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The rn11 .Wises distrihution is a 11arnral circular analog of the normal distribution on 
rhe real line. und is /.:.11011·11 as rhe ··circttlar normal distribution". This distribution 
/w:v /1\'(I 11ww11erers. kno11·11 as the concentration parameter and the circttlar mean 
, or the 111eu11 direction). There are practical situations where it is of interest to 
1:'.\'linwre rhe concentration parameters of sel'eral van Mises distributions, when it 
is /.:11011 ·11 apriori that the concentration parameters are sttbject to a simple order 
l'l:'srricrion. In rhis article. a·e discuss the restricted maximum likelihood estimation 
,if' rhe co11cemrntion parameters "i · ... , r::.., of m(?;.2) van Mises distributions. 
ll'hcn ir is k11uw11 apriori that O :::: 1' 1 :::: h'1 :::: · · · :::: 1,:,., :::: ao. Using the theory of 
isoro11ic ref?ressiorz. 1\'e deri ve the restricted maximum likelihood estimators of 
the co11ce11tration parameters. Using approximations of some statistics based on 
u ra11do111 sample ji-mn the 1·orz Mises distribwions hm·ing large concentration 
;1u1w11eters. n·e propose some more estimators for the order restricted concentration 
/lllJ"(lllleters of two t•on Mises distributions. Using Monte Carlo simulations, the 
restricted maximum likelihood estimators and the proposed estimators, based 
011 r/ie ossumption of large concentration parameters. are. compared with the 
usual (unrestricted) maximum likelihood estimators under the mean squared error 
criterion. 

Keywords Brewster-Zidek technique; Isotonic regression; Maximum likelihood 
estimator: Mean squared error: von Mises distribution. 

\lathematics Subject Classification Primary 62F30: Secondary 62FIO. 

Received July JO. 2004; Accepted October 15, 2004 
.~ddress correspondence to Harshinder Singh, Department of Statistics. West Virginia 

L:niH:r:;ny. Morgantown. WY 26506. USA: E-mail : hsingh@stat.wvu .edu 

21 



22 Singh et al. 

l. Introduction 

Problems of statistical inference of order restricted parameters of distributions arise 
in many practical situations . [f it is known apriori that the population parameters 
satisfy certain order restrictions, then it is _natural to incorporate this information 
in the estimation of the parameters. For a variety of parametric distributions 
defined on the real line, estimation of the order restricted parameters has been 
considered in the literature. In the maximum likelihood estimation of ordered 
normal means with common variance. ordered means of exponential distributions. 
ordered probabilities of response in binomial distributions. and ordered means of 
Poisson distributions, the maximum likelihood estimates (MLES) under the order 
restrictions are the isotonic regression of the usual (unrestricted) MLES with sample 
sizes as the weights (Robertson et al., 1988). For the case of equal sample sizes. 
it follows from the theory of isotonic regression that the sum of mean squared 
errors (MSES) of the isotonic regression estimators is smaller than the sum of 
MSES of the usual estimators. Lee (1981) was the first to study the component­
wise MSE of restricted MLES of ordered normal means and showed that these have 
a component-wise smaller MSE than the usual MLES (i .e., sample means) . Kelly 
( 1989) and Hwang and Peddada ( 1994) strengthened the results of Lee ( 1981) by 
deriving some stochastic dominance results. Kushary and Cohen ( 1991} established 
a result similar to Lee's for the maximum likelihood estimation of ordered Poisson 
means. For the equal sample sizes, Kaur and Singh ( 1991) established that the 
restricted MLES of two ordered exponential means have a component-wise smaller 
MSE compared to the MSE of the s·ample means. Gupta and Singh ( 1992) showed 
that the restricted MLES of two ordered normal means are also more efficient than 
the sample means with respect to the Pitman nearness criterion. The MLE of the 
common variance, taking into consideration the order restriction on means. \\ as 
shown to be better than the usual MLE with respect to the MSE criterion. Sampson 
et al. (2003) studied the bias issues of the order restricted estimators of two ordered 
normal means and the estimators of the common variance. 

Order restricted estimation procedures have not yet been inYestigated for 
circular distributions. Recently, in the problems of modeling torsional angles 
in molecules (Demchuk and Singh, 2001). it was observed that the von ivfis~s 
circular distribution fits very well with the angular data of the torsional angle 
of the methanol molecule. Here it is known a priori that as the temperature 
increases the concentration of the distribution decreases . This suggests that for 
the data on the torsional angle of the methanol molecule collected at increasint! 
temperatures, the estimation procedure to estimate the concentration parameters 
of von Mises distributions should take into consideration the order restriction of 
the concentration parameters of the corresponding von Mises distributions . This 
motivates us to consider the problem of maximum likelihood estimation of the 
order restricted concentration parameters of m(::::2) von Mises distributions. In 
Sec. 2, we derive the MLE of vector of ordered concentration parameters of 111 

von Mises distributions. Based on the approximations of some statistics associated 
with von Mises distributions having large concentration parameters, seen in Sec. 3. 
we propose some more estimators for the vector of order restricted concentration 
parameters of two von Mises distributions. In Sec. 4. using Monte Carlo simulations 
of equal sample sizes from two von Mises distributions, we compare the MSE 
of the restricted MLE with those of the unrestricted MLE and the estimators 
based on the assumption of large concentration parameters. The order restricted 
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MLE is seen to be superior to the usual MLE with respect to the sum of MSES 
criterion for the unknown means case. For the known means case, the order 
restr icted \'ILE has a component-wise smaller MSE compared to the usual MLE 
for a lmost at! configurations of parameters. The order restricteo estimators obtained 
using properties of some statistics for large concentration parameters also perform 
rea sona bt::, \\ell for moderate to large values of the concentration parameters. 

