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Magnetic Resonances of Ions in
Biological Systems
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Amagnetic field transduction mechanism based on an ion oscillator model is derived from an explicit
quantum mechanical description. The governing equation prescribes how the electric dipole moment
of an ion oscillating in a symmetric potential well evolves under the influence of an arbitrarymagnetic
field. The resulting equation is an analog of the Bloch equation, a well-studied model for magnetic
resonances in atomic and molecular spectroscopy. The differential equation for this ion oscillator
model is solved numerically for a few illustrative magnetic field exposures, showing when those
resonances occur with single frequency, linearly polarized fields. Our formulation makes explicit the
conditions that must be present for magnetic fields to produce observable biological effects under the
ion oscillator model. The ion’s potential well must have symmetry sufficient to produce a degenerate
excited state, e.g., octahedral or trigonal bipyramid potentials. The impulse that excites the ionmust be
spatially correlatedwith the orientation of the detector that reads off the final state of the oscillator. The
orientation between the static and oscillating magnetic fields that produces resonance is a complicated
function of the field magnitudes and frequency. We suggest several classes of experiments that could
critically test the validity of the model presented here. Bioelectromagnetics 25:620–630, 2004.
� 2004 Wiley-Liss, Inc.
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INTRODUCTION

A range of magnetic field transduction models
based on an ion oscillator have been discussed in the
literature on biological effects at extremely low fre-
quencies (ELF) [Lednev, 1991; Chiabrera et al., 1992;
Edmonds, 1993; Blanchard and Blackman, 1994;
Binhi, 1998]. These models all capitalize on the fact
that a chargemoving in amagnetic field has a dynamical
time scale whose natural frequency, the Larmor
frequency, is determined by the field’s static compo-
nent, first suggested in the context of biological effects
of magnetic fields by Liboff [1985]. This forms the
general basis for resonant interactions when the Larmor
frequency is commensurate with a periodicity in the
magnetic field.

The physical model we consider is an unhydrated
ion with zero electronic and nuclear spin that is
oscillating in a potential well. In biology, hundreds of
proteins, e.g., Ca2þ-calmodulin, have such bound ions.
The binding potential is assumed to have sufficient
symmetry for the first excited state to have two or three
degenerate energy levels, and this sets very stringent
restrictions on possible protein/ion candidates. In the
excited state, the angular momentum of the oscillating
ion induces a magnetic moment, providing a point of
interactionwith an externalmagnetic field. Posed either
as a quantum mechanical or classical problem, this

model has analytic solutions of the resonances when a
single frequency AC field is parallel or perpendicular to
the static field vector [Edmonds, 1993; Chiabrera et al.,
1994; Engström, 1996; Lednev, 1996; Adair, 1998].
Generally-oriented fields should also have resonant
effects, as indicated by studies of spin 1/2 systems
[Ruyten, 1990a].

The resonant frequency of these ion oscillator
models are half-integer multiples of gB0 where the
gyromagnetic ratio g is one-half the ion’s charge-to-
mass ratio and B0 is the static field magnitude. The
magnitude of the effect is proportional to the quantity
B1/B0, where B1 is the peak amplitude of a time-varying
sinusoidal magnetic field. These properties of the ion
oscillator model have shown some consistency with
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laboratory experiments on several different biological
systems [Shuvalova et al., 1991; Liboff, 1992; Black-
man et al., 1994; Prato et al., 1995; Binhi, 1998;
Belyaev and Alipov, 2001]. Responsiveness to B1/B0
can be explained in one of two ways: (i) the oscillating
and static magnetic field components are detected
separately, and their ratio is computed downstream of
the component detection, (ii) the detection mechanism
sees the ratio directly, implying that it operates on a time
scale comparable to or greater than that of the period of
the applied signal [Engstöm, 1997]. The latter behavior
is consistent with a resonant transductionmechanism in
general and with parametric resonance in particular.

Despite its empirical support, previous formula-
tions of the ion resonance model have had theoretical
problems. Adair [1992, 1998] gave several reasons why
‘‘. . .the model cannot account for any purported bio-
logical effect of weak extremely low frequency mag-
netic fields.’’ First, ELF resonances require coherence
times in themillisecond range, while thermal vibrations
at biological temperatures can destroy coherencewithin
picoseconds. Second, some theories require the poten-
tial well to be spherically symmetric, which is difficult
to justify in biological molecules. Third, the degenerate
excited states have to be coherent, i.e., their relative
phases in an ensemble of molecules must not average to
zero. Fourth, since the total amplitude of the affected
dipole moment is conserved by the field, it should be
impossible to detect any effects in a situation in which a
spatial average over the system is considered. This
study resolves the second objection by a group theory
analysis of the binding site’s symmetry, and deals with
the two last objections by suggesting local excitation
and detection mechanisms that are spatially correlated.

