of

analytical instrument calibration lines. The purpose of evaluating
monitor data is the assessment of the adequacy of the calibration
period. If accuracy is within predetermined limits, then this cali-
bration period will be adopted.

The monitor response is designated as ypdm,j for a given monitor
(m) on day (d) in calibration period (p) at concentration Cj. As
an example, the method will be shown for a linear response func-
tion; however, the method can be used for polynomial response,
too:

y 5 b 1 b C 1 epdm,j pdm,cep pdm,lin j pdm,j (1)

In Equation 1 the subscript ‘‘cep’’ denotes the intercept of the
response curve and ‘‘lin’’ denotes the linear parameter of the re-
sponse curve. Because there are J concentrations, ypdm may be writ-
ten as a (J by 1)-dimensional vector of responses at the target con-
centrations. For example, if there are five concentrations then

ypdm,1 1 C1 epdm,1ypdm,2 1 C2 epdm,2y 5 y (2)bpdm pdm,3 pdm,cep5 1 C3 1 epdm,3) )* *y bpdm,4 pdm,lin* *1 C4 * *epdm,4ypdm,5 1 C5 epdm,5

or ypdm 5 X bpdm 1 epdm, where X is a matrix containing the con-
centrations. In the above expression,

b 5 b 1 a 1 b 1 c 1 ac 1 abc ,pdm p d(p) m pm pdm

b a b c accep p,cep pd,cep m,cep pm,cep
b 5 1 1 1 1pdm ) ) ) ) ) ) ) ) ) )b a b c aclin p,lin pd,lin m,lin pm,lin

abcpdm,cep
1 . (3)) )abcpdm,lin

Each of the addends in Equation 3 is a vector that represents
variability of the components of bpdm over periods (p), days (d),
or monitors (m) or combinations of these. In the above version
the subscript ‘‘cep’’ denotes components of the intercept of the
response curve, ‘‘lin’’ denotes components of the linear parameter
of the response curve. If there were T combinations of calibration
periods and days within these periods, and M monitors, then there
would be TM models of the form in Equation 2 for the linear
response curve model. In this model the chosen monitors, days
within calibration period, and chosen calibration periods are
viewed as random samples from a larger population. In some in-
stances, for example, if there are trends within each calibration
period, this assumption may be violated. A solution is to use in
the statistical analysis only those days in each period that are closer
together in time, thereby eliminating the effect of trend.

The same form as Equations 2 and 3 could be used to describe
a polynomial relation. For instance, by adding a third column of
squared concentrations to the X matrix and a quadratic parameter
to the b vector in the third row, the Model 2 can be used to
describe a quadratic response.

If the parameters of interest were means, rather than the pa-
rameters associated with a curve, each of the addends in Equation
3 would be one dimensional. For instance, suppose that m mon-
itors were used to measure a property of an industrial product, on
day d within period p. If the interest were in the variability of the
product over monitors, between periods, and over days within pe-
riod, then Model 3 might be appropriate, except that each com-
ponent would be one dimensional. This one-dimensional form is
a form that often arises in quality control.
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FIGURE 1. Response curves for each of the six monitors, for
one day’s determinations

The component epdm includes measurement error associated
with the monitors and with the test concentrations used in the
evaluation. In many situations it makes sense to assume that the
measurement error is statistically independent of the components
of bpdm. The rationale is that the measurement errors are instan-
taneous and represent the random noise associated with the mon-
itor determinations. On the other hand, the variability of the com-
ponents of bpdm is of a different nature, whether between
calibration periods, between days in period, or between monitors.
Also, it is best if the same concentrations are used at each evalu-
ation. Because the concentrations are set by the experimenter, this
is not an unreasonable aim. Also, if monitors are simultaneously
evaluated in a chamber, then it is assumed that deviations of the
generated concentrations from the target concentrations are small
compared with the other sources of error, which is reasonable in
a well-controlled chamber.

