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Errors in the estimation of exposures or doses are a major
source of uncertainty in epidemiological studies of cancer
among nuclear workers. This paper presents a Monte Carlo
maximum likelihood method that can be used for estimating
a confidence interval that reflects both statistical sampling er-
ror and uncertainty in the measurement of exposures. The
method is illustrated by application to an analysis of all cancer
(excluding leukemia) mortality in a study of nuclear workers
at the Oak Ridge National Laboratory (ORNL). Monte Carlo
methods were used to generate 10,000 data sets with a simu-
lated corrected dose estimate for each member of the cohort
based on the estimated distribution of errors in doses. A Cox
proportional hazards model was applied to each of these sim-
ulated data sets. A partial likelihood, averaged over all of the
simulations, was generated; the central risk estimate and con-
fidence interval were estimated from this partial likelihood.
The conventional unsimulated analysis of the ORNL study
yielded an excess relative risk (ERR) of 5.38 per Sv (90%
confidence interval 0.54–12.58). The Monte Carlo maximum
likelihood method yielded a slightly lower ERR (4.82 per Sv)
and wider confidence interval (0.41–13.31). � 2007 by Radiation Re-

search Society

INTRODUCTION

In occupational and environmental epidemiological stud-
ies, including those concerning radiation exposures, an ex-
posure matrix or a physical dosimetry system is often used

1 Address for correspondence: Division of Epidemiology and Biosta-
tistics (MC 923), School of Public Health, University of Illinois, 1603
West Taylor Street, Chicago, IL 60612-4394; e-mail: lstayner@uic.edu.

2 Deceased.

to estimate exposures (or doses) for individual subjects, and
these estimates are then used in exposure–response analy-
ses. However, the effect of errors in the estimated exposures
on the exposure–response relationships has generally been
ignored or at best discussed qualitatively.

Errors in elements of the exposure matrix or dosimetry
system are a common concern in occupational and envi-
ronmental studies. These errors result from the use of group
means to impute individual exposures (or doses). Individ-
uals sharing the same job in the same facility, or individuals
in a similar location, in the same period are frequently as-
signed the same exposure estimates based on an ‘‘exposure
matrix’’, and these exposure estimates represent the mean
values of individual exposure for each period and plant/
location. Shared errors may also occur, as in the example
used in this paper (a study of nuclear workers), when in-
dividual estimates of dose are available and corrections are
made to the dose estimates that are applied to all individ-
uals within the same job or facility. If these mean doses (or
exposures) are known without error, the random variation
of individual doses around the true means produces what
is known as ‘‘Berkson’’ error, which produces unbiased es-
timates of the dose–response relationship when the model
is linear (1). Errors in the assignment of the means for each
period introduce a new aspect of the problem, namely the
sharing of errors between subjects. A primary effect of the
sharing of errors due to misassignment of the mean values
for each period is that the variances of the parameters in
the dose–response relationships will be underestimated (2).
This is true even when, as in fitting a linear dose–response
relationship, risk estimates are unbiased when the dosime-
try system contains only Berkson errors.

Relatively little work has been done on the development
of methods to estimate the effect of such shared errors on
the uncertainty of exposure–response relationships. The
purpose of this paper is to illustrate the application of Mon-
te Carlo maximum likelihood methods to the estimation of
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confidence intervals that reflect both ordinary statistical
sampling error and error related to the uncertainty in the
exposure estimates. The method is illustrated by application
to an analysis of all cancer mortality risk related to radiation
dose in a study of nuclear workers at the Oak Ridge Na-
tional Laboratory (ORNL).

MATERIALS AND METHODS

Conceptual Model

We take as our starting point a Berkson model for measurement error
in which there are both shared and unshared measurement errors. When
dealing with dosimetry systems that may incorporate either biased errors
or errors with a classical error structure, it is often helpful in the statistical
analysis to attempt to transform the measurement error model into a Berk-
son one. For example, Thomas et al. (3) state that with measured dose z
and true dose x, a generally applicable approach to providing an unbiased
assessment of the regression parameters is to replace the unknown x’s in
the disease model with their expectations E(x � z). Thus in many problems,
the primary goal of the statistician is to learn enough about the measure-
ment model f(z � x) and the true exposure distribution f(x) that this ex-
pectation can be calculated from

xf (z � x) f (x) dx�
E(x � z) � .

