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Abstract 

A common problem in lab proficiency testing is the 
estimation of measurement error and lab-to-lab 
variability, when duplicate samples are not available. 
Since measurement errors are often assumed to constitute 
a statistically independent set, the variance-covariance 
matrix should be the sum of a diagonal matrix 
( corresponding to measurement error) and a matrix 
different from an identity matrix <1

> • Multivariate 
statistical methods and mixed model methods provide 
tests that a variance-covariance matrix is of this form. In 
this paper, these methods are applied to data from an 
industrial hygiene laboratory proficiency testing program, 
the Proficiency Analytical Testing Program(PAT). 
Variances and covariances are assumed to be 
approximately proportional to an unknown power of the 
mean, and various possibilities for the form of the 
associated variance-covariance matrix are considered. 
The form depends on the scale on which the analyses are 
carried out, the possibility that the measurement error and 
non-measurement error have variances that are not 
proportional to the same power of the mean, and the 
dimensionality of the non-identity matrix. Examples are 
presented from PAT. 

1 )Introduction 

Suppose that data are in a two-way table, where the 
column variables have fixed means and the row variables 
are randomly chosen from a population. An example is 
data from the Proficiency Analytical Testing 
Program(P AT). Quarterly, participating labs receive four 
asbestos samples at fiber loadings unknown to them. 
Each lab must report a fiber count for each of the samples. 
In this example, each column refers to a different sample 
set, and the entries in the columns are the sample values, 
as determined by each lab. The entries by row are all the 
determinations by the same lab, each of which is assumed 
to be randomly chosen from a larger population. Aims in 
the analysis of these kinds of data are the determination of 
covariance structure, the estimation of variance 
components, and the estimation of coefficient of variation 
(CV=standard deviation/mean). 

A suggestion of Srivastava and Khatri <1
> is to separate 

independently distributed measurement error from 
variances associated with measuring devices (here 
laboratories) by designating the following form for the 
covariance structure: 
I:= K+wl=AA'+wl, (I) 

where bold symbols are used for matrices or vectors. I: 
is the variance-covariance matrix for the samples (in our 
example, a 4x4 matrix), I is the 4-dimensional identity 
matrix, and the rank of A depends on the particular 
problem. It may have as few as one column. In the work 
to be presented here, wl is replaced by a diagonal matrix 
D(w1 ), to allow different variances for different samples. 
Thus, (1) will be rewritten as: 
I:= K + wl= AA'+ D(w1 ). (2) 
The structure of A is studied, and goodness of fit is 
assessed via maximum likelihood. A simple form for the 
variances and covariances is proposed that leads to a 
simple form for the CV. Related work has been done by 
Song<2

> and Goodman and Haberman<3>. Multivariate 
methods shown here use suggestions of Srivastava and 
Khatri(!>, based partly on Kshirsagar<4>. 

The results will be presented as follows. Example data 
are introduced in Section 2 as the basis of the models 
presented in Sections 3 through 6. The estimation method 
for the parameters is discussed in section 7. In Section 8, 
an example is presented which can be successfully 
modeled under several alternative models, though all these 
models use A with just one column. Simulation results 
are presented in Section 9, to indicate how precisely the 
exponent parameter in the model of interest can be 
estimated. Section 10 presents an example which can be 
fitted by only one of the models shown in Section 8. In 
Section 11 , a situation is described where the single 
column form of A is not adequate. Simulation results 
relevant to this model and example data are shown in 
sections 12 and 13. Results are summarized in section 14. 

2)Example 

Figure 1 shows asbestos data from PAT Round 60. The 
data have been transformed to the square root scale to 
achieve approximate normality. There were four 
sample sets. In the figure, the natural logs of the 4 
variances and 6 pairwise covariances associated with these 

sample sets are plotted. Variances are plotted against 
twice the natural log of the associated sample mean. 