COMPUTER CODE FOR EVALUATING
MONITOR ACCURACY

ASAS(8) program has been written that fits a linear or quadratic
curve for each monitor evaluation, and these results can then

be used to obtain estimates of the accuracy A, and the upper 95%
confidence limit for A. The program assumes that all fitted curves
are fitted at the same concentration values. This program is ap-
propriate for situations in which randomly chosen monitors of the
same kind are periodically recalibrated at about the same time and
are evaluated several times between calibrations. This evaluation
may be done either simultaneously or one at a time. The required
parameter estimates are obtained in two steps. The program first
uses PROC REG to fit the linear or quadratic response curve on
day d of period p for monitor m. The resulting parameter esti-
mates are used by PROC MIXED to obtain the variance com-
ponents and average parameter estimates needed for accuracy anal-
ysis. Similar results could also have been obtained in one step by
fitting all the monitor measurements to a quadratic response curve
in PROC MIXED. A reason to prefer the two-step procedure is
that, in the authors’ experience, there may sometimes be conver-
gence problems in the larger data set associated with the one-step
procedure. The result of ‘‘convergence problems’’ is that the com-
puter program cannot fit the statistical model. The two-step pro-
cedure is also consistent with the procedure for obtaining esti-
mated variances for balanced data that is derived elsewhere.(4) The
term ‘‘balanced’’ is used to describe the special situation when all
monitor units are evaluated the same number of days in each cal-
ibration period. Such data are called balanced with respect to cal-
ibration period, days in period, and monitor.

For balanced data the accuracy computations can then be done
in Excel. An example of these computations is given in the Ap-
pendix 1. If the data are nearly balanced, so that they could be
made balanced by, for example, averaging or deleting some of the
days’ evaluations, then the spreadsheet method shown in the ap-
pendix can also be used. Although the steps used in the spread-
sheet are documented in the appendix, they are numerous and
complicated. The spreadsheet is set up so that if the mean squares
and degrees of freedom are provided in step F (see appendix), then
the sheet will calculate the precision, bias, and accuracy, and their
95% confidence limits. The spreadsheet is available from the
authors.

EXAMPLE USE OF PROCEDURE—CARBON
MONOXIDE MONITORS

An accuracy evaluation of personal data logging monitors for
carbon monoxide was done.(9) The monitors were the same

type: six Drager Model 190 data logging monitors. The monitors
were calibrated at 30-day intervals during the period of the eval-
uation. Calibration consisted of exposure to 0 span gas and to 250
ppm CO. The calibration mixture and equipment were obtained
from the manufacturer and were used according to manufacturer
procedures. The monitor was forced to have its readout agree at
the 0 and 250 ppm concentrations. The assumption is then made
that the response between these two extreme concentrations is
linear. According to the manufacturer the monitor response
should be within 3% of the true value for temperatures 50 to 868F,
or within 2 ppm of that value, whichever is greater.

The monitors were placed in a chamber where they were si-
multaneously exposed to varying concentrations of CO during
each exposure trial. Between two and six of these exposure trials
were conducted in each of the three calibration periods. The same
set of eight concentrations was used during each test exposure.
The concentrations to which the monitors were exposed were pro-
duced by a gas generation system that employed computer-con-
trolled mass flow controllers to adjust the flow rates of a standard
mixture of CO in N2 and dilution air to produce varying concen-
trations of CO. Data were collected from the data logging mem-
ories of the monitors using the software provided by the manu-
facturer. The monitor response at each target was recorded after
the readings stabilized. The flow controllers were periodically re-
calibrated, and the concentration in the chamber was checked by
an independent method (Fourier transform infrared). The atmo-
sphere in the chamber was under low and well-mixed flow so that
all parts of the chamber would be exposed to the same concen-
tration at close to the same time. Humidity was evaluated in an-
other part of study, and its effect was not found to be statistically
significant.(9) Humidity should have been similar for experiments
in the same calibration period.

Twelve days of data collected over 3 months were used in this
study. The number of days varied in each month. A quadratic was
used to model the monitor responses. Perhaps a straight line was
not adequate because of the wide range of data (see Figure 1 for
a plot of one day’s determinations by all six monitors). In Figure
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TABLE I. Accuracy Estimates for Example Carbon Monoxide Monitor Data

Concentration
Bias
Est.

RSD
Relative
to Target

Value
Accur
Est.

