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Appendices

S1 General model

S1.1 The limit of small mutation rates

For a given mutation rate p and initial strain 0, we define the probability to
mutate to another strain k as pg (). We divide the other strains, including
lethal mutants, into immediate neighbors i that are one mutation away from
strain 0, and all other neighbors j that are further away. We assume that
the mutation rates at all sites are proportional to each other, so that in the
limit of low mutation rates, po; = pro; with 79 ; a proportionality factor and
po; = (u?) or smaller; then we can define the probability that replication
occurs without mutation, poo = 1 — Y, 70t + Q(u?) + .... The generating
function starting from one replicator of strain 0 is:

1 Ro

9o (2) = Ro 1 + ot 12’0 Po,0%0 + ;po,izi + ;po,jzj . (1)

Standard branching process theory implies that the probabilities of eventual
extinction starting from one replicator of strain i e; are the smallest positive
solution of the system of equations gi(es,...,e,) = e (and the survival proba-
bility starting from one replicator of strain ¢ is s; = 1 — ¢;) [1]. This leads to
the following equation for the survival probabilities:

0 =50 — Ro(1 — s0) | po,oso + Zpo,isi + Zpo,jsj . (2)
i J



We differentiate with respect to p:

0 =050+ Rouso | po.oso + Y poisi+ Y Pojs;

J

— Ro(1 —s0) | $00up0,0 + Z 5i0upo,i + Z 50uP0,j (3)
% J

— Ro(1 —s0) | P0,00uso + Zpo,iapsi + Zp(),ja/_l,sj
i J
We now evaluate the expression for p = 0. Without mutations, pgo(p = 0) =

and po k2o(pt = 0) = 0. For immediate mutational neighbors, 8#p0,i|H:0 =T70,.

Because py; = Q(p?) or smaller, therefore d,pp; = Q(u) or smaller, and so
Aupo,jl,—o = 0. Denoting Z as the value of x when =0,

0= 850+R08 50507R0 1780 < ZT01$0+Z7’0181> Rol*SO)a S0.
(4)

This can be simplified to yield:

— Ro(1— %) o
3L = i\S; — . 5
"% = T Ro + 2Ro ZZ_ o.i(5: = %) (5)

If Ry <1, §p =0, and:

R ~
50 = 17 —(}30 Zi:""o,isi +Q(p?). (6)

If R > 1, o =1—1/Ry, and:

soilfer 0_127"01 i — 50) + Q). (7)

The sign of this derivative summarizes whether a small amount of mutation
leads to a higher survival probability than no mutation. In both cases, this sign
is determined by the sign of ). 70 (5; — 50), i.e. mutations are beneficial if the
weighted average of the survival probabilities of the neighboring mutants in the
absence of mutations is larger than the survival probability of the initial strain
without mutations. This criterion is sufficient for the mutations to be beneficial.

S1.2 Approximations for lethal mutations

One can notice that in equation (1) of the main text, the probability that there
is no lethal mutation is (1 — u)*. If the mean number of lethal mutations
per replication is U (uL in our notation), then often in the literature (see for
example [2]) the probability that there is no lethal mutation is taken as exp(—U).
This is the probability to have zero mutations for a Poissonian distribution,
implying that there can be any number of lethal mutations, whereas in our
model there could be at most L lethal mutations. However, in practice, for p
small, (1 — pu)* ~ exp(—uL), and this approximation is sometimes used in the
following calculations.



S1.3 Iterative approximations for survival probabilities

The survival probabilities are the solutions of:

0=s1— Ri(1—51)(1—p)5((1 = p)sy + uss) (8)

and the analogous expression for 1 <+ 2 (i.e. interchanging the indices 1 and
2 in the equation). We derive approximate solutions by iteration, including
successively more steps of mutation.

The first step is the survival probability with only lethal mutations, solution
of 0=s; — R;j(1—5;)s;(1 — p)*:

0 _ Ri(l—p)* —1
s; —max{O,w}. (9)

If we replace s5 by sgo) in the analogous of equation (8) for 1 < 2, this equation is

then a quadratic equation for s;, that we can solve to obtain 55” as a function

of sgo)’ using the additional property that survival probabilities are positive.
Recursively, the higher-order solutions follow with:

(k1) _ 1 (k)
S, = W (Oéi + \/CYZ2 + 4(1 — ,U,)2L+1/J/R,L-28j ) y (10)

with a; = —1+ Ry(1 — ) (1 — p — ps), with (4, §) = (1,2) or (2,1).

