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Abstract

Drugs and chemicals applied to the skin surface permeate deeper tissue layers,
and also pass into the body’s systemic circulation by entering blood vessels in the
dermis. Quantitative aspects of the dermal diffusion and capillary clearance processes
are key to the effective development of transdermally delivered drugs, as well as to
risk assessment of chemical exposure in applications ranging from cosmetics and other
consumer products, to protection against biological warfare agents. The present work

addresses three major aspects of these phenomena:

A comprehensive macroscopic transient model of transdermal diffusion is de-
veloped (Chaps. 3 and 4). It specifically accounts for the spatial distribution of blood
vessels (in terms of convection-enhanced volumetric dispersion and clearance coeffi-
cients), and explicitly incorporates transport through deeper tissue. Comparisons
with published experimental results show the manner in which the model improves

upon existing models.

The first steps toward the development of a microscopic model of the dermis are
presented (Chap. 5). The model is based on dermal physiology, and it will encompass
physical processes such as protein binding and hindered diffusion of solute. The end
result will be a framework for correlating and predicting the effective "background”
transport properties (solute diffusivity and partition coefficient) of the dermis, within

the context of the medium in which blood vessels and appendages are embedded.

A new geometrical model is developed to describe the dermal capillary clear-
ance process (Chaps. 6 and 7). The real physiological structure is modeled in terms
of a doubly periodic array of absorbing capillaries. Convection-dominated transport
in the blood flow within is coupled with diffusion outside, the latter process being
quantified using a slender-body-theory approach. Convective transport across the

capillary wall and in the surrounding interstitial space is also considered. The model



accounts for the finite permeability of the capillary wall, as well as for the geometry
of the capillary array, based oﬁ realistic values of physiological parameters. The ulti-
mate outcome is a prediction of the dermal flux (or rate of absorption) per unit area
of skin. Parametric studies quantify the importance of the capillary permeability and

blood flow velocity in the process of the microvascular clearance.
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Chapter 1

Introduction

1.1 Motivation

The study of permeation of, and transport through, human skin has many important
applications. If we consider the vast array of substances with which we come into
contact, we may facilely arrive at the conclusion that skin is a formidable barrier.
However, it became appérent, as early as the late 19th century, that skin is not
absolutely impermeable [324]. In more recent years, this “vulnerability” triggered a
large amount of research [8, 90, 119, 172, 224, 238, 331, 389, 404], motivated by the
quest for effective transdermal drug delivery. The momentum that the transdermal
delivery has gained is considerable. In 2001, 40% of the drug delivery candidate
products under clinical evaluation were transdermal systems, while the worldwide
transdermal patch market is worth ~ 2.£ billion 123]. Given the very limited number
of FDA approved, transdermal drug formulations that exist currently [134, 236], one

can imagine the potential of this industry.

Drug administration through skin offers a very attractive alternative to the
more traditional oral and intravenous routes. Compared to injections, it offers a pain-
less analogue that does not require any assistance to the patient. Compared to oral

administration, it eliminates losses due to gastrointestinal metabolism. Compared to



both of the latter, it has the great advantage of a controlled-release, steady-state pro-
cess that may be sustained for days (165, 178, 341]. However, the optimism stemming
from the potential advantages is counterbalanced by the remarkable barrier properties
of skin [178]. The limitations are considerable; there is a general consensus on that an
effective drug delivery by passive (unassisted) permeation through skin, is restricted
- to small substances that possess “ideal” properties, e.g, high potency and certain
solubility characteristics [23, 134, 341]. Furthermore, there is always the danger of

eliciting an irritant or allergic reaction [178, 236.

We should note at this point the existence of an important branch of trans-
dermal delivery research which deals with the enhancement of drug administration.
This may be done either by altering the (passive) barrier properties of skin, or by
inventing donor formulations/devices that interact in a desired manner with skin.
Thus, research has developed in electrically-assisted transport [295], the most pop-
ular approach being iontophoresis (341}, as well as sonicated transport (ultrasound)
[165] and hydration of skin prior to treatment [23]. Devices that enhance delivery in-
clude highly specialized and complex membranes-patches [178], liposomes that carry
the drug through skin and subsequently release it [23], high velocity particles that

are fired into skin [280], sorption-promoting chemicals that temporarily diminish the

skin’s barrier ability [44], and microneedles [280].

Besides the intense interest in the ways to deliver drugs through the skin, there
Is an equally important interest in assessing, and consequently planning preventive
strategies of, transdermal permeation of noxious substances. The main goal of the
risk assessment field is to determine whether the absorption of chemicals into, or pen-
etration through, the skin can have a local or systemic, toxic effect [272]. Compared
with other ways by which systemic toxicity may occur (oral and/or inhalation expo-

sures), dermal exposure or the percentage of the total exposure that can be attributed



to 1t is not easily measured and probably not so acute. This is exemplified by the
fact that, out of 30,000 chemicals in commercial use, only 275 have a skin notation in
their label, with no quantitative information [272]. The picture is certainly clearer for
substances that are intended to be applied to skin. A good review ([6]) reports a very
long list of topically applied drugs and cosmetic agents that have been proven to have
systemic, toxic, side-effects after their application. Furthermore, dermal exposure to
chemicals may be critical if it has a local effect, i.e., irritation and allergic reaction
[124] and/or it occurs over a prolonged period of time, Le., in a working environment
[219]. Surprisingly enough, even the common bathing/showering has been recently
put under the microscope in order to determine if there is substantial, potentially

toxic, exposure to substances like chloroform [213].

A third area that makes the study of transport through skin important, became
apparent to the general population after the recent events of September 11. The
subsequent attacks via anthrax-contaminated mail renewed the research interest in
protection against biological warfare. Several of the known, potentially weaponized,
viruses and bacteria either enter the human body through skin, or manifest themselves
on the skin. Examples include cutaneous anthrax [71], smallpox, and influenza (both
of the latter being spread respiratory and by skin contact) [70]. Surely, for these
substances the most iinportant aspect 1s the immunological response of the host.
However, these are substances that are transported through skin. Thus, by studying

their pattern of absorption one may be able to invent ways of preventing it.

1.2 The study of transport through human skin

Research in the literature to date has focused on selected aspects of the big pic-
ture of transdermal transport. The leading target of study has been the steady-state

permeability coefficient Py, (or closely related properties) of the outermost stra-



tum corneum (“SC”) layer of skin, which serves as the primary barrier to molecu-
lar passage. A vast body of in vitro experimentation has yielded empirical deter-
minations of Py over wide ranges of permeant molecular structure, species- and
body site-variations in skin type, and permeation conditions. Corresponding the-
oretical studies have produced models for Py taking the form of approximate
correlations in terms of molecular solubility, size/mobility and other parameters
142, 58,172,173, 276, 277, 324, 395]. Microscopic “brick-and-mortar” diffusion models
(111, 120, 147, 164, 197, 224, 365] represent a more mechanistic approach to under-
standing the basis of P/ in SC structure and the physicochemical and transport
properties of its constituent phases. The intercellular pathway through the extracel-
lular lipid (“lipid pathway”) is often regarded as the dominant route for transport,
[5, 45, 112] and emphasized both in corellations (275, 276] and “brick - and - mor-
tar” models {164, 365]. However, strong evidence for parallel transcellular and polar
pathways exists [2, 10, 11, 43, 79, 143, 144, 177, 194, 261, 262, 357, 400, 403], and
such pathways have been included, at least approximately, in some permeability cor-

relations [172, 173, 177, 200, 380, 395, 400].

Although the stratum corneum is the primary barrier, transport processes
occurring below this membrane can dramatically affect transdermal fluxes, as well
as the pharmacologically important local concentration levels. These processes are
operative in in vivo permeation studies in which the outcome of SC permeability is
manifested only in convoluted form [5]. Kasting et al. [172] included a resistance
in series for an aqueous layer below the SC (representing an approximate model for
the epidermal and dermal layers) in their model for steady transdermal fAux. They
concluded that this additional aqueous layer resistance sets an upper limit on the
flux for very lipophilic compounds, which would otherwise be predicted to be very

large owing to high solubility in the intercellular lipid. In addition, experimental



results [188] have shown that, although studies focused on SC adequately predict
the steady-state transdermal flux and the overall skin permeability coefficient, they
underestimate other important parameters such as the half-life of the drug and the
lag time following application to skin. Furthermore, recent experimental findings re-
vealed that the common assumption of a perfect clearance through the bloodstream,
occuring at a certain depth in the superficial dermis, may not be valid, depending
on the solute [215, 233], environmental and pathological conditions (119, 302}, and
cooadministration of vasoconstrictive drugs [35, 47, 237, 338]. The papers cited raise
major questions regarding the role played by deeper tissue layers. These questions
are particularly tantalizing because they arise even in highly simplified representa-
tions where only molecular diffusion (and not convection by capillary blood flow) is
allowed for. The reality of deeper tissue dispersion and clearance processes is likely to
have considerably richer physics, in part because the permeable blood capillaries are
distributed over the volume of the dermis and hypodermis. Moreover, the outcome
of this physics for transient permeation (as opposed to steady permeation considered
in existing models including an aqueous series resistance) is likely to be even more

interesting.

1.3 Overview

There exist numerous physiological descriptions of the human skin; however, most
of them deal with the structure in a qualitative manner. Chapter 2 approaches skin
physiology in a quantitative, coincise, “engineering” way, suitable for providing the
necessary metrics for a practical, modeling attempt. Chapter 3 introduces a new,
whole-skin, non-steady state, transport model in which the processes of diffusion and
blood clearance are treated as spatially distributed phenomena. This model is used

in Chapter 4 for the deduction of dermal transport parameters through the fitting of

(@21



published experimental results on the dermal absorption of salicylic acid. Chapter
5 provides the initial steps toward the construction of a geometrical, physiologically
accurate model that predicts the transport characteristics of the dermal layer. Sev-
eral topics on the capillary exchange field are debated in Chapter 6. A plethora of
quantitative information is reported and key theoretical issues are discussed. Finally,
Chapter 7 introduces a microscopic, theoretical model of the clearance process oc-
curing through the dermal blood capillaries. It is a three—dimensionai, steady-state
model in which capillary-capillary interactions are accounted for, and both diffusive
and convective transport processes are included. Results on the clearance of salicylic
acid from the dermal capillary array show the manner by which this model improves
upon existing models. The way by which the capillary model may be used in conjuc-

tion with a macroscopic representation of skin is also investigated.



Chapter 2

Normal Skin Physiology

2.1 Introduction

The scope of this chapter is to provide a brief physiological description of the nor-
mal (non-pathological) human skin from an engineering/quantitative point of view
with emphasis on the dermis and the microcirculation. Skin is the largest and most
versatile organ of the body, having a surface of ~ 2 m? (241, 294] and totaling more
than 10 % of body weight [302, 401]. It has unique functions since it is our almost

exclusive “contact” with the environment. It :

e Protects from mechanical stresses

e Prohibits entrance of noxious substances.

e Acts as a permeability barrier preventing losses of internal fluid/substances.
e Regulates the temperature via its blood flow and perspiration.

e Senses external signals with its nerves.

e Serves as a food reserve (hypodermis).

Skin has three separate layers that are quite different from each other. The superficial

epidermis may be viewed as a thin cellular wall. The underlying layer is the fibrous

~
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water-based dermis, host to numerous integral structures. The last skin layer is the
lipid-rich hypodermis. It should be noted that there are well recognized variations of
the skin’s “normal” features associated with species, sex, age, nutrition, climate and
a marked individual variability 49, 69, 113, 193, 232, 259, 347, 378]. Also, one should
bear in mind that the skin is a living organ, constantly changing and responding to its
environment. Furthermore, many of the experimental studies that are cited here were
performed ez vivo with techniques that potentially destroy or extract skin moieties
[176]. The reader may consider the herein reported characteristics as quantitative
guidelines but not as absolute limits. However, the following analysis is essential to

a modeling attempt of skin’s functions and properties.

2.2 Epidermis

The epidermis is a highly cellular, avascular, continuous stratified sheet. It consists of
roughly cuboidal cells that are stacked together. The intercellular space is filled with a
“glue substance” [104], suggested to be comprised from a mixture of polysaccharides,
proteins, and lipid-rich secretory products of cells in aqueous sohition [113, 157, 258].
The cells are mostly keratinocytes (at least 80 % [137]), named after the fibrous
keratin proteins which are the end product of differentiation. Other epidermal cells

include melanocytes, Langerhans’ cells and Merkel cells (113, 241, 302].

Its thickness varies with anatomical site; for the better part of the body it is
O(100)pm thick (8, 36, 113, 137, 241, 316, 324] with the exception of palms and soles
where it can be several times thicker [8, 241, 294).

Epidermis is constantly replenished. Keratinocytes are produced at the dermal-

epidermal junction by proliferation, ascend into the superficial layers as they differ-

entiate, and finally reach the outermost layer and die [157, 302, 335]; it takes about



one to two months for all cells to be completely replaced [241, 335].

As keratinocytes differentiate/mature, they experience an orderly succession
of biochemical and structural changes such as water content [113, 125, 383] and shape.
Depending on the stage of differentiation and depth, epidermis is divided into distinct
sublayers [137, 157, 241, 294, 335]: The basal layer (stratum basale), which is a single
row of columnar cells, is the site where cell growth begins. The prickle layer (stratum
spinosum) consists of polyhedral cells and is the thickest of them all; it has a variable
thickness but is usually five-cells thick. The granular layer (stratum granulosum) can
be thought of as the transition from life to death, as the cell characteristics change
and keratin is produced. Some authors report an additional, one-cell thick layer, the

hyalin layer (stratum lucidum,).

The outermost layer is called the horny or keratin layer (stratum corneum)
and has been identified as the principal barrier for skin permeation (8, 137, 294, 324,
325, 368]. It is composed of ~ 15 layers of closely stacked, flattened, lipid-depleted,
protein-enriched, dead keratinocytes also known as corneocytes, each one of them
being ~ 1um thick [222] and 30um wide (241, 294, 302, 325]. The extracellular space
(~ 30 % by volume [8]) is filled with highly ordered lamellar lipids. Some of stratum
corneum’s properties that may explain its low permeability are its low hydration
(15 — 20%), its high density (1.4g/cm?® in the dry state) and its low surface area

available for solute transport [302].

2.3 Dermal-epidermal junction

The cutaneous basement membrane has received attention as a separate, specialized
structure with its own properties [55, 60, 229, 374, 397]. It is a network of intercon-

necting proteins with the main feature being the anchoring fibrils that extend into
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the dermis and are partly responsible for skin’s integrity [60]. Its basic functions are
a) attachment of epidermis to dermis, b) mechanical support to epidermis. It has
also been hypothesized that it may act as permeability barrier for macromolecules
8, 60, 397]. However, 1t is known that Langerhans cells are able to get across during

/
an lmmune response.

2.4 Dermis

The dermis, which may be regarded as the main body of the skin, supports the epider-
mis by providing the necessary nutrients, regulates temperature, pressure, and pain,
and offers structural integrity and elasticity to the whole skin in general. It is a rela-
tively acellular connective tissue, enclosing two separate yet interwoven fiber meshes
(collagen-elastin fibers), extensive microvascular- and lymphatic-vessel networks, a
nerve network, and structures such as hair follicles and sweat glands. The rest of the
space 18 occupied by a complex mixture of proteins and polysaccharides that forms a
gelatinous amorphous matrix named ground substance. Apart from this, there is a
percentage of plasma proteins extravascularly [259] that are originated from plasma
leaks and are probably present inside liquid pools. The dermis varies substantially
in thickness, being the thickest on the back and thigh and the thinnest on the face
[347]; on the average it is ~ 2 mm thick [302, 316, 347]. The water content of dermis

18 550 — 650 mg/g fresh weight [259].

Based on physiological differences, defmis 1s divided in two regions. The super-
ficial one is called papillary, while the underlying one is called reticular. The papillary
dermis is molded against the epidermis forming papillae (approximately conical, fin-
gerlike elevations existing at a number density of O(100)/mm? skin surface [15, 113]
being 0.1 — 0.2mm in height [113]) and thus conforms to the epidermal basal ridges

and grooves [241]. Tt is ~ 100 — 200um thick [137, 324] (or 1/10 of full dermal thick-
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ness [347]) and has a water content of 71% [125]. It is richer in cells, nerves and
vascular vessels [125, 241], and the collagen and elastin fibers are thinner, fewer, and

molecularly different from those in the deeper dermis [137, 158, 241, 347].

The reticular layer has denser fibrillar networks, sparse vasculature and cell
populations, and a proportionately smaller amount of ground substance [241]. The
collagen fiber bundles are aligned with the skin surface, contrary to the ones in the
papillary where they are randomly oriented [241, 316]. Reticular dermis is also drier

(61% water [125]).

Notably, the papillary dermis “invades” its reticular neighbor forming sheaths
around hair follicles, sweat glands and ducts. These extensions collectively go by the
name periadnexal dermis while the term adventitial dermis is used to describe both

the papillary and periadnexal dermis [347].

2.4.1 Collagen fibers

Collagen is the dominant extracellular constituent of the dermis (90 % of the total
protein [270]) (Table 2.1) providing both tensile strength and elasticity. It is very
hydrophilic with an “astonishing capacity to bind and release water depending on
pH, temperature, ionic strength of the surrounding medium” [125]. Experiments have
shown that H»O binds to collagen in two ways; mostly weakly (“swelling water”, 79%

of bonds), and firmly (21%) [125].

Collagen molecules align into a highly precise organized pattern [270] to form
a fibril 15 — 200 nm in diameter depending on location. These fibrils, in turn, are
packed closely with each other (the space between them is similar to, or less than,
their diameter [368]) making the collagen fibers which are predominantly organized

in bundles. Both the fibers and the bundles thereof are larger in the reticular region
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| Fiber diameter(um) [ % Skin weight | % Skin volume | % Skin area | Source ||

1— 35° 0335+46 | [49]
3 — 90° 89.2+5.5

~ 75 137

~ 70° [378]

5 — 30 [115]

~ 25¢

750 18— 30 368]

7094 125]

30 257)

20 [69]

70 — 80% [245]

Table 2.1: Dermal collagen properties; ®dry dermis, ®papillary, ‘reticular, fat-free

[137] and they are slightly [115] or predominately [241] oriented in the plane of the
skin. There are 25 genetically different types of collagen so far identified, 6 of which
are present in skin {374]. The main types are I and III, their content ratio in dermis
being 5 : 1 or 6 : 1. Type I collagen forms the majority of reticular dermis (thick
fibers, diameter 60 — 100 nm) whereas type III makes 10 — 15% of dermal content
(thin fibers, diameter 20 — 40 nm). Type III is enriched in the papillary dermis

[137, 270, 347, 374]

2.4.2 Elastin fibers

Elastin fibers form highly branching superstructures around, but not connected to,
bundles of collagen that are, at least partly, responsible for skin’s mechanical behavior
249]. In reticular dermis there are mature, bandlike elastin fibers whereas in the
papillary dermis the common type is thin immature (oxytalan) fibers [137]. The
fibers have two components: the elastin core which formulates 90% of the fiber and
microfibrils that surround the core [137, 347, 305, 373]. The fibers’ diameter increases
with depth. There is no apparent orientation preference (random network) except in

the dermoepidermal junction region where they are predominantly perpendicular to
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the skin’s surface [81, 374].

| Fiber diameter(um) | % Skin weight® | % Skin volume | % Skin area | Source |

1—2 245]

~0.8 0.75° 378]
~1.75¢ 2.5

2.5 21+11 54129 | 373

1 1 368

27— 14 305

27— 4 1374

1 137]

2 125]

Table 2.2: Elastin fibers properties; *dry dermis, *papillary, ‘reticular

2.4.3 Ground substance

The archaic term “ground substance” is an indication of the difficulty in defining
the extracellular, extrafibrillar, extravascular component of skin. In fact, most of the
information available in the literature to date refers to human cartilage. This difficulty
originally lead to the misconception that since dermis is more than 50 % water, it may
be considered an aqueous well-mixed solution. It has been debated that the fraction
of freely movable fluid is small, found in the form of thin films no more than ~ 0.5 —
1 pm thick (168, 311, 390]. The ground substance is a gelatinous or semi-gelatinous
complex mixture of polysaccharides (glycosaminoglycans) and polysaccharide-protein
complexes (proteoglycans) [125] that have an enormous ability to bind water. There
are also other sugar-containing glycoproteins with properties resembling those of the
plasma proteins [258]. Measurements have showed that ground substance comprises

10% of dermis dry weight [159].

Glycosaminoglycans (GAGs) constitute ~ 0.2 % of the dry weight of skin
[137, 245, 258]. They are anionic polysaccharides (glycan) containing hexosamines

(glycosamino) [333]. The principal GAG is hyaluronic acid (~ 25 mg/100g fresh
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dermis weight [125, 258]) that can exist both free and bound to protein. Other GAGs
include dermatan sulfate, keratan sulfate, chondroitin 4 (and 6-) -sulfate (76, 159, 258,
260]. The combination of GAGs with a protein yields a unit called proteoglycan (PG).
They are large molecules (MW may be more than 10°) consisting of the core protein
and usually numerous (50 or more) GAG chains of various sizes and compositions
that covalently bind to the molecule in a “bottle brush” configuration. PGs, in turn,
may attach non-covalently to a large molecule of hyaluronic acid (O(10%) MW) to
create proteoglycan aggregates of O(10*) MW [76, 333]. These extremely hydrophilic
structures can bind up to 1000 (hyaluronic acid) or 100 (proteoglycan) times their
volume, thus regulating the dermal water content, volume, and compressibility (76,
137]. Other important properties include interpenetration in, and binding to, the
collagen and elastin fiber networks that lead to their immobilization, interactions

with dermal cells, and volume exclusion of macromolecules like leaked plasma proteins

(76, 137].

2.4.4 Cells

Most of the dermal cells can be found in their greatest density in the papillary re-
gion and surrounding vessels. The regular residents of the dermis are fibroblasts,
macrophages and mast cells (125, 137]. The majority of the dermal cells are fibrob-
lasts [193]. They migrate within the tissue producing tissue components such as
collagen, laminin and fibronectin. The second most popular type is the macrophage
(constituting 70 — 85% of the total population together with the fibroblast [15]) that
have a variety of functions including phagocytosis, wound healing and tissue remod-
eling [137]. Mast cells (O(50)/mm? skin surface [82]) are specialized secretory cells
involved in immune responses. Theré are also fat cells , sparsely distributed, with

the total fat content being ~ 25 mg/g fresh weight [113, 259]. Naturally, there are
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also cells associated with the existing vessels such endothelial cells and pericytes
that form/surround the microvasculature, lymphocytes that form the lymphatics and

leukocytes from blood at inflammation sites [125, 137].

2.4.5 Lymphatics

The lymphatic may be characterized as the drainage network that takes away the
“debris” of daily wear and tear in a tissue (241, 312, 326]. Protein leaks from the
blood vessels (mostly in the venular part [313]) along with plasma, and it has to
be removed both for recycling and tissue pressure control purposes [302]. This is
done by the lymphatic system, a tree-like collection of vessels (similar to the blood
microcirculatory/circulatory system) that confines, removes, and eventually recycles
back to the circulation the extravascular plasma leaks working hand in hand with
the macrophages, cell-incinerators of proteins [137, 312]. The importance of the
lymphatics is readily obvious from the fact that 50 — 60% of plasma and ~ 45% of

plasma proteins are leaked daily from blood [312, 313].

Lymphatics in the human skin first appear at the subpapillary dermis (137,
314, 326] while their presence in the dermal papillae has been associated with abnor-
mal skin [312]. These initial lymphatic vessels are cylindrical microtubules ~ 50 pim
in diameter [326, 349] that are composed of attenuated endothelial cells, with a dis-
continuous basement membrane surrounding them [241, 326]. The density of the
network decreases with the depth while the diameter of the vessels increases. Thus,
each part of the system drains into fewer, larger vessels that are equipped with flow

regulating valves [326]. On the average the number density of lymphatic channels is

0.3 — 1.5 per um? [313].



2.5 Hypodermis

The subcutaneous fat has diverse functions. It serves as an energy reserve (a well-
fed person can live without food for many weeks), a heat insulator (although recent
findings suggest that fat can be more of an electric blanket /heat generator than a
simple insulator), and a protective padding since it can absorb mechanical stress. It
also affects the cosmetic appearance of skin since it is directly associated with wrinkles
and lumps [137, 294, 302, 348]. Hypodermal fat is also important in the distribution

and storage of drugs [40, 279].

Hypodermis is bounded above by the reticular dermis and below usually by
deep fascia covering skeletal muscle. It is composed of loose areolar connective tissue
with broad collagen bundles as its structural framework [348] and consists of 30 %
water [125]. The extracellular space contains glycosaminoglycans and glycoproteins

like the dermis [258].

Most of the cells are adipocytes (fat cells) [294]. They are either spherical
white (mature) fat cells enclosing one big fat droplet, or polygonal brown fat cells
enclosing several small droplets. On the average a white cell is 100 pm in diameter

and encloses 0.04 — 0.06 ug of fat [348].

Other subcutaneous structures include some hair follicles, nerves, mammary
glands, lymphatics, some striated muscles and blood vessels with an extensive capil-

lary network around fat cells [348].

2.6 Appendages

There are three primary types of appendages present in the skin: hair follicles, seba-

ceous glands and sweat glands. All of them have a microvascular supply net around
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them.

2.6.1 Hair

Hairs are keratinous fibers that grow out from follicles all over the skin surface except
the palms, soles and lips [241, 302]. There are two kinds: the terminal hair which
may mainly be found in the scalp, and the fine body hair called vellus. Each hair
goes through recurring metabolic stages of growth (anagen), regression (catagen),
rest (telogen). The fiber is comprised from closely packed keratinized cells and can
vary from a few um to a hundred pm in diameter [241]. Most of the hairs originate
from the reticular dermis. They are kept in place by attached smooth muscles that
also erect the fibers in response to fear [302]. On the average, there are O(100)
fibers/cm? [302, 324] with the exception of the scalp where there are approximately

250 hairs/cm?, 60 pm in diameter [106]

2.6.2 Sebaceous glands

These glands are directly associated with hair since they empty through a short duct
into the follicular canal. They can be found anywhere except the palms, soles and feet
dorsum [353]. There are usually ~ 50 — 100/ cm? [241, 302, 353], but there may be as
many as 400—800 glands/cm? on the face and scalp [353]. They are somewhat potato-
shaped with a variable size, ranging from 200 to 2000 ym in diameter [113, 302]. Their
secretion is called sebum. It is a semiliquid mixture of triglycerides, fatty acids, waxes,
cholesterol and cellular remains that is presumably responsible for the lubrication and

protection of skin as well as for the maintenance of a weak acidic pH 294, 302].



2.6.3 Sweat glands

Sweat glands are responsible for one of the most visible skin functions: perspiration.
They can be further subdivided into eccrine glands, which secrete water, and apocrine
glands, which produce the odorous component of sweat [294]. Eccrine glands are by
far the predominant appendageal type in human skin in terms of sheer numbers since
there exist two to four million of them distributed over the body surface (113, 241]
(100 — 200/cm® or 0.01% of the total surface [302]). They consist of two continu-
ous components: a duct in the upper part that ends at the skin’s surface, and the
water secreting site, an underlying coiled ball that is located in the lower dermis or
sometimes the hypodermis (241, 302, 319]. Their secretion is a dilute salt solution

302].

The apocrine glands are generally larger (by a factor of ten) structures, located
deeper than the eccrine glands and usually paired with hair follicles (142, 302]. They,
too, are coiled tubes, limited to specific anatomical regions (armpit and pubic areas)
and they are fewer in numbers than the eccrine glands. They are “scent” glands,
secreting odor components connected with stress or sexual stimulation [294]. Their
straight ducts run parallel with the hair follicle and empty their content in an orifice

of the hair follicle located above the associated sebaceous gland (241, 303].

- 2.7 Dermal vasculature

The skin contains a rich vascular network that provides nutrition for the tissue, reg-
ulates temperature and blood pressure, and participates in wound repair and im-
munological responses [137]. The vessels that exist in the dermis originate from small
musculocutaneous arteries that penetrate the subcutaneous fat and enter the reticular

region.
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‘The geometrical configuration of the vasculature in the human dermis arguably
involves two horizontal plexuses, as suggested by the collective work of Braverman
et al. [50, 51, 52, 53, 402]. The lower one is located near the dermal-hypodermal
junction and gives rise to arterioles and venules that either connect with the upper
plexus or branch into the lateral micronetwork that supplies dermal appendices such
as hair bulbs and sweat glands. The second, substantially denser, plexus marks the
boundary between the papillary and reticular dermis [137], roughly 1 to 2 mm below
the skin surface, and is responsible for providing nutrients that are necessary for the
survival of the avascular epidermis. As the first permeable part of the circulation
that a skin penetrant meets, it is most important in terms of possible vascular clear-
ance of the penetrant. Even though the physiological reality corresponds to a more
randomly distributed microcirculation [313] the concept of two distinct horizontal

plexuses appears to be functionally valid.
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Figure 2.1: Upper dermal microvasculature; Ed epidermis, De dermis, a ascending arteriole, b
descending venule, ¢ terminal arteriole, d terminal venule, e dermal papilla, f capillary loop
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Studies on the architecture of the upper horizontal plexus show a candelabra-
like [313] or better yet an umbrella-like [50] formation (Fig. 2.1). Randomly spaced

ascending arterioles divide into four or five branches that constitute the horizontal

19



part of the network; the terminal arterioles. These in turn lead either directly, or after
subdividing once or twice into other vessels (named arterial capillaries), to the smaller,
thinner part of the microcirculation, the capillary loop. Capillaries are arguably the
only (and surely the most) permeable vessels [86, 252, 255, 307, 405]. The capillary
loop takes a hairpin turn, the better part of which is inside the dermal papillae (ridges)
at the epidermal-dermal junction. After the loop, venous capillaries join with each
other to become postcapillary venules with the descending and grouping happening
in the same manner, but not necessarily in the same numbers, by which arterioles
ascend and divide. Thus, the handlé of the umbrella is the pair arteriole/venule and
the umbrella proper is formed by the subsequent continuous branching, which results
In a majority of postcapillary vessels. There are approximately 8 — 10 “umbrellas”

per mm? of tissue their areas being predominantly arteriolar or venular [50].

The symmetry of the network is partly lost due to alternative routes between
the arterial and venular parts named anastomoses [310, 313]. These randomly dis-
tributed vessels can be quite numerous (up to 5 / mm? [65]) and they may directly
connect an arteriole with a venule, or even the arterial part of a capillary with the
venular one. However, vascular exchange does not normally happen through them
|310]. They can be considered “How regulators” since they smooth the pulsatile low
through several arterioles of various lengths before it reaches the terminal vessels by

diverting blood into multiple peripheral channels [310, 313].

Physiological experiments [149] reveal that apart from the capillary loop there

are no sharp distinctions between vessels of different branching order. That explains

the confusion in the literature about the definitions of these vessels. The walls of

vessels that belong to a different branching order differ structurally. This fact, along
with differences in the vessel diameters, has been used to define [310] the various

vascular segments.



The following table (Table 2.3) reports the internal and external diameters of

the various vessels of the papillary plexus.

] Diameter (pum) | External | Endothelial [| Wall thickness |
Horizontal dermal plexus
Terminal arteriole with elastin 17— 26 7.5—12 1-35
Terminal arteriole without elastin® || 10 — 15 7.5—12 1-3.5
Arterial capillary 10 — 12 4—-6 2-3
Venous capillary 10 — 12 4—-6 2-3
Postcapillary venule 18 — 35 10 - 15 3.5—=9

Table 2.3: Vascular vessels diameters [52]; ¢ the gradual disappearance of elastic fibers signals the

beginning of the capillary bed.

2.7.1 Capillaries

In general, there are three types of capillaries in the human body, continuous, fen-
estrated and discontinuous, with the presence of fenestrae and/or large open gaps
being the distinctive feature [33, 235]. Continuous capillaries, especially the ones in
skin and skeletal muscle, are the least permeable [235, 271]. Other organs having
continuous capillaries include the cardiac muscle, brain, and lungs (33, 52, 235, 253].
Fenestrae are small circular openings, “membrane-bounded circular discontinuities
mn the body of an endothelial cell [253]. They have been connected with increased
capillary exchange [52, 149], and they can be found in the renal glomeruli, pancreas,
intestines, endocrine glands, kidney etc. (33, 51, 64, 253]. Discontinuous capillaries
allow the passage of erythrocytes in and out of the systemic circulation through their

large gaps; they can be found in the liver and in the lymphatic organs [33].

A capillary can be considered as a bent cylinder with its venular part being
slightly wider [65] both internally (lumen diameter) and externally (outside diameter)
(Table 2.4). Other studies [74] yielded a luminal diameter of 5.4 + 0.1 for the foot

and 4.4 £ 0.2 for the hand. Measurements of the length of the papillary loop range



| Diameter (um) | Lumen | Endothelial H External { Wall thicknesﬂ
Ascending limb 5—17.5 [52] 8 — 12 [52] 1-2152]
(extrapapillary) ~ 2 [149]° ~ 5 [149] ~ 7 [149]
5— 7.5 [313] 8 — 12 [313]
Intrapapillary loop 3.5—61[52] || 7.5—10[52] | 0.24 — 1.5 [52]
3.5 — 6 [313] 7.5 — 10 [313]
Descending limb 6—10[52] | 10—17[52] | 1.5 3.5 [52]
(extrapapillary) ~ 3 [149] ~ 7 [149] A~ 12 [149]
6 — 10 [313] 10 — 17 [313]

Table 2.4: Capillary segments diameters; ¢ values extracted from a graph.

from 150 to 500 pm [52, 310, 402].

