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Passive Monitoring of Fluctuating Concentrations
Using Weak Sorbents

DAVID L. BARTLEY, Ph.D.
National Institute for Occupational Safety and Health, 4676 Columbia Parkway, Cincinnati, OH 45226

Diffusive monitoring of fluctuating concentrations is analyzed for the situation in which the concentrations of each component of a mixture
to be sampled do not necessarily remain close to zero at the sorbent surfaces. Considering first samplers with a single sorbent surface, an
estimate of time weighted averages (TWA) of the concentration in terms of measured mass is given which is unbiased in the limit of small
concentrations. Bounds on the fluctuation-related error in this estimate are derived which may be calculated from the collected masses of any
given sample. The error limits relate to both linear as well as leading non-linear regions of the empirical sorbent isotherm. The error limits
imply potentially excessive error in the estimation of concentrations over averaging times as long as 8 hours. Reduction of this error and
detection of breakthrough through the use of multiple sorbent surfaces is discussed. -

Introduction

Passive samplers have found increasing use in the past few
years in the monitoring of hazardous substances. Neverthe-
less, several questions as to sampler reliability remain, and
the aim of the present paper is to address one of these
potential problem areas. Rather than using a pump, passive
devices rely on diffusion to provide a flux of material into the
sampler. Because diffusion is generally a slow process, the
question arises as to the accuracy of using passive samplers
in the estimation of time weighted averages (TWA) of con-
centrations which may be changing in time. This includes
situations where both worker and source are mobile.

Research on this problem is reported™? where the concen-
tration of the contaminant near the sorbent surface is zero.
This is the case with samplers, such as the Palmes tube® ™,
which employ a chemisorbent with low activation energy.
The relaxation time t. required for the disappearance of
spatial inhomogeneities in the concentration gradient is
given™? by

t-= L?/(#*D) , (1

where L is the sampler length and D is the analyte diffusion
constant. For example, for sampling NOz with a Palmes
tube, L=7.0cmand D=0.15 cmz/ sec; therefore, Equation 1
implies that t, = 33 sec. The significance of the smallness of t,
is that for most fluctuating concentrations to be found in the
workplace, the Palmes tube gives accurate estimates of the
time weighted average of the concentration in sampling over
entire 8-hour work periods. On the other hand, excessive
errors in exposure estimates can be expected in short time
Palmes tube sampling of some realistic time-dependent con-
centrations, such as in the measurement of substances with
short term exposure limits (STEL). For such situations, a
second sorbent surface can be used® to eliminate error due
to concentration variations.

In the present paper, samplers are considered with such
small values of L that approach to spatially constant concen-
tration gradients can be considered to occur instantane-

ously, even in STEL sampling. As a concrete model of sucha
sampler, the Du Pont Pro-Tek G-BB sampler(s), which con-
sists of two activated carbon sheets of width 0.058 cm separ-
ated (center to center) by L; =0.401 cm and from the atmo-
sphere by Lg = 0.373 cm will be used throughout this paper.
See Figure | for a stylized version of this sampler. Equation
1 implies that the relaxation time t, is about two orders of
magnitude shorter for such a sampler than the Palmes tube.
Therefore, even within STEL sampling, the approximation

of homogeneous concentration gradients is valid.

Unfortunately, this does not imply that there are no
fluctuation-associated errors in sampling with this type of
monitor. This is because the analyte-carbon bonds are not
strong enough® to maintain zero concentration near the
sorbent surfaces. The sampling rate, therefore, depends on
the amount of material already adsorbed. This is further

I
Sampler I
Entrance I

S
:

Sorbent |

Sorbent 2

F= -l
L2 L,
Figure 1 — Two stage diffusive sampler. Note order of dimen-
sion numbering.
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Figure 2 — Experimental® adsorption isotherm for methyl chloroform on 300 mg Du Pont
Pro-Tek activated carbon at 298°K, 760 mm Hg and 70% relative humidity. Solid line indicates

empirical Langmuir isotherm.

complicated because the relation between the concentration
at the adsorbent and mass adsorbed may be strongly non-
linear. See, for example, Figure 2, which represents this
relation as measured® for methyl chloroform at 298°K and
70% relative humidity on the Pro-Tek sorbent sheet menti-
oned above. These data may be represented by an expression

in the form given by Langmuir'”,

G = a™ my/(1 - my/ Msat) , (2)

where m; and C; are the adsorbed mass and concentration at
the j-th sheet, and Henry’s law constant a = 66.6 L and the
saturation mass msa; = 20 mg are chosen to make rough fit to
the data®. (Note that Equation 2 is an empirical model for
application over a limited range of masses and does not
preclude singular behavior for concentrations very close
to zero.)

