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Experimental and simulation-based assessment of the human

postural response to sagittal plane perturbations with localized

muscle fatigue and aging

Bradley Steven Davidson

(ABSTRACT)

This research was motivated by occupational falls, which are one of the leading causes of

fatalities in skilled labor divisions. The effects of localized muscle fatigue (LMF) on surrogate

measures of postural sway are well-established. This is significant since these increases have

been linked to elevated risk of falls, and workers with increased risks of falling fatality

frequently engage in fatiguing tasks.

An initial study was conducted to investigate the effects of LMF and aging on balance

recovery from postural perturbations without stepping. Sagittal plane perturbations were

administered to young and older individuals before and after fatiguing exercises. Measures

of balance recovery (BR) were based on the center of mass (COM) and center of pressure

(COP) trajectories and the maximum perturbation that could be withstood. Changes in

BR measures were consistent with an LMF- and aging-induced decrement in recovering from

the perturbations.

The second study investigated the effects of aging and LMF on the neural control of

upright stance during small postural perturbations. Small magnitude postural perturbations

were administered to young and older individuals before and after fatiguing exercises. A

single degree of freedom (DOF) human body model was developed that accurately simulated

the experimental data. Feedback gains and time-delay were optimized for each participant,

and a delay margin analysis was performed to assess system robustness. Results indicated

that older individuals had a longer ”effective” time-delay and exhibited greater reliance on

afferent velocity information. No changes in feedback controller gains, time-delay, or delay



margins were found with LMF in either age group.

The final study investigated using a nonlinear controller to simulate responses to large

magnitude postural perturbations. A three DOF model of the human body was devel-

oped and controlled with the state-dependent Riccati equation (SDRE). Parameters of the

SDRE were optimized to fit the experimentally recorded kinematics. Unlike other nonlinear

controllers, the SDRE provides meaningful parameters for interpretation in the system iden-

tification. The SDRE approach was successful at stabilizing the dynamical system; however,

accurate results were not obtained. Explanations for this are presented along with an alter-

native formulation to the time-delayed optimal control problem using Roesser state space

equations.
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Chapter 1

Background and problem statement

1.1 Falls from heights

Falls accounted for 14.2% of the 5,703 reported occupational fatalities in the United States

in 2004 (BLS, 2005), which marks a record high for fatal falls (Figure 1.1). Almost all of

these falls (90%) occurred from an elevated surface (BLS, 2005), hereafter referred to as falls

from height (FFH). Examples include falls from ladders and roofs. Not only problematic

in the United States, FFH is the number one cause of occupational fatality and injury in

Great Britain. In its attempt to ensure a safe working environment, the Health and Safety

Executive of Great Britain has recently implemented the “Height Aware 2006” campaign

designed to help workers identify when they are at risk of falling from height.

Virtually every industrial sector is exposed to risk of FFH. The potential for FFH exists

for an iron worker connecting steel columns 200 feet in the air, to the worker washing

windows on a suspended scaffold, and even a stock clerk retrieving goods using a 4-foot

step ladder (NIOSH, 2000). Using data taken from occupational accident reports, those

jobs with the greatest hazard of FFH lie within skilled labor divisions such as construction,

mining, agriculture/forestry, and manufacturing (NIOSH, 2000). Accordingly, the National

Institute of Occupational Safety and Health (NIOSH) has produced several publications

which specifically address prevention of falls while erecting communications towers (NIOSH,

2001), trimming trees (NIOSH, 1992a), working on scaffolds (NIOSH, 1992b, 1993), and

working on roofs near skylights or roof openings (NIOSH, 1989, 2004).

Workers in the construction industry are at particularly high risk of FFH (Derr et al.,

1
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Figure 1.1: Data from the Bureau of Labor Statistics shows falls to be of the four most
frequent work-related fatal events in the United States. As can be seen, 2004 marked an
all-time high in these falls. (BLS, 2005)

2001). For example, a report on worker deaths by falls revealed that construction workers

accounted for 50% of all FFH fatalities. This is well above the contributions from any other

industry – the second highest being industrial manufacturing at 12% (NIOSH, 2000). Falls

are the predominant cause of fatality in this industry where elevated work environments are

common, most often off of ladders, roofs, and through openings in floors and roofs (NIOSH,

2004).

In addition to employment as a laborer in the industrial sector, age also contributes to

risk of falling. The National Census of Fatal Occupational Injuries showed that 39% of fatal

falls in 2004 were from workers 55 years and older BLS (2005). This is a disproportionate

trend since this age group composes only 17% of the total workforce according to annual

surveys by the U.S. Department of Labor. Figure 1.2 demonstrates this trend in increased

fall incidents with older workers. Notice that the construction industry shows both a greater

overall percentage of FFH deaths as well as greater increase in deaths at higher ages.
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Figure 1.2: Worker deaths by falls categorized by age. Two important trends emerge here.
First is the considerably larger percentage of falls for the construction industry when com-
pared to other industries which report high rates of falling fatality. Also, note the remarkable
increase in deaths by falling in the construction industry for the older workers. (NIOSH,
2000)

1.2 Fall interventions

The mechanism of a fall can be defined as an imbalance with a failed attempt at recover-

ing balance that causes potential injury or fatality (Gauchard et al., 2001). Interventions

aimed at preventing injuries and fatalities from FFH are typically categorized as either fall

protection or fall prevention (Hsiao and Simeonov, 2001).

The goal of fall protection is to safely arrest a fall after it has occurred. Occupational

Safety and Health Administration (OSHA) standards exist which address falls with this

approach, and a large amount of research has been conducted throughout the country in

designing the necessary devices used for fall protection (Lough, 2004). Despite the read-

ily available safety equipment and government regulation of those industries with a high

risk of falls, many workers fail to use fall protection devices appropriately (David, 1996).

Thus, upwards of two-thirds of FFH fatalities reported by NIOSH (2000) occurred while fall

protection devices remained unused.

The goal of fall prevention is to prevent a fall from occurring. To devise methods of
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fall prevention it is necessary to identify and understand underlying factors, both extrinsic

and intrinsic that contribute to occupational falls. Examples of extrinsic factors are type

of activity, urgency of activity, and work environment (Gauchard et al., 2001). Prevention

tactics which address these situations often consist of additional safety training, altering work

schedules, or improving the work area by reducing known hazards. Examples of intrinsic

factors are use of judgment-impairing substances, attention level, experience level, weakness,

and muscle fatigue (Gauchard et al., 2001). To develop methods designed to prevent FFH

due to these intrinsic factors, a thorough knowledge is necessary of how these may contribute

to a fall.

1.3 Fatigue effects on postural control and balance

The most reported cause of falls in roofers is a “loss of balance” (Hsiao and Simeonov, 2001).

Although common in everyday usage, a definitive definition of “balance” does not exist (Ek-

dahl et al., 1989; Pollock et al., 2000). For our purposes, human balance will be defined as

the ability of a person to remain in an upright standing posture. Upright stance is an inher-

ently unstable posture in which a human essentially behaves as an inverted pendulum (Gage

et al., 2004; Winter, 1995) with roughly two-thirds mass distributed at two-thirds height

above the ground (Winter, 1993). Maintaining balance, or upright stance, is accomplished

by the postural control system. The postural control system involves many interactive el-

ements (Massion, 1994) such as sensory reception, signal transmission, neural control, and

muscle excitation-contraction. The sensory information used by the postural control system

is comprised of afferent signals from three sources: vision, vestibular organs, and somatosen-

sory system (Shumway-Cook and Woollacott, 1995). This information is transmitted to

the neural controller, a portion of the postural control system that integrates the sensory

information and generates corrective motor commands based on the difference between ac-

tual and desired postures (Massion, 1994). These motor commands are transmitted via
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motor units to the postural muscles, and the resulting contractions influence maintenance

of balance. Balance and postural control are most often assessed by surrogate measures

of postural sway calculated from the center of mass (COM) or center of pressure (COP)

trajectories during quiet stance.

One intrinsic factor that has been shown to affect COM- and COP-based measures of

balance and postural control is localized muscle fatigue. Increases in these measures during

quiet stance have been demonstrated after fatiguing muscles that are directly associated

with upright stance and those that are not. For instance, many investigations have focused

on fatigue of the ankle musculature (Caron, 2003; Corbeil et al., 2003; Gribble and Hertel,

2004; Lundin et al., 1993; Yaggie and McGregor, 2002). It is well-accepted that the ankle

musculature are primary in controlling quiet stance, and so it is of little surprise that localized

changes such as fatigue would adversely affect postural sway. However, recent investigations

have demonstrated that fatigue of non-postural muscles such as the neck (Gosselin et al.,

2004; Schieppati et al., 2003) and shoulder (Nussbaum, 2003) have had similar effects on

these measures. A review of fatigue and balance literature is found in Chapter 2.

The purpose of this investigation is to further our understanding of the effects of localized

muscle fatigue (LMF) and aging on balance and the postural control system. A series of

laboratory experiments were performed and analyzed to evaluate the effects of LMF and

aging on recovery of upright stance following a postural perturbation. Theoretical models

of the human body were developed in conjunction with the collected experimental data to

assess changes in neural control of balance. It is anticipated that this work will provide the

foundations for future postural modeling and simulation in the presence of fatigue and age

and potentially aid in the design of interventions aimed at reducing FFH.

5



1.4 Document organization

This thesis is organized into nine chapters and is arranged in a progressive sequence: from an

experimental and measurement-based analyses to theoretical and simulation-based analyses.

Chapter 2 introduces the reader to the body of “fatigue and balance” literature, and Chapter

3 presents the first study from the series – “Effects of localized muscle fatigue on recovery

from a postural perturbation without stepping.” Chapter 4 initiates the shift toward mod-

eling of the postural control system with a brief review of dynamical modeling and feedback

control systems. Chapter 5 introduces past studies that performed feedback-controlled sim-

ulations of the upright stance. Chapter 6 presents the second study – “Effects of aging and

localized muscle fatigue on neural control of posture during small magnitude perturbations.”

Chapter 7 introduces the reader to the theory and implementation of optimal controls, and

Chapter 8 expands on these ideas in the third and final study – “Neural controller approx-

imation using the nonlinear state-dependent Riccati equation during postural responses to

large magnitude sagittal plane perturbations.” Chapter 9 highlights the major findings and

contributions from the individual studies.
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Chapter 2

Fatigue and balance literature

2.1 Introduction

Balance is a term which is frequently used in everyday conversation as well as by clinicians.

Every individual has some qualitative understanding of balance or loss of balance. Despite

its widespread use, there is no universally accepted definition of balance (Ekdahl et al.,

1989; Pollock et al., 2000). As such, many approaches have been used to quantify balance.

Investigators have used the duration of a participant to remain in a certain stance, ability to

control a moving platform, various measures of center of mass (COM) and center of pressure

(COP) trajectories, as well as a myriad of other commercial devices to assess balance and

changes in balance.

A common biomechanical description of balance is the body’s ability to maintain its

center of mass within its base of support (Hall, 1991; Kreighbaum and Barthels, 1990; Mas-

sion, 1994; Pollock et al., 2000). COM movement (also referred to as sway) is controlled by

movement of the COP primarily by the ankle and hip musculature during quiet standing.

Because a human body has approximately two-thirds of its mass located two-thirds its height

above the ground, the body is inherently unstable and requires continuous adjustment of the

COP (Winter, 1993). Movement of the COP, although not identical, is generally in phase

with movement of the COM. This quality, along with its relative ease of collection, has made

measures of the COP trajectory an attractive method of quantitative assessment of postural

sway and balance. Changes in these measures have been associated with increased falls in

the elderly (Lichtenstein et al., 1989; Riach and Starkes, 1994) and may also indicate risk of
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falling outside of this population.

The following sections review the current literature investigating the effects of fatigue on

measures of postural sway and are organized into three sections. The first section outlines

the earliest studies reporting the effects of fatigue on balance. Next, more recent studies

are addressed beginning with localized muscle fatigue in the lower extremities. The third

section introduces the reader to muscle fatigue not located in the lower extremities. Finally,

a summary of the investigation using perturbations from our laboratory is presented.

2.2 Earliest reported studies investigating the effects

of fatigue on balance

Although the last decade has presented an increase in the number of studies investigating

the effects of fatigue on measures of balance, this topic is not new. As long ago as 1949

the effects of fatigue induced by a physical efficiency test on balance were investigated by

Scott and Matthews. Slocum (1953) performed a similar study. A more recent publication

(Nielson and Johnson, 1973) reported that both studies found improved balance performance

following the efficiency test, and Slocum hypothesized that the improvement resulted from a

warm-up effect. The first scientific evidence of potential balance impairment due to fatigue

was offered by Culhane (1956) in an unpublished Master’s thesis. Here, a slight loss in static

balance performance is reported following two minutes of cycling; however, the loss was

not statistically significant. It was suggested that the exercise was not strenuous enough to

produce “genuine fatigue.”

The topic of fatigue effects on balance was relatively quiet until 1973, when Nielson and

Johnson analyzed the effects of “general fatigue” and “local fatigue” on static balance. Local

fatigue was administered through maximum number of one-legged toe raises while general

fatigue was administered through maximum number of squat thrusts. Static balance was

quantified by the length of time which participants could remain in a one-legged stance.
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It was found that both heel raises and squat thrusts significantly reduced the length of

one-legged standing, but the effects of the squat thrusts were more detrimental.

Three years later, an investigation was performed which compared the fatigue of several

different muscle groups on balance as measured with a “dynabalometer” (Miller and Bird,

1976). Four muscle groups were fatigued: dorsiflexors; plantar flexors; abdominals; knee

and hip flexors and extensors). Twenty participants were randomly assigned to each muscle

group and twenty were used as a control group. Only the group which fatigued the knee

and hip flexors and extensors with squats demonstrated a significant difference in balance

as measured by the “time in balance” while standing on an unstable platform.

Almost fifteen years transpired before the next study pertaining to fatigue effects on

balance. During this interlude, biomechanics was revolutionized by technological advances

and improved methodology. Equipment such as force platforms and motion monitoring

systems were developed and, along with vast improvement of computer processing and data

collection, the current era of biomechanical analysis arrived.

2.3 Investigations of localized muscle fatigue in lower

extremities

By far, the largest number of studies investigating the effects of fatigue on postural sway or

postural control has involved localized muscle fatigue of muscle groups in the lower extrem-

ities, specifically the ankle musculature. Lundin et al. (1993) determined that combining

dorsiflexor and plantar flexor fatigue increased sway parameters in the anteroposterior (AP)

and mediolateral (ML) directions during unilateral stance as measured by a Chattecx Balance

System. An anterior shift in COP location was also observed which has been demonstrated

by other authors following fatigue (Sparto et al., 1997). Contrary to Lundin et al. (1993)

and Nielson and Johnson (1973), Adlerton and Moritz (1996) found no changes after plantar

flexor fatigue. One other investigation of the effects of plantar flexor fatigue on postural
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sway during bilateral stance (Corbeil et al., 2003) demonstrated increased COP mean veloc-

ity, mean radius, and median frequency. This study concluded that “fatigue places higher

demands on the postural control system by increasing the frequency of actions needed to

regulate the upright stance.”

Vuillerme et al. (2001, 2002, 2003), while presuming the destabilizing effect of plantar

flexor fatigue, has investigated different effects of afferent input on the balance system. In

2001, Vuillerme et al.determined that the presence of visual cues allowed the body to more

quickly compensate for the effects of fatigue. Vuillerme et al. (2002) tested the combined

effects of plantar flexor fatigue and muscle vibration on postural sway measures. These

two conditions alone caused a deleterious effect on postural sway. However, when muscle

vibration was applied following fatigue, there was no additional increase in sway. Two

hypotheses were offered to account for this: 1) fatigued muscles are less sensitive to vibration

or 2) the CNS relies less on afferent information from fatigued muscles to control postural

sway. Vuillerme and Nougier (2003) reported on the effects of light finger touch on postural

sway following plantar flexor fatigue with similar results as Vuillerme et al. (2002). They

concluded that haptic cues from the finger, which contribute to total proprioceptive feedback,

possibly increased following fatigue.

Yaggie and McGregor (2002) sought to add fatigue of ankle inverters and everters to

the treatment of ankle fatigue and postural sway. Increases of non-directional and both

AP/ML sway measures were reported. However, because the measures of sway were not

clearly defined, definitive interpretation is not possible.

Investigations of ankle dorsiflexor fatigue by Caron (2003, 2004) have explored the re-

lationship between postural control and “postural stability.” Stability is defined here as

movement of the COM while postural control is quantified by the COP trajectory. Dorsi-

flexor fatigue was selected for this research because “plantar flexors are rarely involved in

quiet stance” (Okada, 1973). In particular, these studies sought to first assess COM and

COP relationship in the presence of ankle dorsiflexor fatigue (Caron, 2003), and then to
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determine if there is interaction effects of local fatigue and vision (2004). In each study,

COP measures significantly changed with dorsiflexors fatigue while measures of the COM

trajectory did not. Effects in Caron (2004) were more pronounced in the eyes open condi-

tion. These results indicate that changes in postural control (mean velocity, frequency) do

not necessarily imply a decrease in postural stability. This hypothesis was derived from an

earlier investigation which employed a comparative analysis of COM and COP trajectories

(Caron et al., 2000).

Instead of focusing on the effects of a single muscle group, Gribble and Hertel have

compared the effects of fatiguing different lower body muscles on COP mean velocity. In a

study which separately fatigued the ankle, knee, and hip muscles in the sagittal plane, an

increase in COP mean velocity was found in each condition (Gribble and Hertel, 2004b).

Interestingly, the increase in mean velocity was present in both the AP and ML directions,

and was larger following knee and hip fatigue than following ankle fatigue. In a similar

investigation which fatigued the lower extremity joints (ankle, hip) in the frontal plane

(Gribble and Hertel, 2004a), changes were only found following hip fatigue. Although these

studies only examined mean velocity of the COP trajectory, they have provided evidence to

suggest that muscular fatigue more central to the body would cause an adaptive change in

postural control.

2.4 Investigations of localized muscle fatigue distant

from lower extremities

All of the studies previously mentioned which involve localized muscle fatigue have focused on

the lower extremity musculature. Since lower extremity muscles are commonly associated

with the control of upright posture and balance, these changes are somewhat intuitive.