The capillary bed in the papillary dermis resembles a more or less periodic
structure where capillaries are perpendicular to the surface of the skin [52, 313] but
“slight twisting and slanting is not uncommon” [313]. There is usually one capillary
per papilla [51, 52, 65, 137, 313} and their surface density is by various accounts ~ 50
[74], or 50 [297], or 60 to 70 [313] capillaries per mm? of skin surface. One capillary
loop supplies 0.04 —0.27 mm? of skin surface, and the average distance between loops

is 50 — 100 pm [313].

The structure of the capillary wall differs considerably from the other parts of
the microcirculation. Internally, the capillary consists of a single layer of elongated
endothelial cells [33] and it is devoid of smooth muscle cells and elastic fibers. Instead
there is usually a single cell (pericyte) with circumferential arms that encircle the
endothelial tube [51, 402] (Fig. 2.2). The basement membrane material that composes
the external vascular wall is homogeneous for the most part but becomes multilayered
at, the extrapapillary descending portion [52, 149, 402]. In a transverse section there
are normally two or three endothelial cells [313] resembling “lightly fried eggs rolled
over to form a tube” [310]. The cells are attennated [52, 253] with their cell wall being

0.2 t0 0.7 pm [52] or ~ 0.25 pgm [253] thick in regions where the nucleus is absent.



At the apex of the loop the cells are extremely flattened and can be as thin as 10 to

40 nm [50, 52].

Figure 2.2: Capillary cross section; a lumen, b endothelial, ¢ external

There are two specific structural characteristics of the capillary wall that re-
quire attention because they have been linked with the high capillary permeability.
These are the plasmalemmal vesicles (Sec. 6.2.5) and the intercellular junctions (Sec.
6.2.1). The former are small spherical vesicles in the cytoplasm of the endothelial cells
that appear either individually, or as parts of a chain of fused vesicles. They usually
have one of their sides opened to either the blood or tissue front. The maximum den-
sity of these vesicles has been observed in the capillary endothelium [253]. Recently
other structures have been suggested to contribute in transendothelial transport as
well [33]. As far as intercellular junctions are concerned, they progressively became
synonymous with the interendothelial clefts of slit-pore theory [235, 263, 371] even

though physiology does not necessarily agree with pore equivalency [253].

[\
Lo



2.7.2 Rat/mouse capillary parameters

Due to the inability to obtain necessary physiological Jtransport details by studies on
human subjects, extensive experiments have been performed on various animals such
as c‘ats, dogs, rats, rabbits, pigs and monkeys, even though there exist interspecies
differences in general [232] and circulatory [22] physiology or in capillary permeabil-
ity [271]. Be that as it may, rats/mice have been commonly used in microcircula-
tion/capillary physiology experiments [22, 29, 148, 155, 167, 220, 288, 309, 356]. Table

2.5 summarizes selected capillary parameters:

| Property(units) | Subject®/area | Value | Source |

Diameter(um) (hr/hr)/ear 57+1.3 [22]
Wistar / pad 4-11 [155]

(hr/hr) / ear 48+0.2 [220]

Wistar / hindlimb ~ 4.8° [309]

Length (um) (hr/hr) / ear 161 +5 [220]
Functional density®(cm™!) (hr/hr) /ear 243+ 16.1¢ [22]
Wistar / hindlimb 108.9 +£3.3 [309]

(hr/hr) /ear 745+ 3.7 [379]

Functional volume® (ml/100g) || Wistar /hindquarters’ | 0.375 = 0.065 [167]
Surface density(# /mm?) WKY /back 9242 [288]
Surface fraction? WKY /back 0.064 +0.01% | [288]
Erythrocyte velocity (mm/s) (hr/hr)/ear 0.06 £0.03 (22]
Wistar / hindlimb 0.1-18 (309]

Blood velocity (um/s) (hr/hr) / ear 19245 [220]
Blood flow velocity (pl/s~1) WKY / auricle 28-35 [148]
(hr/hr) / ear 3.6+0.3 [220]

Wistar / hindlimb ~ 15° [309]

Table 2.5: Rat capillary parameters; ¢ type of rat/mouse; *value extracted from a graph © total
length of perfused capillaries per unit area; ¢ hair follicles’ capillaries probably included; “volume of
capillaries that allow exchange across them per umit weight; / includes muscle and fat besides skin;
¢ area of capillaries per area of tissue.

2.7.3 Blood

Blood is a non-Newtonian fluid, a suspension of particles in a complex aqueous contin-

uous phase. Its non-cellular part, called plasma, is a protein suspension that has been
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known to behave as Newtonian fluid [343]. It is comprised from 91% water and 7%
proteins of which 55% albumins, 38% globulins and 7% fibrinogen. The most common
cells that plasma carries (97%) are red blood cells (RBCs), or erythrocytes. Their
- volume fraction in blood is called hematocrit and is normally 42 — 45% [75]. There
are 4.5 — 6 10° RBCs / mm® blood. On the average there are 4 — 6 1 blood /person
out of which 52 — 62% is plasma and 38 — 48% cells. Blood is 3 — 5 times more
viscous than water and has a pH equal to 7.35 — 7.45 [75, 321]. Its average velocity
is 0.68 — 3.87 mm/sec in arterioles, 0.23 — 1.48 mm/sec in capillaries and 0.32 — 1.21
mm/ séc in venules. Other researchers measured 0.65 4 0.3 mm/sec for capillaries at

an average skin temperature of 30.4 & 2.3°C [313].

2.7.4 Thermoregulation / capillary recruitment

Skin blood flow plays a vital role in the thermoregulation process that is responsible
for maintaining normal body temperatures. Under extreme conditions of hyperther-
mia/exercise, skin blood flow can reach 6 to 8 I/min (60 % of cardiac output), while
with exposure to extremely cold environments, it can be practically 0, thus minimizing
heat transfer to the environment [67]. Under resting conditions and in thermoneutral
environments the flow is approximately 250 ml/min [67]. Several factors influence
the thermoregulatory response of skin. These factors include acclimation, exercise,

fat percentage, total skin surface area and mass, clothing, individuality [145].

It is a well known fact that the skin’s nutritional needs could be satisfied

with far less than the available microcirculation. At any given time, the numbers of

existing and perfused capillaries differ considerably. It seems that skin has a reserve
of capillaries that can be used if needed. Recent studies on the human foot [195]
suggest that there are 37.1 capillaries/mm?, out of which 18.1 capillaries/mm? or

54.2 % are perfused. Similar studies in skeletal muscle [328] indicate that there are
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52.6 capillaries/mm? out of which 38.8 capillaries /mm? are perfused.



Part 1

Macroscopic Transport Studies



Chapter 3

A Whole-Skin, Transient Diffusion
Model

3.1 Introduction

This chapter develops a skin transport model that Improves upon existing mod-
els in several ways. It addresses transport in every skin layer unlike the common
approach of including only the epidermis and the portion of the dermis that lies
above the capillary plexus. Thus, the model is suitable for quantifying subsurface
concentration levels [215, 298] for a wide class of agents designed to have a local
(non-systemic) effect, for instance to treat dermal infections/diseases 126, 199, 352]
and burn wounds [77], or to induce local anesthesia [4, 325]. It is also particu-
larly suitable for drugs that are not completely cleared by the upper dermal vas-
culature. This may occur for a variety of reasons such as the nature of the drug
(215, 233], co-administration of vasoconstrictive agents [35, 47, 237, 338], or environ-
mental/pathological conditions [119, 302]. On the other hand, the model is capable
of predicting undesirable topical or systemic concentrations [6] that follow the ap-
plication of, or exposure to, a plethora of substances such as pesticides [114], insect

repellents [110], fragrances [124], toxins and viruses [70, 71]. The real power of the

model lies in the fact that it treats the processes of diffusion /dispersion and clearance
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in the same way that these processes occur in vivo - as spatially distributed phenom-
ena, the nature and intensity of which depends heavily on depth. This treatment
1s more realistic than that offered by pharmacokinetic models that lump these pro-
cesses in well-mixed layers or compartments [46, 78, 80, 88, 135, 136, 212, 239, 242,
282, 283, 292, 320, 329, 337, 339, 364, 365, 376, 380, 394], or models that assume é,n
artificial, perfect-clearance boundary condition at a certain depth within the dermis
120, 38, 73, 111, 135, 136, 138, 144, 169, 185, 186, 189, 190, 216, 323, 329, 364, 366, 367|.
For this reason, it also has the potential for better prediction of rates of transdermal

drug levels to the systemic circulation.

The analysis to follow addresses the general case of transient one-dimensional
penetration from a finite dose. Thus, it is formulated in terms of independent variables
z (vertical distance, taken as zero at the skin surface and negative below) and ¢ (time
following drug application). Penetration from an effectively infinite dose (providing
a constant concentration at the surface) or steady state penetration represent special
cases to which the model can be applied, serving as checks on the analysis. Although
the focus of the present work is on deeper layers of the skin, the stratum corneum
Is explicitly accounted for as an interface imbued with a mass transfer resistance
reflecting its barrier properties. Clearance through the vasculature is considered to
be present in both the dermis and the hypodermis. It is a known fact that most
of the clearance occurs in the upper capillary plexus [86, 252, 255, 405], but it is
also known that the other parts of the vasculature have an arguably less yet existing
permeability that may potentially be important for the fraction of the drug that

“escapes” the capillary plexus and continues to diffuse in deeper layers [307].



3.2 Model formulation

3.2.1 Governing equations

Fig. 3.1 shows the simplified representation of structure and the notation used to de-
scribe the three layers of skin considered. They are distinguished by subscripts “ed”
(epidermis), “de” (dermis) and “hd” (hypodermis) affixed to solute concentration
variables ' as well as to all physicochemical properties. Key among these properties
is the effective diffusion/dispersion coefficient. For the epidermis this coefficient (Deg)
quantifies molecular diffusion through the heterogeneous microstructure, whereas for
the dermis and hypodermis (Dge, Dyq) it is likely to reflect some additional effects
of convective dispersion due to blood flow through the microvasculature. Vascular
clearance (effective disappearance of drug into the systemic circulation) in these lat-
ter tissue layers is characterized in terms of volume;average clearance rate coefficients
(kde, kna) having dimensions of reciprocal time. The diffusion/dispersion and clear-
ance coeflicients are all in principle z-dependent because of variations in the number
density of capillaries with depth. Each layer is also characterized by a partition co-
efficient K,/ (a = “ed”, “de” or “hd”) reflecting drug solubility therein relative to

aqueous solutions (“w” for water).

Within this framework, the equations that describe the one-dimensional, tran-

sient dispersion-clearance process are:

OCea D 0 Ceq

It ed 5 t>0, —heg <z<0, (3.1)

0C e 0 aC e ; g
a; _a_z. (Dde——azd ) — kdecdea t > O, —'hde <z < -/"ed: (32)

OCha 56)_ (th OCha
2

o1 Ep ) — kth’hd, t> 0, _hhd < 2z < —hge. (53)
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Figure 3.1: Definition sketch for the skin transport model

In Eq. (3.1) it is tacitly assumed that Dy is uniform, but in the deeper tissue layers

spatial variations are allowed for in the corresponding dispersivities Dy, and Dy .

The PDEs in each tissue layer are coupled through the boundary conditions
that impose the requirements of a partitioning equilibrium and continuity of flux at

the interfaces between them :

Doy (Bgzed> - (KCVIW _ chjw> 2=, (3.4)
Des (fj) - D, (fjﬂ | 2= —h, (3.5)
Kijiw = Kijjw’ 2= ~Neg, (3.6)
Dae (%}‘) = D (ag:‘“d) z = —hge, (3.7)
Cha  Cue . (3.8)

Cha = 0, 2= —hpq. (3.9)
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Egs. (3.5) and (3.6) apply to the epidermal-dermal junction, and Eqs. (3.7) and (3.8)
to the dermal-hypodermal junction. Eq. (3.4) couples the donor solution concentra-
tion Cyo with the epidermal concentration immediately below, between which exists
the SC barrier, which enters the model through a permeability coefficient P/, . In
this treatment, the SC acts as an interface of negligible thickness characterized at
all times by its steady state permeability. Thus, lag time within the SC itself is
not addressed. Eq. (3.9) expresses the assumption of perfect clearance (or negligible
drug concentration) at the bottom of the hypodermis, or else effectively no transport

beyond this point.

For an infinite-dose application Cy, is simply a constant. The case of a finite
dose can be treated through the introduction of an additional equation that describes

drug depletion through the donor formulation.

The initial state is one in which the skin is drug-free at the time of application

Coq = Cge = Cpq = 0, t=0. (3.10)

3.2.2 Dimensionless formulation

All (vertical) positions and length parameters are made dimensionless using a char-
acteristic length h, = 100 pm (chosen as a round number of the order of magnitude
of the thickness of epidermis). Dimensionless quantities are distinguished with a hat

(“77) affix. Thus, we work with a dimensionless coordinate and lengths :

2 = z2/hg; hy = ha/ho, a = “ed”, “de” or “hd”. (3.11)

In-tissue diffusion coefficients are made dimensionless with a characteristic diffusivity

D, = 107" cm?/sec (representing the order of magnitude of a small-molecule, liquid-
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phase diffusivity). Thus :

D, = D,/D,, a = “d”, “de” or “hd”. (3.12)

A dimensionless time is defined in terms of the diffusive timescale associated with he

and D, as

i = tD, (3.13)

ho?

The characteristic values h, and D, also figure in dimensionless versions of clearance

rate coefficients and SC permeability coefficient:

ko = kaho/Dy, a = “de” or “hd”, (3.14)

Psc = (PSC/W]I’O)/DO' (3)15)

Dimensionless concentrations are defined by :

CA"& —_ Ca/co, a = “ed”, uden or “hd”. (8)16)

where C, = 107% moles/cm?® represents a typical drug concentration in the donor

solution.

For numerical purposes, the dimensionless position coordinate 3 is expressed

in terms of a new independent variable ¢ as :

2 = F( (3.17)

where the function F (defined in Sec. 3.2.4 below) allows for selective refinement

of the computational mesh with depth. It is designed such that ¢ € ]0,1], with the
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epidermal/dermal and dermal/hypodermal interfaces respectively occuring at ¢ = 1/3

and ¢ = 2/3.

The resulting dimensionless system of equations is:

}, t>0,

aéed
ot

aé'de
ot

8C,

ot

_ F(¢) 8Ceq
a¢z  FQ) o¢

—

 F(Q) 9Cu,
a2 T F) &

2 0D g. 8Cy,

_ F"(¢) 8Cha

? 9Dypq 8Cha

Cha

0<(< =,

1 9
_< _,
3<6<3

(3.18)

(3.19)

(3.23)

(3.24)

(3.26)

(3.27)



3.2.3 Numerical scheme

The preceeding system of equations is solved numerically by applying a finite-difference
formulation for the spatial dimension. This approach is based on replacing the deriva-
tives in Egs. (3.18) - (3.27) with finite difference approximations thereof. These finite
differences, generated through the discretization of the depth variable, describe the
change of the concentration occuring over small depth intervals (of thickness 1) that
are defined by two adjacent discrete points (grid points). These grid points are be-
ing denoted with an additional subscript/counter () that ranges from 0 to nyy (the
number of discrete points until the end of hypodermis). The number of grid points
for the epidermis and dermis is neq and ng, respectively. Collectively, these points
constitute a depth mesh, the spacing of which is controlled by the mesh function (F),

described in the next section. Thus, Egs. (3.18) - (3.20) are transformed into

DCoa ; - P < 1 )2 Codiy1 — 2 C'ed,i + C'ed,i-1 _ F'(¢) Coaigr — Oed,i—l
ot A\ FO) h2 F (O 2 h ’
Voo 1<i<meg—1, (3.28)
ICes _ P ( 1 )2 Caeisr —2 Caes + Ciei1 _FQ) Caeit1 — Caei1
ot ©\F0) B2 F1O) 2h
1 2 8l§de éde,i+l - éde.i—l > A
- (rw) % ( zho ) G
Y ned+1<i<nde—1, (3.29)
OCha.; — Dy ( 1 )2 Chair1 — 2 Chas + Chai1 _FO Chais1 — Cha i1
ot CAF(O) 2 F(C) 2h
1 \?0Dng Chir1 — Chaio1 s 4
+ (}-'(C)) ac < 5 ~ knaChai
Yoo Nget+1l<i<npgg-—1. (3.30)



The boundary conditions are treated somewhat differently. Had the usual
upwind finite difference approximation been used, the numerical error for the BCs
would have been O(h), whereas it is O(h?) for the PDEs. This difficulty was overcome
by considering Taylor expansions for the concentrations near the grid point at each
interface. For the boundary condition that incorporates the SC, the expansions used

pertained to the two grid points immediately below the interface:

A . oC, 1 &2C. N
Caep = Caop+(G— ) a;’o +5 (G- 6)’ ac;"’ o, (33D
; - 0Ceq,0 1 2 0%C, N
Caen = Caep+ (G = () 62 3 (G — Co)2 —ag—;’—o + .. (3.32)

By considering a linear combination of these eqautions and by neglecting the higher

order terms :

. ] aC,
Cheg —4Ca;1 = —3Cqe0—2(¢1 — () _a—g"g
OCetp _ —3Caeg+4Cuey — Caen
¢ 2(¢1— <o)
_ —Béde,o -+ 4C’de,l - éde,Z () ‘.)‘,)>
Q}L J. I
Since
@éed 0 " f)sc ( ésol CA’ed 0 )

LA O — d 3.34
ac ( >Ded Ksol/vv Kde/w ( ° )

we then have:

A - 2]7']:./(0)(PS(:CAYSOI)/(Deszol/vO - 4CAfde,1 + CA’de,2 o .
Ced,O - ~ ~ (055>
2hf/(0)Psc/(DedKed/w) -3

The same methodology is used for the other boundary conditions where Tay-

lor expansions were considered for four grid points (two below and two above the
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respective interfaces). This results in the following equations:

~

C’ed,nm _ Dea (4éed,ned_1 - Ced,ned_2> + Dye (4éde,ned+1 — éde,ned+2)’ (3.36)

~ ~ K, e/w
3 (Ded + Dde Kjd;w>

~ l/jed <4é’ed,nednl - éed,ned_z) + Dde (4Cde,ned+l - Cd&,ned+2) o .

Cien,y = 7 Ruim , (3.37)
3(Dae+ Dua 7o)

~ -bde (4éde,nde_l - éde,nde_z) + bhd <4C’hd,nde+l - éhd,llde+2) 5 9

Ode,nde - R (D N D thd/w) ) (0.08)
0 de hdm

. Dye (4Cde,nde_1 - Cde,nde_z) + Dypg (4Chd,nde+1 - Chd,nde+2> .
Cray, = - (3.39)

: - A Kde/w)
31D
3 ( hd + De Roa/w

The model has the flexibility of two options for the boundary condition at the
end of hypodermis. The first one is a zero concentration (perfect sink) and the second

is zero derivative of the concentration:

Codpyy = 0 (3.40)

C' _ 4Chd,nhd—1 B Chd,nhd—z
hd,npg

3.2.4 Mesh function

The derivation and the specific properties of the function that was nsed to generate
the mesh for the numerical formulation is shown in Appendix A, while F 1g. 3.2 shows,
in a qualitative way, how this refined mesh function allows for different concentrations

of node points in different regions of the skin (more where the permeant concentration

18 likely to exhibit rapid spatial variations). The mesh function was found to be :

(%)
-1
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Figure 3.2: The mesh function F({). The mesh function generates small intervals for the depths

where there is an abrupt change (around the interfaces between the different skin layers) and large
intervals for the depths where there is a smooth behavior

FQ) = —0.96¢~ =X {1 1 exp [2 (%@%)H _

B 62;7 . {1 t o [2 (42;6%2)} } 49 10-° (3.42)
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Chapter 4

Application of the Model -
Analysis of Experimental Results

on Dermal Penetration of Salicylic
Acid

4.1 Introduction

The skin transport model described in the previous chapter involves transport, clear-
ance, and partitioning parameters as inputs. Either these parameters must be mea-
sured or estimated to make predictions about penetration behavior; or else the model
might be used to deduce values of one or more of these dermal parameters by fitting
1t to measurements of dermal drug distribution. Here we adopt the latter view with
reference to a particularly interesting study by P. Singh and M.S. Roberts [336] on
the transdermal delivery of salicylic acid in rat skin. While the focus of their work
was the comparison between passive and iontophoretic diffusion through skin, they
reported a series of valuable results including the percentages of the initial dose found
in skin strata in vivo after two hours of passive diffusion through epidermis-free rat
skin. The usefulness of these results lies in the fact that the experiments were per-

formed a) in vivo, i.e., with the microvacular clearance process being present, and b)
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after the removal of the stratum corneum and viable epidermis barriers, allowing the
mass transfer resistance of the dermis to be measured. Our goal is to use these data
to estimate the orders of magnitudes that the effective diffusivity Dge and clearance

rate coefficient k4. in the dermis must have.

We adopt a two-pronged approach to analyzing the exberimental situation. A
simplified description in terms of steady-state reaction-clearance within the dermis
is used to derive rough estimates of Dy, and kge. Thereafter, a more comprehensive
steady state analysis and the full computational model of Chapter 3 are applied to
support the preliminary estimates and more particularly, predict the distribution in
skin with an intact epidermal barrier. The general scheme by which the model (simple
or elaborate) may be used to deduce dermal parameters from data on cutaneous drug
distribution is illustrated in Fig. 4.1. By following this methodology, one is able to
derive the transport/clearance coefficients by simulating experimental results, and

consequently quantitate transport through whole-thickness skin.

Since the experimental data considered salicylic acid, a brief review of this
drug is given below, including the binding of salicylic acid to serum proteins, which
1s potentially important. A discussion of other models in the literature is postponed

to the Discussion (Sec. 4.5) in order to provide adequate context to assess them.

4.2 Salicylic acid

Salicylic acid (SA) is a well known topical anti-inflammatory and keratolytic agent
used for a variety of skin disorders/diseases such as warts, psoriasis, ichthyosis, and
acne (95, 199, 208, 345]. It can be found in over 80 topical preparations [208], and -
according to FDA regulations - it can be present in over-the-counter formulations at
concentrations below 2 % (w/w) [95]. It’s IUPAC name is ortho-hydroxybenzoic acid

(Fig. 4.2).
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Figure 4.1: Methodology for the skin transport model

Salicylic acid is a small lipophilic molecule that is essentially ionized (to its

anion, salicylate (SA™)) at physiologic pH (7.4). Thus the acid base equilibrium
SAH = SA- +HT (4.1)

is shifted completely to the right. This fact has a profound effect in its partitioning
into (solubility in) skin layers [210, 327]. Some of its experimentally determined
properties are listed in Table 4.1. The molecular diffusivity of SA, which figures in
the subsequent analysis, was determined at 37°C in both water (subscript “w”) and
octanol (subscript “oct”) with the Scheibel equation as described in Reid et al. [287]

(Appendix B). The diffusivities are included in the table.
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Figure 4.2: Structure of salicylic acid

Property Value References
MW (g/mol) 138.12 | [248, 334]
PK, 2.97, 13.0 | [248, 334]
Solubility in water (mg/L) | 2240° [334]
Log(Koct/w)’ 2.21 [201
Log(Koii/w)¢ 1 [201
D,, (cm*/sec) 1.1510°° 1287]¢
Do, (cm?/sec) 0.39 107 287]¢

Table 4.1: Properties of salicylic acid; ¢ at 25°C; ® octanol/water partition coefficient; © vegetable
oil/water partition coefficient; ¢ estimated.

4.2.1 Binding of salicylic acid to serum albumin

A key issue in the transdermal delivery of salicylic acid is its documented binding
affinity for serum proteins, and most importantly serum albumin [88]. The binding is
substantial, and it may potentially alter the pharmacological effect of the drug and its
transport and partitioning properties. Therefore, careful review of this phenomenon

is pertinent.

Serum albumin is a medium-size protein (MW =~ 67,000 Da [146, 372, 398])
having a blood concentration of ~ 50 g/L [63, 372, 398]. As a result of the plasma
leakage from the capillaries [372] that feeds the lymphatic system (see Chap. 2),
approximately 60 % of HSA (human serum albumin) is extravascular in the body

(63, 146]. The total concentration of HSA in skin is about 40g in a 70 kg man, or
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7.7g/kg skin. HSA is the major plasma protein (50 — 60%) [372] and the major
contributor in the normal colloid oncotic pressure (75 — 80%) . It is a highly water

soluble protein with a net negative charge at physiologic conditions [179, 372].

Serum albumin possesses a remarkable ability to bind reversibly to both cations
and anions. It binds to lipophilic molecules through hydrophobic interactions at its
hydrophobic pockets. This protein has been engineered by God or evolution to trans-
port a wide range of endogenous substances such as fatty acids and lipids, hormones,
trace metals, enzymes etc. It is safe to assume that if any substantial binding occurs

between drugs and serum proteins, it involves serum albumin [63, 179, 372, 398].

Experimental data on the binding of SA (drug) to HSA (protein) are available
from a plethora of sources (1, 32, 56, 57, 88, 98, 151, 181, 182, 191, 230, 355, 375, 377].
In some of these studies [1, 32, 56, 181] experimental data from equilibrium dialysis
of SA between aqueous buffer and protein solution compartments were fitted with a

two-independent-site model of the following form :

k
with
¢y = bound drug concentration
C, = protein concentration
n; = number of binding sites in the ith class of sites
K. = association constant for the ith class of sites (M—1)
Cy = free (unbound) drug concentration

This Scatchard model accounts for the combination of specific binding in discrete
locations on the protein with a high affinity, with specific binding in another class of

discrete locations with lower affinities and for greater numbers of ligand molecules.
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Another approach seen in the literature [355] involves the distinction of binding
to specific sites obeying the law of mass action according to Eq. (4.2), and non-
specific, low-affinity binding dominated by an unlimited binding capacity of the drug

and obeying partition-like interactions :

g—: - DS sk, (43)
with

Cy, = bound drug concentration

Cp, = protein concentration

n = number of specific binding sites

K, = -association constant for specific binding

K,y = association constant for non-specific binding (similar to partition coefficient)

Cu = free (unbound) drug concentration

Thus the second Langmuir-type term in Eq. (4.2) is replaced with a partition-like
proportionality. Yet another approach involves a fitting model where the sites of
different binding classes are dependent of each other [57]. The actual model used for

fitting depends on the form of the data [398].

Table 4.2 contains the aforementioned binding parameters from the literature.
There is an obvious and considerable scatter in these data that can be partly explained
by different experimental conditions, different kinds of albumins used, different ligand
concentrations, and different fitting procedures. Be that as it may, the high-affinity
association constants fall in the range from 10% to 108 M~1, reported to be the typical
one for most binding ligands [63]. There seems to exist a general consensus on that
the SA - HSA binding exhibits no signs of saturation and that the binding with HSA
is extensive [1, 98, 179, 375], and in the order of ~ 95 % (1, 89, 98, 182]. The low-

affinity sites are probably not that important due to the usually low drug dosing levels
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that are not high enough to populate these sites [98].

As far as interspecies comparisons are concerned, an experimental study in-
volving 6 different mammals has shown that there are “genuine species differences”
[191]. The results of this study indicate that binding of salicylate in rat and dog falls
“into a clearly differentiated group having a lower proportion of salicylate bound”.
They found that only 39 % of salicylate binds to plasma and 34 % specifically to
serum albumin extracted from plasma (averages of three measurements with three
different salicylic acid concentrations) in rat. Another equilibrium dialysis study
with rat plasma [337] (with lower SA concentrations) yielded a 60 % fraction of the
drug bound. These results are quite important in the present study since the model

was implemented by analyzing rat skin permeability data.

There are also two reported ez vivo studies on the impact of SA-serum albumin
binding to skin transport. They involve experiments with rats hindlimbs where the
circulation was bypassed and a perfusate (containing 4 % bovine serum albumin)
instead of blood was allowed to run through the local circulation. The epidermis
and hair were removed prior to the solution application. In the first one ( [88]) the
authors demonstrated that binding results in lower SA tissue levels (and a faster
elimination half-life) due to a more effective systemic clearance of the protein-drug
complex compared to the clearance of the (unbound) drug when the perfusate was
albumin-free. They further suggest a possible binding process of SA extravascularly,
although they provide no evidence for it. The second one ({301]) provides a measured
unbound fraction of SA with BSA (10 % - they also cite a 10 to 20 % value for
human plasma), as well as an estimate (resulting from a compartmental model) for
the unbound fraction in tissue (whole hindlimb-12 %). In both of these studies, the
authors reference the fact that a single-pass (100% drug-free albumin at every passage)

experiment with BSA at flow rates that may induce increased capillary recruitment



Compound | n; | K, (M) T n, [K,, (M=) ref.
SA 1.3 13000 30 30¢ 1]
SA 0.99 | 45000 3.1 1600 [
SA 1095 5650 4.3 443 132]¢
SA 2.72 | 10953 51.6 | - 207 [32]54

Salicylate 50000 [56]°

Salicylate 71000 3300 [63]79

Salicylate 220000 1600 [63]79

Salicylate 130000 2900 [63]79

Salicylate 48000000 98]"

Salicylate | 1 190000 4 16000 [181]
SA 40500 [230}7
SA 2.82 | 60000 | 20.36 0 [355]7F
SA 1.28 | 70700 [375] 7

Salicylate | 4 219000 [375]F™

Salicylate | 1.04 | 50000 [375]Fm
SA 1.55 | 35800 3.27 43000 [377]°
SA 1.46 | 28400 4.09 21000 37717
SA 2.15 1 12100 4.04 502 [377]7P
SA 14 28400 4.1 21000 1377]/®

Table 4.2: Binding parameters of SA - HSA binding; all values reported were derived from measure-
ments at 37°C, pH 7.4, HSA at 40 g/L and all measurements were fitted to a two-independent site
model nnless otherwise noted; ¢ a very large deviation reported; ® experiments with bovine serum
albumin (BSA); ¢ SA 73 — 5839 uM; ¢ experiments with defatted HSA; © 25°C, HSA ~ 2.1 g/L; /
reported from other sources; 9 no experimental conditions reported; ® measurements with surface
plasmon resonance, 25°C, SA 0.1 — 1000 yxM; ° pH 7, 20°C, defatted HSA, salicylate 0.035 — 0.116
mM; 7/ defatted BSA 10mg/L, SA 1073 — 10~ "M; * 20°C; ! SA 0.002 — 5 1073M, HSA 0.3%:; ™ HSA
0.7%; ™ BSA 4%; ° SA 2uM; ? binding in/with serum in general

may produce exaggerated levels of binding.

The values of the binding parameters reported here may be considered as
upper limits for the binding that actually occurs in plasma. Serum albumin exists for
a variety of reasons, one of which is transporting substances that already exist in the
body such as fatty acids. In fact, over 99 % of the fatty acid in the plasma is bound
to albumin [24] while studies have shown that fatty acids displace salicylic acid from
albumin binding sites in a competitive way [1, 375]. The displacement phenomenon

has also been observed during co-administration of SA with other drugs [181].
Besides the competition for the serum albumin binding sites, one must take
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mto account the fact that most of the values reported stem from in vitro experiments
that try to simulate the conditions in the plasma. The binding picture in a whole
tissue such as skin is probably different. Experiments with postmortem human dermis
[218] indicate that HSA may have a tissue concentration as low as ~ 33 % of that in
plasma. Two other independent set of in vivo experiments in rat dermis raise that
percentage to =~ 70 % [286, 392], while yet another experimental study (involving the
suction blister technique) in human abdominal skin yielded a 46 % tissue-to-plasma
albumin concentration ratio [306]. However, one should bear in mind that there is yet
no bindisputably reliable method for estimating plasma protein concentration levels in
the interstitium. A further indication of the smaller extravascular concentration of
HSA is its lymph concentration, which is typically 50 % of that in plasma in the skin
[19]. Furthermore, it has been demonstrated that not all of the interstitial space is

accessible to serum albumin. Albumin is confined to a fraction of the total tissue

volume, with that fraction ranging from one to more than two thirds of the total

interstitial volume [19, 218, 286, 392].

In view of these considerations, it is logical to assume that the binding process
occurs predominantly in the systemic circulation. The immediate effect of such a
reality would be a tissue-to-plasma partitioning favoring plasma. Indeed, a notewor-
thy attempt to model the pharmacokinetics of salicylic acid’s permeation yielded a
tissue-to-plasma partition coefficient equal to 0.24 for rat dermis (0.22 for hypoder-
mis) [337]. Furthermore, the authors estimate for the unbound fraction of salicylate
in the dermis was unity, reinforcing the notion that the binding in tissue is not as
important as the binding in plasma. An additional effect would be a more “effective”
clearance through the circulation since the drug would be somewhat “trapped” in
following the systemic route of the protein. Both of the ez vivo studies mentioned

carlier (88, 301]) agree with this conclusion.
Obviously, a detailed model would account for the protein-drug binding in
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both tissue and plasma, either explicitly by describing the process in terms of binding
reactions and association constants, or implicitly through partition coefficients that
embody this phenomenon. However, this would be feasible only if the in vivo binding
process in the interstitium could be accurately defined and quantitated. Most of the
data on the albumin concentration (and, more importantly, pattern of distribution)
in the interstitial phase come from ez vivo or trauma-inducing in vivo experiments
with exogenous (and often from different species) albumins. Nevertheless, all these
data point in a qualitative way to a reduced binding in tissue. In the absence of
accurate pieces of information, and after establishing the conclusion that the binding
process is far more intense in plasma than in tissue, one may choose to neglect this
process in the interstitium. This translates into treating the skin layers as simple
aqueous media as far as partitioning is concerned. Hypodermis must similarly be
treated as a medium similar to octanol or another “equivalent” lipophilic medium.
The tissue-plasma partitioning favoring plasma will be reflected in our model in the

value of the rate coeflicients describing clearance in the dermis and the hypodermis.