Accuracy
(ppm)

Conf. Lim.
Bias

Conf. Lim.
RSD

Up 95%
Accuracy

Up 95%
Accuracy

(ppm)

10 ppm
30 ppm
50 ppm

20.131
20.0186
20.0025

0.135
0.0893
0.0819

0.353
0.180
0.161

63.53
65.40
68.05

20.420
20.189
20.149

0.503
0.286
0.238

1.25
0.669
0.549

612.5
620.1
627.5

1 all determinations made by the same monitor have been con-
nected. The figure indicates the small curvature of the response
lines and also indicates the spread of the monitor responses at each
concentration. Because the six monitors were used simultaneously
at each concentration, the errors in the monitor determinations
were expected to be correlated with each other, though the evi-
dence was that the correlation was small. (The correlation was
estimated from the correlation of the residuals of the individually
fitted response curves of the monitors evaluated simultaneously.)
Plots of the data indicated no apparent systematic biases among
the monitors.

Because each of the 12 days of data contributed six sets of
parameter estimates (one for each of the six monitors), there were
72 fits of a quadratic response curve. For the 3 months of the
example data, the largest component of variability was among
months. Because this was the largest component, the degrees of
freedom of the estimated total variance was closest to the degrees
of freedom of this largest component—between 3.00 and 3.94 for
concentrations between 10 and 50 ppm. (When the mean squares
in an analysis of variance are statistically independent and follow
chi-square distributions, Satterthwaite’s approximation can be
used to estimate the degrees of freedom(10) of a linear combination
of mean squares, as is required here for the total variance. The
estimated degrees of freedom is not necessarily an integer, and will
be closest to the degrees of freedom of the dominant mean
square.)

For these data the estimated average parameter values and total
variance matrix were as follows: (21.785 1.052 20.000379)9,
where 21.785 was the average value for the intercept estimate,
1.052 was the average value for the linear parameter estimate, and
20.000379 was the average value for the quadratic parameter es-
timate. Thus, the fitted average response curve was:

y 5 (21.785 1 1.052C 20.000379 C 1 f )pdm,j j j pdm,j

where the error term fpdm,j has components of variance due to
calibration period, day within calibration period, monitor, monitor
by calibration period, and monitor by day within calibration pe-
riod. (These components also appear in Equation 3.) The largest
component of the total variance was due to calibration periods,
constituting over 60% of the total variance at 10, 30, and 50 ppm.
Of the remaining 40%, the size of the components varied by the
concentration. For instance, at 10 ppm the day within calibration
period was the next largest component, but at 50 ppm, monitor
variability was second largest.

Because monitor performance at low concentrations is of in-
terest, the accuracy estimates and individual 95% confidence bands
at low concentrations (10, 30, and 50 ppm) are shown in Table
I, which contains the following information: estimated bias; esti-
mated RSD; estimated accuracy as fraction of concentration; es-
timated accuracy in parts per million; lower 2.5% confidence limit
on bias; upper 97.5% confidence limit for RSD; upper 95% con-
fidence limit for accuracy as fraction of concentration; and upper
95% confidence limit on accuracy in parts per million.

Notice that in Table I the confidence limit for the bias is the
2.5% limit, and that for RSD is the 97.5% limit. (When the bias
estimate is negative, the 2.5% limit should be used; when it is
positive, the 97.5% limit should be used. In either case, the aim
is to get the most extreme value for the particular situation.(6))
When substituted into the accuracy equation,(11) an upper 95%
confidence limit for accuracy was obtained. The accuracy estimates
in the fourth column of the table are similar (although somewhat
larger) to the manufacturer’s specifications. For instance, the ac-
curacy estimate at 10 ppm was 0.353, which means that it is es-
timated that 95% of the individual measurements taken at 10 ppm
were within 6(0.353)(10), or were within 63.53 ppm of 10 ppm,
or were between 6.47 and 13.53 ppm. (Notice that the value 3.53
ppm is given in column 5 of Table I.). The accuracy 95% upper
confidence limits in the last column of the table (for instance,
612.5ppm at target value of 10 ppm) indicate that the accuracy
based on the evaluation experiment was considerably poorer than
that provided by the manufacturer—that the monitor response
should be within 3% of the true value for temperatures 50 to 868F,
or within 2 ppm of that value, whichever is greater. However, the
manufacturer’s specifications were most likely based on single
measurements made on the same day that the monitors were cal-
ibrated. For the estimates presented here the measurements were
made days after calibration. The monitors tended to underestimate
the concentration, though the size of the underestimate varied
with the concentration. The upper limits on accuracy were much
bigger than the accuracy estimate because the main source of var-
iability, calibration period (accounting for more than half the var-
iance of the linear parameter), had few degrees of freedom—2, or
because the true accuracies were higher than the point estimates.
More months of data and more monitors might have lowered the
upper limits on accuracy for this experiment, unless new data in-
dicated higher point estimates of bias and RSD, which determine
both the accuracy estimate and the confidence limit on accuracy.
If the accuracy estimate is higher, then the upper confidence limit
on accuracy will be higher.

