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Abstract 

This study presents a typical stress-strain model for coal 
material using the available in-situ and laboratory tests data 
conducted on coal. This model can be used as a basic coal model in 
finite ~lement applications. The eff'.ects of pillar width,t0-height 
ratio and the confining pressure have been considered in this model. 
The extended Drucker-Prager model with mobilized friction angle 
was found to be very successful in simulating the proposed model. 

Introduction 

In recent years, due to the advancement of computer 
technology, especially in PC computers in the areas of memory 
capacity, speed, and cost, ~umerical mqdeling has been employed 
more frequently to solve the ground control problems in coal 
mining operations with encouraging results. Coal rnining is a large 
dynamic event because it is a large-scale 3·D structure and rnoving 
constantly. In order to model this· type of event with any degree of 
realistic sense, the 3-D numerical modeling must be used, In 
addition the geological conditions fn most cases change constantly 
in three-dimensional way. 

It is well known that the results of computer modeling cannot 
be any better than the accuracy of the input parameters. This 
includes the constitutive equations of the model materials ,(coal and 
rocks) and ihe variations of geological conditions. 

With regard to the constitutive equation for coal. ·it has long 
been recognized that. due to non-uniform stress distribution in Lhc 
3-D· coal mine structures, some parts of those are subjected to 

yielding ~hilc othe; parts arc still in the· elastic range. 
Consequently, in o~der to· model these structures with confidence, 
the complete stress-strain relationship of the model materials (roek 
and coal) !,lJUSt be considered. 

This paper attempts 10 define a typical complete stress-strain 
relationship for c~al based on litcrawre research and the authors,. 
experience in modeling and rock/coal property research in the past. 
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Typical constitutive model for coal 

Are there typical complete stress-strain relationships for coal? 
In an attempt to identify the typical complete stress-strain 
relationships for coal, a detailed analysis for the available in-situ 
and laboratory tests data were conducted. · The complete 
deformation characteristics of coal pillar can be de$cribed by the 
modulus of elasticity, strength and post•peak modulus. In addition, 
the complete stress-strain curves are highly dependent on ihe 
width-to-height ratio of the .test specimens and the confining 
pressure. 

Wagner. (1974) co.nducted the first comprehensive in-situ tests 
of coal in South African coalfield. The tcsted .. piHars ranged from · . 
i .968 ft to 6.56 ft wide ·with width-to-height ratio from 0.6 to 2.2. · 

Van H~rden (1975) conducted similar in-situ tests of coal 
pillars in So'uth African coalfield. Pillars with cross-section of 4.59~ 
fi square and ·width-to-height ratio from ·1.14 to 3.39 were tested. 

Das ( 1986) conducted a serie~ of uniaxial compression tests 
on six Indian coal seams using a servo-controlled testing machine. 
Cylindrical specimens of 2.13 inches in diameter an~ 
width•to•hcight ratio from 0.5 to 13.5 were tested. 

Medhurst and Brown (1998) conducte~ a series of triaxial 
compression tests on three Australian coal scams. Cylindrical 
specimens of 2.40. 3.98, 5. 75 and .11.81 inches in diameter were 
tested under confining pressures.from O to l ~50. psi. 

Modulus of Elasticity 
From in-situ measurements, the modulus of elasticicy was 

found to be a true ~aterial property arid independent of the 
'geometrical dimensions of' the pqlar sue~ as' s,ize, height, ;md . 
width-to-height ratio (Figure I). Its average value was on the order 
of 5.8 x I 05 psi. (Wagner, 1974; Van Heerden, J 97S). · · 

The same conclusion was reached from laboratory t~sts; the 
modulus of elasti~ity of the specimen is . not influenced by its 
width-to-height ratio. The values between 3 .5 x I 05 and 8 x 105 psi 
were measured for different Indian coal seams (Das, 1986). 

The modulus of elasticity for laboratory specimens shows no 
clear dependence on confining press.ore either (Figure · 2). The 
values between 3. 16 x 105 and 6.2 x I05 psi were measu~ed for 
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different Austrf!]ian coal seams by Medhurst and Brown ( 1998). 
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Fig. I 'Iypical stress-strain curves for coal material under 
different width-to-height ratios. 

Strain 

Fig. 2 'Iypii;al stress-strain curves for coal material under 
different confining pressures. 