4.3 Experimental data

4.3.1 Cited transport parameters [336]

Salicylic acid can readily penetrate skin and enter the systemic circulation. There are

several experimental studies on the subject (95, 139, 334, 337, 345, 387].

Singh and Roberts used male Wistar rats after removing the hair in their dorsal
arca. Although they do not explicitly report the thickness of the individual skin layers
of the rat, their graphs indicate that the dermis was assumed to be 2 mm thick and
the hypodermis 1 mm thick. The experimental conditions were fixed at pH=7.4 in the

(aqueons) donor solution and at 37°C external body temperature. The concentration
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of the radioactive salicylic acid was 1 mM. After allowing the drug to penetrate tissue
for two hours (both passively and iontophoretically - through a donor glass cell affixed
to the epidermis), they took a blood sample, sacrificed the animals, and dissected the
various tissue layers, going as deep as the muscle. They performed the same in vivo
experiment by first removing the epidermis with an electrodermatome set at 80 pm.
For the in vitro experiments, the epidermis was separa.ted from the dermis by the heat
method. The samples collected at various times were measured in a liquid scintillation

counter.

After 2 hours of transdermal delivery, 34.3 + 3.68 % of the initial dose was
absorbed. Out of this amount, 15.3+£3.88 % and 7.13+2.1 % was found in the dermis
and in the subcutaneous tissue, respectively. They also found that an additional
4.52 £ 1.25 % of salicylic acid was distributed in deeper tissues such as fascia and
muscle. The corresponding permeability coefficients that they calculated for isolated
rat dermis were 0.013 & 0.002 cm/h in vitro and 0.23 & 0.03 in vivo, the difference

being attributed to the removal of the drug through the dermal vasculature.

4.3.2 Calculated parameters

Simple calculations were performed to extract additional useful parameters from the

data reported. The definitive equation for the dermal permeability coefficient is:

Dde,mol Kde/w
hde Ksol/w

Rie/sol (44)

Knowing that the donor solution is an aqueous solution (Keolyw = 1), and assuming
that the dermis is also effectively an aqueous solution (Kaeyw = 1) and that it is 2
mm thick (hge = 2mm), the resulting diffusivity for in vitro permeation (using the
permeability coefficient reported [336]) is :

Daemot = 7.22 107 cm?/sec (4.5)
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Since there is no systemic absorption, this is thought to represent the molecular (no

clearance) diffusivity of the dermis.

The concentration of the solution applied was 1 mM and the volume of the
solution was 1 ml, while the internal diameter of the donor glass cell used for the
experiment was 1.8 cm [299]. Knowing the volume of the donor solution as well as

the dimensions of the glass cell, it was determined that the solution was 4 mm thick.

The absolute amounts found in the dermis and the hypodermis, as well as the
amount remaining in the solution after 2 hours were calculated (Table 4.3). This was
done by dividing the moles reported by the volume of each layer (thickness multiplied
by the area defined by the cross section of the glass cell). The rest of the initial

amount was assumed to be cleared.

| Layer [ Amount (10° moles/cm?) |
Solution 0.2582
Dermis 0.020623
Hypodermis 0.00961056

Table 4.3: Distribution of salicylic acid. Absolute amounts of initial dosage found in skin strata two
hours post-application

Due to the fact that in our model there is a perfect sink at the end of hypo-
dermis, the amounts found in strata deeper than the hypodermis were assumed to be
cleared through the circulation. This leads to a slight overestimation of the clearance
process. It is a slight overestimation not only because the amount is about 5 %, but
also due to the fact that the amounts found in these deeper layers may have been the
result of vascular redistribution. Singh and Roberts performed measurements in the
contralateral side of the application site. The concentrations found were lower but
comparable to the ones found directly below the application site. The explanation
that they provided is that the drug was cleared through the dermal capillaries and

then redistributed through the deeper layers circulation. The authors took a step



further by suggesting that salicylic can directly penetrate skin only up to a depth of

3 — 4 mm, which in our model roughly coincides with the end of the hypodermis.

Even though the experimental results refer to a transient penetration, the
disappearance of the initial dose with time, as reported in [336], is “smooth” enough
to consider it a quasi-steady state process. This treatment was reinforced later by the
model’s results for transient delivery (shown in Sec. 4.4.2) suggesting achievement
of steady state conditions 30 minutes post-application. Thus, the steady state flux

through the dermis is :

Flux = (amount)/(area)/(time) = 1.91 107" mole/cm? /sec (4.6)

4.4 Model predictions

4.4.1 Steady state analysis

As mentioned earlier, one of the critical aspects of transdermal transport is the effect
of the vascular clearance. One way of quantifying this effect is the comparison of the
in vivo effective dispersion coefficient with the in vitro molecular diffusion coefficient
of the dermis. The starting point of this comparison was the simplest one, where only
dermis was considered. Steady state conditions and constant dispersion and clearance

coefficients (Dge, kqge) throughout the layer were assumed. Under these assumptions,

the analytic solution of Eq. (3.2) describing transport through the dermis is:

2 1/2
Cae = Cul0) epr £ ) } , (4.7
de

which is essentially an ideal exponential decay of the concentration. The correspond-

ing flux is given by:
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and the amount found in the dermis (assuming it to be a semi-infinite region) is:

> | kde Kae/w
Amountyge = A / exp de C’SOI#—dz (4.9)
0 Dde Asol/w

where A is the area of the site. Eq. (4.7) is based on the assumption that the dermis is
a semi-infinite region, since it is, on the average, 2mm thick and most of the permeant
15 cleared within the first few hundred microns. Fitting the data of Singh and Roberts
using the latter two equations yielded the following values for the dermal clearance

and dispersion coefficients :

Dye = 89043 1077 cm?/sec (4.10)
kie = 9.079 107 sec™! (4.11)

Keeping in mind that the in vitro molecular diffusivity was found to be Dgemol =

7.2 1077 cm?/sec, a first conclusion is that the apparent diffusivity in vascularized

skin is greater than the molecular diffusivity, but not much greater.

The exclusion of hypodermis from the calculations might have affected the
results on the dermal transport parameters. The next step was to include the subcu-

taneous tissue in the fitting process. The concentration in this layer is given by:

Khd/w [ kha
Cha(z) = Che(—hge — ex —(z 4+ hge
hd(2) de ( d)Kde/w P{ th( d)

in which the prefactor reflects the partitioning equilibrium at the dermal-hypodermal

, (4.12)

junction. Since there was only one experimental result for hypodermis (amount in
layer) and there were three additional parameters to be fitted (the partition coefficient
Kha/w, the hypodermal dispersivity Dyg, and the hypodermal clearance coefficient
Fna), educated guesses about the value of the two of them had to be made. The

third equation used in fitting the experimental data was the one giving the amount

[
o



of salicylic acid in the hypodermis:

o0 ky
Amountyy = A/—hde exp [Ul—)lfd(z + Nge)

The equations for the system of dermis and hypodermis were solved for two differ-

Kid/w ‘
Cael—hae) ldj d(z + hge) (4.13)
de/w

ent cases of hypodermal solubility. The subcutaneous tissue is composed mainly of
adipocytes, fat containing cells (Chap. 2), and octanol is known to mimic fat with
respect to its transport properties [201]. Therefore, the hypodermal partition co-
efficient was taken equal to the octanol-water partition coefficient of salicylic acid
(Kot sw = 162.18). Although backed with a physical argument, this assumption
meant that there would be a huge concentration “jump” at the dermal-hypodermal
interface equal to this parameter. The fitting process gave an unrealistically low value
for the hypodermal dispersion coefficient but it yielded practically the same dermal

coefficients that were found for the isolated dermis.

The same procedure was repeated with the partition coefficient chosen to be
0.3Koct/w. This is a more logical value, taking into consideration that 20 % of hypo-
dermis is water. Having not enough data on the subcutaneous layer the ratio kyq/Dyg
was restricted to vary less than an order of magnitﬁde from the ratio kqe/Dge.. The

resulting parameters were:
Dpg = 9.3107Y em?/sec (4.14)
kna = 3.32107% sec™! (4.15)
These values are very low and subject to considerable uncertainty. The main finding
of this procedure is that the dermal parameter values appeared to be very insensitive
to the presence of hypodermis. This leads to the important conclusion that the
dermal transport and clearance coefficients can be extracted by studying the isolated

dermis. The attempt to include hypodermis suggests that the data analyzed cannot

support characterization of this layer. However, the amount of salicylic acid found
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in the hypodermis suggests a very large partition coefficient between dermis and

hypodermis for this substance.

The preceding simple analytical model generated depth-concentration profiles
for the values of the transport parameters from the fitting process. These profiles are

shown in Fig. 4.3.
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Figure 4.3: Steady state depth-concentration profiles for salicylic acid permeation in an epidermnis-
free skin. The solid line refers to the isolated dermis (exponential decay). The two dashed lines
correspond to the two different assumptions on the hypodermal solubility properties (Kpg/y =
I{uct/w and Khd/w = 0.3 Koct/w)‘

The concentration profiles for the two different partition coefficients coincide
over the region of the dermis, since the dermal parameters were found to be essen-
tially the same in all cases. They also coincide with the ideal exponential decay,
representing the dermis as a semi-infinite tissue layer, indicating that this idealistic
model is not far from reality. The profile corresponding to Kpq/w = 0.3Ko/w has

a lower “starting point” in the hypodermal region. Since the area under the curve

(amount in hypodermis) was fixed, the result was a virtually absent clearance, i.e.



a very low clearance coefficient. On the other hand the Ky = Koo /w Scenario
predicts a concentration below the dermal-hypodermal junction which is larger by a
factor of 162.18 than the concentration above the junction, something that is very

probably more extreme than the actual concentration jumb.

The following step, after the characterization of the transport properties of
the dermis, was to include the stratum corneum and the viable epidermis in the
calculations. The SC permeability coefficient was assumed to be given by established

formulae in the literature [172] accounting for both lipid and polar pathways:

Psc/w - Hip+Ppol (416)

_ 300 -

Ppa = (5107°) i (4.17)
0.018

1ogPhp = log Koctjw — 5303 MW - 2.87 (4.18)

with the MW being the molecular weight of the solute. Since the formulae correspond
to human skin, the permeability coefficient for rat skin was taken to be 10 times as
much. It is generally known that the permeability of rat skin is greater than its
human counterpart; thus this valid rule-of-thumb estimate was used [170]. It was

found to be:
Pyyw = 5.0622 107° cm/sec (4.19)

The viable epidermis was regardedv as an aqueous-solution/layer of 100um thickness
with an epidermis/water partition coefficient K.y /w= 1 for salicylic acid. The molec-
ular diffusivity of SA in epidermis was assumed to be 5 % of its diffusivity in water
(Table 4.1). This value stemmed from the fact that the dermal molecular diffusivity
of SA (Eq. (4.5)) is ~ 6% of the diffusivity in water. The diffusivity in epidermis was
taken as approximately the same. The results are shown in F ig. 4.4. The concentra-

tion profile for the permeation of isolated dermis was also included for comparison.
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Figure 4.4: Steady state depth-concentration profiles for salicylic acid permeation in intact and
dermatomed skin.

By comparing the profiles for the permeation through isolated dermis, and
dermis with epidermis, it is obvious that the presence of epidermis results in an addi-
tional mass transfer resistance, and consequently to lower concentrations as expected.
The two profiles denoted in the graph as “dermatomed - 300” and “dermatomed -
400” correspond to the prediction of the popular approach that assumes perfect clear-
ance of the drug through the dermal capillaries. An analytic solution to the diffusion
problem was derived for this approach by imposing a perfect-sink boundary condition
at 300 and 400 um below the skin’s surface respectively (Appendix C). The results
are very enlighting about what can be predicted by following this simplified model.
The prediction of the steady state flux (initial slope of the curves) is quite good since
it coincides with the flux predicted from the whole skin model. However, the local

concentration levels predicted are dramatically different.

56



4.4.2 Transient analysis

The main conclusion of the steady state analysis was that the dermal parameters
can be determined from an isolated dermis model. The next level of sophistication
was to study the transient transport through the isolated, epidermis-free dermis, and
to quantify the dermal dispersivity and clearance coefficient under non-steady state
conditions. The system of equations describing transport through skin had to be
supplemented with an additional equation describing the depletion of the drug in the
donor formulation. Since the SC is assumed to offer no drug hold up, one is able to
equate the flux going into skin (epidermis) to the flux going out of the solution. By

assuming that the thickness of the solution (/) remains constant, this equation is:

aC’ed d(AhsoleoI)/dt
D, = —
152 0 A =
dosol 1 8()ecl
= Doyg—= 4.20
dt (hs(ﬂ) oz |, (4.20
with A = area of application
OC:q|
and d’ = epidermal concentration
9z |,

gradient just below SC

The system of equations was solved with simultaneous fitting of the solution concen-
tration and of the amount found in dermis to the two-hour values reported by Singh
and Roberts. Initially the solution was considered well-stirred (infinite diffusivity)
but the solution exhibited numerical instability. The donor solution layer was then
assumed to have an extremely large yet finite diffusivity (Dsot = 10° cm?/sec). That
way the numerical problems were overcome and the solution remained effectively

well-stirred. The coefficients obtained for the dermis are:

Dy = 7.75109 1077 cm?/sec (4.21)

~1

<



kae = 6.80711 107* sec™! (4.22)

Comparison with the analogous results from the steady-state analysis shows that a
steady-state approach can provide quite accurate values of the coefficients. More
importantly, the value of the dispersivity from both the transient and steady state
analysis is almost equal to the molecular diffusivity obtained from in vitro measure-
ments. This means that although vascular clearance has a dramatic effect on the
amount of the drug transversing the dermis, it does not alter the transport of the

non-cleared amount through the layer. The effective dispersivity remains essentially

constant.

The values of the transport and clearance coefficients were inserted in the
transient model describing transport in the solution and isolated dermis, and concen-
tration profiles for various times were generated (Fig. 4.5). It was assumed that the

thickness of the donor solution remained constant throughout the experiment.
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Figure 4.5: Transient depth-concentration profiles for salicylic acid permeation of solution in contact
with isolated dermis. Time values are 1, 5, 10, 30, 60 and 120 min in descending line order. Solution
is 4 mm thick and dermis is 2 mm thick.

As it can be seen in the graph, it takes about 10 min for salicylic acid to reach

the physical end of the dermis, and steady state conditions are effectively achieved



30 min post-application. The almost constant concentration in the solution is an

indication that the well-stirred restriction was maintained.

These results were validated by several ways, one of which was to ascertain
conservation of mass by calculating the amounts of drug in the solution and in the
skin, as well as the amount cleared, and the sum of all these quantities. This treatment

offered further insight on the transport/clearance interplay (Fig. 4.6).
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1; igure 4.6: Mass conservation calculation for the transient permeation of salicylic acid in isolated
ermis

Once again, the dermal transport/clearance coefficients obtained by the fitting
process of the experimental results were utilized in order to obtain results for intact
skin. The parameters used for the SC and viable epidermis were the ones described
earlier, and once again hypodermis was not included since the experimental data
could not support its characterization. For this set of results it was assumed that
the solution concentration is constant (infinite dose case) and equal to the one that
Singh and Roberts reported after two hours of permeation (Cst = 0.657 mM).
The resulting concentration profiles are shown in F ig. 4.7. The starting depth-point
for these profiles is the point just below the SC. Keeping in mind the value of the
concentration in the donor formulation, it is evident that the presence of SC results

_1n a considerable concentration decrease that is very steep during the first minutes



of permeation. Under steady state conditions the concentration gradient imposed by

the SC is considerable less, yet important.
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Figure 4.7: Non-steady state depth-concentration profiles of the permeation of salicylic acid in intact
skin. Profiles correspond in ascending order to 1, 2, 5, 10, 30, 60, and 120 min after application of
the solution. The profiles for 60 and 120 min of permeation coincide (indicating that steady state
conditions have effectively been achieved after ~ 1 hr).

The time needed for the achievement of steady state condition is more clearly
visualized through the calculation of the non-steady state flux that enters skin at

various times (Fig. 4.8). The flux was calculated according to Eq. (4.23):
Flux = Psc/w (Csol - Ced!zzo) (423)

It takes approximately 30 to 40 minutes post-application to reach the steady flux

which was calculated to be:

Steady state flux = 9 107°umoles / cm? / sec (4.24)

4.5 Discussion

Several valuable conclusions may be drawn from the preceding analysis. The results
of the model pertaining to the steady state permeation of salicylic acid through whole-
thickness skin indicate that the concentration profile follows an exponential decay pat-

tern with depth, and it can therefore be described in a simple way, through Eq. (4.7).

60



2.9 -

T 107 pnclesfemifsee
- &
5

0 50 100 190 200 50 300

tire J nnn

Figure 4.8: Time dependence of flux for the permeation of salicylic acid in intact skin.

This finding, which is in accordance with previous, similar results [133], may have
more general implications. Independent experimental reports (37, 133, 221, 233, 322]
show depth-concentration profiles that closely resemble exponential decays for the
transdel;mal penetration of a variety of drugs. Certainly, it would be presumptuous
to state that this pattern is a universal feature of skin’s permeation. However, these
results make pertinent a more thorough investigation of the subject, both by applying
the model to other skin permeating substances, and by gathering further published

experimental studies.

Another point that may be made addresses the impact of the clearance pro-
cess on the transport properties of dermis. It has been hypothesized [233] that the
local dermal vasculature creates a convective force which drags down the non-cleared
fraction of the permeating substance. Our results on the values of dermal disper-
sivity (cleararce process present) and dermal molecular diffusivity (clearance process
absent) show that transport through the interstitial space is enhanced due to the
existence of the microcirculation, but only slightly. Thus, even though clearance
has a profound effect on the deep-tissue distribution of a permeant, it appears to

influence minimally the diffusion of a drug while it is unabsorbed substance. Con-
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tinuing the discussion on the effect of clearance upon drug permeation /distribution,
we should also point out the consequences of the extensive SA binding to serum al-
bumin. Based on the literature that was reviewed in Sec. 4.2.1, the assumption of
non-substantial binding occuring extravascularly appears valid. A noteworthy anal-
ysis of results pertaining to SA permeation [337] agrees with this assumption. The
same analysis stresses the importance of binding inside the blood phase (resulting in
a blood-dermis partition coefficient equal to four), while another report [88] pinpoints
the effect of protein b-inding to a facilitated, more extensive clearance of SA through
the dermal vasculature.. In the context of the skin transport model, this phenomenon
is shown in the values of the calculated clearance coefficients, i.e., the valne of the
dermal clearance coefficient for a drug similar to SA which does not bind appreciably

to protein would be smaller.

Furthermore, our analysis on the impact of the presence of the subcutaneous
fat to transport through dermal tissue directs us to the significant conclusion that
dermis can be theoretically characterized as an isolated entity, at least for salicylié
acid. This conclusion is reinforced by experimental studies [336] indicating a limited
penetration of SA in deeper tissue. As far as the characterization of hypodermis is
concerned, our attempts were not conclusive, largely due to the lack of experimental
data. Educated guesses had to be made for more than one transport parameter of
the hypodermis, which is by far the least studied skin layer. A recent communica-
tion [300], raised uncertainty about, the estimates of the dermal-hypodermal partition
coefficient. A very interesting recent experimental study [279] on the hypodermis -
plasma partition coefficients of several drugs, revealed that the “traditional” treat-
ment of subcutaneous fat as an octanol solution may not the best choice. The authors
suggest that the partitioning behavior of hypodermis is better characterized by a veg-
etable oil / water partition coefficient. In our analysis of SA permeation, this would

translate in a dermal-hypodermal partition coefficient equal to ten, a figure substan-
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tially lower than the ones used in the calculations. This alternative path is backed

up by experimental data, and it will be investigated, in the future.

The comparison of a whole-skin model, such as ours, with a model that adapts
the assumption of a perfect clearance occuring at the upper dermis is also very en-
lighting. It was shown that this simple approach is adequate in assessing the steady
state transdermal flux of a permeating substance. Nevertheless, this perfect clearance
model fails in capturing the essence of the spatially distributed clearance process and
the deep-tissue penetration physics in general. Therefore, this model is limited to the
description of drugs that actually are completely cleared through the dermal capil-
laries. Although this constitutes the majority of drugs [325], the fact that perfect
clearance may not occur due to blood flow variations 135, 47, 119, 237, 302, 338],
or the nature of the drug [215, 233, must not be overlooked. The perfect clearance
approach is also inadequate in describing permeation of drugs that are designed to

have a local, non-systemic effect [4, 126, 199, 325, 352].

Finally, it is of value to briefly mention a few noteworthy modeling attempts
and to discuss how they compare with our model. Gupta et al. [133], reported a
distributed transport model that implements an equation for the dermis very similar

to Eq. (4.7). This equation, after rearranging the terms, is:

+C (4.25)

. 1/2
Cde = (Cde(O) - Cb) €xXp [— (ﬁﬁ) VA

with C is the drug concentration in the perfusing blood, p is the capillary permeabil-
ity coefficient, o is the surface area of the capillaries per unit tissue volume, and ¢ is
the capillary biood flow rate per unit tissue volume. Although Egs. (4.7) and (4.25)
are not the same, due to different assumptions and levels of detail, they do share a
significant common feature, i.e., the log-linear decline of concentration with depth.

The authors compared the predictive power of their model with a simple, linear one
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that does not account for the distributed nature of the capillaries, and reached the
conclusion that the exponential decay better describes dermal penetration. They also
cite similar results reported for the intestinal capillaries, further solidifying the view
that perfused tissues cannot be described without explicitly accounting for the na-
ture of the clearance process. Twizell [370] considered transient diffusion through skin
with a non-perfect clearance at the upper dermis, while the problem was solved with a
numerical scheme that employed a division of the solution in its transient and steady
state parts. However, he considered skin to consist of only one homogeneous layer
(ranging from the surface to a point just above the dermal capillaries) and he kept
the concentration fixed at the skin-capillary boundary. Kubota and Maibach [188]
stressed the importance of the viable layers underlying stratum corneum by consider-
ing a three-layer diffusion model (SC, viable epidermis, and dermis). They attacked
the problem by considering the phenomenological nature of diffusion, and thus by
applying a random-walk method of solution. Although they presented the system of
equations for the case of perfusional capillary resistance, their results pertained to
the case where there is perfect clearance at the upper part of the dermis. It is also
worth mentioning that they compared the multi-layer model with a single layer (SC)
model. They found that the latter underestimates parameters such as the half-life of
the drug and the lag time following initial application. Okamoto et al. [246] included
the additional complication of a finite dose in their model. They, too, considered
an additional well-stirred solution/layer of finite volume applied at the SC surface,
while the epidermis and upper dermis were treated as a single layer. They solved
the partial differential equations with Laplace transforms, and performed an analysis
based on the mean transit time of the drug. However, their model assumes perfect
clearance through the dermal capillaries. Anissimov and Roberts [16, 17] studied
the transient diffusion through skin, during both an infinite and finite dose applica-

tion. Stratum corneum was regarded as a membrane, while the viable epidermis and

64



superficial dermis was assumed to be an unstirred aqueous layer characterized by a
pseudo-steady state permeability coefficient. Thus, they avoided the more realistic,
and more complex, problem with coupled PDEs for each layer. They also recognized
the possibility of a finite clearance, by lumping together the clearance process with
diffusion below the dermal microvasculature, thus they did not consider transport in
deeper tissue layers. The model was solved in the Laplace domain, and the authors
reported a series of parametric studies. However commendable, this model is unable
to describe whole-skin permeation, while the lumping of the clearance process [17]
resulted in a linear steady state depth-concentration profile that does not predict the

in vivo reality as well as the exponential model.



Part 11

Microscopic Transport Studies
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Chapter 5

A Microscopic Model for the
Dermal Tissue Transport

Properties

5.1 Introduction

The extravascular dermal tissue is a complex, heterogeneous composite, compris-
ing distinctly different substructures (Sec. 2.4). FEarlier researchers [76, 230, 325,
_360, 390] have debated that transport of a tissue-penetrating substance might be re-
stricted/altered due to physical and/or chemical interactions between the substance
and the various elements that are present in the dermal interstitium. Even though
under normal conditions dermis is 60 — 70% water [125], measurements and estimates
of its transport properties indicate that its representation simply as an aqueous layer

does not suffice in capturing critical dermal characteristics 187, 339, 384, 390.

The first steps toward the construction of a dermal tissue model are presented
in this chapter. The dermal interstitial space is considered as a periodic, composite
structure, with the skeleton of the dermis, constituted by collagen and elastin, being
represented in a physiologically accurate way. Furthermore, the differences between

the papillary and reticular dermis are accounted for. Preliminary calculations, com-
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plimentary to the model, show the effect that these fibrillar structures have on the
diffusion of a permeating substance. Although the model is not complete, the frame-
work upon which the subsequent calculations may be based, is given. These future

calculations are discussed later in this chapter.

5.2 Physiological parameters from the literature

Several useful conclusions stem from the cited information about the dermal collagen
in Sec. 2.4.1. By examining the distances between the collagen fibrils [270], and the
fibers thereof arranged in a bundle (O(0.1) um for the latter) [231, 368], it is reason-
able to consider the spaces between the fibrils inaccessible to a diffusing substance.

The same may not hold for diffusion between the fibers since a small molecule, say

glucose which has a hydrodynamic radius of 3.6 1& [7], may readily penetrate the
bundles from a strictly steric point of view. However, as a first approximation, the
bundles will also be regarded impermeable. In addition, the excellent scanning (SEM)
and transmission (TEM) electron microscope micrographs of Montagna et al. [231],
reveal that the fibers that constitute the bundles are highly (~ periodically) orga-
nized. Furthermore, the density of the bundles appears to be more or less the same
throughout the papillary compartment, and this is also true for the reticular part.
The same micrographs [231] confirm the conclusion that the orientation of the bun-
dles is roughly parallel to the skin’s surface [115, 241]. These studies also indicate
that there are distinct differences between the papillary and the reticular dermis. The
bundles are larger in the reticular region [137] (average diameter 25 pm [115], 10 pm
in the papillary layer [49]). The percentage of the total weight of the dry dermis that
can be attributed to collagen appears to be the same for both sublayers (~ 70%,

(125]). However, the water content of the wet dermis is ~ 60% in the reticular part

and 2 70% in the papillary part [125].
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Studies of the network of elastin fibers in the dermis reveal a continuous,
randomly oriented network [231] of thin (diameter ~ 2 um, [378]), rigid fibers that
are thicker in the reticular dermis. The volume (=~ 2%) and cross-sectional area
(~ 5.4%) that they occupy in the dermis, in terms of percentages of the total, are far

less than the respective figures for collagen [373)].

5.3 Geometric formulation

Both the collagen and elastin networks are assumed to be periodic in all three dimen-
sions. Thus, we may deduce their impact on the diffusion of a permeant by focusing
on a representative cubic unit cell. It is further assumed that there is no bias in the
orientation of the fibers. Thus both unit cells will encompass three identical fibers,
of collagen or elastin, perpendicular to one another. However, a preferred orienta-
tion could easily be included by reducing or increasing the number of fibers that are
oriented along one or more directions of the unit cell. Since there are substantial
differences in the properties of the networks in the papillary and reticular layer, two
different cells are considered. After the construction of the collagen and elastin cells,
they are superimposed in order to yield the final version of the composite structure.
These networks are assumed to be impermeable, and the rest of the unit cell is as-
sumed to be occupied by a homogeneous, aqueous solution. The properties of this
solution, i.e., viscosity, may be chosen in such a way that it simulates the trans-
port characteristics of the true, inhomogeneous, extrafibrillar material of the dermis.
The actual dimensions of the unit cells are derived by matching the aforementioned

physiological parameters.
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5.3.1 Papillary dermis

It is known that collagen occupies 70% of the dry dermal volume, and that the wet
dermis consists of 70% water. Thus, the volume occupied by collagen in the wet
dermis is 0.7 0.3 = 0.21. This fraction of the unit cell’s (of dimensions Bcol,pap)
volume must equal the sum of the volume of the three cylindrical fibers (of average

diameter deolpap = 10 pm) that are included in the unit cell. Thus:

2
P de 1,pa
0.21 ag'o]’pap = 3r (%) Acol,pap =
Beolpap = O3.9 . (5.1)

For simplicity, the dimension acp.p might be rounded up to 30 pm (Fig. 5.1). The

Figure 5.1: Dermal collagen unit cell for the papillary layer. Dimensions in pm.

dry volume that the elastin fibers occupy in the dry papillary layer is 0.75%. Thus
the occupied volume in fresh dermis is 0.0075 0.3 = 0.00225. The average diameter

for a papillary, elastin fiber is delpap = 0.8 pm, and the dimension el pap Of the elastin



unit cell (Fig. 5.2) is given by :

2
de A
0.00225 a2 ,, = 3= (%’i) et pap =
Belpap = 25.88 pm =~ 30 pm. (5.2)

Thus, for the papillary layer, the dimensions of the two unit cells are approximately

40
30 /‘.T-R_—“‘-q-._
-~

20 - \/-7

Figure 5.2: Dermal elastin unit cell for the papillary layer. Dimensions in pmn.

the same, i.e, there are three collagen and three elastin fiber segments per cell. The
composite dermal cell that includes both fibrillar networks is shown in Fig. 5.3. The

elastin fibers were shifted so that they do not overlap with the collagen fibers.

5.3.2 Reticular dermis

By following the exact same methodology, it was found that the respective unit cells of

collagen (average fiber diameter deoj ey = 25 pm) and elastin (average fiber diameter

deirer = 1.8 pm), in the reticular layer have dimensions (Fig. 5.4) acoret = 72.52 pum

and (Fig. 5.5) delret = ol.9 pm, respectively. In the interest of working with round
numbers they are taken to be acolret = 70 um and aeret = 35 pm. The final unit
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composite unit cell for the papillary layer. Dimensions in pum.

Figure 5.3: Dermal-

5.6. It comprises one collagen cell and eight elastin cells.

cell is presented in Fig.

agen unit cell for the reticular layer. Dimensions in pm.

Figure 5.4: Dermal coll

[
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Figure 5.5: Dermal elastin unit cell for the reticular layer. Dimensions in pm.

5.4 Preliminary calculations on the restricted diffusion of a

permeating substance

The problem of hindered diffusion through a fibrous medium has been researched
extensively [72, 160, 244, 267, 268, 269, 396] since it is encountered in many practical
applications, such as gel chromatography and electrophoresis, drug delivery, pulp
bleaching etc. {72, 160]. Three formulae [72, 160, 244] that give the effective diffusivity
of a fibrous medium were picked from the literature in order to assess the impact of
the fibrillar dermis on transdermal diffusion, and to check the validity of our model
when this is complete. Ogston et al. [244] studied the interactions between a hard-
sphere solute and long, negligibly thin, chains of a cross-linked polymer in a solution.
By taking a phenomenological approach that considers diffusion as an eventual chain
of random steps, the authors arrived at the following expression:

IDDj = exp [— (1 + TSOI) \/ﬂ . (5.3)

Tfib

where Deg is the effective diffusivity of the medium, Dy, is the diffusivity of the

bulk solution, 7y, and rg, are the radii of solute and fiber, respectively, and ¢ is
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Figure 5.6: Dermal-composite unit cell for the reticular layer. Dimensions in pm.

the volume fraction of the fibers. Johnson et al. [160] took an effective medium
approach. They argued that the steric and hydrodynamic effects of the fibers on
transport are independent, and furthermore that their combined result may be derived
by multiplying these effects. By using Brinkman’s equation for the hydrodynamic part

and a fitted exponential function for the steric part they concluded to Eq. (5.4).

'DE SO. | 2 - | SO. 2
= £ [1 + :/E‘ + ;kl} exp [—0.84 (1 + ﬁ) ¢1-°9J . (5.4)

with £ being the hydraulic permeability of the medium. Finally, Clague and Phillips
[72] followed the same separation of hydrodynamic and steric hindrances. They cal-
culated the interactions for a spherical solute in a randomly oriented fiber network,
suspended in a liquid. Although the authors do not explicitly state the parameters
for their fitted exponential, Amsden [7] analyzed their data and derived values of the

parameters producing the formula:

Deg _ 1 ‘ exp(_.ﬂ_¢0.1741n(59.67'ﬁb/1‘301))' (5.5)

Do {1+§(1+£§§)2¢J
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We applied initially Eqgs. (5.3 - 5.5) to the elastin network. The resulting effec-
tive diffusivity (Dege) was subsequently assumed to represent the bulk diffusivity of
the medium surrounding the collagen fibers in calculating the final effective diffusivity
(Degr). The (bulk) diffusivity of the solute in the extrafibrillar dermis was calculated

with Einstein’s equation:

kT
—_— sec. 5.6
G cm?/sec (5.6)

where the Boltzmann’s constant is kg = 1.38 107 J/K, and the temperature T =

310.15 K. The viscosity was assumed to be twice the viscosity of water at this tempera-

ture. The hydrodynamic radius of a prototypical small solute was taken as 74 = 3 1&

Thus:
Dy = 5.422 107%m?/sec. (5.7)

The rest of the (average) parameters are shown in Table 5.1. The results for this
specific set of values yielded by Eqs. (5.3 - 5.5) are shown in Table 5.2. These results
indicate that the steric and hydrodynamic hindrance imposed by the fibers is not very
large; the effective diffusivity of the composite is 50% to 80% of the diffusivity of a
bulk solution with viscosity twice as that of water. This translates into a diffusivity

25% to 40% of the diffusivity in bulk water.

