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Suppose that a laboratory must analyze all n analytes from each of m 

samples and must have no more than h percent of results not acceptable to be 

rated prof~cient, Let X 0  be the outlier !ndicator variab!e of the resu!t for the j"' 

anaiyte in the i"' sample: XC = 1 if the result is an outiier and 0 orherwise. If each 

result has an equal chance to be an outlier and all results are independent, then the 

I m  -.? 

total number of outliers S = A ,=, A ,=, X,, has a binomial distribution Bin(mn, p) 

here p = Pr(K, = 1 ) .  However, the assumption of independence may not apply. 

Analytes collected on the same sample are prepared for analysis with an identical 

procedure. Instrumental analysis usual1 y involves an identical analyte separation 

and detection. Often ail the anaiytes are then analyzed simultaneously with an 

instrument set (e.g., Gas Chromographic analysis for organics, Inductively 

Coupled Plasma - Atomic Emission Spectroscopy for heavy metals). Therefore, 

one would expect analysis resuits to be highly correlated. In fact, actual single 
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T7 - 
number ot cases where Q, = k, tor k = 0.1, ..., P I .  Then, A i_,R, = 171 and 

. = r n  u +=,I kR, . Under iiie asstimpi;on ihai iesiiiis from diffeierri samples are 

independent and Q . .  . , Q have an identical distribution given by 

b,, 2 Tr(Q = k j  , the random variables R,, A',, ..., and R, have a mdtinomial 

.. .. . . . , . 
% ~ ~ ' .  ' ' - ~ c  z ,Gi j t i ibui l~r i  ii.iih - 

. . .,.. ,i:iciGij jr:i,u,o,u n,,..., tnn) .  The prooaeiiirq. ijf 2 fiijn- 

proficient rating is then given by 

Thus, the distribution of 9, is of critica! importance in obtaining the power of the 

proficiency test. It is not simply a binomial distribution, since Q, is not a sum of 

independent Bernoulli random variables. 

3. COMPOSITE BINOMIAL MODEL 

In many applications, observed variables are correlated because they contain 

a common random factor. This kind of correlation can be presented by tine 

fo!!n\.ving  ode!: For i = ! ,..., n., define 17, = J ( U , , V ) ,  where CI! ,..., U.,  and V 

are independent random variables, and U ,  - F ( u ) ,  V - G(v) ,  and J(u,v) is called 

a correlation link function. Z, ,..., Z, are independent if V is a constant. A simple 

exaiTiple of tile coITeiaiioil iii,k '--- -&'- -  ' ~ u ~ i c u u i ~  is the h e a r  funciion: 
T i . .  . . \ _  - . . i  I.. I I 

J i\ii, - Gs 7 fji. 7 i . 

Let I ( z )  be a binary link function from variable Z to a variable with only 

two possibie values 0 and 1. Define X, = I (Z,  j . Then, X I  ,..., A', are Bernouiii 
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randorn variables and they are correlated The 

r, n 

distribution of S, = l, '"' X, is of interest when the Bemouiii variabies are 

cofrelated. Two common binary link functions are the one-sided indicator 

function: J(z) = lh(z) and the t\.vo-sided indicator function: !(z.) = (,(\z!): where 

lh (z) = l if z> h and O otherwise. 

Note that Z, , ... ,Zn are equally correlated with an identical distribution. 

Therefore, X 1 , ••• , X" are exchangeable Bernoulli variables. That is 

p,, = Pr(X, = i, .. ,X" = l,XH = O, ... ,X" = 0), 

Also, note that X 1, .• , X n are conditionaiiy independent given V; therefore, 

Pn, = r Pr(X, = 1, . , Xk = L X,+ 1 = 0, ... , Xn =DIV= v)dG(v) 

= [[Pr(X 1 = l[V = v)t[Pr(X 1 = OjV = v))"-kdG(v) 

Letp(vjl,J,F)= Pr(l(J(Ul'v))= IIV= v)andBin(k,11,p)= c;pk(l- p)"-k. 