Post-Peak Behavior 
At ·1ow width-to-height ratios, less than 3, the post-peak 

stresses within the pillar are continuously decreased as deformation 
increases 'and sometimes . reaches zero (Figure I). This happens 
because of lower triaxial confinement at the specimen center (Das, 
1986; Wagner, 1974; Van Heerden, 1975). 

In generali for specimens with wid~-to-height ratio gre~ter 
than 4 or 6 the po.s~·peak curves begins to fall initially follo~ed by 
rising up tQ regain strength (Figure 1 ). Jhis could be explained '.by 
the reconsolidation of the broken mass: ··which is due to high lateral 
constraints p'rovi4ed at the center of the specimen (Das, 1986). · 

Unlike the modulus of elasticity the width-to-~eight ratio has 
a marked elfe~ on the post-peak modulus (i.e. maximum slope after 
strength ·failure) of coal pillars. Generally speaking, the post-peak 
modulus decreases with increasing width-to.height ratio (Figure I). 
This indicates that the post-peak behavior of a pillar is a structural 
system property rather than an inherent material property. 

Van Heerden (1975) concluded that the post-peak modulus 
;ea.ches a constant v~uc of 7.25x.!04 psi at a small width-to-height 
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ratio of about 3. On the other hand Das (l 986) concluded that the 
post-peak modulus become 2:ero at higher width·to-height 1'8:tio· of 
10 and becomes positi"ve with further increases. in width-to-height 
ratio. 02bay ·(1989) coqcluded that a ,pillar with width~!o-heighl 
ratio of5 has a zero post-peak mo.c1u1us. Babcock and Bickel (1984) 
and Campoli ct al., (l 990) reported that even pillars ~ith 
width-to-height ratio grater than 8 were subjected to bump failures. 
:Pen and Barron (1994) fined a large number of in-situ and 
laboratory data to deiermine the relationship between the 
width-to-height ratio and the normalized post peak modulus. Their 
relationship lies in the Upper bound of the post-peak modulus of 
pillar estimated from the available data. 
Barron ( 1992) shows that the post-peak modulus of coal specimen 
decreases with increase in confining pressure and becomes positive 
at high confining pressure (Figure 2). 

strength 
To describe the complete stress-strain behavior of coal pillars, 

tw~ types of strengths h~ve to b~ defined, namely; peak str~ngth and 
residual strength. ,The peak strength is defined by a stress value at 
which the slope of the stress-strain curve changes from the positive 
value to zero or negative value. The residual strength is defined by a 
stress level at which the slope of the stress-strain curve hdlds 
constant at approximately zero value while the pillar deforms. 

According to the experience gained from the laboratory and 
in-situ experiments conducted on coal, the peak strength of large 
coal mass is lower than the peak strength determined by laboratory ·
testing on small specimens. For South African coal, -Bieniawski 
(1968) concluded that 5 ft cubic specimens constitu~e the critical 
size beyond which .the peak. strength

0 0

Pf the coal block remains 
constant. Bieniawski (l 992) estimated the criti~al. size: for US coal. 
seams to be 36 in. Mark (1990) assumed an in-situ compressive 
strength of900 psi for US coal fields. 

Many researchers (Holland-Ga~y. 1957; Holland, 1964; Obert· 
and Duvall, 1967; Salamon and Munro, 1967; Bieniawski, 1968; 
Wagner, 1974; Van Hecrden, 1975; and Das, 1986) studied the 
effect of width-to-height rati.o on the peak strength of coal pillars. 
Generally speaking, in spite of the form of the developed 
relationships between the· width-to-height ratio and the peak 
strength, the peak strength increases with increasing width-to-height 
ratio (Figure I). 
· Figure 3 shows the triaxial tests conducted on six coal seams, 

namely; Wabash seam No. 5 (Cl}, Blue Creek (C2), Mary Lee (C3), 
Pittsburgh seam ·(C4), Castlegatc N_o .. 3 (CS), and Castlegate No 
(C6). It is obYious that t~e coal peak strength is linearly proportional 
t~ the confining pressure (Sun and Peng, 1993). The correlation 
coefficients for different coal seams range from 0.79 to Q.99. The 
same conclusion could be drawn from the data published by 
Medhurst and Brown ( 1998). 