Recently, several studies have reported the effect of localized fatigue in muscles not primarily

thought to be responsible for balance control.
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A series of investigations from our laboratory (Davidson et al., 2004; Madigan et al.,

2006; Wilson et al., 2006) have addressed the effects of lumbar extensor fatigue on measures

of balance. In each of these, fatigue was induced by a series of controlled back extension

exercises and was assessed by measuring the decline of maximum voluntary contraction.

The first publication (Davidson et al., 2004) established the effect of low back fatigue on

traditional measures of postural sway during quiet standing. In addition, no influence of

fatiguing rate was observed. Madigan et al. (2006) demonstrated that a local investigation

of joint kinematics may be necessary to discern fatigue effects instead of the widely used

COM- and COP-based measures of sway. Along with Wilson et al. (2006), this is only

the second study in contemporary fatigue and balance literature which departs from the

standard measures.

Nussbaum (2003) investigated the effects of localized shoulder fatigue following overhead

work on COP measures of sway. Fatigue was induced by a series of repetitive overhead

tapping sessions lasting a total of three hours (or until participants chose to terminate the

task). COP data was collected before and after each tapping session. Here, the effect of

prolonged fatiguing work on postural sway measures was assessed. Participants who did not

complete all of the tapping sessions showed a significantly larger increase in sway measures

than those who did finish.

Both Schieppati et al. (2003) and Gosselin et al. (2004) investigated the effects of neck

extensor muscle fatigue on COP measures of sway, and arrived at comparable conclusions.

Gosselin et al. (2004) recorded COP data while participants stood quietly with closed eyes,

and reported increases in displacement and velocity measures overall and in the AP direction.

Schieppati et al. (2003) determined that the effects on postural sway were significant only

in an eyes closed condition. The authors speculated that neck extensor fatigue was sends

abnormal sensory input to the CNS which is overcome by visual information.
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2.5 Investigations of localized muscle fatigue with use

of external perturbations

Unique to the body of fatigue and balance literature is a study from our laboratory by Wilson

et al. (2006). Instead of having the participants remain still during balance collections,

dynamic perturbations were employed to examine the balance system. In this experiment

participants were fatigued using similar methods to Davidson et al. (2004) and Madigan et al.

(2006); however, an anteriorly-directed perturbation was given via a ballistic pendulum.

Postural strategies were analyzed using measures of joint kinematics and kinetics during

recovery from the perturbation revealing that those using more of a hip strategy previous

to the fatigue were more affected. A proactive change in strategy was also observed in that

participants adopted a slight forward lean following fatigue. Changes in reactive strategies

included a shift toward more hip motion during the perturbations following fatigue.
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Chapter 3

Effects of localized muscle fatigue on
recovery from a postural perturbation
without stepping

Abstract

The purpose of this study was to investigate the effects of localized muscle fatigue (LMF)

on balance recovery from a postural perturbation without stepping. Postural perturbations

were administered to thirty-two participants (16 young, 16 older) with ballistic pendulums

before and after exercises to fatigue the lumbar extensors or ankle plantar flexors. Measures

of balance recovery were based on the center of pressure (COP) and center of mass (COM)

trajectories and the maximum perturbation that could be withstood without stepping. In-

creased COM displacement (p = 0.003) and time to return (p = 0.002) were consistent

with an LMF-induced decrement in the ability to recover from the perturbations without

stepping. Simultaneous decreases in the COP displacement (p < 0.001) were consistent with

an altered postural strategy following LMF. The decrease in maximum perturbation that

could be withstood without stepping exhibited a trend toward significance following LMF

(p = 0.086). Age was associated with an impaired ability to recover from the perturbations.

3.1 Introduction

Localized muscle fatigue (LMF) increases surrogate measures of postural sway during quiet

standing (Corbeil et al., 2003; Davidson et al., 2004; Gribble and Hertel, 2004b; Lundin
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et al., 1993; Nussbaum, 2003). For example, Corbeil et al. (2003) reported increases in mean

velocity, mean radius, and median frequency of the center of pressure (COP) following plan-

tar flexor fatigue. Gribble and Hertel (2004b) fatigued the plantar flexors, knee extensors,

and hip flexors separately and found that COP velocity increased in each case. Based on

reports that increased postural sway is linked to an increased risk of falling (albeit among

older adults) (Fernie et al., 1982; Lichtenstein et al., 1988; Lord et al., 1999; Maki et al.,

1994, 1991), these findings may indicate that LMF increases the risk of falling.

Quiet standing is not a particularly challenging task under normal circumstances for

most individuals. Because of this, many falls are likely caused by postural perturbations.

As such, investigating the effects of LMF on balance recovery from a postural perturbation

may provide improved external validity over quiet stance. Furthermore, the added challenge

and larger kinematic range induced by the perturbations may provide additional insight into

the effects of LMF on balance recovery than measures recorded during quiet stance. Lumbar

extensor fatigue has been shown to elicit a subtle shift from the so-called “ankle strategy” to

more of a “hip strategy” in response to a postural perturbation (Wilson et al., 2006). This

shift may represent a neuromuscular adaptation to mitigate potentially deleterious effects

of LMF on postural control. However, it is not clear whether this change in strategy was

beneficial in regard to the ability to recover from a postural perturbation.

Therefore, the goal of this investigation was to examine the effects of LMF on balance

recovery (BR) following a postural perturbation. Two different age groups were recruited

and two different muscle groups were fatigued to also investigate any interactive effects

of LMF with age and fatigued muscle group. We hypothesized that LMF would produce

changes in BR indicative of a diminished ability to recover from a postural perturbation,

and that aging would exacerbate these changes.
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3.2 Methods

Thirty-two participants were recruited from the local community including 16 young (age

mean±SD = 19.4 ± 1.4 years, mass = 71.411.1 kg, height = 174.8 ± 8.3 cm) and 16 older

adults (age = 62.2 ± 5.1 years, mass = 74.0 ± 10.9 kg, height = 167.8 ± 8.9 cm). Each

age group had an equal number of males and females. Participants were screened for self-

reported musculoskeletal disorders and medications that could affect balance. In addition,

older participants were required to pass a medical exam to exclude those with neurological,

cardiac, respiratory, vestibular, or musculoskeletal disorders, or any falling incidents within

the past year. This experiment was approved by the Virginia Tech Institutional Review

Board, and participants provided informed consent prior to participation.

Participants visited the laboratory for two experimental sessions separated by approxi-

mately one week. In each session, participants underwent a series of postural perturbations

both before and after fatiguing exercises. Both sessions were identical except that in one

session the ankle plantar flexors were fatigued, and in the other session the lumbar extensors

were fatigued. Presentation order of the two fatiguing exercises was counterbalanced.

Prior to the perturbations the participants were instructed to “stand in a relaxed man-

ner” with their feet together, eyes closed, and hands clasped together behind their back to

eliminate upper extremity movement (Allum et al., 2002; Otten, 1999). Perturbations were

administered with padded pendulums (mass≈13 kg) positioned in the back and front of the

participants in the mid-sagittal plane (Figure 3.1). To apply a perturbation, both pendu-

lums were pulled away from the participants in the median plane, and one was released so

as to swing in a ballistic manner until impact. The release point was selected to achieve a

specified pendulum velocity just before impact. Perturbation magnitude was defined as the

linear momentum just before impact. The rear pendulum was used to administer anteriorly-

directed (AD) perturbations, and impacted the body just inferior to the scapula (Brown and

Frank 1997). The front pendulum was used to administer posteriorly-directed (PD) pertur-

21



bations, and impacted the body just inferior to the jugular notch of the sternum. Each series

of perturbations consisted of equal numbers of AD and PD perturbations, ordered randomly

to prevent anticipation of perturbation direction. Only results for AD perturbations are

described here. Earmuffs were worn by the participants to eliminate auditory cues to a

perturbation.

 
Figure 3.1: Participants were perturbed in the anterior and posterior directions with padded
and weighted ballistic pendulums. Perturbations were administered by pulling the pendu-
lums away from the participant and releasing one from a fixed location to yield the desired
perturbation magnitude.(photo by Bradley Davidson)

The experiment began with an initial series of 20 moderately low magnitude perturba-

tions (Figure 3.2). These perturbation magnitudes (10 N·s AD, 7 N·s PD) were selected as

small enough such that participants could recover their balance without stepping. Expos-

ing the participants to these initial perturbations allowed any adaptation to occur prior to

investigating the effects of LMF. Subsequently, the maximum perturbation that could be

withstood without stepping was determined by applying a series of AD and PD perturba-

tions beginning at 6 N·s AD and 5 N·s PD and increasing incrementally by 2 N·s AD and

1 N·s PD after each successful recovery without stepping. This was continued until two

stepping responses were elicited for a given magnitude. Sixteen perturbations were then
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administered at a perturbation magnitude of 4 N·s and 2 N·s below the maximal AD and

PD perturbations that could be withstood without stepping, respectively. The decreases in

perturbation magnitude, based upon qualitative laboratory trials, were were chosen so that

the the participant was sufficiently challenged without necessitating a stepping response.

 

adaptation 

perturbations

unfatigued 

maximum 

perturbation 

without stepping

unfatigued 

perturbations

fatigued maximum 

perturbation 

without stepping

fatigued 

perturbations

Figure 3.2: Overall schematic of experimental protocol. Participants underwent five separate
series of perturbations with an intervening fatiguing exercise of the ankle plantar flexors or
lumbar extensors. (photos by Bradley Davidson)

The fatiguing protocol was similar to earlier experiments (Davidson et al., 2004; Madigan

et al., 2006; Wilson et al., 2006), and involved multiple sets of dynamic exertions designed to

fatigue the participants to a desired fatigue level over a fixed duration. A fixed duration was

used due to the potential of fatigue time to modulate the effects of LMF on balance (Pline

et al., 2006). The protocol began by obtaining an isometric maximum voluntary contraction

(MVC) of the targeted muscle group (ankle plantar flexors or lumbar extensors). All MVCs

and fatiguing exercises were performed on a seated calf-raise device (New York Barbell,

Elmira, NY) for the ankle plantar flexors, or on a Biodex System 3 Pro dynamometer (Biodex

Medical Systems, Inc., Shirley, NY) for lumbar extensors (Figure 3.3). Ankle plantar flexor

MVCs were performed with the ankle in the anatomical position, and lumbar extensor MVCs

while the lumbar spine was flexed 45◦. Throughout the duration of the fatiguing protocol,

participants performed one set of concentric contractions of the ankle plantar flexors or

lumbar extensors every minute. Repetitions were performed at a rate of 23 per minute with

resistance set at 45% of the unfatigued MVC. Every two minutes an isometric MVC was

performed and the number of repetitions in each set was adjusted in an attempt to decrease

the MVC in a linear fashion to 70% of the unfatigued MVC over 14 minutes of exercise
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(Figure 3.4). If the MVC had not dropped below 70% by the end of 14 minutes, two minutes

of exercise were added along with an increase in repetitions. This process was repeated until

the participants were fatigued to 70% of their unfatigued MVC. Immediately following the

fatiguing protocol, the maximum perturbation that could be withstood without stepping

was again determined in the same manner described above, and 16 fatigued perturbations

with the same magnitude as the unfatigued perturbations were administered.

 

 

    

Figure 3.3: Fatiguing exercise were performed with a seated calf raise device for ankle plantar
flexor fatigue (left), and with a custom attachment designed for the Biodex System 3 Pro
dynamometer for lumbar extensor fatigue (right).

Full body kinematic data and ground reaction data were collected during all trials using a

Vicon 460 Motion Analysis System (Lake Forest, CA) and a six degree-of-freedom force plat-

form (Model OR6-5, Advanced Mechanical Technology Inc., Watertown, MA), respectively.

Participants were instrumented with 16 reflective markers (Figure 3.5) placed at selected

anatomical locations. Marker positions were sampled at 100 Hz and low-pass filtered at 5

Hz (4th order zero-phase-lag Butterworth). Bilateral marker positions were averaged across

the left and right sides of the body to create a six-segment sagittal plane model (feet, shanks,

thighs, pelvis, torso/arms, and head). Segment inertial parameters were taken from Pavol

et al. (2002) and de Leva (1996) and used to approximate the trajectory of the body center

of mass (COM). Ground reaction forces and moments were sampled at 1000 Hz, low-pass
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Time (min) % MVC Repetitions

0:00 100.0 10

1:29 90.3 10

3:28 87.1 11

5:31 90.9 13

7:37 88.2 15

9:41 88.7 18

11:48 78.0 19

13:50 67.2 -
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Figure 3.4: Sample fatigue data showing decline of MVC from 100% to below 70% within
14 minutes. The plot on the left graphically demonstrates the decline of MVC. The bold
line represents the target fatigue level. Lines parallel to the target indicate ±5% and −30%
deviations from the target line. Number of repetitions is determined by the time course
of MVC through these regions. The right side corresponds with the plot on the left and
demonstrates change in number of repetitions with MVC throughout the exercise.

filtered at 7 Hz (4th order zero-phase-lag Butterworth), and mathematically transformed to

obtain the COP trajectory in the anteroposterior direction (Winter, 1993). An in-line load

cell (Cooper Instruments and Systems, Warrenton, VA) attached to the pendulum was used

to identify perturbation onset time, which was the time at which the load cell force exceeded

two standard deviations above the baseline mean.

Measures of BR included the maximum perturbation that could be withstood without

stepping and descriptors of the COM and COP trajectories following a postural perturba-

tion. These descriptors included: peak displacement relative to initial position, time-to-peak

displacement, peak velocity, time-to-peak velocity (Brown and Frank 1997), minimum time-

to-boundary (van Emmerik and van Wegen, 2002), and time-to-return to within 20% of

peak displacement relative to initial position (Horak et al., 1989). COM- and COP-based

displacement measures were normalized by ankle-to-toe length. Similarly, COM- and COP-

based velocity measures were normalized by multiplying by participant mass (yielding units

of momentum).
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Figure 3.5: Cartoon demonstrating the anatomical locations of the reflective markers placed
on the participant.

Between-session reliability of the BR measures was assessed using intraclass correlation

coefficients (ICC) model (2,1) based on single measurements (Portney and Watkins, 2000)

using the pre-fatigue data in each session. A repeated measures analysis of variance was

used to determine the effects of fatigue (unfatigued, fatigued), muscle (ankle plantar flexor,

lumbar extensor), and age (young, older) on BR measures. Only interactions of fatigue

× muscle and fatigue × age were included as higher order effects in the statistical model.

Additionally, three covariates (initial COM or COP position, initial COM or COP velocity,

and measured perturbation magnitude) were included in the analysis of COM- and COP-

based measures. Effects were considered statistically significant when p ≤ 0.05, and trends

toward significance were noted when p ≤ 0.10.
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3.3 Results

Several measures of BR were affected by LMF (Table 3.1). The maximum perturbation

that could be withstood without stepping exhibited a trend toward significance with LMF

(p = 0.086). Four of the six COM-based measures were affected by LMF including a 2.7%

increase in peak COM displacement (p = 0.003), a 4.1% increase in time-to-peak COM peak

displacement (p < 0.001), a 0.6% increase in peak COM velocity (p = 0.011), and a 3.5%

increase in time-to-return within 20% of peak COM displacement (p = 0.002). In addition,

two COP-based measures were affected by LMF including a 3.1% decrease in peak COP

displacement (p < 0.001) and a 3.0% decrease in time-to-peak COP velocity (p < 0.001).

Peak COP velocity had a significant fatigue × age interaction due to a 2.3% increase with

LMF in the older group, and no change in the young group (Figure 3.6). Peak COP velocity

also had a significant fatigue × muscle interaction, with a 3.6% increase with LMF of the

lumbar extensors, but no change after LMF of the ankle plantar flexors. Time-to-return

within 20% of peak COP displacement had a significant fatigue × age interaction due to an

8.5% increase with LMF in the older group, and no change in the young group (Figure 3.6).

Several measures of BR were affected by age (Table 3.1). The maximum perturbation

that could be withstood without stepping was 17.8% lower among the older adults (p =

0.029). Two COM-based measures demonstrated a difference between age groups, with an

8.65% higher peak COM velocity (p = 0.006) and a 4.6% lower time-to-peak COM velocity

(p = 0.042) in the older group. Among the COP-based measures, there was an 11.8% higher

peak COP displacement (p = 0.004) and a 14.9% lower COP time-to-boundary (p = 0.070)

in the older group.

The range of the ICCs calculated for the unfatigued COM- and COP-based measures

of BR between sessions was 0.82 to 0.99 (Table 3.1). ICC of the maximum perturbation

magnitude was 0.91. Of the 12 total COM- and COP-based measures of BR, all but one

(time-to-peak COM velocity) were linearly dependent on initial position at the time of
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Figure 3.6: Least square means (with standard error) of COP-based balance recovery mea-
sures that exhibited fatigue × age and fatigue × muscle interactions. * indicates significant
difference (p ≤ 0.05).
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perturbation (Table 3.2). Seven of the 12 BR measures were linearly dependent upon initial

velocity, all of which were also linearly dependent upon perturbation magnitude and initial

position. Ten BR measures were linearly dependent upon perturbation magnitude (excluding

time-to-peak COM and time-to-peak COP).

Table 3.2: Linear covariate slopes for each balance recovery measure. An asterisk indicates
covariate slope is significantly different from zero (p ≤ 0.05).

Covariate Multipliers
Dependent Measure perturbation magnitude initial position initial velocity

Center of mass
peak displacement 0.0239* 0.2290* 0.0176*
time-to-peak displacement 21.548 828.4* 21.79*
peak velocity 1.237* -2.123* 0.379*
time-to-peak velocity -0.3378 -1.449 -0.370
min. time-to-boundary -32.69* -587.9* -16.34*
return 20% 50.12* 893.8* 58.56

Center of pressure
peak displacement 0.0209* -0.6174* -0.0030*
time-to-peak displacement 19.19* 409.1* 0.6994
peak velocity 2.302* -0.6453* -118.1*
time-to-peak velocity -0.7963 -16.71* -0.0185
min. time-to-boundary -7.395* 70.13* 0.5286*
return 20% 49.53* -0.3847* 1254

3.4 Discussion

LMF has been shown to affect the postural strategy used during BR from a postural per-

turbation (Wilson et al., 2006). These changes in postural strategy suggest changes in the

postural control system, and may result in a change in the ability to recover from a pos-

tural perturbation without stepping. Therefore, the purpose of this study was to further

investigate the effects of LMF on BR following a postural perturbation. The maximum per-

turbation that could be withstood without stepping was not significantly affected by LMF,

but did exhibit a trend toward significance. In general, COM excursion increased during
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BR after LMF, while COP excursion exhibited more complex trends. The effects of age and

interactions between LMF and age were also identified.