S1.4 Further approximations in the regime of evolution-
ary escape (R; <1, Ry > 1)

When Ry < 1, Ry (1—p)~ < 1, thus 5\”) = 0, leading to 53" = max {0,1 — 1/(Ra(1 — p)X+1)}.
We define 55 =1 —1/(Ry(1 — p)L*1). This expression makes intuitive sense,
because in this parameter regime, the strain 1 is similar to an additional lethal

mutant neighbor for strain 2, so sél) is like séo) but with L + 1 instead of L.

When p is close to p°Pt, it can be shown that Ry(1—pu)5*! > 1, thus sgl) =W,
This leads to:

1

S1 = —2R1(1 — ,LL)L'H

(@ + Vart can—peria®)
with a1 = —1+ Ry (1— )P (1 — p— psV).
Then, we assume uévg(l) < 1— Ry(1 — p)t*1, leading to a general approxi-
mation for sp:
o~ Rip(Ro(1 =)™t —1)
Ro(l — 1)(1 = Ra(1— p)Eo0)
We can now optimize the approximate survival probability to learn about
u°Pt. The derivative of (12) with respect to p equals zero when:

0= (1—Ri(1—p)"") (1= Roy(1 = )" ™) + u(L + 1)(1 — )"+ (Ry — Ry).
(13
We further assume that ;4 < 1, leading to (1 — p)! = exp(In(1 — p)(L +1)) ~
exp(—u(L + 1)). The equation to solve is

0=(1- Rle_X) (1- Rge_X) + Xe X (Ry — Ry), (14)

(12)
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Figure S1: Dependence of the optimal mutation rate p°?* on the number of lethal
mutations and the fitnesses of the two viable strains, and comparison of the approx-
imations. The two columns show the same data with linear scale on the left and log
scale on the right (except for the top left panel where only the y-axis is linear). Dif-
ferent solutions are denoted with different line styles, as follows: exact solution (red
solid line), from 57® (purple dashed line), with a development in ps> (13) (blue
dotted line), and with the additional (1 — p)*' ~ exp(—u(L + 1)) (14) (green dot-
dashed line). The bottom row shows two additional approximations: the development
in Ry — 17 (15) (black dotted line), and the development in Rz large (16) (black solid
line). Unless indicated otherwise, L = 10, Ry = 2/3 and R2 = 9.

with X = p(L+1). In this regime, as the equation to solve is function of X and
not p and L independently, u°P* oc 1/(L +1). As expected, the more numerous
the lethal mutants, the riskier mutations become, and the smaller the optimal
mutation rate.



Regime Ry — 1 <1 In the limit Ry = 1+¢, p(L+1) = Q(e), and (14) leads

to:

uoPt %. (15)
Regime Ry > 1 In the limit R, large, (14) can be simplified as:

X =1-Re ¥, (16)

This equation can only be solved numerically, but importantly it shows that the
result does not depend on Rs.

Comparison of the approximations Figure S1 shows the comparison of the
approximations with the exact solution. s~1(2 gives a good approximation except
for L small. The development in 153" (13) and the further step (1 — p)=+! ~
exp(—p(L + 1)) (14) fit well provided 1 — R; is not too close to 0. The bottom
panels show that the solutions of (15) and (16) are good approximations in their
intended regimes.

S2 Different numbers of lethal mutations

Here we discuss how P! is influenced by different values of L; and Lo, restrict-
ing the analysis to the regime where R; < 1 and Ry > 1.

