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Abstract

The design of multi-center study is increasingly used for borrowing strength from multiple
research groups to obtain broadly applicable and reproducible study findings. Regression analysis
is widely used for analyzing multi-group studies, however, some of the large number of

regression predictors are nonlinear and/or often measured with batch effects in many large scale
collaborative studies. Also, the group compositions of the nonlinear predictors are potentially
heterogeneous across different centers. The conventional pooled data analysis ignores the interplay
between nonlinearity and batch effect, group composition heterogeneity, measurement error

and other data incoherence in multi-center setting that can cause biased regression estimates

and misleading outcomes. In this paper, we propose an integrated partially linear regression

model (IPLM) based analysis to account for the predictor’s nonlinearity, general batch effect,
group composition heterogeneity, high-dimensional covariates, potential measurement-error in
covariates, and combinations of these complexities simultaneously. A local linear regression based
approach is employed to estimate the nonlinear component and a regularization procedure is
introduced to identify the predictors’ effects that can be either homogeneous or heterogeneous
across groups. In particular, when the effects of all predictors are homogeneous across the study
centers, the proposed IPLM can automatically reduce to one single parsimonious partially linear
model for all centers. The proposed method has asymptotic estimation and variable selection
consistency including high-dimensional covariates. Moreover, it has a fast computing algorithm
and its effectiveness is supported by numerical simulation studies. A multi-center Alzheimer’s
disease research project is provided to illustrate the proposed IPLM based analysis.

Keywords

Multi-center study; data harmonization; partially linear regression model; general batch effects;
group composition heterogeneity

1 Introduction

The design of multi-center study becomes increasingly used because it enables researchers
to obtain more generalizable and reproducible study findings in many fields, including
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cancer study (Arslan et al. 2020, Cruz et al. 2018, He et al. 2021, Rahbar et al. 2017, Roach
et al. 2018, Sturdza et al. 2016, Sun et al. 2019) and Alzheimer’s disease (AD) research
(Boada et al. 2017, Ewers et al. 2015, Khan et al. 2017, Lim et al. 2018, Niemantsverdriet et
al. 2018, Pannee et al. 2021, Van Steenoven et al. 2016). Regression analysis is widely used
to analyze multi-center studies, however, in the current literature, there is a lack of a flexible
and rigorous regression approach with an efficient computing algorithm to account for the
complexities and many statistical challenges simultaneously in multi-center or multi-group
collaborative studies.

The first major challenge, as in studies of cancers and other complex human disorders, is
that potential predictors are often numerous and many of them are nonlinear predictors. For
example, in ovarian cancer, both the mean and variance effect of some DNA methylations
are significant (Ahn & Wang 2013) in risk prediction. Thus, it is desired to develop flexible
regression models that can incorporate both linear and nonlinear predictors, e.g. using the
partially linear model (PLM) (Hardle et al. 2012), Y = 8" X + f*(W) + ¢, where Y is the
response variable, X € R is the vector of p,-dimensional linear predictors (p, may grow
with sample size ») with effect parameter vector g*, W is a nonlinear predictor, f*(-) is

a nonlinear function and e is a random error. Additionally, it is typically unknown a priori
whether the effects of the large number of linear predictors are homogeneous across study
centers. Thus, for multi-center studies, a natural modeling choice is the following systems of
partially linear models:

Yo=(B*+a) X+ fiW) +en  for 1<k <K,

where K is the number of centers, p* is the common effect of X between centers, and
a, denotes the heterogeneous effects specific to the kth center satisfying the constraint

21,5: laZ =0.

Another common challenge in multi-center studies is that the predictors are potentially
measured with some general batch effects. For example, in genetics and genomics research,
the microarray gene expression data is typically measured with batch effects (Chen et al.
2011, Scherer 2009). In Alzheimer’s disease (AD) research, the level of the cerebrospinal
fluid (CSF) Ap,, protein is a well-known risk factor for developing AD and have been used
for decades without the knowledge that levels of CSF Ap,, might be measured with major
batch effects. Surprisingly, as shown by Lim et al. (2018), the levels of CSF Ap,, protein
have a nonlinear cyclic seasonal pattern over measurement dates. Similarly, we examined a
recent multi-center AD research data and found identical nonlinear cyclic pattern (Figure 2
in Section 5). One may group levels of CSF Ap,, protein per measurement calendar month
as a batch to correct for the seasonal batch effect. When such batch effect is ignored, the
regression estimates tend to be severely biased regardless of sample size which may lead

to misleading and seemingly contradicting study findings among independent studies. More
numerical demonstrations and details can be found in Section 4.
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A further statistical challenge is that the group compositions of some key predictors

in different study centers are heterogeneous. For example, in AD research, some study
cohorts are younger while others are much older. According to Shoji et al. (2001), the
levels of CSF Ag,, is a nonlinear function of age. In a younger cohort we may have a
significant positive correlation while in older people we may observe a significantly negative
correlation between age and levels of CSF Ap,,. If a conventional linear model is applied
in a younger versus an older centers independently to study the relationship between age
and Ap,,, a positive versus negative slope may be reported and cause confusions. Thus,
due to the interplay between nonlinear effect and heterogeneity in group composition of
some predictors (e.g. in age), conventional single-center analyses can potentially lead to
contradictory study findings among different centers in the presence of heterogeneity in
group compositions. Instead of single center analysis, to overcome the adverse impact

of heterogeneous composition in the presence of nonlinear relationship, one can conduct
integrated analysis by combining data from multi-centers via suitable frequency matching
or propensity score matching. In this context, the analysis using the simple pooling of
multi-center data via the commonly-used z-score method can cause severe biases.

Additional common issues in multi-center studies of biomedical research and many other
applications include that the linear predictors might be high-dimensional but only a small
set of predictors are truly informative or relevant. Thus variable selection are needed for
robust and efficient regression analysis. It is also quite common that the linear predictor

X, might have measurement errors. For example, in studies of acquired immune deficiency
syndrome (AIDs), virologic and immunologic markers including plasma concentrations of
human immunodeficiency virus (HIV)-1 RNA and CD4+ cell counts, are often measured
with errors (Hessell et al. 2021). One popular choice to account for the measurement error
in variable selection procedure is subtracting a bias correction term from the loss function,
e.g. Liang & Li (2009), Zhao & Xue (2010), Zhou et al. (2011). There have been extensive
research on both variable selection and measurement error in regression models. Therefore,
regression analysis for multi-center studies should also be able to effectively deal with
variable selection with measurement error in addition to account for inter-plays of other
common complexities.