Values of the COM- and COP-based measures of BR were comparable to other studies

employing similar measures. For example, mean values of COM displacement and COM

time-to-peak displacement were similar to those reported by Brown and Frank (1997). Schulz

et al. (2006) reported a stepping threshold based on the COM minimum time-to-boundary

as 0.57-0.58 sec for healthy young and 0.66-0.67 sec for healthy older participants, which

are comparable to the 0.40-0.72 sec for healthy young and 0.57-0.61 sec for healthy older

reported here. The slight discrepancies may have resulted from the differing perturbation

methods, or perhaps because we instructed participants to “recover balance without stepping

if possible” while Schulz et al. instructed participants to “respond naturally.” Changes

in COM- and COP-based measures with LMF ranged from 0.5-8.5%. While not large,

these effect sizes were comparable to other studies reporting fatigue-induced changes in

anteroposterior postural sway during quiet standing (Gribble and Hertel, 2004a; Lundin

et al., 1993; Yaggie and McGregor, 2002).

COM-based measures of BR exhibited greater excursions with LMF. Both peak COM

displacement and time-to-return within 20% of the peak displacement indicated that the

perturbed COM not only moved closer to the base-of-support boundary, but was displaced for

a longer period of time following LMF. Increases in the peak COM velocity and time-to-peak

COM displacement corresponded with an increase in peak angular momentum and a delay in

reversing the direction of momentum, respectively. When considered together, these changes

imply a greater likelihood of stepping, and possibly a decrease in the ability to recover

without stepping. Consistent with this interpretation, the maximum perturbation that could

be withstood without stepping tended to decrease with LMF. However, the increment in

perturbation magnitude used to identify this maximum perturbation may have, in retrospect,

been too large to detect small effects of LMF.

Most studies employing the COP trajectory during quiet or perturbed stance use this
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trajectory as a surrogate for the COM trajectory. COP is relatively easy to collect in the

laboratory and clinic, but when used to analyze posture it is best interpreted as a controller of

body kinematics and used keep the COM within the base-of-support (Horak, 2006; Morasso

et al., 1999; Rietdyk et al., 1999). As such, the COP is a measure of passive components (due

to intrinsic stiffness and damping and tonic muscle activity) and active components (due to

joint torques produced by automatic feedback control and descending cognitive command)

used by the postural control system. Therefore, it is appropriate to interpret the results

COP-based measures alongside the COM when available and is treated here as the net

torque (time derivative of angular momentum) used to control body kinematics.

Following LMF, a decrease in peak COP displacement occurred with a simultaneous

increase in peak COM displacement and a slower return of the COM to the pre-perturbation

position. The observed increase in these COM-based measures is consistent with a decrease

in the maximal net torque as demonstrated by the decreased peak COP displacement. One

reason for this change could be a decreased ability to generate ankle plantar flexor or lumbar

extensor torque due to muscle fatigue. Another explanation could be a shift in postural

strategy following LMF toward the “hip strategy” as demonstrated with LMF in Wilson

et al. (2006). Use of a “hip strategy” results in a larger displacement and longer time for the

body to return to a vertical position, in comparison to an ankle strategy (Kuo, 1995; Kuo

and Zajac, 1993).

Time-to-peak COP velocity decreased by 4 msec with LMF, indicating that LMF caused

a reduced response time for generating net torque following the perturbation. The magni-

tudes of this variable were less than estimated delays in the central feedback loop of 150

msec (Cordo et al., 1994), but corresponded well with long-loop reflex delays in the ankle

musculature, which have been measured at 90-120 msec (Di Fabio et al., 1992; Diener et al.,

1985). The observed decrease in time-to-peak COP velocity with LMF may be the result

of increased pre-perturbation muscle activity, which would provide a faster response by in-

creasing muscle stiffness (Morasso et al., 1999). Although we controlled for variations in
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ankle torque prior to perturbations by including initial COP position as a covariate in our

statistical analysis, increased agonist-antagonist cocontraction may have occurred following

LMF as a proactive postural strategy.

Selected measures of BR exhibited an interaction of fatigue level with age. Peak COP

velocity was higher in the older group and increased only in the older group following LMF.

This is consistent with the higher peak COP displacement in the older group, since further

anterior travel in the same time period necessitates a higher velocity. Perhaps most notable

is the large LMF-induced change in the older group in COP time-to-return within 20% of the

peak displacement. Most changes in the COM- and COP-based measures were modest (0.6

to 4.1%), but this measure increased 8.5%. Similar to the time-to-return to 20% threshold

for the COM, the increase in its COP analogue indicates that a longer time was needed to

complete the recovery from the perturbation. This increase occurred only in the older group,

suggesting that they found the postural perturbations more difficult to recover from than

the young group.

Peak velocity and time-to-boundary of the COP trajectory dependent measures revealed

significant interactions of fatigue level and muscle group (Figure 3.6c and d). These results

indicate that COP characteristics are affected differently by fatigue of various muscle groups.

Since calculating the time-to-boundary measures involves dividing by the COP velocity, the

inverse relationships between the time-to-boundary and peak velocity as displayed in Figure

3.6 are internally consistent. However, at present we cannot offer a precise explanation for

these outcomes, but they may be elucidated in future investigations designed specifically to

address fatigue level and muscle group interactions.

Several limitations must be noted in this investigation. First, the participants were

aware that they were going to be perturbed. As a result, we cannot infer how their responses

would be different in an unexpected perturbation such as could occur outside the laboratory.

Second, we could not ensure that the participants remained relaxed during the perturbations

as instructed, and the results may have been influenced by preactivation or cocontraction
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prior to the perturbations. Lastly, participants were instructed to recover balance without

stepping, if possible. As such, it is likely that the participants did not respond naturally

to the perturbations. However, there may be analogous situations (e.g., in the workplace)

when stepping to recover balance is not possible. It is also possible that the ability to recover

balance without stepping is correlated to the ability to recover with stepping.

3.5 Conclusions

In summary, LMF increased COM excursion following a postural perturbation and exhib-

ited a trend toward a decrease in maximum perturbation that could be withstood without

stepping. These results imply a decreased ability to recover from a postural perturbation

following LMF. Changes in the COP with LMF were consistent with a change in postural

strategy. Interaction effects with age indicated recovering balance following LMF was more

difficult among older individuals.
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Chapter 4

Mathematical modeling and control of
dynamical systems

4.1 Introduction

Biomechanical systems are often simulated and analyzed using quantitative mathematical

models with parameters which have physical meaning. The goal of this chapter is to provide a

foundation on which to assemble the subsequent investigations. By no means an exhaustive

review, this chapter will introduce mathematical modeling of dynamical systems and its

application in selected topics of feedback control.

4.2 Dynamical systems

4.2.1 Equations of motion

Dynamic behavior of a system is generally quantified by ordinary differential equations

(ODEs) based on the physical laws of motion. ODEs are equations which contain the deriv-

atives of one or more dependent variables. In dynamical systems, the independent variables

are differentiated with respect to time, t. For a simple mass, spring, and damper system

(Figure 4.1),we use Newton’s 2nd Law of motion to derive the representative differential

equation for the system (equation of motion) as

m
d2y(t)

dt2
+m

dy(t)

dt
+ ky(t) = p(t) (4.1)
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where y(t) is a coordinate based in a fixed Newtonian inertial frame, p(t) is a time-dependent

force, and, m, b, and k are physical properties of the system which are proportional to the

acceleration, velocity, and position of the system. Using the “dot” notation, a more compact

form of (4.1) is

mÿ(t) + bẏ(t) + ky(t) = p(t) (4.2)

Second-order ODEs such as this comprise the foundational basis for dynamics. Equations

of motion are derived based upon prior knowledge and assumptions of the system being

modeled.

 

m, mass 

b, damping k, stiffness 

dt

tdy
ty

)(
),(

)(tp FBD: )(tp

)(tyk ⋅
dt

tdy
b

)(
⋅

(b) 
(a) 

Figure 4.1: (a) Mass, spring, and damper system. (b) A free body diagram (FBD) of the
system demonstrating the forces produced by each element on the mass

One of the most convenient ways to derive the equations of motion for a system is using

Lagrange’s method, which is described as follows: First, the kinetic energy scalar,

T (q1 . . . qj . . . qn, q̇1 . . . q̇j . . . q̇n, t), and the potential energy scalar, V (q1 . . . qj . . . , t), are formed

for the system, where qj and q̇j represent the generalized coordinates and their time deriv-

atives, respectively, and n is the total number of degrees of freedom in the system. The

equations of motion are obtained by calculating

d

dt

(
∂T

∂q̇j

)
− ∂T

∂qj
+

V

∂qj
= Q∗

j (4.3)
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where

Q∗
j =

∑
Elements

(
F · ∂ṙA

∂q̇j
+ MA ·

∂ω

∂q̇j

)
(4.4)

represents the generalized forces and moments; F is a force vector acting on the system, ṙA

is a translational velocity vector acting at point A, MA is a moment vector located at point

A, and ω is the angular velocity vector of the element.

4.2.2 Linearization

The majority of dynamical systems are modeled as linear systems. A linear system is one

that satisfies two conditions:

Principle of homogeneity

if y = f(x) then βy = f(βx)

Principle of superposition

if y = f(x) then y1 + y2 = f(x1 + x2)

Even when the requirements are not satisfied, a nonlinear system can be approximated as a

linear system by making the assumption of only small changes in a variable around a given

operating point. Assuming a continuous function, y = g(x) , we can linearize using a Taylor

Series Expansion:

y = g(x) = g(x0) +
dg

dx

∣∣∣∣
x=x0

x− x0

1!
+
d2g

dx2

∣∣∣∣
x=x0

(x− x0)
2

2!
+ · · ·+ dng

dxn

∣∣∣∣
x=x0

(x− x0)
n

n!
(4.5)

The slope, dg
dx

, is a good approximation around the operating point, x0, so

y = g(x) = g(x0) +
dg

dx

∣∣∣∣
x=x0

(x− x0) = y0 + µ(x− x0) (4.6)

where µ is the slope, or

(y − y0) + µ(x− x0) → ∆y = µ(x− x0) (4.7)
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which is a linear equation. Any dynamical system can be linearized in a similar manner.

The linearized system, which establishes an input-output relationship between the variables,

is the basis for the following discussion of feedback controls.

4.3 Feedback control of dynamical systems

A control system is an interconnection of components forming a system configuration that

will provide a desired system response. Controls techniques are divided into two related

methodologies: Classical Methods and State Space Methods. There is some overlap between

the two approaches, particularly in single input single output (SISO) systems. Although

more capabilities exist using State Space Methods, the classical approach is more intuitive,

and will be described first.

4.3.1 Classical methods

Control systems are typically classified as either open-loop or closed-loop (Figure 4.2). In

an open-loop system, the desired response is given to the controller which then sends a

controlling signal to the plant (equations of motion) that produces the system output. A

closed-loop system contains the same components of an open-loop system, except that the

system output is “fed” back to the beginning of the system and the system error is given to

the controller.

In a linear system, the blocks in the “block diagrams” displayed in Figure 4.2 represent

transfer functions which when directly connected by a line indicate that the transfer functions

are to be multiplied together. A transfer function in linear ODEs refers to the ratio of the

Laplace transform of the output variable to the Laplace transform of the input variable. For

example:

L{output}
L{input}

= G(s) (4.8)
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Controller Plant 

Controller Plant 

measurement 

desired output 

response 

desired output 

response 

output 

output 

(a) 

(b) 

input 

input error + 

- 

Figure 4.2: Block diagrams of (a) open-loop control (b) closed-loop control systems

where s is called the Laplace variable (detailed information on using Laplace transforms to

solve linear ODEs can be found in any differential equations textbook). The Laplace variable

can be considered to be a differential operator

s ≡ d

dt
(4.9)

Likewise, the integral operator can be represented in the Laplace domain as

1

s
≡
∫ t

0−
dt (4.10)

Recall (4.2) which describes the mass, spring, and damper system in the time domain. When

converting to the Laplace domain we obtain

Y (s)(ms2 + bs+ k) = P (s) (4.11)
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The resulting open-loop transfer function for the system is

L{output}
L{input}

= G(s) =
Y (s)

P (s)
=

1

ms2 + bs+ k
(4.12)

where P (s) is the input force and Y (s) is the resulting output in the Laplace domain. When

adding unity feedback and a controller which operates on the system error (Figure 4.3), the

system equation in the Laplace domain becomes

Y (s) =
C(s)G(s)

1 + C(s)G(s)
X(s) (4.13)

whereX(s) is the desired output and C(s) is the controller in the Laplace domain. Therefore,

the engineering task becomes that of designing the controller, C(s), so that the system

remains stable, and that the desired response is obtained.

 

   

   G(s) 
+ 

- 

)(sC
)(sE

)(sX
)(sP

)(sY

Figure 4.3: Block diagrams of the transfer function G(s) incorporated within a feedback
control loop.

Stability of a linear system in the Laplace domain is based upon setting the denominator

of the transfer equal to zero. This is called the characteristic equation (CE).

1 + C(s)G(s) = 0 (4.14)

Solving for s, the roots of the characteristic equation, called poles, determine the character

of the time response. In particular, if the real parts of the poles are negative, then the

system is considered to be asymptotically stable. In other words, the system is attracted to

a certain equilibrium point, and if no disturbances are added, will eventually arrive at the
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attractor. Should any real portion of a pole be greater than zero, the system is considered

to be unstable (Figure 4.4).

 

Real axis (σ) 

Imaginary axis (jω) 

x 

x 

locations of system 

poles s = σ ± jω 

STABLE UNSTABLE 

Figure 4.4: Stability is assessed by determining the location of the poles in the Laplace
domain (s-plane). Values in the s-plane are made up of real (σ) and imaginary (jω) com-
ponents. If the real portions of system poles are negative, the system is considered to be
stable.

The most common classical controller design is a proportional, integral, derivative (PID)

controller. This controller calculates the input to the plant as a summation of three time-

invariant gains operating on the error, time-derivative of the error, and the integrated error.

Provided that the system remains stable, these PID gains can be adjusted to achieve the

desired system response. It is also necessary to point out that the controls engineer is not

limited to basic PID control as long as the system remains stable.

4.3.2 State space methods

Whereas classical control methods are centered on dynamical systems in the Laplace domain,

state space methods are based completely in the time domain. State space is a representation

of 2nd order linear ODEs with twice as many coupled 1st order ODEs that are dependent

upon the system state. The format of the linear state space equations is

ẋ(t) = Ax(t) + Bu(t) (4.15)
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where A ∈ Rn×n is called the state matrix, B ∈ Rn×m is the input matrix, x(t) ∈ Rn is

the state vector, and u(t) ∈ Rm is the input vector. Although, no restrictions exist upon

choosing what to include in the state vector, we will assume that only position and velocity

information are included from each element of the system. Again, we will consider the mass,

spring, damper system from (4.2). To place this equation into state space format, it must

first be divided into two 1st order ODEs as follows:

ẏ1(t) = y2(t) (4.16)

ẏ2(t) = − k

m
y1(t)−

b

m
y2(t) +

1

m
p(t) (4.17)

where y1(t) = y(t) and y2(t) = ẏ(t).

In state space form, the equations become

 ẏ1(t)

ẏ2(t)

 =

 0 1

−k/m −b/m


 y1(t)

y2(t)

+

 0

1/m

 p(t) (4.18)

Stability of the system can be assessed very easily from this form. The eigenvalues of the

state matrix, A, are equivalent to the poles of the system, the same stability criteria are

true concerning the pole locations on the s-plane.

To add feedback, the input vector is taken to be a function of the state vector

u(t) = −Kx(t) (4.19)

where K ∈ Rm×n is a matrix containing feedback gains that operate directly on the system

state. Thus, (4.15) becomes

ẋ(t) = Ax(t)−BKx(t) (4.20)

and reduces to

ẋ(t) = (A−BK)x(t) = Acx(t) (4.21)
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where Ac ∈ Rn×n is called the closed-loop state matrix. Likewise, to determine the stability

of a state space system with feedback the eigenvalues of Ac must be in the left half of the

s-plane.

Therefore, if a one degree of freedom system is to be controlled so the state x(t) goes

to zero, the corresponding feedback gains in K will be equivalent to the proportional and

derivative (PD) gains in a classical feedback controller. Applying this to the spring, mass,

damper in (4.18) we arrive at

 ẏ1(t)

ẏ2(t)

 =

 0 1

−k/m −b/m


 y1(t)

y2(t)

−

 0

1/m


{
g1 g2

} y1(t)

y2(t)

 (4.22)

which simplifies to become

 ẏ1(t)

ẏ2(t)

 =

 0 1

−k−g1

m
−b−g2

m


 y1(t)

y2(t)

 (4.23)

where g1 and g2 are the PD feedback gains, respectively.

The advantage of the state space approach becomes apparent when controlling a system

with more than one degree of freedom. In these situations we are able to incorporate full-

state feedback control. In full-state feedback, the system input(s) are a function of all of the

system states contained in the state vector x(t). This is particularly powerful because the

control designer is allowed to move the system poles to any desired location in the s-plane by

changing the fully populated gain matrix, K. Several approaches exist that are commonly

used to choose the elements of K. An optimal approach to selecting feedback gains will be

introduced in Chapter 7.
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4.4 Conclusions

The information in this chapter is presented to construct a foundation for subsequent chap-

ters that utilize concepts from feedback control theory to model the postural control system.

For further information on these topics, several texts are recommended in the References.
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Chapter 5

Feedback-controlled postural
modeling literature

5.1 Introduction

A brief overview of modeling and control of dynamical systems was presented in Chapter

4. These ideas can be applied to the study of human movement since the human body

acts a controlled dynamical system. Human motion is typically modeled using a series

of connected rigid-body segments that is driven by torques acting at the joints. In the

human body these torques are produced by muscle contractions acting across the joints. It

is a complex and uncertain task to estimate in vivo forces produced by individual muscles,

and most investigations model the joint torques as lumped torque parameters. Feedback-

controlled models of the human body are particularly useful in investigations of balance and

upright stance because of the known afferent sensory information from the visual, vestibular,

and somatosensory systems.