[ | Fiber radius (um) | Fiber volume fraction (%) | Hydraulic permeability |

Collagen 5 0.25 3.92 1071
Elastin 1 0.02 3.01 10~ 1

Table 5.1: Parameters of the fibrillar dermis. The hydraulic permeabilities of the elastin and collagen
fibrous media were caleunlated with an established formula in the literature (b = 0.31 (rg,) (=7

[156].
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I | Deg (cm?/sec) [ Deg/Des |

Equation Elastin | Elastin and collagen
Ogston et al. [244] 4.73107° | 287 10°% | 053
Johnson et al. [160] | 5.38 107° | 4.47 1075 0.82
Clague and Phillips [72] | 537 107° [ 4111077 | 0.76

Table 5.2: Effective diffusivity of dermis (Degr/Doo) measured in cm?/sec.
5.5 Discussion

The preceding analysis will be continued with a refined approach to the tissue that
surrounds the fiber networks. Although, the assumption of an aqueous solution having
“effective” transport properties is a good first approximation, it has to be determined
whether the extrafibrillar dermis should be considered as a homogeneous, or a two-
phase material. Uncertainties surrounding the in vivo physiological and functional
reality of the dermis, became apparent at more than one point in this work (Secs.
2.4.3, 6.3, 6.6). Furthermore, the possibility of a permeant binding to collagen must.
be investigated, and perhaps included in the model. It has been demonstrated exper-
imentally, for chromium and ferric ions [325] that the dermis may act as a reservoir
for ions that can bind to collagen. The aforementioned additions may alter the re-
sults reported in Sec. 5.4. These results indicate a significant but not major diffusive
restriction due to the collagen and elastin networks. It was expected that the impact

on diffusion would be greater.

In our subsequent work, we will try to follow the steps of several excellent
approaches on the transport through fibrous heterogeneous, or genereﬂly composite,
materials (27, 284, 317, 318, 381, 388]. The remarkable review of Batchelor [27]
offers a unified theory, according to which physically unrelated processes occurring
in heterogeneous media, have the same mathematical structure and therefore may
be attacked with the same method of solution. This theory, makes conceivable the

application of the dermal model to other areas of application, i.e. it became apparent
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that a strikingly similar problem deals involves stress analysis of spacecraft bodies,

parts of which are made from composite materials enclosing microfibers.
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Chapter 6

Topics in Capillary Clearance

6.1 Introduction

This chapter provides the theoretical background upon which the development of the
capillary exchange model (Chap. 7) was based. The microvascular clearance process is
the end result of three consecutive steps, namely transport through the pericapillary
interstitium, permeation of the capillary wall, and convective clearance through blood
flow. Key elements of these steps are presented here with emphasis on the transport
behavior of the capillary wall and the surrounding tissue. Furthermore, selected
experimental results that help estimate their transport parameters are reported. This
chapter also includes a comprehensive comparative review of other capillary exchange

models.

6.2 Capillary permeability

Ink has not been spared on the topic of capillary permeability. Numerous investi-
gators have attempted to theoretically predict or experimentally quantify material
exchange across the blood-tissue barrier. A couple of a priori remarks that may be
made are that transport is almost entirely caused by physical driving forces such as

concentration and pressure gradients (passive transport) [103, 228, 291, 405], and
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that the mechanisms by which small solutes and macromolecules are exchanged are
quite different [226, 256]. The following brief review intends to sketch the conceptual
framework of this very active area of research and provide selected experimental find-
ings. Excellent and far more extensive reviews exist in the literature [86, 91, 252, 256].
Emphasis is given on small (non-macromolecular) solutes and their transport through
skin or other organs’ continuous capillaries that most probably [86, 235, 250, 252] have
permeability characteristics similar to those of dermal capillaries. The reader should
bear in mind that the relevant literature deals almost exclusively with the transport
of substances from blood to tissue. However, the passiveness of the exchange process
makes the subsequent analysis applicable to the opposite scenario where substances
enter the bloodstream from the interstitial space, such as in the case of percutaneous

absorption.

6.2.1 Transport pathways

Several routes have been identified in the capillary wall structure as pathways available
for exchange. Depending on their nature, size, and lipophilicity, solutes may prefer

one or more of them. These pathways include [59, 86, 91, 226, 291]:

e Interendothelial cell junctions. They structurally resemble pores or slits filled
with the aqueous extracellular phase. For some of the researchers who try to
reconcile the capillary’s structure with its functionality, they have become syn-
onymous with the small or large pores of capillary pore theory. They appear to

be the preferred, if not the only, pathway for the passage of hydrophilic solutes,

and they are also important for small lipophilic solutes.

e Endothelial cells. Traversing the whole thickness cell involves crossing plasma
membranes and the cells’ cytoplasm. Surprisingly, the nature of these barriers

does not restrict this route to lipophilic solutes; water, despite its hydrophilic
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nature, readily permeates cell membranes .

Endothelial cell’s membranes. Instead of directly penetrating the endothelial
cell, lipophilic molecules may diffuse laterally only within the cell membrane in

the lipid phase along the length of interendothelial junctions or vesicles.

Endothelial cell vesicles. The existence of vesicles on the endothelial wall has

been directly connected with their permeability. Most of these circular-like struc-
tures have their tissue or blood side open, which results in a ridge-like formation
that increases the endothelial surface available for penetration and reduces the
transendothelial diffusion path. They can shuttle back and forth (along with
their contents) between the cell surfaces (transcytosis) and they often exchange
contents with each other or fuse together to form transient channels. Proteins
are assumed to be transported this way but there is still doubt about their

significance in transport. Mind-settling quantifying studies are lacking.

Fenestrae (meaning windows in German). As was mentioned earlier (Chap.

2), these discontinuities in the endothelial cell are not found in the horizontal

plexuses of skin capillaries.

6.2.2 Transport processes

There is some controversy in the literature about the relative significance of diffusion

and convection through the microvasculature. Molecular passive diffusion is the only

mechanism by which solutes proceed through cell membranes and is considered to

be the main mechanism for small solutes and nutrients such as glucose and oxygen

crossing the capillary barrier in general {103]. This has been assumed specifically for

hydrophilic molecules smaller than inulin {252], and generally for small molecules, ei-

ther hydrophilic or lipophilic [86, 91]. Studies in myocardial capillaries have confirmed

that small hydrophilic solutes diffuse through the aqua-filled pores [235], while theo-
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retical calculations [265] indicate that for tissues other than liver diffusion dominates
even for albumin. Generally, it has been stated that for most non-macromolecular

solutes convective transport is negligible [86].

Transluminal filtration is the transport of fluid across the capillary wall due to
the hydrostatic pressure gradient [252, 254]. The hydrostatic pressure in the capillary
1s larger than the pressure in the tissue, thus a tendency for an outward convective
flow appears. This varying hydrostatic pressure gradient is closely coupled with an
opposing osmotic pressure gradient and through this coupling convection occurs. Due
to this volumetric low, the solvent (plasma.) “drags” part of a blood-contained solute,

resulting in a solute convective flux that may be coupled with the diffusive one.

Ernest Starling is the man who defined, more than a hundred years ago, the
forces underlying the convective microcirculatory exchange. In his classic work [350]
he first proved the possibility of fluid reabsorption (in a small percentage of the differ-
ent kinds of connective tissues that exist in the body) from blood vessels by performing
experiments in whole body parts (dog limbs). He then argued that the osmotic pres-
sure which the proteins in plasma exert is small but nevertheless comparable with
the capillary hydrostatic pressure. Hence, it creates a tension for reabsorption that
opposes filtration. The famous Starling’s hypothesis followed : “...there must be a
balance between the hydrostatic pressure of the blood in the capillaries and the os-
motic attraction of the blood for the surrounding fluids” [350]. As it is correctly
pointed out by Michel in his excellent review [227], the general notion that Starling
suggested a conceptually “convenient” filtration from the arterial end of a capillary
and an accompanying reabsorption at the venular end is a misconception. In fact
Starling was skeptical about reabsorption in general : “...we have as yvet no sufficient

evidence that such fluids are absorbed by the blood vessels” [350].

4

A comprehensive study [227] of the complex phenomena involved indicates
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that in tissues such as skin or muscle the only prolonged convective transport is a
low level filtration, matched by an equivalent flow of lymph that prevents the forma-
tion of edema by sustaining a constant interstitial volume [180, 359]. Reabsorption
from the tissue to the circulation is possible and may occur but only as a transient
phenomenon. The contradiction to the preceeding observation that arises from the
observed large “global” pressure differences might be relaxed by considering “local”
variations of the hydrostatic pressure in the capillary and of the capillary permeability.
Further calculations [227] reconcile the experimental data with a low filtration rate
that occurs mostly through the interendothelial clefts where convection is in fact lo-
cally dominating. Another theoretical study [265] strongly suggests that reabsorption
In tissues other than liver is minimal and that lymphatic flow arises predominantly
from one-way filtration. Filtration is very high in tissues where it is functionally
imperative such as the glomerulus [254] and the small intestine [359] but it has been
found to be minimal in resting mammalian muscle {307, 359] and the same may be
argued for skin. Even in the case of the transcapillary transport of macromolecules, a
phenomenon that has been associated closely with filtration, there is some controversy
about the predominant exchange mechanism. There are supporters of convective or
vesicle transport [226] while there are even results indicating that the main mechanism

responsible for the exchange of proteins such as albumin is diffusion [252].

Osmosis is a still incompletely understood [131, 150] phenomenon observed in
membranes that restrict passage through them. Whenever miscible solutions of dif-
ferent concentration are separated by a barrier that is permeable to the solvent and
partially or completely impermeable to the solute, a convective flux of the solvent
occurs from the less concentrated to the more concentrated solution. Although this
flux seemingly contradicts Fick’s law, since its direction is towards the more concen-
trated phase, it can be explained in terms of equilibrium thermodynamics [102]. At

chemical equilibrium between separate phases each substance should have an equal
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value of its chemical potential in all phases between which this substance can freely
pass. Only the solvent (plasma) can freely pass through the capillary while its solutes
(serum proteins for the most part, as well as other macromolecules) are restricted.
The system will try to approach chemical equilibrium by a flow from the phase with
the bigger solvent mole fraction (smaller solute concentration) to the phase with the
smaller solvent mole fraction (bigger solute concentration). Thus the osmotic flow
contradicts filtration and is of vital importance for the restraining of the fluid com-

ponents of blood inside the capillary [226].

Even though there is no actual hydraulic pressure, the driving force for osmosis
is represented as a difference in osmotic pressure (An). Osmotic pressure may be
regarded as a thermodynamic property of the solution like its freezing point [102]. If
even a small fraction of the solute can permeate the barrier (in which case it is named
“leaky” membrane) then this driving force is less and it has to be corrected by the

osmotic reflection coefficient (Sec. 6.2.3).

The fluid flux J, is thus the sum of the fluxes induced by the hydrostatic
pressure differential (AP) and by the osmotic pressure differential (Aw), whereas the
solute flux (J) is the sum of the diffusive flux and the flux resulting from the drag

induced by the solvent [13, 252, 291]:

K
Jy = LpS(AP =) o4;Am) (6.1)

Jo = PapwSAC + (1= 07)Co s (6.2)

The summation in the osmotic term indicates that if more than one restricted solutes

are present their osmotic contributions need be added. Naturally, the major contrib-
utors in this term are the plasma proteins being large (thus severely restricted) and
present in substantial concentrations. The term C,,, under certain conditions, repre-

sents the arithmetic mean of the concentrations on the two sides of the capillary. The
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previous formalism is the most widely used and it is known as the Kedem-Katchalsky
equations. These equations stem from non-equilibrium thermodynamics with phe-
nomenological equations relating the occuring flows and forces in a membrane system.
Their detailed derivation along with the underlying assumptions (e.g. dilute solution,
ideal solution) can be found in/ a variety of sources [91, 93, 174]. Emphasis should be
given to the fact that in the process of this derivation the use of Onsager’s reciprocal
relation provides additional relationships/restrictions between the phenomenological
coeflicients, combinations of which are the transport coefficients that appear in the
equations. For example, in the general formalism C,, is the thermodynamic mean
concentration and not the arithmetic one while the membrane permeability P.,, Jw 18

concentration dependent.

A misconception associated with the Kedem-Katchalsky equations is that the
two terms resulting in solute flow represent the diffusive and convective flow respec-
tively. However these processes appear to be independent of each other, whereas in
reality they are not. This lead to large errors in the analysis of ultrafiltration ex-
periments where the second term of the equation was used to identify the convective
part of solute flux [91]. In order to tackle this problem, another phenomenological
approach was put forward where points just inside the membrane were taken into
account. This approach, as described by Curry [91], yields the following equation for

the “true” diffusive and convective components of solute flux :

=~

s

Pe .
W} + (1 - O'f)Cl S (().o)

Js
"S',' - Pc:ap/w(cl - CZ) {

where Pe is the Peclet number and C, , (s are the concentrations just inside at
outside of the membrane. When Pe — 0 then it reduces to the Kedem-Katchalsky
equation. This description is more sound. However its derivation requires even more
assumptions about the thermodynamic system in question. If one is interested only

in the total solute flux across the capillary and not its components then the first
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set of equations is a very good approximation [91]. The definitions of the transport

coefficients used in these formulations follows.

6.2.3 Transport coefficients

The transport coefficients commonly used to quantify material exchange across the
capillary wall may be categorized as diffusive, hydrodynamically convective, and os-

motically convective in nature [13, 91, 225, 228, 247, 252, 256]:

e The (diffusional) permeability coefficient (Prap/w, cm/s) is solute-specific and is
defined as the solute flow (J;) (or flux for the physiologists) per unit area (A)

per unit concentration difference (AC), under negligible volume flow conditions

(J, =0):

Js
: =|—-—= 4
Pcap/w <44AC>JV:O (6 )

e The hydraulic permeability (L,, cm/s/mmHg)(a.k.a. hydraulic conductivity or
filtration coefficient) is defined as the fluid (volumetric) flow through a unit area
of the capillary wall per unit difference in hydrostatic pressure (AP) across the

wall, under a negligible osmotic pressure differential (An = 0):

L= < Ai“ )M:O (6.5)

The reflection coefficient in general compares the ability of a solute to penetrate
a barrier with that of the solvent. There are two types of coefficients used,

depending on the driving force.

e The solvent drag reflection coefficient (o;, dimensionless) (a.k.a. ultrafiltration

coefficient) is the fraction of the solute “reflected” (rejected) at the capillary wall



during ultrafiltration (as the solvent “drags” the solute through the barrier) in

the absence of a concentration difference:

o
(1 6.6
o1 (1 JVC>MZO ’ (6.6)

where C is an average intracapillary concentration.

e The osmotic reflection coefficient (o, dimensionless) represents the fraction of
the total osmotic pressure that the solute can exert across the wall and thus

oppose filtration:

AP
- (E) . (6.7)

This coefficient is independent of the filtration rate and depends on the properties of
the wall and the size of the solute molecule. It ranges from 0 to 1, the former value de-
scribing a freely permeable capillary and the latter describing an ideal semipermeable
barrier (no solute passage). It has been stated that if the membrane is homogeneous
in nature and if the solvent resembles an ideal dilute solution, the two reflection

coefficients (o, 04) equal each other [247, 252]

Apart from the coefficients above, the product of the capillary permeability
with the capillary exchange surface (P, .S) is widely used since it is more easily
deduced from experimental measurements. This product is named capillary diffusion
capacity [85]. The analogous product of the hydraulic permeability with the exchange

surface (Ly,S) is called hydraulic conductance or capillary filtration coefficient ( CFC).

6.2.4 Experimental data

The two main paths of experimental research involve whole-organ and single-capillary

studies [85, 127]. In almost all of their variations, a single solute or a mixture of solutes
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is introduced info the perfusate of either the entire organ or a specific capillary, and
changes in the tissue or in the perfusate composition are monitored during passage
186]. Both approaches can provide only crude information and may be considered
supplemental to each other. One should bear in mind that the transport coefficients
reported are not direct, bullet-proof measurements, they are merely estimates. Apart
from the obvious possibility of misrepresentation of the actual (in vivo) processes in
intact subjects due to the nature of the experiments [103, 211], the extraction of these
coefficients from directly measured quantities involves important assumptions about,
and even modeling of, the capillary architecture and population, their true (perfused)

exchange surface area, the actual concentration gradient across their wall etc.

Data on skin capillary permeability are scarce. Most of the available data refer
to organs such as skeletal muscle, heart, lung, brain, mesentery, and in “combinations”
of organs (animal hindlimbs, human forearms etc.). Values reported about skeletal
muscle depend heavily of whether it is on a relaxed or exercised state [85, 103, 252].
Numerous studies have shown that brain capillaries are a specialized form that can
be considered a category of their own [252, 256]. The lung, heart and mesentery
capillaries have quite different architecture as well as flow and surrounding tissue
characteristics [256]. One might consider heart as the next best thing in the absence
of substantial skin data even though there are differences such as the half intercapillary

distance [86, 250] that reflect to a greater total exchange surface area.

The following tables contain selected values of the transport coefficients from
the literature. Even though there are values of the exchange surface area in various
organs, values of the diffusional and hydraulic permeability were not extracted from
the reported products P, S and L,S since in almost all cases they were obtained

from different animals and with different techniques.

After reviewing a plethora of experimental data for various solutes. species. and
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| Peap/w(x 10° cm/sec) | Subject | Organ |  Solute | Source |

0.56% rabbit skin Co-B12° [251
0.88% rabbit skin Cr-EDTA® 1250
9.3 rat testis Cr-EDTA [61]
4.3 rat testis Co-B12 [61]
22 frog | mesentery | antipyrine 191]
38 frog | mesentery | aminopyrine | [91]
1.244 dog heart sucrose [252]¢
0.36 dog heart inulin [252]°
1.08 dog heart Cr-EDTA | [252]°

Table 6.1: Capillary (diffusional) permeability coefficient; ¢ assumed total capillary exchange surface
area 70 cm? /g tissue (same as resting skeletal muscle), ®vitamin, ¢ Cr-ethylene-diamine-tetra-acetate,
¢ average of three independent measurements, ¢ reported from other source.

| Peap/wS(ml/min/g tissue) | Subject | Organ | Solute [ Source |

0.023 rabbit skin Co-B12 [251]
0.037 rabbit skin Cr-EDTA | [250
0.037 + 0.001 rat hindquarters B12 [140
0.0701 + 0.0063 rat | hindquarters | Cr-EDTA | [293]
1.8—-35 rat heart, MIBG* [101]
2.23 +£0.24 rat testis Na [61]
15 rat heart quinidine | [235]

1.06 rabbit heart Cr-EDTA | [61]°

5.35 rat heart Cr-EDTA | [61]°

0.68 » 107%¢ rat skin albumin | [226]°

Table 6.2: Capillary diffusion capacity; ® metaiodobenzylguanidine, ¢ reported from other source, ©
average of two values.

organs, two major researchers of the field [86] concluded that the capillary permeabil-

ity is ~ 107" cm/s for organs other than brain. The data shown above agree with this
conclusion for small- to medium-size hydrophilic molecules that most likely use the
interendothelial clefts for their passage. It appears to be a valid order-of-magnitude
estimate for such molecules traversing the dermal capillaries of human skin. As for
small lipophilic solutes, it is reasonable to assume that they mostly choose a path
through the endothelial cells. Most likely, the two-lipid-bilayer cell membrane does

not constitute a significant permeability barrier, and it has been postulated that the
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| S(cm?*/g tissue) | Subject | Organ | Source |

93.9+£59 human | sk. muscle (foot) | [74]

83.8+54 human | sk. muscle (hand) | [74]
575 rat heart 1861]*
560 dog heart, [291]*
500 heart [256]*
600 rat heart [61]*
70 rat sk. muscle 61}
27 rat testis [61]°
100 human 186]°

Table 6.3: Capillary (inter-organ) exchange surface area; @ reported from other source, ® average
value assurned for the whole human body.

| LpS (ml/min/mmHg/100ml tissue) | Subject | Organ | Source ||
~ 0.03 animal skin [211]¢
0.05 human | forearm (resting)® | [211]
0.004 — 0.009¢ human | forearm (resting) | [211]*

Table 6.4: Capillary filtration coefficient; * reported from other sources, * 70 % muscle, 30 % fat
and skin, © range of five independent measurements.

clearance mechanism in that case is blood flow limited [171].

As far as macromolecules are concerned, experiments in rats with albumin as
the test solute showed that its permeability in different organs differs 10-fold. The
lowest was found in skin and muscle [271] with the heart/skin permeability ratio
being 5 : 1. The range for most of the in vivo capillary permeability estimates for a

macromolecule like serum albumin is 0.5 107 — 5 1078 [226].

The data above indicate that O(100) cm?/g is a reasonable approximation
for the capillary exchange surface area of skin. However, one must not forget the
problems associated with the heterogeneity of the capillary distribution and capillary
recruitment (Sec. 2.7.4). This figure should be regarded as an order-of-magnitude

estimate of the average capillary density.

There are also direct values of the hydraulic permeability reported. These
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| o4 [Subject | Organ | Solute | Source |

0.066 rat hindquarters | glucose | [293]
0.083 rat hindquarters | sucrose 293]
0.05 rat hindquarters | urea 293|
0.054 rat hindquarters | NaCl [293]
0.15 rat | hindquarters | B12 [293]
0.39 rat hindquarters | inulin [293]
0.87 rat hindquarters | albumin | [293]
0.1* | rabbit heart urea [252]°
~ 0.2 | rabbit heart sucrose | [252]°
~ 0.43° | rabbit heart inulin | [252)°

Table 6.5: Osmotic reflection coefficients; * average of three independent measurements, ¢ reported
from other source, ® average of five independent measurements.

are (after readjusting the units) : 1.15 10~7 cm/s/mmHg (heart, [291]) and 10~7
cm/s/mm Hg (rat skeletal muscle, average of three, reported from other source,
[103]). Generally, lower L, values are correlated with the continuous type capillary
while higher values are associated with the fenestrated type [103]. Also, a theoretical

result approximately applicable to non-liver tissue in the body predicts that the drag

coefficient (o) for albumin is 0.9 [265].

Even though the above data may be considered as estimates of the transport
coefficients obtained by experiments on diverse organs with different techniques, one
is tempted to compare them in order to draw conclusions about the quantitative

importance of diffusion versus convection in skin capillaries.

A simple inspection reveals that the two measured values of the hydraulic per-
meability in heart and skeletal muscle are O(107") cm/s/mmHg [103, 291] while the
diffusional capillary permeability is O(107°) cm/s or greater in a variety of organs as
shown in Table 1. In keeping that at normal tissue hydration states a total (hydro-
static and osmotic) pressure gradient of O(1) mmHg is expected [358], and that the

concentration terms (Cl,, and AC) will be of the same order of magnitude, one may
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conclude by inspecting Eq. (6.2) that the diffusional (first) term will be greater than

the convective (second) one.

Furthermore, one might attempt to input some relatively compatible data from
various sources into Eq. (6.2). For a relatively small- to medium-size molecule such
as vitamin B12 (MW 1354) one has P..p/»S = 2.3 1072 ml/min/g of rabbit skin [251]
while a value of 0.03 ml/min/mmHg/100ml of animal skin tissue has been reported
for L,S [211]. Assuming that skin tissue has an average denmsity of 1 g/cm?® it is
L,S =3 107* ml/min/mmHg/g. The drag coefficient for B12 may be taken to be
equal to the osmotic reflection coefficient in rat hindquarters (o = 0.15) and the total
osmotic pressure gradient may be considered to be the result of a single (albumin)
species in serum. The mean osmotic pressure in plasma is 24 mmHg, and measure-
ments at different points of mammalian capillaries performed by Landis showed that
an average hydrostatic capillary pressure of 21 is a reasonable assumption [227]. Os-
motic pressure in skin interstitium is ~ 10 mmHg while its hydrostatic pressure may
be assumed to equal to the one measured in subcutaneous tissue (—2 mmHg) [227].
Assuming that that B12 is introduced in the vicinity of the capillary bed with a con-
stant concentration of 0.01 pmol/cm® and that its concentration is negligible inside
the capillary, the total solute flow calculated by Eq. (6.2) is: J, =2.31074+1.38 107>
pmol/min/g tissue. By assuming further that diffusion and convection occur inde-

pendently of each other, the first term representing the diffusional flow is an order of

magnitude greater than the second representing convection.

6.2.5 Permeability gradient

The concept of a permeability gradient along the capillary, and possibly along its pro-
ceeding and preceeding vessels, has been put forward by various researchers. There

are solid geometrical, structural, and experimental arguments that support this con-
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cept.

There is extensive evidence [52, 65, 149, 313] that the descending (venular) part
of the capillary loop is wider than the ascending one both internally and externally.

The capillary surface available for exchange is thus greater.

Apart from the geometry of the capillary loop, there is also structural evidence
of a higher permeability at the venular segment. The descending limb characteris-
tics change steeply at the border where the loop exits the papilla. The basement
membrane becomes multilayered in contrast to the homogeneous one observed in the
ascending and the intrapapillary portion [50, 52, 149], something that might reflect
differences in permeability [149, 313]. Furthermore, the population of the plasmalem-
mal vesicles is higher on the capillary endothelial cells (900 vesicles / um? compared
to 200 vesicles / pm? in arterioles) with the maximum being observed in the venular
(descending) segments of the capillary (1200 vesicles / um?). The distribution of the
temporary transendothelial channels that they often form is 60% in the descending
segment, 30% in the rest of the capillary loop, and the rest in the arterioles and

venules [253} .

Experiments performed with dyes and transversing proteins showed that the
amount that leaks from the circulation to tissue increases progressively along the mi-
crovessels and is maximum at the venular end of the capillary [86, 252, 307, 313]. In
a very influential study [307] an invariable to blood flow changes gradient along the
whole microcirculatory path (arterioles-capillaries-postcapillary venules) was visual-
ized in skeletal muscle with dyes of different diffusibility. According to these findings.
the gradient first becomes effective along the arterioles. It then trends almost verti-
cally upward with the transition to the capillaries, where it keeps mounting steeply
until the transition to the venules. From there on, permeability declines gradually.

The authors suggested a functional explanation for this gradient. They hypothesized
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that the gradient’s existence offsets the progressive loss of the blood-carried nutrients,
the result being an even serving of the surrounding tissue. They did stress, however,
that by incorporating the vast available exchange surface area of the capillaries into
the picture, one may conclude that capillaries are the predominant exchange vessels.
Measurements of the hydraulic permeability at different positions along the capillary
length of rat intestinal muscle revealed a steep gradient that increased from the ar-
terial to the venular end [127]. The same observation was made in frog mesentery

capillaries where L, increased nearly an order of magnitude greater [225].

Even though the existence of a capillary permeability gradient may be con-
sidered established, substantial quantitative information is lacking about the perme-
ability “distribution” along the length of a capillary. An assumption of a constant

“average” permeability may be regarded as a valid choice.

6.3 Transport through the pericapillary interstitium

While it is safe to consider diffusion, due to the lack of substantial bulk flow, as the
dominant transport mechanism in the whole skin, the same does not hold true in
the vicinity of the capillary bed in papillary dermis. The existing filtration out of
the capillary and the documented localized connection of the filtrate with the initial
lymphatics of the dermis indicate that convection through the interstitium and its

importance with respect to diffusion needs to be examined.

As the understanding of the in vivo interstitial architecture became clearer over
the years, the modeling of the extravascular space advanced. Initially, the interstitium
was regarded as a well-stirred, fluid-filled compartment [162]. The next step was to
consider it as a homogeneous porous medium [9, 116] with the low-Reynolds number

fluid flow in the pores obeying Darcy’s law :
v = —K,VP (6.8)
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where v 18 the velocity vector, P is the tissue hydrostatic pressure, and K; is the
hydrodynamic conductivity of the tissue. On the same path, Salathe [315] stated
that interstitium is a two-phase system (with a paucity of interstitial fluid under
normal conditions), the fluid being distributed in thin layers of less than 1 pm in

thickness, thus justifying the porous medium approach.

The realization of the ground substance’s significance in transport triggered
new theories. In an eye-opening work, Day [97] used an enzyme that degrades
hyaluronic acid and observed flow through connective tissue (fascia) membranes of
" mice. He demonstrated that the resistance to flow cannot be attributed only to cells
and collagen, and he postulated the existence of another permanent structure be-
tween the collagen fibers that acts as a macromolecular sieve. He also documented
that the degradation of hyaluronic acid leads to a largely increased flow rate. Fur-
ther experiments with ground substance components illustrated their entanglement,
in physiologic concentrations and the severe restriction of transport through them
[76]. Ogston et al. [244] provided a theoretical basis by interpreting experimental
data in terms of diffusion through a uniform random distribution of long molecular
fibers. Furthermore, Levick [202] argued through calculations that the extremely high
resistivity to flow could be explained by the combined effects of collagen, glygosamino-
glycans and proteoglycan core proteins (Chap. 2). It has also been experimentally
documented that not all of the extravascular dermal space is accessible to traversing
substances. This statement holds true especially for macromolecules such as albumin
(volume excluded as high as two thirds of the total) [19, 218, 286, 392]. It stems from
the general principle of volume exclusion, which simply states that two objects cannot
occupy the same space at the same time. Another reason for exclusion might be the
overall negative charge of the extracellular matrix, which may result in electrostatic

repulsion of charged polyanions such as albumin [86].
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In view of these findings and of other experiments showing injected dyes being
transported through the pericapillary interstitium, both rapidly in fine filaments and
slowly in a uniform spreading, Wiederhielm [390] put forward the two-phase theory.
According to this, there is a three-dimensional mesh work (colloid-rich, gel-like) of
glycosaminoglycan complexes and of the basement membrane that excludes bulk flow
and transport of proteins. Smaller molecules may diffuse through it at a reduced rate.
There is also a continuous free-fluid phase that connects the capillary with the initial
lymphatics, which may take the form of vesicles/pathways through which bulk flow
occurs at rates higher than diffusion. Silberberg [332] went even further arguing that
the fluid channels between the heterogeneously distributed ground substance “should
be looked upon as established facts” not only on the basis of experiments but also

because it makes the filling of the lymphatics mechanism much more understandable.

In another important modeling attempt [384], the authors refer to the growing
experimental support of a two-phase structure for interstitium and consider it to
consist of two compartments/phases. Material enters from the blood capillary into
only the “free phase” which they regard to be small under normal conditions (having
a volume fraction of 0.1 in their calculations). The material exits this compartment
through the lymphatics while there is restricted diffusion of the solutes between the
gel phase and the free phase. The two compartments are considered well mixed except
in the blood-lymph direction in the free-phase compartment. The fitting of plasma-
lymph transport data to this model suggested that the interstitial space shows some
characteristics of a chromatographic column, with the larger molecules equilibrating

in tissue faster than the smaller ones due to their confinement in the fluid phase.

To further complicate things, experimental data and modeling thereof show
that part of skin’s hyaluronan (25 %), which is argnably the most important barrier to

convective flow in interstitium, is drained into lymph [19]. This puts the whole concept



of a static ground substance in question. Moreover, in an excellent review [19] the
authors cite experimental findings about the in vivo architecture of tissue and about
plasma-to-lymph passage time variations that show “a remarkably high degree of
inhomogeneity in the interstitium”, which contradicts the two clearly-defined-phases

model.

6.4 Capillary blood flow pattern

The specifications of blood flow in the capillary plexus were not extensively reviewed
since this was not required by the level of detail of the capillary exchange model on this
particular aspect. However, it is worthwhile to briefly discuss this issue in addition
to the information provided in Chap. 2. Capillary flow may be described as an
intermittent, irregular flow of a non-Newtonian fluid (blood) through semi-deformable
bent tubes (capillaries) whose dimensions are comparable with the dimensions of the
cells carried by plasma (resulting in a piston-like effect). The flow is not pulsatile
under normal conditions, but the changes in blood flow are abrupt and substantial,
mostly due to the transient “plugging” of the loops by cells [313]. A factor inducing
blood flow changes in a given capillary loop is also the existence of anastomoses (shunt
pathways) which offer alternative routes to blood; it is believed that they regulate
flow so that the pressure in the capillary bed is homogeneous besides the fact that it

receives blood from many different arterial segments [313].

Detailed modeling analyses are available from a variety of sources [68, 129.
207, 343, 344]. Most of the models deal with particle (two-phase) creeping flow.
Plasma is considered to be a Newtonian fluid that flows between deformable, bicon-
cave, axisymmetric disks (erythrocytes) traveling across the capillary in single file.
Less detailed descriptions of capillary flow [96, 180] assume that blood comprises only

plasma and that the flow follows Poiseuille’s law, a law first derived to describe the
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flow in small-diameter tubes. Since in our model blood flow enters only through the
blood velocity, 1t is assumed that the flow is piston-like (plug flow). Thus, the velocity
is the same at every point of any capillary cross-section. The value of the velocity
for a given cross-section may be regarded as the average of the respective Poiseuillian

(parabolic) velocity.

6.5 Review of capillary exchange models

Krogh [183, 184] set the foundations for capillary network modeling. He performed
experiments in mammalian muscle and observed that capillaries “are distributed with
conspicuous regularity among the muscle fibers.” This lead him to what was later
known as the Krogh cylinder: Capillaries are assumed to be straight, parallel, iden-
tical cylinders that are evenly spaced. Consequently, if one isolates a polygonal tis-
sue surface that surrounds a capillary and that is placed midway from the adjacent
capillaries, then this surface will be symmetric. Due to this symmetry, no concen-
tration gradient exists across the surface and there is no net flux; the surface acts
as if it were impermeable. It thus suffices to concentrate on a single capillary and
its surrounding tissue (unit cell) that can be thought of approximately as a cylin-
der, and expand the results to the whole organ or body by using the capillary den-
sity. Many of the subsequent modeling approaches are extensions of Krogh’s work

26, 192, 205, 278, 304, 362, 393].