General equations are the same as for the simple model, except that strain
i has L; lethal neighbors. By analogy with (10), our starting point is:

2
RO 1  psy” N 4y . 1  psy”
b2 Ri(1—p)tt 1—p 1—p Ri(1—p)latt  1—p ) |7
(17)

with s§ =1 — 1/(Ro(1 — p)"=t1). @

When 1 — R; is not very small compared to 1, pusy’ is small compared to

the other terms, and the development of s§2> leads to:

o~ Rip(1 —p)Er Ry(1 — p)fetl —1

ST R Bl 1

which differentiated with respect to p leads to the following equations for the
optimal mutation rate:

0= 1+(L2*L1)H*Rl(1+H(L2+1))(1*#)L1+1*Rz(1*M(L1+1))(1*#)L2+1+Rle(1*#)L1+L(2+2)~
19

We confirm that if L; = Ly = L, we recover (13).

As for the simple model, we can approximate (1— p)%+1 by exp(—u(L;+1))
in the limit L; > 1. Once again we set X; = u(L; + 1), yielding the equation
to solve for u°Pt:

1+ Xy — X1 — Ri(1+ Xo)e ™ — Ry(1— X1)e X2 + Ry Rye™ X1+ X2) — 0. (20)

In the limit L; > Lo, we have X7 > X5 and so (20) simplifies to 1 — X; —
Rie~*1 ~ (. Similarly in the limit Ly > L1, (20) simplifies to 1+Xo—Roe %2 ~
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Figure S2: Value of p°P*
(solid red lines) and approximations sf) (17) (purple dashed lines), development in

,usél) small (19) (blue dotted lines), further approximation of L; and Lo large (20)

as a function of L1 and Lo (y axis), for the exact solution

(green dot-dashed lines), and more extreme approximation (21) (black straight lines).

0. Therefore, in the regimes where one strain is threatened by many more lethal
mutations than the other, it is the optimization on this strain which determines
1°Pt independent of the parameters of the less threatened strain.

As an extreme approximation, we can consider the optimal mutation rate as



a piecewise combination of these two cases:

Mopt:min{<Lﬁl’1—X1 — Rie ™ :0) , <L;Xj_1‘l+X2—Rge_X2 :0)}.
(21)
Figure S2 shows how the exact numerical solution for u°"* compares to a
series of approximations, as a function of L; and L. Values of u°P! calculated

numerically from ng) (17) work well except when L, and Lo are both very small;

those calculated from the approximations for ,u,sél) small, (19) and (20), work
well if 1 — R; is not too small. The rough approximation (21) works remarkably
well in the limit L, and Lo large, especially if one of them is much larger than

the other.

t

S3 Two steps towards a fitter mutant

In the case of two binary loci, described in the text:

1 Roo
1+ Roo 1+ Roo

goo = (1 (A=W a-w* ((1 — )220 + (1 — p)zo1 + p(1 — p)z10 + #2211))
(22)

leading to the equation for the survival probability:

s00 = Roo(1—s00)(1— ) (1= ) s00 + (1 — p)sor + (1 — p)s10+ p1°s11) (23)

and analogous equations for the other strains.

Our analysis focuses on the case where both sites must mutate in order for
the virus to attain a higher fitness (sometimes called a “jackpot model”). That
is, we take Rgg = Ro1 = R19 = R; and R;; = Rs. In this case we have the set
of equations:

so = Ru(1 = s0)(1 = p)"((1 = p)s0 + 2u(1 — p)s1 + p’s2), (24)
s1= Ri(1—s51)(1— )" (1 = p)* + 1*)s1+ p(1 = p)so + p(1 — p)s2) and (25)
52 = Ro(1 = 59)(1 — )" (1 = p)?s2 + 2u(1 — p)s1 + p?s0)- (26)

These equations are solved numerically to build figure 4 of main text.

Analogous calculations and conclusions can be made when more mutations
are needed, and show the generality of the qualitative findings from the 2-step
case (figure S3).

S4 Deleterious mutations

When all deleterious mutations are strictly lethal When all deleterious
mutations are strictly lethal, the survival probabilities are found from the system
of equations:

s1= Ri(1—s1)(1 = )" ((1 = p)s1 + ps2), (27)

and the symmetric equation for 1 < 2.
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Figure S3: Survival probability as a function of the mutation rate, when one, two or
three sites must mutate in order to increase fitness (i.e. a jackpot-like landscape, with
fitness Ry for all strains except the adapted one which has R2). The three rows of
panels show the results for a 1-step, 2-step and 3-step path to adaptation, from top to
bottom. Ry, =9, L = 10.