The following sections contain a review of published literature that has incorporated

feedback-controlled models to analyze the neural control of upright stance. In the first

section, investigations that used proportional, integral, derivative (PID) control of balance

are presented. Second, investigations that used optimal control techniques are presented.

The last section highlights key studies that incorporated feedback control within a system

identification approach.
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5.2 Investigations using a PID controller

The most common method of controlling single input single output systems is with the

proportional, integral, derivative (PID) controller or variation of the PID. PID control has

been thoroughly studied and is well-established within engineering design. As such, many

studies have incorporated this method when simulating posture. Johansson et al. (1988)

used a model-based analysis of center of pressure (COP) trajectories that included a PID

controller during body sway that was induced by calf muscle vibration. The PID gains were

fit using an autoregressive moving average with an exogenous input (ARMAX), and the

linear model was reported to fit the experimental data well.

Peterka (2002, 1995) have used the PID controller successfully to model integration of the

vestibular, visual, and somatosensory systems into control of quiet stance. Using randomly

oscillating visual surroundings and support surface as stimuli, the multisensory approach

revealed nonlinear behavior with increased stimulus amplitudes. In addition, patients with

vestibular loss exhibited increased stiffness (proportional gain), perhaps as a compensation

mechanism.

In another study using a PID-controlled model to investigate sensory reweighting, Maurer

et al. (2006) investigated the integration of the vestibular, proprioceptive, and force inputs.

The results demonstrated variations in gain and phase of the responses as a function of

stimulus frequency, and also in relation to the absence of vestibular and proprioceptive cues.

Gain was also dependent upon stimulus amplitude, reflecting nonlinearity in the control.

Maurer and Peterka (2005) presented a PID-controlled model of quiet stance that was

able to reproduce 15 different COP-based measures of postural sway. Model parameters were

estimated using a Nelder-Mead search for two age groups (young and older). The results

demonstrated increases in stiffness (proportional gain) and damping (differential gain) in

the older group along with a large increase in noise. In studies from 1987 and 1997, Ishida

et al. used a subset of the PID controller, the proportional, derivative (PD) controller to
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control posture during quiet stance. They introduced a method of parameterizing the neural

controller with a direct estimation of the frequency response function between the sway angle

and the ankle torque. This approach, called the maximum likelihood principle, provided a

least-squares approximation of the PD controller. van der Kooij et al. (2005) has recently

criticized this and other direct estimation methods (e.g., cross-correlation between EMG and

COP as in Masani et al. (2003)) when used in systems with feedback since they assume an

open-loop transfer function. When used to identify closed-loop systems other parts of the

feedback dynamics are ignored and distort the identified component.

In a series of publications by Alexandrov et al. (2001a,b), the concept of eigenmovements

during upright stance were presented. These eigenmovements, based on the mode shapes of a

three-segment inverted pendulum, were added together to produce the time-domain motion.

In 2005, Alexandrov et al. incorporated PD feedback control of the eigenmovements during

platform perturbations. Since the eigenmovements are decoupled from each other, separate

PD controllers were supplied for each mode, creating independent eigenmovement control.

Two key aspects of this method were highlighted: 1) the eigenmovement feedback is more

accurate than joint level feedback and 2) it requires fewer parameters than a typical full-state

feedback-controlled system.

Iqbal and Roy (2004) and Jo and Massaquoi (2004) deviated from the trend to drive

the postural model with a lumped torque about each joint. Iqbal and Roy developed a

single segment model that included force and kinematic feedback produced by dynamic

representations of the Golgi tendon organs and muscle spindles. The model was driven with

a Hill-type muscle and activated by a second-order low-pass function. They were able to

successfully demonstrate the existence of stabilizing PID parameters for the system and

suggested an algorithm to select stabilizing gains.

Jo and Massaquio augmented the PID controller into a recurrent integrator proportional,

integral, derivative (RIPID) controller. The goal in this experiment was to demonstrate the

feasibility of modeling the cerebrum and cerebellum interaction on the control of posture
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during translational platform perturbations. The model included three degrees of freedom

and was driven by both monoarticulate and biarticulate muscles. Gain scheduling in the

RIPID controller was able to produce realistic “mixed ankle-hip strategies” with the addition

small amounts of cocontraction. In general, this study demonstrated that this method

bypasses the need for an explicit representation of internal model dynamics (see below) and

offers an explanation of how the cerebellum might accomplish such calculations.

5.3 Investigations using optimal control

Several studies have employed optimal control theory in postural simulation. One of the

first was by He et al. (1991) in which the cat hind limb was modeled during upright stance

using three segments driven by 10 muscle-tendon actuators. When small perturbations were

applied, the model performed well in reproducing experimentally collected ground reaction

force data.

In 1995, Kuo created an optimally controlled model of balance recovery in humans during

platform perturbations. The purpose of the modeling was to simulate the selection of either

an “ankle strategy” or “hip strategy”. A decade later, Kuo (2005) expanded this design by

adding a state estimator that incorporated dynamics in the sensory system. The optimal

state estimator (also called a Kalman filter) was used to simulate an internal model of the

body. It is theorized that the central nervous system formulates an internal representation of

body motion and kinematics using the available sensory information (Morasso et al., 1999).

The internal model is used to predict motion and to supply anticipatory and motor control

commands. Using this internal model, Kuo successfully predicted statistical properties of

human sway.

Two studies by van der Kooij et al. have contributed significantly to the use of optimal

controls in postural modeling. In 1999, an optimally controlled model with an extended

Kalman filter was used to simulate platform perturbations. The predictive element of the
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model was crucial to success because removal of this component caused the system to be-

come unstable. In a paper from 2001, the previous work was expanded to include adaptive

control of stance dynamics while reducing the number of input parameters to include only

sensory dynamics. Using this model, thresholds of stability in platform sway referencing was

produced and determined to be mediated by the vestibular system.

Most recently, Qu et al. (2007)developed an optimally controlled model of quiet stance.

This single-segment model was used to predict changes due to aging and fatigue in parameters

related to postural sway. Unique to this model was that the state realization used provided

an analytical solution to the time-delay problem, and was able to be simulated without

incorporating a delayed differential equation solver.

5.4 Investigations using system identification

System identification is defined as the process of using experimental data to build a dynamic

model of the system being studied (Westwick and Kearney, 2003). Parameters defined in the

system identification are often interpretable, and can provide insight into the characteristics

of the system.

The earliest attempts to identify the neural controller of posture using system identifi-

cation techniques were performed by Hemami et al. in the late seventies. In 1975, Golliday

and Hemami speculated on feedback control mechanisms incorporated by humans during

standing and locomotion. Assuming a general model, they demonstrated the effectiveness

of using linear simulations, and also presented a method to reduce the number of externally

controlled actuators by applying physiologically relevant kinematic constraints. Building

upon their previous study, Camana et al. (1977) developed one and two degree of freedom

models to determined feedback gains used during platform perturbations. The modeled

feedback included kinematic information from the ankle proprioceptors and the vestibular

organs. The transfer function of the vestibular organs was based on modeling by Nashner
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(1973). Feedback gains were chosen based on a gradient-based algorithm and were also

tested for sensitivity to potential errors in anthropometry such as weight, segment lengths,

and inertias.

In 1988, Johansson et al. undertook the topic of vibration-induced sway using spectral

analyses, and quantified control performance by calculating parameters such as swiftness,

stiffness, and damping. One major finding was that parametric identification of the trans-

fer function between a stimulus and response can be made with higher confidence than

parametric identification of spontaneous motion.

Recently, Peterka and Maurer have contributed the most publications to system identi-

fication of upright stance than any other group. Studies from this group have dealt with

sensorimotor integration (Peterka, 2002, 1995), multisensory control and sensory reweighting

(Maurer et al., 2006; Mergner et al., 2003), and interpretation of sway measures (Maurer

and Peterka, 2005). In fact, the recent study investigating quiet stance was lauded as an

important and novel advancement in postural modeling (Pavol, 2005).

Also, van der Kooij et al. have contributed to the identification of neural control of

posture using multisegment models. They have incorporated approximations of the sensory

dynamics within an optimal controls structure (van der Kooij et al., 1999, 2001). Recently,

they have offered critique of some identification practices, and presented solutions to increase

the validity of system identification in feedback-controlled systems (van der Kooij et al.,

2005).
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Chapter 6

Effects of aging and localized muscle
fatigue on neural control of posture
during small magnitude perturbations

Abstract

This study investigated the effects of aging and localized muscle fatigue on the neural control

of upright stance during small postural perturbations. Sixteen young (aged 18-24 years) and

16 older (aged 55-74 years) participants were exposed to anteriorly-directed small magni-

tude postural perturbation before and after fatiguing exercises. A single degree of freedom

model of the human body was used to accurately simulate the experimentally collected

kinematics during recovery of upright stance following the perturbations. The model in-

cluded a neural controller that multiplied time-delayed kinematics by invariant feedback

gains. Feedback gains and time-delay were optimized for each participant according to ex-

perimentally collected kinematics and a novel delay margin analysis was performed to assess

system robustness. Results demonstrated that the older group exhibited a 10.9% longer

“effective” time-delay (p=0.010), and a 31.1% greater reliance upon velocity feedback infor-

mation (p=0.001) than the young group. Calculated delay margins indicated that the older

participants adopted a more robust control scheme during small perturbations. No changes

in neural controller gains, time-delay, or delay margin with LMF were found in either age

group.
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6.1 Introduction

Age-related increases in postural sway during quiet standing are well-documented (Baloh

et al., 1994; Du Pasquier et al., 2003; Fujita et al., 2005; Nakamura et al., 2001; Prieto et al.,

1996). These increases could result from age-related degradation of sensory information

from the proprioceptive (McChesney and Woollacott, 2000; Shaffer and Harrison, 2007) and

vestibular (Baloh et al., 2001; Lopez et al., 1997; Park et al., 2001) systems. Increases in

sway could also result from inaccurate or imprecise muscle forces resulting from excitation-

contraction uncoupling (Delbono, 2003; Wang et al., 2000). Localized muscle fatigue (LMF)

has been shown to increase the measures of postural sway during quiet standing (Davidson

et al., 2004; Gribble and Hertel, 2004; Lundin et al., 1993; Nussbaum, 2003). Several of

these reports have speculated that these changes are the result of LMF-induced decreases in

proprioceptive acuity in the fatigued muscles (Caron, 2003; Davidson et al., 2004; Lundin

et al., 1993; Vuillerme et al., 2002, 2001).

In addition to changes in sensory systems and muscles, increases in postural sway with

aging and LMF could be due to changes in the neural controller employed by the postural con-

trol system. For the purpose of this study, the neural controller will be operationally defined

as the portion of the postural control system that processes information from the sensory

systems (vestibular, somatosensory, and visual), and elicits appropriate motor commands to

the musculature in order to regulate upright posture. In support of this idea, increases in

postural sway have been observed following LMF of muscles not commonly thought to have a

critical role in maintaining upright posture such as the neck extensors (Gosselin et al., 2004;

Schieppati et al., 2003) and shoulder flexors (Nussbaum, 2003). Moreover, deficits in ankle

proprioceptive acuity have been reported with LMF of the lumbar extensors (Pline et al.,

2005) and deficits in shoulder proprioceptive acuity with LMF of the contralateral shoulder

(Sharpe and Miles, 1993). These studies suggest a possible alteration in central processing

of proprioceptive signals with LMF (Gandevia, 2001). The neural controller may adapt to
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environmental or internal factors (aging and/or LMF) by reweighting different kinematic

afferents or sensory modalities. Previous research of alterations in the neural controller have

primarily focused on reweighting the contributions of the three sensory modalities (visual,

vestibular, somatosensory), most often within the context of conflicting sensory information

(Carver et al., 2006; Peterka and Loughlin, 2004).

Several feedback-controlled models of standing posture have been developed to gain in-

sight into the neural controller by simulating quiet stance (Ishida et al., 1997; Kuo, 2005;

Maurer and Peterka, 2005; Peterka, 2002) or a response to a postural perturbation (Alexan-

drov et al., 2005; Jo and Massaquoi, 2004; Kuo, 1995; Park et al., 2004). Some of these have

used a system identification approach to identify physiologically relevant neural controller

parameters (Johansson et al., 1988; Maurer and Peterka, 2005; Peterka, 2002, 1995; Peterka

and Loughlin, 2004). Recently, Maurer and Peterka (2005) employed a time domain identi-

fication that included time-delayed sensory feedback to parameterize proportional, integral,

and differential gains during unperturbed quiet stance in young and older adults. The system

was driven by a stochastic input and produced sagittal plane center of pressure trajectories

having the same sway characteristics as experimentally recorded data. To our knowledge,

this study was the first to use system identification to investigate the changes in the neural

controller with aging (or any other factor).

Physiological time-delay is present within the human postural control system due to the

accumulation of afferent and efferent neural transmission delays, as well as delays encoun-

tered during central processing in the neural controller. This is an important concept since

system stability is often not independent of time-delay in feedback-controlled systems (Gu

et al., 2003). Few studies have simulated standing posture with a model that includes time-

delay in the feedback loop (Alexandrov et al., 2005; Maurer and Peterka, 2005; Peterka,

2002). Kuo (1995) estimated a value for the maximum tolerable time-delay based on the

phase margin and crossover frequency of the system. However, relating these maximum

values to system time-delays were not possible since time-delay was not included in the sys-
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tem dynamics. Such a measure would allow insight into how variations in neural controller

parameters affect robustness of the system in relation to physiological time-delay.

The purpose of this study was to investigate the effects of aging and LMF on the neural

control of upright stance during postural perturbations. A system identification approach,

similar to Maurer and Peterka (2005), was used to parameterize a mathematical model of the

postural control system that included invariant proportional and differential neural controller

gains and time-delay in the sensory feedback. Perturbations were used instead of quiet

stance because a more challenging environment may facilitate identification of the effects

of aging and LMF. In addition, by increasing the kinematic range with the perturbations,

the relatively small stochastic kinematics associated quiet stance may be neglected (Riley

et al., 1997; Rougier, 1999). A novel delay margin analysis was performed on the identified

systems to assess changes in system robustness to time-delay with aging and fatigue.

6.2 Methods

Thirty-two participants were recruited from the local community including 16 young (19.4±

1.4 years old, 71.4 ± 11.1 kg, 174.8 ± 8.3 cm) and 16 older adults (62.2 ± 5.1 years old,

74.0±10.9 kg, 167.8±8.9 cm). Each age group had an equal number of males and females. All

participants were screened for self-reported musculoskeletal disorders and medications that

could influence balance. In addition, the older participants were required to pass a medical

exam to exclude those with neurological, cardiac, respiratory, vestibular, or musculoskeletal

disorders, or a history of multiple falls within the past year. The experiment was approved

by the Virginia Tech Institutional Review Board, and all participants provided informed

consent prior to participation.
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6.2.1 Experimental protocol

Each participant visited the laboratory for two experimental sessions separated by approx-

imately one week. In each session, postural responses to a series of small magnitude per-

turbations were assessed both before and after fatiguing exercises. In one session, the ankle

plantar flexor muscles were fatigued, and in the other session the lumbar extensor muscles

were fatigued. The order of these sessions was counterbalanced across all participants so half

of the participants underwent plantar flexor fatigue in the first session, and the remaining

half underwent lumbar extensor fatigue in the first session.

During postural testing, each participant stood with their eyes closed, feet together, and

hands clasped behind their back, and were instructed to “stand in a relaxed manner.” Bal-

listic pendulums were used to administer anteriorly-directed (AD) and posteriorly-directed

(PD) perturbations in the mid-sagittal plane (Figure 6.1). Perturbations were administered

by pulling the pendulums away from the participant a set distance and releasing from a

stationary position. Perturbation magnitude was quantified using the horizontal linear mo-

mentum of the pendulum just before impacting the participant. The applied magnitudes

were small such that a stepping response was not necessary to maintain upright stance.

Although this investigation is concerned only with AD perturbations, both directions were

applied in random order to reduce the effects anticipation of an impact in the anterior direc-

tion. Hearing protection earmuffs were worn by each participant to eliminate auditory cues

of an impending perturbation.

The experiment began with ten AD and ten PD perturbations of moderately-low mag-

nitude (10 N·s AD, 7 N·s PD). The purpose of these perturbations was to habituate the

participant to the perturbations and allow any performance adaptation to occur. After a

one minute break, five AD and five PD small magnitude perturbations (6 N·s AD and 5

N·s PD) were administered in a random order. It was these trials, along with those col-

lected after the fatiguing exercise (see below), that were used for this investigation. Next,
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Figure 6.1: The participant was perturbed in the anterior and posterior directions with
padded and weighted ballistic pendulums that impacted the participant just below the in-
ferior margin of the scapulae and just below the jugular notch. The perturbations were
administered by pulling the pendulums away from the participant and releasing them from
a point that corresponded to the desired perturbation magnitude (linear momentum). The
perturbation magnitudes chosen in this study did not cause a stepping response in the par-
ticipants.(photo by Bradley Davidson)
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either the lumbar extensors or ankle plantar flexors were fatigued to 70% of their unfatigued

maximum voluntary contraction (MVC) moment with isotonic contractions performed on a

System 3 Isokinetic Dynamometer (Biodex Medical Systems, Shirley, NY) or a seated calf

raise machine (New York Barbell Corp., Elmira, NY). This fatigue level was accomplished by

systematically adjusting the number of repetitions performed based on intermittent MVCs

so that MVC decreased 30% over 14 minutes (Davidson et al., 2004; Madigan et al., 2006).

After the fatiguing exercises, 10 small magnitude perturbations were administered in the

same manner as before the exercise.

During all trials, each participant was instrumented with reflective markers placed on each

shoulder and ankle (Vicon Motion Analysis System, Lake Forest, CA). Marker position data

were sampled at 100 Hz and low-pass filtered at 5 Hz (3rd order zero-phase-lag Butterworth)

during post-processing. Sagittal plane body orientation was defined by calculating the angle

from vertical of a line connecting each ankle/shoulder pair and averaging across the body.

A load cell (Cooper Instruments and Systems, Warrenton, VA) was attached inline to the

pendulum to sample perturbation force at 1000 Hz. These data were used to determine

perturbation onset time, and the time series of force was implemented into the dynamic

simulations.

