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component Bernoulli variables are derived from correlated random variables. By

d
modeling the correlated random variables and selecting a binary link function to
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materials are generated and distributed to participating laboratories for analysis. if

it is feasible, similar analytes are usually loaded onto one sampler to reduce cost
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by maximizing sample usage. For example, two or three organics can be collected

on a single charcoal or other absorbent tube and three heavy metals ar
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Shulman, 1994). One result is reported for each analyte contained in a sample

and each result is rated acceptable or not acceptable (called an outlier in PAT, sce

PAT outlier definition in section 3) according to the difference between the result

correlation does not change a laboratory’s chance to have an acceptable resuit, it
may affect the distribution of the number of acceptable resuits, and hence, change
the chance of the laboratory to be rated proficient. The higher the sample analysis
correlation, the lower the power of the proficiency test. If the correlation is near
perfect, then there is almost no gain on test power by loading multiple analytes
onto one sample. Therefore, it is not cost effective to put multiple, highly
correlated analytes on one sample in proficiency testing programs.

To design a proficiency test program in which the rating of a laboratory’s

s
F:

performance is based on analyses of multiple analytes, a question that needs to be
addressed is how to cost effectively make use of samples so that the two types of
test errors are controiled within specified leveis. To obtain an answer, one must
know the power of the proficiency test. However, obtaining the power requires
knowledge of the distribution for the number of outliers. In section 2, a
calculation formula for the power is provided. The outlier distribution required in

the formula is discussed in section 3. A composite binomial model is introduced

to describe the distribution for the number of outliers from a sample that contains
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multiple analytes. In this model, the correlated Bernoulli variables are defined by
other correiated random variabies through a binary link function. The correlation

hetween these variables is due 10 a2 common random factor contained in these

distributions. With a specified binary link function, formulas for calculating the

Actually, the composite binomial distribution can be seen as a concrete example

of the abstract correlated binomial distribution introduced by Bahadur (1961) and

the EXBERT distribution defined by Madsen (1993). The well known beta-

Suppose that a laboratory must analyze all n analytes from each of m
samples and must have no more than A percent of results not acceptable to be

rated proficient. Let X be the outlier indicator variable of the result for the ,_,i""'i

analyte in the i* sample: X, =1 if the result is an outlier and 0 otherwise. If each

result has an equal chance to be an outlier and all results are independent, then the
. AR SR , . . . . . .

total number of ouiliers § = LZIL e X, has a binomial distribution Bin(mn, p)

here p = Pr(X,; = 1). However, the assumption of independence may not apply.

Analytes collected on the same sample are prepared for analysis with an identical
procedure. Instrumental analysis usually involves an identical analyte separation
and detection. Often all the analytes are then anaiyzed simultaneously with an
instrument set (e.g., Gas Chromographic analysis for organics, Inductively
Coupled Plasma - Atomic Emission Spectroscopy for heavy metals). Therefore,

one would expect analysis resuits to be highly correlated. In fact, actual single
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sample correlation coefficients in the PAT program range from 0.5 to 0.95 for
heavy metals and 0 to 0.99 for organic solvents, see Song, Schiech

1997. In conirast, results from different sampies seem to be independent.
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Let ¢ = ‘) Ny be the number of outliers from the i~ sample and Ry the
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number of cases where (@, =k, fork=0,1,...,n. Then, )}, R, =m and
i x=0
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independent and Q,,...,0, have an identical distribution given by

distribution with parameters (i, 0,4,

o (1)
K =73 i

;
(B Ny Wil Y
—(b,,) (b)) (b, )"

Lt

Thus, the distribution of Q; is of critical importance in obtaining the power of the
proficiency test. It is not simply a binomial distribution, since 0, is not a sum of

independent Bernoulli random variables.