A further limitation of previous ion-oscillator
models was that they have been solved only for the
simplest exposures: a single frequency, linearly polar-
ized AC magnetic field oriented parallel to the static
field vector. A more general formalism is needed to
fully test the ion oscillator model in laboratory experi-
ments, as well as to assess exposures to ion resonance
conditions from the complex magnetic fields found in
the environment [Bowman and Methner, 2000]. Most
experimental work based on this model concentrates on
demonstrating biological dependence on the amplitude
of the oscillating component. This approach assumes
that a good guess of the responsible ion’s properties is
available, but this assumption has usually not been
firmly evaluated. This is unfortunate because the funda-
mental resonance character of the mechanism stems
from the dependence on the static field components
parallel and perpendicular to the AC field. Only mapp-
ing of the system response to these static field compo-
nents, as well as to the frequency of the applied field,

will demonstrate the resonant character of amechanism
based on the ion-oscillator principle.

The treatment proposed below leads to a dynamic
equation for the ion oscillator model that addresses
some of its theoretical problems and can be applied to
arbitrary magnetic fields. We will explore the conse-
quences of this formalism for all orientations between
the static and linearly polarized, single frequency
magnetic fields. We thereby hope to stimulate further
studies with the new range of predicted behavior.

A BLOCH EQUATION ANALOG

Our simple mathematical model consists of a
singlet-triplet systemwhere theexcited statehasunit an-
gular momentum. Physically, this represents a spinless
ion oscillating in a potential well. The model considers
only the ion’s singlet ground state and its triplet excited
state, whose L¼ 1 orbital angular momentum provides
a magnetic moment, similar to a hydrogen atom.

By interactingwith the ion’smagneticmoment, an
ELF magnetic field can influence this singlet-triplet
system if the unperturbed triplet’s sub-levels are close
enough to be mixed by the field’s minute energy. For
this to happen, the sub-levels must be very nearly
degenerate, which requires a high degree of symmetry
in the potential well. For an ion bound in a protein or
other biological ligand, degenerate energy levels do not
require perfect spherical symmetry in the binding
potential, but can be created if the ion’s nearest neigh-
bors have rotation, reflection, and inversion symmetries
that belong to a highly symmetric point group
[Tinkham, 1964].When, e.g., all the neighboring atoms
are the same element and form a regular tetrahedron or
octahedron, the excited states can be three-fold dege-
nerate. Some lesser symmetries, e.g., a cube or symme-
tric bipyramid, produce two-fold degeneracy.

ABloch spin-vector description is a useful tool for
analyzing the dynamics of various optical andmagnetic
resonance phenomena. The basic Bloch equation is
valid only for systems with equidistant energy levels
[Hioe and Eberly, 1981; Slichter, 1990] and normally
describes the evolution of a magnetic dipole moment
from a 2-level (spin 1/2) system. Here we calculate the
dynamics of of a 3þ 1-level (singlet-triplet) system
under the influence of a magnetic field.

It turns out that the slow (quantum beat)
variation of the electric dipole moment from transitions
between the excited and ground states is exactly
described by an analog of the original Bloch equation
(cf. Appendix):

d~pp

dt
¼ g~pp�~BB� G~pp; ð1Þ

Magnetic Resonances of Ions 621



where ~pp is a slowly varying factor of the transition
electric dipole moment, modulated by the supposedly
weak magnetic field ~BB. g ¼ q=2m is the gyromagnetic
ratio, which multiplied with the field determines the
natural (Larmor) precession time scale of the quantum
beats. q and m are the change and unhydrated mass of
the ion, respectively. A density matrix formulation was
used to calculate the time evolution of our model
system (Appendix). A scalar damping term (G) has
been added to represent the decay of excited states
back to the ground state.

The full electric dipole moment ð~PPÞ may be
reconstructed from a solution of Eq. 1 by

~PP ¼~ppeioet ð2Þ

where oe is the angular frequency of a ‘‘carrier fre-
quency’’determined by the energy separation of the first
excited state and the ground state, oe ¼ ðE1 � E0Þ=�h
(see Eq. 15). In our caseoe�O, whereO is the angular
frequency of the applied field. The field only affects the
slowly varying~pp, creating interference patterns that are
also called ‘‘quantum beats.’’ The excitation mechan-
ism is left unspecified, but it must be sufficiently strong
to populate the first state to a significant degree.

Analogous systems such as the magnetic moment
of a two-level system that are also described by the
Bloch equation, have been extensively studied with
various methods [e.g., Ruyten, 1990a,b]. Reducing the
system under study to this form thus opens a wealth of
literature on its dynamical behavior.

INITIAL CONDITIONS AND OBSERVABLES

In a biological preparation we lack the control
over the inital state that is traditionally required when
studying magnetic resonance in experimental physics.
In a typical setup in a physics laboratory, one would
control the initial conditions by exciting states to a
selected polarization and later measure only one pola-
rization in the outgoing radiation. If this was not done,
the effect of themagnetic field could not be observed for
two separate reasons: (i) Since the initial state would be
a randomized ensemble, rotation by the applied mag-
netic field would generate an equally uniform ensem-
ble; and the field would have no observable effect. (ii)
The magnitude of the electric dipole vector is conserved
by the magnetic field interaction, so no effect can be
observed if all components of the dipole are spatially
averaged, as they would be if we summed them over all
possible directions. Both these objectionswere raised by
Adair [1992] in response to themodel byLednev [1991].