During the 1960s and early 1970s, many different, more complex alternatives
surfaced, almost exclusively dealing with oxygen transport across capillaries. These
include a spherical unit cell with the capillary network being a uniform surface layer
of well stirred blood [62], paralle]l “Krogh surfaces” with countercurrent flow that
supply cone-like [105], or more general curvilinear [289] regions instead of cylinders,

a rectangular capillary mesh which shapes the edges of a rectangular tissue volume
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[223], a geometrically symmetric unit cell with asymmetric inlets/outlets of blood
(random branching without including the branches in the unit cell) [130] and a pair
of capillaries where one acts as a source and the other as a sink [154]. These models

are more extensively described in the very good reviews of Fletcher [118] and Popel

[274].

Other noteworthy capillary models have also been published: Johnson and
Wilson [162] assumed that the exchange is barrier-limited and took the axial tis-
sue diffusivity to be infinite, allowing forvrapid equilibration and thus resulting in
a uniform tissue concentration. Bassingthwaighighte et al. [26] developed a more
generic Krogh cylinder for heart capillaries. The interstitial tissue was considered to
be anisotropic, the blood flow was time-dependent and axial diffusion was allowed in
the capillary while the capillary permeability varied with length. Chang [66] came
up with a steady state model that lies between the “capillary network” and “wall
permeability” approaches. He used pore theory to get transport coefficients such
as capillary permeability and hydraulic conductivity, and he calculated the volume
(with Starling hypothesis [350]) and solute fuxes across the capillary through mass
balances for plasma, proteins, solute and hématocrit. Hsu & Secomb [153] included
capillary interactions by studying the steady state oxygen transport/ consumption in
an arbitrary network of microvessels in a big cuboidal tissue volume . Assuming
zero flux across the cell boundaries, they represented the capillary as a collection of
unit sources distributed on the surface of the capillary wall and solved with a Green’s
function method for simple geometries. Kuo et al. [192] examined the effects of radial
diffusion in the tissue by using an extension of Krogh’s cylinder that had permeable
unit cell walls and an infinite sink beyond these walls. They established a criterion
defining the conditions under which the tissue that surrounds a given capillary can
be thought of as infinite. Landahl [196] used two previously reported models - one

with uniform tissue concentration [162] and another in which no axial mixing in the
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tissue was allowed - and derived approximate, yet analytical solutions. Levitt [204]
departed from the rest by examining an approximately random network with respect
to a central capillary. He assumed infinite capillary permeability, strong interactions
with neighboring capillaries, and weak interactions with the ones further away. The
originality of the model lay in the unit cell boundary condition where “complicated
variations in concentration in the region of the neighboring capillaries can be re-
placed by a uniform average concentration which has a time variation similar to the
average of the whole tissue region.” Titcombe and Ward [362] studied steady state
oxygen transport in skeletal muscle. They regarded a 2D arbitrarily-shaped slice of
muscle that included a number of capillaries of arbitrary cross sections as their unit
cell, then examined diffusion, facilitated diffusion and consumption. Their model,
too, implements the Krogh assumption of impermeable cell walls. They used a spa-
tially distributed effective tissue diffusivity (Gaussian distribution) and arrived at an
asymptotic solution of the problem through perturbation theory, while criticizing the
point-sink solutions as inaccurate. Weiss & Roberts [386] constructed a fundamen-
tally different, stochastic model. They considered a random capillary network and
derived equations about the density functions that reflect the random transit times of
a molecule that can or cannot diffuse across the capillary wall. Their model included
protein binding and quasi-steady capillary exchange. Using experimental results for
the transport of lidocaine in the rat hindlimb, they concluded that most of the so-
lutes’ dispersion is due to mixing by the capillary network and that the effective tissue

diffusivity is very small, probably due to protein binding.

The following tables give the distinctive features of 25 vascular exchange mod-

els in a comparative way. Some general remarks that can be made are:

e Blank spaces correspond to either a non-applicable or an unspecified assumption.

o All the models except one ([26]) have assumed steady blood flow, either piston-
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like or parabolic in nature.

e Most models have solute enter in the unit cell through blood (capillaries consid-

ered sources, not sinks).

e Many of the non-steady state models have some kind of a quasi-steady state
assumption, with the most popular one being a quasi-steady exchange due to a

very thin capillary wall.
e Some models consider plasma to be the only constituent of blood.

e Models [108], [285] and [399] are compartmental.

e Most of the models assume that the concentration of a solute and/or the flux of

a solvent is constant around the perimeter of a given capillary cross section.

o Some of the models either refer to, or have used parameters of specific species /
organs / solutes: [26] (cat-rat)/heart, [66] (rat-dog)/(muscle-mesentery-glomerulus),
[108] rat/(many organs)/gadoteridol, [117] rat/kidney/sucrose, [141] dog/lung/urea,
[153] O, [162] mammalian/heart/sucrose, [203] rabbit/knee, [205] muscle-liver,
[285] rat/(muscle-skin)/albumin, [304] lung/tracer, [362] skeletal muscle/O, |
[386] rat/(skin-muscle-fat) /lidocaine, [391] man/bladder/mitomycin C, [393]

dog/bone/tracer, [399] man/protein.

6.5.1 “Capillary wall” models

Apart from the aforementioned capillary network modeling attempts, there has been

substantial scientific research that has exclusively focused on the microscopic perme-
ability properties of the capillary wall [3, 12, 41, 92, 107, 109, 121, 122, 123, 163,
255, 263, 264, 369, 371, 385]. These “capillary wall” models examine transport be-

tween and/or through the capillary endothelial cells in order to determine one or more
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Model [18] | [26] | [25] [ [66] | [108] | [117] | [128] | [141] | [153] | [162] | [192] | [196] | [203]
Steady state X X X v X X X X V4 X X X v
Spatial dirensions 2 2 2 1 1 1 2 3 1 1 1 2
Single cap.model v Vv v Vv v Vv X v v N4 Vv
Cap. interactions X X X X X v X X X
Filtration v X X v v v X X X X Vi X v
Well mixed blood X Vv V4 Vv Vv Vv v v v Vi

Axial diff. in cap. X v v X X X X X X X X
Homog. tissue Vv X N4 Vv Vv X Vv v Vv Vv Vv Vv Vv
Tissue distr. vol. X v v X X Vv X X X Vv X Vv v
Tissue Convection v X X X Vv X X X X v
Lymph flow Vv X X X X Vv X X X X X X X
Protein binding X X X X X X X X X X X X X
Consumption X X v X X X X X v X X X X
Backdiffusion X X Vv X X X Vv X X X X
Cell 0 flux BC v Vv V4 N4 N4 X v
Straight capillary v v v v V4 v X v v v v
Const. cap. length | X Vv Vv Vv v X Vv Vv Vv Vv
Const. cap. radius | X v N4 v v v v Vv v Vv
Constant PS N4 X V4 Vv N v/ v N4 v X

Table 6.6: Comparison of capillary exchange models A

of the capillary diffusional and/or convective transport coefficients. In a way, they
represent attempts to reconcile the qualitative ultrastructure with the quantitative
function [225] (Sec. 6.2). Even though the level of detail is far greater than that in
the present work, these models attack the same problem from a different perspective.
A brief review is useful in understanding the processes that go on in a blood-tissue

exchange unit.

One can distinguish two fundamentally different approaches to the problem:;
pore theory and fiber matrix theory. Pappenheimer et al. [255] set the foundations
for the former by postulating a resemblance between the microvascular barrier and
an artificial porous membrane “pierced with numerous ultramicroscopic openings”.
Thus, identical water-filled circular cylindrical pores that allow diffusive and convec-
tive (filtration) passage of molecules between a well-mixed plasma and a well-mixed
tissue were hypothesized, and the (equivalent) pore radius was picked in order to
make the theory compatible with experimental permeability measurements. Kedem
& Katchalsky [175] substantially improved the theory by introducing a less idealized

barrier that was characterized with an additional (reflection) coefficient, as this was
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Model [204] | [205] | [274] | [278] | [285] | [304] | [7] | [362] | [386] | [391] | [393] | [399]
Steady state X X Vv X X X v Vv X V4 X X
Spatial dimensions 2 1 3 1 1 2 2 1 1 1

Single cap.model X v Vv v v v X X 4

Cap. interactions Vv X Vv X X Vv Vv X
Filtration X | X | X | X | V| Xx [ VI x [ x| x| X 7
Well mixed blood X Vv Vv i Vv X v v v v
Axial diff. in cap. X X X Vv X X X X
Homogeneous tissue N v X v Vv X Vv X X Vv X v
Tissue distr.vol. X X X i v i X X v X v v
Tissue Convection X X X X V4 X v X X X X
Lymph flow X X X X Vv X X X X X X Vv
Protein binding X X v v X X X Vv v X X X
Consumption X X Vv v X X X Vv X X X X
Backdiffusion X X X v X X X X X Vv X
Cell 0 flux BC X 1 v [ v 1V J v 7 7 v
Straight capillary X V4 Vv Vv v N Vv v

Const. cap. length N v Vv 4 v Vv v

Const. cap. radius v v v v X b X v
Constant PS oC v X N v X N v

Table 6.7: Comparison of capillary exchange models B

defined by Staverman [351]. More recent models advanced by considering pores of
two [48, 290] or multiple [41] different radii, or to even have a continuous distri-
bution of their radii instead of discrete values [163]. Others regarded pores to be
the interendothelial clefts and modeled them as rectangular, constricted ducts with

1122, 123, 385] or without [263, 371] a fiber matrix area inside them.

An alternative fiber matrix theory suggests that the capillary exchange takes
place in a region consisting of a random array of cylindrical fibers surrounded by water
[252], this region being either inside or between the endothelial cells [92]. Though more
mathematically cumbersome, this method gained interest, due largely to the inability
of pore theory to reproduce a wide range of experimental results and in certain cases

because it represented more accurately the physiological reality [107, 109)].

Besides the capillary-specific “wall models”, one can also turn to the vast
literature on membrane permeability in order to comprehend vascular exchange on a
microscopic level since a “membrane is any barrier separating two bulk phases which

is permeable to one species in the bulk phases and which also distinguishes between
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the several species by their respective rates of transport through that barrier” [131].
Various researchers have analyzed different parts of the issue, such as steric exclusion
(14, 243, 244, 346], hydrodynamics [54, 94, 156, 206], osmosis [150], electrostatic
interactions [39, 161] etc. The interested reader is directed to the good reviews of

Amsden [7] and Deen [99]

6.6 Discussion

The complex nature of the capillary exchange process in the dermis is obviously not
completely defined. However, the collection of experimental and theoretical work
cited here allows for important aspects of this process to be clarified. The framework
upon which the capillary model of the next chapter was built becomes apparent by

sumimarizing the preceeding passages.

The permeation of the capillary wall can be considered as a passive process
depending on gradients of physical forces [103, 228, 291, 405], while it has been es-
tablished that small and large molecules choose distinctly different paths both in the
interstitium and through the capillary barrier [226, 256, 384, 390]. These different
paths are part of the critical problem of the significance of convective transport (filtra-
tion - reabsorption - lymph removal) with respect to diffusion. It can be argued that
in a tissue such as skin there is only a low-level filtration and an even lower (if any)
reabsorption of fluid from tissue to blood [227, 265, 307, 359], with the filtrate being
removed ( at approximately the same rate by which it is produced [180, 359]) through
the lymphatics. Diffusion is thus expected to be the dominant transport process for
small molecules that do not bind appreciably to serum proteins [86, 91, 103, 252]. The
situation is quite different for macromolecules or strongly bound substances since they
will follow the route taken by serum proteins during their transcapillary passage, a

passage of which the filtration - lymph removal is a major constituent [180, 326, 359].
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In terms of modeling these phenomena, maximum accuracy and flexibility is attained
with an always present diffusion and a selectively present convection (both in tissue
and across the capillary wall) that can be “switched on and off” depending on the

penetrating substance.

The in vivo tissue nature around the microcirculation is an incompletely un-
derstood piece of the puzzle. A valid first-approximation would be the porous medium
approach (Darcy’s law) [9, 116] (Chap. 5), even though reality is much more complex
[19, 390], with the effective transport parameters encompassing this complexity in
an averaging way. In fact, all transport parameters used in the modeling attempt
can be nothing else but average values reflecting the fact that there are large fluctu-
ations/deviations from “normal” behavior. This holds true for the perfused capillary
density, blood velocity, diffusivity (in a very heterogeneous tissue), capillary per-
meability etc. On the same path of thinking, blood flow may be considered as a
steady flow of since we are only interested in the average clearance rate to deeper,

non-exchanging, blood vessels.

The review of the capillary exchange models revealed some remarkable at-
tempts of the authors to grasp the in vivo reality and process it in a solvable math-
ematical format. However, Tables 6.6 and 6.7 indicate that most of these models
assume a straight capillary tube with no interactions with adjacent capillaries. Thus,
they fail to represent the physiological, three-dimensional, reality of the capillary loop
with an ascending and a descending limb, interacting with other capillaries and thus
altering the concentration profiles in the surrounding interstitial space. The impor-
tance of representing accurately the capillary geometry has been demonstrated by
comparisons between the tissue concentration profiles generated by a loop model (for
the renal medulla) and by a straight cylinder model [382]. The importance of the loop

was evident to other researchers that modeled straight capillaries with countercurrent,
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flow. However this involved pairs of independent capillaries that had no connection
with each other in terms of the concentration in blood. Moreover, the reduction of
the dimensions of the problem may lead to erroneous results, as was demonstrated

by another three-dimensional model of straight capillary tubes [31].
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Chapter 7

A Geometrical Model of Dermal
Capillary Exchange

7.1 Introduction

This chapter develops a capillary exchange model that is a substantial departure
from Krogh'’s cylinder archetype [183], and its subsequent modified versions {26, 192,
205, 278, 304, 362, 393]. The three-dimensional, bent-cylinder geometry of the cap-
illaries is accurately represented and mass transfer interactions among capillaries are
explicitly accounted for through the imposition of periodic boundary conditions. The
model considers both diffusive and convective transport mechanisms (the latter due
to capillary leakage and the subsequently formed channels to lymphatic capillaries,
Sec. 6.3). Partitioning phenomena both in the blood stream and in the interstitium,
which depend on factors such as volume exclusion and binding to serum proteins, are
incorporated in principle in the model through the use of the appropriate values of

partition coefficients.

The model has the capability of predicting steady state concentration profiles
in the interstitial microenvironment of the capillary plexus and variations in blood
concentrations along the capillary loop. Thus, it is suitable to explore the topical

pharmacological effect of a penetrating drug (215, 325]. It will be shown later in this
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Figure 7.1: Doubly periodic capillary array. Dimensions in ¢ m

chapter that the model can also be readily utilized in conjuction with the simple,
macroscopic, whole-skin approach (Chaps. 3 and 4) to predict the rate of microvascu-
lar clearance of a given permeating substance. The significance of such a predictive
ability spans the fields of transdermal delivery [178, 341|, sunscreens [34], prevention

of chemical exposure [6, 219, 272], and protection from biological warfare [70, 71].

The capillary network and the surrounding dermal tissue are thought of as an
infinite, two-dimensional, array of identical parallelepipedal unit cells (Fig. 7.1).
Each unit cell includes a single capillary and the surrounding interstitium. The
preceeding and proceeding parts of the vasculature are assumed to have a negligible
permeability (i.e. to be non-exchanging vessels) that supply (arterioles) and accept
(venules) the blood flow of the capillary. The steady state transport processes which a

skin-penetrating substance undergoes in the interstitium are diffusion and convection
generated by filtration. Material is assumed to be exchanged through the capillary
wall by both diffusion and filtration at a constant rate, while the model has the ability
of predicting possible diffusive reabsorption of substances from the tissue to blood.

The blood flow is idealized as a plug flow which diminishes along the capillary loop
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due to filtrative losses.

Through the following calculations plasma and interstitial concentration pro-
files are acquired. The dermal concentration is calculated through a slender body
theory formulation. The corresponding equations are coupled with the equations de-
rived from a mass balance that predicts the blood concentration inside the capillary.
The model also predicts rates of clearances through the capillaries and changes of

transdermal fluxes due to the clearance process.

7.2 Model formulation

7.2.1 Transport through the interstitium

The depth dimension (z) is considered infinite. There is a steady fux of material

8Cde (z,y,+00)
Oz

/ . [P, .
at z — +o0o — « . As the material diffuses downwards it encounters

the capillary plexus in a region that, as is demonstrated later, can be thought of as
an absorbing zone. A certain amount of the material is absorbed into the capillary
loops, in the blood stream, where it is convected from the capillary loop to the
next, non-permeable parts of the microvasculature. The material remaining in the
extravascular tissue continues to transverse the interstitial space (both by diffusion
and convection due to filtration) with a different yet steady flux. The convective
transport is characterized by a steady average “seepage” velocity ﬁsp. It is logical to
assume that this velocity will have its maximum value just outside the capillary wall.

It is also logical to assume that as z — —oo the convective part of this Aux would

tend to be zero since it is a localized phenomenon in the space between the vascular
and lymphatic capillaries. Thus, it would be w — «, which means that

the concentration will depend linearly on z : Cy.(z,y, 2) ~ az + 3 asymptotically as

z — —o0. A special case arises when the capillary network is absorbing the material
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at the rate at which the material is supplied. In this situation, the flux below the
capillary plexus (z — —o0) would be zero and the respective concentration would be

constant.

Since the capillary array is considered periodic in the dimensions parallel to
the skin’s surface (x and y), periodic conditions apply at the boundaries of each unit
cell (0 :1, and 0 : [,). These conditions reflect an equality of concentrations and
fluxes on the two sides of the imaginary boundary that separates two adjacent unit
cells. Due to the symmetry/periodicity of the problem, a net convective flux from
one unit cell to another cannot exist, i.e. the streamlines that describe the fluid’s

motion are expected to “bend” as they approach the boundary. Thus the boundary

conditions involve only diffusive fluxes. The complete mathematical formulation is :

v {—Ddﬁcde(x,y,z) + Uy Cael@, 1, 2)} =0 2€(0,L), ye(0,l), 2 € (~o0,50) (7.1)

Cde(07y7 Z) = Cde(ll'z Y, Z) Y € (0’ ly) y 2 € (—OO, 30) (72)

aCde(oy Y, %) _ 0Cse (13, y, z)
Oz B oz

y€(0,1,), z € (~x,0) (7.3)

Cae(2,0, 2) = Cae(z,1y, 2) z e (0,1), z € (—o0,0) (7.4)

0C4e(2,0,2)  0Cse(x,ly. 2)
Oy N oy

z e (0,1,), 2z € (—o0,00) (7.5)

Cae(z,y,2) > az + 3 z€(0,0y), ye (0,0,), 2= — (7.6)

9Cae(2,y, +o0)
—— "

5, t<€(0,l), ye(0,l,), z— (7.7)

7.2.2 Transcapillary flux

We assume that the (homogeneous) capillary wall/membrane is of (constant) thick-
ness h. Its side in contact with blood is denoted by i while its side in contact with

the surrounding dermal tissue is denoted by k (Fig. 7.2). The partitioning equilibria
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Figure 7.2: Definition sketch for the capillary membrane

between points just inside and outside of the membrane are expressed by the relations:

Crnem’ C

_Jmem WL (7.8)
Kmem/w Kbl/w

Omemk C &

wem _ CeMeap (7.9)
Kmem/w Kde/w

where Kyem/w, Koiyw, and Kye/w are the partition coefficients of the solute in the
capillary wall, blood and interstitial dermis, respectively, referred to bulk aqueous

solution. The term Cdefaca,p represents the dermal tissue concentration at the capillary

(of radius ac,p,) wall. Since the blood is considered to be well mixed over the capillary

cross section, an analogous distinction is not necessary for the blood phase.

The total transcapillary flux (Jg,p) is the sum of the diffusive flux and convec-

tive fluxes between the blood and tissue phases. By adopting the convention that it
is positive in the direction from blood to tissue:
Cmemi - Omemk Cmemi + Crnernk

Jeap T Dmem mem 7.
Jay ; + 0, 5 (7.10)

where Do, is the diffusion coefficient of the solute in the capillary membrane and
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Unmenm 18 the volume-averaged outward radial velocity through the capillary membrane.

By applying the partitioning equations the preceeding expression becomes:

J _ D mem Cbl K . Cdelacap K
cap A Kb]/w mem/w Kde’/w mem/w
Utnem Cbl Cdeya . -
—— Knemjw + —— 2 K w | =
* 2 Kbl/w mem/ - Kde/w mem/

J. _ P,i . ( Cbl . Cde|acap> + [/Tmemeem/w ( C1bl + Cde|acap> (711)
P P Kbl/w I(de/w 2 Kbl/w Kde/w

with the (diffusive) capillary permeability coefficient being defined as:

Dmemeem/_vz

Pcap/w - _—h'——— (712)

This flux should be equal to the flux normal to the capillary wall that enters the

tissue:

‘]cap = (-Ddevcdemcap -+ U5P|Cbcapcde|a'cap) hd ﬁwall (713)

where 7iy,y is the normal to the capillary surface outward unit vector and e symbolizes

the dot product. It is assumed that in the vicinity of the capillary wall the seepage

.

velocity ( Uspfacap) will only have an (outward) radial component. Thus, the product

—

Uspl gap ® Twall will equal the magnitude of Uspl feap -

P. ( Cbl . Cdemcap) + Mnemeern/w < C’bl + Cdefacap .
api Kbl/w Kde/w 2 Kbl/w Kde/w

(\—Ddeﬁcde‘acap) ® ywan + Us 7.14)

P|(heap Cle |Geap

Due to the asymmetry of the problem, the value of the dermal concentration
on the capillary surface depends on the angle () that determines the location of a

particular point on the capillary wall perimeter. A representative concentration is
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obtained through averaging over the perimeter of the capillary wall:

/27f P ( Chl B Cdelflcap> + Usnern K nem/w ( Ch + Cdelacap>— dg =
o "\ Koyw | Kaopw 2 Koijw  Kdejw

2 - ]
/0 [( — D4 VCie |Ceap ) ® Nwall + USP |Gcap Ce |Gcap b =

P }i Obl . <Cde|a,cap>} + Umemeem/w [ C1b1 + <Ode|a,c.ap>}
“ap/ Kbl/w Kde/w 2 Kbl/w Kde/w

—Dde<§cde}a,cap 4 ﬁwall> + USpla/cap<Cde|a‘C‘dp> (715)

with () denoting the average around the capillary perimeter at a given position along

its axis. The seepage velocity Usp’aCap is by definition an averaged quantity and

therefore does not have to be included in the averaging. Since Uyem and Usp' fap BTC

the volume-averaged velocities inside the capillary wall and just outside the capillary

wall, they have to be equal to each other:

[Jmem - LfSplafcap (716)

In the previous calculations and throughout this chapter, parameters such
as the diffusional capillary permeability and the capillary radius are assumed to be
constant along the capillary length. However, the model could easily be extended to

treat the case of a varying radius and/or permeability.

7.2.3 Mass and volume balances inside the capillary

It is assumed that there is plug flow inside the capillary, with the blood velocity
being reduced as blood flows through the capillary due to the bulk losses of filtration.
Diffusion in blood is considered to be negligible with respect to convection. Consider
a slice of the capillary (Fig. 7.3) being a straight cylinder of small length (dt).

Blood is considered incompressible, so that a volume balance on this slice results in a
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Figure 7.3: Definition sketch of a capillary slice

relationship between the (average) blood velocity (Uy,) and the (average) “filtration”

velocity (U5p|acap> by which blood leaks from the capillary:

2 2
Tlcap [Jbl}t - 27ra/capdtUSP|acap + Tlcap Ubl|t+dt =
dUn o 27Taca,p USP [cap
dt T lcap>
O T (7.17)
dt Geap '

The net flux (diffusive - convective) of solute entering through the perimeter

18 —Jeup thus the mass balance in this slice (with ¢ being the length coordinate) is:

Wacaszblcht + [27Tacap(t -+ dt — t)] (—qup) - ﬂ-acap2Ublel|t+dt =

Tleap” Ut Chljppae — Colr) = 27 0eap(dt) (= Joap) i

5. dC :
Tracapz Ubl J = 27Tacap (_ J(;(Lp) =
dt ‘
Qeap Ubl dcbl o
> @ - e
a‘«;:a.p Ubl dCbl _ <Cde | a‘cap > . Cbl
2 dt I\ T K. Jw Kol )
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_ Uspia’cap Kmem/w ( <Cvde!afca.p> + Cbl > (T 18)
2 —Kde/w ](bl/w
Geay Ubl dCbl = - -
and —_};—W = Dde,(VC’demcap [ nwan> - USPlCLcap<Cde'a'cap> (l 19)

Egs. (7.1-7.7) and (7.17 - 7.19) provide the foundation for a solvable mathe-

matical analysis.

7.2.4 Dimensionless formulation

All length figures become dimensionless with a characteristic length L = 100 um
(chosen as a round number having an order of magnitude between those of the capil-
lary length and of the capillary radius). Once again, the dimensionless quantities are
denoted with a (“"”) affix. The dimensionless coordinates and capillary radius are

thus
T =z/L; 7 =y/L; 2= 2/L; Geup = Gep/L (7.20)

The dermal tissue diffusion coefficient is made dimensionless with a characteristic

diffusivity of D,= 1077 cm?/sec, stemming for the value obtained from the skin

transport model for dermal penetration of salicylic acid (Chap. 4). Thus :

Dge = Dae/Ds (7.21)

Blood velocity is made dimensionless with U,= 0.01 c¢m/sec which is the order of

magnitude of a typically reported velocity of capillary blood flow [129):

Ug = Uy/U, (7.22)

Finally, dimensionless concentrations are defined by:

~

C, = C,/C, , a=*de” or “bl” (7.23)
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where C,= 107% pmoles/cm? depicts a typical drug concentration in a transdermal
£ Y1 g

application. The resulting dimensionless equations are :

o Interstitium

By defining the vector tg, as the unit vector pointing in the direction of ﬁsp Eq.

(7.1) becomes:

12 . 12, . .

EV-{—DdeDO—L—V (CuCl) + i Usp (C’deC’O)} ~ 0=
2 A Doa L -
v-{~Ddevode+U—5—gpode} -0 (7.24)

Also, by introducing a Peclet number for interstitial transport

Usp L
Peint Dpo 3 (725)
the transport equation becomes:
€7) : {—ﬁdeﬁéde + Peintﬁsp(jde} = 0 (726)

The corresponding dimensionless boundary conditions (Egs. (7.2 - 7.7)) are:

Cae(0,5,2) = Cuaelle, 9,2) (7.27)
0Cs(0,9,2)  0Calla, 3, 2) o
0 h 0% (7.28)
Cue(4,0,2) = Cau(2, [, 2) (7.29)
0C(2,0.2)  BC.(&,1,, 2) (7.30
5 — 5 7.30)
Cue(®,9,2) — (aLz+3)/Co— a2+, as z — —o0 (7.31)
OC (i, 4, ) L A -
5 — a}’y—%j, as z —» 00 (7.32)



e Capillary - tissue boundary

Eq. (7.15) becomes:

P éblCo B <(Cdeco>|acap> N Usplacameem/w C'bICO n <(Cdeco>|acap> _
cap/w Kvbl/w Kde/w 2 Kbl/w Kde/w
—DaDo(V (CacC) @) + Ui, (CacCo) ) =
e ere [Qcap e *Placap oo |CGeap
Pcap/wL CA’bl . <édeiacap> U5p|acapL Kmem/w CAfbl + <Cde|a'cap> _
Do Kbl/w Kde/w Do 2 Kbl/w Kde/w
- A Uspla/capL

—Dae(VCaeiag, ® fwatl) + (Caelagay) (7-33)

D,

By introducing the dimensionless capillary permeability coefficient

- Ra wL
Py = —:%/— (7.34)
o]

this equation becomes:

mem/w

2

Kbl/w Kde/w

+ P Cint|ap

P(;‘a.p { ébl <Cde|a‘5'<lp >

éb1 L <Cvde|ac-(lp > .
Kbl/w Kde/w

A
~ — A

—Dae(VCiae|ayyy, ® Mwan) + P eint[acap<éde|a,cap> (7.35)

¢ Blood phase

Here

1 d(UnlUs,) _ _ZUspmcapU" N

L dt Geap L
L T (7.36)
gt oy '
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so, Eqs. (7.18 - 7.19) become:

acapUbl 1 d (éblco>
2 L di

P < (Cde Co) |alcap> ébICO B
i Kde/w Kbl/w

USp!afcameem/W <(Cdeco>|acap> + CA'blc’o
2

DdeDo<l% (édeoo> i ﬁwall> - USPIacap<(édeC°) > =

L ! Ucap

}_a’captfbl débl Pcap/wL <éde]acap> _ ébl
2 Do d£ Do Kde/w Kbl/w

. USp!afcapLKmem/w <<C’d€|acap> 4 ébl >

D, 2 Kae/w Ki)w
. Uiy L
~ = A - SP| Ly A
= Dde<v de|Ccyp .In'wall> - T%( de}acap>
Ultimately,
dc; . [ (Caelag, G
Peb1 Pl = QPC;lp < deld p> — Bl
dt Kde/w Kbl/w
<éde|a.. > Obl
- P “in Kmem w =P
€ tldeap / ( Kde/w + f(bl/w
dc PN . ‘ S
Pebl thbl = 2Dd€<vcde|a,cap L4 nwan> - 2Peiﬂt‘|acap<cde{a'cap>

Here Pey, is yet another Peclet number, based on the blood flow velocity.

Geap Drbl

P €L = D
o
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The dimensionless groups that arise in the system of Eqs. (7.26 - 7.32), (7.35 -
7.38) are the two Peclet numbers (Pein, Pey,)) and the diffusional capillary permeabil-
ity ( Pcap). The value of the interstitial Peclet number on the capillary wall ( Peinﬂacap)

can be thought of as the maximum value that Pey; can obtain. These magnitudes

offer valuable insights on the importance of diffusive and convective transport.

7.2.5 Capillary centerline / surface

Representations of the capillary centerline and the capillary surface are developed in
parametric form. Three different parametric equations (where ¢ is the name of the
parameter varying along the curve) were considered for the centerline. It is most
convenient for the consequent derivations to place the apex of the capillary centerline

at the dimensional point (1,/2,1,/2,0).

z=1;/2+atanh(o), y=1,/2, z=—h,o" (7.40)
x =ly/2+atanh(s), y=1,/2, z=—[(cosh(o/0,) — 1] (7.41)
5=0/240, y=1,/2 z=—[tan(oV7/2\)] (7.42)

where a, h,, 0,, A, are parameters defining the actual size and geometry of a single

capillary.

With the computer reconstructed image of a capillary network by Braverman
[50] as a guide, the distance between the asymptotes of the two capillary legs was
taken to be =~ 40um, while the vertical distance over which the arch extends was
taken to be = 50um. These geometric criteria are met in all three cases when o = 20,
ho =20, 0, = 0.4 and A, = 11.2. The centerlines derived from these three parametric
representations are shown in Fig. 7.4. The first one was chosen as the most realistic.

The interval —2.738613 < o < 2.738613 defines a capillary loop ~ 300um long.
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Figure 7.4: Capillary centerline candidates. Dimensions in & m

In order to define a corresponding representation of the capillary wall, we

build on the centerline equation, and introduce three unit vectors are needed, the

one tangential to the centerline (n;), the one normal to it (v;,) and the corresponding

binormal vector (n3). Since the centerline lies in the zz plane one can write:

np has only a y component since it is perpendicular to the zz plane (

n; = A(o)e, + B(o)e;,

N = C(0)e; + D(0)e;

ny = E(o)é,
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These components of these vectors were found to be (Appendix D):

a/ cosh®(o)
Alo) = ‘ (7.46
) \/(12/ cosh*(o) + 4h20> 49
—2he0
Bo) = 2 7.47
) \/a2/ cosh(o) + 4h202 (47
1 ~
o0 = 3 @)/ B@P )
1 -
R R 74
1
DO = |1 e (750
E. (o) = [Ci(0)B(o) — D(0)A(0)]é, (7.51)
E_(0) = [C_(0)B(o) - D(0)A(o)ley (7.52)

with E. (o), C (o) applicable for 0 < ¢ < 400 and E_(0), C_(0) for —oo < o <0

The parametric equations that define the capillary surface (for a constant

capillary radius of 3um, Fig. 7.5) are:

T = ly/2+ atanh(o) + 3CL(0) cos(u) (7.53)
y = 1L,/24+3E.(0)sin(u) (7.54)
z = —h,o*+ 3D(c) cos(u) (7.55)

with u € [—, 7] defining position around the circumference of the capillary.