Covariances are plotted against the sum of the natural 

logs of the two sample means. For these data, the 
variances and covariances appear to fall on parallel 

straight lines. 
covariance -[(meanl)(mean2)] 0 (3) 
variance -(meanl)20, for some power "a," where the 
"-" indicates proportionality. 
In this example a was approximately 0.5. 
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3)Statistical Model 

7.2 

A model for measurements x,slk at sampling time ( or 
round) t is the mixed model: 
x,slk= (µ,.) + (b,51 + w,~ , 

(4) 
t=t, ... ,T, s=l, .. ,S, /=l, ... ,L, k=l. In (4) Greek letters 
indicate fixed effects, pertaining to overall mean or 
individual sample means, and Latin letters indicate 
random effects. In (4) s denotes the sample sets in 
round t; 1 denotes the labs participating in round t; b,51 

is the random term indicating between lab variability, 
or variability of lab determinations over samples. 
For lab I and round t. the S b,51 terms are correlated, 
since they are random terms that apply to the same lab. 
Conversely, the within lab random effects w,slk account 
for measurement error and are assumed to be 
statistically independent of the b,51s and to constitute a 
statistically independent set. Model (4) describes a 
mixed model (5> . With one lab determination (k= I) 
for each sample set, it is not apparent how to separate 
interaction between lab and sample set from the within 
error. ( In the presentation to follow, we remove the 
subscript k, since it always equals I.) When model (2) 
is applicable, d,51 can be separated from w,51 • 

A class of models consistent with (2) is suggested by 
the example data. Assume that the vector (x, 11, 

x,21, ... ,x,51)' ~ N.(M, ~), where M=(µt,, µt 2 •• • 

, µts ) ', where "~" indicates "distributed as." 

The vector is an S-dimensional normal distribution with 
variance-covariance matrix, ~. estimated by: 
S= l/{L-1) :E,(x,-x.)(x,-x)', (5) 

where xi=(x,u, x,21, ... , x,5i)', & x=( x ti , x ti, ... , 
x ,5..), for x ts.. average of x,51s over all /. The 
example suggests that the variance components of(4) may 
have following form: 

Between Lab Var(b,51) - L~ [µ,,.] 2•(1>, (6) 
& Within Lab Var(w,51) 

=Measurement error Var(w,51) -m~[µ, .• ]2a(•J , 

for power a(t) varying by round. The proportionality 
factors are L~ for variance between labs & m~ for 
measurement error variance. 

Under this power of mean model for variances and 
covariances: 
Var(x,51)=[ L~ + m~ ] [µ,,,]2a(1> (7) 
Cov(x,51,x,v,)=L~ [µ 15]a(tl [µ,v]a(tl for sample sets in the same 
round t. The model can be extended to correlations 
between sample sets in different rounds: 
Cov(xts/,Xt+l,v/)={L,,,+1) [µ,.]•(t) [µ,+,,vla(t+I) ' for 
determinations by the same lab in sample sets in 
consecutive rounds (t, t+ 1 ), where L,.,., is a 
proportionality factor. Under assumptions ( 6), model ( 4) 
becomes: 
x,51= (µts) + (b,., + w,51) 

= µ,s + { [µts]2a(t)}0.5 [ {L,) b;, + (m.) w;si]' (8) 
where {b;,} , {w;51} IID ~ N(O,l), & IID means 

"independent, identically distributed." The 
{w;,,, s=l, .. ,S ; /=1,2, ... L; t=l, .. T} correspond to 
measurement error and are statistically independent of 
the {b;,, /=1, .. ,L and t=l, .. T}. 
Note: In (8), the interaction term b,51 is assumed to be 
of the form { [µ,.] 2•(1>} 05 (L,) b;,, which indicates that 
any differences of lab determinations for different 
samples is due entirely to the function of the mean f 
(µ,.)={ [µ .. ]2a(1>} o.s L, . If the function f (µ,.) does not 
account for all these differences, then b,51= { [µ .. ]23(1>}0·5 