f (z � x) f (x) dx�
Here we assume that this has already been done, or even more generally,
that we are able to characterize the full distribution f(X � W), where W
consists of the input data that determines the individual dose estimates
(for example, W would be work history when doses are calculated by
applying a job exposure matrix). The overall question that we discuss
here is how to represent the uncertainty in the resulting ‘‘Berkson’’ dose
distribution and how to incorporate this uncertainty (specifically shared
uncertainty) into a dose–response analysis. If there are no shared errors
(i.e., if the conditional distribution of X is independent between subjects),
then the replacement of X with E(x � z) in the dose–response analysis does
give appropriate inference including both unbiased risk estimates (for
models linear or close to linear in dose) and appropriate confidence in-
tervals for the risk estimate. Our interest here, however, is in a problem
in which there are shared errors in dose so that (for example) errors in
job exposure affect dose estimates for everyone who worked at a partic-
ular job at a particular time.

Two problems to deal with then are how a dosimetry system should
represent shared uncertainty and how the uncertainty should be included
in the dose–response analysis. While confidence limits or standard de-
viations of each individual dose estimate may tell us something about the
reliability of the dosimetry system, these by their nature cannot charac-
terize the degree of sharing of dose error. One could attempt to produce
a variance-covariance matrix for all the dose estimates, but this becomes
extremely difficult if (as typical in occupational settings) the exposures
are received over many different times. To date, dosimetry systems that
really do attempt to characterize shared as well as unshared error [e.g.
Hanford (2), Utah (4)] tend to do so by providing many replications from
the dosimetry system rather than a single dose estimate. The variability
of these replications of dose represents the cumulative impact of uncer-
tainties in all dose-determining parameters, some of which have indepen-
dent effects, but many of which affect many subjects’ dose estimates
simultaneously. For a simple example, if the source term in an environ-
mental exposure (e.g. for down-winders) is known only up to certain level
of certainty, then each of the replications of dose will use a different
source term when the estimates are computed with that source term drawn
from its likely ‘‘prior’’ distribution and combined with samples of all

other uncertain parameters each drawn from their prior distributions. The
variation in the random source term is therefore reflected in the variability
of the dose estimates for all subjects simultaneously.

The conceptual underpinnings for our approach were further described
in a recent paper by Stram and Kopecky (2). Denoting vectors with bold
letters, we may view the true doses for the individuals in the study, Xi,
as having been drawn from a distribution, f(X1, X2, . . . , XN), of possible
true doses that is consistent with the full set of input data, W, known for
the N subjects in the study. Here the term input data (W) is used rather
than measured dose (z above) because in complex dosimetry systems
there may be many factors, W, rather than a single best dose, z, that
determine the possible doses that come out of a system for a given in-
dividual. For example, in systems as complex as that used in the Utah
Thyroid disease study (4), the components of W could include place of
birth and residence history through childhood, intake of milk, age during
specific radiation releases, etc. of each study subject. The goal in building
the dosimetry system is to provide a computer algorithm that samples
‘‘possible doses’’ from a distribution reflecting as closely as possible the
conditional distribution of the true doses f(X1, . . . , XN � W) given the
known input data.

Under this framework, the expected value, X̂i, of the true unknown
dose may be estimated by its expectation over the samples from this
distribution, which is X̂i � E(Xi � W). The specific relationship between
the true dose X and its estimate given the input data W can take different
forms, and in our motivating application, this relationship is assumed to
be multiplicative.

Use of Many Replications of Dose in Uncertainty Analysis

Assume that the dose–response relationship between the true doses X
and the disease outcomes D is parameterized by a slope b of epidemio-
logical interest and that there are one or more other parameters, a, which
need to be estimated in the likelihood. The complete distribution of all
quantities of interest, namely the input data W for each subject, X and
D for all subjects, is denoted f(D, X,W � a, b). Since X is unknown, the
likelihood is equal to the conditional distribution of

f (D � W, a, b) � f (D, W � a, b)/ f (W)

� f (D, X, W � a, b) dX/ f (W), (1)�
where f(W) is the marginal distribution of input data in the cohort, as-
sumed to not depend upon a or b. Here a and b are being treated as fixed
but unknown parameters that determine the relationship between disease
and dose but that do not affect the distribution of dose in the cohort.
Note that f(D � W, a, b) is the likelihood function that we are truly in-
terested in for statistical dose–response analysis: f(D � W, a, b) describes
the distribution of disease, D, given the observed values of all data that
determine the dose estimates. This both involves the variability of true
dose given estimated dose (through the integration) and reflects the var-
iability in disease occurrence given true dose (incorporated explicitly into
the integrand).

