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Abstract. The dynamics of molecular conformation depends primarily on 
random fluctuations in the dihedral angle space of the molecule. Investiga­
tion of these random fluctuations is important in studying the function of 
peptides, proteins and DNA molecules. It is also important in drug design 
and investigation of effects of toxins. Thus, the stochastic modeling of ran­
dom fluctuations in the dihedral angle space is relevant to many areas in 
biomolecular sciences. These fluctuations can be large or small depending 
on the nature of the molecule and on ambient conditions, such as temper­
ature and pressure. There can be multiple peaks in marginal distributions 
of the angles because of hindered rotations. The stochastic modeling of the 
joint distribution of these angles thus poses an interesting challenge. The 
challenge is even greater for modeling of dihedral angles of biological macro­
molecules such as proteins since these molecules have a very large number 
of rotational degrees of freedom, many of which are interdependent. We 
review a probabilistic approach to stochastic modeling of multidimensional 
rotational motions in dihedral angles of molecular systems . 
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1 Introduction 

Understanding the structure, function and stability of biomolecules, such 
as peptides and proteins, bears on investigation of random fluctuations that 
occur in their atomic coordinates. Entropy is a cumulative measure of these 
stochastic movements, and it is one of the most important thermodynamic 
functions of molecular systems. Restriction or loosening of molecular mo­
tions has major implications on the molecular properties. It may cause 
conformational rearrangements such as folding or unfolding in proteins, af­
fect macromolecular association, and even redirect ligand binding to another 
target receptor, a problem quite relevant to designing new drug therapies . 

Bond lengths, bond angles and torsional (also called rotational or dihe­
dral) angles determine internal coordinates of the molecule. Bond lengths 
and bond angles are relatively rigid coordinates compared to torsional an­
gles, and thus random fluctuations in torsional angles make the major con­
tribution to the internal entropy. The probabilistic modeling and theoretical 
analysis of multi.variate circular distributions that are observed in stochastic 
processes dependent on torsional degrees of freedom is an important problem 
in biomolecular sciences. 

In Section 2 of this paper, we describe statistical thermodynamic con­
cepts for the benefit of the reader with no background in statistical ther­
modynamics. In Section 3, we review the stochastic modeling techniques 
for modeling random movements in the torsional angles of molecules, along 
with procedures for evaluation of internal entropy. 

2 Statistical Concepts in Thermodynamics 

Let Xi, X2 , . •• , Xm be the m atomic coordinate positions of a molec­
ular system; these coordinates are assumed to be random variables. Let 
f (xi, x2, . . . , xm) denote the probability density function of the coordinates. 
The entropy S associated with these coordinates is defined by 

S = kBE[- ln f(Xi, X2, . . . , Xm)] 

= -kB J ... J 1n f(xi, x2, .. . , Xm) !(xi, x2, ... , Xm)dxidx2 ... dxm (1) 

where kB is Boltzmann's constant. 
Without loss of generality, consider a situation when the potential and ki­

netic energy terms are independent. Let V(xi, x2, ... , xm) denote the poten­
tial energy associated with the system when X; = x;, i = 1, 2, .. . , m . In sta-
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tistical thermodynamics, the standard way of choosing the probability dis­
tribution of Xi, X2, ... , Xm is by using the maximum entropy principle. The 
probability distribution with probability density function J(xi,x2, ... ,xm), 
which maximizes the entropy under the condition of a fixed mean potential 
energy Eo, i.e., 

J ... J V(xi, x2, . . . , Xm)f(xi, x2, . . . , Xm)dxidx2 . . . dxm = Eo, 

is given by 

1 
J (xi, x2, ... , Xm) = Z(/3) exp{-/3V(xi, x2, .. . , Xm)} (2) 

where 

is the reciprocal of the normalizing constant and is called the configurational 
partition function. The variable /3 is taken as 1/ksT, where Tis the temper­
ature. The probability density function (2) is called the Boltzmann-Gibbs 
distribution of the system. It is easily seen that 

and 
d2 

Var{V(Xi, X2, ... , Xm)} = - d/32 1n Z(/3). 

The entropy associated with the probability density function f can be 
expressed as 

S = ks[ln Z(/3) + /3E{V(Xi, X2, .. . , Xm)}]. 