Within calibration period and regardless of the concentration,
the monitors tended to produce lower readings as the number of
days since monitor calibration increased. This is indicated by the
plot in Figure 2 of the monitor responses at the 100 ppm con-
centration for all 3 months of data. Figure 2 also indicates the
amount of variability among the three calibration periods. The
main variability appeared to be between November and the other
two months.

In the model used here the days within calibration period were
treated as a random sample over which the response curve param-
eters varied. This may not have been an appropriate assumption
in this situation. The statistical analysis did indicate that at the 30
and 50 ppm concentrations, there was statistically significant de-
crease with day since calibration. When this was allowed for in the
statistical model, the upper confidence limits for accuracy im-
proved somewhat for analyses carried out at about 10 days after
calibration (the average of the days since calibration for which
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FIGURE 2. Monitor response for one of the monitors as a
function of days since calibration

there were data). For 10, 30, and 50 ppm the new upper accuracy
limits were 12.3, 17.8, and 22.8 ppm, which were improvements
over the 12.5, 20.1, and 27.5 ppm shown in Table I. Improve-
ment was to be expected, as by allowing for dependence on day
since calibration, the variances used in accuracy calculations were
reduced.

In summary, bias tended to be negative, as high as 213% at
10 ppm, and relative standard deviation as high as 14% at 10 ppm.
For 10 to 50 ppm, accuracy estimates exceeded the 2-ppm accu-
racy limit provided by the manufacturer, and exceeded 12 ppm
when the variability of the estimates was taken into account. Ac-
curacy limits were wide, because more calibration periods should
have been studied. The effect of having only three calibration pe-
riods is, first, that there were few degrees of freedom for calibra-
tion periods, and, second, that it is unknown whether the low
results for November should be regarded as outlying results. Had
the variance estimates been the same but with 10 calibration pe-
riods, the upper 95% limit on accuracy at 10 ppm would have
been approximately 67 ppm, much less than the 612.5 ppm
shown in Table I. This reduction demonstrates the importance of
the number of calibration periods. With the November data re-
moved, at 10 ppm the total variance was reduced by about 75%,
and the upper limit on accuracy was about 65 ppm. If there were
more than two calibration periods remaining after deletion of the
November data, the upper accuracy limits would be even lower.
The upper limits shown here are much smaller than those given
in Table I, but because of uncertainty about the reason that the
November data were low, it seems best not to exclude them.
Therefore, the authors repeat that accuracy limits were wide be-
cause more calibration periods should have been studied. There-
fore, this evaluation should not be regarded as a complete evalu-
ation of these monitors.

EXTENSION OF PROCEDURE TO ACCOUNT
FOR EXPLANATORY VARIABLES

The procedure can be extended to examine the effects of other
variables such as humidity, temperature, and interferences on

the accuracy of the measurements made by the monitors. This is
accomplished by determining the response function of the moni-
tors over a wide concentration range of temperature and humidity.

This should be done a number of times over a long time period,
just as in the example given in this article. The model can be
extended to examine these effects by including terms in Model 3
that are functions of these additional variables. The SAS computer
code can be modified to include these new variables.