6.2.2 Model development

A two-dimensional, time-delayed, feedback-controlled dynamic human model of upright

stance was created to simulate the experimentally recorded data. The model consisted of a

single inertially-correct body segment (Figure 6.2) based on subject specific anthropometry

(de Leva, 1996; Pavol et al., 2002) with passive ankle stiffness and damping, and an active

ankle torque determined by the neural controller (Figure 6.3). Input to the model was the

experimentally recorded pendulum force, F (t). The active ankle torque, TA(t), was based

on time-invariant proportional (KP ) and differential (KD) feedback gains operating on the

system state delayed by τd seconds. An arbitrary reference angle, θref , was included in the
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dynamics to account for the naturally occurring slight forward lean during upright stance.
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Figure 6.2: Free body diagram of the human model (i.e., the plant). F (t) represents the
experimentally recorded pendulum force applied to the participant, and TA(t) is the resulting
ankle torque produced by the neural controller. θ(t) is body angle relative to vertical. hP is
the height of the pendulum upon contact with the participant. (COM = center of mass).

The equations of motion for this system in linear, first-order form are

 θ̇(t)
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+
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JB

+

 0

hp−hA

JB

F (t) (6.1)

where θ(t), θ̇(t), and θ̈(t) are the time-dependent angle, angular velocity, and angular ac-

celeration of the body segment relative to vertical; g is gravitational acceleration; hB, dB,

and hA describe the anthropometrics of the participant (Figure 6.2); mB and JB are the

mass and the anthropometrically-correct moment of inertia of the body segment about the
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Figure 6.3: Schematic of the controlled system. The input into the system is the experi-
mentally measured pendulum force, F (t). The neural controller calculated the applied ankle
torque by multiplying the time-delayed state with two time invariant feedback gains, KP

and KD (note: passive ankle stiffness and damping are included within the plant dynamics).

ankle, respectively; hp is the height above the ground that the pendulum contacts the body;

K is the passive ankle stiffness taken from Hof (1998); and B is the passive ankle damping

calculated using the empirical formula from Loram et al. (2001) as

B = 0.76
√

4 JB K (6.2)

Using body angle from the five AD small magnitude perturbations from each individual,

eight model parameters were optimized for each experimental combination of fatigued muscle

group (ankle plantar flexor, lumbar extensor) and fatigue level (unfatigued, fatigued). These

parameters included the system time-delay τd, proportional gain KP , differential gain KD,

and a five arbitrary reference angles θref (1 . . . 5), one for each of the AD perturbations in a

series. To optimize these parameters the difference between the simulated and experimentally

recorded body angles were minimized via the scalar cost function

pert∑
n=1

(
sample∑
m=1

(θ̂mn − θmn)2

)
(6.3)
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where θ̂mn is data point m from the simulated body angle in perturbation n, and θmn is data

point m from the experimentally recorded body angle in perturbation n. A Nelder-Mead

search (Lagarias et al., 1998; Nelles, 2005) was used to perform the optimization (Maurer

and Peterka, 2005). Since the Nelder-Mead algorithm is a local nonlinear search, appropriate

choice of the initial parameters is crucial in order to obtain physiologically relevant parame-

ters. Accordingly, each simulation began with neural controller gains and time-delay similar

to those reported in Maurer and Peterka (2005) and small reference angles (Table 6.1). The

simulations began at the time of perturbation onset, and lasted for 1.7 seconds. This sim-

ulation length was chosen by identifying the time-delay and neural controller parameters

of four randomly selected participants, along with the strength of fit between experimental

and simulated data across simulation times of 1-3 seconds (Figure 6.4). All simulations were

performed in Fortran90 (Intel Fortran Compiler 9.1, San Jose, CA).

Table 6.1: Parameter seed and specifications for Nelder-Mead optimization. Initial Step Size
refers to the step taken during the first series of simplexes based on each parameter.

Parameter Starting Value Initial Step Size
τd (msec) 170 30
KP (N·m/rad) 500 200
KD (N·m·sec/rad) 200 100
θref (1 . . . 5) (rad) 0.05 0.1

6.2.3 Analysis

Following optimization, robustness of the system to time-delay was quantified by the delay

margins of the system. Dynamic systems containing time-delay are not often stable inde-

pendent of time-delay. As such, an absolute delay margin, or the maximum time-delay the

system can withstand before becoming unstable, exists. To calculate the absolute delay

margin (τ̄abs) a frequency-sweeping method first proposed by Gu et al. (2003) was used. To
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Figure 6.4: Mean ±95% confidence intervals of time-delay (τd), neural controller parameters
(KP , KD), and coefficient of determination (r2) as a function of simulation length. Selection
criteria included the best combination of the following: 1) high r2-value, 2) low variance in
each metric, and 3) mean and variance were stable within the region around the simulation
length. Data from four randomly chosen subjects were used to select a simulation length of
1.7 sec for this investigation.
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do this, the linear time-delayed dynamics can be written in the following state space form:

ẋ(t) = A0x(t) + A1x(t− τ) + g + bF (t) (6.4)

where x(t) is the state vector [ θ(t) θ̇(t) ]T , A0 is the non-delayed state matrix, A1 is the

delayed state matrix, g, is a constant acceleration vector, b is the input vector, and τ is an

arbitrary positive-valued time-delay.

Linear stability is characterized only by the eigenvalues of the matrices A0 and A1, which

map the state and the delayed state, respectively, to the time-differentiated state. Thus, we

can eliminate the forcing term, bF (t), and constant term, g from the equation.

Transforming the reduced equation into the Laplace domain gives

L{ẋ(t) = A0x(t) + A1x(t− τ)} (6.5)

sX(s) = A0X(s) + A1X(s)esτ (6.6)

where s is the Laplace variable, X(s) is the Laplace transformed x(t), and esτ is the time-

delay multiplier. If the system eigenvalues are located in the left half of the Laplace plane

(Re(s) < 0), the system is considered to be stable. Assuming that the non time-delayed

system is stable, there may exist a time-delay, τ , that will cause a system eigenvalue to

cross into the right half of the plane (Re(s) > 0). Thus, by sweeping the frequency domain

(s = jω ∀ ω > 0), the time-delay that causes an eigenvalue to cross into the right-half plane

is found. Constraining the Laplace variable to the imaginary axis yields

jωX(jω) = A0X(jω) + A1X(jω)ejωτ (6.7)

the terms are rearranged to obtain

(jωI−A0) X(jω) = λA1X(jω), λ = ejωτ (6.8)
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which is the generalized eigenvalue problem where j is the imaginary variable, ω is the

frequency, and I is a 2×2 identity matrix. Solutions to this problem only exist at a frequency

ω, and time delay τ , where the magnitude of λ is equal to the unit modulus according to

Euler’s formula:

|λ| =
√

cos2 (ωτ) + sin2 (ωτ) = 1 (6.9)

The solution τ , when simultaneously solving equations (6.8) and (6.9), is considered to be

the absolute delay margin and denoted as τ̄abs.

The absolute time-delay provides valuable insight into the overall robustness that the

neural controller provides for the system. However, robustness to time-delay must also

be considered in light of the existing time-delay present in the postural control system.

Therefore, a relative delay margin (τ̄rel) was also calculated using the time-delay identified

by the optimization as

τ̄abs = τd − τ̄rel (6.10)

Sensitivity of the simulated dynamics to variations in the identified parameters was as-

sessed. Additional simulations were performed using KP , KD, and τd from a representative

participant and individually varying these parameters between 60-140% of the optimized val-

ues. Since characteristics of a linear system are mathematically bounded relative to changes

in the neural controller gains and time-delay, qualitative changes in the simulations would

be similar across participants regardless of anthropometry. In addition, sensitivity of the

absolute delay margin to variations of the neural controller gains KP and KD was assessed

between 60-140% of a set of neural controller gains from the same representative participant

representative.

The strength of fit between simulated angular position and the experimentally recorded

angular position were described for the series of five perturbations each session and fatigue

level combination by the coefficient of determination (r2). A two-way repeated measures

analysis of variance was used to investigate the effects of age, muscle group, and LMF
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on the identified parameters. Independent variables included fatigue level (unfatigued, fa-

tigued), age (young, older), and muscle group (ankle, back). Only interactions of fatigue

level with age and fatigue level with muscle group were included as higher order effects in

the statistical model. Dependent variables included the optimized neural controller gains

(KP , KD), time-delay (τd), and delay margins (τ̄abs, τ̄rel). Three of the dependent variables

(KD, τ̄abs, τ̄rel) required a square root transformation to achieve normal distributions. Upon

finding a significant interaction, pair-wise comparisons were performed using a Tukey HSD

analysis. Effects were considered significant when p ≤ 0.05.

6.3 Results

The optimized dynamic model was able to accurately simulate the experimental data with

r2 = 0.82 ± 0.09 and range of 0.55 - 0.96 (Figure 6.5). Several differences were identified

between the young and older age groups (Table 6.2). The older group exhibited 31.1% larger

differential gain (p = 0.001) and 10.9% longer time-delay (p = 0.010). In the delay margin

parameters, the older group exhibited 18.5% larger absolute delay margin (p = 0.001) and

26.7% larger relative delay margin (p = 0.001). No main effects or two-way interactions

involving fatigue were present (Table 6.2).

Table 6.2: Mean±standard deviation of identified model parameters (neural controller gains,
time-delay) and delay margins (absolute, relative) between age groups and fatigue level

Young Older Unfatigued Fatigued
Neural controller
KP (N·m/rad) 963.9± 203.2 864.6± 197.3 911.1± 223.4 916.6± 186.9
KD (N·m·sec/rad) 98.3± 103.5 129.3± 82.1∗ 111.8± 93.4 116.1± 95.8
τd (msec) 188± 16 211± 21∗ 199± 21 200± 23

Stability metrics
τ̄abs (msec) 331± 98 406± 120∗ 337± 128 365± 102
τ̄rel (msec) 143± 98 195± 116∗ 174± 122 165± 98

* – indicates significant age effect (p ≤ 0.05)

Varying neural controller gains and time-delay around values representative of the mean

69



0 0.5 1 1.5
1

2

3

4 perturbation 1

θ
 [

d
e

g
]

0 0.5 1 1.5
2

3

4

5 perturbation 2

0 0.5 1 1.5
1

2

3

4 perturbation 3

θ
 [

d
e

g
]

0 0.5 1 1.5
1

2

3

4 perturbation 4

Time [sec]

0 0.5 1 1.5
1

2

3

4 perturbation 5

θ
 [

d
e

g
]

Time [sec]

Actual

Simulated

Figure 6.5: Representative time histories from a single subject of experimental and simulated
body angle from a single subject during five perturbations. Identified simulation parameters
for this series were KP = 1033.4 N·m/rad, KD = 152.1 N·m·s/rad, τd = 200 msec, θref (1) =
0.014 rad, θref (2) = 0.019 rad, θref (3) = 0.017 rad, θref (4) = 0.016 rad, θref (5) = 0.019 rad,
r2 = 0.91
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across young and older groups revealed distinct changes in the simulated response to a

postural perturbation (Figure 6.6). The angular response retained an under-damped shape

with variations in τd and KD. Magnitudes of the displacements around the equilibrium point

were generally proportional to changes in τd and inversely proportional to changes in KD.

Conversely, varying KP did change the shape of the response where an increase produced a

smaller maximum angular displacement with under-damped characteristics. Decreasing KP

caused an increase in the peak displacement and over-damped characteristics. Simultane-

ously varying KP and KD revealed τ̄abs increased with increasing KD and decreased with

increasing KP (Figure 6.7).
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Figure 6.6: Effects of varying model parameters on kinematic response to perturbation. The
traces are trajectories as the time-delay and neural controller gains are varied from mean-
40% to mean+40% in 20% increments. The shape of the trajectory was most sensitive to
change in KP and least sensitive to changes in KD.
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6.4 Discussion

The purpose of this study was to investigate changes in the neural control of upright stance

with aging and LMF. Parameters of a feedback-controlled dynamic model of the human

body were optimized to match experimentally recorded data during a series of small mag-

nitude postural perturbations. Optimized parameters revealed several differences between

age groups including 10.9% longer time-delay and 31.1% higher differential gain in the older

group. In addition, the older group had 18.5% and 26.7% larger absolute and relative delay

margins, respectively. No changes in neural controller gains, time-delay, or delay margins

were found with LMF.

The optimized neural controller gains exhibited similarities to previously published values

determined from quiet stance in that KP > KD (Maurer and Peterka, 2005), but the actual

values (young group: KP = 963.9, KD = 98.3; older group: KP = 864.6, KD = 129.3) were

higher than those reported in their model that included intrinsic ankle stiffness and damping

(young group: KP = 573.0, KD = 19.5; older group unreported). This could simply be a

difference between neural control of quiet stance and postural perturbations, or perhaps due

to the slight forward lean used in this study. Values of the identified time-delay (young

group: τd = 188 msec; older group: τd = 211 msec) were consistent with previous estimates

of physiological time-delay above 150 msec (Cordo et al., 1994), and are slightly higher than

those values identified during quiet stance (young group: τd = 177; older group: τd = 163)

(Maurer and Peterka, 2005). The higher differential gain in older adults found here was

similar to the trend reported by Maurer and Peterka (2005) using quiet stance, but the

longer time-delay in older adults found here differed from the shorter time-delay reported in

the same study.

The longer time-delay in the older group is consistent with documented decrease in nerve

conduction velocity with increasing age (Mackenzie and Phillips, 1981; Shaw, 1992; Tong

et al., 2004). The identified time-delay can be considered as an “effective” time-delay instead
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of an actual physiological value (Alexandrov et al., 2005; Peterka, 2002). This parameter is

a lumped quantity that represents feedback loops of shorter and longer delays such as short-

latency reflexes, long-latency reflexes, and central feedback loops. We must also consider

that an increase in the “effective” time-delay essentially reduces the quality of the feedback

information in the simulations. Since age-related losses in proprioceptive (McChesney and

Woollacott, 2000; Shaffer and Harrison, 2007) and vestibular acuity (Baloh et al., 2001;

Lopez et al., 1997; Park et al., 2001) were not explicitly modeled, these deficits may have

emerged as an increase in “effective” time-delay.

Differential gain was significantly larger in the older group. Although this investigation

was concerned with perturbed stance, this is an interesting observation given recent findings

that the neural controller relies heavily on velocity feedback during quiet stance (Masani

et al., 2003, 2006). Since velocity feedback contains implicit information about subsequent

positions of the body, the velocity-based motor commands can be considered “anticipatory”

in nature. This effectively eliminates the necessity for a feed-forward mechanism to compen-

sate for physiological time-delay. In addition, Jeka et al. (2004) have suggested that afferent

velocity information is more accurate than afferent position information. Accordingly, one

could surmise that older participants adopt a control scheme with an increased anticipatory

element, and also depend more on kinematic information that is more accurate by using a

higher differential gain in the neural controller.

The older participants exhibited higher absolute and relative delay margins than the

young group. When discussing margins of stability such as delay margins we must bear in

mind that these values do not represent the stability of the system, but are indicators of

robustness (or sensitivity) of the system towards becoming unstable. To ensure stability,

the absolute delay margin must be greater than the system time-delay. Consequently, the

higher absolute delay margin indicates that the older participants adopted a more robust

control scheme than the young group for small magnitude perturbations.

Relative delay margin, which takes into account the identified time-delay, was higher
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in the older participants despite having a higher time-delay than the young group. This

additional robustness (resulting from the higher differential gain) is indicative of a more

conservative neural control scheme employed by the older group. It is common in older

adults to employ a more conservative or cautious approach in other moments such as during

gait (Herman et al., 2005; Menz et al., 2003). Reasons for adopting a more conservative

control scheme may be to compensate for age-related deficits in sensory acuity (Baloh et al.,

2001; Lopez et al., 1997; McChesney and Woollacott, 2000; Park et al., 2001; Shaffer and

Harrison, 2007), impaired force production (Delbono, 2003; Wang et al., 2000), or as an

additional safeguard against a significant change in recovery strategy.

Although the older participants adopted a more robust neural control scheme than the

young group, these results cannot be extrapolated to larger perturbations associated with

falls in older adults. Using small perturbations in this investigation allowed accurate sim-

ulation using a single body segment with a fixed foot, and the delay margins are unique

to these dynamics. To assess robustness during perturbations that elicit a “hip strategy”

(Horak and Nashner, 1986; Nashner and Woollacott, 1979), stepping response, or a potential

fall, different dynamics must be used.

Sensitivity analysis of the absolute delay margin with respect to changes in neural con-

troller gains revealed a decrease in absolute delay margin with increasing proportional gain

and an increase in absolute delay margin with increasing differential gain (Figure 6.7). In

comparing proportional and differential gains, the proportional gain had a greater effect

on the absolute delay margin over the range of values investigated. Although lowering the

proportional gain resulted in a greater delay margin, it introduced a larger anterior displace-

ment (Figure 6.6) and slowed the response such that it may not be physiologically accurate.

In contrast, changes in differential gain had a smaller effect on body angle following a per-

turbation, but still a noticeable effect on the absolute delay margin. These observations are

notable because they imply differing roles for each of the neutral controller gains in this

system. In this scenario, the proportional gain would be primarily responsible for regulating
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body angle, and the differential gain would be increased to a necessary level to ensure an

appropriate margin of stability. Although an increase in differential gain would result in a

greater absolute delay margin in this system, an excess increase would reduce the speed of

the system response such that it may not be physiologically accurate.

Neither ankle plantar flexor nor lumbar extensor fatigue elicited changes in neural con-

troller parameters. This finding suggests that the changes in balance that occur with LMF

during quiet stance (Gribble and Hertel, 2004; Lundin et al., 1993; Nussbaum, 2003) and

during postural perturbations (as in Chapter 3) do not result from changes in the neural

controller. However, this is inconsistent with evidence indicating that LMF alters the central

processing of sensory information (Pline et al., 2005; Sharpe and Miles, 1993). Several limita-

tions and/or assumptions in our model and approach may have precluded the identification

of changes in the neural controller. First, the system dynamics were linearized and based

on a gross simplification of the neural controller. Although the simulations yielded satisfac-

tory fits to the experimental data, physiological systems such as this are highly nonlinear in

both dynamics and control structure (Westwick and Kearney, 2003). We chose to linearize

the system because few analytical tools currently exist to address these nonlinearities while

also permitting a meaningful interpretation of the results. Second, the small magnitude of

the perturbations may not have been challenging enough to discern small changes in the

neural controller with LMF. Lastly, the model incorporated only a single degree of freedom

based on observations of participants employing the so-called “ankle strategy” (Horak and

Nashner, 1986; Nashner and McCollum, 1985). A recent report by Creath et al. (2005),

however, presented evidence of hip movement during quiet stance that suggests perturbed

stance situations such as in this experiment may also merit additional degrees of freedom.