2. \laximum Likelihood Estimation of Ordered Concentration Parameters of 
m ron \. lises Distributions 

. .\ ci rcular ranJom variable 0 is said to follow a von Mises distribution if its 
probability Jensity function is given by 

/ (II)= e '""(!I- IJ,,, . -rr <{)~Tr, ,,: :::: 0. -rr <ea~ Tr, (2.1) 
2 rr '" ( h:) 

where /., ( 1,·) is the modi tied Bessel function of order O and is given by 

This distribution was introduced by von Mises (1918). The von Mises distribution 
has two parameters 1.: and /JI). ,,: is called the concentration parameter and ea is called 
the mean direction. Note that , for ,.: = 0, the von Mises distribution is the same as 
the uniform distribution on the circle. Since cos(e - ea)::::::: I - (e - ea) 2 /2 for small 
values of IH - &0 1. it follows that if the fluctuations around the circular mean ea are 
small. then the von Mises distribution is approximately normal with mean ea and 
variance I/ h·. when ,,: - oo (refer to Fisher. l 993; Jammalamadaka and Sen Gupta, 
200 I: and Mardia and Jupp. 1999, for more details on the von Mises distribution 
and its applications) . 

Gumbel et al. ( 1953) derived the MLEs of K and ea. Let <t:> 1, <t:>2, • • • , ct>" be 
a random sample from the von Mises distribution with the probability density 
function given by (2.1). and let 

l n 

X = - L cos(<l>;), 
n i=I 

- l n 
Y = - L sin(<t>;). 

n i=I 

Then the (unrestricted) MLE K of K is given by the solution of the equation 

where 

A(k:) = R, 

R = j x2 + Y2
• 

I (K) 
A(K) = -1

-, 
fa(K) 

and / 1 (1.:) is the modified Bessel function of order I and is given by 

I Jn 
/

1 
(h:) = - cos(U)e'-cm<Vid&. 

2rr -n 
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The MLE 00 of the parameter /111 is gi,en by the ~o lutivn ot the equatiu1b 

- ' 

X. = Rcos(/111 ). }' = Rsin(/1,, l. 

Mardia and Jupp ( 1999) discussed maximum likelilwod estim,1ti()11 Lil the 
concentration parameter of the \'On Mises distribution \\ hen the 111..::an ot the 
distribution is known and report an approximation to the bias of the esti111at1.H. 

In this article, we discuss the maximum likelihood e~timation uf 1.mkrcJ 
concentration parameters of m(::::2) von !'vfises distributions. Let H, ha,e the ,un 
Mises distribution with probability density function. (pdf) given by: 

I F(O) e":, t ,,.,1n, -fl1,,1 , 
Ji i =') /( ·) _,r u fl. ; 

-;r < /11 ::: T':. k, ::: 0. -n: < It ::: r: . I 2 2 l 

i = I, 2, ... , m. 
Suppose that it is known apriori that the concentration parameters "·, sat1st: 

the order restriction O::: 1(1. K2-::: · · · ::: " ·111 < x. Our interest is to estimate the 
concentration parameters ,,1. ,,: 2 •...• i,:,,, under this order restriction. First we assume 
that the circular means /)0 ; , i = I. 2 ... . . 111 . are kno\\'n and \\ithout loss of generality 
we take them to be zero. 

Let 0;1, 0;2 , ... • 0;
11

, be a random sample from the Jis;tribution 1.1t (:-),. 
i = I, 2 ... . . m. Further assume that the 111 random sampks are independent. Let 

I ''· 
.><; = - > cos((:),, ). 

II ~ . 
I .1 =1 

i = I, 2 . . . . . m . The negative of the natural logarithm o t the likelihood fu11ct1u11 Ll l° 

the observations is given by 

( 

Ill ,,, 

-lnl = ~n,) ln(2;r) + z;11 ( <[>(/\·, ) - 1-,glill. 

where 

ct>(r) = ln(/1,(r)) and di)= X .. ( 2.-+) 

It is well known that <D(r) = In /11 (_, · ) is a ~trictly i.:1.,11, e.\ tunu11.,n 1,L'1.' 

Jammalamadaka and Sen Gupta. 200 I. p. 2S9) . Fnr the ma.xi111ization ot I 2 .. ~ 1. , 1 ;:: 

need the following lemma from Robertson et al. ( 1988. p. -+SJ. 

Lemma 2.1. Let ct>(.) be a real-rnllled diffr:r1:11riubli! c,1111 ·e.r .fi111cri{/11 dc:fint·d ,111 il:l' 

real line and let cf>(·) be its derirnri1 ·e. Ler g ·( ·) he rhl:' i.1/l/011ic rcgre.,,inn (JI u ~i101 

Junction g(-) with weight funcrion u:(-). 11-irh r1:11>ecr ro a 1i111f)li! /lrdl:'r ::: dehnecl tJII 

X = {x
1

, x2, ... • x
111 

}. and let r( be rhe class u( isorunic .fi111cri{III.\ 011 X 1,·ir!i rnp<:CI 111 

rhe simple order :::'.: · Then ¢- 1 (g· (-)) 111i11i111i:.es 

Ill 

2)¢(!(.r,)) - f(.r,)g(x,))t/.'(.r,) ( 2)) 

t=I 

in the class of functions f( ·) E C. The solurion is llnique if ct> is .,rricrlr conre.r. 
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The foliowing theorem, \vhich provides the restricted MLEs of the 
concentration parameters of m von Mises distributions having known circular 
means and ordered restricted concentration parameters, follows from the above 
Lemma 2. l . and the discussion on p. 57 and Eq. ( 1.12) of Barlow et al. ( l 972). 

Theorem 2.1. Ler 0,,. i = l. 2 . . . . . 11 ;, be a random sample of size n; ji-om rhe 
di\"lrib11rio11 11-irh ed( 

( ( II, l = .., 1 
e' .. ·"''111

• 
1

• -rr < 8; .::: rr. K; ::: 0. 
_7cf11(h:,) 

(2.6) 

i = l . 2 ... . . 111 . ullll ler 

L;1

~ 1 cos(0,,) 
X, = ------

11, 

i = I. 2 ... .. 111. S111111ose rlwr ir is /.:11011 ·11 aprion rhea O .::: "· 1 .::: 1-.:2 .::: · · · .::: ,...-,,, < oo. 