In practice, it is quite common that a combination of the above complexities can occur
in a single multi-center study as demonstrated using the multi-center study of AD in
section 5. However, in the current literature, there is a lack of flexible and integrated
regression analysis that can account for the interplays of multiple complexities (e.g.
heterogeneity and nonlinearity and batch effects) in multi-center studies simultaneously.
In Section 2, we propose the integrated partially linear model (IPLM) that can account
for predictors’ nonlinearity, general batch effects, group composition heterogeneity,
high-dimensionality, and measurement error simultaneously. In particular, a local linear
regression based approach (Fan & Gijbels 1996) is applied to estimate the nonlinear
component and a regularized procedure is introduced to select informative predictors
and estimate the predictors’ effect that can be either homogeneous or heterogeneous
across study centers. If all the predictors’ effects are homogeneous across centers, the
proposed IPLM can automatically reduce to one parsimonious partially linear regression
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model that is applicable to all centers while simultaneously account for nonlinearity, batch
effect, heterogeneity, high-dimensionality, and measurement errors. The integrated analysis
facilitates generalizable and reproducible outcomes in multi-center studies. Asymptotically,
the proposed regularized method yields variable selection consistency and estimation
consistency for the linear and nonlinear components, which are specified in section 3
including the case where the number of predictors with non-zero effects in the model can
be high-dimensional and increasing with the sample size. Also, for practical applications,
efficient numerical implementation of the proposed model and analysis method is of crucial
importance. Numerical studies are provided in section 4 to demonstrate the effectiveness
of the proposed IPLM-based analysis and illustrate the disadvantages or biases of the
conventional within-group regression analysis and the direct data-pooling analysis without
suitable batch effect adjustment. Section 5 includes the analysis of a multi-center AD
research project to illustrate the proposed procedures. A short summary is provided in
Section 6.

2 Models

For the kth center in a multi-center study, let Y, be the response variable, X, the linear
predictors and W, the nonlinear predictor. However, W, is potentially observed with batch
effect, e.g. Ap,, protein measured in different seasons in AD research (Lim et al. 2018)
and X, € %#* is potentially measured with error. Instead of observing X, and w’, directly,
we actually can only observe Z, and v, k = 1,2, ..., K. That is, we propose the following

integrated partially linear regression model (IPLM) with heterogeneity and batch effect in
covariates for a K-center multi-center study:

Y= X:(ﬁ* + a:) + flW) + e

Z.=X.+U,

Vi=Witg(msy,) for 1<k<K,

with the constraint =f_,a; = 0, where g* and «, are the mean and heterogeneous effect
respectively, f.(-) is the nonlinear function to be estimated, ¢, is the error term with mean
0 and variance o;, U, is the measurement error independent with (X,, W, m,, €,) with mean
0 and covariance matrix %,, and £, = 0 when there is no measurement error. g( - ;) is the
general batch effect. Note that the function form of g( - ; y,) is assumed known while the
parameters y, need to be estimated. The batch effect g,( - ; y,) does not include intercept
to ensure model identifiability and g.( - ; - ) = 0 when there is no batch effect. The m, is

an observed covariate which can be part of Z,. As part of the data harmonization step in
multi-center studies, we can apply least square method to get the estimated batch effects
&(; w,) based on the observed z, and v,, for k = 1,2, ..., K. The above integrated partially
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linear model includes the batch effect and measurement error as part of model to increase
mathematical rigor and reproducibility of the study findings.

Suppose (y., zu, vw) are the observations from the kth group with 1 < i < n,. For easy
exposition, we first assume the covariance matrix %, associated with measurement error is
known. The situation where X, is unknown can be similarly treated (Liang & Li 2009). We
adjust the batch effects and get bias-free observations (y,., z., v.), Where v, = v, — g(mu; W)

is the nonlinear predictor after batch effect adjustment. Denote a = (a, -, a%)". In cancer
studies, AD research and many other applications, the genetic and proteomic predictors

are often high-dimensional. Thus, dimension-reduction and variable selection methods are
needed to identify informative variables for effective regression analysis. In order to estimate
both the linear and nonlinear components as well as identify the truly informative mean
effect and the heterogeneous effect, we proposed to use a regularized loss function. In
particular, we denote the naive square-loss function as

K e

B f- )= 3 D (- zhB—ha— £ilvi)
k=1i=1

with the constraint ={_ ,a, = 0. Then the regularized square loss function is defined follows

K

L(B.a, fi( ) =1(B, & fi( ) = z (B + ak)TZk(ﬁ + o) + PP+ Pig(0%),
k=1

@)

subject to the constraint =;_,a, = 0, where p, () = 4,5 .z |p)| is the penalty term to identify

the informative mean effect, p, (o) = L.Z¢_ =~ 17 ja,| IS the penalty term to identify the

=
informative heterogeneous effect, =5 _ ,n(8 + ak)TEk(ﬂ + a) is the penalty term to correct the
measurement error and r; and =, are the adaptive Lasso weight (Zou 2006). Note that the
adaptive Lasso weight can be achieved by setting z, = 1/|3| and z,, = 1/|&,|, where

K

()= argmin I f()~ Y m(p+a) Tp+a),
B.a, fil(+) k=1

1

(B.@

subject to the constraint =¢_,a, = 0. Importantly, without the batch effect adjustment for v,
the regression estimates tend to be biased, also can lead to misleading or contradictory study
findings.

If the measurement error covariance matrix Z, is unknown, to estimate z,, it is common

to assume that there are replicated measurements (Liang & Li 2009), i.e. we observe
Z,=Xu+ U, forj=1,-- J,. Let Z, = J;'s/“, Z,, to be the sample mean of J,, replicates
for ith subject in kth group. Then a consistent moments estimate of =, is
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N o Ji _ _ T e
= Z Z (Zk:j - Zki)(Zkij - Zki) / Z Jii-
i=1j=1 i=1

Thus the penalized least square is defined as to minimize the following objective function

K
L(B.a, fil( ) =1(.a, f(-)) — Z (B + ak)Tik(ﬁ + ) + Pxﬁ(ﬁ) + pi (),

=1

@

subject to the constraint =f_ ,a, = 0. We can estimate g and « by minimizing (2).

2.1 Constrained optimization

The optimization procedure for (1) and (2) are the same, thus in this section, we mainly
focus on solving the linear and nonlinear components in (1). To minimize (1), we have

£V = E(Y. | Vi) = E(Z | Vi) (B+ a). Denote my,(V,) = E(Y, | V) and m,.(V}) = E(Z | V.).
Then the regularized loss function (1) can be rewritten as

K

LB =1p.a)~ Y m(B+a) T(B+a)+ p,B)+ pife).
k=1

where =¥_,a, = 0 and

K n / T 2
(B, o) = z Z (yki - mky(”kt) - (Zk, - mkz(vki)) B+ ak)) .
k=1li=1

In this article, we use local linear regression (Fan & Gijbels 1996) to estimate both m,,( - )
and m,.( - ) and the R package “locpol” can be directly applied. Let ,,( - ) and m,.( - ) be the
estimates using local linear regression, y,, = y, — my,(v.) and z,, = z,, — m,,(v,). Thus I,(B, @)
can be written as

K

L(Ba)y=1(B,a)— Z m(B+ ak)TZk(ﬁ + ) + Pxﬁ(ﬂ) + (o),
k=1

(©)
where I(B, @) = £ 2 (§ — Zu(B + ak))z. Next we will solve g and « alternately. Given a,
the unknown parameter g can be solved by R package “glmnet”. Given g, we can apply
ADMM (Boyd et al. 2011) to solve a under linear constraint =;_ e, = 0. The details are
showed in next subsection. Given estimated B and &, the estimated nonlinear function is

Fy = i) =) (B + &)
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2.2 Details of ADMM