For biological systems there is a possible way out
of the dilemma. If we require that the excited states are

both generated and observed within the biological
construct that houses the ion oscillator, we can attain
correlation between the initial dipole orientation and
the polarization component that is actually observed.
By using local initialization and decoding of the state,
we overcome the otherwise difficult problem of state
preparation and polarization selection in the detector.
The biological matrix which holds the oscillator may of
course be expected to be randomly oriented in space,
but the relative orientation of the initialization and
observation can remain the same, and this is the crucial
issue for this particular theoretical problem of this
mechanism.

Our observable in analyzing this systemwill be an
average of the quantum beat amplitudes p2k , where k
indicates coordinates x,y,z. The individual instanta-
neous components p2k are normally interpreted as the
radiative probability along the corresponding (polar-
ization) axis. Here we leave the specific biophysical
interpretation open. The component response could
represent a shift in charge density in the oscillator
complex or a change in the probability of ion escape in a
particular direction, but other interpretations may be
permissible. The interaction is most likely not of a
radiative nature, as indicated by Adair [1992].

The fact that the ion oscillator complex may be
expected to be isotropically oriented implies that all
possible orientations with respect to the applied field
must be considered. In our numerical simulations
below, we accomplish this by averaging the observation
measures over all possible relative orientations of the
field. In what follows, p2x

� �
represents an average of p2k

over time (in all cases) and over all possible field
orientations (except where noted).

Due to the averaging over applied field directions,
there are only two independent components of the
observable: parallel and perpendicular to the orienta-
tion of the initial condition vector, ~pp0. Since p2 is
conserved by the field, these two components are
proportional to one another. If we chose~pp0 ¼ p0x̂x and
look at the time-averaged value of p2x , the other two
components follow from the fact that hp2yi ¼ hp2z i (there
is no difference between these directions after spatial
averaging) and that hp2i ¼ hp2xi þ hp2yi þ hp2z i is unaf-
fected by the field. Themechanismswhereby the state is
prepared and decoded are thus left open with the
stipulation that they be spatially correlated. The simp-
lest way to achieve correlation would be that they
belong to the same microscopic structure or even that
generation and decoding is done by the same physical
unit. The energy of the L¼ 1 state should substantially
exceed kT, or else thermal levels will destroy the state
almost instantly. Leask [1977] suggested amodelwhich
would be optically pumped. Whatever form we allow
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the excitation to take, the model requires that the orien-
tation of the excited state is correlated to themechanism
by which the final state is read.

LITERATURE OVERVIEW

In order to put our observations in context, it is
useful to briefly review the literature on the ion oscil-
lator model, paying particular attention to the treatment
of initial conditions and observables.

An early idea relevant to the discussion was a
suggestion by [Leask, 1977] which involved optically
pumped electronic states that could be used for animal
geomagnetic orientation if the emitted light could
somehow be polarization-selective. Thus is the obser-
vation sensitive to a selected dipole component, but it
appears that the requirement that the state be specially
prepared relative to this direction is not fulfilled unless
the detectors themselves are all oriented in some
particular direction.

Lednev [1991] was the first to suggest using
quantum beats between the Zeeman levels of an ion-
oscillator perturbed by an alternating magnetic field.
His observable was the probability of a radiative
transition to the ion’s ground state, but the method for
observing the transition and for exciting the ion were
not explicitly treated. Nonetheless, his derivation is
implicitly consistent with our assumption of generating
the exited states with the same polarization direction
as the radiation detector (along a vector perpendicular
to the B vector). Lednev [1991] was also the first to call
this model ‘‘ion parametric resonance.’’

Lednev’s model was criticized by Adair [1992],
mainly because the states should be expected to be
severely collision damped, but also for the lack of an
explicit description of state initialization and observa-
tion. In reply, Lednev [1996] modified his basic model
by making his observable the oscillation in a direction
perpendicular to the magnetic field. Since then, the
Lednev model has been further extended and critiqued
[Engström, 1996; Adair, 1998].

An alternative model of the ion resonance mech-
anism was presented by Edmonds [1993]. The initial
condition/observable treatment is implicit and basically
analogous to that of Lednev.

A separate development is that of Chiabrera and
co-workers [Chiabrera et al., 1992, 1994, 2000] which
considers the transition behavior of amulti-level system
under the influences of an external perturbation in the
presence of thermal noise. They calculate the evolution
of wave functions for the model and do not run into the
initialization issues, but their model may be proble-
matic in that they only consider a few low-lying energy
states of the system in question.

Another take on the ion resonance idea is that of
Binhi [Binghy, 1997; Bingi, 1997]. His ‘‘ion inter-
ference’’ mechanism explicitly includes the (fixed)
initial conditions of the ion state and uses the proba-
bility of finding the ion near a particular direction as the
observable. This model therefore solves the initializa-
tion/observation issue, although the isotropy of the
system in the biological environment is not considered
in further detail.