3. COMPOSITE BINOMIAL MODEL

In many applications, observed variables are correlated because they contain
a common random factor. This kind of correlation can be presented by the
f

model: For i=1,...,n

s ine Z where U,,...,U_, and V

are independent random variables, and U, ~ F(u),V ~ G(v), and J(u,v) is called

a correlation link function. Z,,...,Z_ are independent if V is a constant. A simple

Let I(z) be a binary link function from variable Z to a variable with only

two possible values 0 and 1. Define X, = I(Z;). Then, X,,...,X, are Bernoulii



are correlated if Z ,...,Z are correlated. The

is of interest when the Bernouili variables are

i

functions are the one-sided indicator

¢

tinetion:
FAnCLICH,

indicator function: 7(zy= I (7}, where
ed 11 or function: f(z) = 7 (171},

Defining

pu=PiX, =1L X, =1X,,,=0,..,X, =0, {3
b, =PrS =k)y=C""p {4)
nx A} n 4 nLank S

Also, note that X ,,..., X are conditionaliy independent given V; therefore,
Py = JI Pr(X,=1..X,=LX,,,=0,..,X =0V =vdG(v)
i , ko v Al . )
= ] IP(X, = 1V = v [Pr(X, = OV = T dG(v)

Let p(v|1,J,F) = Pr(I(J(U,,v)) = 1|V = v) and Bin(k,n, p) = C* p*(1- p)"™*.

Combining (4) and (5) gives

h - f !‘ fnivi? 7 FYIAT) = n(\)}l' HI Y A7)
[ Coj WPV LD - pvid, 4, 000 aG(y)
= (6)
= | _Bin(k,n, pOV|1,J, F))dG(v)

If Vis a discrete random variable, the integral in (6) is converted to a summation;

b, = 3 Bin(k,n,p(|1,J,F)Pr(V =v). )

The distribution of S, given by (6) or (7) is called a composite binomial

distribution since it has the form of a binomial distribution but with 2 random



then X,..,X, are independent, and hence, S, has a binomial distribution

then all Z,, and hence, all X, are the same. In this case, §, = nX, and X, has a
RBermnoulli distribution Bin{l, p) with p= Pr(X, = 1)
The mean and variance of S, are given hy
(8 y=nPr(X, =)= aE(pV|I.J,F) &)

Cov(X,,X,)= E(Cov(X,, X,IV)+ Cov(E(X,[V),E(X,|V))
= 0+ Cov(p(ViI,J,F),p(V|{,J,F))
= Var(p(V|1,J,F)20
Hence, X|,..., X, are positively corrglated. This correlation does not change the

mean of S, but increases the variance of 5, compared to the case where

X,,..., X, are independent.

n
correlation link function is defined as J(u,v) = u~ v and the standard
deviations for U, and V areo, and o,, respectively, then the correlation

e . Y ~ . SN o . / W2 . J— . U
coefticient between Z. s 1s o{Z4) = l/{1+ (au/crvfj. Further tf the binary link

function is the one-sided indicator function I,(z), the probability parameter in

the composite binomial distribution becomes p(VIJ . J. FY= F(h+ V). If h=0
i€ COMPOoSHe onomiadl GISINUUon oCCOmMes \Yi,v,7 )= f{dv v ). i 1=

and 77 hac g uniform distriba tha tmtacual TN 1Y thao /1717 F DN U7 £
ani «; uas a unit T Gisiricution on ine intervai ol J, WICTE AV [£,J,0 )= ¥V , 10T

0<V <1, 0 for V<0, and | for V>1. In this case, the distribution of S, is a

mixture of a binomial distribution and the distribution of V. If the mixing



beta-binomial distribution (see Skellam, 1948),

4, BINOMIAL MODELS WITH EXCHANGABLE BERNOULL] VARIABLES
There are many different ways to model the sum of correlated Bernoulii

variables. See Rudolfer (1990) and Madsen (1993) for a review. In this paper, we

are interested in the models with exchangeable Bernoulli variables. The
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distribution for the sum of exchangeable B

Since the Bernoulli variables defined in the previous section are

exchangeable, the composite binomial distribution is an EXBERT distribution. As
an EXBERT distribution, the distribution is determined by the sequence

by b,,5-nb,, ...} with by = 1 and the probability can be expressed as

v o TR EE il
a-k
_ % Wi _ i
b,=C, ZC,,_,(( Db ipery forany O<k<n, (10)
i=0
Notethatfor 0< k< n- |
n-k n-k-1
Y i /_1vi1 =1 RN i1 N7 sNP F o oinn-k g
LS T O T0u T 20t C D by T (D70,
i=0 i=1
n-1ek ki an
- i Ty B i R
= Z Cn'!—k( 1) b(k+i)(k+i) 2 Cngkfl( 1) b(k¢1+i)(k+i'ri)
i=0 i=0

Based on (10}, this is equivalent to
bu 1 Cy =by 1 Coy = by / CEY for any 0Sk<n-1L (12)

If we denote
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P = Pote ™ Pusey Or 2ny U<k <n- L (14
Far = Fua-nk | ke J \

On the other hand, the equation (10) can be derived from (13) and (i4).