We assume that given X the distribution of D is independent of input
data W, i.e. that W functions only as a surrogate for X and does not
itself have a direct effect on the risk of disease D. Under this assumption
(and the assumption that the distributions of X and W in the cohort do
not depend on the dose–response parameters) we have

f (D, X, W � a, b) � f (D � X, W, a, b) f (X, W)

� f (D � X, a, b) f (X � W) f (W),

so that the observed likelihood (1) is

f (D � W, a, b) � f (D � X, a, b) f (X � W) dX�
� E { f (D � X, a, b)} (2)X�W

where EX�W{·} denotes taking the expectation (average) of the quantity
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within the brackets { } conditional on the distribution of true dose given
the observed data W. Maximum likelihood estimation of a and b then
involves maximizing the average likelihood, EX � W{f(D � X, a, b)}, from
a two-dimensional tabulation of estimates of this function. In the shared
error framework, there is no independence between the subjects’ esti-
mates of dose, so that f(X1, X2, . . . , XN � W) cannot easily be written as
a product of terms f(X1 � W1) f(X2 � W2) · · · f(XN � WN). It follows that the
entire multivariate distribution of f(X1, X2, . . . , XN � W) is needed for
Monte Carlo calculations.

Monte Carlo Simulations and Likelihood-Based Parameter Estimates
and Confidence Intervals

Monte Carlo methods have been developed for integrating over high-
dimensional probability distribution functions to develop inferences about
model parameters or to make predictions. These methods have broad
application in Bayesian statistics. Essentially, Monte Carlo simulations
involve the repeated sampling from the specified distributions to form
sample averages to approximate expectations (5). Here we use simula-
tions to randomly select realizations from the distribution of true dose X
given the measured data W.

Expression (2) allows us to calculate the value of the likelihood for
fixed a and b by averaging the values of the likelihood f(D � X, a, b) over
the random samples from the distribution of f(X � W).

The central estimate of b and the confidence intervals reflecting both
the usual random error and the errors in dose can be derived from an
integrated likelihood on a large number of simulations (e.g. 10,000) as
follows: For each simulation, the likelihood of the model is determined
by calculating the value of the likelihood at a large number of fixed values
of a and b chosen to cover the maximum likelihood estimate and the
range of possible confidence interval limits; the likelihoods at each of the
points are then averaged over the simulations to approximate the inte-
grated likelihood.

We note that model (2) is overly simplified since no additional cov-
ariates, C (such as age, sex or ethnicity), are assumed to modify the dose–
response relationship between D and X. Introducing such covariates in-
creases the dimensionality of the problem since additional parameters
must be maximized out of the average likelihood. In fact, these covariates
can also be part of W (if sex affects both dose distribution and back-
ground disease rate, for example) so long as the parameter linking C to
D is distinct from the values of any parameter directly linking C and the
dose distribution.

The maximum likelihood estimate (bMLE) is then taken to be the value
of b for which the profile likelihood, L(b) � maxa f(D � W, a, b), is at its
maximum. Under appropriate regularity conditions the difference between
�2 ln[L(b)] and �2 ln[L(bMLE)]) has an asymptotic (i.e. large sample) �2

distribution with one degree of freedom. The 90% confidence bounds
were the values of b for which the �2 statistic is 2.7055.

For survival analysis using relative risk models, we can simplify the
method further and average an alternative likelihood (often called the Cox
partial likelihood), depending only on b rather than the full likelihood
(depending on both a and b) over the distribution of dose. In this case
the average (partial) likelihood, L(b), is found by averaging terms equal
for a given realization of X to

RR(X )i ,�
RR(X )i � j

j∈riskset(i)

where the product is over all the observed events (e.g. cancer deaths in
our example) occurring in the cohort and the sum is over the risk set for
event i (all subjects at risk at the age of the death for subject i). Here
RR(Xj) is the predicted relative risk for subject i given true dose X, which
depends on Xi through the dose–response parameter b; see the example
below for a specific model for RRi.