Combining (4) and (5) gives 

[ Bin(k,n,p(vl!,l,F))dG(v) 

(2) 

(3) 

(4) 

(5) 

(6) 

If Vis a discrete random variable, the integral in (6) is converted to a summation: 

" B;nfk 11 p(·vl T T 17\\ Prl1V - ,,\ ~ Ill\ ,t, .t,J,J. )} l\ - Yj, (7\ 
\' I 

The distribution of S,, given by (6) or (7) is called a composite binomial 

distribution since it has the form of a binomial distribution but with a random 



oarame!er I(v/ l . j ,c) .  Tln.e digfibiltinn of [be parameter i s  detemined by IWO . . ,  

- .  nlfijrl,p) with p = pjcji,.J,Pj. On the other hand, if  aii U, = c ale consiarri, 

T ,  7 ,  Eence, n ,  ,..., A ,  are posiiiveiy ~wnelaied. This con-eiaiion does not change the 

mean of Srt, but ~ncreases the variance of S, compared to the case where 

X I  ,..., X, are independent. 

deviations for U, and V are o, and CT,, respectively, then the correlation 

coefficient 'between Z, s is p(Z) = i/[l t (o,/o, j2] .  Further if the binary iink 

function is the one-sided indicator function I , ! t ) :  the probability parameter in 

r h ~  ~ n m n n ~ ; * ~  l4nnrn;ol A;rtA'hatt;nn hprr\mec nll l l  I I I?\ - .F--IL I ! I )  ~ If h = (j 1"" C V ' L ' y V U " "  V l l l V l l l l U l  Y I U L . I V I 9 L L V I I  " U I U l l l l U  y\. ,'..,)d , - 1 \ i L  I 

- - A  r r  L-- a A:-.LL...:,.- -- &L- :-.--..A i r n  t ,  'L-- ~ . , T T I T  r F\ ~r L .  
a i i u  ", i iCj  a i i , i i i e i i i a  U i j i i i i j i i i i i j i i  "ii i i i t ;  i i i i i;i  y a i  j",ij, i i i & f i  y \ y  / i  >.,. , r  j = y , iui 

0 2  Y 5 I ,  0 for V<O, and I for V > I .  In this case, the distribution of S, is a 

mixture of a binornia! distribution and the distributicn cf 1.'. If the mixing 
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distribution is a uniform distribution over the interval [0.1], then S11 has a discrete 

uniform distribution with PrC\ = k) = 1/(n + 1) (see Feller (1968)). If the mixing 

distribution is a beta-distributio!l, then the distribution of Sn is the \veii kno1,,vn 

beta-binomiai distribution (see Skeiiam, ! 948). 

4, BINOMIAL MODELS WITH EX CHANG ABLE BERNOULLI VARIABLES 

There are many different ways to model ihe sum of correiated Bernouili 

variables. See Rudolfer (1990) and Madsen (1993) for a review. In this paper, we 

are interested in the models with exchangeable Bernoulli variables. The 

distribution for the sum of exchangeable Bernoulli variables has been considered 

distribution is developed by generaiizing the beta-binomial type distributions. 

Ho\.vever, it does not include the iv1arkov chain modei developed by Klotz (1973). 

The Bemou]li trials with l'f1arkov dependence are not equally correlated, and 

hence they are not exchangeable Bernoulli variables. 

Since the Bernoulli variables defined in the previous section are 

exchangeable, the composite binomial distribution is an EXBERT distribution. As 

an EXBERT distribution, the distribution is detennined by the sequence 

{b00 ,bw··· ,b,,,,, ... ) with b00 = l and the probability can be e:xpressed as 

n-k 

bnk = c: r c~-k (- tr b(k+i)(k+i) for any o ~ k :s: n. (10) 
i=O 

~.J"ote that for O ~ k :; n - l, 

n-k n-k-\ 
~ f""j / 1\i l ,, . I " I 

~ \.,n-i,- 1 J 0 <k+i)(k+i) = bkk + L (C~-k-1 + C~=k-1)(-i)'b<k+i1<k+i) + (-I)n-.'b"" 
i=O i= I 

n-i-k n-k-1 (11) 

= Li c~+. (-1r b(,+i)(k+i) - Li c~-k-1 <-1Y b,k+l+i)(k+;-,;) 
1=0 i=O 

Based on (10), this is equivalent to 

bnk I c: = b(n-l)k I c:_1 - bn(k+I) I c;+t for any O:,; k:,; n - l. (12) 

If we denote 



Gn i f l i  fiihei. hail& quaiiofi (10) car, & di.ri.v.i.d fioril ,"3j arid (i.lj. 

-1- i ,ils . can be proved using mathematicat i~duciion. First of ail, (10) is true for any 

i z  and k such thac iz - k = % by assuming that (14) is true. Suppose ihat (10) is true 

for any ?? and k such hat  n - k = d - ! . Then by mathemetica! induction, we only 

need io prove that j i O )  is true for any rz and k such that n - jc = Q' . 