Given g, the optimization (3) is reduced to minimize

K

K D
IB.ay— Y m(B+ @) Z(B+ @)+ A, > Y ma,
=g K==

4)

with the constraint =f_,a, = 0. Then the sub-optimization (4) is equivalent to minimize

K

K D
IB.y— Y m(B+ @) ZB+ @)+ A, > Y wi
[l K==

with constraint &, = n, and X;_,a, = 0. Denote n = (n;, -, qﬁ)T. The linear constraint

=X, =0 and a, = 5, can be rewritten as Aa + By =0, where A = [1,®I,.1,,]" and
B=[0,kxp> — I,"K]T. Note that 1, is the K dimensional vector of ones, 0,, x,, IS the p,K X p,
dimensional matrix of zeros, I,

Pn

and 1, . are the p,x p, and p,K x p,K identify matrix and ®
represents the Kronecker product. Then the augmented Lagrange multiplier is

K K D

. 5
argmin 1,00~ Y m(B+a) SBra)+e Y D mefnd - AT(Aac+ B+ Sl Aa+ By,
a.n.A k=1 k=1j=1

and the unknown parameters a, n and Lagrange multiplier parameter A can be updated
alternately. Let a®, 7 and A®) denote the current estimated at iteration ¢. Given 5 and
A o+ 1 can be solved using the Newton-Raphson method. Given o + D and A,
7+ D can be solved using the R package “glmnet”. Given a + D and ¢+ D, A+ D
can be updated by A+ D = A® — 571 (A4al+ D 4 By + D). We can stop iteration at the
convergence.

2.3 Parsimonious model

In biological mechanistic studies and many other real applications, it is frequently assumed

that all the predictors’ effects are homogeneous across study centers, i.e. f_ =" ,a;; = 0 and
fi(-)=fi(-)forany k =1, ---, K, and thus the IPLM automatically reduce to single partially
linear regression model with batch effects in covariates. Then the penalized least square will
be reduced to

K
LB SCN=1B.fCN~ Y nf Sip+ piB).
k=1

®)

where
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K n 5
1B FC =2 Y (vu—zB— f(vn)”.
k=1i=1

It is clear that we can build the unified model by minimizing (5) and solve gand f(-) as in
section 2.1 and 2.2.

3 Asymptotic properties

In this section, we will establish both the estimation and variable selection consistency

of the proposed IPLM-based inferential method. We also establish asymptotic normality

of the estimates of the parameters in the linear component of the IPLMs. We assume the
covariance matrix x, associated with measurement error is known. The situation of =, being
unknown can be similarly proved as in Liang & Li (2009). Without loss of generality, we
assume that g; = 0 for j > p,, and a; = 0 for j > p,,, where p,, is some integers smaller than
p, that may diverge to infinity as n — c. The following eight technical assumptions are made
first.

Assumption 1:

The support for W, and m, are bounded for k = 1, ---, K.

Assumption 2:

1
The bandwidth in estimating m,( - ) and m,.( - ) are of order n—5.

Assumption 3:

The covariance matrix of X, given W, and X, are positive definite and have constant
eigenvalues for k = 1, ---, K.

Assumption 4:

The density function of W, and the density function of (v,, W,) are bounded away from 0
and have bounded continuous second derivatives.

Assumption 5:

my(+) and m,.( - ) have bounded and continuous second derivative.

Assumption 6:

The batch effect g,( - ; w,) is a continuous function and continuously differentiable over y, for
k=1, K.

Assumption 7:

m=0m fork=1,. K.

Statistics (Ber). Author manuscript; available in PMC 2024 October 13.
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Assumption 8:

p, = p[n?] where 0 < a < 1/3, p is a positive integer [n9] is the integer-part of n4.

Assumption 1 to 5 are included and discussed in Liang & Li (2009). Assumption 6 ensures
that the batch effect adjustment using least square method is adequate. Assumption 7 ensures
that the sample size across different centers are comparable. No center has a dominating or
negligible sample size. Assumption 8 indicates that dimension p, may grow to infinity but
with a smaller order than the sample size ». Note that, the newly proposed IPLM is more
general and more complex than the linear models commonly studied in literature (Zou &
Zhang 2009). To ensure consistency of the estimates of nonparametric component we need
p, = p[n?] with 0 < a < 1/3. The proof also works for a = 0 where p, is fixed. Under this
assumption, we also establish asymptotic normality of the estimates of the parameters in the
linear component of the IPLMs in Theorem 4.

R 1
Theorem 1.—Under Assumptions 1-8, we have ||p — p*|| = O,|(n/p,)” 2

1

1
(n/p) 2 foranyk =1, K if

1 1
A(n/p,)"2 — 0 and A(n/p)" 2 — 0 asn— co.

& - all = O

and E|f () - £i()| = 0,

1 1
maxln_4, (nip) 2

Theorem 1 ensures that we can estimate both the linear and nonlinear components
consistently even though there are batch effect in nonlinear predictor and can also have
measurement error in the linear predictor vector. More importantly, from the theoretical
proof in the appendix, it is clear that the estimates for both the linear and nonlinear
components are inconsistent without batch effect adjustment. Thus in real applications, we
must correct the batch effect before model fitting, e.g. adjusting the cyclic seasonal pattern
of Ap protein in AD research. Otherwise, the study findings are potentially biased.

Theorem 2.—Under Assumptions 1-8, we havelim, .. .P(§, = 0) = 1 and

1 1
lim,_ P(@;=0)=1fork=1,--,K and j > p,, ifA(n/p,)"2 — 0, 4,(n/p,)" 2 — 0, 4p,' =

and Ap;' — o asn — .

Theorem 2 ensures that, in probability, all the informative mean and heterogeneous effects
can be identified while all non-informative predictors can be excluded in the presence

of general batch effect and measurement error in covariates despite the presence of
combinations of nonlinearity, general batch effects, measurement errors, heterogeneity of
group compositions between centers, and high-dimensional predictors.

Similar to Theorem 1 and Theorem 2, both the estimation and variable selection consistency
holds when dimension p, is fixed, i.e. a = 0, p, = p. Without loss of generality, we assume
that g, = 0 for j > p, and «,; = 0 for j > p,, where p, is some integers smaller than p.

Statistics (Ber). Author manuscript; available in PMC 2024 October 13.
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Theorem 3.—Under Assumptions 1-7 with p, = p, we have

. 1 _ 1 R ) 1 R
16 - p*1 = 0fn~ 2} 1 - ail = O3] and £7.) - 1| = 03 tim p(f,=0)=1

n— oo

) 1 1
andlim, ., ,P(a,;=0)=1foranyk =1, K ifin~3 —0,A4n"7 — 0, 4, — oo and A, — co as

n— 00.

Denote the linear predictors’ effect for each center as g, = g + «.. Let g, X,, and U,, to
be the first p, elements of g,, X, and U,, =, to be the (p,, p,) left upper matrix of %,
5w = cov(X, — E(X., | W). As n — o, B,, are asymptotic normally distributed.

. . ) 1 1

Theorem 4.—Under Assumptions 1-7 with p, = p, if i;n=3 — 0, 4,n~3 — 0, 4, — oo and
A= o0 aSn— oo, foranyk =1, K, we have \n=x w(B., - B.,) — N(0,T,), where

* 2

= E{(Xkl - E(Xkl | Wk))(é'k - U:lﬁkl) +eaUy + (Zu - UklU:l)ﬁkI} ®

The proofs of the above theorems can be found in the Appendix while the proof of theorem
3 was essentially the same as proof of theorem 1 and 2, which was omitted.