Unlike th~ P,eak strength, only a fcw.research~rs have studied 
the effect of pillar width-to-height ratio and the confining pressure: 
on the residual strength. From th~ data published by Das (1986), it 
could be concluded that the pillar residual strength is increased 
exponentially with increasing width'•to•height ratio. 
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Fig. 3 Peak strength curves for coal samples of 
different coal seams. 

i::igure 4 shows the linear relationship between the coal 
; .i:esidual strength and confining pressure after Medhurst and Brown 
· (1998). Based on the analysis mentioned previously, lhe typical 
peak strength and residual strength curves for coal material are 
shown in Figure S. 
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Fig.4 Residual strength curve for coal samples drawn 
after Medhurst and Brown ( 1998). 
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Fig.5 Typical peak strength and residual strength 

curves for coal material. 
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Brittle-Ductile Transition 
It is well recognized that, the behavior of moSt rocks change 

from brittle to ductile at some elevated confining pressure (figure 
2). It is postulated that such failure can oc~r in CQal in the range of
confining pressure normally encoul)tercd in .mining. · The 
brittle-ductile transition .point .is defined by Barro~ (1992) as the 
point of intersection between the p~k stress failure criterion and the 

· residual strength criterion (Figure 5) . 
Mogi (1971) defined the residual strength criterion for many 

rocks as linear relationship between the residual strength, 0",1 and 
the confining pressure, cr3: 

Orl = 3.40'3 ... .. ... ....... ........ .. .. ... .. .. .. ....... ... .. (1) . . . 

Isotropic strain .hardening-softening model 
for coal material 

An elastic-plastic material modei with no hardening has been 
used frequently in numerical modeling to simulate the behavior of 
coal pillars. However as explained above, the real stress-strain 
curve for coal exhibits. both hardening and · softening oehavior 
depending on the state of stress. 

The ell:t~nded Drucker-Prager model, available in ABAQUS 
FE package (Hibbitt et al. 1998), describes the behavior of rock-like 
materials in which the yield behavior depends on the equivalent 
pressure . stress. It allows a material to harden and/or soften 
isotropically, 

Drucker-Praier Criterion 
The classical Druck~r-Prager yield condition, (Drucker· a~d 

Prager; 1952) is expressed as follows; -

f = a.J.i +.JJw -k = 0 .... ....... :: ... .. ....... .... (2) 
where, 

where 

a and k = Material property constants related to cohesion 
and angle of internal friction; 

·J, = First invariant of stress tensor; 
J11J = Second invariant of the deviator stress tensor. 
J1 =CTI+ 0'2 + CTJ . .. . ... . .. .... .. . . .. , .. . , . ... . ... . .. (3) 

Jw = H(o-1- ~2)
2 + (cri- O't + (o-1- ~,)

2
] 

. ., .............. '" " " ..... (4) 

cr1 = fy1ajor principal stress. 
cr2 "' lntermediate principal stress. 
cr3 = Minor principal stress. 
Equatio~- 2 represents a Sttaight 

O

line on a J, versus Jm plot 
(Figure 6a). In the lhree-dimensionai Stress space, the criterion is 
expressed by a right circular cone. and the: projection on the n plane 
is a circle, as shown in (Figure 6b). Different material constants will 
produce ditTerent shapes of cones and circles. As shown in Figure 6, 
the intermediate circle represents the yield surface at peak strength 
of coal. Prior to yielding, all stress conditions inside that circle: arc 
in the elastic state. When the point representing the stress condition 
reaches the surface of the yield circle, the coal begins ~o yield. 
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Dep~nding on the state of stress, with funhcr plastic deformati,m 
the rniucrial may experience strain hardening.and the yield surface 
expf!lldS ouh,Yard. On the other hand. if ~c material falls in the 
range of strain softening, plastic d~onnation causes the yield 
surface to contract or move inward .. 

Fig.6 Linear Orucker-Prager criterion on 
(a) the meridional plane;. 
(b) n plane. 

Generally, the hardening or softening beha'Vior is achieved l>;y 
making the parameter k dependent on a measure of plastic 
deformation (e.g. plastic volumetric ·change), while the othc:;r 
parameter a holds constant (Maier and Hueckel, 1979). · So the 
Drucker-:Prager· criterion fo:, isotropic hardening/softening can be 
rewritten qs: 

~ . . 
f=al1+,1Jw-k =0 ................................ (S) 

where k.. is a mobilized cohesion parameter. 