Averaging the partial likelihood in this way is valid so long as the
distribution, f(X � W), of the true dose given the determinants, W, of
estimated dose is the same in all risk sets in the analysis. This homoge-

neity of X given W over all risk sets can safely be assumed to hold in
situations where only a small proportion of the subjects in the study
actually experience disease caused by their exposure (6). In addition, this
also requires that censoring is non-informative about the dose distribu-
tion, implying, for example, that exposure is not causing (a significant
number of) other deaths.

An Application

The methods described in this paper were developed for the analysis
of a large multinational epidemiological study, the International Collab-
orative Study of Cancer Risk among Workers in the Nuclear Industry (the
15-Country Study) that was coordinated by the International Agency for
Research on Cancer (IARC) (7, 8). In this study, annual records of ex-
ternal radiation doses were available from personal dosimeters for all
workers. The Monte Carlo maximum likelihood method is illustrated here
using data from one of the study facilities included in the 15-Country
Study, the Oak Ridge National Laboratory (ORNL), since data from this
cohort are publicly available on the U.S. DOE CEDR website (http://
cedr.lbl.gov). Analyses of the risk of all cancers (excluding leukemia)
related to external radiation dose were carried out. The ORNL cohort
included in these analyses is described in detail elsewhere (9). Included
were 5,345 workers, who were followed up between 1943 and 1984 for
a total of 136,673 person-years. Following the protocol of the 15-Country
Study, workers employed for less than 1 year and those who potentially
received substantial doses from neutrons and internal contamination were
excluded (8). Analyses included 225 deaths from all cancer excluding
leukemia. Detailed results of ordinary analyses (i.e., analyses not taking
account of uncertainties in dose estimates) of the ORNL cohort and other
cohorts included in the 15-Country Study have been published (7, 8). An
excess of all cancer mortality has been reported previously in analyses
of the ORNL cohort (8, 10, 11).

A study of errors in recorded doses was conducted as part of the 15-
Country Study to evaluate the comparability of recorded dose estimates
across facilities and time and to identify and quantify sources of bias and
uncertainties in dose estimates (12). The major sources of errors in ex-
ternal radiation doses were found to be dosimetry technology, exposure
conditions in the workplace, and calibration practices. Systematic errors
from these sources were characterized and quantified (12). For this, ex-
periments were conducted to characterize the energy and geometry re-
sponse of a sample of representative dosimeters (13), and the predominant
conditions of exposure in different types of facilities were evaluated (14).
Bias factors (B) were then developed using the error correction factors
from the experiments, the predominant conditions of exposure, and en-
ergy- and geometry-specific conversion factors taken from the Interna-
tional Commission on Radiological Protection (15, 16). These bias factors
were specific for each facility and for each period between times where
there was a change in dosimeter use or other work practices that would
affect the accuracy of the measurements. Estimates of the variances of
the bias factors, which took into account uncertainties in the experimental
results, the exposure conditions and the conversion factors, were also
derived.

In our example we use as ‘‘input data’’ W the set of recorded doses,
W(t), for each year, t, that an individual worker was exposed. These
recorded doses W(t) are assumed to be related to the true doses X(t) as
X(t) � W(t)/B, where B is the bias factor for the specific type of dosimeter
used in year t. Since the true bias factor B is uncertain, we sample B
from a lognormal distribution with (log scale) variance corresponding to
the uncertainties estimated by Thierry-Chef et al. (12) where the same
bias factor applies to all individuals exposed at that given time and fa-
cility. Thus our dosimetry system specifies that the distribution of true
dose is assumed to be lognormal around W(t) with shared error term
1/B.

The bias factors and uncertainties developed for the ORNL facility and
used in the Monte Carlo simulations described below are presented in
Table 1 for each period together with information on the distribution of
annual doses for the cohort.
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TABLE 1
Parameters of the Log-normal Distribution of Bias
Factors Developed for ORNL and Summary of the

Annual Recorded Dose Distributions by Period

Year(s)

Parameters of
the distribution

Geometric
mean (�)

Uncertainty
(�)

Summary statistics of
annual dose (mSv)

Median Mean
90th

percentile

1943 2.048 1.601 0.50 1.33 3.51
1944–1952 1.353 1.698 1.30 3.04 7.50
1953–1979 1.201 2.464 0.96 1.78 3.94
1980–1997 1.137 1.708 0.75 1.03 2.00

FIG. 1. Histogram of 10,000 estimates of b from Monte Carlo simu-
lations.