‘‘Quantum interference’’ might be a better term
for our model as well, because its effects are due to in-
terference between the magnetically-perturbed excited
states in their transition to the ground state. These
interference effects do not have the same properties as
the more familiar resonances in the energy transfer
between two oscillating systems. Nonetheless, we
choose to stick with Lednev’s notion of resonance,
consistent with the use of ‘‘parametric resonance’’
in classical mechanics for an oscillator’s response to
co-linear forces when the driving frequency matches
the Larmor frequency [Arnold, 1973].

Themodification ofLednev’smodel byBlanchard
and Blackman [1994] was not well motivated physi-
cally, but provided explanatory power for a series of
experiments [Blackman et al., 1994]. Binhi [2000]
obtained the Blanchard and Blackman [1994] formulas
from basic physical principles by assuming that the
biological complex rotates in a highly constrained
manner relative to the magnetic field.

NUMERICAL SIMULATIONS

In evaluating Eq. 1 for single frequency, linearly
polarized magnetic fields, we scale the time variable
t ¼ Ot and use units such that the forcing frequency and
the gyromagnetic ratio equal unity:O0 ¼ g0 ¼ 1, lump-
ing all parametric dependence into unitless magnetic
flux density variables: B0 � n. The transformation from
S.I. units to this formulation for a static fieldB0 and state
decay rate G is then:

B0
0 ¼ n0 ¼

gB0

O
; G0 ¼ G

O
; ð3Þ

where g¼ q/2m is the system’s gyromagnetic ratio and
O is the angular frequency of the oscillatory component
of the applied magnetic field.

With this renormalizedmagnetic field, n¼ 1when
O equals the Larmor frequency of the system (gB0).
With 40Ca2þðg ¼ 2:41� 106 C=kgÞ in a protein com-
plex, e.g., 60Hz is theLarmor frequencywhen the static
field magnitude B0 ¼ 2pð60 HzÞ=g ¼ 156:5 mT $
n ¼ 1 in the dimensionless system. Furthermore,
n¼ 1/2 indicates that O equals the system’s cyclotron
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resonance frequency; nk ¼ n=2 and n? ¼ 0 represents
the parametric resonance condition; etc.

We now consider three renormalized magnetic
field variables: n1; nk, and n?, corresponding to the os-
cillating, static parallel, and static perpendicular com-
ponents, respectively. Without loss of generality we let
the oscillating component lie along the ẑz axis andwe get
(cf. Fig. 1c):

d~pp

dt
¼~pp� ððn1 cos tþ nkÞẑzþ n?x̂xÞ � G0~pp: ð4Þ

Wewill choose the initial conditions to be~pp0 ¼ x̂x.
In the course of numerically integrating ~pp we also
calculate the integral of p2x , the time average of which
will represent the observable quantity that eventually
propagates through a biological signal pathway and
becomes accessible to experimentation.

The normalization of the calculated~pp was based
on the following observation. After scalar multiplica-
tion of Eq. 1 with ~pp, we find that, since 2~pp � d~pp=dt ¼
dp2=dt and, for any vector~qq; ~pp �~pp�~qq ¼ 0:

dp2

dt
¼ �2G0p2: ð5Þ

It follows that the amplitude of~pp is unaffected by
the magnetic field and declines only due to the damping
term. Therefore, the individual components are normal-
ized by the integral of the component sum (1/2G0 for a

sufficiently long integration) in order to allow direct
comparison of simulations with different G0.

When calculating the effect of having an isotropic
ensemble of detectors (Fig. 1a), we need to average our
results over a set of rotations of the detector system.We
accomplish an equivalent operation by instead aver-
aging p2x over a set of rotations of the field vectors. The
applied fields are rotated by Euler angles f; y; c,
where (c, y) are chosen to uniformly sample the unit
sphere in nfy segments and the range for c is divided
into nc equal intervals (cf. Fig. 1b). This gives the
temporal and spatial average of the detected dipole
moment p2x

� �
, the observable quantity in our model

biological system. Typical parameters used in our
calculations are given in Table 1.

RESULTS

The resonant structure resulting from Eq. 1 has
been extensively studied in the literature (see Ruyten
[1990a] and references therein). Best known are the
responses of the Bloch equation to parallel and
perpendicular magnetic field combinations, as shown
by time traces of~pp from the numerical integration of Eq.
4 (Fig. 2). With parallel fields, the oscillating dipole
vector precesses in the plane perpendicular to the fields,
while the perpendicular field creates motion along the
z axis. With most field combinations, the dipole’s
oscillations over infinite time are directed in all possible