The free energy of the system is defined by 

A=_! 1n Z(/3) 
/3 

1 
= E{V(Xi, X2, ... , Xm)} - /3ks S. (4) 

Thus, the Boltzmann-Gibbs distribution can be viewed as the probability 
distribution which minimizes the free energy of the system. More details on 
statistical thermodynamics are given, for example, in Landau and Lifshitz 
[1980]. 

3 



3 Stochastic Modeling of Rotational Degrees of 
Freedom in Molecules 

To a large extent, the random fluctuations in torsional angles (rotational 
degrees of freedom) determine the internal entropy associated with a system 
of bonded atoms - the molecule. Let 81, 82, .. . , 8m be the m torsional 
angles of a molecule. These coordinates have been modeled in the literature 
assuming a multivariate normal distribution with the variance/co-variance 
matrix :E [Karplus and Kushik, 1981; Levy et al, 1984]. In this model, the 
entropy associated with the angles is given by 

s = m;a + k: ln[(21rrJ1:JJ. (5) 

In this case, the Boltzmann-Gibbs distribution is the multivariate normal 
distribution; and thus the potential energy of the system is a quadratic 
function of the coordinates. 

This approach has been used to obtain configurational entropy of butane 
and decaglycine [Karplus and Kushik, 1981]. Although the multivariate 
normal distribution provides a way to model a large number of dependent 
coordinates in macromolecules, the assumption of a multivariate normal dis­
tribution does not hold in general. The multivariate normal distribution is 
not adequate for a molecule that has large fluctuations around rotatable 
bonds. Demchuk and Singh [2001] introduced a circular probability ap­
proach to modeling of torsional angles in molecules. As a case study, they 
modeled the torsional angle of the methanol molecule by a 3-mode von Mises 
distribution with the probability density function 

f( B) = 1 e"cos[3(11-11o)I -?r < B < 1l" 
27r!o(K) 1 

-
1 (6) 

where K > 0 is the concentration parameter, Io(K) is a modified Bessel func­
tion of order O and Bo = -21r /3. The entropy of the von Mises distribution 
is given by 

[ 
fi(K)] 

S = ks 1n 21r + ln[Io(1t)] - K Io(K) . (7) 

where Ii ( K) is the modified Bessel function of order 1. Using the von Mises 
distribution as the Boltzmann-Gibbs distribution, the potential energy as­
sociated with the torsional angle of methanol is given by V = (Vo/2)[1 -
cos[3(B - Bo)], where Vo is the maximum torsional energy. The authors 
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derived the distribution of torsional energy; it is bathtub-shaped with a 
probability density function given by 

g(v) = 7rlo\K) exp[K(l - ~)]v-1
~ (Vo - v)- 1

~ , 0 $ v::; V0 • (8) 

The 3-mode von Mises distribution and the bathtub distribution provided 
excellent fits respectively to the molecular dynamic simulated data of tor­
sional angle and of torsional energy for methanol. 

In order to model two dependent torsional angles in a molecule, Singh et 
al [2002] proposed a bivariate circular distribution which is a natural torus 
analogue of the bivariate normal distribution. Let 8 1 and 82 be two circular 
random variables in the range of [-7r, 7r). The proposed joint probability 
density function for 81 and 82 is given by 

f (8l,(h) = Ce"'l cos(B1 -µi)+1<2 cos(B2-µ2)+.Xsin(B1-µ1) sin(B2-µ2), -7!" $ 8l, 8
2 

< 11", 

(9) 
where "-1, "-2 ~ 0, -oo <A< oo, -11" $ µ1 , µ2 < 11", and C is the normaliza­
tion constant such that J(81, 82) is a pdf. The conditional distributions of 
this model are von Mises, and the marginals are symmetric and are either 
unimodal or bimodal depending on the configuration of parameters. The 
distribution has a natural generalization for allowing multiple modes in the 
marginal distributions. The authors applied this formalism to modeling two 
dependent torsional angles in a pentapeptide. 