7.2.6 Perturbation analysis

Based on the information gathered about the relative significance of convection and

diffusion ( Sec. 6.2.2 & 6.2.4), one may state that convection may or may not be
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important depending on the properties of the skin-penetrating substance, such as
size, lipophilicity, affinity to bind to serum proteins etc. The total disregard of the
existing fluid channels that carry the leaked serum from the vascular to the lymphatic
capillaries might lead to erroneous results for say, compounds that bind strongly to
human serum albumin. Thus, convective transport is treated as a perturbation that
can be added to the diffusive transport, if necessary. Mathematically, this was realized
through a perturbation analysis. A small-impact convection translates into a small

Peclet number :

}Dehm - Ejhm(i) with ¢ < 1 (7.56)
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The strategy of a regular perturbation analysis [100] involves obtaining the
solution of the problem for € = 0 and then acknowledging the fact that ¢ # 0 by
adding correction terms to the solution. Although it is an approximate solution, it
is a useful approach. Furthermore, one can control the level of accuracy by choosing
the appropriate number of correction terms. For example, Eq. (7.26) may be restated
as:

V{-DuVCi = finl®) Tl = 0 (7.57)
A power series is used to express the dependence of (:'de to e:
Cie = ) {C’nan}
= Co+eCy+2Cy+ ... (7.58)

Substituting this function in Eq. (7.57) yields:

f7{ Ddev{co+ccl+ ot )+
& funt (B)ilap { Co + £Cy + £2C + . 1} = 0=
2 {~DuVCo) +¢ {-DaV2C1 4+ V [funl@)inCo] | +
{ Do+ V [ frual@ )uspcl}} O(*) = 0 (7.59)

with O (¢°) including all the higher order terms. This equation generates a sequence
of equations that can be solved consecutively. The first approximation is to consider
only the O(1) terms (first bracket in equation) and obtain a solution for Cy. This is
equivalent to making the assumption that there is no filtration or convection through
the interstitium since Peiy, = 0. This solution is accurate to within an error of O(g)

imposed by the neglected terms. The second approximation is to include the O(g)
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terms (by solving the equation in the second bracket). The O(1) terms have already

been satisfied and thus by adding the two obtained solutions, one has solution with

an error of O(g?), and so on.

7.3 First approximation - negligible convection

7.3.1 System of equations

By setting Peiyy = 0, or better yet by setting the maximum value of the Peclet

number Peint|acap equal to zero, one is effectively considering diffusion as the only

transport process occuring in the interstitium and through the capillary wall. The

only convective process is the blood flow inside the capillary. This may be considered

a good approximation for small to medium - size substances that do not bind very

extensively to plasma proteins. The equations describing the system are:

e Interstitial phase

0

éde(l;a :&7 ’%)

Cael, 1y, 2)

0Cac(%, 1, 2)
o9

~
v

+ 0 ,a8 z — —00

&S

Y ,a8 2 — 00



e Blood phase

Pebl—A = 2Dde<€7)cdefacap [ ] ﬁwall) (769)

7.3.2 Capillary centerline discretization

The capillary centerline is descritized into many straight segments for the subsequent
application of numerical methods. There are various possible ways of doing this:

1. Segments of same elevation

2. Chords of same length

3. Arcs of same length

The last method is the most attractive, as it is the simplest to implement. The

parametric equations for the centerline are:
r=1/2 +atanh(o), y=1,/2, z=—h,o’ (7.70)
& = (lz/2atanh(o)] /L, §=(1,/2)/L, 3= —heo?/L (7.71)

where a = 20pm, h, = 20pm, L = 100um. Varying o as —2.738613 < ¢ < 2.738613

suffices to produce a realistic capillary length of O(300)um.

The centerline is broken into 2V,,,, segments (N,,., = 10) corresponding to
evenly spaced values of o. The endpoints of each segment are defined by applying

discrete values of o in the parametric equations. This produces arcs with length

Tiw1 — 05 = 0.2738613.



Consider the respective chords of these arc segments. The (dimensionless)

length of the ith segment is:

U= (@1 — 807+ (s — 50 + (i — 20 (7.72)

A new variable # is defined that is the “arc length” of the curve that is com-
prised from these chords. The values of ¢ at the junctions between chords are defined
by a list (array) of values representing the accumulated length of the chords in either

direction.

o ¢(0) = 0 at the peak of the capillary,

o t(1) = /(&1 — £0)® + (1 — §0)? + (51 — 20)%,

o £(2) =t(1) + \/(E2 — 21)2 + (B2 — §1)? + (22 — 21)2

etc for positive z coordinates,

H=2) = t(=1) = \/(F_a = 812+ (o2 — §-1)* + (32 — 21)?

for negative x coordinates.

The coordinate values of each segment’s endpoints in dimensional and dimensionless

form are listed in Table 7.1.

7.3.3 Slender body theory formulation

The elegant slender body theory is used to solve the preceding formulation. This
theory has been mainly developed for, and applied to, problems involving Stokes flow
128, 83, 214, 198, 361]. Other applications pertain to shear flow [84] and diffusion
121, 153, 240]. According to Batchelor [28], “The basic idea in slender body theory
for Stokes flow is that the disturbance motion due to the presence of the body is ap-

proximately the same as that due to a suitably chosen line distribution of Stokeslets” .
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o N | z(pm) | y(pm) | z(pm) t(pm) z i 2 t
-2.739 | —10 | 30.167 50 —-150 | —157.223 |1 0.302 | 0.5 | —1.5 | —1.572
—2.465 | -9 | 30.287 a0 ~121.5 | —128.723 | 0.303 | 0.5 | —1.215 | —1.287
—-2.191 | -8 | 30.494 20 —-96 | —103.222 1 0.305 | 0.5 | —0.96 | —1.032
—1.917 | =7 | 30.847 50 —73.5 —&80.72 10309 { 0.5 | —0.735 | —0.807
—1.643 | —6 | 31.442 50 —54 —61.211 [ 0.314 | 0.5 | —0.54 | —0.612
—-1.369 | —5 | 32.429 50 =375 | —44.681 | 0.324 | 0.5 | —0.375 | —0.447
—1.095 | —4 | 34.023 20 —24 —31.087 1 0.340 | 0.5 —0.24 | —0.311
—0.822 | -3 | 36.481 50 —-13.5 | —20.303 | 0.365 | 0.5 | —0.135 | —0.203
—0.548 | —2 | 40.024 50 —6 —12.009 04 05| —0.06 | —0.12
—0.274 | —1 | 44.656 50 —-1.5 —5.551 | 0.447 | 0.5 | —0.015 | —0.056

0 0 50 50 0 0 0.5 105 0 0

0.274 1 095.344 50 —-1.5 5.551 0.553 | 0.5 | =0.015 | 0.056
0.548 2 | 59.976 50 -6 12.009 06 | 05| —0.06 0.12
0.822 3 | 63.519 50 —-13.5 20.303 [ 0.635 0.5 | —0.135 | 0.203
1.095 4 | 65977 50 —24 31.087 066 { 0.5 —0.24 | 0.311
1.369 5 | 67.571 50 —-37.5 44681 | 0.676 | 0.5 | —0.375 | 0.447
1.643 6 | 68.558 50 —54 61.211 | 0.68 | 05! —0.54 | 0.612
1.917 7 |69.153 50 —73.5 80.72 0.692 | 0.5 | —-0.735 | 0.807
2.191 8 | 69.506 50 —96 103.222 | 0.695 | 0.5 | —0.96 1.032
2.465 9 169.713 50 —-121.5 | 128723 | 0.697 | 0.5 | —1.215 | 1.287
2.739 10 | 69.834 50 —150 157.223 10.698 | 0.5 | —1.5 1.572

Table 7.1: Dimensional and dimensionless coordinates of the discrete segments of the capillary
centerline.

The same applies here. The solution for the dermal concentration field is
expressed as a line distribution of point sinks located on the capillary centerline. The
first step is to acquire a doubly periodic Green’s function, the solution for the problem
where one point source of unit strength is located at an arbitrary point (z,, ¥, zo)
inside the unit cell. The point source at each point of the capillary centerline is
weighted with a corresponding source demnsity strength, which is generally negative
reflecting the fact that the capillary is a sink of solute (i.e. absorbing solute). The
source density strength (P) is a measure of how strongly it absorbs material and is
measured in moles/cm/sec. The next step is to sum these individual-sink solutions

by integrating along the capillary centerline, the distribution of the source density
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being unknown.

This integral, according to slender body theory, corresponds to the “distur-
bance” concentration, the perturbation to a “background” linear distribution rep-
resenting 1-D diffusion in the —z direction (caused by a constant fAux supply from
above) caused by the existence of the capillary network. The “disturbance” con-
centration must be added to the “background” concentration, the one that it would
have been in the abscence of the capillaries. This “background” linear dependence is
chosen to be the same as the one that specifies the concentration asymptotically as

z — —oo. Thus, the concentration at any point (x,y, z) in the unit cell is given by :
Cacl,y,2) = az+fB+ / PGz, y, 2, 20(), yo(t), (D] Al (7.73)

where P(t) is the unknown source density strength, ¢ stands for the capillary center-
line, dl is the infinitesimal element of length along it, and ¢ is an arc length variable
that is derived from the discretization of the capillary centerline into a finite number

of straight segments.

Assuming that P(Z) is piecewise constant (i.e. constant over each straight
capillary segment), one can factor the source density for each segment out of the

integral and write:

o, e - dl
Coe = az+j3+ Z P,(t)/ G 2,9y, 2, 2,(t), yo(t), 20(t)] (%) dt  (7.74)
—Nmaw Ci

where ¢; refers to the center of the ith cylinder. The discrete values of ¢ reported in
Table 7.1 are the limits of the integration in Eq. (7.74) for each segment, the length

of which is ¢;,.; — ¢; .



7.3.4 Doubly periodic Green’s function

The Green’s function (concentration field representing a point source G(Z, %)) is the
building block for the solution for C4.. The present calculation pertains to the case
where the rate of absorption from the capillary equals the rate of supply. This means
that the concentration as z — —oo does not vary linearly with depth, but rather is
constant.

The lateral dimensions of the unit cell are [, and ly chosen to be I, = I, =
100um (yielding a realistic average capillary density of O(100)/um?). G is governed

by an equation describing steady state diffusion with a unit sink at a point z,:
D VPG +6(F = &)m = 0 (7.75)
where
(T~ 25) = 0z —20)0(y — 1)6(2 — 2,) (7.76)

and 7 is the rate of moles (moles/sec) at which the sink is absorbing solute. By
making the equation dimensionless (the dimensionless variables and characteristic

values have been previously defined) one has:

V2, RICEEH .
DdeﬁGOo = —mT (7 [ l)
@Qé _ m g _ - -~
———~DdeLCO6(1 Zy) (7.78)
We define m such that
m
= 1 7.76
DalC. (7.79)
m,
GJ == - 7.
Dol (7.80)
then
VG = —8(F - 4) (7.81)



The Green’s function for an isolated point source is given by the well known

formula

which satisfies

ViGQ(2,7,) = —6(F — 2p) (7.83)

In the present case one has to obtain a 2D periodic Green’s function, a function that
will be the solution for the case where there are periodic point sinks, one in each
capillary cell. The steady state problem that needs to be solved is as follows (in

which all variables are dimensionless, the affix “~” now being dropped):
V2G(z,y,2) = ~8(z — x,)(y — yo)(z — Zo) z€(0,l), ye(0,ly), z € (~o0,00) (7.84)

G0,y,2) = Glls,y, 2) y€(0.ly), z € (~o0,00) (7.85)

0G(0,y,2)  0G(l,,y,2)

y€(0,1,), z&€ (—o0,00) (7.86)

oz oz
G(z,0,2) =G(0,1,,2)  z€(0,l,), z € (—o0,00) (7.87)
9G(z,0,z)  0G(0,1,,2) / -
By = By r € (0,1,), z € (—oo0,00) (7.88)
KD 0 weol), yeOh), s - (189)
0G(z,y,2) 1 X , N
92 = ol z€(0,l:), ye (O’ly)7 Z =0 (7.90)

The slope at +o0o must be # because the flux away at +oo must balance the unit
“w by
flux coming out from the point source.
The problem involves an inhomogeneous PDE with inhomogeneous boundary
conditions in three dimensions. It was solved with the method of separation of vari-

ables (Appendix E), and its solution for the two semi-infinite regions z < 2, and

Z = z, 1S given by
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Figure 7.6: Definition sketch for Green’s function formulation

* : <z,
B 1 &1 2rm{y — yo) 2m
G 0 ol l’;lmco ( L L (z — 2,)
1 &1 2mn{x — x,) 27
+ 2—7@;77@0( - )Xp[lz (z zo)}
4 o0 o0 2 .o N
=AY oo [z =) 2mm(y — yo)
lmly n==1m=1 ]'x l'y
P
exp [\/(%) + (g%r) (z - vo)}
- 2 — (7.91)
2 ()" ¢ ()
° z -z

1 &1 2l — ‘
G = —(Z—Zo)+ Z — COS <_7rm(éj Lo)) exp {—Zﬂ—m(z—zo)}
Y
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1 &1 2mn(x — x,) 27rn( )}
—C - ex — Z— Zs
oml, 2= I, PITT
oo oo 9 -, 2 -1y,
4 S5 cos (s —x o (Y — Yo)
lxl?/ n=1m=1 le ly

- ‘ ‘ (7.92)

The obtained solution involves a double series that converges very slowly as
z — z,, for examble 11, 757 terms are needed for the solution on the plane z — z, =
0.001 in ordér to have an error less than 107, Thus, one needs to implement a
procedure that will make the series converge more rapidly. There are a variety of
methods that have been used for this purpose [132, 152, 166, 209, 217, 330, 340, 342].
Some of them were named after their inventors such as Kummer’s transform, Shanks
transform, Levin transform. In many of these methods, one has to “extract” the

singularity, the cause of slow convergence, from the series for the Green’s function.

This general type of thing is done here. We write

1
47r\/(x ~20)2 (Y — 10)? + (2 — 2)?

ey, 2,%0,Y0,20) = G (7.93)

The formulae giving G were used to get values of G (and therefore f) at the points
(z,4,2) = (T0,Y0,20+0.01), (2,y,2) = (%0, Yo, 2 —0.01), ...,. Values of f at z = z,
were obtained by extrapolation of the value at z = 2,40.01 and z,£0.02. These were

fitted with a convenient formula representing f close to the singular point (Zo, Yor 7o)

For example, the approximation for f with (%, v,, z,) = (1,/2,1,/2,0) is:

flz,y,2, 00,90, 20) = —0.31037316607682 + 0.35934349472441(z — z,)*

+0.35934349472441(y — y,)* — 0.5(z — z,)
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— 0.71880194952219(z — z,)* (7.94)
Our overall scheme for computing G is to write

1
G - + f(:l;?y?za :L'O;yoazo) (795)
47f\/(l’ —26)2 + (Y — ¥0)? + (2 — 2,)2

[ is computed as the difference in Eq. (7.93) with G summed according to Eqs. (7.91 -
7.92) if 7 is far away from 27,. It is computed with Eq. (7.95) if 7 is close to Z,. Various
tests were performed on the Green’s function in order to establish the correctness and

accuracy of the solution (Appendix F).

7.3.5 Integration of Green’s function

Now we return to the affix “~” for the dimensionless variables. According to slender

body theory, the (dimensionless) concentration Cy. at an arbitrary point (Z,9,2)
1s equal to the concentration that it would have been if the capillary did not exist
(a2 + B) plus the “disturbance” caused by the presence of the capillary segment.
After the discretization, this disturbance is equal to the sum of the “disturbances”

generated by each discrete segment. Since sources are concerned, their “strengths”,

quantified through the source densities P;, will be negative.

N ~ J\/'m,a,;z; ~ £l+l ~ ~ ~ ~ ~
Coo = 6248+ 3, B[ Cli9.%50).00.20]d  (7.96)
Z‘:“]\Imay; It
To carry out these integrations, one has to formulate the coordinates of the point
sources (Z,, o, Z,) in terms of the integration variable ¢, which represents the accu-

mulated arc length of the curve that is comprising the consecutive straight segments

of the centerline. This is given by the linera relation:

(7.97)



This equation provides the z,,,, 2z, coordinates of a sink point in terms of the ¢
variable.
Integration of Green’s function is carried out by integrating separately each of

it’s two parts:

. 1
G = + f(i‘,?],f,if)o,ﬁmi’o) (798)
AT\ (& — 80)2 + (§ — )2 + (2 — 2,)?

S

The first term is integrated analytically. For this reason, a general formula
for the respective integral has been derived (Appendix G). Batchelor [28] derived a
similar analytical formula for the integral 1/|Z — z,] for the case where the slender
body had an irregular cross section and its length was far greater than the distance
between the body and the point at which the concentration was calculated. The

definite integral of the function e >2+(A1 T over an arbitrary length 7 is:
T—%o Y—Yo 2—£,)%

h 1+<“h/2_“> L ThE2 o (7.99)

For each capillary centerline segment, this length given by h = t;,4 —t;, while
r and z; are parameters defined in the local geometry (Appendix G). Batchelor’s
corresponding formula [28] for a slender body with a constant cross section is:
21\ 2
1— (3

I = 2log(h)+ 2log {—-——~— (7.100)

7
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which applies to the limit Z < 1. Indeed, the results of Eq. (7.99) and Eq. (7.100)

agree up to four decimals when 2 = 0.01 and up to one decimal when 2 = 0.5.
g h h

The second part of the Green’s function (f) is integrated numerically using
Simpson’s rule. For that part, every segment is divided into 10 subsegments. The
coordinates of the endpoints of each subsegment are calculated according to Eq.

(7.97). These values are used for the calculation of the f function from Eq. (7.94).

7.3.6 Line-thin capillary loop

The whole formulation up to this point was put to the test by assuming that the
strength density (P(t)) is constant and equal to —1. Although this source distribution
13 not generally compatible with the equation of transcapillary flux to dermal flux
from the capillary wall, it does illustrate the general character of absorption and

concentration profiles.

9
a >
z <
=
c /
b=
j 4
s
4
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.4/ 1
r ; - _’—‘_F.l//- 8 Y T 1
-3 iy, -1 14 1 2 3
z

Figure 7.7: Depth concentration profile for constant strength density P(t) = —1 of the point sinks.

Fixed coordinates: z = 0.2, y = 0.3. C4e in pmoles/cm®, z in 100 pm. Capillary extending from
z=0toz=-15

Eq. (7.96) was used to calculate the steady state dermal concentration along



a depth line transversing the unit cell (Fig. 7.7), and on two zy planes of the unit
cell (Fig. 7.8). The depth concentration profile is linear at positive (pre-capillary) z
values. The clearance of material through the point sinks (that extend in depths from
0 to —1.5) is nearly complete for the specific parameters used. The two planar plots
illustrate absorption in another way. At z = 0.3, a plane above the capillary array,
the concentration field is slightly to moderately distorted. A well is beginning to
form indicating that material is most strongly absorbed at the center of the plane, as
expected. At z = —1, deep inside the capillary array, the dimensionless concentration
Cse has been substantially decreased to approximately an order of magnitude less than
its value at the z = 0.3 plane. The two point sinks of this plane (corresponding to

absorption by the two capillary legs) may now be clearly seen.

7.3.7 Perimeter-averaged concentration and derivative thereof

The asymmetry of the problem makes the dermal concentration at the capillary sur-
face vary along the perimeter. The representative value of the concentration is derived
by averaging over the perimeter for a given capillary cross section. The goal at hand
1s to calculate the concentration at points along the perimeter of a capillary’s cross
section and then take the average around the perimeter, denoted by angle brackets

<> as before:

. . Nmaw  ediyy . .
<Cdeia/cap> - <d2 + /3> + < Z i/f ’ G [i’ A? 27 io(_ﬂ,go(t), 2()(@} dt>
N, “i
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+
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Figure 7.8: Concentration contour profiles for constant strength density P (t) = —1 of the point sinks.

(a) plane 2z = 0.3, (b) plane z = —1. Dimensionless variables. In the contour plots, concentration
decreases with darkness of color.



tit1 1 -
+ dty| (7.101)
/t‘ 471—\/(52' - :i;o(tv)Q + (g - go(ﬂy -+ (2 - 20(@)2

The two parts of Green’s function are treated differently. The analytical in-
tegral of 1/4/7/|z — x,| over a straight segment of length h and center z, evaluated
at an arbitrary point z is calculated following the methodology described previously
(Sec. 7.3.5). Assuming that this point is a point on the perimeter of a given capillary
cross section, one has to evaluate this integral at different points on the perimeter.
For this purpose, the local geometry involving a certain capillary segment and a cross
section of another capillary segment is considered without any loss of generality (Ap-
pendix H). Through this local geometry, the arguments of the integral r,z,, h are
determined for the case where 2 is an arbitrary point on the perimeter of an arbitrary
cross section of the capillary. Subsequently, the integral is calculated for a number of

points on this perimeter. We define the location of z as:
T = Te + Qeap (T COS P + 7l SIn @) | (7.102)

where 77,, and 77, are the unit normal and bimodal vectors of the capillary centerline
as defined previously, z., = z.(t) is the center of the cross section. By varying ¢ from
0 to 27 one goes once around the perimeter and the average < ... > corresponds
to (1/2m) fi™ ...d¢. The integration is carried out numerically with equal weights on

points around the perimeter.

For the other (singular) part of Green’s function, we consider the Taylor ex-

pansion of the function f near the center point of the cross section at which the

perimeter average must be calculated:

f@) = fla)+ -2V (m) + 5@ - 2 IV i)+ (7103)

¥4

137



stemming from Eq. (7.102):

T = T+ Geap(Ty COS P + iy sin @) =
L= & e a/ca,p(ﬁn COS¢ + lfib sin ¢):$ (7104)
(2= 20" = deap’ (Tl cOS ¢ + iy sin 6)° (7.105)

It is evident from Eq. (7.104) that if one allows z — z, to vary with ¢ from 0
to 2m and then takes the average, the value is 0 when averaged around the capillary

perimeter. Thus, the first-order-derivative term of the series is 0. If the second and

higher order terms are neglected, the final result (to within an error of O(e = a—zl_l:’—)) is

that the perimeter-averaged value of the integral (over a straight segment [—h/2, h/2])
of f for a given cross section, is the value of the integral of f calculated at the center

of this cross section:

( /W Fla)dt) = /h/z Flz)dt (7.106)

—h/2 —hj2" T
In this way, the perimeter-averaged dermal concentration at any axial distance
along the capillary wall may now be calculated through Eq. (7.101). In the governing

equations, the quantity <<7éde|acap o yan) also arises. It is the gradient of the concen-

tration, calculated at a point on the capillary perimeter, dot-multiplied by the unit
normal vector at the capillary wall and averaged over the perimeter of the particular

Cross section:

(VCoelaony ® Frwan) = (v (az+ 5)

Nmax
+ E P
i=~Noax

- rliz .
v / (@23, 280, G (E), 20(D))d

+
<Py

[ )
(6 = (D)2 (- GelD)2 + (2 - 2 ()
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*  Tlwan) (7.107)

Since the scalar product is commutative and distributive:

3))
Jvﬂ’b axT

= it N
tY Pl eV [ 16,0280, 5000, 20
t;

. T
+=—Ninax

Cg,)

(VCielenp * va) = (e oV (02 +

NT"(-CL:D
+ P;{flyan
i= Nma.ac
- Ei+1 1 A,
. v / di) (7.108)
i

i 47r\/(:z~ — 2o(D)2 4 (7 — G0 (D)2 + (2 — 2,(6))2

The first term reduces to (Afiw.) and since fiyan = iy, COS @ + Mpsin ¢, its

average around the perimeter value is 0. The second term may be rewritten as:

rnaJ,

Z / nwanon 2,7, 2, 50(1), Do), % () dt (7.109)

i=—Nnax 7t

where the order of integration has been changed, i.e., we consider first the averaging

over the perimeter and second the integration over the centerline segment. Consider-

ation of the Taylor expansion of V f leads to:

]\ITI'L ax —

P o [V + (2~ 0¥ (Tt + )t -

7.
i=—Nmaaz v

7 nax

_Z B[ [ 0 Ve D+ (2= 20) o ¥ (9f(e0) + )1l (7.110)

b= Vmu.r

s a
to within an error of O(e = ‘"‘p )

The function f (Eq. (7.94)) is a smooth well-behaved function and its gradient
will be another smooth function. The term V f (z.) will be some constant value, for
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any point . examined. The perimeter-average of M.y e V f(2.) will then again be 0

since the outward unit normal vector 7. cancels itself out. The average of the term
(2 — 2z )Mwan @ \V/ <<7f (h)> may be neglected on the rationale that was implemented

earlier (Eq. (7.104)). Thus, the second term of Eq. (7.108) may be neglected altogether

with the imposement of a very small error.

For the calculation of the third term, two additional unit vectors are defined.
i¢ is defined by points z; and zy with direction towards z4, and i, is defined by points
z and z, with direction towards 2, (the points defined in the definition sketch in

Appendix H. The gradient of the integral is then:

Y - 0 -0l

VI = 'lga—xz—}*lpg (7.111>

where z; and r are the arguments of the integral. The partial derivatives of the

integral with respect to z; and r are:

o1 r h/2 —x\°
Oz, 24 (h/2 = 21)? \ r
r —~h/2 -z 2
1 1 -
T e\ T ( - > (7.112)
—0—{ = — /L/Q—-g,‘l 1+ h/2—l'l 2
or T2+(/L/2—xl)2' r
—h/2 — =h/2 -, - 11
’r’2+(——h,/2—:1;1)2‘ 1+ ( r (Illu)

Thus

. - Wl - il o - Jk - - 01
Twall * ‘Lgﬁ + ‘LPW = Nwall * ¢ 19—3—1 + Nwall - ’lpW
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may now be constructed. Its perimeter-averaged value is calculated by again varying

¢ and taking the mean of the corresponding values.

7.3.8 Linear system of equations for the value P, of the source line density

The unknown quantities in the governing equations are the blood concentration at any
given point along the capillary and the sink density strength of every discrete segment
of the centerline. The first step towards solving the problem is to use Eq. (7.68) in
order to express the blood concentration in terms of the sink density strengths. This
expression will take the place of Cy, in the right hand side of Eq. (7.68) which will in
turn be equated to the right hand side of Eq. (7.69) yielding a solvable linear system

of equations where the sink density strength array is the only unknown. It is:

dé; [ (Cae ;
Pebl Pl = 2Pcap < d_lavap> Cbl
dt Kde/w Kbl/w
dCyy 2 Puap 4 2 P .
—_— = Clie S———— N
dt Pey; Kde/w< elacap) Pey) Kyi/w >
dCh . )
E— == —'A,]_Cbl "Jr‘ k2<cde]amp> (7114)
where:
2P,
R e 7.115
' P eblel/W ( )
2P,
ky = ——=P .
’ Pey Kye/w (7.116)

The solution of Eq. (7.114) is:

. dC
exp(kit) ‘ dfbl

+exp(k1£)k1éb1 - eXp(klf)k?-<éde|acap>:>

141



d A A
- {exp(lc@CuJ = ky exp(k",lt)(Cdemmp) =
f d N R ¢ - ~ ~
/f i [exp(klﬂCbl} dt = A ks exp(klt’)<C’de,acap>dt’ =

~ ~ oy ~ i

(:“Xp(klf)cbl(t) = exp(]i"‘lt(;)Cbl( O) -+ R k?z eXp(A?lfl)<éde|a(:ap>d'E’ =

to

Culd) = exp kil — )] Cullo) +
gl . R
ki exp(—kit') / exp(k18)(Caclgnp ) 4 (7.117)
to

By choosing £, to be the first permeable part of the capillary that blood enters into,

dbl(fo) = 0. Thus the equation becomes:
NN 8 A R
Coa(h) = kyexp(—kid) /t exp(k1#'){Ciaofagny )P (7.118)

where ¢ is a new dummy variable of integration. It represents the total arc length
between the starting point £, and ¢, which is the point at which the blood concentra-
tion is calculated. Equating the right hand sides of Eq. (7.68) and Eq. (7.69) (with

the use of Egs. (7.101), (7.108), and (7.118)) yields:

Nomas o i
2Dg. Z }S'L'<ﬁwall.v[ = dfy =
=R B (6= 86(0)? + (5 - 3o(D)2 + (2 - 2,(D)?

5
==Nrmag

5 Nmax fiv1
%ﬁ{ 3 Pi(/ L - dfy +
aervr | By f(8 - 2002 + (5 — 5(D)2 + (2 — 2(D)?

Ninax Fig1
S B[ Fertor 2o 0,000, 20(0) +
t;

e N
i=—Nnax

(a5 + B)} -

Pon [ 55 g ity [ ot
Ko 2 ; eXp(—Fk1 ).{ exp(kyt’)

i N
i=—Nimag °
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£i+1 1
(f R —
@ = o)+ (- Gl + (2 200D

(if}df’} -

Nonax . ) & . iyl R N R ~
Z Pi EXP(_klt) / {exp(klt/)/ f(mlmylmzlctilo(ﬂ?go(ﬂ,EO(Q)dtl}
'Lz_i’\/—vnn,r ’ io .Ei

£
exp(—kif) / exp(kl{/)<a£'+,3>dff} (7.119)
to

A new summation is defined to better describe the integration with respect
to the new variable (#). The terms that include the integration with this variable
are broken into two parts. The first term (37" fit;:_l ...) encompasses the integration
over all the segments prior to the segment at which the blood concentration would be
calculated . The second part ( ffm ...) is the integration over the segment in question.
After rearranging the terms and by defining:

~

P cap

ky = ——— (7.120)
Kde/w-Dde »
pca
ki = —2E—k, (7.121)
Kbl/wae
Eq. (7.119) becomes:
Nepazx . - ’EiA‘-l 1 ]
Z Pi{fiwan oV | = dt) -
e e am\J(o = 2,002+ ()= ()2 + - 2D |




= : df)df’”
(' = 9o(1))? + (7 = Z0(1))?

{]14 Z Pexp Alﬂ/ exp( klt’

i=—Nmax

i
</, am (& — 5o(0))” +

tigl 1 RN ]
{ i - - - dt)dt’}
/“' am\[(@ = 2002 + (i — §o(D)2 + (7~ 2,(0)? !

{ Z Py exp( klﬂZ/ {exp lxlt’)/ FlT 6, oy 2 ey Bo(), Jo(t), 2o(1)) dt/}

t=—Nmacz

mam H—l
[kz; > Piexp( klﬂ/ {exp kit / F@ oy o 2 e 2o(D), (D), 20(5)) dt’}

i=—Nmaz B

[k3<d2 + ﬁ)

‘:}\“4 exp(—k;t) Z e‘cp(klt’)(az + B)dt’

t‘rn 1

{k@ exp(— klﬂ/ 1t’ &z’ B)th’

Finally, by factoring out the sink density strength array one has:

Nonaz R = fptig 1
Z P <ﬁwall.v/ - - - dfy -
=N T (@ = 30002 + (0 - 5aD)? + (2~ 20D
k! / : di) -

By (- 8o + (5 () + (- 50()?

Eigs
k3 / f(-i'c,gc,ﬁc,io(ﬂ)go(ﬂ»io(ﬂ) +
Jt;

m

P A
ky exp(—kit) Z/ {exp(klt’)
tm—1

1

b 1 .
( - df)di’
b /(& =30 B2 + (5~ 1ol + (7 2,()? }
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1
kyexp(—kit) / [exp(klt’)

Fon

tiga 1 .
[ / ddi | +
t

a0+ - D + (5 2,002

i+1 N N ~ N R “
f(zluylcaZ/Cai.o(a?;ljo(t%’%o(t))dt/ +

X
t;

m {m )
ky exp(—klﬂZ/ exp(klt’)/
1 tm—1

N 't -~ t +1 A ~, A ~
k‘l exp(—klt) / exp(k'lt’) / f(wlcay,cw-’:/c,j"o(t)vgo(t)aév(t))dt/ =
[ i

i

m £1n R R )
{A@ exp(—kit) Z/ exp(kit") (G2’ + pYdt'| -
1 tm—1

4

t
lik_l exp(—kit) / exp(kit')(@z' + B)di’ (7.123)
St

By applying Eq. (7.123) to the midpoint of each capillary segment, a linear
system of equations of the form AP(t) = B is formed where the only unknowns are
the source densities of each segment P;. Since the capillary has been discretized in 20
segments the linear system is comprised from 20 equations with 20 unknowns. The

calculations were performed with original Fortran codes.

7.3.9 Blood and tissue concentrations calculation

Once the sink density strength array has been determined, the interstitial concentra-
tion In every point inside the unit cell can be readily calculated through the use of

Eq. (7.74). Similarly the concentration in the blood along the capillary loop is found

through Eq. (7.118), which in a more explicit form (by substituting <é’de‘a(;ap>) is:

. . N m Evn R . R .
Col(t') = kyexp(—kyt) {Z / exp(kt')(az + B)dt  +
.

tyn—1
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8 R . N N
/ exp(kt')(Gz' + B)dt +

tip1 1 A
([ = dt)dt’} +
/“ amJ (5 = 2o(8)? + (i — GulD)? + (7 — 2,())?

tit1 1 N
(f = = = - - dt)dt’J
) 4m /(& — 2B + (5 = 3D + (2 — 2(D))?
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7.4 Results

7.4.1 Analysis with parameter values from the literature

The performance of the model was initially validated by using capillary parameters
gathered from the literature (Sec. 2.7.1 & 6.2.4). The model drug used for the cal-
culations was once again salycilic acid (Sec. 4.2). The molecular diffusivity of the
substance in the dermis was determined from the skin transport model (Sec. 4.4). It
was initially assumed that the partition coefficient of SA in the dermis is equal to
1 and the same was assumed for partitioning in the blood phase. Although this is
probably a very good assumption for the dermis (Sec. 4.2.1, [300}), it might not be
such a good one for the blood. The extensive binding of SA to serum albumin (Sec.

4.2.1) will favor partitioning to the blood phase. A blood/water partition coefficient
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(Kui/w) equal to 4 might be a better representation of reality {300, 337]. However,
the main goal of this study was to demonstrate the predictive power of the model.
The model can be utilized for a wide range of skin-penetrating substances, thus the
results obtained for the chosen specific drug were produced for illustrative purposes.
In any case, the magnitude of the error introduced by the choice of the blood/water
partition coefficient (K, ) is discussed later (Sec. 7.7). The values of the parameters

used are shown in Table 7.2.