Fig. 1. Modelsystemgeometry: (a) Theinitialcondition (I.C.) for theslowly varyingcomponentofthe
electricdipolemoment~pp0 isdefinedinthesameframeastheobservationdirection (eye).b:Isotropy
of the ensemble of detectors is considered by uniform coverage of the three rotational degrees of
freedom as described by the Euler angles (f; y; c). c: The field exposures are described by the
peak amplitude of the magnetic flux density and static components parallel and perpendicular to
theoscillating field.
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angles. The resonant fields, however, focus the oscilla-
tion toward or away from the detector, creating aniso-
tropy in the average electric dipole. Resonant parallel
fields nk ¼ 1:0 create trajectories for ~pp that are C-
shaped with their 67.48 openings all aligned along the x
axis. This focuses the electric dipole more along the y
axis, the defining characteristic of parametric reso-
nance. In contrast, non-resonant parallel fields also
produce C-shaped trajectories, but their openings are
not aligned, making the dipole’s distribution more
isotropic. With perpendicular fields, the oscillations in
the resonant case nutate back and forth across the
binding site’s ‘‘equator,’’ never exceeding 358 in lati-
tude. With non-resonant fields, the dipole crosses the
‘‘poles’’ creating greater isotropy. This same nutation is
found in the resonance of spin 1/2 magnetic moments
familiar from NMR, ESR and MRI [Slichter, 1990].
These differences in anisotropy can also be seen in the
plots of p2x

� �
for parallel, perpendicular, and mixed

magnetic field combinations (Figs. 3–7).
The simulations of our model differ from most

other work in that we have generally considered all
possible orientations of the field vector relative to the
detector. This is not expected to radically change the
main features of the response, as our results confirm, but
differences in details reflect our consideration of
detector isotropy.

Figure 3 displays the results of varying the static
field components parallel ðnk 2 ½0; 4�Þ and perpendi-
cular ðn? 2 ½0; 4�Þ to a fixed-amplitude sinusoidal
vector ðn1 ¼ 4Þ, allowing a direct comparison to
Figure 10 in Ruyten [1990a]. Much of the structure
predicted by continued fraction analysis of the same
underlying equation is retained in our isotropically
averaged version. There are parametric resonances for
n? ¼ 0, Haroche resonances for nk ¼ 0. Away from the
nk ¼ 0 and n? ¼ 0 axes, there are only a few fixed
Haroche-like resonances (a type of level-crossing reso-

nance) in the ðnk; n?Þ plane [Yabuzaki et al., 1974].
Level crossing refers to a matching of energy levels and
a possibility of state interchange, due to magnetic field
interactions. As the stimulus amplitude (n1) is varied,
the crests and troughs of the response will ripple
through this plane, providing a large space of possible
experimental predictions.

Damping is represented by a single time scale
ðtdamp ¼ 1=G0Þ in our model. This simple model exhi-
bits the expected Lorentzian-shaped parametric reso-
nances for a range of G0 as seen in Figure 4. This
parameter has a relatively small range of possiblevalues
for which one can hope to observe the effects of an ion-
oscillator based mechanism in biological systems. If G0

exceeds approximately 1/2, then the oscillator is damp-
ed out rapidly and no resonance can be observed. As the
damping parameter approaches zero, the resonances
become increasingly narrow, and consequently more
difficult to detect unless one has very precise informa-
tion about the frequency required for resonance.

Experimental Implications

The following observations on our results provide
some testable hypotheses for a critical experimental
evaluation of this model:

The introduction of spatial averaging has a
relatively small impact on the qualitative predictions
for the condition of parallel static and oscillating fields.
The locations of resonances at half-integer nk are not
affected by the relative orientation of field and detector
or by the strength of the applied oscillating amplitude
[Ruyten, 1990a], as shown in Figures 4 and 5, which
show parametric resonances for two different forcing
amplitudes (n1¼ 1 and 4, respectively).

When the static field is perpendicular to the
oscillating field, another set of resonances are seen. In
particular, there is a response to relatively weak oscil-
lating fields as shown in Figure 6. The precise location
of the resonance peaks will generally vary with the
strength of the oscillating field (n1), although there exist
stationary resonances in this (and the mixed parallel/
perpendicular) case as well. An observation of the
feature depicted in Figure 6 for a small perturbation
amplitude (n1) would provide a nice contrast to the
expected behavior of a model which depends solely on
the field amplitude, such as a geminate free radical pair
model responding to low frequency magnetic fields in
an isotropic system. The reason is that a model which
depends on the amplitudewould not easily discriminate
a small perpendicular component, since if B1�B0

we have that root-mean-squared magnitude jBj ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2
0 þ B2

1

p
� B0ð1þ x2=2Þ, where x¼B1/B0.

Another way to generatemodel predictions for the
outcomes of combined parallel and perpendicular static

TABLE 1. Numerical Simulation Parameters

Parameter Value Comment

�0 .05 Damping factor
�0 p/2 Initial condition for~pp
�0 0 ~pp0 ¼ ðsinð�0Þcosð�0Þ; sinð�0Þsinð�0Þ;

cosð�0ÞÞ
nper 10 Number of periods to evaluate
n�� 120 Subdivision of the sphere for (�; �)-isotropy
n 10 Number of  segments considered
�1 0–4 Dimensionless oscillating field amplitude
�k 0–4 Static field amplitude parallel to �1
�? 0–4 Static field amplitude perpendicular to �1

‘‘Value’’ represents typical parameters in a simulation. Unless
otherwise noted in text and figures, these are the values used in the
reported simulations.
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components is to follow the response in p2x
� �

along the
ray nk ¼ n? as seen in Figure 7. In this example, which
summarizes a small range of oscillating amplitudes
ðn1 2 ½1:4; 1:8�Þ, we see a relatively stationary struc-
ture which could provide experimental support for (or
rejection of) this model.