When one deleterious mutation leads to a reduced fitness R;, and two
or more deleterious mutations are lethal In the case when one deleterious
mutation leads to a reduced fitness Ry, and two or more deleterious mutations
to Ro = 0 (lethal), the system is:

s1= Ri(1=s1)(1—p) " (1 =p)*s1+(1—p)pso+Lu(l—p)sia+ Ly’ s2a), (28)

s1a = Ra(1=s1a) (1= )" 71 (1 =) s1a+ (1= p) psza + (1 — p)s1 + p2s2), (29)
and symmetric equations for 1 < 2.

When any non-zero number of deleterious mutations leads to a re-
duced fitness R;, or when deleterious effects are multiplicative For
the two other cases shown in figure 5 of the article, with s; ; the survival proba-
bility starting from a replicator with allele j at the adaptive site and ¢ mutated
deleterious sites, the system is:

i, L—i ,
1 L—=1 e
o=l 3 (D) 30 (5 )i e s s )
o \P/ — q
p=0 q=0

(30)
and symmetric equations for 1 < 2, with s;0 = R;. For the case of a uniform
deleterious effect, we set R; ;>0 = Rq, and for the case of multiplicative effects
we set R;; = R;a’.



S5 Within-host viral dynamics

S5.1 Generating function

With probability 1 — ¢;, a virion of strain ¢ does not successfully infect a host
cell (term in (1 — ¢;)2? in the generating function). When a cell is successfully
infected (probability ¢;), it generates offspring virions according to a geometric
distribution with mean N; (generating function 1/(1 + N;(1 — 2))), each of
which can be independently mutated (z = (1 — (1 — p)%)2{2) (lethal mutants)
+(1 — u)E*z; (no mutation) +(1 — p)Fuz; (mutation at the adaptive site but
no lethal mutation)). The generating function starting from one virion of strain
1 is then:

q1
L4+ N(1—=p)E(1 = (1= p)z — pza)

The corresponding equations for the survival probabilities are:
0=s1— (g1 —51)N1(1 — )" ((1 = p)s1 + psa), (32)

and the analogue with 1 < 2.
The iterative approximations start with:

s = max {0, G (1 - R(ll_u)L> } (33)

and proceed according to:

2
(erny _ 1 1 N T 0 1 psi)
s = - P — — — — .
: 2 |\ TN O—wET - 1—p TN —wET  1—p

(34)

g1(z1,22) =1 —q1 + (31)

S5.2 No change in the dependence of survival probability
on mutation rate when ¢; and N; are adjusted with
R; constant
Let us define s; = s;(q1, N1, g2, Na), s, = s;(rq1, N1/r,rq2, Na/r) and §; = s}/r.
Using equation (32),
o / Ny L ’ ’
0=s) —(rq1 — 31)7(1 — )" (1 = p)sy + psy), (35)
which can be rewritten as:
0=rs1 —r(q — 5N — @) ((1 — p)s1 + psz). (36)

Thus s; and s; both satisfy the equations for survival probabilities for this
system. Because there is at most one solution of these equations in (0, 1] x (0, 1]
[1], we have shown that s;(rq1, N1/r,rqe, No/r) = rs;(q1, N1, g2, Na).

S5.3 Approximations in the regime of evolutionary escape
(Rl < 1, Ry > 1)

We use 5(12) as an approximation, with 5;1) = q2(1 —1/(Ra(1 — p)=+1)). When
studying the optimum numerically, we observe that there are two regimes: ¢; >
q2 and q1 < q2.
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Figure S4: The optimal mutation rate for the model of within-host viral infection as a
function of Ry —1, 1 — Ry and L, comparing the approximations in the two parameter
regimes. Each subpanel shows results for two sets of parameters g1 and g2. In the
regime where g1 > g2 (q1 = 1073, g2 = 10™%), the exact solution (black dashed line) is

represented along with the approximations s§2> (34) (blue up triangles and blue solid

line) and approximation ,usél) small (13) (green squares and green solid line). In the
regime where ¢1 < q2 (¢1 = 107° g2 = 107'), the exact solution (black solid line)
is represented along with the approximations sf) (34) (purple down triangles and
purple dashed line), ¢; small (40) (red dotted line), and the further approximation

(41) (orange dot-dashed line).