Model drug Salicylic acid
Diffusivity in dermis (Dg,) 7.2 1077 cm?/sec
Blood/water partition coefficient (K w) 1
Dermis/water partition coefficient (Ky, ) 1

Table 7.2: Model drug parameters for the capillary exchange model

The parameters associated with the capillary loop itself are shown in Table
7.3. The capillary permeability was the parameter with the most uncertainty, es-
pecially since salicylic acid is a small lipophilic molecule that will probably have a
substantial permeability (Sec.6.2.4). Be that as it may, the value chosen was the best

educated guess at the time. The values of the sink density strength of the discrete

Radius () 3 pm
Length (L) 300 pm
Density 100 cap./mm?

Permeability (Pp/w) | 107° cm/sec
Blood velocity (Uy;) | 0.01 cm/sec

Table 7.3: Capillary loop parameters for the capillary exchange model

capillary segments offer valuable insight since they illustrate the pattern by which the
penetrating molecule is absorbed (Fig. 7.9). The left part of this graph corresponds
to the arterial leg of the loop while the right (positive x coordinate) corresponds to
the venular part. The more negative the value of the density the stronger a given

segment absorbs material. The minimum density value (strongest absorption) is ob-
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Figure 7.9: Sink density strength of the discrete capillary segments. Sink density measured in 10~7
pinol/cm/sec.

served at the apex of the loop. The weakest absorption is observed at the end of the
venular leg, likely for two reasons. The first is location. It is the deepest permeable
part; thus the concentration around it is expected to be less than that around more
superficial parts. The second is blood concentration. As blood enters the loop at
the arterial end, it starts picking up material and the concentration difference across
the capillary wall starts to become less, its least value at the end of the venular leg
where blood concentration is expected to be maximum. That is the same reason why
the beginning of the arterial leg absorbs more strongly even though it is at the same
depth. Blood there is drug-free and the concentration difference is larger, driving
permeation through the capillary wall. The next graph (Fig. 7.10) is a depth con-
centration profile moving vertically near the capillary loop. The straight line depicts
the aforementioned “background” concentration (Sec. 7.3.3) the concentration that
would have existed, if the capillaries and the concomitant clearance process did not
exist. It was chosen so the concentration would be 1 M at the depth of the apex

and that it would become 0 at the dermal-hypodermal junction. The second line cor-
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Figure 7.10: Depth concentration profile. Capillary loop extends from z = 0to z = —1.5 (150 pm),
concentration measured in pmoles/cm?

responds to the model’s prediction. It was generated with the additional restriction

that the model yield the same concentration profile in below the capillary loop.

The impact that the clearance process has is the “bending” of the concentra-
tion profile. The predictive usefulness of this calculation becomes apparent if one
considers the straight “background” profile as being the result of an in vitro steady-
state experiment. Implementing this result, the model can effectively predict how

much one would have to increase the flux from the donor formulation in order to have

the same concentration levels at the deeper dermis in vivo. In the present case one
would have to increase the flux 145 %. This value can be considered very low given
the common knowledge of the strength of the clearance process in reality, something
that increased our scepticism about the chosen parameter values. A more clear pic-
ture of the local concentration profile around the capillary is shown in Fig. 7.11. It is
a planar profile corresponding to a depth level at 100 um deeper than the capillary

apex. The pattern of absorption is evident. The concentration in the blood along the
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Figure 7.11: Depth planar (z — y) concentration profile. The plane is located 100 pm below the
apex of the capillary. = and y dimensions in 10 um, concentration measured in pmoles/cmn3.

capillary loop is shown in Fig. 7.12. Apparently, there are no blood flow limitations,
blood is picking up material steadily, in an unsaturated way. The clearance rate was
calculated by multiplying the blood concentration at the end of the venular leg (as-
sumed to be the last permeable part) with the cross section of the capillary, the blood

velocity, and with the capillary density. It was found to be:

Cl = 4.9 10™®umoles/sec/mm?skin

7.4.2 Parametric study - effect of blood flow rate

The possibility of blood flow limitations/alterations on capillary clearance was in-
vestigated next. As described earlier (Sec. 2.7.4), blood flow in the capillaries may
vary widely for a variety of reasons such as pathologic conditions, thermoregulation,
vasoconstrictive drugs, etc. Thus, a parametric study was performed with varying

the blood flow rate 4-fold and keeping every other parameter (Tables 7.2 and 7.3) the



Figure 7.12: Blood concentration profile; t is the arc length variable along the capillary loop, con-
centration measured in pmoles/cm?3.

same. The results are presented in the same manner as in Sec. 7.4.1, and the same
explanations of the nature of the results and the assumptions under which they were
derived applies. The pattern of absorption along the capillary loop is quite revealing
as far as the physics of the clearance process are concerned (Fig. 7.13). For relatively
“normal” blood velocities (Uy; = 0.1 and 0.01 cm/sec) the sink density strength array
is of the same form as before with the strongest absorption at the apex and the weak-
est absorption at the end of the venular leg. At blood velocity Uy = 0.001 cm/sec
the flow limitations are obvious. Blood flow is too slow, the drug concentration in the
blood becomes too big too soon, the concentration gradient across the capillary wall
is diminished and thus absorption is greatly reduced. At Uy = 0.0001 cm/sec the
limitations are profound, blood simply cahnot accommodate the drug, and absorption
i1s minimal.

The depth concentration profiles illustrate the same phenomenon (Fig. 7.14).

At Uy = 0.0001 cm/sec the effect of clearance is just a 7 % increase of the flux as
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Figure 7.13: Linear sink density - Effect of blood flow rate. Sink density measured in 10~7
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shown in table 7.4. Another conclusion from the clearance rates and flux increases

reported in Table 7.4 is that the clearance effect is generally low no matter what
the blood velocity is. This says that the value for the capillary permeability is low

(possibly uncharacteristically low).

Blood velocity (cm/sec) 0.0001 | 0.001 { 0.01 | 0.1
Clearance rate (10~° pmoles/sec/mm? skin) | 0.3 24 | 49| 11
SS flux increase due to clearance (%) 6.9 69 | 145 | 158

Table 7.4: Clearance rates and flux increases with blood flow variation. The values were derived
following the methodology described in Sec. 7.4.1.

The blood concentration profiles show the saturation effect even more clearly
(Fig. 7.15). There is a plateau value in the case where Uy; = 0.0001 cm /sec after which

absorption in the capillary practically does not occur. For the case where U, = 0.001
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Figure 7.14: Depth concentration profile - Effect of blood flow rate

cm/sec the slight curvature indicates that this value may be the threshold below

which flow limitations are manifested for this particular set of parameters.

7.4.3 Parametric study - effect of capillary permeability

It became evident from the previous results that the capillary permeability value
of 107° cm/sec reported in the literature for hydrophilic molecules might be too
low for salicylic acid. Thus, the capillary permeability was increased with all the
other parameters (including the blood velocity which was fixed at 0.1 cm/sec) kept

unchanged.

The respective sink density strength profiles (Fig. 7.16) reveal that capillary

permeability is the dominant factor in terms of the amount cleared through the cap-
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illaries. An increase of the permeability (Pupw = 107 cm/sec) by an order of
magnitude leads to an increase of the sink strength by an order of magnitude. The
increase of the absorptive strength increases by two additional orders of magnitude

with Pyp/w = 1073 cm/sec.

Another feature of the physics of the clearance process that can be seen from
this graph is the possibility of reabsorption of the drug from the blood phase to the
tissue phase. At P,/ = 1073 cm/sec positive values of the sink density strength
were obtained for the last segments of the venular leg. This means that these segments
are behaving as sources of material and not as sinks. The possibility of visualizing
a diffusive analogue of what Starling [350] had hypothesized a century ago was very

intriguing. This possibility became clearer in a subsequent set of results.

The quantitative importance of the capillary permeability is also demonstrated

with the depth concentration profiles (Fig. 7.17) and the respective clearance rates
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Figure 7.16: Sink density strength of the discrete capillary segments with varying capillary perme-
ability (A). Sink density measured in 10~7 umol/cm /sec.

(Table 7.5). The effect of clearance when P/, = 1073 cm/sec is a flux 92 times
greater than the “in vitro” flux and a clearance rate which is 21 times greater than

the one when P,y = 1075 cm/sec.

Capillary permeability (cm/sec) 10> [ 107 [ 1073
Clearance rate (10~° umoles/sec/mm? skin) | 11 | 49 | 237
SS flux increase due to clearance (%) 158 | 1573 | 9261

Table 7.5: Clearance rates and flux increases with capillary permeability variation. The values were
derived following the methodology described in Sec. 7.4.1.

The blood concentration profiles (Fig. 7.18) indicate that when Pioaprw = 10—

cm/sec blood flow limitations are present, something that explains the reabsorption

to tissue at the end of the loop. This is because the concentration levels in the loop ap-
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Figure 7.17: Depth concentration profile - Effect of capillary permeability

proach the value 1 pmole/cm® which is the (infinite-dose) steady concentration in the
tissue at the depth where the apex of the capillary is located, thus the concentration

gradient that causes clearance is diminished.

In order to investigate further possible blood flow limitations, yet another
parametric study was performed. The capillary permeability was varied in the same
manner as before with the blood velocity reduced to 0.01 cm/sec. The pattern of
absorption for these cases (Fig. 7.19) that for a “high” capillary permeability, blood
flow limitations may occur even when blood velocity has a “normal” value. The
reabsorption phenomenon is even more profound. It appears much earlier, at almost
the beginning of the venular leg and the value of the sink density strengths indicate

that 1t is much more intense.
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7.5 Macroscopic approach - homogeneous absorbing capil-

lary zone

The capillary exchange model may also be embedded in the simple whole-skin trans-
port approach (Chaps. 3 nad 4) in order to provide useful macroscopic insights on
the skin transport and clearance processes. This approach is illustrated in Fig. 7.20
and it is based on the simplifying replacement of the capillaries with a finite-depth,
homogeneously-absorbing, zone in the papillary dermis. The absorption of material
in this zone is characterized by a first order rate constant ( kge). It is assumed that

above the zone the drug is transported with steady state diffusion; when it reaches

the absorbing zone, that has different transport properties than the rest of the skin,
a certain amount will be cleared/absorbed and the rest will continue to traverse the
dermis by a steady new flux. This simple model can be easily adjusted so that it pro-

duces the same clearance pattern as the more elaborate capillary model. Thus, the
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Figure 7.19: Sink density strength of the discrete capillary segments with varying capillary perme-
ability (B). Sink density measured in 10~7 pmol/cm/sec.

clearance process may be characterized accurately by a simple, fictional, yet accurate

1-D representation of the capillary array.

Transport in each of the dermal zones defined in Fig. 7.20 is described by the

following equations:

d*Cle
Dde?;* = 0, 2z <z<40 (7.125)
d?Clye
D;e—c—isz - kdeC'de = (, 2o <2<y (7126)
d*Cle
Di—3® = 0, o0 <2< 2 (7.127)
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Figure 7.20: Definition sketch for the homogeneous absorbing capillary zone.

The solution of the constant-coefficient, ordinary differential Eq. (7.126) is:

kae ke
Ci = Clexpl Dd 2) + Cy exp(— Dd 2) (7.128)
de de

and thus:

dCde kde kde kde kde
= Oy \/ ~ — 7.129
- W exp( Do z) Cg\/Dde exp( Dy z) (7.129)

Since steady state transport is considered, and by defining the fuxes that
enter the absorbing zone at z = z; and exit the absorbing zone at z = 2, as ¢/ and «

respectively, one has:

. AC4e ;

—— — 713
de dZ ., a (1 ")0)
. dC4e| .
de dZ .. = (7151)

Cael,, = 'z +V (7.132)
Cde|:2 = azy+ b (7155)



By substituting Eqs. (7.128) and (7.129) in Eqgs. (7.130 - 7.133), the following system

of equations arises:

kge kae kge kae o
o = —Dje{Cl Ddi exp( Dd{ z1) — Cy D(: exp(— Di zl)}(/.ljél)
kde kde kde kde :
= —Di{Cyy - - ) {7135
a D3, {C’l Do exp( DdeZQ) Cs D, exp( Do zz)}( 35)
ke ke
a'zp +0 = Crexp( Dd z1) + Chexp(- Dd z1) (7.136)
de de
| Fae [Fae
azy+b = Cyexp(y| —2) + Cs exp(—1/ == z) (7.137)
Dde Dde

This system has 4 equations and 6 unknowns (da/, a, ¥/, b, C1, and Cy). If
one fixes two of the unknowns, say, the steady state concentration profile below the
absorbing zone (unknowns ¢ and b), then the system may be readily solved for the
rest of the unknowns. This may be done by adjusting (fitting) the zone parameters
(depth of the zone z; — 2z, and strength of absorption k4.) to the transport /clearance
characteristics that the capillary model yields. The starting depth of the absorbing
zone may be taken to be the same with the actual starting depth of the capillary
plexus in the dermis. Thus, the two parameters (2, and k4 ) can be fitted so that
the macroscopic model predicts the same amount to be cleared/absorbed and the
same concentration at a fixed depth, say, 100 um above the zone, with the capillary
exchange model. Having established the parameters of the absorbing zone, one is

then able to study whole-skin transport with the scheme of Fig. 7.20. This is the

type of models carried out in Chaps. 3 and 4.
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7.6 Second approximation - diffusion and convection

As mentioned earlier, the peri- and intra-capillary convective transport processes may
or may not be important depending on the specific substance studied. Inclusion of fil-
tration and interstitial convection increases considerably the complexity of the model.
However, following the methodology previously described (Sec. 7.2.6) one is able to
“correct” the results obtained with the first approximation (dominant diffusion) by

adding the solution of the problem where convection is present. Although final results

Figure 7.21: Definition sketch for the convective processes in the capillary exchange model.

for this case were not obtained, the framework of the solution was established and
the equations to be solved according to the aforementioned methods were derived. A
good first approach for the interstitium (Fig. 7.21) is to regard it as a porous mediuin,
obeying Darcy’s law. Thus, the average fluid velocity in tissue (the “seepage” velocity

in Sec. 7.2.1) would be:
Utis — _Ktisvptis (7138>

where P is the interstitial pressure and K is the hydrodynamic conductivity of
the tissue (Sec. 6.3). Fluid may be considered incompressible, thus the continuity

equation is:

Vugs = 0 (7.139)
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By combining these two equations, the pressure field in the tissue can be determined:
V3P = 0 (7.140)

Mathematically, the problem of determining the interstitial pressure is the same with
the problem of defining the tissue concentration field when the diffusive proéesses are
dominant (Eq. (7.60)). Therefore, by using the exact same methodology previously

described, one can readily solve Eq. (7.140).

The capillary wall may also be treated as a porous medium obeying Darcy’s
law, with the pressure-driven convective force being determined by the interplay of

hydraulic and osmotic pressures:
Uwall = —Kan [Por — iy — (Pis — iis)] (7.141)

The blood velocity is connected with the filtration velocity tw.y as described by Eq.

(7.17):
Quer - 2t (7.142)
ds Geap ‘
If Pouiseuille’s flow is assumed for the blood phase, it will be:
dhR 8 ,
LI ( H 4> Upp = —X Ubl (7.143)
ds T Pleap ‘

By using Eqgs. (7.141), (7.142), and (7.143) a solvable equation for the pressure of

blood along the capillary arises:

dzpbl . 2X [

ds? eap

Py~ 1Ty — ((Pus) — Ilss)] (7.144)

where (Py) is the perimeter-averaged interstitial pressure on the capillary wall that
can be determined by following the methodology described at Sec. 7.3.7. After ob-
taining P, Eqs. (7.143) and (7.141) can be used for the determination of uy,; and

Uwall, TESPectively.



7.7 Discussion

The possibility of a blood-flow limited clearance, as well as the possibility of an al-
teration of the pharmacological effect of a drug induced by blood flow variations,
has received attention theoretically [16, 119, 171, 302, 325]. It has also been demon-
strated experimentally [35, 296, 338}, yet investigations on this subject are limited.
It is also known that skin blood flow may reach extreme upper or lower levels, due
to thermoregulation [67]. Through the results of our model, it is argued that blood
flow limitations may occur with just a moderate reduction of blood flow in skin,
particularly Whétl the permeating substance can penetrate easily the microvascular
barrier, i.e., a lipopﬁilic molecule. This is another indication (Sec. 4.5) that the com-
mon, perfect-clearance, assumption may not be as universally applicable as previously
thought. Certainly, more results on the clearance of several substances are needed
in order to establish flow-limiting thresholds. However, first indications reveal that
skin blood flow may be a critical, rate-determining variable. These results also es-
tablish the permeability of the microvascular barrier as the quantitatively dominant
process. The amount of the permeating substance cleared, when there is sufficient
blood flow, is very sensitive to the value of P..;/y, and it dramatically increases with
an increase of the permeability. The reported in the literature value of Peop/w = 1077
cm/sec, yielded a very low clearance rate; given the uncertainty surrounding the ex-

periments that gave rise to this value, one can not help thinking that it may be an

underestimation of the true, in vivo, permeability, even for hydrophilic molecules.

Furthermore, our model is suitable for predicting the administration of drugs
targeting the skin itself, or anatomical sites beneath it, without prior entry into the
systemic circulation [89, 215, 298, 308]. Its usefulness becomes more apparent with the
consideration of an accompanying, whole-skin, macroscopic approach, as described in

7.

Sec. 7.5. Within this formalism, the capillary exchange model is used to produce a
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single, absorption rate constant that applies to a fictional, yet functionally accurate,
homogeneously absorbing zone in the dermis. Thus, the microscopic analysis used in

the language of the macroscopic 1-D diffusion/clearance analysis of Chap. 3 and 4.

As for the specific results reported herein for the microvascular clearance of
salicylic acid, it is recognized that the effect of its binding to serum proteins in the
blood phase may have been underestimated. As described in Sec. 4.2.1, SA binds
extensively to serum albumin. It has been shown experimentally {88] that protein
binding significantly affects the tissue penetration and distribution of SA. It would
therefore be a very good model drug with the inclusion of the convective transport
processes, since convection is the preferred transport mechanism for macromolecules.
Furthermore, analysis of experimental results [337] yielded a dermis-plasma partition
coefficient equal to 0.24 + 0.04. In our case, this would translate to a blood-water
partition coefficient Ky ~ 4. By examining carefully Eqs. (7.115 - 7.116), (7.120 -
7.121), it becomes apparent that only certain terms of Eq. (7.123) are affected by this
change. Further examination reveals that these terms become important only when
the capillary permeability (P..p/w) is large. Even then, the choice of a larger blood-
water partition coefficient would result to a lower value for these terms. Therefore,
the error in the reported results may be considered small for most of them, and not

so large for the rest of them.

Future steps will certainly include more results for a wide variety of substances
with different properties. The important conclusions drawn in this work need be con-
firmed, while there may be general principles of capillary absorption, that can help
categorize the different permeating substances, waiting to be discovered by modeling
attempts such as this one. It has also been shown that, besides predicting clearance
rates for a wide variety of permeants, the model has the potential of possibly ad-
dressing fundamental transport questions. One of these questions is the existence of

reabsorption of material from the tissue to the blood phase. The results indicate a
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possible diffusive analogue of Starling’s hypothesis, and this is surely something wor-
thy of further investigation. The model is somewhat incomplete since, in its current
status, it considers diffusive processes to be dominant. This may be considered a good
approximation for small molecules that do not bind appreciably with serum proteins,
but 1t is possibly not a good depiction of reality for macromolecules or strong binders.
However, the framework for including the well-documented, convective capillary leak-
age has been set and it is our intention to proceed along this path in the future. A
further addition to the model may explicitly include the lymphatic capillary network,
either deterministically like the blood capillaries, or stochastically by regarding them
as a localized sink at the boundaries of the unit cell. Furthermore, it is recognized
that the mathematics of transcapillary diffusion are very similar to the ones describing
heat transfer from the blood to tissue. A possible important application of the model

to the prediction of the very important thermoregulation process will be examined.



Appendix A

Mesh Function for the Finite
Differences Calculation of the Skin
Transport Model

The necessary depth mesh for the application of the finite differences scheme was gen-
erated with the use of a specialized mesh function. A first, simple, mesh function can
be derived by the constriction that all grid points be equally spaced. Thus, the mesh
1s generated by assigning equally spaced values of the skin’s depth to the grid points.
Knowing the physiological depth of each skin layer (Chap. 2), the dimensionless depth

boundaries for each layer are:

hea = —1, (A.1)
hae = —21, (A.2)
fzhd = —61, (A.3)
with 2 € [~61,0]. . (A.4)

By assigning 20 grid points (n.q = 20) for the epidermal layer, the depth inter-
vals (of thickness 1/20 or 5um in dimensional form) yield 20 ODEs that can be solved
with the use of the numerical scheme with an acceptable accuracy. Nevertheless, in

order for one to achieve the same accuracy for the other two layers, one wonld have to
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solve 400 ODEs for the dermis and 800 ODEs for the hypodermis. The computational
effort of this process would be too big, therefore there is a need for a refined mesh
function.

The refined mesh function takes into account the localized nature of transport
through skin and clearance through the vasculature. It is intuitively known that the
“important” points in skin are the interfaces between lé.yers, where there may be
intense partitioning phenomena, and the papillary dermis where most, if not all, of
the clearance takes place. It is likely that the rest of the skin offers a smooth, “un-
eventful”, and easily predictable background for transport. Thus, one should direct
his attention (and the maximum possible accuracy in the calculations) to certain skin
depths. The clearance process is effectively described by the distributed clearance
rate constants thus one has to concentrate at the boundaries of each layer. This is
done by constructing a mesh with unequal spacing. In mathematical terms, this was

achieved by a change of the depth variable:
2 = FO, e (A5)

the number of grid points for each layer were chosen to be the same (resulting to 60

ODEs instead of 1200):

Neg = 20, (A.6)
Nde — 40, (A?)

by matching the values of 2z and F(¢) at the boundaries of each layer, 4 equa-

tions/conditions for F(¢) take shape:

0

At h=0 2=0, (=G, n=0, (=—=0, (A.9)
Nha
| ot 1 .
At heg=-1 F=-1, (=(. nu=20 ¢=-—=4=2 " (A10)
Nha 3



At hy = —21 3

I

N e 2
_217 g: §27 Nge = 40; CZ - N = 5, (A].].)

Tbhd
7 5 X , Nhd
At hhd, =—-61 Z= —61, C = Cg, Nha = 60, (g = " = 1. (A12)
Tthd
thus,
FO) = 0 (A.13)
1 |
F(5) = - (A.14)
(34
2
]—"(;) = o1, (A.15)
0
F(l) = —61. (A.16)

The form of the function F is chosen such that the thickness of the intervals

for the finite differences formulation depends on the slope of the function. This slope
changes every time we consider a deeper skin layer by adding another term in the

mesh function:
z2 = F() = el+erG(C—C)+elG(C— (). (A.17)

with eg, e1, ez being the slopes of the function that are added consecutively each time
the depth crosses into another skin layer. G is another function that determines how
the transition from one slope to the next (one skin layer to the next) takes place. For

an “ideal”, “sudden” transition (Fig. A.1) this function is simply:

0 ita<0
Ga) = { a ifa>0 (A.18)
The slopes are calculated by solving consecutively their definitive equations:
21— 2o Y
eg = — = -3, (A.19)
Gt — Go
ep + e :3 — jl = e; = —57, (A20)
(2 — 41



o — = —— o —
o0 IR I D BN

Figure A.1: Ideal transition of the mesh function between skin layers.

ey +e1+ ey 2,3 — % = eq = —60. (A.21)
G — G2
thus, the mesh function is:
—3¢ oscsg
FQ) = 3 =3(-57(¢C-¢) §SCSs (A-22)
—3C—=57((—¢1) —60(¢ —¢) 5<¢<1

However, the transition from one skin layer to the next should be a smooth

one and thus a more complex G function has to be employed:
G - im (1+e*) (A.23)
5 : .

by defining F as:

2 =F) = el+eg (C ;fl> +eyG (C kf) +C, (A.24)

one is able to control the number of depth intervals around the interfaces that are

employed in the transition from one slope to another by controlling the values of k;
and ky. The four unknowns (the three slopes and the constant C,) were determined
by solving the system of Eq. (A.13 - A.16) for various k; - k, combinations (Table
Ad).
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o ey €9 c,

Ideal -3 —97 60
ky =ky =5/60 | 2.37 —62 —66 | 8.7107¢
k) =ky =2/60 | —0.96 | —58.93 | —62.27 | 2107°
k; =ky; =1/60 —2 —57.95 1 —61.11 0

Table A.1: Determination of mesh function parameters

Thus, the final version of the mesh function is:

o - on 2Pl

_ 62;7 In {1 + exp {2 (———42;632)” +2107° (A.25)

L
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Appendix B

Calculation of the Molecular
Diffusivity of Salicylic Acid in
Water and Octanol

The molecular diffusivities were calculated with Scheidel’s equation (Eq. (B.1), [287]

pp. 286).

L+ (3 g2 T

Dug = 821078 L e , (B.1)
Hsol Virug
with
Dot = molecular diffusivity in cm?/sec,
V' = molecular volume in cm®/gmole,
T = temperature in Kelvin,
K = viscocity in cP.

The molecular volumes were calculated with Schroeder’s method ( [2871, pp.
52) and were checked with Lebas method [287]. The value of the molecular volume

of water nsed in the calculations came from the literature (18.7 cm?®/ gmole).

Vibo = 21 cm?/gmole, (B.2)



Vsa = 126 cm®/gmole, (B.3)

Vo = 189 cm®/gmole. (B.4)

The viscosities of water and octanol at 37°C (skin temperature) were calculated

with Eq. (B.5).

uo= i\% exp (38 %), (B.5)
with
N = Avogadro number 6.023 10?® gmole™!,
h = Planck number 6.624 107" g/cm? /sec,
T, = boiling temperature in Kelvin.

They were found to be in agreement with published experimental values:

HH,0 = 0.695 CP7 (B.6)

oy = 4.83cP. (B.7)

 Finally, the calculated molecular diffusivities of salicylic acid in water and octanol

are:
Dpoiymo = 1.15 cm?/sec, (B.8)

Dmol/oct = 0.39 CmQ/SeC. (BQ)



Appendix C

Application of the Finite Fourier
Transform on Non-Steady State

Calculations in Epidermal (or

Dermatomed) Skin Transport

The (normalized) equations describing the non-steady state, unidimensional, diffusion

through epidermis, assuming absolute clearance at its end, are :

9C 9*C

T = De YR [ ) ).
i 4552 t=0, -=1<2<0 (C.1)
vC Cool C
Deyg— = FPocjw - .t ) z =0, 2
¢ vz / <Ksol/w Ked/w) / g O ‘ 0 (C )
C=0 t=0, z=-1, (C.3)
C=0, t=0, -1<2<0. (C4)

The same formulation may be applied to the case of dermatomed skin, or fat-
free, whole thickness skin with a perfect clearance/removal at a certain depth if one

assumes that the transport properties of epidermis and dermis (diffusivities/partition



coefficients) are similar. By setting for simplicity:

aq =
b =
c
the problem is transformed:
bc _ e
vt V22’
9C
. +bC =,
C =0,
C =0,

Ded) (05)
Psc/w

n C.6
DedKed/w ( )
Py /wCso

LejuCor (C.7)
Deszol/w

t>0, —1<2<0 (C.8)
t>=0, 2z=0 (C.9)
E-0, z=-1 (C.10)
t=0, —1<2=0 (C.11)

For its solution, the finite Fourier transform (FFT) method was followed, as

described by Deen [100]. The first step of this method is to find the basis functions

(eigenfunctions) of the problem (®,(z)) .

In order to do so, one must identify the

boundary conditions that must be satisfied by ®,(z) by substituting to the homo-

geneous form of the original boundary conditions, a non-trivial solution of the form

Clz,t) = Ou(2) Y(¥) :

C(—-1,t) = 0=
e,(-1D)Y(t) = 0=
®,(—-1) = 0and (C.12)
0C(0,1)
{ ) =
5, TP C(0,t) 0=
Y (t) d@é‘;() +0Y (£)®,(0) = 0=



o' (0) + b®,(0) = 0.

(C.13)

‘thus, the associated eigenvalue problem has one Robin and one Dirichlet condition:

&(~1)

'(0) + b2(0)

— X%,
= 0,

= 0.

(C.14)
(C.15)

(C.16)

by exploring the possible values of A (positive, negative, zero) it is evident that :

e If A < 0 then the problem has no solution.

e If A =0 then the problem has only the trivial solution :

" = 0=

d = A=

® = Az+ B and

d(-1) = 0=
A-B = 0=
A = B and

O'(0) +bB(0) = 0=

A+b0B = 0=

A1 +b)

= 0=

A=B =0

e If A > 0 then the problem has a non-trivial solution:

o =

<
i

Asin(Az) + Bcos(Az)
AAcos(Az) — ABsin(Az)

0=

(C.17)

(C.18)

(C.19)

(C.20)

(C.21)



MAbB = 0=

B = —% and (C.22)
(-1 = 0=

Asin(—=A) + Beos(—=A) = 0=

—Asin A+ BcosA = =

—Asin A — %ACOS/\ = =

—A [Sin)\+ %cos)\] = 0=

A
sinA = -7 COs A =
, A .
tan A = 7 (C.23)

which is the characteristic equation of the problem. Thus, the basis function is :

Bo(z) = A, {sin()\z) - % Cos(/\z)} | (C.24)

The coefficient A4,, is found through the restriction that ®,, be orthonormal. It

has to be :

0 ifn#m

./;Ol D,(2)0,,(2)w(2)dz = bpyy = { 1 ifn=m (C.25)

but the functions are self-adjoint so the condition for orthonormality is :

[ @rd = 15

J-1

0
4,21/ {Sin(/\z)— %cos(/\z)} dz = 1=
-1

2

(o A2 o0 A 0
Az {/ sin“(\z)dz + ——/ cos“(Az)dz — 27 / sin(Az) cos(/\z)dz} = 1(C.26)
1

J-1 he J_ h J -1
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The values of the three integrals involved are :

®
0 0 1 -
/ sin(\2)dz = / [——M] dz
_1 112 2
1 /0 11 40
= 3 _l(z)’dz—iﬁ ‘l[sin(2/\z)]'dz
= 50— (~1)] = 750 —sin(~2)
= 3 ) sin
1 sin(2}) -
*
0 0 ‘
/ cos*(A\z)dz = / [l—sinz()\z)} dz
-1 -1
B 1_l sin(2\)
B 2 4\
1 sin(2A
| J
0 0 [si
/ sin(Az) cos(A\z)dz = / [il_ll(?)\z)] dz
1 1 2
11 o ,
= 35x Ml[—— cos(2Az2)])'dz
= L1 cos(—2n)
= o cos(—2))
cos(2X 1 .
thus, Eq. (C.26) becomes :
42 1 sin(20) A% Asin(2))  cos(2)) 1 L=
12 4w 4b? 26 2 -



o [ 2007 — b2 sin(2X0) + 223 4+ A?sin(2)) — 2Abcos(2X) + 20b
2 .
A _ = 1=
" AND?
2 20 [A2 4+ b*] +sin(20) [A2 — B2 + 2Ab [1 — cos(2))] N
" 4Nh?
y 2 2 ; \OQ 2 _ 2 02
‘42{2/\[)\ +M+23m/\tf:bé\[/\ b*] + 4\bsin )\} PN

| IV
\l A2 4 b2 +sinAcos A [A2 — b2] + 2Absin? A

A, = (€.30)

Having found the z dependence of the solution, one is able to apply the FFT in order

to extract the part of the solution that depends on ¢, namely the ©,,(¢) function :

9C P2C 0 9C 92C ,
= _ =0 — i3 = e Zldz=0. 5
ot Yo 0 / " { ot 922 } 4z =0 (C-31)

The first term becomes :

,/_ nlz )%—?d'z = %/_01 ®,(2)C(z,t)dz

do,,(t) .
= pat (C.32)
since by definition:
0
O.(t) = / ()0, ) (C.33)
The second term is :
/O<I>() L HT o (2C
/. nlZ _(J,W(Z = —a { n‘Z) ')}z:|41_'_1 192
! 0
= —a{ [@n(z)?—c} - ( ’}(I)”( } / Ciz} (C.34)
vz |
It is known that:
¢, = —1 and C(-1.t) = 0 (C.35)
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so the equation becomes :

0 V20 Ve ¥, (2) Y 2R, (2) }
) — (1 ¥ — z — —— dz
./—1 nulz) —a V22 ¢ a{ <(I>n( )19z> 0 < vz C> 0+/*1 vzt o

YC(0.1)  99,(0 _ Y 92p,, -

by inspecting the boundary conditions that ®,, and C satisfy we get :

v ‘1;”(0) — —b®,(0) and (C37)
9O o) = (C.38)
vz
It is also true that :
3P, (2 ] A2
: 192( ) = A, _/\COS()\Z> + -b—sin()\z)} =
PP, (2) T AP
o2 = A, ——/\ sin(Az) + " Los(/\M)} =
= \20,(2) (C.39)
thus,
0 920, (2) 5 [0
[ mod: = -3 [ a0
= —X\20,(t). (C.40)

thus, by substituting the second term becomes :

0 192(7 .
/ u(z) —am—dz = —a{®,(0)[c = bC(0,1)] + b, (0)C(0,1) — X0, (1))
-1 vz
= a\0,(t) - ac®,,(0). (C.41)
Combining the first and second term yields an ODE with ©,,(¢) as the unknown:

dO,(t)
dt

+aX*0,(t) = acd,(0) (C.42)
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and since the initial condition is C' =0 then it will be ©,(0) = 0. It is :

{_d_(i)g -+ &)\2@n(t>:l exp(a)\2t> — CLC(I)H(O) eXp(CL)\Zt) -

[0a(t) exp(aX?)] = ac®,(0) exp(ar’t) =

. , ¢
/t [@n(t) exp(a./\gt)} dt = acfbn(O)/O exp(aX’t)dt =
0

®,(0
O, (t) exp(art) — €,(0)exp(0) = aca/\.z((_) {exp(a)\2t) - 1} =
¢®,,(0 A o
O,(t) = /\2( ) [1 — exp(—a)\zt)} : (C.43)
and since:
A
®,.(0) = A, (—Z—> (C.44)
h
it will be:
— ___i o _ A )\2 =
On(t) = ~5 A [1— exp(—aAt)] . (C.45)
Finally, the solution of the original problem is :
Clz,t) = > O,)9,(2) =
1
Clz,t) = Y, —%An {1 — exp(—a,\%)] A, [sin(/\z) -3 cos(/\z)} =
1

Sad C 27b?
oun - £l S
(1) Xl: bA [)\ (A2 +02] + sin A cos A [A2 — b2] 4 2\bsin? /\}

{1 - exp(—a/\gt)] [sin(/\z) — %cos(/\z)} =

n 1 —exp(—ar?t)] [Sin(/\z) - %COS(/\Z)}

Clz.t) = =2bc - ' 2y
(z.1) )(;/\[)@4»62] + sin Acos A [A2 — b2] + 2Absin® A

(C.46)
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One can go even further by dividing the solution into its steady state and transient

parts:

Clz,t) = Cu(2) 4 Chrans(z,t) = (CA4T)

n {sin()\z) — %cos()\zﬂ

Clz,t) = —2bc - - . -
(2,1) (;,\[A2+b2]+sm/\cos)\[/\2—b2}+2)\b51112/\ *

n exp(—ar?t)] [sin(A\z) — 2 cos(A\z)]
ey 12 M o) o))
T AAZ + 2] +sin A cos A [AZ — b2] 4 2X\bsin® A

with the steady state part being the expansion of a straight line.
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Appendix D

Determination of the Unit Vectors
that Define the Capillary Surface

In order to define the capillary’s surface, three unit vectors are needed : the tangential

to the surface vector, the one normal to the surface, and the bimodal vector:

100

Figure D.1: Definition of the unit vectors that define the capillary surface. Dimensions of axes in
um. Tangential vector ng, normal vector ny, and_ bimodal vector ny,



The changes on the curvature along the capillary wall are not very abrupt, thus
we can consider thegse vectors to be approximately equal to the respective vectors of
the capillary’s centerline. The tangential to the centerline unit vector will have an x

and a z component since the centerline lies to a constant-y plane:
n = A(o)é; + B(o)e,. (D.1)

with o being the parameter that describes the centerline. The definitive equations of

the vector are:
mo= t/|t], (D.2)

t = dﬁ(a)/da:Z(dwi/da)é, (D.3)

1

1= > () (D.4)

i

with (Sec. 7.2.5):

t = |atanh(o)]'e; — (hoo?)e,
= a/cosh?*(0)e; — 2h,06,. (D.5)
and:
it = ,\/&2/ cosh*(o) + 4h2o? (D.6)
- a/ cosh?(o)e; — 2h,06,
\/a /cosh®(o) + 4h20?
thus,
. ‘ﬁh'Z
Alo) = ——4ohle) (D.3)
\/az/ cosh™(o) + 4h2o>
—2h,
B(o) 7 (D.9)

\/a2/ cosh* (o) + 4/1,202.

