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Ms. #036

Markov Modeling of Contaminant
Concentrations in Indoor Air

Most models for contaminant dispersion in indoor air are deterministic and do not account for
the probabilistic nature of the pollutant concentration at a given room position and time. Such
variability can be important when estimating concentrations involving small numbers of
contaminant particles. This article describes the use of probabilistic models termed Markov
chains to account for a portion of this variability. The deterministic and Markov models are
related in that the former provide the expected concentration values. To explain this
relationship, a single-zone (well-mixed room) scenario is described as a Markov chain.
Subsequently, a two-zone room is cast as a Markov model, and the latter is applied to
assessing a health care worker's risk of tuberculosis infection. Airborne particles carrying
Mycobacterium tuberculosis bacilli are usually present in small numbers in a room occupied by
an infectious tuberculosis patient. For a given scenario, the Markov model permits estimates of
variability in exposure intensity and the resulting variability in infection risk.

Keywords: contaminant dispersion, Mycobacterium tuberculosis, Markov model

o describe contaminant dispersion in in-

door air spaces that are imperfectly

mixed, various investigators have used a

multizone modeling approach.*® For
example, if one considers a single room, the
space may be divided into different zones. Air
within each zone is perfectly mixed, but there is
limited airflow between physically contiguous
zones. Differential equations describe the rate of
change in the contaminant level in each zone.
These expressions account for contaminant
sources being located in one or more zones, a
possible contaminant source in the supply air,
contaminant dispersion via interzonal airflows,
and potential contaminant removal by mecha-
nisms other than ventilation. The resulting set of
concentration functions C,(t), where the sub-
script denotes the jth zone, are continunous, that
is, the C{(t) do not make sudden ““jumps” in val-
ue from one instant of time to another. The C,(t)
are also deterministic; that is, in a given zone at
a given time, a single concentration value is pre-
dicted, and variability in this value is not consid-
ered.

Where small numbers of contaminant parti-
cles are present in room air, deterministic models
fail to account for considerable variability in the
particle concentration that can pertain at a given
room position and time. In the alternative, Mar-
kov models describe a portion of this variability
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and account for discontinuity in concentration
values. The two approaches are related in that
the deterministic model equations provide the
expected concentration values. To explain this
relationship and to introduce basic Markov chain
techniques, a well-mixed room (single zone) is
first considered. Subsequently, a two-zone room
is cast as a Markov model, and the latter is ap-
plied to occupational tuberculosis transmission.
Airborne particles carrying Mycobacterium tuber-
culosis bacilli usually are present in small numbers
(on the order of 1 to 10) in a room occupied by
an infectious patient.®

MARKOV MODELS

A Single Zone

Assume there is a well-mixed room with N, con-
taminant particles present at time zero. Given
some room volume V (m?), the initial concen-
tration (#/m?®) at time zero is N,/V. Let the
room have supply/exhaust air rate Q (m?/sec).
For simplicity, let the only mechanism of particle
removal be ventilation air; however, other mech-
anisms of particle removal can be accommodat-
ed. Let there be no additional particle sources;
that is, new particles do not enter the room via
the supply air or by in-room release. The aim is

Copyright 2000, ATHA



to describe the decrease in particle concentration over time. As a
basis for comparison, a deterministic model for the particle con-
centration, C(t), is:

C(t) = %cxp(—%ot) 1)

where time t is in seconds. At t, , = (In2)(V/Q) sec after the start
of the process, C(t, ,) = 0.5 N,/V, or the particle concentration
is one-half the initial concentration.

In the alternative, consider the fate of an individual particle
after t = 0. The time it spends in the room is modeled by the
exponential probability density function N e, where N\ = Q/V
sec”!. The parameter \ is the probability per second that the par-
ticle is exhausted from the room. Given that the particle is cur-
rently in the room, the probability that the particle is in the room
1 sec later (after a 1-sec time step) is e~ (@Y, whereas the proba-
bility that the particle has left the room is the complement 1 —
¢ @V These quantities are termed single-step transition proba-
bilities.