/ . -, ', . . Fi-Gi;; (13) &-j jlS), cE ge; ; i A j ,  B y  in&ii;oi-a d;sui-qjfion, ;i1z ri;;s ierr;,s 

on Ihe right hand side of i:12j can be expressed in the form of j lOj.  Then applying 

the idenriry ( I  i j  tn the eq~~ation <i.3), we h a v e  j u ~ t  obtained the tlqi~aiity (10) 
-. 
i herefore, to determine whether a distribution with known probability expression 

. . i s  an EXSERT diarrjburion, nzca on iy  to vefify eqiia{iiy (i3j. Sased 
I ,  . 1111s rs.;iiit, i t  Is not &fi'-;i_.uit 10 vr.Sfy that the correiar:ed bi!!~rniai dislibgti~t; 

introduced by Kup~er  and Haseman (19781 is an EXBERT distribution. This 

binomial model is equivalent to the additive model developed by .A!tham (1974)  

except that t h ~ y  have different expressio::~ T x  bn, . At,ithough the additive modei is 

attractive7 i t  has unpleasant restrictions on the carrelation between X,s .  Th!s is 
. . 

because ;s zniy 32 aPproxim:l,tion of the general co:?-elated bir,omiai mode! 

introduced by Bahadur (1961). Figure 1 shows the upper and lower limits of the 

c g c e l s i i ~ ~  coefficient, denoted by i;' Y ?  fhr samnl~  C ; ~ P  7 C 17 C '7:: and 
r \ * - ,  7 y." -.-- a - ,- - -" 

p = p , ,  = 0.1,0.3,05 (the limits for p > 0 5  are the same as that for 1- p) .  Tnis 

figure shows that the correlation coefflcient is more restricted on the lower 

(iiegativej side. The lower limit is greater than or to - 2/'jnjn - ijj and the 

upper limit is close to 2 h .  These limits are needed to ensure thai the resulting 

pi&diliiy values are not negative. 'Within these limits, the probability 

distribution may become irregular when the correlation coefficient is close to the 

limit. For instance, when n = 6 and p = 0.3, the upper limit for AX) is 0.323. 

The distributions  orr responding to p ( X )  = 0(0.05)0.3 are sholhin in Figure 2. 
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FIG" 1 .. Upper and lower lirr1its of the corre1aticn1 coefficient between 
Bernoulli random variabies in the additive binomial modeJ. 

When p(X) changes from Oto 0.3, the distribution changes from an unimodal 

(binomial) distribution to a bimodal distribution. 

There is no upper lirnit for the correlation coefficient between X; s in the 

composite binomial model. The correlation coefficient p(X) depends on the 

correlation coefficient between Z; s. p(X) = 0 if p(Z) = 0 and p(X) = 1 if 

p(Z) = i . The reiationship between the two correlation coefficients depends on 

the binary and correlation link functions and the t\Vo distribution functions 14 (u) 

and G(v). Two examples are given in the next section. 

5~ DISTRIBUTIOI""~ FOR THE NUl\iBER OF OUTLIERS FROM A SAN!PLE 

In this section, \Ve derive an appropriate composite binon1ial mode! for the 

number of outiiers from a sample with multiple analytes in a proficiency test 

program. In the AIHA PAT program, each result (denoted by x) is converted to a 
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p(X) 

FIG~ 2~ Probabihtv distributions based on the additive binomial model 
with n = 6 and p = 0.3. 

z-score which is defined as z = (x - y) i sv, where y and s, are the sampie mean 

and standard deviation of results from pre-selected reference laboratories. Note 

that the z-score has a Student t distribution with degrees of freedom equal to the 

number of reference laboratories rninus one. Since the number of reference 

laboratories in the PAT program is greater than 50, the z-score has an approximate 

normal distribution. Let µ and (Y be the mean and standard deviation of the z-

score, respectiveiy. Then the roean µ is directly related to the laboratory,s bias 

and the standard deviation (Yretlects the laboratory's precision. 

Suppose that there are n analytes on a sample and Zi,···,Zn are the 

corresponding z-scores. Assume that they have a normal distribution with meanµ, 

standard deviation a, and a common correlation coefficient fXZ) . These 

correlated normal random variables can be expressed as 

,------- - ,-
z, = µ+ a(..Jl- pU, - ..JpV), 

where U 1, ••• , Un, V are independent standard normal variables. 
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A result is not acceptable if the absolute value of its corresponding z-score is 

g--- thsfi a -- ~ c a t ~  pte-specifi:ied i;alse, jay h {in PAT prog;a;i.i, h = 3;. wL 2, be 

the ?-score of the resuit tor the i'" anaiyie on a sample, X, the outiier indicator 

. .-- 
~ d l  iable: X, = I ,  <!Z, i) . 