Monte Carlo simulations were used in this example to randomly select
a set of bias factors from the lognormal distribution for each facility and
period. The resulting B’s were then used to estimate annual ‘‘corrected’’
doses for each worker in the study by dividing their annual recorded dose
by the appropriate sampled bias factor. Workers from the same facility
were assigned the same correction factor for each year in the period and
thus share a common Berkson error. Thus the correlation structure of the
errors in the doses between individuals was preserved in the sampling
process.

The sampling of the bias factors was repeated 10,000 times, which
generated 10,000 data files containing corrected annual dose estimates for
each individual in the cohort. The simulation size of 10,000 was selected
because it resulted in stable estimates (�1% change) of the average bMLE

and confidence intervals over repeated samples.

Regression Model

Analyses of all cancer mortality (excluding leukemia) were conducted
using the Cox proportional hazards model, stratifying on sex, age and
socioeconomic status, to control for the potential confounding effects of
these factors.

The parametric form of the model chosen for the evaluation was an
additive relative risk model (17), also known as an excess relative risk
(ERR) model in radiation epidemiology (18), which has the following
basic form

�[t � X(t)] � � (t; a)[1 � bX(t)],0

where �(t) is the hazard rate at time t, �0(t; a) is the background hazard
rate at time t, which may depend on one or more parameters a, b is the
slope parameter, and X(t) is the individual’s dose in sieverts (Sv), cu-
mulated up to time t, allowing for a lag between exposure and cancer
induction of 10 years. Thus RRi in the definition of the partial likelihood
above is equal to [1 � bXi(t)].

This model was applied to each of the ‘‘simulated’’ data files, and the
partial likelihood was calculated at 100 values of the ERR parameter b.
The values of the partial likelihoods at each value of b were then averaged
over the simulations to obtain the average partial likelihood, from which
the central estimate and confidence interval were derived.

For comparison, a conventional, unsimulated, analysis was also carried
out by fitting an ERR model to the actual recorded dose estimates divided
by the arithmetic mean of the distribution of the biases. This unsimulated
model corrects for systematic bias but not for the uncertainties in the
bias.

Implementation of the Procedure

A number of standard statistical packages exist for the fitting of Cox
proportional hazards model to epidemiological data. However, these pack-
ages are highly computer intensive. For example, it took over 1 week to
run 5000 simulations on this data set on a dedicated Unix workstation
using EPICURE (18).

To reduce the computational time needed to implement this approach
on larger data sets, a computer program was written in FORTRAN to
calculate the value of the model partial likelihood at each value of b, for
each simulation. EPICURE was used to create a risk set for each of the
cancer deaths in the cohort (i.e., the set of all subjects in the cohort that
survived to at least the same age as the case) and to obtain the values of
all analysis variables (including the stratification variables and each an-
nual recorded dose) for each individual in each of the risk sets from the
cohort data set. The risk sets and data for all subjects in the risk sets
(including the deaths) were then exported from EPICURE. FORTRAN
programs were then written and used to:

1. Conduct the Monte Carlo simulations, sampling the bias factors from
the postulated distribution and creating 10,000 data sets, each corre-
sponding to one realization of the simulated biases.

2. Calculate the partial likelihoods at each of the 100 preselected values
of b for each of the 10,000 simulated data sets.

3. Average the partial likelihoods and find the bMLE and confidence
bounds.

Using these FORTRAN programs rather than EPICURE for the model
fitting reduced the computing time from days to hours.

This research was exempt from institutional review for protection of
human subjects because it used anonymized data.

RESULTS

A histogram of the b estimates from the 10,000 Monte
Carlo simulations is presented in Fig. 1. The mean and
median b of this distribution were similar (5.73 and 5.52
per Sv). The 5th and 95th percentiles of the distribution of
the b estimates were 3.65 and 8.41, respectively. One might
be tempted to report these values as the confidence interval
accounting for the error in doses. However, the confidence
interval derived in this way yields far too narrow bounds
since they reflect only the shared uncertainty in dose and
ignore the random error. They are simply descriptive sta-
tistics of the distribution of b.

Figure 2 illustrates the average partial likelihoods for
each of the 100 chosen values of b. The average partial
likelihood was maximized at bMLE of 4.82 per Sv and the
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FIG. 2. Profile likelihood, maximum likelihood estimate and 90% CI
for b from both the unsimulated data and the 1,000 simulations.

90% confidence interval ranged from 0.41 to 13.31. As
would be expected, this confidence interval was wider than
that derived from the conventional, unsimulated, analysis
(90% CI � 0.54 to 12.58).