The term ““transition” refers to a particle’s movement between
“states.”” In this system, a particle is either in the room (State 1)
or exhausted from the room (State 0). A particle in State 1 can
move in the next 1-sec time step to State 0 with probability P,
=1 — ¢ @V, or can remain in State 1 with probability P,, =
e~ (V) where the notation P indicates a transition from the cur-
rent State i to State j. A particle in State 0 remains in State 0 with
probability Py, = 1, and has probability P,; = 0 of entering State
1 because the system was initially defined not to permit particles
to enter the room. State 0 is termed an ““absorbing” state, because
once a particle transitions into State 0, it never leaves. These sin-
gle-step transition probabilities are described by a probability ma-
trix, denoted P:

0 1

0 1 0
P=11 - cav ecav
The numbers outside the matrix help denote the subscript state
numbers for the P;. The row number designates where the particle
currently resides, whereas the column number designates the state
it moves to in the next time step. The probability entries in a given
row always sum to 1.

For a particle currently in the room, the probability that it is
still in the room right after the nth time step is denoted P4, which
is the entry in the second row and second column of the matrix
P®. The latter matrix is P raised to the nth power. For example,
P@® =P X P; P® =P X P X P; and so forth. For the two-state
system considered here, it can readily be shown that:

0 1

pw = 0 1 0
1[1 — e~ @V e—(Q/Vn

Given that the particle fates are mutually independent, the number
remaining at time n = t (where t must be an integer number of
seconds) is a binomial random variable N(t) with expected value
E[N(t)] =N, X P3,, and with variance Var[N(t)] =N, X Py, X
(1 = DP3,). The binomial probability that k particles are present at
time t, for 0 = k = N,, is:

N,

PIN(t) = k] = (k )(Pmk(l — Py

In turn, the particle concentration at time t, C(t), is the random
variable N(t)/V. The expected value and variance of C(t), denoted
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FIGURE 1. The relationship between the percentage coefficient
of variation of the particle concentration at the half-time,
%CVI[C(t,,)], and the initial number of particles, N,. The curve is
based on Equation 4 of the main text.

E[C(t)] and Var[C(t)], respectively, and the percentage coefficient
of variation, denoted %CV[C(t)], are given by the following ex-
pressions:

N, X Pj,
E[C =— 2
[Co] = = @
Ny X Pi; X (1 — Py
Var[C(t)] — 0 11 Vz( ll) (3)
1 /A -Ph)
%CV[C(t)] = —— [——= X 100% 4)
6 (1) Ny T 6
If N, particles initially are present, then after t, , = (In 2)(V/Q)

time steps (where it is assumed for simplicity that t, , is an inte-
ger), Pyy> = 0.5. By Equation 2, the expected concentration is
0.5 N,/V, the same value provided by the deterministic model
Equation 1. However, the concentration value is explicitly treated
as a random variable. At t, ,,, the variance is 0.25 N,/V? by Equa-
tion 3, and the %CV is (1/VN,) X 100% by Equation 4. To
illustrate, if N, = 10 particles and V = 25 m?, then E[C(t, , ] =
0.2 per m® and %CV[C(t, ,,) ] = 32%. The expected concentration
is 0.2 per m?, but there is a 5% chance that it might be =0.28 per
m?.

The 1/ \/l\_IO term in Equation 4 signifies that as N, increases,
the %CV[C(t)] decreases. Figure 1 depicts %CV[C(t, ,)] for N,
values ranging from 1 to 10°. For N, = 103, %CV[C(t, ,)] =
3.2%, which signifies little variability around the expected concen-
tration value provided by the deterministic model Equation 1.
Large N, values would pertain to the great majority of industrial
hygiene scenarios. On the other hand, the V(1 — P3,)/Py, term
in Equation 4 signifies that as time passes subsequent to t, ,,, the
%CV[C(t)] increases because Py, decreases. The toxicological sig-
nificance of this increase in %CV is moderated in most cases, be-
cause relatively few particles are expected to remain. For example,
when N, = 10% and D5, = .001, the %CV[C(t)] is 100%, but the
expected particle number is 1.

In occupational exposure assessment, interest often focuses on
the buildup in contaminant levels due to ongoing emissions. The
single-zone Markov model can accommodate this process. Assume
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FIGURE 2. A hypothetical two-zone room containing a near-field
zone around a contaminant emission source; the remainder of
the room constitutes the far-field zone. Supply air enters and
room air exits the far field at rate Q (m3¥/sec). A balanced random
air flow at rate B (m3sec) occurs between the near-field and
far-field zones.

that at each value of time q in seconds (where q = 0, 1, 2, .
t), G, particles are released, where the value of G, is dctcrmlmstlc
but may vary across the time steps. With the dcﬁmnons P, =1

and P}, = P}, the expected value and variance of C(t) are given
by:
> Gy X Py
E[C(r)] = = 5
[C(0)] v ®
EG X Pi7a X (1 — Piy)
Var[C(1)] = &= (6)

V2

The above equations are derived in Appendix 1. This appendix
also discusses the circumstance in which the G, are probabilistic
rather than deterministic quantities.