This model has several advancements over previous models used to simulate quiet stand-

ing. The simulations in this investigation accounted for the naturally occurring forward lean

during standing whereas previous models of upright stance have assumed that the target

angle of the body is vertical. This has important implications on estimation of neural con-
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troller gains and also on the necessity of incorporating intrinsic ankle stiffness and damping

into the dynamic model. This investigation also employed a novel delay margin analysis,

which provided a quantitative measure of robustness toward instability.

6.5 Conclusions

In summary, changes in the human neural controller with aging and LMF were investi-

gated using a feedback-controlled dynamic model that accurately simulated experimentally-

collected responses to small postural perturbations. The results suugested a longer “effec-

tive” time-delay and an increased reliance on velocity feedback in the neural controller in the

older group. Calculated delay margins indicated that the older participants adopt a more

robust control scheme – potentially to compensate for higher time-delays or poor sensory

feedback information.
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Chapter 7

Introduction to optimal control and
the linear quadratic regulator problem

7.1 Introduction

This chapter provides an introduction to the state-feedback linear quadratic regulator prob-

lem in optimal control. The optimization equation is derived using dynamic programming

and is solved in terms of a matrix differential equation called the Riccati equation. Fi-

nally, a procedure for solving the steady-state Riccati equation is presented. The order of

presentation and notation follow closely with Dorato et al. (2000).

7.2 Linear quadratic regulator optimal control

We first define the system dynamics as coupled linear first-order differential equations

ẋ(t) = Ax(t) + Bu(t) (7.1)

that contain the state vector, x(t) ∈ Rn, control vector, u(t) ∈ Rm, the state matrix A ∈

Rn×n, and the input matrix B ∈ Rn×m. A control scheme in which the objective is to

maintain the state of a dynamical system close to zero via the control law

u(t) = −Kx(t) (7.2)
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is called the regulator control problem. The linear optimization problem to determine K ∈

Rm×n is defined by the scalar cost function

∫ tf

0

x(t)TQx(t) + u(t)TRu(t)dt+ x(tf )
TMx(tf ) (7.3)

where Q ∈ Rn×n and M ∈ Rn×n are constant positive semi-definite matrices and M ∈ Rm×m

is a constant positive-definite matrix. This is commonly called linear quadratic regulator

(LQR) control. The term x(t)TQx(t) is a measure of state accuracy, u(t)TRu(t) is a measure

of control effort, and x(tf )
TMx(tf ) is a measure of terminal control accuracy. For conve-

nience of notation, the implicit time, t, will be omitted in future equations except where

necessary.

7.3 Hamilton-Jacobi equation

In this section the optimization equation for the LQR problem is derived, commonly referred

to as the Hamilton-Jacobi equation. This equation is used to determine a control law u =

φ(x, t) that satisfies the cost function

V =

∫ tf

t

l(x,u, τ)dτ +m[x(tf )] (7.4)

which is identical to (7.3) if l(x,u) = xTQx+uTRu and m[x(tf )] = xT (tf )Mx(tf ), and the

system dynamics are represented by the nonlinear system dynamics

ẋ = f(x,u, t) (7.5)

The term l(x,u, τ), known as the loss function, and m[x(tf )], the terminal cost, are gener-

ally non-negative functions. Since the generalized nonlinear form causes no problems when

deriving the optimization equation, they are used here to abbreviate further mathematical
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notation.

To derive an optimization equation for the LQR control problem, we use the optimal-

ity principle. The main assumption of the optimality principle is that the system can be

characterized by its state x(t) at time t. The state essentially summarizes the effects of all

inputs u(τ) prior to time t. Using the optimality principle to derive these equations, ini-

tially proposed by Bellman and Dreyfus (1962), is referred to as the dynamic-programming

approach.

The principle of optimality states:

If u∗(τ) is optimal over the interval [t, T ], starting at state x(t), then u∗(τ) is necessarily

optimal over the subinterval [t+ ∆t, T ] for any ∆t such that T − t ≥ ∆t > 0.

Denoting V ∗(x, t) as the minimum value of the cost function V when the initial time is

t and the initial state is x(t) = x, and denoting u[t, T ] as the control signal defined over the

interval [t, T ]

V ∗(x, t) = min
u[t,T ]

{∫ T

t

l(x,u, τ)dτ +m[x(T )]

}
(7.6)

From the optimality principle, and the additive properties of integrals we have

V ∗(x, t) = min
u[t,t+∆t]

{∫ t+∆t

t

l(x,u, τ)dτ + V ∗[x(t+ ∆t), t+ ∆t]

}
(7.7)

Therefore, by using the optimality principle, finding the minimum value of the function

across the interval [t, T ] is reduced to finding a minimum value over [t, t+ ∆t].

By approximating the integral in (7.7) by l(x,u, t)∆t and performing a Taylor Series

expansion of V ∗(x, t) about the initial point (x(t), t), and approximating x(t + ∆t) − x(t)

by f(x,u, t)∆t, we obtain

V ∗(x, t) = min
u[t]

{
l(x,u, τ)∆t+ V ∗(x, t) +

∂V ∗

∂t
∆t+

[
∂V ∗

∂x

]′
f(x,u, t)∆t+ o(∆t)

}
(7.8)
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where ∂V ∗/∂t is the gradient of V ∗ with respect to x, and o(∆t) represents the higher order

terms from the Taylor Series expansion. Taking the limit as ∆t goes to zero yields

−∂V
∗

∂t
= min

u[t]

{
l(x,u, τ) + V ∗(x, t) +

∂V ∗

∂t
+

[
∂V ∗

∂x

]′
f(x,u, t)

}
(7.9)

V ∗(x, T ) = m(x)

which is known as the Hamilton-Jacobi optimization equation.

To obtain the solution we perform the indicated minimization. This leads to a generalized

control law taking the form

u∗ = ψ

(
∂V ∗

∂x
,x, t

)
(7.10)

This is substituted back into (7.9) and then solve the nonlinear partial differential equation

−∂V
∗

∂t
= l(x, ψ, t) +

[
∂V ∗

∂x

]′
f(x, ψ, t) (7.11)

for V ∗(x, t) subject to the boundary condition

V ∗(x, t) = m(x) (7.12)

Finally, the optimal state-feedback control law is produced by computing the gradient of

V ∗(x, t) with respect to x, yielding

u∗ = ψ

(
∂V ∗

∂x
,x, t

)
= φ(x, t) (7.13)

86



7.4 Matrix Riccati equation

The first step in determining the solution to the LQR problem is the minimization of the

Hamilton-Jacobi equation

xTQx + uTRu +

[
∂V ∗

∂x

]′
(Ax + Bu) (7.14)

with respect to u. This can be done by setting the gradient of (7.14) to zero. This is both a

necessary and sufficient condition when R is a positive-definite matrix. Setting the gradient

equal to zero and solving for u gives

u∗ = −1

2
R−1BT ∂V

∗

∂x
(7.15)

It is known that an integral-quadratic form evaluated for a linear system is a quadratic form

in the initial state of the system. Therefore, it is reasonable to assume

V ∗(x, t) = xTΓ(t)x (7.16)

where Γ ∈ Rn×n is symmetric. It then follows that

∂V ∗(x, t)

∂x
= 2Γ(t)x (7.17)

When V ∗ from (7.16) and (7.17) are substituted into (7.11), we arrive at

−xT Γ̇x = xT
[
ATΓ + ΓA + Q− ΓBR−1BTΓ

]
x (7.18)

with the boundary condition

V ∗(x, T ) = xTMx (7.19)
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Since (7.18) must be true for all x, we arrive at the matrix Riccati equation

−Γ̇ = ATΓ + ΓA + Q− ΓBR−1BTΓx (7.20)

Γ(T ) = M

and the optimal state-feedback control law is

u∗ = −K(t)x = −R−1BTΓ(t)x (7.21)

7.5 Solving the matrix Riccati equation

The matrix Riccati equation can be solved by solving the following system of linear equations

 Ẋ

Ẏ

 =

 A −BR−1BT

−Q −AT


 X

Y

 (7.22)

where X ∈ Rn×n and Y ∈ Rn×n and satisfy the boundary conditions

 X(T )

Y(T )

 =

 I

M

 (7.23)

The solution of the matrix Riccati equation from (7.20) is

Γ(t) = Y(t)X(t)−1 (7.24)

The matrix in (7.22)

H =

 A −BR−1BT

−Q −AT

 (7.25)
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is called the Hamiltonian matrix. First, note that if λ is an eigenvalue of H, then so is −λ.

This comes from the fact that HT is mathematically similar to −H. Let U ∈ R2n×2n be a

nonsingular transformation such that

U−1HU =

 Λs 0

0 Λu

 (7.26)

where Λs ∈ Rn×n is a Jordan block with all eigenvalues having negative real parts (stable)

and Λu ∈ Rn×n is a Jordan block with all eigenvalues having positive real parts (unsta-

ble). If H has no eigenvalues that are purely imaginary this transformation always exists.

Additionally, let U be partitioned into four n× n blocks

U =

 U11 U12

U21 U22

 (7.27)

where  U11

U21

 (7.28)

has columns made up of the generalized eigenvectors of H corresponding to eigenvalues with

negative real parts, and where  U21

U22

 (7.29)

has columns made up of the generalized eigenvectors of H corresponding to eigenvalues with

positive real parts. With the transformation

 X

Y

 = U

 X̂

Ŷ

 (7.30)
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the differential equation in (7.22) becomes

d

dt

 X̂

Ŷ

 =

 Λs 0

0 Λu


 X̂

Ŷ

 (7.31)

From the decoupled equations in (7.31), X̂ and Ŷ at a final time T can be computed as

X̂(T ) = eΛs(T−t)X̂(t) (7.32)

Ŷ(T ) = eΛu(T−t)Ŷ(t)

Evaluating (7.30) at the boundary T now gives

I = U11X̂(T ) + U12Y(T ) (7.33)

M = U21X̂(T ) + U22Y(T )

We can solve for Ŷ(t) in terms of X̂(t)− Ŷ(t) = GX̂(t) where

G = − [U22 −MU12]
−1 [U21 −MU11] (7.34)

Combing (7.32-7.34) we obtain

X(t) =
[
U11 + U12e

−Λu(T−t)Ge−Λs(T−t)
]
e−Λs(T−t)X̂(t) (7.35)

X(t) =
[
U21 + U22e

−Λu(T−t)Ge−Λs(T−t)
]
e−Λs(T−t)X̂(t)

Substituting (7.35) into (7.24) we arrive at

Γ(t) =
[
U21 + U22e

−Λu(T−t)Ge−Λs(T−t)
] [

U11 + U12e
−Λu(T−t)Ge−Λs(T−t)

]−1
(7.36)
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7.6 Algebraic Riccati equation

When the data is time-invariant and the optimization interval is infinite (T → ∞), the

optimal control problem is referred to as the steady-state LQR problem. The solution to

(7.20) is time-invariant; therefore, the equation becomes

0 = AT Γ̄ + Γ̄A + Q− Γ̄BR−1BT Γ̄ (7.37)

which is called the algebraic Riccati equation (ARE). Taking the limit of the more general

Riccati solution in (7.36) as T →∞ gives the solution to (7.37) as

Γ̄ = U21U
−1
11 (7.38)

The optimal control for the steady-state problem via the ARE is then

u∗ = −Kx = −R−1BT Γ̄x (7.39)

These concepts will be revisited when developing a nonlinear form of the optimal control

problem and solving for the feedback gains in the next chapter.
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Chapter 8

Approximation of the neural
controller using the nonlinear
state-dependent Riccati equation
during postural responses to large
magnitude sagittal plane
perturbations

Abstract

This study investigated the use of a nonlinear controller to simulate responses to large mag-

nitude postural perturbations. A three DOF model of the human body was developed and

controlled with the state-dependent Riccati equation (SDRE). Parameters of the SDRE were

optimized to fit the experimentally recorded kinematics. Unlike other forms of nonlinear

control, the SDRE provides meaningful parameters for interpretation in the system identi-

fication. This approach was successful at stabilizing the system with the initial parameter

seed for the case of a single perturbation. When additional perturbations were included, the

controller was unable to stabilize the system. Several reasons may account for this which

include: 1) poor selection of initial parameters, 2) inability of the SDRE to account for cog-

nitive control, 3) the state-dependent coefficient realization was inadequate for this task, or

4) unknown stabilizability and controllability with the addition of time-delay to SDRE. One

possible solution to address stabilizability and controllability is to reformulate the controlled

dynamics into the Roesser state space form.
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8.1 Introduction

The linear quadratic regulator (LQR) is a well-known optimal control method that has

demonstrated its usefulness in biomedical applications such as modeling neural signal trans-

duction (Gadkar et al., 2005) and other internal physiological processes (Brenner et al., 1995;

Kovacs et al., 2004), implementing robotic surgical assistance (Vanne and Hynynen, 2003),

and analysis of human gait (Matjacic and Bajd, 1998). The regulator problem is defined

by imposing an invariant point of equilibrium in the phase plane (e.g., x = 0, ẋ = 0 in a

dynamic system with one degree of freedom). Attraction to this equilibrium state is reg-

ulated by a controlled input that optimally penalizes the state error via a set of full-state

feedback gains. LQR methodology is well-suited for modeling upright stance since the body

continuously regulates an approximately vertical position based on kinematic feedback from

the vestibular, visual, and somatosensory organs (Shumway-Cook and Woollacott, 1995).

The approximately vertical position is an imposed (or controlled) equilibrium since the nat-

ural dynamics of an uncontrolled inverted link-segment system are marginally stable at best.

In addition, LQR provides a structured framework for relevant physiological interpretation

since the performance criteria are always known and have meaning.

Only a few studies involving upright stance have utilized LQR control. He et al. (1991)

first used this technique to simulate standing posture in a model of the cat hind limb con-

trolled by 10 muscle-tendon actuators. During small platform perturbations, the LQR-

controlled model was able to reproduce ground reaction forces similar to experimentally

collected data. A investigation by Kuo (1995) employed the LQR to simulate postural

strategy (“ankle strategy” or “hip strategy”) selection during recovery from platform per-

turbations in humans. Adding to the LQR design, Kuo (2005) incorporated an optimal

state estimator in a model of quiet stance that successfully predicted statistical properties of

human sway. Recently, Qu et al. (2007) developed an LQR controlled model that included

feedback time-delay. This model was used to predicted changes due to aging and fatigue in
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parameters related to postural sway.

This investigation expands upon previous LQR-based approaches to postural modeling

by introducing a nonlinear quadratic regulator (NQR) (Beeler, 2004) with time-delayed

sensory feedback to simulate large magnitude postural perturbations. Most physiological

systems exhibit a high degree of nonlinearity (Westwick and Kearney, 2003). In dynamical

systems these nonlinearities, represented by higher order terms in the equations of motion

(EOM), become more significant as the system kinematics exceed the linear operating region.

Since large magnitude perturbations have a much broader kinematic range than the small

magnitude perturbations (such as in Chapter 6), it becomes necessary to account for the

nonlinearities of the EOM in the simulations.

Nonlinearities within physiological systems also exist in the mode of control (Westwick

and Kearney, 2003). There are few methods to design nonlinear controllers, most of which

are dependent upon particular characteristics of the system such as the nature of the non-

linearities or the size of the system (Beeler et al., 2000). When more generalized control

structures are used such as artificial neural networks, fuzzy control, and other “black box”

methods, the resulting parameters have little meaning and are difficult to interpret. In this

study we attempt to implement a NQR that has meaningful and interpretable parameters.

The NQR used in this investigation is based upon the state-dependent Riccati equation

(SDRE), which has gained attention in recent years as a useful method of design (Banks et al.;

Beeler, 2004; Beeler et al., 2000; Bogdanov, 2004; Friedland, 1996; Shamma and Cloutier,

2001). The SDRE is an extension of the familiar algebraic Riccati equation to nonlinear

systems. It differs in that the coefficients in the solution of the SDRE are functions of

the state instead of being constant valued (Beeler et al., 2000). Likewise, it is reasonable

to assume that the neural controller in the human body is state-dependent since the state

information is readily available to the neural controller.

The purpose of this study was to accurately simulate experimentally recorded kinemat-

ics during the response to large postural perturbations. A method of system identification
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similar to that used during small perturbations (Chapter 6) was employed to parameterize

a sagittal plane model of the human body that is controlled with a nonlinear controller. We

hypothesized that the SDRE would be able to accurately reproduce the recorded kinematics

during large perturbations. If successful, this method of the nonlinear system identifica-

tion may be used to gain insight into the neural control of upright stance without making

potentially limiting assumptions of linearity in the equations of motion and neural controller.

8.2 Methods

In all but a few details the experimental procedure was similar to that in Chapters 3 & 6,

and will only be summarized here. Ballistic pendulums were used to administer anteriorly-

directed (AD) and posteriorly-directed (PD) postural perturbations in the mid-sagittal

plane. Each pendulum was pulled back from the participant and individually released from

a distance that corresponded to a specified AD or PD velocity just before impact. Perturba-

tion magnitude was defined as the linear momentum just before impact. For each series of

perturbation, an equal number of AD and PD perturbations were administered in a random

order. The participant was allowed to complete the balance recovery motion before the sub-

sequent perturbation began. Instructions to “stand in a relaxed manner” were given to the

participant before and during each series of perturbations (Allum et al., 2002; Otten, 1999).

The experiment began with an initial series of 20 moderately low magnitude (10 N·s AD,

7 N·s PD) perturbations to allow any adaptation to occur. Afterward, the maximum pertur-

bation that could be withstood without stepping was determined by applying a series of AD

and PD perturbations beginning at 6 N·s AD and 5 N·s PD and increasing incrementally

by 2 N·s AD and 1 N·s PD after each successful recovery without stepping. Sixteen pertur-

bations were then administered at a perturbation magnitude of 4 N·s and 2 N·s below the

maximal AD and PD perturbations that could be withstood without stepping, respectively.