The present work indicates potential problems with single
stage weak sorbent samplers. However, it is shown that the
design and control of samplers for adequate TW A concen-
tration estimation is feasible through the use of multiple
sorbent stages, initially proposed® as a means of extending
sampling time and also for the detection of breakthrough.The
present paper places breakthrough detection on a quantita-
tive footing. Namely, it is shown for arbitrary fluctuation
that bounds on the accuracy of the TWA concentration
estimate may be calculated given measured adsorbed masses
from each stage of an appropriately characterized sampler.
This result is found to hold for the sampling of mixtures as
well as single analytes. Furthermore, aside from extending
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sampling time and breakthrough detection, the extra degree
of freedom afforded by the backup surface measurement is
found to be useable in minimizing errors specifically related
to non-constancy of the concentration.

Single-stage Sampler

Prior to describing the use of multiple surfaces, details are
presented for samplers in which only a single adsorbent
surface is used. This discussion is interesting in its own right
as there exist many such samplers in use at the present time.
Furthermore, the results are directly applicable to analysis
of multi-stage samplers in which the concentration may be
low at one of the stages. At such a surface only effects on
sampler performance associated with the linear and leading
non-linear parts of the adsorption isotherm (Equation 2)
require accounting.

Analysis of the single-stage sampler may be summarized
asfollows. Neglecting non-linear effects, sampler calibration
is derived to provide TW A concentration estimates which
are unbiased. Limits on the error in the estimate are then
derived for an arbitrary fluctuation. Finally, leading non-
linear shifts of the error limits are calculated. Mathematical
details not needed for following the main arguments are
provided in the appendix.

Mass Accumulation Rate

The expression for the rate dm;/ dt of mass accumulation per
unit time at the adsorbent surface is very simple within the
assumption (unlike the situation investigated in References
1-2) that the sampling length L; is small enough that the

Am. ind. Hyg. Assoc. J (44) December, 1983



concentration varies nearly linearly from point to point
within the sampler. In this case the sampling rate is given by

dm;/dt = (AD/Li(C - Cy) , (3)

where A is the cross-sectional area of the sampler, and Cz =
C(t) the concentration of the analyte in the atmosphere at
time t. Note that the assumption has been tacitly made that
the sorbent may be approximated as a surface at some point
within the sampler. Equation 3 may be expressed entirely in
terms of the accumulated mass my by using Equation 2:

tidmy/dt + ma/(1 - m1/ msat) = aC(t) , (4)

where the relaxation time t; for approach to equilibrium
with a vanishingly small concentration C(t) is defined as

t, = ali/(AD) . {5)

Because Equation 4 is non-linear, closed form solutions
are available only for special cases of the function C(t). For
example, if the concentration Cis a constant, Equation4 can
be integrated and the resultant transcendental equation
solved for my(t) by iteration using a programmable calcula-
tor. The results of such a calculation may be seen in Figure 3
for a single stage Du Pont Pro-Tek device used in sampling
400 ppm methyl chloroform (the concentration and analyte
common to References 5 and 7). A value of AD = 0.171
cm?/sec, obtained as described below from the data of Ref-
erence 5, was used for this calculation. The sampler surfaces
approach equilibrium with the external atmosphere over the
course of a day of sampling. Therefore, significant errors in
concentration estimates might be expected in the sampling
of concentrations fluctuating about the above value. For
comparison Figure 2 also shows the mass which would be

accumulated were the amount of activated carbon doubled
and the sampling length held constant at L; = 0.373 cm.