4 Numerical studies

In this section, we report numerical studies conducted to demonstrate effectiveness of the
proposed IPLM and its associated analysis algorithms. We studied numerical performance in
cases where covariates can have either homogeneous or heterogeneous effects across centers
with covariate dimensions comparable to the sample size. Also, the conventional pooled
data analysis (e.g. using z-scores) or individual-center based analysis ignores the interplay
between nonlinearity and group composition heterogeneity, batch effect, measurement error
and other data incoherence in multicenter setting thus can cause biased regression estimates
and misleading outcomes as illustrated in numerical examples and graphically displayed in
Figure 1.

4.1 Covariates with homogeneous effects across groups

In this section, we present numerical studies considering a two group IPLM, i.e. K = 2, and

Y= XZ(ﬂ* + a;) +iW) + e
Z, =X, +U,,

Vi=Wi+ gk(mk; 1[/;) for 1 <k <2.

Here X is from a p, dimensional normal distribution, i.e. X,~N(0, %), X,~N(0, %), and X is

the AR(1) matrix with parameter 0.5, i.e. the (j, ))-th element of £ is 0.5 =" which implies
that the linear predictors are dependent. The measurement error U,~N(0,X,), where T, = A,/3
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and A, are AR(1) matrix with parameter p for k = 1,2, i.e. the (j, /)-th element of A, is

pY =!I To estimate x,, two replicates of Z,, i.e. Z, and Z{, are generated. Linear coefficients
p*, o, and a, are p, dimensional vectors, i.e. p* = (0.5,0.5,0.5,0, ...,0), 0, = a, = (0,0, ...,0),
which implies that all predictors’ effects are homogeneous. e, is the error term with normal
distribution, i.e. e,~N(0,6?),&,~N(0,5?) and the nonlinear functions for the two centers are:

[y = W)= W = 1),

Moreover, W, has uniform distributions:

Wi~U©,1),  Wy~U(1,2),

which indicates that the group compositions are heterogeneous. For batch effect, we have

Vi= Wi+ L6sin(my), V= Wy + 1.6sin(my,),

where m,~U (0, =) and m,~U (z, 27).

We generate » observations from each group. Instead of directly observing (Y., X,, W), we
only observe (Y,, Z,, Z{, m, V) in each group. There are multiple statistical challenges in this
simulated example. First, the effect of predictor W, is nonlinear, e.g. effect of some DNA
methylations in ovarian cancer risk prediction (Ahn & Wang 2013). Second, the nonlinear
predictor v, contains batch effects, e.g. the cyclic seasonal pattern of Ap protein (Lim et

al. 2018). Third, the group compositions are heterogeneous over W,. In addition, the linear
predictors are measured with measurement error.

We first apply the linear regression model

Ui = ay + bisin(my;)

to get estimates 5, and correct the batch effects by v, = v, — b,sin(m,,) to get bias-free
nonlinear predictor V.. Next we use the two replicates of Z,, i.e. (Z,, Z{), to estimate x, for
k = 1,2. Then we fit IPLM (1) using (Y., Z,. V. Z,) to select the informative variables. We
apply the Bayesian information criteria (Schwarz et al. 1978) (BIC) to select the best tuning

1 N . . . .
parameter and set »~3 as the bandwidth in local linear regression when solving the nonlinear
components. In fact, both the variable selection, linear and nonlinear components estimation

1
are stable around the selected bandwidth »~3 in our numerical study.

Each scenario is duplicated for B = 50 times and the variable selection by Lasso and
Adaptive Lasso approach for both mean and heterogeneous effects are summarized in Table
1. Specifically, NM% indicates the average percentage of the selected nonzero entries in
the mean vector g+, ZM% indicates the average percentage of the selected zero entries in
the mean vector g+, NH indicates the average number of the selected nonzero entries in the
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heterogeneous vector a,, ZH indicates the average number of the selected zero entries in the
heterogeneous vector a. It is obvious that the variable selection performance by Lasso and
Adaptive Lasso are both excellent because it is very close to the oracle where NM=100%,
ZM=0.00%, NH=0.00 and ZH=0.00.

Using the above simulation set up, the average mean squared error (MSE) of estimated
effect for group 1 and group 2 (i.e. 8, and B,) were summarized in Table 2. Specifically, the

average MSE of estimated group 1 effect g, and group 2 effect 8, was defined as

1 B ~b w2 1 B ~b L 2
MSEy =5 > 1B/~ Bill. and MSEj, =5 3 1B~ Bl
b=1 b=1

where Bf and ﬁz were the estimated effect from £th simulated data set. Moreover, the mean,
empirical standard deviation (denoted as SD1) and average standard deviation estimated
using Theorem 4 (denoted as SD2) of B,, (estimated value of first element of g,) and 4.,
(estimated value of first element of g,), and the coverage of the 95% confidence interval
estimated using Theorem 4 for g,, and g,, were summarized in Table 3. Note that coverage
of the 95% ClI is estimated by replicating each scenario for 1000 times given the status

of truly informative / non-informative variables to achieve computational efficiency. It is
reasonable to assume knowing status of the truly informative / non-informative variables
given variable selection performance is almost perfect in Table 1. As is well known, both
Lasso and adaptive Lasso are widely used in practice. We also used both adaptive Lasso and
Lasso in our simulation studies. We mostly focus on adaptive Lasso in our theorems because
the adaptive Lasso has desirable selection and estimation properties asymptotically as
established by Zou (2006) and others for generalized linear models. In terms of estimation,
when some true regression coefficient is much larger compared to other coefficients of the
informative predictors, the extremely large coefficient can be heavily penalized in Lasso
leading to potentially excessive bias for the Lasso estimate of the particular parameter.

In comparison, the adaptive Lasso estimation can avoid the severe bias due to excessive
Lasso penalty for such large parameter values. Of course, one would need to identify

some preliminary consistent estimate in order to properly use the adaptive Lasso. A initial
preliminary consistent estimate may not be easy to find in some applications. Also, when

all informative variables have the same effect sizes (same coefficients), the adaptive Lasso
estimates would have no essential advantages over the ordinary Lasso as demonstrated

by our numerical simulation and summarized in Table 2. It is clear that the estimation
performance of the adaptive Lasso approach is essentially equivalent to the Lasso in terms of
similar MSE in this setting. Moreover, from Table 3, the empirical standard deviation SD1
and estimated standard deviation SD2 estimated using Theorem 4 are quite close, and the
coverage probability of the 95% CI predicted by the asymptotic normality theory for both g,

and p,, are close to 95%.
Individual-group analysis can lead to contradictory findings: If we analyze data

for each group (or center) separately, we find that the effect of V' is negative in center
1 while positive in center 2 in Figure 1. Thus we get contradictory study findings from
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different individual group analyses. This is due to the heterogeneous group compositions of
W,.. More importantly, the contradictory and misleading study findings cannot be avoided

as the sample size increases. This demonstrates the disadvantages of single group study;, i.e.
the single center/group model study findings cannot always be generalized to other study
groups. In Figure 1, we only provide the results for one scenario, other seven scenarios show
similar pattern of results. In real applications, W, is typically related to another measurable
variable 5, such as age in AD research. Thus we might be able touse frequency matching or
using propensity score matching on W, over #, to remove the impact of heterogeneous group
composition.