Multiple Zones

Consider a room air space divided into multiple zones. Particles
exhausted from the room are assigned State 0 if particle reentry
is not permitted. A transition probability P; > 0 pertains only for
two physically contiguous zones (states) i and j. That is, there is
zero probability that a particle moves between two noncontiguous
zones in one time step. If there are n zones, the transition prob-
ability matrix Pis a (n + 1) X (n + 1) matrix as shown below:

0 1 n
0 ﬁ)l o - 0
U
0 10 11
n Q:‘n() Pnl o P
Assigning values a priori for the Py is difficult where numerous
zones are involved, because one needs to account for the random
and advective components of airflow between the zones. Appendix
2 discusses these probabilities in greater detail. To illustrate the
basic concepts, however, a relatively simple two-zone model is
considered.

Figure 2 depicts a hypothetical room. A near-field zone with
volume Vy contains the emission source, and the remainder of the

1n

P =

0
il
i
i
0

nn
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room constitutes a far-field zone with volume V.57 Supply air
enters, and exhaust air exits, the far-field zone at rate Q (m3/sec).
Air is exchanged between the near- and far-field zones at rate B
(m3/sec), which is the product of the room random air speed and
the free surface area of the near- and far-field interface, divided by
two. Contaminant particles are emitted directly into the near-field
zone. The reason for formulating this model is to better estimate
exposure intensity for a worker located close to an emission
source; in general, the worker will have a higher exposure intensity
than predicted by a traditional single-zone (well-mixed room)
model.

In terms of a Markov model, let State 0 denote a particle’s fate
of being exhausted from the room, let State 1 denote the far-field
zone, and let State 2 denote the near-field zone. The transition
probability matrix P for this system is:

0 1 2
0 E 1 0 0 E
, . B
P=1¢1—c (Q®/V) “(QEB/VE) (] — e (QFB)/ V) 0
i Q+p Q+ BD
20 0 1—c¢ BV e (B/VN) 0

To explain the formulation of the Py, State 0 (exhausted from the
room) is an absorbing state such that P,, = 1. A particle in State
1 (the far-field zone) can move to State 0 with exponential rate
parameter Q/Vy, or to State 2 (the near-field zone) with exponen-
tial rate parameter 3,/Vy. Therefore, a particle leaves State 1 with
an overall exponential rate parameter (Q + B)/Vy. The probability
that it remains in State 1 over one time step is P}, = ¢~ (Q*®/Ve, The
probability that it leaves State 1 is the complement 1 — e~(Q+B/Vr,
Given that the particle leaves State 1, the probability that it moves
to state 0 is Q/(Q + B), and the probability that it moves to State
2is B/(Q + B). Therefore, Py =(1 — ¢ @®M)[Q/(Q + B)],
and P, = (1 — ¢ @ D[B/(Q + B)].

With regard to a particle in State 2, it cannot enter State 0 in
one time step (because it must first move through State 1), so P,,
= 0. However, the particle can enter State 1 with exponential rate
parameter 3/Vy. Therefore, the probability that it remains in State
2 over one time step is P,, =¢ #/V~, and the probability that it
enters State 1 is P,; =1 — e ®/Vx,

Given that N, particles are in the near-field zone and none are
in the far-field zone at time zero, and given that no additional
particles are released, the expected value and variance of the far-
field and near-field particle concentrations at time t are given by
the following equations, where j = 1 for the far-field zone and j
= 2 for the near-field zone:

N, X Py,

E[Ci(t)] = . (8)
N, X P3; X (1 — Py)

Var[C(1)] = )

v
For a buildup scenario, assume that at time q in seconds (where

=0,1, 2, , 1), G, particles are released into the near-field
zone, where the G, values are deterministic but may vary across
the time steps. The expected value and variance of the far-field
and near-field particle concentrations at time t are given by the
following equations, where j = 1 for the far-field zone and j = 2
for the near-field zone:



>, G, X Pya

E[C(0] = (10)
2 G, X Pga X (1 — P9
Var[C,(t)] = &= (11)

V2

]

APPLICATION TO TUBERCULOSIS
TRANSMISSION

nfection by Mycobacterium tuberculosis (M. tb) usually occurs via

inhalation of respirable particles carrying viable bacilli. In health
care settings, such particles originate most often from the respi-
ratory tract emissions of pulmonary tuberculosis (TB) patients. In
turn, infection risk among health care workers (HCWs) depends
on the airborne M. tb particle concentration to which they are
exposed. To predict the latter concentration for purposes of risk
assessment and management, deterministic models have been
used.-® However, M. tb apparently are released in small numbers
(on the order of 1 to 10 per hour), in which case their concen-
tration in any room zone can abruptly fluctuate between zero and
positive values. Given that an HCW is usually in close proximity
to the emission source when attending a TB patient, it is reason-
able to apply the near-field /far-field Markov model to describe the
HCW?’s M. th exposure intensity.

For discussion purposes, let the near-field zone be a 1-m radius
hemisphere centered on a patient lying on a bed, in which case
Vi = 2.1 m? (i.e,, (2/3)mwr?). The 1-m radius represents the dis-
tance between the TB patient and HCW. Let V. = 47.9 m?, such
that the total room volume (Vy + V) is 50 m?; the latter is a
reasonable value for a patient isolation room. Let Q = .0833 m?/
sec, which corresponds to six nominal room air changes per hour
and adheres to ventilation guidelines recommended by the Cen-
ters for Disease Control and Prevention for TB patient isolation
rooms.® Let B = 0.32 m?3/sec, which corresponds to an air speed
of 0.1 m/sec (20 ft/min); the latter represents relatively still air
and corresponds to the median air speed measured in a survey of
indoor workplaces.1” Specifying Vy, Vi, Q, and B also specifies
the P; values in the Equation 7 matrix.

Next, assume that no M. #b particles are present initially, but
that at time zero, N, = 10 M. b particles are released by a cough
into the near-field zone, with no subsequent release; for simplicity,
assume that no particle carries more than one bacillus. Therefore,
the near-field M. b particle concentration is 4.8 per m?® at time
zero (Ny/Vy).

The solid lines labeled E[C,(t)] and E[C,(t)] in Figure 3 depict
the expected values of the near-field and far-field M. #& concen-
trations, respectively, over the first 60 sec following the pulse re-
lease. There is a rapid decrease in E[C,(t)] from 4.8 per m® to
0.21 per m? by t = 40 sec, at which time it is close to E[C,(t)]
= 0.19 per m®. The subsequent decrease in both expected con-
centrations is relatively gradual. The dotted line immediately
above each solid line is the approximate 95th percentile value for
the corresponding particle concentration. For example, at t = 25
sec, E[C,(t)] = 0.29 per m?, and the probability is 98% that C,(t)
= 0.95 per m?. The approximate 95th percentile values for C,(t)
and C,(t) were found by computing the binomial probabilities for
the possible particle numbers in each zone based on the values of
D5, and Py, respectively, and then finding that particle number in
cach zone for which the cumulative probability was closest to 95%.

y
\
\

< E[C,(0)]

Concentration in #/m3

051

E[C,(®]

0 10 20 30 40 50 60

Time in Seconds

FIGURE 3. The M. tb particle concentrations in the near-field
and far-field zones in the first 60 sec following a pulse release
of 10 particles into the near field at time zero. The solid-line curve
labeled “E[C,(t)]" is the expected near-field particle
concentration, and the solid-line curve labeled “E[C,(t)]" is the
expected far-field particle concentration. The dotted line
immediately above each expected concentration curve is the
approximate 95th percentile value for the corresponding particle
concentration.

For example, at t = 25 sec, Pr[N,(25) 1] = 0.88, and
Pr[N,(25) = 2] = 0.98. The event N,(25) = 2 corresponds to
C,(25) = 0.95 per m?, in which case 0.95 per m® was plotted as
the approximate 95th percentile value for the near-field M. ¢4 con-
centration.