During the experiment the participant was instrumented with five pairs of reflective
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markers that were placed on the shoulders, greater trochanters, ankles, calcaneous, and 5th

metatarsal joints (Vicon Motion Analysis System, Lake Forest, CA). Marker position data

were sampled at 100 Hz and low-pass filtered at 5 Hz (3rd order zero-phase-lag Butterworth)

during post-processing. A sagittal plane representation of the body was formed by averaging

each marker pair and creating three body segments (foot, lower body, upper body) that

were defined by angles relative to the adjacent inferior segment (Figure 8.1). An inline load

cell (Cooper Instruments and Systems, Warrenton, VA) was attached to the pendulum to

determine perturbation onset time and time series of force magnitude for implementation

into the dynamic simulations.

(t)θ

�(t)

��

��(t)

(t)φ

(t)β

��(t)

��(t)

Figure 8.1: Free body diagram of the human model (i.e., the plant). F (t) represents the
experimentally recorded pendulum force applied to the participant. MT (t), MA(t), and
MH(t) are the corrective torques produced by the neural controller. θ(t), φ(t), and β(t) are
relative segment angles of the foot, lower body, and upper body. hP is the height of the
pendulum upon contact with the participant.
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8.2.1 Equations of motion

A 2D three degree of freedom link segment dynamic model was used to simulate the per-

turbations. The three segments included in the model were foot, lower body, and upper

body (note: the foot and lower body segment accounted for the left and right feet and

legs, respectively). Derivation of the equations of motion was accomplished with the La-

grangian method based on the kinetic energy, potential energy, and dissipation functions in

the following equations:

d

dt

(
∂T

∂q̇

)
− ∂T

∂q
+
∂V

∂q
+
∂D

∂q̇
= Q∗

q (8.1)

where generalized coordinates, q, were θ, φ, and β (Figure 8.1). Kinetic energy and potential

energy scalars were defined as

T =
1

2
(mFvF · vF + IF ωF · ωF ) +

1

2
(mLBvLB · vLB + ILBωLB · ωLB)

+
1

2
(mUBvUB · vUB + IUBωUB · ωUB) (8.2)

and

V = g (mF rF +mLBrLB +mUBrUB) · n1 +
1

2
KAφ

2 +
1

2
KHβ

2 (8.3)

where subscripts F , LB, and UB denote the foot, lower body, and upper body segments

included in the model; m is the mass and I is the moment of inertia about the center of

mass of each segment; r, v, and ω are the position, linear velocity, and angular velocity

vectors, respectively, calculated from an inertial coordinate system; g is the gravitational

acceleration; n1 is the vertical unit vector; and KA and KH represent the instrinsic stiffness

constants about the ankle and hip, respectively. The value of KA was taken from Hof (1998).
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The dissipation constant was calculated as

D =
1

2
BAφ̇

2 +
1

2
BH β̇

2 (8.4)

where BA and BH are the intrinsic damping constants at the ankle and hip, respectively.

BA was calculated using the formula from Loram et al. (2001) as

BA = 0.76
√

4JBKA (8.5)

where JB is the moment of inertia of the body about the ankle joint. Since intrinsic stiffness

and damping values for the hip were not available, KH and BH were estimated to be 50%

of KA and BA, respectively.

The generalized forces Q∗
j were calculated to be

Q∗
θ = Fhp −MT

Q∗
φ = F (hp − hA cos θ − dA sin θ)−MA (8.6)

Q∗
β = F (hp − hA cos θ − hH cos (θ + φ)− dA sin θ)−MH

where F is the recorded pendulum force; hp is the pendulum height above the ground; hA is

the vertical distance to the height joint; dA is the horizontal distance from the 5th metatarsal

to the ankle joint, hH is the distance from ankle to hip; MT , MA, and MH are the controlling

joint torques at the toe, ankle, and hip joints, respectively. The resulting equations of motion

were decoupled with respect to acceleration and placed in the following matrix form:


θ̈

φ̈

β̈

 = M−1f
(
θ, θ̇, φ, φ̇, β, β̇

)
+ M−1


Q∗

θ

Q∗
φ

Q∗
β

 (8.7)
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where M−1 ∈ R3×3 is the inverse of the mass matrix, M−1f
(
θ, θ̇, φ, φ̇, β, β̇

)
describes the

transient state-dependent components of acceleration, and M−1[ Q∗
θ Q∗

φ Q∗
β

]T describes

the forced dynamics.

The simulation began with the heel in contact with the ground. In this situation, the

dynamic equations are reduced to two segments (lower body, upper body). When a positive

toe torque is required to keep the foot on the ground, the dynamics change so that the foot

is unconstrained and it makes a smooth transition off the ground. When the heel comes

back into contact with the ground we assumed a pure plastic impact in which the angular

momentum of the system about the 5th metatarsal joint and the ankle joint is conserved

according to:

H−


θ̇−

φ̇−

β̇−

 = H+

 φ̇+

β̇+

 (8.8)

where (-) denotes the instant before heel contact and (+) denotes the instant after heel

contact; H− ∈ R2×3 and H+ ∈ R2×2 are matrices that map the segmental velocities to

angular momenta calculated about the 5th metatarsal joint and the ankle joint.

The dynamics were placed into state-dependent coefficient (SDC) form for implementa-

tion into the neural controller (see below). SDC form is a nonlinear realization that has

an appearance similar to the familiar linear matrix form ẋ = Ax + Bu; however, the state

matrix and input matrix are each a function of the system state:



θ̇

θ̈

φ̇

φ̈

β̇

β̈



= A
(
θ, θ̇, φ, φ̇, β, β̇

)



θ

θ̇

φ

φ̇

β

β̇



+ B
(
θ, θ̇, φ, φ̇, β, β̇

)


MT

MA

MH

 (8.9)
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For this reason, the SDC form is sometimes referred to as a “quasi-linearization”, “apparent

linearization”, and “extended linearization” (Beeler, 2004). The SDC matrices A
(
θ, θ̇, φ, φ̇, β, β̇

)
and B

(
θ, θ̇, φ, φ̇, β, β̇

)
are not unique and must be carefully chosen. In this investigation,

the coefficients in the state-dependent matrices were chosen in a manner that preserved most

of the nonlinearities and avoided sparse matrices (see Appendix B).

8.2.2 Development of the state-dependent Riccati equation

The neural controller (Figure 8.2), which is responsible for central processing of sensory

information in order to produce the controlling joint torques, was based on the SDRE. The

SDRE represents a method of ‘suboptimal’ control based upon the algebraic Riccati equation

(ARE).
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Figure 8.2: Schematic of the controlled system. The input into the system is the experimen-
tally measured pendulum force, F (t). The neural controller is based on the state-dependent
Ricatti equation with a time-delayed input. The neural controller produced state-dependent
corrective joint torques about the toe, ankle, and hip joint torques for maintenance of upright
stance. The higher order control represents to the neural controller such as adjustments in
reference angles, performance parameters within the Q and R matrices, and voluntary joint
torque control. Higher order control was not included in the current model.

Recall from Chapter 7 that the solution to the ARE was used to compute the optimal full-

state feedback gains for the regulator problem in a system with steady-state linear dynamics
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of the form

ẋ = Ax + Bu (8.10)

where x ∈ Rn is a vector containing the n system states, u ∈ Rm is a vector of the system

inputs, A ∈ Rn×n is the state matrix, and B ∈ Rn×m is the input matrix. The system is

controlled with the optimal gain matrix K ∈ Rm×n by the control law

u∗ = −Kx (8.11)

where

K = R−1BT Γ̄ (8.12)

and Γ̄ ∈ Rn×n is the solution to the ARE

AT Γ̄ + Γ̄A + Q− Γ̄BR
−1

BT Γ̄ = 0 (8.13)

The matrices Q ∈ Rn×n and R ∈ Rm×m penalize the state and control according to the

scalar function ∫ tf

0

xTQx + uTRudt (8.14)

the values of which are typically set by the design engineer to affect the response character-

istics of the system.

To arrive at the SDRE, the plant dynamics must be placed into SDC form

ẋ = A(x)x + B(x)u (8.15)

Substituting the SDC state and input matrices into the ARE gives

A(x)TΓ(x) + Γ(x)A(x) + Q− Γ(x)B(x)R−1B(x)TΓ(x) = 0 (8.16)
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In all systems but those with special structures, an analytic solution for Γ(x) does not exist

(Banks et al.; Beeler et al., 2000). Therefore, Γ(x) must be calculated for each new state x.

Accordingly, yet another name for the SDRE is the “frozen Riccati equation” (Doyle et al.,

1998). The resulting state feedback gains are then state-dependent and calculated for each

new state as

K(x) = R−1B(x)TΓ(x) (8.17)

and the control law becomes

u∗ = −K(x)x = −R−1B(x)TΓ(x)x (8.18)

Although K(x) is the optimal set of gains for a particular state (i.e., a particular set of

dynamic equations since A(x) and B(x)), this control is considered to be suboptimal for a

time interval over which the state changes (Beeler et al., 2000).

8.2.3 SDRE control with time-delayed feedback and position

references

The derivation of the SDRE controller was based on a complete set of state information.

In this experiment, kinematic information is readily available to the neural controller in

the human body from redundant sensory feedback from the vestibular and somatosensory

systems. Since this information must be transmitted from locations distal to the central

processing center, an associated delay exists. Therefore, inputs to the neural controller in

the simulations were delayed by τd seconds. In addition, reference angles for the lower body

and upper body segments were incorporated to accommodate a forward lean during upright
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stance. The three controlling joint torques were calculated as


MT

MA

MH

 = K
(
θd, θ̇d, φd, φ̇d, βd, β̇d

)



θd

θ̇d

φd − φref

φ̇d

βd − βref

β̇d



(8.19)

where K
(
θd, θ̇d, φd, φ̇d, βd, β̇d

)
is a 3× 6 matrix of feedback gains. The subscript d indicates

a time-delay of 188 msec, which was the average time-delay value taken from the young

group in Chapter 6.

8.2.4 Parameter Optimization

Six SDRE parameters and four reference angles were optimized from the first two perturba-

tions in the series. The SDRE parameters included the diagonal elements of the matrix Q

taken from (8.14), and the reference angles were φref and βref from the two perturbations.

Diagonal elements of R were fixed at 1.0, indicating that equal constraints were placed

upon the each of the joint torques. To optimize these parameters the difference between the

simulated and experimentally recorded segment angles were minimized via the scalar cost

function
pert∑
n=1

(
sample∑
m=1

[
(θ̂mn − θmn)2 + (φ̂mn − φmn)2 + (β̂mn − βmn)2

])
(8.20)

where θ̂mn, φ̂mn, and β̂mn are the simulated foot, lower body, and upper body angles at data

point m during perturbation n, and θmn, φmn, and βmn are the experimentally recorded

foot, lower body, and upper body angles at data point m during perturbation n. A Nelder-

Mead search (Lagarias et al., 1998; Nelles, 2005) was used to perform the optimization.

This algorithm has shown good results for optimizing neural controller parameters during
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quiet stance (Maurer and Peterka, 2005) and small magnitude perturbations (Chapter 6).

The simulations began at the time of perturbation onset, and lasted for 2.5 seconds. The

simulation length was chosen to allow sufficient time to fully recover an upright position

following the perturbation. All simulations were performed in Fortran90 (Intel Fortran

Compiler 9.1, San Jose, CA).

8.2.5 Simulations

Recorded angular position data and pendulum force data from two participants randomly

chosen from the young group were used to test the nonlinear controlled model. Participant

specific inertial parameters calculated using Pavol et al. (2002) and de Leva (1996) and

measured anthropometry were used in the equations of motion.

The Nelder-Mead search is a local nonlinear search. As with all searches of this type, the

algorithm is iterative, and to converge on the global (or a physiologically relevant) minimum,

selection of the seed parameters must be based upon prior experience (Nelles, 2005). Here we

considered the postural strategies involved in recovery from large magnitude perturbations.

Runge et al. (1999) demonstrated that as the magnitude of postural perturbations increases,

participants enact more of a “hip strategy.” We assumed that parameters corresponding to

a “hip strategy” include lower penalizing coefficients for the upper body kinematics (q55 and

q66) relative to those values used for the lower body kinematics (q33 and q44). In addition, the

foot kinematics were heavily penalized relative to the lower body and upper body segments

(Table 8.1).

8.3 Results

Before expanding the simulations to represent two perturbations, fitting a single perturbation

was attempted. Using the parameters from Table 8.1, the scalar cost function from (8.20)

reduced from 296.28 to 2.77 in approximately 2000 iterations (Figure 8.3). Most of the
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Table 8.1: Parameter seed and specifications for Nelder-Mead search. A hip strategy with
little foot movement was assumed by enacting a relationship such that q11, q22 � q33,
q44 > q55, q66. Initial Step Size refers to the step taken during the first series of simplexes
based on each parameter.

Parameter Starting Value Initial Step Size
Performance function
q11 (rad-1) 105 103

q22 (rad-1·sec) 105 103

q33 (rad-1) 103 102

q44 (rad-1·sec) 103 102

q55 (rad-1) 102 102

q66 (rad-1·sec) 102 102

Reference angles (for 2 perturbations)
φref (1, 2) (rad) 0.05 0.1
βref (1, 2) (rad) 0.05 0.1

reduction occurred within the first 300 iterations, and then gradually settled into the final

value.
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Figure 8.3: Plot of the scalar cost function versus number of iterations performed by the
Nelder-Mead search. The cost function was based upon the sum of squared error in angular
position across each sample and perturbation.

The optimized kinematic penalties ranged in order of magnitude from 101 to 105 (Table

8.2) and the optimized reference angles were φref = −0.161 rad (−9.2◦) and βref = −0.049

rad (−2.8◦). These penalties and reference angles enabled the simulation to maintain upright
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stance following the perturbation. This is demonstrated by the attraction of the simulated

kinematics toward equilibrium positions close to zero degrees (Figure 8.4).

Table 8.2: Values of the optimized state penalties for a single subject during a single large
magnitude perturbation.

State variable Optimized penalty
θ 72765

θ̇ 333389
φ 7516

φ̇ 13
β 1715

β̇ 537
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Figure 8.4: Simulated and experimental segment angles from a single subject during a large
magnitude perturbation.

When the search criteria were expanded to encompass two perturbations, the solver

minimized the scalar cost function found in (8.20) from 497.67 to 10.98. The model was
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unable to simulate the experimental data with a high degree of accuracy, even showing

unstable characteristics in some trajectories (Figure 8.5).
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Figure 8.5: Simulated and experimental segment angles from a single subject during a series
of two large magnitude perturbations. The simulated data was optimized using a scalar cost
function that included data from both perturbations.

8.4 Discussion

This investigation focused on implementing an interpretable nonlinear neural controller in

a model of the human body to simulate responses to large magnitude postural perturba-

tions. The neural controller generated toe, ankle, and hip torques based upon time-delayed

state-dependent feedback gains calculated using the SDRE. Parameters of the SDRE were

optimized based a Nelder-Mead search, but were unsuccessful at accurately simulating the

experimentally recorded kinematics. This approach was successful at stabilizing the system

with the given parameter seed when considering a single perturbation, but demonstrated

poor stabilizing ability when additional perturbations were included. Regardless of the re-

sults of these simulations, we must note that it is not likely that upright stance is regulated

by an explicit calculation of the Riccati equation within the postural control system. Inves-

tigations of upright stance with and without postural perturbations have had success when
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using this type of control (He et al., 1991; Kuo, 2005, 1995; Qu et al., 2007). The advan-

tage of using these techniques is that much is known about the behavior of these structures

through frequent application in traditional control designs.

Several things may have contributed to the inaccurate results when using SDRE control.

First, it is likely that a set of parameters that more accurately simulates the experimental

data exists. This is due in part to the necessity to supply the Nelder-Mead search with a

good parameters seed. In this investigation we assumed that a hip strategy was used in

response to the large magnitude perturbations, and estimated the parameter seed accord-

ingly. Although the initial parameter seed produced an optimized set of parameters with

kinematics consistent with a hip strategy, the large number of parameters likely provides

many combinations that produce similar strategies. To search the parameter space more

efficiently, a simulated annealing algorithm was also implemented. With an identical para-

meter seed, the simulated annealing arrived at the same set of optimized parameters as the

Nelder-Mead search. This provides assurance that the local minimum was found with the

search, but does not guarantee that this local minimum is also the global minimum.

A second factor to consider is that of cognitive control. There is ample time within the

2.5 second window following the perturbation for cognitive, or descending, control to be

activated and affect the response to the perturbations. The SDRE controls the system in

a purely automatic fashion and has no explicit means of incorporating descending control.

Even though there exists a wide parameter range with which to supply the system (in

this case orders of magnitude from 10 to 105), the parameters remain constant throughout

the perturbation and cannot account for descending motor commands initiated after the

perturbation occurs.

Third, in order to arrange the equations of motion into SDC form, it was necessary

to reduce the nonlinearities in the equations by linearizing some elements. Linearization

essentially introduces error into the system, especially as the state kinematics deviate from

the linear operating region. The SDRE controller, which was based upon SDC equations
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of motion, may have lost some nonlinear components that contributed to the irregularities

represented in the experimental data.

Any dynamical system with more than one state variable has multiple SDC realizations.

This may have had significant effects on the controllability and stabilizability of the system.

Controllability is defined as the ability to drive the system to a desired state within a given

time limit, and is a sufficient condition for controlled stability in linear dynamical systems.

This can be assessed by calculating the rank of the controllability matrix

M =

[
B AB A2B · · · An−1B

]
(8.21)

where M ∈ Rn×m (Kwakernaak and Sivan, 1972). A system is considered to be controllable

when M has full rank (i.e., rank(M) = n). When using the SDRE, the controllability matrix

is state-dependent:

M(x) =

[
B(x) A(x)B(x) A(x)2B(x) · · · A(x)n−1B(x)

]
(8.22)

However, this is not sufficient to guarantee true controllability outside a small neighbor-

hood near the equilibrium point (Hammett et al., 1998). This state-dependency also has

implications on the stabilizability of the SDRE system, a necessary condition for stability.

A system is considered to be stabilizable if the uncontrolled poles of the system are stable

(i.e., poles contain a negative real part). Recently, a method of estimating stability regions

in the SDRE using vector matrix norms has been proposed by Erdem and Alleyne (2002).

However, this method required knowledge of the maximum and feedback minimum gains

across the interested region and was not applicable in this investigation.