Direct pooled-data analysis can lead to misleading pattern: If we simply pool

the data from two groups together without suitable batch effect adjustment, the estimated
nonlinear curve (marked by the dashed line) is provided in Figure 1. The estimated nonlinear
curve, which first shows a positive upward trend and then shows a negative downward

trend, is opposite to the true pattern which is a strictly convex curve. This happens due to a
simple pooling of data without adjusting for batch effects. Thus in real applications, we must
account for the batch effects of the predictors, e.g. the seasonal cyclic pattern of CSF Agin
AD research. Otherwise, we may get biased estimates and misleading study findings.

IPLM leading to superior predictive performance: Because all predictors’ effects
are homogeneous, our method produces the unified model for two groups together. We

first apply linear regression model to adjust the batch effects of v, and get batch effect
adjustment nonlinear predictor vV, within each group. Then we combine two groups together
and get a unified model. The estimated nonlinear curve is shown in Figure 1, marked by the
solid line. The estimation performance of our proposed method is much better than other
competitors because our estimated nonlinear curve is very close to the true curve, which is
marked by dot-dash line in the figure. This indicates that the estimation performance of our
proposed IPLM is superior to other competitors.

4.2 Covariates with heterogeneous effects across groups

The data generating process is the same as scenario 4.1, except that g* = (3,3,3,0,...,0),

a =(2,2,0,...,0), & = (= 2, —2,0,...,0), implying that some predictors’ effects are
heterogeneous. The variable selection, parameter estimation and 95% CI coverage
performance are showed in Table 4, 5 and 6. It is obvious that the variable selection
performance by Lasso and Adaptive Lasso are both excellent in Table 4 because it is very
close to the oracle where NM=100%, ZM=0.00%, NH=2.00 and ZH=0.00. For parameter
estimation and coverage of 95% CI predicted by the asymptotic normality theory in scenario
4.2, the performance of both Lasso and Adaptive Lasso are quite good as reported in Table
6, which is consistent with the findings in scenario 4.1 when all effects are homogeneous.

5 Real data illustration

In this section, we illustrate how to apply the proposed IPLM-based analysis to rigorously
analyze biomarker data in an multi-center Alzheimer’s disease (AD) research project. The
hallmarks of AD are the inter-neuron plaques and within-neuron neurofibrillary tangles
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(NFT) in patients’ brain as discovered originally by Dr. Alzheimer in 1906. As is well
known, the amyloid beta 42 (Ap,,) and tau proteins in brain underlie the plaques and

NFT, respectively. Moreover, existence of within-neuron NFT indicates dysfunction and/or
death of neuron cells, thus high CSF tau is one of the most important biomarkers of
neurodegeneration and risk biomarkers for AD (Hansson et al. 2006, Herukka et al. 2007).
Additionally, among elderly persons who are at risk for AD, reductions in the CSF Ag,, are
associated with brain Ag,, deposition and precede elevations in CSF tau levels. Therefore,
there has been persistent interest to investigate the relationship between CSF Ap,, and CSF
tau protein and CSF tau can be used as a surrogate outcome variable in these AD research.
Moreover, the biological function of Ag,, in AD is complicated and thus we include it as a
nonlinear predictor of the CSF tau. Some other widely used variables, e.g. age, gender and
APoE4e status, are included as linear predictors of the partially linear model.

In our analysis, two of the study centers used in de Leon et al. (2018), i.e. New York
University (NYU) database and Alzheimer’s Disease Neuroimaging Initiative (ADNI)
database, are included. The NYU database contains 331 observations and ADNI database
contains 335 observations. Because the nonlinear predictor Ag,, is measured with batch
effects, i.e. cyclic seasonal pattern over measurement time as displayed in figure 2, we

must adjust the batch effects of Ag,, first for data harmonization. In the NYU and ADNI
databases, we fit the observed Ap,, values over its measurement time ¢ (in month) with a sine
wave Ap,, = v + y,sin(t + 0) to identify the cyclic seasonal pattern. We use least square method
to estimate y, and 6 within each study center and both the sine waves in NYU and ADNI are
statistically significant. We then correct the cyclic seasonal pattern to remove batch effects
and obtain the corrected Ap,, values via:

A = AP — 7isin(t + 0) .

If we investigated the relationship between CSF Ag,, and tau protein within each center
alone separately, we will get seemingly contradictory findings as seen in Figure 3. From the
upper left sub-figure of Figure 3, the NYU center data mainly shows an increasing trend
while from the lower left sub-figure we can see that the ADNI center data mainly shows

a decreasing trend. This seemingly increasing versus decreasing contradictory pattern is
mainly due to the heterogeneous age composition in the NYU and ADNI study cohorts. In
fact, the NYU cohort has a large number of young adults and small portion of old adults
while the ADNI cohort has only older adults. Based on data from one study center only,
e.g. the ADNI cohort, one might easily reach the conclusion of an monotone relationship
between CSF tau and CSF Ag,, which is not generally true and clearly does not apply to
the NYU cohort. This real-data example demonstrates the limitation and disadvantage of
commonly used single-center analysis in producing not generalizable and even misleading
findings.

We apply the proposed IPLM (1) and find that all predictors’ effects, including age,
gender and APoE4e status, can be regarded as homogeneous between the two centers: NYU
and ADNI. Also, the biological relationship between CSF tau and A proteins and the
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mechanism should be largely identical across different centers (de Leon et al. 2018). Thus it
is natural to combine two study centers together and build a unified model. However, the two
centers have different age distribution. More specifically, the NYU group is younger than the
ADNI group. It is known from the literature that the relationship of CSF Ap,, and tau protein
between younger adults and older adults differ (Shoji et al. 2001). Due to the heterogeneous
age distribution between the study centers, if we use simple pooled analysis, i.e. pooling
z-scores from the two centers as commonly used in existing literature, the results would be
biased. To overcome the impact of the differential age distribution between NYU and ADNI,
we use an age-based frequency matching method to combine the biomarker data together.
After combining data, we fit a unified model:

taw, = f,Age; + fLAPoE4e; + fyGender, + f(ABl) + €.

The fitted nonlinear curve f*(-), i.e. the effect of Ag,, on tau protein, is shown in figure

3. From figure 3, we find that the effect of Ag,, on tau protein is clearly nonlinear. More
specifically, as the value of Ag,, increases, the value of tau protein decreases first and then
increases. Moreover, the study findings, i.e. the nonlinear relationship between Ag,, and

tau protein, can be expected to be more robust and achieve higher generalizability and
reproducibility because we used data from two independent study centers and the non-linear
curve fit both cohorts quite well as displayed in Figure 3. It should also be pointed out that
nonlinearity of predictors and batch effects in measuring biomarkers widely exist between
study centers. As extra examples, in AD research, Chen et al. (2021) showed that the effect
of APoE4 e on rate of decline from subjects with mild cognitive impairment (MCI) to AD

is not linear and a segmented linear model is used to model the longitudinal trend instead.
Also, the procedure to obtain the CSF Ag,, values is more invasive than measuring the
blood-based Ap,, level. Therefore, AD researchers across different centers have started using
plasma Ag,, as non-invasive biomarkers. As reviewed in Figure 1 of Pannee et al. (2021),
the plasma Ap,, values have very low between-center correlations indicating major batch
effects across centers that need to be harmonized carefully in order to produce reproducible
findings (Pannee et al. 2021). In short, this AD-research real-data example demonstrates that
the commonly used single-center analysis can produce non-generalizable findings while our
newly proposed IPLM-based approach can be used in multi-center studies to automatically
account for nonlinear predictors and adjust for batch effect and heterogeneity in center
compositions yielding generally valid findings.