(L,) b;, + {bb );51, where (bb );51 =b,51 - { [µ 15]
2•(•>} 0.5 (L,) b;, = 

b,51 - f(µ,.)b;,, and the appropriate model is: 
X,s1= (µts) + (b,51 + w,51) = (8a) 
µ,s + ( { [µ .. ]2a(1J} o.5 L, b;, + (bb );s1) +{ [µ .. ]2a(1J} o.s m, w;s1 

' where {b;,} , {w;51} IID ~ N(0,1) and all {w;51} are 
statistically independent of all {b;,, (bb);51, s=l, ... ,S}. A 
possible understanding of the (bb);s1 is that for each 
sample set, the relationships of eq (7) may only be 
approximate, in that the variances for the different 
samples may have slightly different powers "a", or, 
alternatively, there are peculiarities about the samples that 
affect all labs. In either case, correlation would be 
expected between sample sets in excess of that produced 



by the dependence on r ( µ,.) . Comparison of the 
model based on (8) with that based on (8a) is a 

measure of lack-of-fit. 

4) When Data Have Constant CV 

If a(t)=l in model (8) and the data are normally 
distributed, the CV is constant and the natural log 
transformation yields approximately constant 
variance=Cv2<6>. Following the In transformation, the 
approximate new model is: 

ln(x,51) " µ;. + [L, b;~ + m,w;~ ] , 
(9) 

where" ee" means "approximately." 

Var[ ln(x,51) ]" [L; + m;]= CV2 on the original 
scale, independent of concentration. 
The variance-covariance matrix is equivalent to (2) 

(setting A=L, ls):I::s= L; 1 's 1' s + m7 I5= 

f'' 
... L/ l 0 0 t t m, 

,' L,' ... L, 0 l 0 
+ 

m, . .. 
/ L/ ... Lr2 

,1 L? ... L' 0 0 m, 
I 

In the above expression, :Es is the SxS variance 
matrix; ls is an S-dimensional vector of Is; I5 is the 
S-dimensional identity matrix. Statistical tests for the 
above form of :E require normality. The correlation, 
p, is L7 / [L7 + m7], and the correlation matrix is 

pll' + (1-p) I (10) 

5) Alternatives to (8) When Constant CV Lacking, 
Or When a=l & Lack Normality on Log Scale 

A)From (2), (4), (6), and (8), 
:E= {O;i}=AA'+ D(wi) {l l) 
= D(µ~. )[ L7 11 ']D(µ~,) + m7D(µ~,) D(µ~, ), for 

1

,'L,' ... L, 
,
1 L,: ... L, 

•D(µ;} , , D(µ;) • D(µ;} 
, L, ... L, 

,: L1
2 

••• L, 

, .. , 
, 

"', 0 D(µ~) 

.. , 

a=a(t). Since a.v= L7 µ~. µ~v for s*v, and 0 55=[L7 + 
m7] µ7;, p=corr= L7 / [L7 + m7] . Thus, the same 
correlation matrix results that was obtained for 
constant CV after the natural log transformation: p 11' 
+ (l-p) I. In terms of p, the variance-covariance 

matrix may be rewritten as follows : 

:E=[L7+m7] D(µ~. )[ pll'+{l-p)I]D(µ~. ),(12) 
and the total CV may be expressed in terms of model 
parameters as: CV,.=[L7+m7 ] o.s [µ, .• ]!•<1>- 11 
(13) 
For a(t)=I, samples have constant CV= [L7+m7 ] 0·

5 . 

If model (8a) is the correct model, then model (11) is not 
correct, and the form of A must be changed, most easily 
by adding at least one more column. This will be 
discussed more during discussion of the examples. 