Then. under rhe on/er J"l'srricrion O .::: /\" 1 .::: 1,2 .::: · · · .::: K,
11 

< x . rhe order restricred 
\!LE (Ir (,, I. /\", .. . . . ,,·,., ) is (<\I. ,i I> ... . c),,, I ). 11·here 

· { >" 11 X } . -I . '--'I=; / I 
cl , 1 = A ( ma~ 1111!1 max 0. " ) . 

I~-; ·-, 1-:. 1, .... ,,, ~ 11 
- - - - L..t=1 I 

(2.7) 

1 = I. 2 . . . . . Ill . 

Now we consider the situation when the mean directions 130,., i = !, . . . , m, are 
unknown. Let 0,1, 8 ,2 • •. .• e,.,, be a random sample from the pdf given in (2.2), 
where f},11 ••. . • 1111,,, are Unknown mean directions and O .'.:: K1 :'.: · · · :'.: "-m < 00 are 
order restricted unknovvn concentration parameters. Further assume that the m 

samples are independent. Define, for i = I, ... . m, 

- l ii. 

X, = - .L cos(0;;), 
ll ; 1=1 · 

- l 11, • 

Y,. = - L sm(E>ij) , 
ll; j =I 

Let f) ,. . i = l. . . .. 111. be defined by 

and R = j X2 + Y2
• I I I 

X,. = R,.cos(0,), Y, = R,.sin(0,.) . 

Tn this case. the unrestricted MLEs (57'> of"-;, i = I, . .. m, are given by 

.• A- 1 (-R) u,o = ,. , 

which is always nonnegative since A(O) = 0 and the unrestricted MLE 00,. of fJ0,. is 
given by e,.. i = l . . . . ' m . 

Again. the following theorem. which gives order restricted MLEs for the 
unknown means case. follows from Lemma 2. l. 

Theorem 2.2. Ler (~),,. j = l. 2 . . ... II;, be a random sample of si-::.e n,. from the 
disrrihurio1111irl111df(2 .2) . i = l .. . .. 111. Suppose that rhe 111ea11 directions are w1/.:11mrn 
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and that the unknown concentration parameters sotisfy the order restriction O s ".; s 
1-::2 .S · · · .S km < oo. With respect to the usunl ordering o( real numbers 011 thl! set .'( = 
{ l, 2, ... , m} and with respect to the iveight ji,nction u; ( i) = 11 1. defined 0 11 X. let Ii· ( . ) 

be the isotonic regression of the function /z(i) = R, . i = I. 2 .. . . . m. defin ed r111 X. Tli t' n. 
under the order restriction O .S 1( 1 .S ,.: 2 .S · · · .S "·,,, < x . the order restricted M LE (Ir 
(K 1, K2, ... , Km) is (6 j1, c5;2 • ...• <>~,1 ), n·here 

i = I. 2 . . .. . 111 . 

Note that c570 , = A- 1 (R;), i = l, . .. . m. is the unrestricted MLE of "·· Using the 
theory of isotonic regression (see Barlow et al.. 1972). it follows that 

m 111 

L (D71 - K/n; < L (c5;0 - K/n,. VO::: 1\: 1 ::: • • • _s 1.: ,
11 

< x . 
i=l i=I 

where b72 = hj(i), is the isotonic regression of h.1 (i) = A- 1 (R, ). i = I .. . . . 111. with 
weights n 1, n 2, .. . , nk , i.e., 

i = l, 2, ... , m. 

,Ii I 4-l(f?.) ... . L ,=, 1, · I 

c)~, = max min 
,_ 1-:., 5. , '~ " :._ ,,: 

,-,, 
, ll 
'-- 1= 1 I 

(-2.8 ) 

Thus, the total weighted MSE of (c5j2 • . • .• <i~, ~) is smaller than the tL1tal ,,ei ghtcd 
MSE of (bj0 , .. . , c5~10 ) . However, it is not known if the total v.eighted \!SE of 
( 6j 1, . .. , c5~,1) is smaller than the total weighted MS E of ( ci;11 • ••• • <),~;" ) . 

In the following section, based on approximations for large cn 11c~nt rati ~1 n 
parameters, we propose some new estimators for the case of r,,·t1 , l)ll \Ii -; ,::, 
distributions having order restricted concentration parameters. 

3. Estimators Based on Large Concentration Parameters 

Throughout this and the following section. we take 111 = 2 and 11 1 = 11 ~ = 11. say. t 11 ·:: 

6). We first consider the case when the mean directions 0, 11 and 011c arc: k1101, 11 d il d 

taken to be zero, without loss of generality . In this case. on using appw.\illldtll'll 
(4.8.23) given in Mardia and Jupp ( 1999). it follows that. for the large, alu..::i ut ,, .. 
the distribution of n1(1 - X1) can be approximated by that of a gamma distrihuL1t i;1 
having shape parameter n;/2 and scale parameter l / 1,:,. i = I. 2 (also see Rema rk 
3.1 in Jammalamadaka and Sen Gupta. 200 I. for an intuiti ve justification l)f thi :; 
approximation). Robertson et al. ( 1988) discussed the maximum likelihood c:s ti111atit111 
of ordered restricted scale parameters of gamma distributions and. using the abo, ~­
mentioned asymptotic results for large concentration parameters. it follows from thert 

that the MLEs of 1.: 1 and ,-::2 under the order restriction O < 1, 1 ::: " -~ are giYen by 

i: . { I u, = mm _ . 
'- 2( I - X 1) 2 - X 1 

} . ( 3. ! ) 
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and 

. { l I } ()" = max _ . _ _ . 
-- 2 ( I - X 2) 2 - XI - X 2 

(3 .2) 

respccti , d y. One can derive improved estimators of the inverse of scale parameters 
using the Bre,, ,;ter- Zidek ( 1974) technique (see, for example, Vijayashree et al. 
I 1995 ). fo r the improved estimation of order restricted scale parameters of gamma 
dist ributions). As the derivation of improved estimators of the inverse of scale 
parameters of gamma distributions. when the scale parameters are order restricted, 
is simila r to the deri vation of improved estimators of scale parameters derived by 
Vija yashree et at. ( 1995 ). we will not provide the details of the derivation and will 
simpl y pt°l)Vide the improved estimators . For the estimation of k ; based on X; alone, 
if l)ne uses the result that. for large values of h:;, 11( I - X,) has an approximate 
gamma di stribution ,,ith sha pe parameter 11/2 and scale parameter I/"';, then it 
follows that (2(1-X,))- 1 and (n-4)(211(!-X;))- 1 are the MLE and the best 
:,;cale in variant estimators of 1,:

1
• i = I. 2. Based on the additional information that 

o < 1,· 1 :::: " ·: :::: x and that the concentration parameter K 1 is large, if one exploits the 
Brew)ter-Zidek technique for the estimation of A: 1• the estimators improving upon 
( 2( I - X1 ll - ' and (11 - 4 )(211(1 - X

1 
))-

1 are obtained as: 

(3 .3) 

and 

(3.4) 

respecti vely . Similarly. for the estimation of K 2, the Brewster-Zidek (1974) 
improvements over the estimators (2(1 - X2))-

1 and (n - 4)(2n(I - X 2 ))-' are 
obtained as: 

(3 .5) 

and 

_ { n-2 n-4 } o,~ = max _ _ , _ . 
- n(2-X1 -X2) 2n(I-XJ 

(3 .6) 

Now we consider the case when the mean directions are unknown. In this case, 
using the approximation ( 4.8.35) given in Mardia and Jupp ( 1999), it follows that 
for the large values of n:,, the distribution of n;(I - I?;) can be approximated by that 
of the gamma distribution having shape parameter (n ; - I )/2 and scale parameter 
l / 1,, . i = I. 2. Here. based on these approximations, the MLEs of K 1 and K 2 under 
the order restriction O < "' :::: K2 are given by 

(3. 7) 
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and 

,i:. = min { 
11 

-
1 

. --
11
---

1
--} 

- ' 211(l -R2) 11(2-R, -R2) ' 
( 3.Sl 

respecti,·ely . For the estimation 01· ,_., based on R, alone. if one uses the result that. 
for large values of'' ;· 11( t - R, ) has an approximate gamma distribution with :;hape 
parameter (11- IJ/2 am! scale parameter l / 1,·,. it follows that (2(1- R,))- 1 and 
111 - 5)(2(11 - I)( I - R, ))- 1 are the MLE and the best scale invariant estimators 
of,,·,. i = t . 2. Based on the additional information that O < ,, 1 ~ "~ < x, and that 
1,· 1 is large. if one exploits the Brewster-Zidek technique for the estimation of i- 1• 

Table I 
MSES of ,, 1• mean known. sample size= 20 

(J . t U.2 0.5 .., 
5 

O. l 0.U920 n.n9 I 3 0.0899 0.0907 0.0912 0.0914 
0.02.~9 0.0288 0.0423 0.0566 0.0603 0.0604 
0.1745 0.181)8 0.1940 0.2034 0.2048 0.2048 
0.1452 0.1535 0.1758 0.1982 0.204 7 0.2048 
(). l t 12 0.1130 0.1157 0.[ 173 0.1 t 73 0.1173 

0.2 0.0967 0.0985 0.0972 0.0980 0.0969 
0.0356 (J.0499 0.0660 0.0731 0.0722 
O. l 205 0.1365 0.1478 0.1521 0. t 521 
0.095] 0.117.> 0.1410 0.1518 0. 1521 
0.0676 0.0720 0.0739 0.0750 0.0750 

0.5 O. l ISi 0.1189 O.l 173 0. l t 69 
0.070 I 0.0925 0.11 on fl . l l 05 
().() 306 0.0493 ().()589 0.0595 
(l.() t 76 0.0385 0.0575 0.0505 
0.0l !O 0.0160 0.0176 o.n t 7~ 

0. 1686 0.1664 0.1674 
0.0%9 0. t 506 0.167] 
0.0446 0.0620 o.n712 
0 ()553 0.0553 0.0712 
ll .0952 0.0963 (l.0%1 

0..+656 0.4668 
0.207! 0.--1--151 
0.3071 0.415--1 
0.3634 0.3960 
0.5388 () _5.,p4 

5 3.6208 
l .]656 
1.5525 
1.5873 
2.4017 
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Table 2 
MSES of K2. mean known. sample size = 20 

(). I 0.2 0.5 i 5 -
0.1 0.092-4 0.()973 0.1175 0. 1698 0.4 766 3.6350 

()()691 0 .0735 0. 1031 n.1673 0.4 766 3.6350 
o 22 5() ()_ 1638 0.0599 0.072-4 0.4422 3.4715 
021 ()0 0. 15-41 0.0588 0 .0730 0.-4422 3.4715 
0.1557 0 .099-4 (1 0 I 78 fl 09 39 o 5528 2.8598 

0.2 n 09 79 0 11 73 0. 1695 0 .-4644 3.6930 
0.()757 0 I 006 0. 1651 ().4643 3.6930 
(J . 1685 0.0615 0.0709 () .-4324 3.5364 
0.1550 n.0:595 (l.()718 !J.-4324 3.5364 
U. I 057 n.0191 0.0910 I) 5495 2.9207 

0.5 0.1165 0.16 70 0.-4640 3.5967 
1)_()977 0. 1550 0.-4633 3.5967 
0.0695 O.U6 7-4 u .-4.29 5 3.-1-412 
U.lJ616 0.0705 0.-4300 3.-4412 
! l. 0264 ()_(J;'-)J 0.5434 2.3620 

0.1686 o .-469 5 3.6269 
0. 1465 U.4622 3.6269 
0.0604 0.4279 3.4744 
0.0660 0.4339 3.4744 
0.0519 0.5193 2.8912 

') 0.4 798 3.6377 
0.4596 3.6311 
0.3628 3.4720 
0.3985 3.4790 
0.3307 2.8453 

5 3.6487 
3.6524 
3.2797 
3.2930 
1.8748 

the estimator improving upon (2( I - R. 1 ))-
1 is obtained as: 

{ 

11 - 3 I } 
c>7-1 = min _ _ . _ . 