6 Summary

Achieving generalizable and reproducible findings in multi-center studies is of great
importance in research. However, a general, rigorous and flexible statistical analysis method
to account for combinations of common complexities associated with multi-center studies
has been lacking. In this manuscript, we introduced the integrated partially linear model
(IPLM) and associated analysis methods. The proposed IPLM-based analysis can account
for interplays of multiple complexities commonly exist in modern multi-center studies, e.g.
predictors having potentially nonlinear effects and heterogeneous group compositions, being
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measured with batch effects and/or potential measurement errors. We proposed the removal
of batch effect in the data-harmonization step of the multi-center study. We suggested a local
linear regression based constrained regularization estimation method with a computationally
fast implementation of the newly proposed IPLM. The proposed regularized optimization
method can automatically identify the predictors’ effects that can be either homogeneous
and/or heterogeneous, and can naturally yield a unified parsimonious model when all
predictors’ effects are homogeneous across study centers. We provided simulation examples
to demonstrate the effectiveness of proposed IPLM and analysis method for variable
selection and parameter estimation when covariates can have either homogeneous or
heterogeneous effects across study centers. We illustrated the major biases and misleading
findings from the conventional individual-group based analysis and the commonly used z-
score based data-pooling method without effective batch-effect adjustments and accounting
for composition heterogeneity. Importantly, we have established estimation consistency and
variable-selection consistency for the proposed method in our theorems where the covariate
dimension can diverge as the sample size increases. We have also established asymptotic
normality for the regression parameters under some suitable regularity conditions. The real
data application in an multi-center Alzheimer’s disease research project is used to illustrate
the utility and effectiveness of proposed IPLM-based analysis in practice. Specifically, the
AD-research real-data example was used to demonstrate that the commonly used individual-
center based analysis can produce misleading findings while our newly proposed IPLM-
based approach can be used in multi-center studies to automatically account for nonlinear
predictors, heterogeneity in center compositions, and batch effects in covariates and yield
generally valid findings. Also, the IPLM can increase reproducibility by integrating potential
batch-effect and/or measurement-error removal as part of the careful regression modeling
procedure while, in the existing literature, neglected or casual batch-effect removal in

data pooling before any careful statistical modeling often contributes to non-reproducible
findings.

Acknowledgement

Funding

The authors would like to thank the reviewers and the Associate Editor for careful reading and for

many constructive suggestions. The authors would like to thank Drs. Mony de Leon, Ricardo Osorio, and
Elizabeth Pirraglia for sharing with us the Alzheimer’s disease data sets used in Section 5 for illustration

of our proposed model and analysis. The NYU study data are available from figshare (https://figshare.com/s/
16d233d4822b810bcd9b, DOI: 10.6084/m9.figshare.5758554). Part of the data used in preparation of the example
in section 5 of this article was obtained from the Alzheimers Disease Neuroimaging Initiative (ADNI) database
(http://adni.loni.usc.edu/datasamples/access-data/). As such, the investigators within the ADNI contributed to the
design and implementation of ADNI and/or provided data but did not participate in analysis or writing of

this report. A complete list of ADNI investigators are at: http://adni.loni.usc.edu/wpcontent/uploads/howtoapply/
ADNIAcknowledgementL.ist.pdf.

This research was partially supported by the United States National Institute of Health grants (NIA grants
P30AG066512, PO1AG060882, NCI grants PS0CA225450, P30CA016087) and Center for Disease Control and
Prevention (CDC) grant U010H012486.

Statistics (Ber). Author manuscript; available in PMC 2024 October 13.


https://figshare.com/s/16d233d4822b810bcd9b
https://figshare.com/s/16d233d4822b810bcd9b
http://adni.loni.usc.edu/datasamples/access-data/
http://adni.loni.usc.edu/wpcontent/uploads/howtoapply/ADNIAcknowledgementList.pdf
http://adni.loni.usc.edu/wpcontent/uploads/howtoapply/ADNIAcknowledgementList.pdf

1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Yang and Shao

Page 17

Appendix: technical proofs

Proof of Theorem 1:

First, we adjust the batch effect using linear regression model. By Assumption 6, we have
’ ~ * ~ ~ * 1
|ty = veo| = |g(mi; W) = g(mus wie)| < g/ (miss W[ W — wil = Op(n‘i)
(6)

foranyi=1,--,mand k = 1, -, K, where , € (y,,y,). Then by Assumption 1 to 5, the local
polynomial estimates satisfy

, , 1 R , ) 1
sup|nA1ky(Vk) - mky(Vk)| = o,,(n_Z) and sup|mkz,(Vk) - mkzj(Vk)| = op(n_Z)
Vi Vi

O

for j = 1---, p,, where ., -) and m,.,( -) are the jth element of m,.( - ) and m,.( - ).

By re-parametrization, let g, = f + a,. Thus we have g = ={_ /K and o, = B, — B.

Denote © = (B, -+, ﬂ,ﬁ)T. Then we can rewrite 1,(8, @) (3) as

K

1,©)=1©)~ Y mBIbi+ py©) + p,(O),
k=1

AT o1\2 |
where 1(©) = TX_ =% (5, — 208.)°, p,(®) = 4] [K~'=f_ 8, and

1
B, — K~'X_ 5| Denote 0 = (&, -, &)". Let r, = (n/p,)"2. We show

that for any given ¢, there exists a large enough constant C such that

PA,,(O) = /lazll(: lzf": 17Tk}

P inf 10" +1,0)>1,(0%)

el =

>1-¢.

Because z; and =, are adaptive Lasso weight, we get |z| > 0 and |z,;| > 0 for any j < p,,
and k=1, K, || = O,(r;") and |z,| = O(r;") for any j > p,,and k = 1, ---, K. For the penalty
terms p,,(©) and p, (@), it is easy to verify that

K

> BIK +r, Z &l K| -

k=1 p; g

Dn.o
Dif(O* +1,0) — p;(OF) > Z 7j
=1

Pno

> = Ay z 7

K
z.fk,/K.
j=1 lk=

®)
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Similarly, we have

K Pn.o
Pi(OF +1,0) — p, (@) > — A, Z z Ty j
K=<

K
cu— D, &/K|.
k=1

©)

Next, for & = ((©% + r,0) — =X_ n(B; + r.0.) (B, + r.0.) — 1(O%) + ZX_ n fS, B, We have

K

K Ny Ny
6= —2r, z z (PuZhi — ZuBiZ + B Zh)E+ 7 Z ”k‘f}?(”k_] Z ZiZh — T
i=1

k=1i=1 k=1

-

Now we calculate the order of the first term. Note that y,, and z,, can be decomposed as

Vi = Y= ﬁky(vl/ﬁr) = Vi = Mi(Wii) + M (W) — mky(U/;{) + mky(U;u") - ;n\ky(vl;l),
Zyi =z — '/n\kz(vki) = Zyy — My (Wyr) + My (Wwy;) — mkz(Uki) + mkz(vkl) - '/'ikz(ka) .