B) The between and measurement error components have 
different dependency on mean µ,,s· 
:E=L; [D(µ~,)l] [D(µ~,)1 ]'+m;D(µ~;)ID(µ~;), (14) 

CV,.= { L7 [µ,..]12•<•>-21 + m7 [µ, .• ]12a' c•i-21 } o.s 

where a;ca' . An aim here is to determine how precisely 
"a" can be estimated. 

6) A More General Form for Eg {8) 

(8) can be rewritten as : 
x,51= (µ,.)+(b, 51 + w,51)= µ 15+[ f(µ,.) b;, +g(µ,.)w; 51 ] , ( 15) 
where f(µ,.) and g(µ,.) are functions of the sample means 
µ,., and the terms b;1 and w;.1 are defined following 
equation (8). Eq. (15) is similar to that given by S0ng<2> 
If model (15) seems sensible, in that the variances of 
different sample sets in the same round differ only 
because the sample means differ, then comparison of the 
functions f(µ,.) and g(µ,.) is of interest. 
Under model (15), Var(x,51) = f'l (µ,.) + g2 (µ 15), and 
Cov(x,51,x,v1)=f (µ,.) f (µ,.). 
Corr( x,slk,X,vnJ= 
f {µ,s) f (µ,.)/ { [f'l {µ,.) + g2 {µ,.)]°"5 [f'l {µ,v) + g2(µ,.)]°"5} 
= 1/{[ 1 + g2 (µ,.)/ (l (µ,.)]°"5 [1 + g2 (µ,.)/ (l (µ,.) ]°"5 }. 
Thus, an equicorrelation matrix will result if and only if 
:g2 (µ,.)/ (l (µ,.) = g2 (µ,.)/ (l (µ,.) , for each of the sample 
sets sand v, or 
g2 (µ,.)=[g2 (µ,.)/ (l (µ,.)] (l (µ,.) =u (l (µ,.), 
(16) 
for each sample set. 

Thus, under model (15) for the S sample sets in the round 
t , an equicorrelation matrix results if and only if g (µ,.) 
is a multiple off(µ,.) for each of these S sample sets. 
For proficiency test data, where sample sets differ only in 

the mass of analyte, equicorrelation within round may 
seem reasonable. In this case, it may be sensible to test 

whether g (µ,.) is a constant multiple of f (µ,.) . 

7)Maximum Likelihood Estimation of "a" & 
Likelihood Ratio Criterion for Adequacy of Model 

For multivariate normal data, the maximum likelihood 



estimates are those that maximize the multivariate 
normal likelihood, where ~ is one of the two 
equivalent forms (11) or (12). Suppose there are four 
sample sets in a round. The number of parameters is 
seven: D(µ~, ) has four diagonal elements; also, the 
values of L; + m;, p, and a must be estimated. The 
question of identification of parameters <7J must be 
considered. For model parameters to be identified, 
they must be able to be expressed as functions of the 
elements of the variance -covariance matrix. With 
four sample sets, there are four equations for 
variances, and six equations for covariances: 
Var(x,,lk) = [L; + m;][µ,,]2a(t>, for each sample sets. 
Cov(xtslk, x,vJ = p[L; + m;] [µts ]a(tl [µ,.]•<•> , for each 
pair of sample sets s and v. 
After conversion to the natural log scale: 
ln[Var(x,,lk)]= In [L; + m;] + 2a(t)ln [µts] 
ln[Cov(xtsik, x,vJJ= In( p) + In [L; + m;] + a(t){[ln 
[µts] + In [µ,v]} 
These equations lead to a solution for p. However, 
since 0.5{ln[Var(xtsJ] + ln[Var(x,vlk)]} 
= ln[Cov( Xtsik, x,vJJ- In( p), there is no further 
information to be obtained from the covariances. 
Thus, there are really just four equations for the six 
remaining parameters, and there can be no unique 
solution, without additional constraints. 