The health significance of variability in the near-field concen-
tration is that it increases the variability in the risk of infection,
which in turn increases uncertainty in selecting appropriate control
measures. To explain this idea, assume that a susceptible HCW is
in a TB patient’s near-field zone over a T-sec interval. The
worker’s infection risk is a function of the expected number of M.
th particles that are inhaled and deposited in the pulmonary region
during this interval, denoted D(T). In turn, D(T) is the product
of the average M. tb particle concentration over the interval, the
air volume inhaled by the worker over the interval, b (m?), and
the inhaled particle deposition fraction in the alveolar region, f;,
(0 to 1), which is the target site for infection:

b X f,
T

=
=

T-1
D(T) = 2) C,(1) (12)
where C,(t) denotes the near-field M. ¢4 particle concentration at
time t. The summed concentrations run fromt = 0tot =T —
1, and not to t = T, because the concentration value C,(T) per-
tains only after the Tth time step. Dividing the summed concen-
trations by T yields the average concentration over the interval.
Because it is thought that the infectious dose is one M. tb ba-
cillus, infection risk R is modeled by the one-hit expression: R =
1 — ¢ PM. 0112 However, if D(T) is a small number, say, =<.05,
then a good approximation is: R = D(T). Because D(T) is a func-
tion of the random variable C,(t), D(T) and R are also random
variables. The expected infection risk, E[R], and the variance of
the infection risk, Var[R], are approximately equal to E[D(T)] and
Var[D(t)], respectively. The latter quantities are defined by:
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b 5 T-1
BID(T)] = 222 3 Be, ) 13
Var[D(T)] = (%) Tzl Var[C,(t)]
+ 2 TZZ El Cov[C,(t), Cy(s)]] (14)

The E[C,(t)] and Var[C,(t)] terms correspond to previous Equa-
tions 8 and 9, respectively, but a concise analytical expression is
not available for Cov[C,(t), C,(s)]. Instead, the value of
Var[D(T)] can be approximated by Monte Carlo simulation as
follows.

In a given simulation run, each particle is followed for T—1
one-sec time steps. For each particle at each time step, a uniform
random variate U between 0 and 1 is generated. If the particle is
in State 2, at the next time step the particle moves to State 1 if
U = P,,, or remains in State 2 if P,; < U = 1. If the particle is
in State 1, at the next time step the particle moves to State 0 if
U = P,,, remains in State 1 if P,, < U = (P}, + Py;), or moves
to State 2 if (P,, + P,;) < U = 1. If the particle is in State 0, the
particle remains in State 0. The number of particles in State 2 at
time step t is divided by the near-field volume to obtain C,(t). To
compute the expected pulmonary dose, the T successive C, values
are summed and divided by T to yield the TWA value for C,,
which is multiplied by the factor (b X f,) to give D(T) for the
simulation run. For this analysis, 105 simulation runs were per-
formed, and the variance of the 105 values for D(T) was comput-
ed.

Returning to the scenario depicted in Figure 3, assume that
the HCW’s exposure starts at time zero when N, = 10 M. b
particles are released into the near-field zone (with no subsequent
release), and lasts for T = 300 sec. Further assume that the HCW
inhales b = .083 m? in 300 sec, which corresponds to inhaling 1
m?/hour. Because the aerodynamic diameter of an M. tb particle
is approximately 3 wm,V let f;, = 0.3.0% Based on Equation 13,
E[D(T)] = .0069, in which case E[R] = .0069. Based on the
Monte Carlo simulation, Var[D(T)] = 2.8 X 107¢ (the %CV of
the estimate is <2%), in which case the standard deviation SD[R]
= .0017, and the associated %CV[R] = 25%. These values signify
that while the expected infection risk is .0069 for the exposure
period, there is a reasonable chance that it can be as high as .0097
(the approximate 95th percentile value: E[R] + 1.645 SD[R]).
Figure 4 is a histogram of 10° simulation outcomes of the ap-
proximate R value for this scenario; the outcomes reasonably con-
form to a normal distribution. The mean is .0069, the standard
deviation is .0017, and 5.9% of the values exceed .0097. Note that
while an infection risk on the order of .01 (1%) may seem small,
experiencing just 10 similar exposures produces a cumulative in-
fection risk of approximately 10%, or: 1 — (1 — .01)!° = .096.