Calibration Theory

If the accumulated mass m; is sufficiently smaller than mga
that the linearized version of Equation 4 is valid, then useful
general solutions may be found. The linear part of Equation
4 is obtained simply by approximating the denominator (1 -
m1/ Mgu) by 1:

t1dm1/dt +m = aC(t) . (6)

The general solution of this equation may be expressed in
the form,

my(t) = j; dt'g(t,t)C) (7)

where the response function g(t,t’) is given by

g(t,t) = (a/ t)exp[(t ~ t')/t1] . (8)

The question now arises as to how to best use the value of the
mass my(ts) accumulated during the sampling period ts to
estimate the TWA C,
ts

C=(1/ty) j; drC(t) . (9)
In other words, how is the sampler to be calibrated? The
straightforward answer is to calibrate with a constant con-
centration over ts. As described in detail in Reference 2, the
advantage of this calibration scheme is that in sampiing a
concentration which varies randomly in time over sampling
periods of fixed duration ts, (C)est is distributed randomly
about the true average concentration C, depending on the
choice of sampling period start time, rather than about some

20 ~ RK_Saturation Mass ( C=co) v v
//
Equilibrium Mass Levels (tzo0) _/ _— -
Double Mass Single Surface /’/ -~
> Sampler (Mgqt = 40mg) \’/ o
E Single Surfocew / °
o Samplier /,/ o
2 o ,,’ ° . -
o / Front Surface
Q
s 4
) Backup Surface
o
8 hours
Q 1 |
0 1000 2000 3000

Exposure Dose (ppm-hrs)
Figure 3 — Mass collected during several types of sampling: 400 ppm methyl chloroform on
Pro-Tek activated carbon. Solid curves representing double surface sampler may be compared

with data® obtained at 298°K, 760 mm Hg and
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other biased value. (For example, since the constant calibra-
tion concentration may be represented as a set of pulses
uniformly distributed over the sampling period, the average
of sampling single pulses located at random within the sam-
pling period will equal the true time average of the pulse.)
Therefore, the estimate (C)est which is unbiased is given by

(Clest = kmu(ts) , (10)

where the calibration constant k is obtained by integration
of Equation 7 at constant C:

k! =f sdt’g(ts,t’) (11}
o
= a[l - exp(-ts/ t1)] . (12)

Error Bounds Within Linear Approximation '
Limits can now be calculated for the relative error A;
between (Cest and C defined as

A1 =[(C)est - CJ/C . (13)

Unlike the case treated in Reference 2, both upper and lower
limits on A; are finite. As shown in the appendix, A; is
confined to:

[1 + ts/tr - exp(tts/ t1)]/[exp(+ts/ t1) - 1]
SA S (14}

[1 - ts/ts - exp(-ts/ t1)]/[exp(-ts/t1) - 1] .

If adsorption at the activated carbon is strong enough that
ts/t1 is much smaller than unity, then Equation 14 may be
approximated by the extremely simple expression,

JAL] =t/ (21) . (149

For example, ts = 28 800 sec corresponds to an 8 hour
sampling period, and for methyl chloroform (L;=0.373 cm),
t; = 145 000 sec; therefore, ts/t; = 0.20.

Error Limits Associated with Non-linearities

Equation 14 gives estimates of the error, accounting only for
linear effects. In order to calculate the consequence of non-
linearities, Equation 4 may be expanded to order (m;/ Mgat)’:

t:dmy/dt + my = aC(t) - (m1)?/ Meat - (185)

The non-linearity effected shift from the solution my(t) of
the linearized equation can be estimated by iteration, substi-
tuting into the quadratic term on the right side. of Equation
15 and using Equation 7. Calculation along these lines leads
to limits on the non-linear contribution A;’ to the error. As
shown in the appendix A’ is confined to

—(my(ts)/ meag)exp(ts/t1) ~ 1] < A/ <0 . (16)

For ts much less than t;, Taylor’s series expansion simplifies
Equation 16 to

—[tsml(ts)]/[tlms,,t] <A=0 . (16%)

Equality in the error limits of Equations 14 and 16 is attained
when the concentration is non-zero only near the start or
finish of sampling.
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Example Calculation

Monitoring methyl chloroform using a single Du Pont
Pro-Tek sorbent sheet provides a simple example of the use
of these limits. With the same parameters as above in sam-
pling for ts = 28 800 sec (8 hours), combination of Equations
14 and 16 implies that the error ranges between -30.0% and
+10.0%. (Hypothetically) doubling the adsorbent improves
matters only slightly: the error is calculated to lie between
-18.09% and +5.0%. The sampler seems yet unacceptable,
unlike the device proposed in the following section. It must
be remarked that because of the uncertainties in the adsorp-
tion isotherm at small concentrations (see Figure 2) the
specific numbers quoted here are of use mainly in providing
an example of the application of the above equations.