Further experimental tests of this model are provi-
ded by its postulates. Consider first the zero spin con-
dition. This is a necessary postulate for obtaining the
Bloch-type equation because either electron or nuclear
spins will split the ground and excited states, producing
a much larger density matrix and more complicated
result. Zero electron spin can be achieved by requiring
closed electronic shells, which are found in many
biologic ions. Far rarer are biologic ions with both

zero electronic and nuclear spins in their most abun-
dant isotopes: 24Mg2þ (80.0% abundance), 26Mg2þ

ð1 1 : 0%Þ;40 Ca2þ ð96:9%Þ; 44 Ca2þ ð2:1%Þ; 64 Zn2þ
ð48:6%Þ; 66 Zn2þð27:9%Þ, and 68Zn2þð18:8%Þ. There-
fore, the magnetic resonance responses predicted in
Figures3–7canonlybedisplayedbybiologiccomplexes
of magnesium, calcium, and zinc. (Note the g values of
the natural magnesium and zinc isotopes vary by 6–8%,
which will slightly broaden any observed resonances.)

The model’s symmetry requirements impose fur-
ther constraints on the biological substrates. Although
magnesium, calcium and zinc are bound by hundreds of
proteins with up to a dozen ions per protein [McPhalen
et al., 1991; Alberts et al., 1998], the atoms from sur-
rounding amino acid and water molecules generally

Fig. 2. Tracesoftheslowlyvaryingfactor~ppoftheelectricdipolemoment vector~pp (Eq.2) inresponse
to fourcombinationsofthestaticandoscillatingmagnetic fields: parallel (n?¼ 0) vs. perpendicular
(njj ¼ 0) and resonant vs. non-resonant. All traces are calculatedwith a time period Dt¼ 60and a
damping parameter G0 ¼ 0:05. Note that this is not the full dipole vector~PP, which oscillates rapidly
through theoriginwhile following the trajectoryof~pp.
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form an irregular polygon with less symmetry than the
resonance model requires. McPhalen et al., 1991
analyzed the geometry of 77 calcium-binding sites in
28 well-studied proteins, including Ca2þ-calmodulin.

Based on X-ray crystallography, these binding sites
have 5–8 neighboring oxygen atoms, but none formed
an ideal octahedron. Only one calcium-binding site on
the protein a-Lactalbuminmight be an ideal pentagonal
bipyramidwithin crystallography’s 4–8% error bounds
(.1–.2 Å precision for Ca2þ-ligand bond distances
averaging 2.4 Å). Based on this limited survey, most
proteins with spin zero ions do not have the symmetry
required for ionmagnetic resonance, but a fewmight. A
systematic geometric analysis of the structures in the
online Protein Data Bank [Berman et al., 2000] might
provide additional candidates for the magnetic reso-
nance experiments proposed here.

DISCUSSION

Amplitudewindows are a recurring (and disputed)
observation in the field of bioelectromagnetics [Shuva-
lova et al., 1991; Blackman et al., 1994; Prato et al.,
1995; Binhi, 1998; Belyaev and Alipov, 2001].
Lednev’s ion-oscillator model demonstrated a possible
mechanism for obtaining these otherwise problematic
observations. This work extends the Lednev model to
consider arbitrary exposure conditions instead of only
parallel static and sinusoidal oscillatingmagnetic fields.

Fig. 3. Response structure of the Bloch-type equation as a func-
tion of parallel (njj) andperpendicular (n?) field components fora
fixedoscillatingamplitudeofn1¼ 4.Thegray-scalecorrespondsto
values in the observable p2x

� �
, with black-to-white representing

increasingly larger values.Parametric (n? ¼ 0),Haroche (njj ¼ 0)
and Haroche-like (n?> 0; njj> 0) resonances are marked with
circles in the figure. The location of parameteric resonances are
independent of the strength of the oscillating field (n1), while the
location in n? of Haroche and Haroche-like resonances depend
onthisparameter.Theinsetimageisa3Dviewofthesameinforma-
tionG0 ¼ 0:05.

Fig. 4. The effect of damping on the response in p2x
� �

at the para-
metric resonance condition: nk 2 ½1; 2:5�; n? ¼ 0; n1 ¼ 1. The
damping parameter takes the values G0 2 f0:010; 0:025; 0:050;
0:100; 0:250; 0:500g. Wider resonances correspond to larger
valuesofG0.Theinsetpanelshowsaclose-upofthenk ¼ 1=2reso-
nance forG0 ¼ 0:005.

Fig. 5. The figure shows the response in p2x
� �

to nk 2 ½0; 4� for
n1 ¼ 4withdampingG0 ¼ 0:05.