(11 - I )(2 - R, - R 2 ) 2( I - R,) 
(3 .9) 

and. for estimation of K2, an estimator improving upon ( 2( I - R 2 ) )- 1 is obtained as : 

U.10) 
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Table 3 
l'v!SES of estimators of 1-,.· 1 • mean unknown. sample size= 20 

0.1 U.2 0.5 .., 
5 

0.1 0.1608 0.1596 U. I 582 0.1597 0.1593 0. I 6U2 
U.0964 0.0998 0.121-+ 0.1518 0.1592 0.1602 
0.0986 0.1018 0.1227 0.1521 0.1592 0.] 602 
0.2352 0.2370 n 248 I 0.2628 0.2664 0.2669 
0.2187 0.2222 0.2454 0.2841 0.3004 0. 3014 

0.2 0.1274 0. I 284 0. 1275 0.1293 n. 1.:::,1 
n.067 i 0.0880 0.1171 0.1291 0. 12 1 I 
0 .0694 0.0897 0. l I 76 0.1291 0. I 271 
0.1567 0.1678 0. 1823 0.1881 U.187_1. 
0. 1-+35 0.1636 0. 1986 0.2173 0.2170 

0.5 0. 1227 0.1238 0.1213 0.1227 
0.0589 U.0964 0.1199 0.1227 
0. 062-+ 0.()981 0. 1200 0.1227 
0.0345 0.0526 0.0634 0.0649 
0.0281 0.0544 0.080 I 0.0840 

0.1883 0.1855 0.1872 
0.091 I 0.1656 0.1872 
().0992 0.1676 U.1872 
0.045 7 0.0634 0.07-+I 
0.0459 0.057S 0.0R02 

.., 
0.5669 (J .5628 
0.2228 fl 532] 
lJ .2663 n.5]64 
0.3228 11.4_1.54 
U.J253 IJ 4244 

5 -L5871 
I .61 ll2 
2.ll122 
I 64(!2 
1.52~4 

For the case when mean directions are unk1rn,,n _ \,·e are not providing the Bre,,ster­
Zidek ( 197-+) .improvements over the best scale imariant estimators 111 - 51 
( 2( 11 - I l( l - R,) )- 1• i = I. 2_ as our simulation study indicated that these impron:J 
estimators do not give \VOrth reporting improvements over the estimators in 
(3.7)-(3.10). 

Note that the estimators based on the assumption of large concentration 
parameters are simple to evaluate as they do not involve computation of A- 1 

( • l. 
The theoretical comparisons of various estimators of k 1 and k2 seem intractable. 
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Table 4 
\-!SES of estimators of 1,· 2- mean unkn0\\.11 . sample size= 20 

I). l 0.2 0.5 , 
5 -

0.l ii . 1622 0.1277 0.1218 n. t 909 0.5739 4.6210 
1). l 949 0.147:1 0.1170 0.1870 0.5738 -+.6210 
t ), l 9: \ tl . 1489 O. l 173 0. l 869 0.5738 4.6210 
ti.2S 85 l.l .2028 0.0668 () . () 7-l-8 0.4662 3.6895 
fi __ i()55 0.2193 0.0833 0.0828 0.4880 4.2911 

0.2 U.\29() 0.1219 0. 1897 0.5600 -U897 
0.1536 () _ l 181 0. l 846 0.5599 4. 7897 
I). l 559 ll. l 187 0. l 846 0.5599 -1-.7897 
(i 2063 0.06 79 0.073 l ().4569 3.8472 
ll .2208 0.083 7 0.0812 ll.4767 4.4630 

0.5 n. 1226 0. 1875 n 5553 -1-.5877 
0.1296 o_ 17:;;2 () 5545 4.5877 
U. 1331 ()_ l 7~3 () 5545 4.5877 
Cl.07 57 0.U697 U.4497 3.6734 
O.US66 ll .1)797 I l. 4698 -1- .2659 

0. l 88 l 0.5715 -l- .0391 
0.1822 n.5645 4.639 I 
0. l 903 0.5642 4.6391 
0. 0624 0.4558 3.7282 
0.0762 0.4841 4.3223 

0.5790 4.6407 
0.5828 4.6341 
0.6262 4.6337 
(US-l-0 3.7 l l 3 
(J 4509 4.3169 

5 4.6738 
4.8606 
5.2626 
3.5345 
4.2058 

In the follov.-ing sc:ction. using Monte Carlo :;irnul,1tiu11,. \\e compare the 
performances of various estimators of,.,, and 1,·~ under the \ ·!SE 1: riteriL)l1. 

4. \fonte Carlo Comparisons 

F<.ir 11 , = 11~ = 11 (sayl and 111 = 2. we use Monte Carlo ~irnulations to (ompare the 
\IS Es of rnrious e~tirnators Ji:;(u-;:,;ed in Sec. 2 anu 3. hir tlic c:1,e of k1w\,·n means 
(taken to be zero. 1.,i tlwut loss ot gcneralityL the pair" ot' -: ,1i111 ;1tlll·, (L)thidcrcJ for 
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Table 5 
Sum of tvlSES of estimators of '' i and "-.> mean kno\vn. sample size= 20 

(J. I 0.2 U.5 

0.1 0.1844 U. 1886 0.20 74 0.2605 
0.0930 0. I 023 U. 1454 0.2239 
0.3995 0.3446 0.2539 0.2758 
0.3552 U.3076 0.2346 0.2712 
0.2669 0.2124 0.1335 0.2112 

0.2 0. 1946 0.2158 0.2667 
0. 1113 0.1505 0.2311 
0.2890 0.1980 0.2187 
0.2503 0.1768 0.2128 
0.1733 0.0911 0.1649 

0.5 0.2346 0.2859 
0.1678 0.2475 
0.1001 0.1167 
0.0792 0. 1090 
0.0374 0.0953 

0.3372 
0.2434 
0. 1050 
0.1213 
0.1471 

5 

the simulation study itre (c5 1,. (i 2,). i = n. I. Jetined by 

J,11 = A-'(X,J. 

c5 2V = A - I ( X:: ) : 

. -'( { . {- x1 +x2 }} .) c) 11 =A maxO.mmX,. 
2 

. 

and (6 1,, 62;), i = 2. 3. 4 defined by (3 .1 )-(3 .6). 