Multi-stage Sampler

Error Bounds

At this point it is possible to present a simple analysis of a
sampler comprised of a series of adsorbent surfaces. Results
are given only for a sampler with two surfaces. However,
generalization to n surfaces, which may be useful for ana-
lytes only very weakly bound to the sorbent, is straightfor-
ward. Suppose the first surface (the “backup surface”) is
separated from the second by Ly, and the second from the
atmosphere by Ly (Figure 1). Then inaddition to Equation 3,
there is an equation describing transfer of material from the
atmosphere to the second surface and subsequently to the
first surface:

dmg/dt = (AD)[(Cs -~ C2)/ L2 - (C2 - C1)/ L4] , (17)

where now Cs = C(t), the external concentration. The quan-
tity C; may be eliminated by adding Equations 3 and 17 with
the result:

C(t) = Cz + (L2/(AD))dm;/dt + dma/dt] . (18)
Computing the TWA of C(t) using Equation 18 gives
(Clest = (Codest *+ (La/ (ADt))[mu(ts) + ma(ts)] . (19)

The only quantity requiring estimation from measured
masses on the right side of Equation 19 is C,. But estimation
of C; is precisely the topic covered in the previous section.
Therefore, (Cz)est i given by Equation 10 in terms of my(ts),
and the linear and non-linear limits on its accuracy may be
calculated using Equations 14 and 16 by

A= ACy/C) (20)
A= AY(Cy/C) . {21)

Note that both factors in Equations 20 and 21 can be small,
resulting in further constraint on the overall error. Interest-
ingly, the sampler is easily analyzed, even in cases where the
front surface is operating deeply in the non-linear regime.
The concentration need be small only at the backup surface
for a reasonable analysis of overall accuracy.

For comparison of the single and double sorbent samplers,
computations were carried out using methyl chloroform as
analyte. By trapezoidal integration, Equations 2, 3 and 17

Am. Ind. Hyg. Assoc. J (44) December, 1983
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Figure 4 — Calculated masses collected by double surface monitor in sampling 0.8 hour pulses
of 4000 ppm methyl chloroform in terms of pulse start time.

were solved (L1-=0.401 cm and Lz = 0.373 cm) at a constant
concentration equal to 400 ppm. The calculated values of
mass collected at each surface in terms of exposure dose
(ppm-hours) are shown in Figure 3. The theoretical curves
follow the data of Reference S in spite of the large uncertain-
ties in the adsorption isotherm data® and the fact that the
relative humidity was 109% higher than that of the isotherm
experiment. Note that the value of the quantity AD was

fixed from the linear portion (low exposure dose) of the data®.

Example: Sampling a Single Pulse

A more interesting calculation with a time dependent con-
centration was then carried out. For this purpose, a single
square pulse of duration 0.8 hour was used. A magnitude
equal to 4000 ppm was selected so as to keep the TWA
concentration for 8 hour sampling periods at the same level
as in Figure 3. As can be seen in Figure 4, the individual
masses collected on the front and back surfaces depend

markedly upon the time (which would generally be unknown
in practice) at which the pulse occurs. Nevertheless, the
estimated concentration (C)est given by Equation 19, com-
bining information available in the two measured quantites
m; and mg, remains very constant and close to the time
weighted average equal to 400 ppm. This may be seen in
detail in Figure 5, where the error between estimated and
true TWA concentrations is plotted in terms of the pulse
start time. Also shown are the upper and lower limits on the
error as calculated from the computed values m; and mg
using Equations 20 and 21. The worst-case sample (with
pulse at the beginning or end of the sampling period) limits
the error between -5.0% and 3.0%, which reflects a marked
improvement, through the use of two degrees of freedom,
over the single-surface samplers described earlier. Note that
the mass collected by the back-up surface can, in some
instances, be of the order of that adsorbed at the front
surface without invalidating the sample.

0.05 T '

0.00

-0.05

Relative Bias

_O_IO 1 1

Lower timit on A (linear ond non-linear effects)

0 2 4

6 8 10

Pulse Start Time (0.8 hours)
Figure 5 — Relative error A in the estimated time weighted averages of concentrations
corresponding to the conditions of Figure 4. Dashed curves represent extreme bounds
within which the error in the estimate may range, if only the values of the sampled

masses are known.
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Sampler Characterization