CONCLUSIONS

Amethod was presented for the evaluation of the bias, variability,
and accuracy of gas monitors at many different concentrations

by using estimates from a single statistical model.
Although application of this approach to carbon monoxide

monitor data suggested large variability between calibration peri-
ods, insufficient periods were studied to be certain of this finding.
Also, because the data indicated a decrease in monitor determi-
nations within calibration period, it would be beneficial to cali-
brate monitors more frequently than once a month. The mathe-
matics involved in using the model is somewhat complicated and
is presented in more detail elsewhere.(4) However, for balanced
data, calculations can be done on a spreadsheet, details of which
are presented in the appendix to this article. This should enhance
the applicability of the method. Also, the method can be gener-
alized to evaluate the effect of additional variables, such as tem-
perature and humidity.
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Notes: Contribution of variability about fitted lines and correlation among determi-
nations made simultaneously considered negligible. Both can be taken into account in a
fuller analysis. See notes to individual tables (A through J, following) for explanations of
components of the table.

A. The data, shown by calibration period, date in period, monitor unit, standard con-
centration (x), and monitor response (y). Data are were made up for the calculations.

B. Estimates for intercepts, slopes, and sum of these given for each of eight lines, as
well as the residual mean square. Produced via ‘‘regression’’ method in ‘‘Data Analysis’’ in
‘‘Tools.’’ (These are ordinary least squares estimates. If weighted least squares estimates
are needed, alterations must be made to the spreadsheet.) Averages were produced for
each of these estimates. Average (ratio) bias at x 5 10 is (20.57 1 1.36*10)/10 5 1.3,
where 20.57 was the average intercept value and 1.36 was the average slope.

C, D, E. Use ‘‘ANOVA: Two Factor with Replication’’ from the ‘‘Tools’’ package. Thereby
the mean squares and their degrees of freedom were obtained, for calibration period, date
in period, monitor, monitor by period interaction, and the residual. These were computed
for intercept, slope, and the sum of these. For instance, in D the mean square of periods
for the intercept was 12.87, with 1 degree of freedom.

F. The residual mean squares were computed as: (total sum of squares 2 sum of all
component sums of squares), divided by the degrees of freedom. The mean squares from
D, E, F were used here, as indicated in the table. For instance, the 12.87 was the period
mean square for the intercept. Its degrees of freedom, 1, is two columns to the left, and
the column ‘‘num’’ is the number of periods. The column labeled ‘‘covar’’ has, for each
component, the value 0.5(sum mean square 2 intercept mean square-slope mean square),
which for period is: 0.5(7.61 2 12.87 2 0.69) 5 22.97. The next column contains the mean
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squares for x 5 10, computed as: [intercept MS 1 10(covariance)] 1 10[covariance 1
10(slope MS)]. For the period component this was [12.87 1 10(22.97)] 1 10[22.97 1
10(0.69)] 5 22.12.

G. Mean squares from F were used to compute the variance components.
Var(period*monitor) 5 [MS(per*mon) 2 MS(residual)]/num(dates in period). For intercept
the period*monitor variance is Var(period*monitor) 5 (2.47 2 1.65)/2 5 0.41, Var(monitor)
5 [MS(mon) 2 MS(per*mon)]/[num(dates in period)*num(periods)], Var(date in period) 5
[MS(date in period) 2 MS(residual)]/num(monitors), Var(period) 5 [MS(per) 2 MS(date in
per) 2 MS(per*mon) 1 MS(residual)]/[num(dates in period)*num(mon)].

Covariance components were caculated as 0.5(sum var comp 2 intercept var comp-
slope var comp). For period, this was: 0.5(1.19 2 2.73 2 0.17) 5 20.85. These components
were combined as follows to obtain the component at x 5 10: [intercept comp 1 10(co-
variance comp)] 1 10[covariance comp 1 10(slope comp)]. For period this was: [2.73 1
10(20.85)] 1 10[20.85 1 10(0.17)] 5 2.5. The sum of variance components gives total
variance of a future measurement at x 5 10, or 12.28. The different components should
be examined to see which make large contributions to the total. In the calculation of the
variance of the average measurement at x 5 10, each of the above variance components
is divided by the following numbers: var(per) by num(per); var(mon) by num(mon);
var(per*mon) by [num(per)*num[mon)]; var(date in per) by [num(date)*num(per)]; var(res)
by number of measurements. For instance, the period variance component for individual
measurements at x 5 10 is 2.5. Divided by 2 this becomes 1.25 for the mean at x 5 10.
The different components were summed to obtain the variance of the estimated mean
monitor response at x 5 10. This variance was 3.89 5 (1.25 1 1.13 1 0.63 1 0.52 1
0.37).