This can be proved using mathematical induction. First of all, (10) is true for any

n and k such that n ~ k& = 1 by assuming that (14) is true. Suppose that (10) is true
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d - 1. Then by mathematical induction, we only

need io prove that (10} is true forany nand k such that n- &k = 4.

on the right hand side of {12) can be expressed in the form of (10). Then applying

n
the identity (11) to the equation (12), we have just obtained the equality (10).

Therefore, to determine whether a distribution with known probability expression

atfractive, it has unpleasant restrictions on the correlation between X s This is
because it is only an aﬂprcx%m:t:en of the general correlated binomial model

PRYSGIY s SR, el aiace o daosod b o AC VY fan cmiral] cimm L o & A el
COrverandn  COeinicient asnoied Dy FH A TOT Samnie Size /< i< Jiy oanga
COrTeIano cocrnicient, agnoted DY LA A g, 10T sampie 8iz€ LS ns LU and

p= py, =01,03,05 (the limits for p> 05 are the same as that for 1- p). This
figure shows that the correlation coefficient is more restricted on the lower

nnnnnnnn side. The lowar limit is or
\HCEGUVC} SIUC, LIC JUWCLD NI 15 gl

1oLy

ater than or equal to - 2/{n(n- 1) and the
upper limit is close to 2/n. These limits are needed to ensure that the resulting
probability values are not negative. Within these limits, the probability
distribution may become irregular when the correlation coefficient is close to the

limit. For instance, when n= 6 and p = 03, the upper limit for & X) is 0.323.

The distributions corresponding to p(X) = 0(0.05)0.3 are shown in Figure 2.
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When o(X) changes from 0 to 0.3, the distribution changes from an unimodal

(binomial) distribution to a bimodal distribution.

; wnaffiriant hatween ¥ o in th
rrelation coef n een A8 in tin
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composite binomial model. The correlation coefficient o(X) depends on th

¥

o

correlation coefficient between Zs. o(X)=0 if p(Z)=0 and o(X)=1 if

M(Z) = 1. The relationship between the two correlation coefficients depends on

In this section, we derive an appropriate composite binomial model for the

number of outliers from a sample with multiple analytes in a proficiency test

program. In the ATHA PAT program, each result (denoted by x) is converted to a
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z-score which is defined as z= (x- ¥) /s , where J and s, are the sample mean

and standard deviation of results from pre-selected reference laboratories. Note

that the z-score has a Student t distribution with degrees of freedom equal to the

niimher o
numoct o

iaboratories in the PA

|
o

rogram is greater than 50, the z-score has an approximate

normal distribution. Let # and o be the mean and standard deviation of the z-

a.
i
=1
o
=%

hen the mean g is directly r d to the iaboratory’s bias
and the standard deviation o reflects the laboratory's precision.

Suppose that there are n anaiytes on a sample and Z,,...,Z, are the

"
corresponding z-scores. Assume that they have a normal distribution with mean g,
standard deviation o, and a common correlation coefficient ©(Z). These

—

= p+ a(1- pU, - fpV),

ZI
where U/|,...,U, V are independent standard normal variables.
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A result is not acceptable if the absolute value of its corresponding z-score is
greater than a pre-specified value, say b {in the PAT program, h=3) Let Z, be

variable: X, = I,({Z.]}
T s o~ R S SR U - Sl n ;semam Ta TThpe Y lne o
et g= /2, ]A,. GC Ine numolr 1 CuUICTs ITom Ui sampit. inén, L nas &
composite binomial distribution
, 0™ Ve s pnakes pbe r owean—k gm s s PN
o, = Lnj_ LpWVILL, 4, 0 ) - pvid,J, ) a®ily) (12}

and

relation functions for p = p,, = 01(0.2)0.9 are shown in Figure 3. We see that the

correlation between outliers is less than the correlation between the z-scores and

the difference increases as the value of p,, increases. The distributions of S, for
n="6,p, =03,and p(X)= 001! are shown in Figure 4.