It is noted that the value of b (bMLE � 4.82) at which the
average partial likelihood is maximized is lower than the
bMLE from the unsimulated analysis (bMLE � 5.38). How-
ever, we can see from the figure that the average partial
likelihood is quite flat near its maximum and that both b
� 4.82 and b � 5.38 give nearly the same log likelihood
(i.e., we cannot distinguish between these two values).

DISCUSSION

The effect of shared errors in the estimates of exposures
or doses is a common concern in studies of the role of
occupational and environmental exposures in the etiology
of chronic diseases such as cancer. This is because histor-
ical information on exposures or doses is often lacking in
these studies and must be estimated for certain jobs or de-
partments, particularly during the early period of the study.
Shared errors may also occur in studies (e.g., studies of
nuclear workers) where correction factors are used to adjust
individual dose estimates for differences in measurement
methods that have occurred over time and by study facility.
The objective of this paper was to illustrate how one could
apply the method of Monte Carlo maximum likelihood pro-
posed by Stram and Kopecky (2) to derive maximum like-
lihood estimates of the slope and confidence intervals that
reflect both ordinary statistical sampling error and errors
arising from the exposure or dosimetry system.

We chose for this exercise to use a cohort study of nu-
clear workers at the Oak Ridge National Laboratory
(ORNL). The primary source of errors in this dosimetry
system was related to the response of historical dosimeters
used to estimate radiation doses to the radiation fields en-

countered in the actual working environment of the study
subjects. A bias correction factor was estimated to adjust
for these responses, but there was uncertainty both in the
exact magnitude of the response of the dosimeters and in
the estimated exposure conditions encountered in the work-
places (13, 14).

It is interesting to note that, in this particular instance,
the confidence intervals derived from this method were
only slightly wider than those derived from the conven-
tional analysis using the unsimulated data. This may not be
the case, however, if the method is applied in other settings.
In most occupational studies, the uncertainty in exposures
is much larger than in studies of radiation workers, where
extensive real-time individual monitoring of exposures has
been conducted.

A few other papers have been published illustrating
methods for handling uncertainty in exposure in the field
of radiation epidemiology (19–21). The method developed
by Gilbert (19) did not consider the shared errors as our
method does. In our approach we are being somewhat more
Bayesian about our dosimetry system than the more fully
frequentist approach of Schafer et al. (20). Both methods
treat the unknown true exposures as random variables but
differ in their treatment of the uncertainty in the parameters
that yield shared uncertainty. Here we are assuming that the
dosimetry system that produces random realizations of dose
directly incorporates the uncertainties in the bias factors
through a Bayesian analysis in which these biases are treat-
ed as random variables coming from a prior distribution
that has been determined in the study of errors in doses; in
the approach of Schafer et al. (20), the data from the phan-
tom studies would have been included simultaneously in
the likelihood analysis to form a likelihood that combined
both the observational data (cancer outcome) and the ex-
perimental data (observed and true doses). Essentially our
approach separates the data used in the experimental as-
sessment of the bias and uncertainty factors (B and K) from
the data (survival times) that allow us to estimate the risk
parameter, b. The full likelihood approach of Schafer et al.
combines both data sets, so that some additional informa-
tion about the bias factors would be (at least theoretically)
gleaned from the risk analysis. For example, if one period
and plant had higher than expected cancer deaths, then this
observation would be used as information that would affect
the bias correction factor for the corresponding dosimeter
(raising it), something that is not being done in our method.
However, it appears very likely that the amount of infor-
mation regarding B in the survival analysis is far smaller
than the information from the experimental exposures and
expert estimation, so that the two methods should give very
similar results concerning the distribution of bias factors
(B) and by implication of b.

Lash and Fink (21) recently described methods for con-
ducting sensitivity analyses to assess the impact of system-
atic errors of covariates used in epidemiological studies.
Their approach, when applied to the problem of errors in
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exposures here, recommends analyzing the cancer data us-
ing each replication of dose and then summarizing the re-
sulting distribution of b, adding the variance of b from the
simulation to the sampling variance of the estimate of b in
the unsimulated analysis. This approach is related to the
‘‘multiple imputation’’ method of Rubin and coworkers
(22). A complication to direct application of Rubin’s mul-
tiple imputation method to the exposure measurement error
problem is the need to condition, when simulating the ex-
posures, not only on the data that are directly incorporated
into the dosimetry system but also on the outcome (cancer)
data in the analysis, so that a person with disease is given
a different distribution of dose than a person without dis-
ease, all other factors being the same. In some cases, failing
to condition on disease can result in large biases toward
the null when each data set is analyzed separately. Inter-
estingly, it is in the ‘‘unshared’’ error situation where this
bias toward the null has its largest effect (2).