DISCUSSION

For a scenario in which relatively small numbers of contaminant
particles are involved, the failure to account for the probabilis-
tic nature of particle dispersion and fate may lead to formulating
an exposure control strategy that is inconsistent with the intended
goal. For example, the tuberculosis standard proposed by the Oc-
cupational Safety and Health Administration (OSHA) requires
that when a room or area is vacated by a TB patient, the room
must be ventilated to achieve a 99.9% “‘removal efficiency” before
employees may enter without respiratory protection.!*) Therefore,
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FIGURE 4. The distribution of M. tb infection risk values across
10° simulations of a scenario in which a health care worker is
in the near field of a tuberculosis patient for 5 min immediately
after the patient emits 10 M. tb particles. For this distribution,
E[R] = .0069 and SD[R] = .0017.

if a room receives six nominal air changes per hour, the ventilation
system must be run for 69 min, at which time the M. & particle
concentration is expected to be 0.1% of the initial concentration
according to Equation 1. Because OSHA did not propose an ac-
ceptable concentration of M. tb in air, OSHA may have intended
that 99.9% “‘removal efficiency” also signify a 99.9% probability
that no M. tb particles are present in room air on entry. However,
requiring 99.9% “‘removal efficiency” fails to provide 99.9% prob-
ability that no M. tb particles are present.

To illustrate, consider a room having V.= 50 m? and Q = 300
m?/hour, but let N, = 40 M. b particles. Such a scenario might
involve a bronchoscopy on a pulmonary TB patient who emits
250 M. tb particles per hour over the course of a 1.5 hour pro-
cedure, as reported in a case study;!'® it can be shown that the
number of M. #b particles in room air would be approximately 40
by the end of the bronchoscopy in the room just specified. For
simplicity, if the room is assumed to be well-mixed, and if the
dilution ventilation system operates for 69 min after the proce-
dure, the probability that any given particle remains is .001. The
binomial probability that none of the 40 M. & particles remain is
0.961, or only 96.1%.

Although the two-zone Markov model presented in this article
accounts for concentration variability at different room locations
as well as time, it does not fully describe the variability that per-
tains. The reason is that the transition probabilities P;; have been
treated as stationary (constant), whereas they might vary with
time. For the two-zone model, nonstationarity signifies that 3
and/or Q are variable. If the great majority of room supply air is
mechanically delivered (as opposed to entering via infiltration),
and if the mechanical supply rate is designed to be constant, it is
reasonable to treat Q as constant. However, it is not realistic to
treat B as stationary if the air speed at the interface of the near-
and far-field zones exhibits substantial variability. In general, the
impact of nonstationarity is to increase the %CV of the particle
concentration.

Markov modeling is widely used in the physical sciences,*® but
to the author’s knowledge it has had little application in describing
contaminant dispersion in indoor air. A recent paper on indoor air



modeling presented an elegant discussion of Markov chain tech-
niques, although the investigators used a continuous-time Markov
model, and the buildup of the contaminant concentration due to
ongoing emission was not considered.’” A continuous-time mod-
el yields equations of the form Py(t), which represents the prob-
ability that a particle in State i is in State j at subsequent time t,
where time is continuous. The two-zone discrete-time model us-
ing a 1-sec time step behaves similarly to the analogous continu-
ous-time model for air speeds =< 0.25 m/sec (50 ft/min). As the
air speed increases beyond 0.25 m/sec, the discrete-time model
starts to substantially overpredict the near-field concentration rel-
ative to the continuous-time analog. For high air speeds, say, 5
m/sec (1000 ft/min), the discrete-time model using a 1-sec time
step displays unrealistic oscillatory behavior. These potential errors
should not be important in practice, because air speeds in indoor
environments tend to be <0.25 m/sec, and one can use a smaller
time step to accommodate higher speeds. However, if there is
strong directional airflow near an emission source due to, say, the
location of an air supply register or operation of a fan, the two-
zone model would be inappropriate.