composite binomial distribution 

and 

- !'he chance for getting an outlier depends on the vahe of ii as weil as the 

iaborarory's performance parameters p and 0: 

p , ,  = E(izt j> ,h) = 1 + Q (( -h  - $1 - @ ( (h  - p )  ! 0). (17) 

To ~ c r .  how !he correiaiion between nutiiers reiaies to the correiaiion 

I-..&. uGLwGGii  . .- ;he ,--sc-rcs with the pxo-side-J in&ci;isp iir;k f,;nc;~sn i,(/zif, :he 

relation functions for p = p,, = O.l(O.2)O.g are shown in Figure 3. We see that the 

correlation between outliers is less than the correlation between the z-scores and 

the difference increases as !he value of pll  increases. The distributions of & for 

n = 6, p , ,  = 0.3, and AX) = 0(0.1)1 are shown in Figure 4. 

As a comparison, the relation functions for the one-sided indicator link 
b. iunctioi! I ,  (z) arc shown in Figures 5. In this casr,, 
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FIG. 4. Probability distributions based on the composite binomial model 
with n = 5, pi ,  = 0.3, and the two-sided indicator l ink f ~ n c t i o ~ ,  
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FIG. 6. Probability distributions based on the composite binomial model 
with n = 6, p, ,  = 0.3, and the one-sided indicator link function. 
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In both cases, the correiatlon coefficient does not affzc? the mean, but the 

standard deviation of the distribution. The higher the correlation, ihe greaier the 

standard de\Ia:ion. As the corre!ation increxes, the probabi!ity in the rnidd!~ 

(63 - k < moxjes graduaiiy to (be ( w ! ~  ccl& i k = or slid f'- i~:ri?i!y, - "  @her! 

-i V ?  - 1 ?:I-= -r:it..-h(!ir;.-c 1- rho - i A A ! .  QTP T P ~ ! ! . - P ~  t n  T P T ~  ""d sjj nmhllr?jjif;pq M'L, - A , L . k U  y'""c.",k..'-- ... ...- ..,.--.- -.- .---..-- .- -, 

zre concer;!ra!ed cr, !he two ends 

In hnth r a w s  t h e  corresponding values of p i ,  are the same and equai to one of -. . - - . . . - - - - - , -. . - - - . . - - 

the szlected values: 0.3, 0.35, and 9.4. Probabilities of a non-proficient raring 

based on nz = (8, 12, 16) samples are provided, see columns under Pr(NP) . 
The combination of a laboratory's bias and precision determines the 

-. .-LAXI:+., p L u V U V ~ L L J  +L-+ I t b a L  ii resul: is n ~ :  acceptab!e. For a fixed d u e  of p, ,  , dilfexen! 

combinations of bias and precision result in different combinations of mean and 

standard deviation of the z-score and in turn result in different effects on the 

proficiency rating. The laboratorj with a combination of a zero bias and a 

relatively poor precision has a slightly higher probability to be rated non- 

proficient than the iaboratory with a combination of good precision and relative 

high bias. In other words, with a fixed value of p , , ,  the program has a slightly 

the probability of getting a non-proficient rating based on L samples with a single 
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analyte on each sample. We know that L=nm when p(X) = 0 and L=m when 

(XX)= i. Apparentiy, when 0< (XX)< l and p 11 > A, the corresponding L 

fans in the interval Un~ 1nn) and L increases as p(X) decreases. 

By looking at the L value, we can see the vaiue of ioading additional 

analyres on a sample. For example, when p" = 0.3 (p.2 = 0, 0'2 = 2.895) and 

p(X) = 0.9, 48 resuits from 16 samples (3 anaiytes on each sampie) have the 

same power as 30 results from 30 separate samples (l analyte on each sample). 

Having two additional ana!ytes on each of 16 samples is equivalent to having two 

additional samples without additional analytes on each sample. 

~1 , .. - _ _ •._ I_• _ • I _ 1 l ' ~ ~ .. • • · ! ' - - - - • 
1 nc: curnµOSile ornumiai mouc;i mLruuuccu rn ,ms paper can generate vanous 

binomial distributions by selecting different binary and correlation link functions 

and the distributions of the random variables supporting the Bernoulli variables. 

Although the model is developed from a correiation problem in a power 

calculation, it could be applied to other problems related to correlated binomial 

distributions. For exarnple in toxicology studies, the status that an animai is dead 

or aiive at the end of an experiment is represented by a Bernoulli variable. This 

Bemou11i variable is actually a function of the variable that describes the life-time 

of the animal and the link function is the one-sided indicator function I1i(z). If we 

have sufficient information on the supporting variables and the correlation 

between these variables, the distribution for 

derived from these variables is well determined. 
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