(10)

Denote j, = y. — miy(wi), Fu = mi(Wi) — mi(0), 2 = 21 — mi(wy) and Z, = my(wy) — m(vy).
Then we can decompose the first term of 6, as
o= o= ) B — Fo = 2) T = = F)E+ G — o — F)E + FulB — Fur— )T
DI I (Vi = Vi — yk:)(zki —Zu— Zk:) + (V= Vu— )’k,)ZL (yk, = Vi — yk,)ZL + yk:(zkx - Zy = zkx)
PN ~ - \T ~ *
+ Vu(Zu— Zu— Zu) -+ (FuZu — ZuBiZu + B Zx) + VuZi + YuZni + Yz — ZuBii — Tz — ZuBZu
PN T T
- (Zkl — Zy — Zkl) ﬂk(zlu - Zn— zkA) zklﬁk(zkl —Zy— zk()

—T At ~ ~ - \T 5 ~ ~ _ \T ,+—
- zzfﬁk(zkf —Zu—2Zy) —(Zu—Zu-— zk,) Bizi — (Zu — Zu — Zu) ﬁkzkf}

1 1
By Assumption 5 and (6), we have y,, = 0,,(n—§) and |zl = O, (n/p,) " 2|

Combining E(3,,) = 0, E(z,,) = 0, equation (7), Assumption 7, Lemma A.1 in Liang
& Li (2009) and only the first p, elements in g; are nonzero,, we have

1 1
n) ~ ~ — ~ ~ ~\T — n, ~ ~ —- \~ —
Zik: l(yk: Vi — ykl)(zki - Zy— Zki) = Op((”Pn)z), Zik: 1()’k1 Vi — yk:)zZi = op((npn)2)7

1
2:%: 1( Vi—Yu— J/kz)zk, =0 ((”Pn)z Zk 12,_ 1yk:(zk1 Zy zki)T = Op((npn)Z)y i = 1)%(7-1« Zk,)T
T l g =T l n T i gk ~T o*=T
( np,, ), i 1Vulki = 0 (npn)2 s S = 1 Y2k = Op((”Pn)z s Z,k= lyldiki = Op((npn)2)7 21 ZuPZu
1 T of =T l
( np,) ) L ZuBiZu = 0| (np)2 |, ZL ZuBEn = op((npn)Z),
n T T l
z:ik: l( Zri — Zkl Zkr) ﬁk(zkl - Zkl - Zkr) = 0y (npn)2 Z lzktﬁk(zkt i zkx) = Op((npn)2)9

n,

1 1

—T ot/ A ~ _\T — n ~ ~ —\T ~ —
ka: lZ—I{lﬂk(Zkl - Zn— Zki) = Op((npn)z)v Zik: l(zki - Zn— zki) ﬂkZZi = op((npn)2)7
" T 1
i l(zki —Zy— Zki) Bz = Op((nl’n)z)
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1
Moreover, by central limit theorem, we have =¢_ =% \(5.zx — ZuB.Zu + B =) = O,,((npn)z).

1
Thus =% (5 2x — ZuBi2i + B.'%) = op((npn)z forany k=1, K.

For the second term of s,, we have

Ny
_ PODX T
ng! Z zksz = I = E|(x1 — my(wi)) (X1 — my(wi) |
i=1

which is a positive definite matrix with constant eigenvalue by Assumption 3. Therefore, we
conclude that there exists some constants c;, ¢, and ¢; such that

1
& 2 arnllOll: = eri(np,) 2161l = Agrup,lIBll = Aar,plIOl
1 1

> p,,(cl 16115 = c21101l> = Ag(n/p,)~ 21161l - ﬁa(n/pn)_2||9||)~

1 1
If A(n/p,)"2 — 0and A(n/p,)” 2 — 0, we can find a large enough constant C such that
N 1 N 1
& >0for||9]| =C. Thus g, - B, = Op((n/pn)_2), which implies that g — g* = Op((n/pn)_Z) and
1
& —a,= O,,((n/pn)_Z) forany k=1, K.

For the nonlinear components estimation, we have

ﬁ/l\ky(vl/u) - '/n\kz(vl/d)TB\k - fZ(ka) = ﬁky(ul;i) - mky(vl/ci) + mf\y(vl/u) — my (W) + m(wy). By
= (Mie(vis) = mic(vir) + mi(v) — mi(wy,) + mkz(wk,))T(ﬂk - B+ B.) - filww)

1 1 1
(Vi) = mig (Vi) = op(n_Z), m(0n) — mi(wy,) = Op(n'i), m,(v,) — m(v,) = op(n_Z), m,.(v,;) and

|

— M) = o,,(n—%), B b= op((n/p,,)‘i)

~ 1 1
my (W) = me(wy) + f:(wk1)1 we get ”A’lky(U;a) - '/"\kz(U/;i)Tﬂk - fl:(wkl) = OP(max‘nU;, ("/Pj)_i

Then the desired result can be obtained.

Proof of Theorem 2:

We prove theorem 2 by contradiction. Suppose |3 | > 0 for j > p, . Take the derivative for g,
and get the KKT condition

K n

K
kzl Zl (jj\ki - EZiﬁk)Ekij + kzl nkEZZij = %Aﬁﬁjsign(ﬁj)’
=1i= =
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where J; is the vector of all zeros except jth element is 1.3
By theorem 1 and the decomposition (10), the left hand side is

~ 1 _ T
Yt o n 4|—|Zu+ofn 4

mT
Y

K3k, B +0,

1
(n/ pn)_Z)

1
(ik, + o,,(n—z)) . Then by Lemma A.1

K
— X

B.+0,

in Liang & Li (2009) and Assumption 3, the left hand side can be simplified as

K Hy ) K T 1
> Gu-ZB)ED) - Y, m(B) T+ 0 (npn)z),
k=1i=1 k=1
which is equal to
K N K T 1
z z €Uk, + z nk(ﬁZ) (n,flUk,-UkT, - Z)J;+ 0 (npn)z).
K=1i=1 k=1
1 L 1 . .
Because n;'U,U;; — =, = Op(n—j), we get the left hand side is O,|(np,)2|. The right hand side

1 1
is ,lﬁo,,((n/p,,)z). We divide (np,)2 on both left and right hand side and get O,(1) = A,/p,, which

~

is contradicted to A,/ p, — oo. We conclude that |3,{ = 0 for j > p,,.