Markov models are complementary to other techniques for in-
door air modeling. Simple turbulent diffusion models have been
used to describe the gradient in contaminant concentration near
an emission source.® Diffusion models can also incorporate an
advective flow component,?® as well as contaminant reflection by
wall boundaries and removal by room ventilation.?) Computa-
tional fluid dynamics (CFD) models are increasingly being applied
to indoor air quality studies,® and specifically to workplace set-
tings.?2?% As techniques are refined, CFD models may provide
highly accurate descriptions of contaminant dispersion in a wide
array of indoor environments. The main advantages of the Markov
modeling approach may be its relative simplicity and explicit prob-
abilistic treatment of contaminant dispersion and removal pro-
cesses.
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APPENDIX 1

The Particle Concentration Buildup Equations for A Single-Zone Room

Consider the deterministic number G, particles released at time
q = 0. The number remaining at time t (i.e., after t time steps)
is a binomial random variable with expected value G, X P{, and
variance G, X Py, X (1 — Py,), where Py, is the entry in the ma-
trix P®. Next, consider the G, particles released at time q = 1
sec. The number remaining at time t (i.c., after t — 1 time steps)
is an independent binomial random variable with expected value
G, X Pt and variance G, X Pyt X (1 — Pipt), where Pyt is the
entry in the matrix PV, The assumption made is that the fates
of all particles are mutually independent. Analogous terms are
written for the particles released at each time step. The total num-
ber of particles remaining at time t is the sum N(t). Its expected
value and variance are as follows:

E[N(t)] = X G, X Py (A1)
q=0

Var[N(t)] = >, G, X Pjy9 X (1 — Pyp9) (A2)
q=0
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Because C(t) = N(t)/V, Equations 5 and 6 in the main text for
E[C(t)] and Var[C(t)], respectively, immediately follow. If G, =
Gforallq=0,1,...,¢t, it can be shown thatas t — %, E[C(t)]
approaches the same steady-state value G/Q provided by the tra-
ditional deterministic buildup equation: C(t) = G/Q[1 —
e (W1 where G is the number of particles continuously emitted
per second. Further, as t - %, Var[C(t)] = G/(2VQ). Note that
buildup Equations 10 and 11 of the main text for the near-field/
far-field Markov model have an analogous derivation.

Where the number of particles released into a well-mixed room
at the qth time step is a probabilistic rather than deterministic
quantity, the value of Var[N(t)] will usually be greater than indi-
cated by Equation A2. Consider the simplest case where the G,
are independent and identically distributed (ITD) random variables
with E[G,] = pg and Var[G,] = 0. The parameter E[N(t)] is
given by:

peV(I — Pt
Q

E[N(t)] follows from Equation Al by taking expectations and sim-
plifying the sum using the power series expression: 1 + x + x> +
oo+ xt=(1 - x*Y/(1 — x), where x = P,,. Further, 1 — P,
= Q/V, because: P}, = e @V =1 — (Q/V), for Q/V < 1.

Var[N(t)] is derived by conditioning. Let R, denote the num-
ber of particles released at time q that remain at time t. Given G,
= g, R, is a binomial random variable with parameters g and
Pi19. The conditional expectation and variance are: E[Rq|Gq =
gl = g X Pyy9, and Var[R |G, = g] = g X Pjja X (1 — Py9).
The unconditional expectation of R, is: E[R,] = E[G, X
Pya] = pg X P9 The unconditional variance of R is:

E[N()] = e 2 Piyo = (»3)

Var[R,] E[Var[Rq|Gq]] + Var[E[Rq|Gq]]
= B[G, X Piya X (1 = Pji9)]
+ B[(Gy X P79 — pg X Pi9)?]
= Mg X Pipa X (1 = Pip9) + ag X (Pi9)?
Due to the independence assumptions, Var[N(t)] is the sum of

the Var[R ] terms over the range q = 0, 1, ..., t, or:

Var[N(t)]

EO [ X Pia X (1 = Pij9) + 02 X (P9)?]

reV(l = PiY) | (0§ = pe)VA = (PHY)?)
Q 2Q

The sum is simplified using the previous power series expression
and the approximation for e~ (V). In Equation A4,
Var[N(t - )] = (g + 02)V/2Q,
in which case
Var[C(t - =)] = (e + 08)/2VQ.

Another stochastic process that may apply in some scenarios is
a Poisson arrival process with variable amplitude and exponential
decay.®® Assume that emission events in a well-mixed room occur
according to a Poisson process with rate N (number per sec),
where \ is small, such that one expects a limited number of events
per hour. The expected number of emission events from time 0
to t (in sec) is X X t. The number of particles released per event
is an IID random variable A with mean w, and variance o3}. Par-
ticle removal from the room is modeled by the density function
a e~ if ventilation is the only particle removal mechanism, a =
Q/V. The number of particles present at time t, N(t), is a random
sum:

(A4)
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M
N(t) = > A, X Py (A5)
i=0

where M is a Poisson variable with mean N\ X t, A; is the number
of particles released at the ith emission event, P, = ¢ ¥V, and s;
denotes the integer time step at which the ith emission event oc-
curs, 0 =5, = t.