Fig. 6. Magnetic resonance (nk ¼ 0; n?¼ 0� 3) for a range of
relatively weak oscillating field amplitudes: n1 2 ½0; 0:5� in steps
ofDn ¼ 0:05.Thetopcurvecorrespondston1¼ 0anddescending
curvesindicate larger valuesof n1. a:Showsthe single orientation
case where a single detector/field orientation has been consid-
ered. b: A similar calculation averaged over all orientations
exhibits a similar structure, but the details of the observable
( p2x
� �

) is changed.G0 ¼ 0:05.
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To see the equivalence with the Lednev formal-
ism, examine the single frequency version of the Bloch
equation (Eq. 4) with n? ¼ 0 and no damping (G0 ¼ 0).
This gives _pp	 ¼ 
ioðtÞp	 where p	 ¼ ðpx 	 ipyÞ=

ffiffiffi
2

p

and oðtÞ ¼ n1 cos tþ nk. Integrating this differential
equation and comparing it with Lednev [1991] shows
that the electric dipole components p	 are proportional
to his ‘‘electromagnetic field amplitudes’’ for states 1
and 2, which are the L¼ 1, M¼	1 states in our
formulation or the right/left-handed circular orbits in
the classical treatment by Adair [1998]. Furthermore,
p2x ¼ 1

2
jpþ þ p�j2 is proportional toLednev’s ‘‘probabi-

lity of transition to the ground state’’ and the ‘‘ion-
protein dissociation probability’’ in Binghy [1997b].
The integral of p2x over time therefore gives their para-
metric resonance equations, as our numerical simula-
tion confirms (Fig. 5).

Themost plausible physical interpretation for how
p2x
� �

might affect biological systems is through ion-
protein dissociation. Altered rates of ion dissociation
from a protein could have biological effects because
bound ions can impact the protein’s enzymatic proper-
ties or the stability of its folds, as in a-Lactalbumin
[McPhalen et al., 1991]. However, p2x

� �
can have an

impact on dissociation only if there is an opening (or
gate) in the potential well along the x axis, which is
aligned opposite to negatively-charged ligand atoms.
Furthermore, Adair [1998] points out that the potential
well openingsmustmaintain the same high symmetry if
resonance is to occur, and p2x

� �
obviously does not have

this symmetry. However, we could postulate a protein
complex with multiple gates aligned symmetrically,
such as a pentagonal bipyramid with five gates around
the base. Binhi [2000] discusses further properties of
the dissociation process qualitatively. Clearly, a com-
prehensive ion-oscillator model should include a
mathematical dissociation mechanism.

A similar model may be generated for the slightly
less demanding case of two-fold symmetry instead of
the three-fold case we have investigated in this article.
This systemwould only respond to the field component
perpendicular to the symmetry plane. Modeling this
system mathematically becomes more laborious since
the creation of an additional reference orientation that
has to be considered in relation to the detector/obser-
vable complex while performing the averaging over all
possible field orientations.

The second important feature of the present for-
mulation is how the oscillator’s initial conditions and
the system observable must be spatially correlated in
order to observe an effect, particularly in a situation in
which the ensemble of biological detectors are isotro-
pically distributed in space. As discussed in the ‘‘Initial
Conditions and Observables,’’ this spatial correlation
would be achieved if both the excitation as well as the
detection are done by the ligand binding site. Such an
excitation could be achieved by one of the ligand atoms
when the protein is refolding.

Our treatment does provide solutions for the initial
condition and symmetry problems of the ion oscillator
model [Adair, 1992, 1998], but severe obstacles still
remain before this approach will achieve physical
acceptance. Experimental studies have focused on ap-
plying fields with frequencies primarily in the range 1–
1000 Hz, indicating resonant time scales measured in
milliseconds. An interaction which requires coherence
times in the millisecond range is not an attractive
feature of a quantum mechanical explanation of a
system at biological temperatures. The idea of mole-
cular gyroscopes may provide a framework for solving
this dilemma [Binhi and Savin, 2002]. Creating state
coherence and its maintenance under thermal perturba-
tions are difficult issues for this type of model. None-
theless, very long coherence times appear unavoidable
if we wish to entertain the idea of a resonance-based
solution with molecular-sized constituent elements.
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APPENDIX

Derivation of the Bloch Analog Equation

The Hamiltonion operator (H) for a spinless
particle whose orbital angular momentum ~LL interacts
with a magnetic field (magnetic flux density~BB) is:

H ¼ H0 �
q

2m
~BB � ~LL; ð6Þ

where q andm are the particle’s charge and mass,H0 is
the unperturbed Hamiltonian.

Assume that the particle’s energy is low enough to
populate only the ground state (quantum number L¼ 0,
energy E0) and first-excited state (L¼ 1, E1). Further,
the excited state is three-fold degenerate (M¼ 0,	 1)
because of the potential well’s symmetry. Group theory
shows that this three-fold degeneracy is found in the
excited states of particles bound by potentials whose
symmetry operations form the tetrahedral or octahedral
point group [Tinkham, 1964].