H. Degrees of freedom (df) for an individual predicted value at x 5 10 requires the
following formulas: (#) df 5 (total var)2/sum, where sum 5 {MS(per)/[num(mon)*num(date
in per)]}2/df(per) 1 {MS(mon)/[num(per)*num(date in per)]}2/df(mon) 1 {MS(per*mon)*{1/
num(date in per)21/[num(date in per)*num(mon)] 2 1/[num(date in per)*num(per)]}}2/
df(per*mon) 1 {MS(date in per)*[1/num(mon) 2 1/[num(date in per)*num(mon)]]}2/df(date)
1 {MS(res)*[1 1 1/[num(mon)*num(date in per)] 2 1/num(date in per) 2 1/num(mon)]}2/
df(res).

In the column labeled ‘‘multiplier,’’ the appropriate coefficient for that MS appears. For
instance, for period the multiplier is 1/[num(mon)*num(date in per)], which is 0.25 here.

[(0.25)22.12]2/1 5 30.57, which appears in the column labeled ‘‘deg fr.’’ (22.12 was the mean
square for periods at x 5 10, from F.) The total of the column labeled degrees of freedom
was sum 5 50.38, which was entered into the df formula (# above) to obtain df 5 (12.28)2/
50.38, or 2.99 degrees of freedom associated with the total variance (12.28) of a future
measurement at x 5 10, calculated in G.

The degrees of freedom calculations for the mean value at x 5 10 require the following
modifications of the above formulas for the multipliers: period ‘‘multip’’ for mean 5 indi-
vidual measurement multi/number(periods), monitor ‘‘multip’’ for mean 5 individual mea-
surement multi/number(mon), per*mon ‘‘multip’’ for mean 5 21/
[num(date)*num(mon)*num(per)], date in period ‘‘multip’’ for mean 5 0, residual ‘‘multip’’
for mean 5 0.

When the multipliers were used to compute the denominator ‘‘Sum’’ in (#) above, the
result was 13.12. Because the estimated variance for the estimated mean at x 5 10 was
3.89 (from G), the degrees of freedom was 3.89(3.89)/13.12, or 1.15.

I. The estimated relative standard deviation (relative to x 5 10) for an individual mea-
surement at x 5 10 was (12.28)0.5/10 5 0.35. The upper 97.5% confidence limit on the true
relative standard deviation was {df (.35)2 chipinv(.025,df)}0.5, where chipinv(.025,df) is the
0.025 percentile of the chi-square distribution with df degrees of freedom. In the table
above, the chi-square value is obtained by linear interpolation because of fractional degrees
of freedom resulting from formula (#). This is done by interpolating between the two suc-
cessive integral degrees of freedom values between which the estimate from (#) is located.
Here df;2.99 (from H), and the linear interpolation is between chipinv(.025,2) and
chipinv(.025,3), giving a value of 0.214. The upper limit was [(2.99)(0.35)2/0.214)]0.5, approxi-
mately 1.31. For the confidence limit on the bias, the formula used was: estimated bias at
10 1 (std dev of mean)* tinv(.975, dfpmean). Bias at x 5 10 is 1.30 (from B). The required
standard deviation was (var. of mean/100)0.5, or (3.89/100)0.5 (from H), 0.20.Tinv(.975, dfpmean)
was the 97.5 percentile of the Student’s t distribution with df degrees of freedom. Here df
was about 1.15 (from H), also by linear interpolation—11.40. Thus, the upper confidence
limit was 1.3 1 (0.20)11.40;3.55. The lower confidence limit was obtained analogously.

J. The confidence limits were substituted into the accuracy equation:(6) 1.57(upper limit
for RSD) 1 [(0.39*RSD)2 1 (upper limit bias 21)2]0.5, or 1.57(1.31) 1 {[.39(1.3)]2 1 (3.55 2
1)2}0.5, or 4.66. With 95% probability, an individual measurement will be within 466% of the
true value 95% of the time. Had the bias been negative, the lower confidence limit would
have been used in the accuracy equation.