Finally, another potentially confounding factor is the addition of time-delay to the SDRE

control. Current SDRE theory does not account for the addition of feedback time-delay, and

further reduces the prospects for creating a stable system. Including time-delay is frequently
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required to create valid models of biomechanical phenomena. However, using tools that

consider the effects of time-delay in dynamical systems are not prevalent in biomechanical

research and have largely been relegated to theoretical mathematicians. Perhaps future

research in postural control will be more successful at solving problems like those encountered

here by drawing on previous research on time-delayed systems.

One approach that holds great promise is to transform the dynamics into the Roesser

state space form (Roesser, 1975) and then solve the quadratic regulator problem (see Appen-

dix C). This approach incorporates the time-delayed dynamics into a hybrid discrete/contin-

uous system that often referred to as a 2D system (Anderson et al., 1986). An optimal control

law called the 2D matrix Riccati equation has be formulated for these equations (Klein and

Ramirez, 2001; Yashiki and Matsumoto, 1998), and may be beneficial to control and identi-

fication of time-delayed systems similar to this investigation. Two main advantages emerge

from this approach. First, uncertainties of controllability would be alleviated since the 2D

matrix Riccati equation satisfies the conditions set forth in the matrix Lyapunov stabil-

ity equations (Agathoklis and Foda, 1989; Anderson et al., 1986; Bliman, 2002). Second,

parameterization of the optimal control problem could allow parameterization and interpre-

tation of descending commands since the optimal control law considers penalties on both

the current and time-delayed states.

8.5 Conclusions

In summary, responses to large magnitude postural perturbations were simulated using a

three DOF model of the human body that was controlled by the SDRE. The model was able

to stabilize a single perturbation. However, the results did not represent the experimental

data with a high degree of accuracy, and the final parameters were not interpreted. Several

sources of error may have contributed to these results that include: 1) an inability to ini-

tialize the optimizing algorithm with satisfactory parameters, 2) the presence of descending
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cognitive control that was not accounted for in the neural controller, 4) inability to ensure

controllability or stabilizability with SDC form and addition of time-delay in feedback. Fi-

nally, a brief description of a possible solution to this problem (and other time-delay systems)

was presented using Roesser state space equations.
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Chapter 9

Study contributions and directions for
future work

Contributions

A series of studies was presented that focused on the recovery of upright stance from sagittal

plane postural perturbations. The first study investigated the effects of localized muscle

fatigue (LMF) and age on balance recovery from a postural perturbation without stepping.

Changes in center of mass (COM)-based measures indicated a decreased ability to recover

from the perturbations without stepping following LMF. In addition, changes in center of

pressure (COP)-based measures indicated an altered postural strategy with LMF that are

compatible with previous findings. This investigation expanded on the experimental basis

of LMF effects on perturbed stance by interpreting the COM- and COP-based measures

alongside each other within the context of balance recovery.

The second study investigated neural control of upright stance during small magnitude

postural perturbations with aging and LMF. The neural controller was identified using a

single degree of freedom feedback-controlled model of the human body. Identified parameters

included proportional gain, differential gain, and time-delay. Robustness was evaluated by

considering the delay margins of the identified system. The identified parameters revealed

that the older population exhibited higher time-delay and a higher differential gain. The

higher differential gain contributed to greater robustness as indicated by the delay margins.

No changes in neural controller gains, time-delay, or delay margin with LMF were found in

either age group. In addition to evaluating the effects of aging and LMF on neural control,

this investigation expanded on current models of upright stance by accounting for the forward
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lean present during upright stance and also with the addition of a novel time-delay stability

analysis.

The third study explored the application of the state-dependent Riccati equation (SDRE),

a method of nonlinear feedback control, to the neural control of upright stance during large

magnitude perturbations. A three degree of freedom model with a movable foot was de-

veloped and controlled with a time-delayed SDRE. The structure of SDRE control allows

meaningful interpretation of the parameters – a property not often available in nonlinear

systems. Although the optimization converged upon a stable set of parameters, the approach

was unsuccessful at accurately simulating the experimental data. Some reasons for this may

include: insufficient choices for initial parameters, cognitive control that was unaccounted

for in the model, linearizations in the state-dependent coefficient dynamics, and the inability

to ensure controllability with the SDRE due to the combination of state-dependent dynamics

and the time-delay.

Future directions

Future directions for this research include developing interventions to mitigate the effects of

LMF on balance recovery. These interventions could be tested in the laboratory; however, it

would also be beneficial to increase the external validity of the laboratory experiments. This

could be accomplished by using tasks performed by workers in high FFH risk environments

and/or creating a virtual environment that provides visual stimuli like those encountered

when working at elevation.

It is also necessary to continue using postural models to gain insight into the neural

controller. Current models contain many assumptions about the sensory dynamics, central

processing, and descending motor control commands. As we begin to understand more

about the neural control of upright stance and fill in these gaps, more complex models may

be developed that have the capability to account for LMF or aging in an explicit manner.
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Appendix A

Laboratory setup
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Appendix B

State-dependent coefficient dynamics

The state-dependent coefficient form used in Chapter 8 is couched in the following format:

ẋ = A(x)x + B(x)u (B.1)

where

x =



θ

θ̇

φ

φ̇

β

β̇



and u =


MT

MA

MH



A(x) and B(x) are called the state-dependent coefficient state matrix and input matrix,

respectively. Coefficients of these matrices were chosen in a systematic manner such that 1)

most nonlinear terms were preserved and 2) creating a sparse matrix was avoided if possible.

The 1st, 3rd, and 5th rows in each of the matrices were populated with zeros and ones so that
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they defined three identity equations on θ̇, φ̇, and β̇ as follows:



θ̇

θ̈

φ̇

φ̈

β̇

β̈



=



0 1 0 0 0 0

· · · · · ·

0 0 0 1 0 0

· · · · · ·

0 0 0 0 0 1

· · · · · ·





θ

θ̇

φ

φ̇

β

β̇



+



0 0 0

· · ·

0 0 0

· · ·

0 0 0

· · ·




MT

MA

MH

 (B.2)

where the dots represent the state dependent coefficients outlined in the following para-

graphs.

First, the equations of motion were decoupled into three acceleration equations. All

products and powers in the equations were expanded, and the individual components of

each term were ordered as follows:

scalar coefficient x cosine operators x sine operators x state variable

When a state variable was present as a simple multiplier on the term, the term was divided

by the state variable and the result was added to the state matrix in the row corresponding

to the proper acceleration equation and the column to be multiplied by the state variable.

When a state variable was not present as simple multiplier, a partial linearization was

necessary to create a state variable multiplier. This was performed on only a single instance

of the sine operator (Table B.1) to minimize the effects of the linearization. After the

partial linearization (and creation of a state variable multiplier) the procedure continued as

described above. The three rows in the input matrix containing state-dependent terms are

populated with the corresponding rows of the inverse state-dependent mass matrix.
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Table B.1: Terms from the acceleration equations to be linearized (if necessary) and used in
the state matrix in the column corresponding to the variable linearized around. The state
variables are arranged in the same column order as the state matrix.

θ θ̇ φ φ̇ β β̇

sin θ θ̇φ̇ sinφ β̇φ̇ sin β β̇θ̇
sin2 β sin θ sin2 β sin (φ+ β)
sin (θ + φ) sin (2β) sin θ sin (θ + φ)

sin (θ + φ+ β) sin (θ + β) sin (θ + φ+ β)
sin θ sin β sinφ sin β sinφ

sin (θ + φ+ β) sin θ sinφ
sin β sin θ sin β sin θ sinφ
sin β sinφ sin2 φ
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Appendix C

Optimal control using Roesser state
space equations

It has been estimated that central feedback time-delays of over 150 msec during the neural

control of balance (Cordo et al., 1994). When modeling time-delayed systems such as this it

is essential that the model to account for the time-delay present within the system in order

to predict the true dynamics of the system. Only in recent years has time-delay gained more

presence become within postural modeling. With it comes its own set of difficulties.

The time-delayed component is often included as an afterthought within the dynamic

formulation via the numerical solver used. To our knowledge, only one investigation has

integrally incorporated time-delay into the dynamics of balance control (Qu et al., 2007),

and Chapter 6 provided the first use of time-delay when considering stability of the neurally-

controlled system.

Typically the solution to the optimal regulator problem with time-delay has involved

solving simultaneous partial differential based on the infinite dimensional Riccati equation,

which is computationally very expensive to calculate (Ramirez, 1994). Yashiki and Mat-

sumoto (1998) proposed a solution to the optimally regulator problem with time-delay in

SISO systems by using a hybrid discrete/continuous Riccati equation. Klein and Ramirez

(2001) expanded this work to encompass multi-input multi-output (MIMO) situations in

addition to multiple time-delays.

In the following sections the Roesser state space form of dynamical equations are intro-

duced. Next, an optimal solution is developed by formulating the hybrid discrete/continuous

Ricatti equation. Finally, a method for solving the problem is presented.
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Roesser state space form

First, the dynamics must be transformed into the contiuous/discrete state space form first

proposed by Roesser (1975). To do this, pseudo-states are introduced that are equivalent to

the delayed portions of the original states. For example, take the SISO system

ẋ(t) = a0x(x) + a1x(t− τd) + b0u(t) + b1u(t− τd) (C.1)

where x is the state variable, u is the input, t is time, and τd is a constant time-delay. The

Roesser state space form of this equation is expressed as the following 2D system

 x1(t+ τd)

ẋ2(t)

 =

 0 a1

1 a0


 x1(t+ τd)

x2(t)

+

 b1

b0

u(t) (C.2)

where x1(t) is the pseudo-state and is defined as the delayed portion of (C.1) such that

x1(t) = a1x(t− τd) + b1u(t− τd) (C.3)

and

x2(t) = x(t) (C.4)

This can be expanded to multivariable systems with a single time-delay such as

ẋ(t) = A0x(t) + A1x(t− τd) + B0u(t) + B1u(t− τd) (C.5)

where x ∈ Rn is the state vector, u ∈ Rm is the input vector, A0 ∈ Rn×n and A1 ∈ Rn×n are

the non-delayed and delayed state matrices, respectively, and B0 ∈ Rn×m and B10 ∈ Rn×m

are the non-delayed and delayed input matrices, respectively. In the Roesser form, this
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becomes  x1(t+ τd)

ẋ2(t)

 =

 0 A1

I A0


 x1(t+ τd)

x2(t)

+

 B1

B0

u(t) (C.6)

where x1(t) is the pseudo-state and is defined as the delayed portion of (C.1) such that

x1(t) = A1x(t− τd) + B1u(t− τd) (C.7)

and

x2(t) = x(t) (C.8)

The state equations can be partitioned into discrete and continuous portions

 x̃d(t+ τd)

˙̃xc(t)

 =

 Ã11 Ã12

Ã21 Ã22


 x̃d(t)

x̃c(t)

+

 B̃1

B̃0

 ũ(t) (C.9)

We define Ã ∈ R(n+d)×(n+d) and B̃ ∈ R(n+d)×m as

Ã =

 Ã11 Ã12

Ã21 Ã22

 and B̃ =

 B̃1

B̃0

 (C.10)

If Ã and B̃ are state-invariant, then controllability can be tested using the controllability

matrix

C̃ =

[
B̃ ÃB̃ · · · Ãn+d−1B̃

]
(C.11)
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Optimal control of the Roesser equations

The optimal regulator problem in this scheme takes the same form as in Chapter 7. The

quadratic cost function is defined as

∫ tf

0

x̃(t)T Q̃x̃(t) + ũ(t)T R̃ũ(t)dt (C.12)

where x̃(t) = [ x̃c x̃d(t) ]T The resulting hybrid discrete/continuous Riccati equation is

ÃT Γ̃c + Γ̃cÃ + ÃT Γ̃dÃ− Γ̃d − [B̃T (Γ̃c + Γ̃dÃ)]T

× (B̃T Γ̃dB̃ + R̃)−1[B̃T (Γ̃c + Γ̃dÃ)] = −Q̃ (C.13)

where

Γ̃d =

 Γ̃1 0

0 0

 and Γ̃c =

 0 0

0 Γ̃2

 (C.14)

the solution to this equation is used in providing the optimal control to the time-delay

delayed system in the familiar form

ũ(t) = −K̃x̃ (C.15)

where

K̃ = (R̃ + B̃T Γ̃dB̃)−1[B̃T (Γ̃c + Γ̃dÃ)] (C.16)

Solving the hybrid discrete/continuous Riccati

equation

When (C.13), the hybrid Riccati Equation, is closely examined we discover two familiar

structures. The (1,1) portion of the equation is the discrete algebraic Riccati equation.
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Likewise, the (2,2) portion is the continuous algebraic Riccati equation, which was presented

in great detail in Chapter 7. The solutions to these equations are well-known (Dorato, 1971;

Dorato et al., 2000).

Once the matrix diagonal portions of (C.13) are solved, the solutions must satisfy the

(1,2) and (2,1) portions. If the solutions do not satisfy the matrix off-diagonal portions,

Klein and Ramirez (2001) have presented a unique method of reweighting the state matrix

Q̃ that satisfies the entire system.

System stability is assured if either

 Q̃ 0

0 R̃

 > 0 (C.17)

or

Q̃ + Γ̃T R̃Γ̃ > 0 (C.18)

where (C.18) is the Lyapunov matrix equation (Agathoklis and Foda, 1989; Anderson et al.,

1986; Bliman, 2002).
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Institutional Review Board approval

127



128



Appendix E

Informed consent
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9/27/2007 1

VIRGINIA POLYTECHNIC INSTITUTE AND STATE UNIVERSITY 

 

Informed Consent for Participants 

In Research Projects Involving Human Subjects 

 

Title of the Research Study 

Project 1 – Effects of Localized Muscle Fatigue on Balance 

Experiment 2 – Balance After a Dynamic Postural Perturbation 

 

Investigators 

Maury A. Nussbaum, Ph.D. 231-6053 – Department of Industrial and Systems Engineering  

Michael L. Madigan, Ph.D. 231-1215 – Department of Engineering Science and Mechanics 

 

I.  Purpose of this Study 
The purpose of this research study is to measure the effects muscle fatigue on balance.  Falls 

from heights are a major problem in both industry and general society when measured in terms 

of human suffering and economic losses.  Muscle fatigue has been recently shown to influence 

balance, and fatigue at the ankle, knee, lower torso, and shoulder are particular concerns because 

they are common during physical labor.  The findings from this research study will contribute to 

the development of practical interventions aimed at minimizing the effect of fatigue on balance 

and decreasing the risk of falls. 

  

II.  Procedures 
A total of 40 adult subjects will be used for the study.   

 

The study will take place in either the Industrial Ergonomic Lab (Department of Industrial and 

Systems Engineering) or the Musculoskeletal Biomechanics Lab (Department of Engineering 

Science and Mechanics).  Upon arriving, you will be briefed of the study protocol, asked if you 

have any further questions, and asked to sign this informed consent form.   

 

During the experiment, you will be asked to perform two main tasks numerous times.  The first 

task will involve you standing still on a force platform.  While standing, you will be gently 

“nudged” numerous times in the upper back or upper chest.  You are to try to recover your 

balance from this nudge without stepping.  Data collected during this nudge will provide the 

investigators a measure of your balance.  The second task will involve you performing exercises 

on a Biodex System (similar to a health club-type exercise apparatus).  The investigators will 

provide detailed instructions on what to do throughout both tasks of the experiment.   

 

You will be asked to complete three experimental sessions, once for a training session, once to 

fatigue your ankle, and once to fatigue your lower torso.  Each of these will be on different days 

separated by at least 48 hours to prevent potential carry-over effects.  Each experimental session 

is expected to take approximately 2 hours to complete. 

 

III.  Risks 
The risks to involved in this study are minimal.  The overall physical exertion required during 

this experiment is not significantly larger than that required during common manual labor.     
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IV.  Benefits 
You will receive no direct benefit from participating in this study.  The scientific community will 
benefit through the additional information that is expected to result from the completion of this 
study.  This information will contribute to fall-related biomechanical knowledge that will be used 
to develop intervention techniques to prevent falls from heights. 
 
No promise or guarantee of benefits has been made to encourage you to participate. 
 

V. Extent of Anonymity and Confidentiality 
The results of this research study may be presented at meetings or in publications.  Your identity 
will not be disclosed in those presentations.  All subjects will be identified based only on their 
unique identifying number.  Only the investigators and students involved in the research will 
have access to these identifying numbers.  The video recordings from this study will be analyzed 
and stored in the labs under the supervision of the investigators.  Some photographs or video 
recordings may be shown to other scientists at the University or at scientific conferences. 
 

VI.  Compensation 

You will be paid $10/hour for your participation in this study. 
 

VII.  Freedom to Withdraw 
Your participation in this research study is voluntary.  Refusal to participate will involve no 
penalty or loss of benefits to which you are otherwise entitled.  You are free to withdraw from 
the study at any time without penalty.   
 

VIII.  Approval of Research 
This research project has been approved, as required, by the Institutional Review Board for 
Research Involving Human Subjects at Virginia Polytechnic Institute and State University. 
 
 
IRB Approval Date: January 15, 2005. 
 
Approval Expiration Date: January 14, 2007.
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IX.  Subject Responsibilities 
I voluntarily agree to participate in this study. 

 

X.  Subject’s Permission 
I have read and understand the Informed Consent and conditions of this project.  I have had all 

my questions answered.  I hereby acknowledge the above and give my voluntary consent: 

 

 

_____________________________________________  _______________ 

Subject signature        Date 

 

 

_____________________________________________  _______________ 

Witness         Date 

 

 

Should I have any pertinent questions about this research or its conduct, and research subjects’ 

rights, and whom to contact in the event of a research related injury to the subject, I may contact: 

 

Principal Investigator: Maury Nussbaum, PhD  231-6053  nussbaum@vt.edu 

 

Co-Investigator:  Michael Madigan, PhD  231-1215  mlmadigan@vt.edu 

 

Chair, IRB:  David M. Moore, DVM  231-4991  moored@vt.edu 
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Appendix F

Data collection sheets

This section includes data collection sheets from the Practice Session (parts 1 & 2) and the

Low Back session. The Ankle session data collection sheets are identical to the Low Back

session except for the following elements:

• The data recording area during fatiguing exercises differs slightly in teh Ankle section

due to different means of recording the maximum voluntary contraction

• The Low Back session contains two additional series of perturbations in the eyes open

and eyes closed conditions
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