Since most of the sample sets for proficiency tests are 
large, the sample means x t:s will be close to the true 
values, µts . (For the example data of Figure 1, sample 
means and sample size are given in Section 8.) In the 
models used here, we propose to substitute the sample 
means for the theoretical values, and then use the 
likelihood approach to estimate power "a." If two of 
the means are specified, then "a" and [L; + m;] can be 
expressed as functions of these variances, and are, 
therefore, identified. This same device enables the 
parameters of model (14) to be identified, since L; and 
"a" can be expressed as functions of the covariances of 
model (14). 

Models are fitted via the maximum likelihood in Proc 
Calis in SAS cs>. The form of the factors in Proc Calis 
may be obtained by using the "Matrix" and "Cosan" 
statistics, under the assumption of multivariate 
normality. The statistic is given in reference <9>, and is 
provided by Proc Calis, which also provides the p­
value for the assymptotic chi-square statistic 
associated with the likelihood function. 

8)Example !:Possible Variance Form, (11) or {14) 

For the PAT round 60 asbestos data shown in Figure 
1, L= 182 and the sample means (square root scale for 

normality) were: (32.38 , 22.84 , 31.24, 27.47). The 
estimated correlation matrix was: 

! 
1 0.72 0.78 0.75 

.72 1 0.75 0.73 

.78 0.75 1 0.71 

.75 0.73 0.71 1 

The following analyses were performed: 
1.) The maximum likelihood estimate for a(t) under model 
(11) was 0.47, and the 95% confidence interval was 
(0.22,0. 72). CV=l.27 [µ tsJ-053

• The p-value for model lack 
of fit was 0.32. In the range of means from 22 to 32, the 
predicted CVs varied from 0.25 to 0.20 (decreasing with 
increasing mean), compared to a decrease from 0.24 to 
0.20 for the actuals. From the model, the ratio of the 
between lab CV (decreasing from 0.18 to 0.15) to the 
measurement error CV (decreasing from 0.065 to 0.05) 
was p/(1-p), estimated to be about 3. There appeared to 
be large lab to lab CV compared to measurement error 
CV. (Since analyses were carried out on the square root 
scale, CV values should be multiplied by 2 to convert to 
original scale CVs.) 

2.) The maximum likelihood estimate for a(t) under model 
(14) was 0.62, and the 95% confidence interval was 
(0.44,0.80). P-value for the chi square statistic was 0.34. 
Thus, both models were acceptable. 

9)Simulation Study Results for Estimation of Power 
"a" in Eg (11) - 4 Sample Sets 

It is useful to obtain an idea how precisely "a" can be 
determined by these procedures. For each test, 320 
random samples were generated from a quadrinormal 
distribution with L=500 and S=4 under model (12) with 
a=a1• For the size oftest, the value of "a" tested in (12) 
was chosen equal to "ai'' in the generated variables. For 
the power, aae a1• Estimation was done via maximum 
likelihood in Proc Calis, and results are shown in Table I: 

Test at pa().5 pa-0.5 pa-0.5 pa-0.5 paQ.S pa-0.2 pa().8 

5% 
m>-0.4 m:0.4 m• I mc0.2 m.s-0.2 m-0.4 m>-0.4 

True 
mean, 

a1== I B1:0,5 a1:0.5 31--0.5 B1c0.5 a,c(}.5 a1~ .5 

Size 0.066 0.034 0.066 o.oi1 0 .. 056 0.044 0.063 

Power: 

a-.i1·0.25 0.94 0.94 0.97 0.95 0.97 0.88 1.0 

a"'a ,.0.125 0.40 0.32 0.38 0.38 0.37 0.23 0.70 

a=a1+0.25 0.39 0.33 0.42 0.37 0.37 0.28 0.64 

3"'31+0,25 0.93 0.95 0.97 0.97 0.95 0.87 1.0 

The main conclusion was the dependence of the power 



on the value of p. For p equal to 0.8, the probability 
of a significant result is much higher than for p equal 
to 0.5. For p equal to 0.2, the probabilities were 
somewhat lower than for p equal to 0.5. Dependence 
on the value of a1 seemed small. There was little 
difference in results between true means( column 6) or 
estimated means ( column 5), as discussed in 7) above. 