It must be emphasized at this point that during the course of
monitor design, the manufacturer would characterize the
sampler by direct measurement of sampler response, rather
than as in this paper. This is because of uncertainty in the
effective sampler dimensions, the diffusion constant and
properties of the sorbent. The simplest characterization
entails N (= 4) determinations of m; and my effected by a
single concentration pulse of known TWA concentration C
at time tp, p = 1, ..., N. The pulse must be sufficiently large
that the concentration C; at the back-up surface is itself
pulsed, as in the computer experiment of Figures 4 and 5.
Then constants c¢;, ¢z, ¢ and ¢’ which characterize the
sampler would be obtained by using standard statistical

techniques to best fit the data by the model:
¥

C = (Clest - Chsotai(ty) (22)
(é)est = [cim; + comg}/ts , and (23)
CAuotai(tp) = [em(ty - ta/2) = ¢’ my*(ts - to)l/ts - (24)

(Equation 24 is valid for substances for which ts € t; as in
Equations 14’ and 16".) After such characterization of the
sampler, Equation 23 could be used for general concentra-
tion estimation with error bounds given by ¢ and c”:

—emy/2 - {my)? < ChAyory < cmy/2 . (25)

Multiple Component Sampling

The results presented thus far would find only limited appli-
cation if generalization to the sampling of a mixture of
components were not possible. Fortunately, in the situation
that the various components interact only very weakly in the
adsorbed state, most of the above formalism carries over
directly to mixture sampling. Only a slight change is
required in the expression for the non-linear contribution to
the error bounds on the concentration estimates. Further-
more, estimation of the error bounds is feasible in practice
due to the fact that no further sampler characterization is
necessary than as described in the previous section using
single analytes.

Generalization to mixture sampling is simple, as Equa-
tions 3, 17 and therefore Equation 19 are valid for the
concentration of each substance present in the atmosphere.
Thus, only the bounds on the estimate (Cagy)est in Equation
19 for the i-th component in the mixture are needed in terms
of the masses measured on the backup surface. These
bounds are slightly different from those calculated above in
the section entitled, “single-stage sampler,” because compe-
tition between components for sites at the backup sorbent
renders Equation 2 invalid.

Straightforward statistical mechanical calculation”, how-
ever, gives the generalization of the Langmuir isotherm
(Equation 2)for thei-th noninteracting component in the form,

Cio = (aw) ' mu/ (1 - v1/ veat) - (26}

In Equation 26, v, and v are the total and saturated
numbers of moles of adsorbed matter at the backup surface.

884

If v, is sufficiently smaller than va, the right side of Equa-
tion 26 may be expanded in the form,

Cio = (a) " mig(1 + v1/ vear) . (27)

In Equation 27 site competition is absent in the linear (first)
term and therefore appears only in the non-linear contribu-
tion to the error bounds. For estimation of non-linear
effects, mi ) v1/ vsat in Equation 27 may be expressed in terms
of the measured masses m; gy at the backup surface and their
molecular weights Mg):

mi ) ¥1/ Vsat = ml(i)[]Z m: g/ Mpl/[Msati/ M) (28)
= [% mi ) mig) M/ Mgl/ Meatgy - (28)

Equation 27 implies that the second term of the right side of
Equation 15 must be replaced by the expression given by
Equation 28’ to account for site competition. Derivations
following Equation 15 are entirely analogous to those given
above for single analyte sampling, however, and therefore
generalization of the relevant equations can be carried out
easily by inspection.

For example, results for a sampler characterized empiri-
cally by constants ci¢), caq), ¢q and ¢’ (four constants for
each component) are as follows. Equations 22-24 hold, as is,
for each component of the mixture. Equation 25 for the
bounds on the error Asqtalgy in the concentration estimate of
the i-th component becomes:

~cpmig/2 - ol miemigMe/ Mg]
J
S CAtotal(i) S (29)
chymia/2 .

Equation 29 shows that error bounds may be very easily
calculated, even for sampling a mixture of substances. The
only requirement is suitable sampler characterization by prior
experiment with pure analytes. Were it not for this simplifica-
tion, error estimation would quickly become entirely imprac-
tical as the number of substances increases beyond unity.