As a comparison, the relation functions for the one-sided indicator link

((h-pylo+ Jpv)
pO|LI,F) = 1~ & — 1| (18)
\ I-p )

Pu = Pr(Z, > hy=1-®((h- 1)/ o). The correlation between outliers is less

Syfor n=6, p,, = 03, and p(X) = 0(0.1)1 are shown in Figure 6.
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FIG. 4. Probability distributions based on the composite binomial model
with n =6, p,, =0.3, and the two-sided indicator link function,
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FIG. 6. Probability distributions based on the composite binomial model
with n =6, p,, =0.3, and the one-sided indicator link function.
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In both cases, the correlation coefficient does not affect the mean, but the

standard deviation of the distribution. The higher the correlation, the greater the

standard deviation. As the correlation increases, the probability in the middle

the selected values: 0.3, 0.35, and 0.4. Probabilities of a non-preficient rating
based on m = (8, 12, 16) samples are provided, see columns under Pr(NP).
The combination of a laboratory’s bias and precision determines the

different
afjerent

combinations of bias and precision result in different combinations of mean and

standard deviation of the z-score and in turn result in different effects on the

roficiency rating. The laboratory with ombination of a zero bias and a
p B

O

relatively poor

a=}

recision has a slightly higher probability to be rated non-
proficient than the laboratory with a combination of good precision and relative

high bias. In other words, with a fixed value of p,,, the program has a slightly

In Table I, we also listed the value L for each Pr(NP), such that Pr(NP) is

the probability of getting a non-proficient rating based on L samples with a single
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ano

n-proficient rating and equivalent sample size of

n=8 n=12 n=16
Iy U, T, o{X) m=2 m=3 m=3

Pr (NP) L Pr {NP) L Pr (NP} L
0.30 0.000 2.895 6.0 0.6114 24 0.6746 36 $.7204 48
0.5 0.5909 22 0.648% 30 0.6915 42
0.9 0.5600 18 0.6080 22 0.6431 30
1.0 0.4482 8 $5.5675 12 5.5501 16
Z.47%6 1.000 0.0 0.6114 Z4 $.6746 36 5.7204 48
0.5 g.5771 18 0.6300 26 §.6652 34
1.0 0.4482 8 0.5075 12 0.5501 16
0.35 0.000 3.210 0.0 0.7894 24 0.8615 36 0.8057 48

0.5 0.7571 2 0.8293 30 0.8761

0.3 0.6941 14 0.7602 22 0.8065
1.0 5722 8 0.6533 12 0.7108 16
2.615 1.000 0.0 0.78%4 24 0.8615 36 0.9057 48
0.5 0.7265 18 0.7361 26 0.8434 34
0.9 0.6802 14 0.7478 18 0.7939 26
1.0 0.5722 G.6533 12 0.7108 16
0.40 0.000 3.565 0.0 0.9040 24 0.9551 36 0. 48
0.5 $.875% 21 $.9344 30 Q. 38
0.9 0.8036 14 0.8705 18 0.9116 26
1.0 0.68486 8 0.7747 12 0.8334 16
2.747 1.000 0.0 0.9040 24 0.9551 36 0.9781 48
0.5 0.8393 18 0.9036 22 0.9400 30
0.9 0.7855 14 0.8555 18 6.8983 22
1.0 0.6845 g 0.7747 12 0.8334 16
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analyte on each sample. We know that L=nm when o(X)=0 and L=m when

o(Xy=1. Apparently, when U< o(X)<1 and p,, > A, the corresponding L
falls in the interval (m, mn) and L increases as o{ X)) decreases.
By looking at the L value, we can see the value of loading additional

analytes on a sample. For example, when p,, = 03{(x, =0 0. = 2895) and

~z i

[ob]

P(X) =09, 48 resuits from 16 samples (3 analytes on each sample) have the
same power as 30 results from 30 separate samples (1 analyte on each sample).
Having two additional analytes on each of 16 samples is equivalent to having two

additional samples without additional analytes on each sample.

Although the model is developed from a correlation problem in a power

s
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