10) Example 2: Variance Structure(l 1) in Question 

For PAT Round 83 asbestos data, analysis was done 
on the square root scale. L=442 and the mean vector 
was (15.29, 26.67, 29.88, 18.59). The estimated 
correlation matrix was: 

~ 
l 0.54 0.53 0.50 

.54 l 0.60 0.53 

.53 0.60 l 0.60 

.50 0.53 0.60 l 

The correlation of sample set 3 with samples 2 and 4 
was somewhat higher than the other correlations. 
Model (11) did not yield acceptable results ( p value 
<0.0001 ). When the model was refitted with different 
exponents (model B, eq (14), of section 5) for 
measurement error and between lab variances, the 
results were acceptable. The 95% confidence interval 
for the power "a" for between lab component 
( estimated as 0.45) was (0.39, 0.51 ); the 95% 
confidence interval for the power "a'" for the 

measurement error component ( estimated as 0.32) 
was (0.21,0.43 ). (Both confidence intervals were 
constructed by assuming normality of the estimators.) 
From (14) the estimated CV was: [0.74 µ 0

·
90

•
2 + 1.90 

µ 0·64•2]°'5• For the four sample mean values, the actual 
and predicted CVs are shown in Table II: 

Table II* : CV Estimates for Round 83 
s.mp1, Estimated l'mli=I CV• cv. Ratio: 
Man CV CV(l4) llct•= Measure CV(llctY 

uhs """' CV(Mcas) 
From(l4) Em>< 

from (14) 

15.29 0.25 0.29 0.19 0.22 0.86 

18.6 0.23 0.26 0.17 0.19 0.89 

26.7 0.21 0.20 0.14 0.15 0.93 

29.9 0.20 0.19 0.13 0.14 0.93 

*2* CV values converts to original scale CVs. 
The predicted CVs indicated somewhat bigger 
decrease in CV than appeared in the actuals, with 
increasing mean. The predicted CV between labs was 
slightly less than that for measurement error, but the 
ratio remained about 0.9. 

(1 l)Alternatives to Model (11) - Continued 

C.) More complicated correlation structure. Suppose: 
Var( X15°')=[ L: + m: ] [µ, ,,]2a<•l (17) 
Cov(x,,11<,x,.oJ=L: [µ 15]3<1> [µ,.]•<•> 
Cov(xtslk,x,+1,voJ=L,,,+1 [µ"]3<1) [µ,+1 ,.Ja(l+I) · 
Assume 4 analyses per round, & assume L,=L,+1 , m.=m.+1, 
& a(t)=a(t+l). (These can be tested.) 
The correlation matrix is: Matrix AA' is multiple of : 

(18) 

Here A ,B, and AA are each 4x4 matrices; A={aij},a ij=l, 
if i=j & aij=p1=L: / [L: + m:J if i;c j; B= {bij}, 
bij=p2=L,.1+1 I {[L: + m:HL:+1 + m:+11}°·5 ; AA= {pi} The 
covariance matrix corresponding to ( 17) and ( 18) requires 
a modification of equation (11). For p1 ;cp2, the one­
dimensional matrix 11 ' of ( 11) must be replaced by a 
sum of two one-dimensional matrices, since the matrix 
AA' is two-dimensional, and has characteristic vectors 
125 and [ 1~ -1~ ]' . These vectors can be used in the 
Matrix statement of Proc Calis. 

12)Simulation Study Estimation of"a" - 8 Sample Sets 

As in the simpler model, it seems useful to determine how 
precisely "a" can be estimated. 
a.)For this simulation a single value of"a" was used for 
all eight samples. This is the same correlation form as for 
the 4 sample case ( section 9), but eight samples were 
generated. b.)Two different correlation structures were 
used, as in section 11 . In the notation of section 11, the 
larger correlation (a) was in the A submatrix, and the 
smaller (a1) in the B submatrix. Estimation was done via 
maximum likelihood in Proc Calis. For both cases, 320 
samples of size 500 were generated. 