Regime q; > q2 We can proceed as in the simple model: when 1 — R; is not
too small, we develop s§2> assuming ,usgl) small (for fixed Ro, sél) scales as g2,

so the smaller g¢o, the better this approximation), and obtain:

(1— ) uNigysy! (1 — p) pRigo 1
<  Ry( > 37

S1 = 1—(1— Ny - 1— (1= p)ltiR, 1— p)Ltt

10



When differentiated with respect to u, it leads to the following equation for
Mopt:
0= (1 - Ra(1—p)"") (1= Ball = )" ™) + (L + 1)1~ )" (Ry — Ry),
(38)
which is the same as (13) for the simple model. Therefore the conclusions are
the same as for the simple model.

Regime 1 < q2 Developing 5(12) in the limit ¢; small, we obtain:

Ro(1 — p)q )
pgeRy (1 — (1 — p)EtiRy) )7

which differentiated with respect to p is proportional to:
—1+ (1= )" Ry(1 — (L + 1)p). (40)

By assuming that this expression equals zero when p = u°P*, we obtain a good
approximation (figure S4). If Ry — 1 < 1, then pL < 1, thus (40) leads to
Pt ~ (Ry —1)/(2(L +1)). In the limit Ry > 1, (40) leads to pu°P* ~ 1/(L+1).
These limiting expressions can be combined in:

opt Ry —1
I AN YA - Y
(L+1)(Re+1)
which, though only rigorous for Ry —1 < 1 and Rs > 1 is a good approximation
for most of the Ry range (figure S4).

51~ q1 (1 + (39)

(41)

S6 Repetitively changing environment

Achieving a low mutation rate can be costly (resources used to maintain repair
mechanisms, replication slowed by proofreading steps, etc.) [3, 4, 5, 6]. In the
following discussion, we completely neglect this aspect, focus only on the impact
of the mutations on fitness, how the interplay between adaptive mutations and
deleterious load affects survival. Adding a cost to fidelity would increase the
optimal mutation rate.

We study evolutionary invasion and escape, which is adaptation to environ-
mental change. In the main text, we focus on one step of environmental change.
In this section we discuss the case of several successive environmental changes.

There are three different relevant time-scales: the time 7. between 2 envi-
ronmental changes, the time 7, to adapt via mutations to an environmental
change, and the time 7, for the mutation rate to change. It is possible to have
Tm > T4, for example when one or a few mutations are needed to adapt to the
environment whereas many mutations are needed to modify the mutation rate.
Then there are three situations:

e If 7. < 7,, then environmental changes are too rapid for genetic changes
to be a relevant response.

e If 7. > 7,,, then mutation rates are selected to be low when the envi-
ronment is stable; when the environment changes, mutants with higher
mutation rates are most likely to produce adaptive mutations, and will
hitch-hike to high frequency with these mutations, but will decline again
when the environment stabilizes [7].

11



o If 7, < 7. < 7, the mutation rate will evolve towards an optimum
between limiting the deleterious load but allowing for adaptation when
the environment changes. We focus on this regime.

Let us assume that replicators face successive environments I = 1,2,3,... In
environment I, the best reproducing genotype is 7. Let us assume that 7, is long
enough that before a new environmental change, the population is limited in
its growth (for example by resource availability) and has reached the mutation-
selection balance. The proportion p;r—1 of replicators j in environment I —1
is of the order of one for the replicator j = ¢ — 1 (and decreases for increasing
mutation rates), and of the order of p or smaller for all the other replicators
(and increasing with the mutation rate). Let us assume that an average of N
replicators are passed from the environment I — 1 to I. Ny could be a constant,
for example a fixed carrying capacity for environment I — 1, or the size of a
founder population that has migrated from environment I — 1 to environment
I. If Ny is constant, dNy/du = 0. If N; depends on the replicator fitness,
then at the mutation-selection balance, N; decreases with increasing mutation
rates, i.e. dNy/du < 0. Let us assume that the number of replicators passed
to the next environment follows a Poisson distribution. We define s;; as the
probability of survival of a lineage initiated by one replicator of strain j in
environment 1.