In the particular setting here, where sharing of errors is
large and where the dose–response relationship is relatively
weak, failing to condition on disease when drawing dose
realizations is by itself not likely to cause serious difficul-
ties in the multiple imputation method. However, another
weakness of the multiple imputation method for these data
has to do with the non-symmetrical shape of the log partial
likelihood curve as a function of the dose–response param-
eter. The skewed shape of the log partial likelihood implies
that non-symmetrical confidence intervals better capture the
sampling variation in the data than do the symmetrical in-
tervals given by either the Wald tests or the adjusted Wald
tests generated using the multiple imputation method. Ap-
plying the Lash and Fink method to the data analyzed here
modified the Wald-based 90% confidence intervals obtained
using the conventional, unsimulated analysis from 0.54 to
12.54 to �1.22 to 12.10 after correction. This appears to
overemphasize the uncertainty on the low side and under-
estimate the uncertainty on the high side, compared to the
Monte Carlo likelihood-based method (90% CI: 0.41 to
13.31).

The bMLE from our naı̈ve unsimulated analysis (b � 5.38)
was somewhat greater than the bMLE from our Monte Carlo
maximum likelihood analysis (b � 4.82). Some differences
between the point estimate found by the Monte Carlo max-
imum likelihood approach compared to the conventional
unsimulated analysis may be expected since the first of
these approaches modifies the shape of the partial likeli-
hood by averaging over a non-symmetrical (basically log-
normal) distribution of possible values of true dose. This
difference is expected to be very small, however. The dif-
ference noted here is most likely related to the distribution
of the average partial likelihood function, which is quite
flat at its maximum value; hence the ‘‘apparent’’ difference
found in the ‘‘best’’ dose response using the two methods
is not statistically meaningful.

In this application, despite the quite extensive ‘‘sharing’’
of errors in dose estimates at any one period, the net effect

on the dose–response estimate and confidence limits was
quite modest (the lower confidence interval decreased by
about 24% and upper confidence limit increased by just
6%). This may indicate that no single period dominates the
overall exposure to the workers studied here, so that the
total amount of shared error in doses (summing over all
periods) is smaller than it might otherwise have appeared
to be. In other applications, the uncertainties of dose ob-
tained during a single period or worker category may dom-
inate total dose more completely than is the case here, and
accounting for this would have a corresponding larger ef-
fect in the analysis.

We have described the Monte Carlo maximum likelihood
method as a method for dealing with shared error. There
are many simplifications available when only unshared er-
ror is present or when it dominates the error distribution.
First, in the unshared case, the substitution method de-
scribed by Thomas et al. (3) works very well for linear (or
nearly linear) models (and can be extended to polynomial
models). Computing the expectation

x Pr(z � x)Pr(x) dx�
E(x � z) �

Pr(z � x)Pr(x) dx�
separately for each study subject (again z now refers to
measured dose) is all that is required. The substitution
method is a useful default approach to deal with the ma-
jority of measurement error problems (whether they are of
classical, Berkson or other form) that do not involve shared
errors so long as enough is known about the distribution of
errors and true dose to make the integration feasible. As
stated by Thomas et al. (3), the use of E(x � z) may be
regarded as turning the general measurement error problem
into the Berkson problem, where both risk estimates and
their estimated sampling uncertainties are unbiased (when
the measurement errors are independent). This is not to say
that unshared Berkson error does not cause problems. Ran-
dom error in dosimetry always leads to loss of power to
detect true dose response even when the estimates are un-
biased, compared to having true dose available.

More generally the full likelihood

Pr(y � z )� i i
i�1,N

can be computed by integration as

Pr(y � x ) Pr(z � x ) Pr(x ) dx� � i i i i i i
i�1,N

far more readily than can the full likelihood when errors
are shared (since the likelihood is then not the product of
independent contributions that can be integrated separate-
ly). These simplifications mean that Monte Carlo maximum
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likelihood methods rarely seem needed except to deal with
the shared error problem.
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