The probability of statistical significance is given in Table 
III. Comparison to Table I results indicates that , for 
case a), the power was better than for the corresponding 
4 sample results. For instance, at a=a1± 0.125, for eight 
samples the probability was about 0.48, but for four 
samples the probability was about 0.32. For case b) in 
Table III, the probabilities decreased for a=a1± 0.125. 
Estimating both exponents individually reduced the power 
somewhat. 



Table III 

Test at a.) Same Corr. b.) 2 DilT. Corr. 
5% Level Structure; Structures; 

p=0.5, m=0.4,a1=0.5 p= p, ..0.5, m-0.4,a1=0.5 

Size: 0.05 0.053 1 

Power:: a=a 1-0.25 0.997 0.984 

a=a 1-0.12S 0.482 0.347 

ac a,+-0. 125 0.495 0.372 

a-.i1+o.2S 0.981 0.984 

13)Example: More Complicated Correlation 

Pat Rounds 59 & 60 asbestos data were transformed 
to the square root scale. The number of labs, L, 
present in both rounds was 170. The estimated means 
were: (29.83, 17.10, 30.84, 21.78, 32.54, 22.90, 
31.36, 27 .60). The estimated correlation matrix was: 

0.63 0.70 0.63 0.32 0.35 0.29 0.29 

.63 0.56 0.61 0.19 0.26 0.28 0.14 

.70 0.56 1 0.65 0.30 0.35 0.32 0.32 

.63 0.61 0.65 0.27 0.28 0.34 0.27 

.32 0.19 0.30 0.27 0.70 0.77 0.73 

.35 0.26 0.35 0.28 0.70 1 0.73 0.71 

.29 0.28 0.32 0.34 0.77 0.73 0.68 

.29 0.14 0.32 0.27 0.73 0.71 0.68 

Correlations for the upper diagonal submatrix (round 
59) were mostly lower than those for the lower 
diagonal submatrix (round 60). Model (11) did not 
yield an acceptable fit (p<0.05) when the same 
correlation structure was used within rounds 59 & 60, 
or even when different correlation structures were 
used. None of the models fitted, including models 
that allowed for different "a" values for each round 
or different correlation structure within round, yielded 
acceptable p-values. The discussion of model (8a) 
considered the possibility that the simple structure of 
model (8) might not fit the data well. For this example 
an acceptable p-value(0.34) was obtained when the 
rank of A (in eq. (2)) was increased to three, by 
retaining the structure of the first two columns of A 
given below ( 18), but with no restriction on the form 
of the components of the added dimension. Other 
forms for the functions f(µ 15) & g(µ 15) of eq ( 15) need 
to be tried, to obtain a simple form for a rank two 
matrix A with an acceptable p-value. Simple forms 
are useful, since they yield simple forms for the CV. 
Some alternate forms are in <2>. 

14) Conclusions 

For proficiency test data where each lab measures just 

one sample at each concentration level, and where 
between lab and measurement error variances are 
proportional to a power of the mean, the procedures 
described provide estimates of these variances, and a 
simple form for the CV. This model was applied to 
several asbestos data sets from an industrial hygiene 
proficiency test program, PAT program. Thereby, the 
usefulness of the method in modeling the CV as a function 
of the mean has been indicated, although modifications of 
the simplest form of the model were required. The 
maximum likelihood procedure used here allows the user 
to determine adequacy of the fitted model. Failure to 
obtain acceptable fit of the model can indicate 
dependence of between lab and measurement error 
variance components on different powers of the mean, as 

well as lack of fit of the power of mean model. Some 
examples of alternative variance-covariance models were 
provided, although more work needs to be done. 
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