183



The normal vector too will be in a xzz plane:

nn = Cl(o)éx+ D(o)é;.

It will have unit magnitude:

\/C(a)2 + D(o)?

It will be perpendicular to the tangential vector:

and:

1.
Np -1y = 0=
= (=
+
= (=
= 0=
D(e) = —A(0)C(0)/B(0o).
1

(D.10)

(D.11)

(D.12)

(D.13)

(D.14)

Since the capillary is taken to extend into the —z direction and 7, is the inward

normal vector [281], its €, component will always be negative:

Dio) =

1
‘\/ LI A B

(D.15)

Up to .this point, there is no apparent restriction for the sign of C(o), other the

general one that the combination of the unit vectors must give the capillary cylinder.
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The bimodal vector is the cross product of the tangential and normal vectors:

o= x M= | Als) 0 B(o)| =[C(0)Blo) - D()A(0))G; =E(o).  (D.16)
Clo) 0 D(o)
with:
n, = E(o)é,. (D.17)

Attempts to produce the capillary surface through the parametric unit vectors were
unsuccesstul, it was evident that the sign of C(0) does matter. By defining two

opposite quantities as:

1
o) = “\/ T A B (D-18)
J (D.19)

we get the respective bimodal vectors:

Ei(o) = [Ci(0)B(o) — D(o)A(0)le, (D.20)

E_(0) = [C_(0)B(o)— D(0)A(0)]e;,. (D.21)

The pair F, (o), C..(0) is used to produce one “limb” of the capillary (0 <o < +00),

while the pair £_(0), C_(0) is used for the case where —oo < o < ()



Appendix E

Solution of the Doubly Periodic
Green’s Function

The set of the equations for the Green’s function formulation is :

ViG(z,y,2) = =0(z —20)(y = ¥o) (2 = 20), 0< T <y, 0 <y <1y, —00< 2z < +00,(E.1)
G<O*y‘ ‘Z> = G(lm:%?«’), 0< y < ly, —o0 <z < 400, (EZ)
VG(0,y,2)  9G(ls,y,2) ’ .
o = o , 0<y<ly, —0<z<+,(E3)
G(z,0,z) = G(0,1,,2), 0<z<ly, -0 < z < +o0,(EA)
WG(x,0, 2 vG(0,1,, 2
(‘7’ = 0.4y, >, 0 <z <y, -0 < z < +0,(E.5)
Py Dy
G (z,y, —oc) .
1—(-”L’,y—gc—) = 0, O<z <y, O0<y <y, (E.6)
Wz :
G (z, 4
%ﬁi—i@ = L, O<a<l, 0<y<l, (E.T)

It involves an inhomogeneous PDE in three dimensions with inhomogeneous
boundary conditions. Consider temporarily the solution of the homogeneous equation

VG = 0. Assume that the variables z,y, z in this solution are separable:

Gla,y,z) = fla)g(y)h(z). (E.8)
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by substituting the solution in the homogeneous PDE, it is:

F@)gh(z) + f@)g" (h(z) + fla)g(h"(z) = 077

@ g W)

@ Tey) T - 07
f”(fv):_[g”(y)th”(Z)} L
f(z) g(y)  h(z) "

(E.9)

The power of the separation of variables method lies in the fact that one is

able to isolate the dependence of the problem to each of the three dimensions. Thus,

for the z dependence it is:

f(z)+cf(z) = 0,
f0) = fll),
F0) = fl(l,).

exploring the possible values of ¢ vields:

ec<0 =c¢c= kL k>0

Aexp(kz) + Bexp(—kz) =

Ak exp(kz) — Bk exp(—kz).

and with the application of the boundary conditions:

fls) =
Aexp(kl,) + Bexp(—ki;) =

Bl—1 + exp(—kl)].

(E.10)
(E.11)

(E.12)

(E.13)

(E.14)



and:
F0) = fll.)=
Ak — Bk = Akexp(kl,) — Bkexp(—ki,) =
All —exp(kly)] = —B[-1+ exp(—kl,)] (E.15)

since k and [, are both greater than zero, the terms inside the brackets can never

be zero. Therefore, both BC’s are satisfied when both A and B are 0 (trivial

solution).
oc=0
fllz) = 0=
flz) = A=
flz) = Az+ B (E.16)

A = 0 (E.17)

flz) = B | (E.18)
which is a non-trivial solution.
o >0 = ¢ = k2 Lk >0
f(x) + B f(z) = 0=
flz) = Asin(kz) + Bcos(kz) =
fz) = Akcos(kz) — Bksin(kz). (E.19)
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Eq. (E.11) becomes:

f0) = fll.) =
B = Asin(kl,) + Bcos(kl,) =

Asin(kl,) = B[l — cos(kl,)]. (E.20)
and Eq. (E.12) becomes:

f’(O) = f/(lT) =
Ak = Akcos(kl,) — Bksin(kl,) =
Afcos(kl;) —1) = Bsin(kl,) =

—Bsin(kl,) = Al — cos(kl,)]. (E.21)

If both sin(kl.) and 1 — cos(kl,) are different than zero, by dividing Egs. (E.20)

and (E.21) we get :

A

-B A

= A’ = —B? impossible V A, B € R. (E.22)

If one of the above is zero and the other is not, then we get the trivial solution

A = B = 0. However, if both sin(kl,) and 1 — cos(kl,) are equal to zero, then:

2nT 2n\
kl, = 2nm = k = = ¢ = ( l > : (E.23)
This last case gives rise to the solution:
2 » 2 e
folz) = A,sin ( rlwm> + B, cos ( rlwm> ) (E.24)

by setting ¢ = 0 in Eq. (E.24), we have f,(x) = B, which is the solution obtained
for the case where ¢ was assumed zero. Thus, Eq. (E.24) is a valid solution

vYn > 0.
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By following the same procedure for the y dependence of the solution, we have:

9"(y) +dg(y) = 0, (E.25)
g(0) = g(ly), (E.26)
g0) = g, (E.27)

since the formulation is the same one with the z dependence, the solution will be the

same:

2 2
gm(y) = T,,sin ( T;my) + Ay, cos < mwy) . (E.28)

Y l?!

Thus, the solution of the homogeneous PDE has the form:

2 2nmx
G(z,y, 2 Z Z {A sm< 7;7{'&) + Bncos< T;mﬂ

n=0m=0 T

[Fm sin (277;77;/) + A,, cos <2rrlmy” (z). (E.29)
Y Y

The next step of the solution involves substitution of this solution to the inhomoge-

neous, initial Eq. (E.1). The components of the left-hand-side (LHS) of the equation

(the second derivatives of the Green’s function with respect to z, v, and z) are:

I}ZG('E,U~Z) _ — ”" ‘
—s = ;;}fn(x)gm(y)h (2), (E.30)
PGz, y, z) = 2nm 2nmz 2nm\ . [ 2nmz
— T — An“ "y n R o
o ’;O mZ:U L cos L + B L sin L
gm(y)h(2), (E.31)
PG(r,y,2) | = e an®r*\  (Inmx an’n?\  (2nmx
e = L2 [ (e () < () e (B))
gm{y)h(z (E.32)




h{z). (E.33)

In order to obtain the z dependence of the solution (h(z)), one has to expand the
right-hand-side (RHS) of Eq. (E.1) in terms of a Fourier series and compare this
expansion with the LHS. There are four combinations of functions at the LHS:
sin(az) sin(By), sin(az)cos(By), cos(az)sin(By), and cos(az)cos(By). The same
will emerge in the RHS if the component of the delta function ¢ (x — z,) is expanded
in terms of sin(az) and cos(cuz), while §(y — y,) is expanded in terms of sin(By) and
cos(By). In order to calculate the expansion coefficients, special attention must be

given to the cases where both or one of n, m are zero.

e Forn # 0 and m # 0 it is:

0z ~25)0(y —yo) =

55 o (522 (32 ron(352) o (35
] Y

€ Yy

-+

i 2 2 2my
Z Z K, K, sin ( Tm> sin < nlmy) + ALK, cos (27;7r:1:> sin ( nlnry>
Yy z

z Y

2nmy 2mm 2 2
K, A, sin < Tlnm> cos < nlnry) + AL A, cos ( r;mc) cos ( n;n-y) . (E.34)
Y

z v

with:

Jo Jo" 5 — )y — yo)sin (2= sin (252 iy

Lo

K.K,, ‘ 5 . (E.35)
f(? fé” [sin (‘27;:”) sin ( 272:”)} dydzx
The delta function has the property:
l N 3
[ o=t far = it,). (E.36)

R . ‘ . P
thus, the numerator of K, K, becomes sin (2’11”:”{’) sin (——L"’;” o > The components
= “y
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of the double integral in the denominator are:

-ln‘n'"c)

le 2w L= [1 4 cos(#22Z) I, 1 gt [sin(
/o cos?( L Jdo = /o {——2———l—‘—~ dw:§+§/0 —47;5—— dx

lm lm . . . ll) D Yord
= 5 %[sm(éhm) —sin(0)] = 5 (E.37)
and
by, 2nmx 1 — cos(#27%) I, 1 b= [sin(%72)
/Osm( I Ydz = /0 ———2—"”—d:c:§—50 T%—dx
_ b ——lt—[ in(4nm) — sin(0)] = i (E.38)
T 9T gpp oA s 2 "
and therefore:
sin {2252 ) gip ( 2M7%
ki, = U ) (i) (539

I

Similarly, the rest of the coefficients of the double series in Eq. (E.34) are:

2 . (2
cos (“"m“ sin | Z&%Yo
L, 7
Il

MKy = e, (E.40)
4
ot = 2B (28] (EBa1)
4
N 2nmzx, 2mmy,
g = 2o (2] (B.42)
4

o In a similar way, the expansion for n = 0 and m # 0 yields:

5 - S 2 2m
e —z,)0(y —yo) = Z Ag {Kmsin< TEMT.U) +Amcos< T}??T?J)}

m=1 Yy Y

%0 ) 9m
— ZAoKmsin< T’;””) AOAm(()s( 77”?/)(13.43)

m=1 Y Y



with:

MoKy = sin (257 (E.44)

AgAy = U (E.45)
TU
o Similarly, for n # 0 and m = 0 it is:
o N . [ 2n7x 2nmx
0z —2o)0(y — o) = 3 [KRAO sin (—l—) + ApAgcos ( )} (E.46)
n=1 z z
with:
sin 2nwT,
KAy = gdw), (E.47)
2
cos nre,
Aphy = —4i%l. (E.48)
2
¢ Finally, the expansion of the RHS for n = 0 and m = 0 is:
Mz —20)0(y —vo) = AgAg=1. (E.49)

The extraction of the z dependence through the comparison of the two sides of the

PDE has to follow the same pattern as far as the values of n and m are concerned:

e n=*0andm=£0

> 2nm\2 . (2nmz 2m
LHS = Z Z {—Anf‘m (—7@) Sin( r;wa,) sin( 7rlmg)




Y

> & 2na 2
+ > 2_:1 {AnFm sin( TZcm> sin ( T)Z;y)

n=1m

oS <277l,7r:c> Ccos (277;7ry> }h(z)

2nmx 2
+ B,I',, cos ( mm) sin ( mwy)

L L,
2nmx 2mm ”
+ BnAmcos< l >LOS T h"(z) (E.50)
x y

and:

) 2 2 2 2
e Z Z {K,,LKm sin( T;?T:E)Sin( m7T.U> + ALK, cos( 7;7u>31n< m7ry>

n=1m=1 T ly -~ ly

Iz 2ma, Inmx 9
+ KI‘LAm sin ( nﬂ_l) COS ( T;”U/) + An.Am COS < 717rl> COS < TTL?Ty) }

[—0(z — z,)]. (E.51)

term by term comparison reveals:

Kn K—m - AAnFms 1&71 Krn, = Bnl—‘m’ ICH.AHL = An Am» AnA'm, - Bn Am-
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and:

h'(z) — {(27“)‘ + (27m> } hz) = —6(z—z,). (E.52)

Substituting the “A’A” coefficients in the LHS yields too many arguments, thus
one has to simplify. Simple inspection of each of the three terms of the LHS

reveals that there are identical arguments present in each one. The LHS may be

rewritten as:

O

with A being —(F%)? -, —(#E)2 L or Z;Ty and £(z) being h(z), h(z) , or

1"(z) for the first, second, or third terms of the series of the LHS, respectively.

Through the identities:

cos(c + ) = sinasin 3 — cos acos 3, (E.54)
cos(a — 3) = sinarsin 3 + cos o cos 3. (E.55)

each of the three terms of the LHS becomes:

£ 5 ([ (2 o ()

n=lm
2 Yy — ) Y+ ]
{(ZOS <____um7r(§/ yo>> + cos <.;n_____m(éy T yo)) +

{ (2n7r(£ - xo)> <2mr<:v + ) )
COS ) Teos _Th




[ <>m7r(y Jo>> e ("7Pl<ly+_y<>)> +
y
{ 2nm r—ﬂco > + cos <%I’L7T(.;J+Z'o)>
[COS <2m7r('lyy— yo)> B <2m77(§,;+ yo)> "
{COS <2n7r(:;:m— 7:0)> e (Qnﬂ(;;:- xo))
o (),

e 2 [y (20T t) ()]s
i i dcos (2_@_%—_3”0)) cos <2L"(i‘/y‘_yo)> AE(2).

n=1m=1
Thus, after substitution of the coefficients, the PDE (for n # 0 and m # 0)

(E.56)

becomes:

>y

n=1m=1

en=0andm=+#0

oC

‘ 2 2 n — T, o

[_( nw) cos( nm(z — x )> cos (2m7r y—y
, le Ly
[ <2m7r>2 (2n7r(a; — 1,)
— o8 | ————-"2
L, s
{ (277,7'((1‘ - ,1;0))
cos | ————— cos

) ( 2m7(y — Yo
cos

)
)

h(z)

h{z)

(——2””“2‘ =)o)

—0(z — 2,).

LHS = )

m=1




Bt 2 2m
+ ) [Bol“m sin ( W;Wy) + BoA,, cos ( mwy)} R (2). (E.

m=1 Yy ZU

and

e 21T 2T .
RHS = Y {A()Km sm< ”;”) +A0Ams’m< ”l””/ )] (2 —2,)]. (E.59)
m=1 Y Y

Comparison of the two sides of the equation gives:

Bol—‘m - A()Km, B()Am == AoAm (E60)
and:
o\
h"(z)—( ; ) h(z) = —6(z—2,). (E.61)
Y

Substituting the KA coefficients in the terms of the LHS yields:
/JJ{ [2 sin <2m7ry> sin (Q_Trzﬂy,))}
m=1 ly ly

) 2mr
[2 oS (2m7ry> oS ( mwyoﬂ } v(2). (E.62)
by Ly

with u being —(275”)21—;71 or - and v(z) being h(z) or 1'(z) for the first and

second series terms of the LHS, respectively. Each of the two terms of the LHS

becomes:

£ o () o o]

m=1 Zy Yy

{cos (2m7r(fly - yo)> ~ cos (ZmTr(ly + %))J } uo(z) =

o0 9 -y, -
> 2cos (ﬂ%y_i)) po(z). (E.63)
Y

m=1
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Thus, the PDE (for n = 0 and m # 0) becomes:

> omm\® [ 2mr(y — o
2 o= 2ma oS 2mmly = yo) h(z) +
Za’ly m=1 ly ly

i {cos (M)] h"(z)]} = —d(z— 2,). (E.64)

Y

en#0and m=0

Following the exact same procedure, the PDE for m = 0 is:

lfly {i {_ (2Z7F>2COS (%@il’ﬁﬂ h(z) +

i {cos (271—“%:—%)” h”(z)} = —0(z—2). (E.65)

m=1

en=0andm=0

The equation simply becomes:
W(z) = —6(z—z,). (E.66)

Having found the solution dependence on x and y, we can derive the z depen-
dence by considering that, for the various combinations of the values of n and m, the

function h(z) must be a solution of the following problems:

e n=#0andm#0

2 T 2
R(z) — [(2]””) + (2:” )Jh(z) = (2 —z), (E.67)

h'(—oc0) = 0, (E.68)

W(+oo) = L, (E.69)
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en=0andm+#0

h'(z) — <2m7r>“ hz) = —d(z— z), (E.70)

ly

h'(—o0) = 0, (E.71)
B{+00) = I, (E.72)

e n=*0and m=0

2nm 2

h"(z)—< l ) h(z) = —6(z—2,), (E.73)
h(—o0) = 0, (E.74)
W (+00) = Iy, (E.75)

en=0andm=0
Wiz) = —6(z—2,), (E.76)
hW(—o0) = 0, (E.77)
NW(+oo) = I, (E.78)

In the first three cases the equation is of the same form; they will be dealt
with together. There exists no solution of the problem that is valid over the entire z.
Therefore, the problem will be solved in two semi-infinite regions, z € (—oo0, 2,) and
z € (2o, +00). In both of these regions the delta function is zero, thus the ODE is

homogeneous.

enF0orm==0
The constant-coefficient ODE (Eq. (E.67)) is homogeneous in both of the semi-

infinite regions considered since —4(z — z,) = 0. The characteristic polynomial
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18 :

(2;:1’)2 + (2_7:1)2 vn # 0,m £ 0
. (gln_mz Yn#0,m=0

and

£ /()2 + (B2 Vn#0,m#0
(212”) Vn#0,m=20
(Znm)y Yn=0m+#0

Ly

/\1,2 -

b

— If z < 2,, then the general solution of Eq. (E.67) is:
h(z) = Crexp(Aiz)+ Coexp(—Ai12),
P(z) = Cihexp(Miz) — Coliexp(—A12).
with:
W(—o0) =0 = C1 00 — Codi(+o0) = 0=
Cy, = 0=
Mz) = Crexp(Aiz)
— If z > 2, then again it is:
h(z) = Csyexp(hz)+ Cyexp(—Ai2),
NW(z) = Cihexp(Aiz) — Cuhiexp(—Az2).
with:
W (+o00) = lly = Cshi(400) — Cuhy = Il =

C;; = 0=

Mz) = Cyexp(—Xz)

Thus, Vz # z,, 1t 1s:

™

VoA

[N
)

<

N exp(A1z)
hz) = {wap(—/\lz)

[eN
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or in another form:

e - |

Crexp(Mz — 2))
Ciexp(=Ai(z — 2,)) 2> 2,

z < z,

(E.88)

This solution must be continuous at z, thus, with ¢ being a very small number,

1t must be:

h IZO+E
Cyexp(—=A(z, +€ — 2,))
Cyexp(—Aie)

Cy

Eq. (E.88) thus becomes:

h(z) = Crexp(—=XAi|z — z,)]).

= h ’ZO—E:i
= Crexp(Ai(zo —€— 2,)) =

= Gy (E.89)

(E.90)

The ODE at z = z,is i/ — A2h = —§(2z — 2,). This form has to be valid in the

“iny” neighborhood of z, (z € (z, — ¢

this interval we get:

, 2o + €)). By integrating the equation in

‘Zo+6 . ZO+€
/ []L” . )\fh]dZ :/ —(5(2 — ZO)dZ — 1=
J 2p—¢€ Zo—e
Zo+e .) 2ot
/ h'dz — /\I hdz = —-1=
Zo—E€ Zo—€
) (Zote 2}52 Zoe
Wz _/\17' Izl = -1 (E.91)

2

But &, and therefore

is bounded, and through the second integral, it is

multiplied by a very small number . The outcome of this integral, even for the

maximum possible value of /i, remains a very small, thus negligible number:

]Ll Izo+5 '—‘/L/ ,Zo-a‘ ~ —1=
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Cl(*/\l) exp(“)‘l(zo +E& - Zo)) -

Ciarexp(Ai(z, —€—2,)) ~ —1=
=201\ >~ —-1=
C; = = | (E.92)
ooy '
and
1 ,,
h(z) = ——exp(—Mi|z — 2]). (E.93)

21
em=n=20
— If z < 2, then:

hoo(z) =0 and hgy(z — z,) =0 =

hyo(z —20) = O =
hoolz — 2,) = Ci(z—2,) +Ch. (E.94)
with:
hoo(—o0) = 0=
¢, = 0=
hoolz — z,) = (4 (E.95)

— If z > z, we have again:

hoolz—2,) = 0=
hoo(z — 2,) = Cy=
hoolz — zo) = Cs(z — z,) + Cy (E.96)

and
hoo(+00) = I ly =

Cy = Lyl (E.97)



The solution is thus:

Cs z < Z,

]I,O()(Z — ZO) = { 03(;’ _ ZO) 4 04 2>z, (E98)

By following the same methodology, we have the restriction that the solution be

continuous on z,:

oo |zo+s = hoo )zo—-si

Cy, = C.. (E.99)

Integration in the neighborhood of z, yields:

Zo+e
[ = 1=
Zo—¢€
B ‘Zo+5 - ’Zo__a = —-1=
Cy—0=—1=Cy = —1. (E.100)

and thus the solution becomes:

_ ) G z < 2, ‘
hoo(z — 4,0) = { "“(Z . ZO) + 02 2>z, (ElOl)
where C is a “free” constant, i.e., the choice of its value is arbitrary:
0 2 < Z,
]LO()(Z — ZO) = { —(Z . Zo) 2>z, (E102)

By combining the parts obtained with the aforementioned, the solution of the original

broblem (Green’s function) is:
I

G(:‘l’..’ y7 Z; :EO’ yOa ZO) = Z Z fn(x)g7n(y)h(z> (E103)

n=0 =0

- CTYOO + Z GOm + Z GnO + Z Z fn Qm h éE 1()4)

m=1 n=1m=1
In the two semi-infinite depth regions the solution has the form:
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e >z,

2mly = n Ir -
o ! 2 2 — Yo
. 53 eos 2mn(z — z,) cos Tm(y — Yo)
lxly n=1m=1 liE ly

- . (E.105)

1 &1 (2rm(y—v,) 2mm
—(z — 2z,) + 57 Z — o8 (—Ty— exp (2 — 2,)

T m=1 M ly

1 &1 2mn(x — x,) 27mn
{ > 008 | T exp [— (z — zo)}

_),7le n—=1 la:
4 > > 2 -z, 2 -y,
S3 Jeos [ ZREZ D)) oo (2mm{y ~ 1)
ley n=1m=1 lfﬁ ly

exp {—\/ (2m)° 4 (o) (z - zoﬂ

- . . (E.106)
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Appendix F

Green’s Function Diagnostic Tests

Various terms were performed to ensure that the mathematical solution and the
accompanying Fortran code were accurate. The Green’s function of this problem
must always satisfy the Laplacian. Two random values for the sink coordinates (x,,
Yo, Zo) Were chosen and the second derivatives of the Green’s function with respect
to  (Gaz), Y (Gyy), and z (G..) were calculated. Their sum, which constitutes the
Laplacian, was found to be always zero (Table F.1). Furthermore, whenever the case

T, = Yo arose, it was G, = Gy, as it should be, since the problem is symmetric in

the z and y coordinates.

To =04, y, =04, 2,=006
T Y z e Gy G.. V2
0.01 | 001 0.01 | —0.090522 | —0.090522 | 0.181044 0
0.727 1 0.533 | —0.926 | —0.000204 | 0.000285 | —0.000081 | 0
0.2 0.85 | 0.926 0.09578 | —0.700911 | 0.605834 0
0.5 0.5 ~0.4 0.010316 0.010316 | —0.020632 | 0
0.936 | 0.8 10 0 0 0 0
Zo = 02, yp =03, 25— 04
0.4 ‘ 0.6 ] —0.7 | —0.099318 | 0.532552 } —0.433234 ‘ 0

Table F.1: Green’s function diagnostic test. Laplacian satisfaction by Green’s function

Lo
o
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It should also be G (47|z — z,|) — 1 as z — 2,. This condition stems from the

fact that Green’s function should behave like the function  as the singularity is

i
dmjz—z,

approached. The product was calculated for values of z approaching z,and the result

is presented in Fig. F.1. It is obvious that this condition is satisfied too.

—
3 %]

N
/
,

\

G {4 Pi |rr|}
ru R
S 03]

1a]
M

[an}

T T 1

015 0.1 -0.05 | 0.05 0.1 0.15
z-2g

Figure F.1: Green’s function diagnostic test. Calculation of the product G (4njz — z,|)

The sum G — ( ! ) should remain bounded (O(1)) as z — 2z, (Fig. F.2).

4mrlr]|
That is another indication that G behaves as the function (ﬁfg) in the vicinity of
the singularity.
Finally, the flux through two zy planes, one located above z, and one below,

was calculated. The sum of these two fluxes was —1 counterbalancing the unit sink

at z,. Thus, mass is conserved (Table F.2).
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G and G - 1/(4 Pi |r-fo])
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45 !’1"?“_"-0_ falnl= 1 i a1 n15
‘I\J L D | "H.{_l‘\ ‘-I'l. #”"Ll‘l ol
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L]
X
o
2=-25

Figure F.2: Green’s function diagnostic test. Calculation of the term G — ( L

4m|r|

). G alone is also

included for the same coordinates to illustrate that its behavior is that of 1/(4x|r()

Plane 1 (2 = 0) | Plane 2 (z = —0.8)
Subplane 1 -0.279705 0.029705
Subplane 2 -0.244784 -0.005216
Subplane 3 -0.244784 -0.005216
Subplane 4 -0.230727 -0.019273
Total -1.000000 0.000000

Table F.2: Flux diagnostic calculations for Green’s function. Flux calculation on planes above and
below the unit sink. The planes were divided into four subplanes to minimize round-off errors. The
point sink coordinates were assumed to be (0.2, 0.3, —0.4) while the planes were at elevations z = 0

and z = —0.8
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Appendix G

Calculation of the Definite Integral

1
of A/ (=T 0)*+H(y—Yo)?+(2—20)?

Let XY Z be a local coordinate system and (z,vy, z) be a random point. Let the X
axis coincide with a small, straight by approximation, centerline segment (of length
h) with its point of origin being the middle point of the segment (Fig. G.1). A
random point-sink situated on the discrete segment of the capillary’s centerline will
have coordinates (z1,0,0). The projection point of (z,y, z) on the X axis will have

the (variable) coordinates (z/,0,0). The integral required is:

A

1 1 [z 1 1

h
1 /3
dwr A o/ )2 (W —02 + (202 4”/_% V(T —x1)% + 2+ 22

(G.1)

Since it is evident that y* + z? = r?, one has to calculate the integral of \/(’—_—1{—)?—
T =L )T

This calculation is performed with a change of variables, by setting:
o= +rtanw |, we (—7/2,7/2). (G.2)

The function tanw is able to sample all possible values without becoming infinite. It

18:

Ty —xr = —rtanw =



(%,y.2)

Figure G.1: Definition sketch for the integration of Green’s function

(1 —2')> = r’tan’w =
(z1—2')*+7r* = r*(1 +tan’w) =
(y — 7)Y +1% = rlseciw =

\/(iL‘l -2 +r? = risecw|

but secw >0, Vw € (—7/2,7/2), thus \/(11,'1 —12')?2+r? = rsecw and:

dr’ = d(z;+rtanw) =
dr’ = rdtanw =

dr' = r(tanw)dw =
dr' = rsec®wdw.

The indefinite integral in question becomes:

7 =

/' dz’
\/(3;1 — )2+

/ 7 sec? wdw

T secw
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= / sec wdw

= In|secw + tanw|. (G.5)
but it is also:
-
tanw = =
T

7 -\

tan‘w = ( 1) =
T

g\ 2
1+ tan’w = 1+(ZL ll—) =

, 2
. -z
seclw = 1+ ( 1—) =

oo 2
secw = \/1+<:L ﬂ) (G.6)

7

by changing back to the original variables, we have:

;- / da’
: )2 4 g2
(xy — a2+
ol e N\ 2 ! e
= In \/1+<“L ll) TR (G.7)
T T
o1\ 2 Iy o\ 2
and since 1+<‘”77‘1> > 2= and\/1+<”—%h)v>0, it is:
/ ol e N2 './_ .
I = ln(\/lJr(”L ll) +7J adl
Ia T
Jo_ o
= arcsinh (SL ll) (G.8)
T )

210



The corresponding definite integral over an arbitrary length A is thus:

7

2
“ L xr 2 — X
h[ In 1 (]L/?—’L1> ]L/ T

T

2 ,
/9 — W2 — g
In \1—|—< / Il) + IL/ZT T (G.9)
-

The parameters r, =3 and h depend on the local geometry used. Thus they make
Eq. (G.9) applicable in every segment of the capillary loop. They only need to be

translated to the “global” coordinate system whenever the formula is being used.



Appendix H

Calculations on the Averaging

Over the Capillary Perimeter

Figure H.1: Definition sketch for the over-the-capillary-perimeter averaging

The input of the present calculation are the coordinates of the center of the
cross section in question, the coordinates of the endpoints of the segment carrying

the sinks and the cross section (capillary) radius:

& = (‘IL.vaC:ZC)J

212



Ty = (:’Ul:yh'zl))

T

(-’L’z, Y2, 22)»

o
I

Qcap-

By defining the local geometry as shown in Fig. H.1, the determination of the argu-
ments included in the integral is possible. The length of the straight segment having

the point sinks is:

h = \/(:LQ —x1)? + (2 — y1)?2 + (22 — 21)% (H.1)

The center point of the straight segment is:

v = (l'1+$2 Y1+l 21+ 2

@, = (AR N BT, (1.2)

The projection of the random perimeter point z on the line that carries the straight
segment is point z,. Since, z, and z; are on the same, constant - y, plane, it is
Yo = y1. Furthermore, points z, , ; and z3 are on the same line, which lies on the

aforementioned , constant - y plane. This line has the form z = uz + v with:

Zy — 21

o= — (H.3)
Ty — X
Vo= z1 — uxy. (H.4)
Thus, it is:
Ty = U+ (H5>

The triangle z,x,2 is orthogonal on z,. By using the Pythagorium theorem for a
given z, having as knowns z, and two of the three coordinates of Z,4, One is able to

derive an equation through which the only unknown coordinate, x,, is calculated:

Az’ + Bz, +T = 0. (H.6)

oo
—_
(%]



with:

A = 1445 (H.7)
B = 2uv—(x+z,) + pu(z + 2,), (H.8)
T = % — vz = 2) + 4o — vuly — vo) + 230 + Yo + 22, (H.9)

This second order equation yields two solutions for z,. The correct one is the one

that corresponds to the smallest r since this is the distance between z and z,. Having

z, defined, the arguments of the integral are:

zl = \/(l‘o - w“)z + (yo - y“)Z + (ZO - Z(L>2) (H].O)

A \/(ZL —Za)? + (Y — ya)? + (2 — )2 (H.11)
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