. Making the ~etef et constant niEikes the peak strength anp 
the rt;si~ual strength failure criieria"parallel; i.e., the brittle-ducti~ 
transition is not possible and it leads to a constant post peak 
modulus at any confining pressure in triaxial tests. This result 
contradicts with coal behavior, as exp.h;iined before. 

Frictioµ Hardening 
To illustrate the friction hardening, cons.ider the strain 

softening model in Figure 7. The dcviator stress q increases in the 
eerly stage of loading until it reaches the peak strength and then 
decreases and finally reaches the residual strength. On the other 
hand, the. ·frictional component increases during the whole 
deformation process up to and remain Ill residual strength state 
(Adachi et al., 1991). Adachi and Oka (1985) defined the rapid 
increase of frictional component during loading process as stress 
history tensor. The differ6nce between ·applied stress and ·stress 
history tensor corresponds to the cohesive strength due to 
cementation .or bonding. The cohesive strength can be destroyed by 
deformation. 

To e1tpress the increase of the ftictional component during 
material deformation, a strain-dependent quantity'~·, referred to as 
the mobilized angle offriction, wi!J be used. The mobilized angle of 
friction gradually increases with strain to reach the limit angle of 
friction when the plastic strain has reached its constant value 
(Figure 7). Hansen (1965) developed many formulas expressing 
such behavior. 
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Fig. 7 Friction hardening vs. cohesion softening 
for co~! mate~al. 

lntroducing both of the mobilized cohesion k • and the 
mobilized angle of friction a"', the Drucker-Prager yield function 
can be expressed as: · 

J =a·11+../fu-k· .. o .................. _. ........... {6) 

Triuial test for coal material 

Model Desc:rilJtion 
The model studies a simple·triaxial test: an-axisymmetric coal 

sample compressed between two. smooth platens, one of which is 
held fixed and the other has prescribed vertical morion. The coal 
specimen is first loaded by constant pressure o-~; 0, 200, 500, 1000, 
1'500, 2250, 3000, 4000, sooo psi .. Th~n the top platen is moved · 
downward to ·coinp~ess the speci~en: Figure. 8 ·defines the model 
geometry. 

--
If.I 

. ..... _. 

.r 
·· • PilCed 

Fig.8· Triaxial compression ~st with s~ooth platens. 

Based on · µie above study, a rectilinear stress-strain cu.rve 
(Figure 9) he.s been proposed to simulate the in-situ compression 
test of coal material. 

The typicai Drucker-Prager parameters for col!,! material arc 
given in Table I. The coal residual strength is assumed to follow 
Mogi (1971) criterion given by Equation (1), So the residual friction 
angle a, is estimated to be 53.13. degrees and the brittle;ductile 
transition confining pressure is 2250 psi. 
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Fig.9 Rectilinear stress-strain curve for coal model 
used for the simulations. 

Table l Typical coal properties used in FE models 

Partuntter Value 
Elastic modulus E, psi 3.5 .. 105 

Poisson's ratio v 0.3 
Peak strength a,, nsi 900 
Residual stien2th o., nsi 4.8 
Post-neak modulus Am. nsi 7.0*105 

Initial friction angle 11;, degree 50.19 
Residual Friction angle O:,, de2ree 53.13 

For the sake of simplicity, the frict.ion hardening is simulated 
by . linearly increasing the friction angle with reSpect to the 
equiyelent plastic strain. ~ the other hand the cohesion softening is 
obtained by linearly ~ducing the cohesion with respect to che 
equivalent plastic srrain (F.igur~ I 0), 
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Fig. IO Strain softening parameters used for the simulations. 

Results and Discussion 
·ro illustrate .the imponance of mobilizing the angle of friction 

in the Drucker-Prager model, two types of FE models are conducted 
subjected to the same boundary conditions. The first type represents 
the Drucker-Prager model with constant friction angle of 50.19 
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degrees while the second type represents the Drucker-Prager model'
with mo~ilized angle offrictioh. . . ·. . 

Figure 11 a shows the estimated deviator stress-stain curvc.s of
coal Specimen under _. different confinil\g pressures using the 
Drucke_r-P~er mode~ with ':°nstant ~gle of friction. It is. o~vious 
that tlus model doesn't satisfy two uqponant character1st1cs. of
typical coal model. First, the post-peak modulus is observed to be 
independent of the confining pressure. Second, the model doesn't
show a transition from brittle to ductile behavior even at a high 
confining pressure of 5000 psi. . 