Conclusions

The ideas considered above indicate potential problems in
the diffusive sampling of time-dependent concentrations
using surfaces comprised of an imperfect-sink sorbent (such
as activated carbon in sampling methyl chloroform). Unless
it is known that the concentrations of vapors to be moni-
tored remain sufficiently constant in time, then excessive
errors in TWA concentration estimates (averaged, for exam-
ple, over 8 hours) are possible. For example, in the extreme
case in which the concentration rises and falls in the form of
a single pulse, the adsorbed mass can be much larger if the
pulse arrives near the end of the sampling period than if at
the beginning. Following the pulse, the (weak) sorbent sup-
ports a small but finite concentration, which drives mass
diffusively out of the sampler towards zero ambient concen-
tration. Therefore, although the TWA concentration is fixed,
a considerable vatiety of net sampled masses is possible,
depending on the time of the pulse occurrence, since the
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mass loss depends on the time remaining in the sampling
period after the pulse. This effect is exacerbated if the TWA
concentration is large, i.e., if the sampler is operated
near breakthrough.

A major result of this paper is evidence that this error in
TWA concentration estimates may be significantly reduced

through the use of several sorbent surfaces in tandem. In this
case a pulsed concentration can again leave a variety of

sampled masses on the front and back-up surfaces depending
on timing. A pulse which occurs near the beginning of sam-
pling can, in some cases, result in roughly equal masses
adsorbed at the two surfaces. On the other hand, a pulse near
the end of the sampling period may leave the back-up surface
nearly untouched. Knowledge of the relative masses on the
front and back-up surfaces therefore pinpoints the pulse time,
and appropriate corrections for losses from the sorbent sur-
faces can be made. Extension of this idea implies that the
fluctuation related error in TWA concentration estimates may
be minimized through the use of back-up surfaces, regardless
of the time-dependence of the instantaneous concentration.

Furthermore, calculations given in this paper show that
the remaining errors are analyzable. A sampler may be
characterized to such an extent that extreme values of the
errors in the concentration estimate may be judged for any
single set of sampled masses, considering all possible con-
centration fluctuations. Therefore, even if nothing is known
about the instantaneous time dependence of the concentra-
tion, the values of the measured sampled masses yield
bounds on the possible errors present in the TW A estimates.

These results can be used at the sampler design stage to
help ensure that the proposed sampler is capable of whatever
degree of accuracy is desired. Furthermore, knowledge of
worst-case sampling conditions should find application in
the development of performance guidelines and, corre-
spondingly, reasonable tests for sampling method validation.
More specifically, in analogy to the detection of break-
through in sorbent tube sampling, the error limits derived
above can be used in quantitative decisions as to the validity
of individual samples.

Related areas which require further study are as follows.
Experimental verification of the calculations presented in
this paper must be carried out. Adequacy of using the

Langmuir functional form for the empirical adsorption iso-
therm could thereby be determined. Relatedly, compounds
which interact strongly in the adsorbed state must be identi-
fied. Furthermore, discovery of a simple dependence of
sampler characterization constants on environmental condi-
tions (i.e., temperature and relative humidity) would be most
useful. Finally, diffusive samplers which employ a sizeable
length of sorbent should be investigated. Such samplers
would seem to combine sampling errors of the type consid-
ered in the present paper and those of References [-2 with
the further complication of a changing sampling length.

Clearly there exist important unexplored questions regard-
ing diffusive sampling using weak sorbents. Moreover, the
present paper shows that some sampling equipment may
lead to concentration estimates dominated by large errors.
While (sometimes radical) solutions to these sampling prob-
lems are yet to be uncovered, a conservative approach in
applying new methods is in order.
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APPENDIX

Error Limit Calculations

Limits on the linear contribution A; are derived as follows.
Equation 8 implies that over 0 =< t'< t,, the response function
2(ts,t") is minimum at t’ =0 and maximum at t'= ts. Therefore,
the integral of Equation 7 is subject to the limits:

2(t6,0)Cte < mu(ts) < g(te,ts)Cls . (a)

Equation al leads directly to the limits on the error due to
linear effects as expressed in Equation 14.

Limits on A;" associated with non-linearities are only
slightly more complicated. The shift 6m; from the solution m
(Equation 7) effected by the non-linear term of Equation 15
can be calculated by iteration as described above:
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f 8y = —(aMgat) ™ j(: tﬂdt’g(ts,t’)[ml(t’)]z . (a2)
A limit on mi(t’) can be derived as follows:

my(t) = £ l‘dt”g(t',t")C(t”) (a3)

< ]; tsdt"g(t',t”)C(t") (ad)

= my(ts)exp[-(t' - ts)/ ta] . (ab)

This limit implies a corresponding limit on émy:

dmy = —[m(te)]?/ [t1 Mgat] jo‘ l.clt’exp[—(t’ - tg)/t1] - (ab)

This expression then leads to Equation 16.
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