Based on the equations for the mean and variance of a random
sum,® the mean and variance of N(t) are:

A, V(1 — P
Q
(k2 + o)V — (PFY)?)
2Q

In Equation A7, Var[N(t - )] = \N(pn3 +0%)V/2Q, in which
case Var[C(t - )] = N} +03%)/2VQ. Note that the discrete-
time process just described is not strictly a Poisson arrival process,
because the latter applies to continuous time. However, if \ is
defined as the probability of an emission event at each discrete
time point, and if N is small, say, <.02, Equation A7 is an adequate
approximation.

The preceding processes are now used to demonstrate the in-
crease in variance where the number of particles released or where
the time of emission is probabilistic rather than deterministic.
Consider the expressions for Var[C(t — )] for the process in
which: (1) a constant number p; particles is released at each time
step (note: o = 0); (2) the number of particles released at each
time step is IID with mean pg and o > 0; and (3) emissions
follow a Poisson arrival process and the number of particles re-
leased per event is IID with mean p, and o3 > 0:

E[N(y)] = (A6)

Var[N(t)] = A

(A7)

Process (1): Var[C(t - »)] = ng /2VQ

Process (2): Var[C(t - ©)] = (pg + 03)/2VQ

Process (3): Var[C(t - »)] = N2 + 0%)/2VQ
In process (3), let wy, = pg/\, in which case the values of E[C(t
— )] for all three processes equal p;/Q. For simplicity of com-
parison, in process (3) let 03 = o/\. To explain, if the number
of emission events over t time steps equals the expected number
N X t,and if p, = pg/\, the expected number of particles emitted
is A X t X py =t X pg, which corresponds to the expected
number of particles released over t time steps in both processes
(1) and (2). Because the variance of the number of particles re-
leased over t time steps in process (2) equals t X o2, setting
0% =0%/\ causes the variance of the total number of particles
released in process (3) to equal that in process (2), on average.
Next, let ug = 10° particles per emission event, o =2.5 X
105, A = 1.67 X 1073/sec (or 6 events per hour), V. = 50 m?,
and Q = 8.33 X 1072 m?/sec (or 6 air changes per hour for V
= 50 m?). For all three processes, E[C(t — *)] = 1.2 X 10* per
m?. For the three processes, the respective values of Var[C(t —
)] are: (1) 1.2 X 10? per m®; (2) 3.0 X 10* per m® and (3) 7.2
X 107 per m°. Finally, the values of the percentage coefficient of
variation, or (\/Var[C(t - )]/E[C(t - %)]) X 100%, for the

three processes, arc:

Process (1):
Process (2):
Process (3):

%CV[C(t — )] = 0.091%;
%CV[C(t — @)] = 1.4%
%CV[C(t - »)] = 70%;



APPENDIX 2

Transition Probabilities for a Multiple-Zone Markov Model

In a multiple-zone model, one might conceptually divide the
room into n three-dimensional zones by perpendicular planes run-
ning parallel to the room’s length, width, and height axes. The
transition probability matrix P is (n + 1) X (n + 1) as presented
in the main text. Probabilities P; > 0 pertain only for physically
contiguous zones i and j, and the Py must account for the random
and advective components of airflow. Consider an interior zone
(one not bordering a room surface), denoted i with volume V;,
which shares one surface with each of six contiguous zones, k =
1,2, ..., 6. Let the random and advective components of airflow
from i to the six contiguous zones be denoted, respectively, B,
and f; X Q, where 0 = f; = 1. At least one of the f; must equal
zero, and it is possible that all equal zero.

A particle in zone i leaves that zone with an overall exponential
rate parameter X given by:

;m+;ﬁxq
A= v

i

The probability that a particle in zone i remains in zone i over
one time step is:

P, = exp _(26: Bi + i fi X Q)/Vi

The probability that a particle in zone i moves to a contiguous
zone k' over one time step is:

(a0

o+ f X
ngs'k fi Q g

§m+§mxﬁ

P, = {1 — exp
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