1 5 -

0.5678 3. 7264 
0.5369 3.6954 
0.6470 3.6763 
0.6469 J .6763 
0.6701 2.9771 

0.5624 3.7899 
0.5374 3.7652 
0.5845 3.6885 
0.5842 3.6885 
0.6245 2.9957 

0.5813 3. 7136 
0.5733 3.7072 
0.4884 3.5007 
0.4875 3.5007 
0.5610 2.8798 

0.6359 3.7943 
0.6128 3.7942 
0.4899 3.5456 
0.4892 3.5456 
0.6156 2.9893 

0.9454 4.1045 
0.6667 4.0762 
0.6699 3.8874 
0.7619 3.8750 
U.8695 3.3927 

7.2695 
5.0180 
4.8322 
4.8803 
4.2765 
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Table 6 
Sum of :v1SES of estimators of "·1 and "·2• mean unkno\vn . sample size= 20 

O. l 0.2 0.5 1 5 -

I). l 0.3230 0.2873 0 2800 0.3506 0.7332 4.7312 
il .2913 0.24 71 0.2384 0.338S 0.7330 -U8l2 
IJ .295 7 IJ.2507 0.2400 0.339() 0.7330 -U3l2 
1)52.37 O...J..393 0.3149 0.3376 0. 7326 3.9564 
ll .5242 0.441 5 0 . .3237 0 . .3669 0.7384 4.5925 

0.2 0.2564 0.2503 0.3172 U.6393 4.9[68 
0.2207 ll .2061 0.301 7 0.6890 4.9168 
-0.2253 0.2084 (l._;022 0.6390 4.9163 
().3630 0.2357 O. 25 54 0.6450 4.0345 
(U64.3 0.2473 O. 2 798 0.6940 4.6800 

0.5 0.245.3 0.31 13 0.6766 4.7104 
0.1385 0.2746 0.6 744 4.7 104 
U.1955 0.2764 0.6745 4.7104 
0.1102 0.1223 0.51.31 .3.7383 
0.1 14 7 0 I 341 0.5499 4.3499 

0.3764 0.7570 4.8263 
0.2733 0.7301 4.8263 
0.2895 0.7313 4.3263 
0.1081 0.5192 3.8023 
n. 1221 0.5419 4.4025 

1 I. [459 5.2035 
0.8056 5.1664 
0.8925 5.1701 
0.7068 4. [467 
0.7762 4.7413 

5 9.2609 
6.4708 
7.2748 
5. l 747 
5.7342 

For the case unknown means. the pairs of estimators considered for the 
simulation study are (c5r;, c52;), i = 0. I. 2. defined by 

.• A- 1(-R) 
()JI) = I • 

.• .,-,(-R) 
020 = h 2 . 
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Table 7 
MSES of estimators of ,., 1• mean known . sample size = 50 

0. I 0.2 U.5 ., 5 

0. I U.0345 0.0346 l.l .0348 0.0348 0.0346 U.0350 
O.U 117 0.0144 0.021 7 0.0250 0.0249 0.0251 
0.1 7.:J. l 0. 1795 0.1879 0. [905 0.1905 0.1902 
0.1632 0. l 707 U.1849 0.1904 0.19ll5 0.1902 
0. 1479 0. 1505 0.1539 0.1549 0. [550 0. I 54 7 

() . 2 0.0379 0.0375 0.0379 0.0382 o.o:ns 
0.0198 0.0266 0.0320 0.0325 0.0320 
0.1196 0.1312 0. 1354 0. 1351 0.1352 
0. l 103 0. 127 l 0. l 351 0. 1351 0. 1352 
0.0972 0. 1026 0. 1042 0. 1040 0.1 Oc+ I 

0.5 0.0454 0.0452 0.0462 0.0451 
0.03 l 6 0.0422 0.0459 0.0450 
0.0249 0.0356 0.0377 0.0371 
0.0200 0.0342 0.0377 0.0371 
0.0149 0.0199 0.0208 0.0204 

0.0589 0.0588 0.0593 
0.0387 0.0582 0.0593 
0.0263 0.0269 0.0275 
0.0303 0.0266 0.0275 
0.0426 0.0402 0.0407 

") 0.1417 0.1-.J.34 
0.0816 CJ . 1-.J.3() 
0.2142 0.1987 
0.2384 0. 19~6 
0 . .2995 0.2765 

5 l.()62-.J. 
0.5545 
0. 7-.J.60 
0.7915 
l .052~ 

and (()j,. ci;,). i = 3. 4 denned by (3.7)-(3.10). 
The comparisons of MSES are made for different combinations of K 1• "·c(O.::: 

,, 1 ::: ,-2 ) and for n = 20. 50. For the computation of estimate of MSE of the 
estimator <\(1i;) of r-: ; , we generated observations from appropriate von Mises 
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Table 8 
.1'/[SES of estimators of J-..':· mean known. sample size = 50 

k , . ,,:, 0.1 0.2 0.5 1 5 

1) . l 0.03-1,8 0.0375 0.0451 0.0598 0.1404 1.0739 
n 1)267 li.030 I U.0424 0.0598 0.1-1,04 1.0739 
n.2022 0.1420 0.0372 0.0280 0. 1982 l.0683 
0.1951 0. 1381 0.0370 0.02SO 0.1982 1.0683 
ll.1 75() 0 . 1159 0.0:208 0.0412 0.277 1 l.1402 

n.2 ll 0383 O ,1)448 0.05 89 0.1422 1.0749 
l )_ ()J(J6 O.U404 () ,0587 0.1422 1.0749 
IJ. l 463 O.ll376 0.0276 0. 1082 I .!)706 
I) . 14()() !l .0370 l).()2 76 0. 1982 I .0706 
ll . 12 IS ll .0213 0 .0409 U . .2762 1.1438 

0.5 0 04-+7 0.059 5 0.1409 1.0589 
0 ll355 0.05 73 0. 1409 1.0589 
0.0429 ll.0266 0 . 1971 1.0587 
0.0394 0.0271 0. l 971 1.0587 
0. O 2 79 () .l).1,81 0.2755 1.1390 

l) .0588 0. 1415 1.0747 
().()480 0.1411 1.0747 
0.0188 0.1953 1.0743 
0.0217 0. 1956 1.0743 
0.0228 0.2721 1.1515 