In general, the marginal distributions of torsional angles may adopt ir­
regular shapes. Expanding the potential energy function in a Fourier series, 
Singh et al [2002] and Hnizdo et al [2002] approached situations in which the 
distributions of a torsional angle are of arbitrary shape. Let 8 denote such 
an angle and let V(8) denote the effective torsional potential energy of the 
molecule when the torsional angle takes the value 8. The Boltzmann-Gibbs 
probability density function of 8 is given by 

f(8) = _l_e-/3V(B) 
Z(/3) . (10) 

The authors considered the Fourier series expansion of V(8), 

00 

V(8) = L [aj cos(j8) + bi sin(j8)] (11) 
j=O 

where aj and bj are fixed constants. Taking a finite number of terms into 
consideration, the proposed probability density function J(8) of 8 is given 
by 

5 



where 

r = r (a a a b b b ) = _!_ 12
,r eL~= 1 [ai cos(jO)+bi sin(jO)ld() 10 10 1, 2,.. . p, 1, 2 , . .. ' p • 

271" 0 

We note that for p = l, the probability distribution (12) reduces to a uni­
mode von Mises distribution and for Po :S p and aj = bj = 0 for j #cP , the 
probability distribution (12) reduces to a po-mode von Mises distribution. 

Assuming the distribution (12) for e, the torsional entropy of the sys­
tem1 is given by 

where 

and 

S = kB [log 271" + log Io(a1, a2, ... , ap, b1, b2, ... , bp) - t ;j Cj 
j=l 0 

-t. ~: D; l (13) 

Cj = Cj(a1, a2, ... ap, b1, b2, ... , bp) 

= _!_ {
2
,r cos(jB)eEf=1[a, cos(l8)+b1 sin(W)ld() 

271" lo 

Dj = Dj(a1, a2, ... ap, b1, b2, . .. , bp) 

= _!_ {
2
,r sin(jB)eEf=i[a, cos(lO)+bt sin(lO)]dB. 

271" lo 
Given estimates of the parameters a1, a2, ... , ap, b1, b2, ... , bp, the estimates 
of the torsional entropy can be calculated. 

1 In the following the kinetic energy term is omitted for simplicity. Refer to Hnizdo et 
al [2002] for the full statistical-mechanical treatment of the problem. 
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Let 81, 82, ... , 8n denote n random observations of the angle 8. The log 
of the likelihood function is given by 

lnL = - nln27r - nlnI0(a1,a2, .. . , ap, b1, b2, . .. , bp)+ 
p n 

LL [aj cos(j8;) + bj sin(j8;)] . 
j=li=l 

(14) 

Equating to O the partial derivatives of log L with respect to the 2p pa­
rameters, we obtain the following 2p likelihood equations which can be solved 
iteratively to obtain the maximum likelihood estimates of a1, a2, ... ap, b1, b2, ... , bp. 

j = 1,2 ... ,p. 

8lnL D1(a1,a2, ... ap,·b1,b2, .. . ,bp) ~. ( '
8

) 
-- = -n + ~ Slll J i = 0 

8bi I0(a1, a2, . . . ap, b1, b2, . .. , bp) i=l 

j = 1,2, ... ,p. 

The value of p can be chosen by 'hit and miss' so that the fit is sufficient. 
Also, those parameters which have insignificant values can be dropped to 
remove an 'overfitting problem'. The authors used the software package MI­

NUIT for obtaining the solution of the likelihood equations. The convergence 
of the iterative algorithm was rapid. As an illustration, they considered mod­
eling the '111 angle of the AYPYD peptide in the folded conformation. 'l/11 is 
a '1/J angle (on the bac"kbone of the peptide N-CQ-C-N, between CQ and C) 
of the first residue, in the case of AYPYD it is 'A' or the amino acid alanine 
[Demchuk et al, 1997a; Demchuk et al, 1997b]. The goodness of fit was 
verified by using chi-squared goodness of fit criterion. The fitted probability 
density function is given by 

f ( 'I/Ji) =0.028e0.715 cos(,t,i)+0.962 cos(3,J,1)-l.886sin(,J,1)-l.623 sin{2,t,1), 

0 $ 'l/11 < 271". 

They also used this approach for modeling the distribution of the tor­
sional angle of two halocarbon molecules. Conceptually, this approach has 
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a natural extension to simultaneous modeling of two and more torsional an­
gles, although finding the estimates of Fourier coefficients for modeling too 
many torsional angles is computationally expensive. 

Singh et al [2002] proposed 2nd and higher order nearest neighbor non­
parametric estimates of entropy. These are based on the second and higher 
nearest neighbor distances between the sample points and provide com­
peting estimators to the nearest neighbor estimate of entropy provided by 
Kozachenko and Leonenko [1987]. They established the asymptotic unbi­
asedness and consistency of the proposed estimators and investigated their 
performances for finite sample sizes for some standard distributions using 
Monte Carlo simulations. These estimatorS' are used to evaluate the full 
internal entropy of methanol and diethyl ether. 
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