The survival probability through all the environmental changes is s = [[; sy,
with sy the survival probability for one step of environmental change from I —1
to I. If there are k; replicators of strain j passed to the new environment I,
the survival probability is 1 — J[,;(1 — s;r)%. We assume that the survival
probabilities of all replicators are independent, and consequently the average sy
is:

(Nipjr-1)ki
sp = 1—H Z(l—sj,l)k’MQXP(—NIW,I—H = 1—H exp(—Npj 1-15;,1)-
J kj j

k!
(42)

To infer which effects are predominant, we study how s varies with the

mutation rate: p 1d
S Z el (43)

iy
ds [I; exp(=Nipj,r-18j,1) (dNI dpj1—1
a5 _ ’ : s+ N, P
dpu 2,: 1— [T, exp(=Nipjr-155.1) 2 dp PRI T
(44)
ds (1—sp) (dNI dp; -1 dS‘I)
— =5 ro1Sip A+ N2 s 4+ Nyps o1 —2= .
dp ; ST ; i Py, r—-158;51 I dps 5,1 IPj,1-1 dp
(45)

Because of the factor (1 — sy)/ss, the steps that will matter more are the steps
with the smallest survival probability, which are the limiting steps.

We discuss below which factors are the most important for a given step
of environmental change. There are many possible scenarios for Ny. If Ny
depends on the fitnesses of the population of replicators in environment I — 1,
dN;/du < 0, and lower mutation rates are favored. We will focus on the case
where N; does not depend on the overall fitness, or weakly, so that we can

12

sj1 + Nrpjr—1

ds)
‘LL b)



neglect the terms proportional to dNy/du. In this scenario, we only need to
compare the terms s; rdp; r—1/dp and p; —1ds; 1/dp.

e For any j # i, dsj/dp is expected to depend strongly on pu, except
for specific cases. Besides, p;j.(i—1),1-1 < pi—1,1-1- Consequently, for
any j # ¢ or ¢ — 1, it is likely that p; ;_1ds; ;/dp is much smaller than
Di—1,1-1dSi—1,1/dp.

e We expect ds; r/dp to be small, and as p; ;—1 < p;—1,7-1, then it is likely
that p; r—1ds; 1/dp is much smaller than p;_1 7_1ds;—1 r/dp.

e As the replicator of strain ¢ — 1 is the most abundant in environment

I =1, dpi—vg-1/dp = =32, ;i 1ydpjr—1/dp. Thus -, sj,ILj’“l ~

dp
dpj1_ .. .. )
Z#(i_l)(st - si_u)pgi;l. As i is the fittest strain in environment

I, sj4i1 < si;;- In most cases, s;x; ;1 < s; 1, which guarantees (s;; —
dpi.r— . . . ..

82‘71,1)% to be the most important of the sum. This term is positive:

when the mutation rate increases, there are more pre-existing mutants 4

in the environment I — 1 which will be adaptive to the new environment
1.

Thus the two terms that are the most likely to be significant are p;_1 y_1ds;—1 1/dp

dpi1—
dp :

tional to the mutation rate. If all mutation rates are similar,

and (s;, 1—8i—1,1) . Pi—1,1—1 is of the order of one minus corrections propor-

dpi,l—l

dp
one. For values of i for which s;_1 ; varies strongly, p;—1,r—1ds;—1,1/dp will dom-
inate. In the article, we maximize the survival probability analogous to s;_1 ;.
Where p is close to p°Ph15t¢P as calculated for one step, (s;r — si_L])dpid’i;‘l
will be important, and overall will shift the rate maximizing survival to values
somewhat larger than p°rt1ster,

To summarize, successive environmental changes (occurring faster than the
time required for the mutation rate to evolve) will select for a mutation rate close
to the optimal mutation rate we have calculated for one step (taking the step
with the smallest survival probability, with the strain most adapted to previous
environment as the initial replicator). A more detailed model is necessary to
calculate corrections, due to the number of replicators passed from the previous
environment (which decreases the optimal mutation rate) and the number of
pre-existing mutants (which acts in the opposite way).

is also about
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