Now consider an ensemble of N ion oscillators,
e.g., all the ions in a cell which are bound at a particular
site in a protein. If these oscillators are non-interacting,
the ensemble’s quantum properties can be represented
by its density matrixD ¼ fDijg � 1=N

PN
n¼1 a

�
ni j ni >

< nj j anj where ani is the coefficient for the time
dependence of the i-th state jni > of the n-th oscillator.
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In our model, the density matrix and all other operators
are 4� 4 matrices with indices i; j ¼ 1; 2; 3; 4 $
fL;Mg ¼ f1;�1g; f1; 0g; f1;þ1g; f0; 0g. The time
evolution of the density matrix is described by:

_DD ¼ 1

i�h
½H;D�: ð7Þ

Using the L¼ 1 matrix elements for the angular
momentum operator [Slichter, 1990], the Hamiltonian
matrix for this 4-state system is:

H ¼

E1 þ �hoz ��hoþ 0 0

��ho� E1 ��hoþ 0

0 ��ho� E1 � �hoz 0

0 0 0 E0

0
BB@

1
CCA;

ð8Þ

where

ðox;oy;ozÞ¼~oo¼ q

2m
~BBðtÞ; and o	¼ðox 	 ioyÞ=

ffiffiffi
2

p
:

ð9Þ

Our observable is the electric dipole moment,
~PP ¼ q ~RR, which has the following matrix representation:

Px ¼ qr

0 0 0 1

0 0 0 0

0 0 0 �1

1 0 �1 0

0
BBB@

1
CCCA

Py ¼ qr

0 0 0 i

0 0 0 0

0 0 0 i

�i 0 �i 0

0
BBB@

1
CCCA

Pz ¼
ffiffiffi
2

p
qr

0 0 0 0

0 0 0 1

0 0 0 0

0 1 0 0

0
BBB@

1
CCCA;

where qr is the charge times a characteristic radius of
the oscillator [Slichter, 1990].

The expectation value of the dipole moment is

~PP ¼ Tr½D ~PP�: ð10Þ
Since D is Hermitian we find that:

Px ¼ 2qrRe½D14 � D34�
Py ¼ 2qrIm½D14 þ D34�
Pz ¼ 2

ffiffiffi
2

p
qrRe½D24�:

ð11Þ

Next we define auxiliary operators (P1, P2, P3)
forming a complete description of the relevant density

matrix components. They are chosen such that their
expectation values are:

P1 ¼ �2qrIm½D14 � D34�
P2 ¼ 2qrRe½D14 þ D34�
P3 ¼ �2

ffiffiffi
2

p
qrIm½D24�:

ð12Þ

Only three components of the matrix differential
equation Eq. 7 contribute to the evolution of the chosen
operator variables. The corresponding dynamical equa-
tions can be obtained by applying the commutator Eq. 7
the model’s Hamiltonian Eq. 8:

_DD14 ¼ ðioxD24 � oyD24Þ=
ffiffiffi
2

p
� iozD14 � ioeD14

_DD34 ¼ ðioxD24 þ oyD24Þ=
ffiffiffi
2

p
þ iozD34 � ioeD34

_DD24 ¼ ðioxðD14 þ D34Þ þ oyðD14 � D34ÞÞ=
ffiffiffi
2

p
� ioeD24;

ð13Þ
where oe ¼ ðE1 � E0Þ=�h:

WritingEq. 13 in terms of operator variables using
Eqs. 11 and 12, we obtain:

_PPx ¼ ozPy � oyPz � oeP1

_PPy ¼ �ozPx þ oxPz � oeP2

_PPz ¼ oyPx � oxPy � oeP3

_PP1 ¼ ozP2 � oyP3 þ oePx

_PP2 ¼ �ozP1 þ oxP3 þ oePy

_PP3 ¼ oyP1 � oxP2 þ oePz: ð14Þ

Express ~PP and the corresponding auxiliary vari-
ables in terms of a slowly varying part, pa.

Pa ¼ pae
ioet; a ¼ x; y; z; 1; 2; 3: ð15Þ

Pa ¼ ð _ppa þ ioepaÞeioet: ð16Þ

After canceling the common term exp(ioet), the
equations for pa are those of Pa with an extra term
�ioepa added to the RHS. Finally, consider the
dynamical equations for the complex variables: pxþ
ip1; py þ ip2; and pz þ ip3:

_ppx þ i _pp1 ¼ ozpy � oypz þ iðozp2 � oyp3Þ
_ppy þ i _pp2 ¼ �ozpx þ oxpz þ ið�ozp1 þ oxp3Þ
_ppz þ i _pp3 ¼ oypx � oxpy þ iðoyp1 � oxp2Þ: ð17Þ

Eq. 17 separates the equations for pxyz from those
for p123 and they can therefore be solved independently.
Since Eq. 15 connects pxyz directly to the physical
variables Pxyz, we know this is the quantity of physical
interest. This final result can be re-written as a Bloch
equation analog:

_~pp~pp ¼~pp�~oo ¼ g~pp�~BBðtÞ; ð18Þ

where~pp ¼ ðpx; py; pzÞ and g ¼ q=2m:
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