(a) (b) 
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Fig. 11 Simulation results oftriaxial tests for Drucker• 
Prager model with 

a, Constant angle of friction. 
b. Mobilized angle of'frictio11 

0.04 

On the other harid, Figure 11 b shows the estimated deviator 
stress~stain curves of coal specimen under different confining. 
pressures using Drucker-Prager model ~ith mobilized angle of 
friction. Figure 12 shows that this model was able to show both the 
hardening and softening behaviors of coal specimen under different 
confining pressures. 
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Fig. 12 Estimated Post-peak modulus VS. applied 
confining pressures. 
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Since the effect of friction angle mobi'lization starts once the 
specimen begins to yi~ld, there are no differences between the peak 
strengths predicted by borh. types of D/'Uckel'-Prager model (Figure 
i'3). ·on. the. :other hand, Figure · 14 shows that the differences 
between ~e residual strengths predicted by the Drucker-Prager 
models increases with. increasing confining pressore. 
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Fig. 13 Estimated peak strength curves. 
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Fig. 14 Estimated residual strength curves. 

Effect of specimen width-to-height ratio on· its 
deformation characteristics 

Model nescription 
The model is used to study the effect of specimen 

width-to-height ratio on its deformation characteristics using 
Brucker-Prager model ·with mobilized angle of friction . The same 
inputs defined in Table I have been used in this study. 
A,dsyrnmerric coal samples of 2 inches diameter with different 
heightS, 4, 6.1·6, 8, 10, 13.34, 16 and 20 inches, are cornpressed 
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between two steel platens, one of which is held fixed and the other 
is move4 according to the prescribed vertical motion. A friction 
angle of 14° has been assigned between the coal sampfe and th~ 
steel platens. ' · 

Th~ specimen grid was generated wilh O.OS~inch square 
clements. Th~ maximum loading rate during the test was .0004 
inch/sec. Fig11re 15 defines the model geometry and boundary 
conditions. 

Ptdlcribed venic:al motion, Ii 

z . ,,:,,. "' 5· ;,7. .a , !I 

:::J . . _;_ Up~or pl_;·~ • .. 11·: .. 
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,, 
~,-: .,...,.._. ·r. .. , 
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"/ . '-' . ..;..''--­
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Fi•ed 
Fig. 15 Uniaxial compression test wirh regular platens. 

Results and Discussion 
Figure 16 shows the estimated stress-strain curves for coal 

specimens with different width-to-height ratios using thb 
Drucker-Prager model with mobilized angle of friction. The model 
was able to show the independency of the Elastic modulos. Tub 
specimen's softening behavior was obvious at small wi.dth-to-heigh

1
t 

ratios,. up to 4, while it shows a hardening behavior at hjgh 
width-to-height ratio of 10. The model shows the reconsolidation 
behavior reported by Das (1986) at a width-to-height ratio of6.67. 
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Fig.16 Estimated stress-strain curves at different 
width•to-height ratios. · 

The post-peak modulus (maximum slope after peak-strength) 
was calculated from the stress-strain curves and plotted against the 
width•to•heighr ratio as shown in Figure 17. The post-peak modulus 
is decreasing with increasing specimen width-to-height ratio and it 
becomes around zero at width-to-height ratio of IO. 
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Figure 18 shows the slow change of residual strength at low 
width-to-height ratio, less than 5, and the rapid change at higher 
width•to•height ratios. Also, it shows the strengthening effect of 
specimen )lr'.idth•to•height ratio, where the sp.ecimen peak strength 
increases with increasing specimen width-to-height ratio. 
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Fig. 17 Estimated Post-peak modulus vs. specimen 
width-to-height ratio. 
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Fig. 18 Estimated peak and residual strength vs. 
specim~n width-to-height ratio. 

Conclusions 

·A typical 'model for coal pillars, based on the in-situ and 
laboratory tests was proposed. 
The proposed model considers · the · effects of the 
width-to-height ratio and confining pressure on the 
deformation behaviors of coal pillar, 

:The Drucker-Prager model with mobilized angle of 
friction was found very successful to simulate the 
proposed model. 
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