., 
0.1417 1.0509 
0. 1251 1.0508 
0. 1380 1.0480 
0.1568 1.0481 
0.1739 l.1269 

5 1.0708 
1.0002 
0.8589 
0.8936 
0.7130 

distributions and . for each combination of ,..: 1• ,,:, and 11. (,), , - K,):((r5· - ,..: , )2 ) was 
- I/ 

computed. The procedure was then repeated 30.000 times to approximate the MSE 
of r5 ,, (t>,) by the ~l\·erage of 30.000 values of (<5, , - "·,):((,5,', - "·, )2). For different 
combinations of "·1. ,,·2 (0::: J-..·1 ::: h·:J and n. these values are tabulated in Tables 1-4 
and 7-10. Tables I and 7 (Tables 2 and 8) give the MSES of various estimators 
M ,,· 1 ( "·:) ,\ hen the mean directions are known ( taken to be Zt!ro ). Tables 3 and 9 
(T~tbles 4 and 10) give the MSES of various estimators of 1,· 1(1, 2 ) when the mean 
directions are unknown. In Tables l anJ 7 (Tables 2 am! 8). entries from the top 
to the bottom correspond to the MSES of <i 1;(ci:;l, i = 0. I. 2. 3. 4. respectively. In 
Tables 3 and 9 /Ta bles 4 and lO) . entries from the top to the bllltorn correspond to 
the \!SES of ,i 1,(,i2, ). i = 0 . I. 2. 3. 4. respectively. 
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Table 9 
MSES of estimators of r: 1• mean unknown. sample size= 50 

0. I 0.2 0.5 -, 5 

() . l 0.0499 0.U499 0.0500 0.0497 0.0501 o.osoo· 
0.0286 0.0322 0.0443 0.0496 0.0501 0.0500 
0.0289 0.0324 0.0444 0.0496 0.050 l 0.0500 
0.2082 0.21 08 0.21.91 0.2223 0.2225 0.2223 
0.2046 0.2089 0.2250 0.2332 0.2336 0.2334 

0.2 0.0393 0.0392 0.0394 0.0398 0.0396 
0.0 198 0.0317 0.0391 0.0398 0.0396 
0.0201 0.0318 0.0391 0.0398 0.0396 
0.1369 0.1462 0.1508 0.1511 0.1511 
0.1340 0.1498 0.1599 0.1605 0.1606 

0.5 0.0451 0.0450 0.0461 0.0452 
0.0263 0.041 i 0.0461 0.0452 
0.0267 0.0418 0.0461 0.0452 
0.0263 0.0372 0.0391 0.038 7 
0.0248 0.0407 0.0445 0.0441 

0.0610 0.0612 0.0615 
U.0363 0.0606 0.0615 
0.0372 0.0606 0.0615 
0.0268 0.0273 0.0279 
0.0266 0.0254 0.0262 

-, 0.1520 0.1536 
0.0811 U.1533 
0.0855 0. 1533 
0.2193 0.2031 
0.2197 0.1892 

5 1.1729 
!U683 
0.613 7 
0. 7611 
0. 73-+9 

Tables 5 and 11 give the sum of !\!SES 1Jf pairs of estimators when the mean 
directions are known (taken to be zero) . Entries from the top to bottom correspond 
to the sum of MSES of the pairs of estimators (,i 1, . tl:, ). i = 0. l. 2. 3. -k respectively. 
Tables 6 and 12 give the sum of MSES of pairs of estimators when the mean 
directions are unknown. Entries from the top to bottom correspond to the sum L1f 

MSES of the pairs of estimators (6~, . t5;, ). i = U. I. 2. 3. 4. respectively. 
The following conclusions are e\ident from Tables 1-12: 

4.1. K11oll't1 :'vl.ea11S 

(i) For almost all configurations of parameters. the restricted MLE (li 11 • 621 ) of 
(1': 1• ,,·2) has a component-wise smaller MSE compared to the unrestricted MLE 
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Table IO 
MSES of estimators of h.> mean unknown. sample size= 50 

0.1 0.2 0.5 2 5 

0.0502 0.1)401 0.0449 0.0619 0.1502 1.1864 
0 .l)6(J 5 0.0429 0.0422 0.0618 0. 1502 l.1864 
0.0608 0.0430 0.0422 0.0618 0.1502 l.1864 
U.2337 0. 1587 0.0389 0.0283 0.2025 l .090 l 
0.2374 0.1633 0.0439 0.026 7 0.1885 l .1236 

0.0398 U.0448 0.CJ6l l 0.1520 1.1906 
ll .U456 0.0414 0.0609 0. 1520 1.1906 
o .n-1-60 U.U4 l 4 U.0609 0.1520 1.1906 
IJ. !616 00393 IJ.0280 0.2025 1.0954 
0.1646 0 .044 l ll.U263 0. I S87 I. 1288 

0 0445 U.0619 0.1508 l. l 684 
0.0416 0.0598 0.1508 1.1684 
0.0420 0.U597 0.1508 l.1684 
0.0446 0.0269 0.2016 1.0807 
!Ul-1-67 1).()259 0.1877 l.111 7 

() 0612 0.1520 1.1928 
U. 0 540 0.1515 1.1928 
0.0550 0.1515 1.1928 
0.0191 0. 1999 1.1021 
0.0210 0.1866 1.1346 

0.1514 1.1626 
0.1402 1.1625 
0.1446 l. 1625 
0.1413 l.0716 
0.1489 1.1031 

l.1814 
l.1491 
l.1945 
0.8771 
0.9682 

(<> 10 , c5 211 ). Thus, for the component-wise estimation of,,·, and / or ,,·2 under the 
prior information O::: K 1 ::: 1':2 < oo, the restricted MLE should be preferred 
over the unrestricted M LE. 

(ii) For all configurations of parameters. the sum of the MSES of restricted 
MLES c) 11 and <i 21 is smaller than the sum of the MSES of unrestricted 
MLES of 6111 and 620 . Thus. in practical situations. if one has the prior 
information of ordering between the concentration parameters, then the 
ri!stricted MLE (c5 11 • 02;) should be preferred over unrestricted MLE (i> 111 • i> 20 ) 

for the simultaneous estimation of (h: 1. K 2 ) . 

(iii) There is no pair of order restricted estimators which is best with respect to the 
criterion of component-wise MSE or with respect to the criterion of sum of 
.MSES. 
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Table 11 
Sum of MSES of estimators of 1, 1 anJ "~· mean known. sample size= 50 

/\·, \ J\·~ . () I (J .2 0.5 , 
5 -

0. I 0.069 3 o.u -:- 21 () . () '7l)l) . 0.0946 0.1750 I . l 089 
0.0384 I l.( J -l-4 .5 11 . 064 I 0.0848 0.1653 l .0990 
O.J 763 !J.3215 U.2251 U.2185 0.3887 l .2585 
() J 583 (UOR8 0.2219 0.2184 0.3887 1.2585 
0.3229 I) 2n64 0.1747 0.1961 0.4321 1.2949 

0.2 0.0762 0.0823 0.Cl968 0.1804 l.1127 
O.U504 IJ.06 70 0.U907 0.1747 1.1069 
0.2659 0. 1688 0.1630 0.3333 1.2058 
0.25()3 0. 16..J. I 0.1627 0.3333 1.2()58 
0.2190 U. 1239 0. I cJ.51 0.3802 l.2479 

0.5 0.090 l 0.1047 . 0.1871 1.1040 
0.0671 0.0995 0. 1868 l.1039 
0.06 78 0.0622 0.2348 l .0958 
(l.()594 0.0613 0.2348 l.0958 
0.0428 0.0580 0.2963 l. l 594 

O. l 177 0.2003 l.1340 
0.0867 0.1993 l.1340 
U.0451 0.2222 l .1018 
0.0520 0.2222 l. l O 18 
U.0654 0.3123 1.1922 

, 
U.2834 1.1943 
0.2067 1.1938 
0.3522 1.2467 
0.3952 l.2467 
O.-.i734 1.4034 

2.1332 
1,5547 
I .6tl4Y 
1.685 l 
I . 765S 

(iv) The estimators based on the assumptil)l1 of large concentration parameters 
seem to perform re..1sonably well for moderate to large values of "· 1 and "·c· 
The Brewster-Zidek method has helped in irnpro\·ing the performance. Since 
these estimators are also simple to use . they could be used in practical situations 
\\'here one has additional prior information that the concentration parameter 
h· 1 is large. 

4.2. Unk11ow11 ,\!leans 

(i) For all configurations of parameters. the restricted MLE (c5j 1• c5; 1) is superior to 
the unrestricted M LE ( ciio· ,5~0 ) with respet:t to the sum of the MSES criterion. 
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Table 12 
Sum of '.'v!SES of estimators ot ,,· , anJ '':- rne:rn unknO\\·n. sample size= 50 

O. l () . .2 0.5 .., 
5 

0.100 I 0.0900 0.09..J.9 () . l I l 6 1). 2()03 1.236..J. 
iJ. 1)8CJ I 1 l.lJ":' 5 l n.l)865 n II I ..J. 0.2003 l.236..J. 
fl .11~9- IJ .()7.5..J. o.ns66 il. I I I ..J. 0.2003 1.236..J. 
f) . ..j...j. l LJ 0.3695 fl .258() () .2506 0 . ..J.250 1.3 l .2..J. 
()...J...J.2() 0.3 722 (l .2689 0 . .2.599 0 . ..J.22 l 1.35 10 

1l .1J 7l) I I l. US..J.U CJ . I (HJ5 0. 191 8 1 . .2302 
I ).()654 ()(173! il . I OIJO O. ll)IS i 2302 
1) .0661 IJ.0732 I l I ()( HJ Oll)IS I .2302 
IJ . .2% .5 II . 185.5 11 I 7S8 0 ."\.536 I .2..J.65 
1) . .29~6 Ol93l) i) . 1862 (J .3..J.92 I . .289-l 

1J .OS% o. I 1)69 0. 1969 1.2136 
fl .0679 0. 1015 0. 1%9 1.2136 
!l .0687 0. 1()15 0.1%9 I. .2136 
1) .{)°i()9 U.116..J.I () . .2..J.07 1.1194 
o l )715 ( ) .()666 0 . .2322 I . l 558 

() . 122.2 0 . .2132 I .254J 
l) . 1 )l)(J3 0 . .212 l 1 . .2543 
(l.U922 U.2121 l . .2543 
0.0459 0.2272 l.1300 
0.()4 76 0.2120 1.1608 

0.3034 1.3162 
0.2213 l.3158 
0.2301 1.3158 
0.3606 1.2747 
1U686 1.2923 

2.3543 
I. 7174 
1.3082 
1.6382 
I. 7031 

Thus. in practical situations, if one has the prior information of ordering 
between the concentration parameters. then the restricted iVILE (<)~ 1 • c5~ 1 ) should 
be preferred over unrestricted MLE (c5j 11 • ,5 211 ) for the :-;imultaneous estimation 
of (1,: 1, r:~ ). 

(ii) As expected. for all configurations of parameters. the estimator (,j;~. ,i2~) is 
superior to the unrestricted ML E ( ,) 111 , ,5;0 ) with respect to the criterion of 
sum of MSES. Also. for all configurations of parameters. the restricted MLE 
(c5;,. ,5 21 ) is superior to (<)j~. ,j~~) with respect to the criterion of sum of l\lSES. 

(iii) Again there is no pair of order restricted estimators which is uniformly best 
with respect to the criterion of component-\\'i,e :VISE nr \\ ith respect to the 
criterion of sum of \IISES. 
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(iv) The estimators based on the assumption of large concentration paramet~rs 
seem to perform reasonably well for modaate to large values of ,,·; and ,,·,. 
Since these estimators are also sirnpk to use. they could be used in practic,~I 
situations where one has additional prior information that the concentration 
parameter r..: 1 is large. 
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