Similarly, we can prove a,; > 0 for any j > p,,and k = 1, ---, K. Suppose |&,;| > 0 for j > p, .
Take the derivative for «,; and get the KKT condition

Ny
~ AT 2\~ AT 1 PN
Z (yk[ - ZZiﬂk)Zki] +m B = j/la”kj51gn(ak,’)~
i=1

Same as the proof for showing |3 = 0 for j > p,, above, we have the left hand side is

1
. We divide (np,)2 on both left and right hand

1 1
OF((np,,)Z) and the right hand side is 4,0,|(n/p,)2

side and get O,(1) = A./p,, Which is contradicted to A./p, — co. We conclude that |a,| = 0 for

j > Dn,o-

Proof of Theorem 3

The proof of theorem 3 was essentially the same as proof of theorem 1 and 2, which was
omitted here.

Proof of Theorem 4:

The key idea of the proof is the same as proof of theorem 1 in Liang & Li (2009). Take the
derivative for g, in equation (3) and get the KKT condition that
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13
2 (2 = ﬁkz(wki))l(yki = (W) = (2 = ﬁkz(wki))fﬁkl) = mZxiPr + o”(n”z) =0.

i=1

Same as the proof of theorem 1 in Liang & Li (2009), because

1 1
suplity, (W) = m(Wi)| = op(”_Z) and ?/IU/Psz/(Wk) = my (W)| = o,,(n_Z),

k k

B., has the same asymptotic distribution as the solution of

Ny

- Z (71— mkz(wki))l(J’ki = my (W) = (Zu = mkz(wki));ﬂu) = mZiB + Up("l/z) =0.
i=1

By Zn — mkz(wkr') = X — E(xkr' | wkr) +U; and y,, = (xkr - mkz(wkf))}-ﬁ:[ + mky(wki) + € @ direct
simplification yields that

1

M ;
ki

1=

{[xk: = E(xy | wi) + Ukl][®2 - Zkl}(ﬁkl - ﬁ;r)
1

L
=T

{[xki = E(xy | wy) + Uki][(eki - UEl,iﬁltI) + Zklﬂ:[} +0,(1).
1

M=

ny

As n — oo, because n;' ;' | [xu — E(x | wi) + Ui]?” — = w + i, We get

\/"—k2§(| W(Bu - ﬂ;l) - N(O, rk),

where T, = E{(X,, — E(Xo | W.)(e. — ULBL) + eUss + (Zu — U UL} © 2. The desired
results is obtained.
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Figure 1:
Nonlinear curve estimation in simulation study.
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Figure 2:
Batch effect of Ap,..
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Figure 3:
Individual group and combined group analysis.
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Table 1:

Variable selection performance for simulation scenario 4.1.

(, p 6, p) Method NM  ZM NH ZH
o 10,075,079 AL 0% 0004 00 000
cwimoses ARl o 0om om0 00
comnzmozm Asise Lo6 omm 0% om
cwzmosey  AsLme 1w 0om o 0%
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Table 2:

Estimation performance for simulation scenario 4.1.

" v o ) Mehod MSE, MSE,

(500, 100,0.25,0.25) AGALAsse 0007 0,007
(500,100,05,05) ~ AGaLaso 0008 0007

(500, 250,0.25,0.25) AGALasse  0.006 0.006
(500,250,05,05) ~ AgaLase 0008 0.008
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Table 3:
Variance and coverage for simulation scenario 4.1.
(n, p,, 0, p) Parameter Method Mean SD1 SD2 g5 CI Coverage*
R Adalasso 0505 0.048 0.040 94.7%
P Lasso 0503 0.047 0.040 94.7%
(500, 100, 0.25, 0.25)

ﬁ Adalasso 0501 0.049 0.042 95.1%

B Lasso 0503 0.047 0.040 95.1%
; Adalasso 0496 0.044 0.051 97.3%

! Lasso 0496 0.044 0.051 97.3%

(500, 100, 0.5, 0.5)

R Adalasso 0496 0.044 0.048 97.3%
P Lasso 0496 0.044 0.050 97.3%
ﬁ Adalasso 0503 0.046 0.040 95.2%

! Lasso 0503 0.047 0.040 95.2%

(500, 250, 0.25, 0.25)

; Adalasso 0503 0.046 0.040 94.9%

& Lasso 0503 0.047 0.040 94.9%
R Adalasso 0498 0.055 0.050 96.8%
P Lasso 0498 0.055 0.050 96.8%

(500, 250, 0.5, 0.5)

ﬁ Adalasso 0.498 0.055 0.052 96.8%

B Lasso 0498 0055 0.051 96.8%

*
Coverage estimated from 1000 replicates given status of the truly informative/non-informative variables.
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Variable selection performance for simulation scenario 4.2.

Table 4:

(, p 6, p) Method NM ZM NH ZH
oo 10,025,079 PMABLIS 0000 2 000
oo 1005 0 PAmLI om0 o006 200 o0
oo 2 0z5.029 PABLIS 1 00me 2 00
oz 0s09 PAmLse lom w200 o
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Table 5:

Estimation performance for simulation scenario 4.2.

(n, p,, o, p) Method MSE; MSE,
ooz om ML 0B 0
comosoy IO G
o mamom Al o 0
cmmasey Anlme 93 o

Statistics (Ber). Author manuscript; available in PMC 2024 October 13.

Page 31



1duosnuey Joyiny 1duosnuen Joyiny 1duosnuey Joyiny

1duosnuen Joyiny

Yang and Shao

Table 6:
Variance and coverage for simulation scenario 4.2.
(n, p,, 0, p) Parameter Method Mean SD1 SD2 g5 CI Coverage*
R Adalasso 5057 0302 0.327 96.3%
P Lasso 5057 0302 0.327 96.3%
(500, 100, 0.25, 0.25)

ﬁ Adalasso 0.988 0.167 0.130 93.4%

B Lasso 0988 0.167 0.130 93.4%

B, Adalasso 5060 0375 0.370 93.8%

Lasso 5060 0375 0.370 93.8%

(500, 100, 0.5, 0.5)

R Lasso 0982 0.164 0.143 92.6%

P Lasso 0982 0164 0.143 92.6%

ﬁ Adalasso 4.984 0.349 0.324 94.7%

! Lasso 4984 0349 0.324 94.7%

(500, 250, 0.25, 0.25)

. Adalasso 1012 0125 0.130 92.9%

P Lasso 1012 0125 0.130 92.9%

R Adalasso 5014 0416 0.359 94.5%

P Lasso 5014 0416 0.359 94.5%

(500, 250, 0.5, 0.5)

ﬁ Adalasso 0996 0.166 0.143 94.8%

B Lasso 0996 0.166 0.143 94.8%

*
Coverage is estimated from 1000 replicates given status of the truly informative/non-informative variables.

Statistics (Ber). Author manuscript; available in PMC 2024 October 13.

Page 32



	Abstract
	Introduction
	Models
	Constrained optimization
	Details of ADMM
	Parsimonious model

	Asymptotic properties
	Assumption 1:
	Assumption 2:
	Assumption 3:
	Assumption 4:
	Assumption 5:
	Assumption 6:
	Assumption 7:
	Assumption 8:
	Theorem 1.
	Theorem 2.
	Theorem 3.
	Theorem 4.


	Numerical studies
	Covariates with homogeneous effects across groups
	Individual-group analysis can lead to contradictory findings:
	Direct pooled-data analysis can lead to misleading pattern:
	IPLM leading to superior predictive performance:

	Covariates with heterogeneous effects across groups

	Real data illustration
	Summary
	Appendix: technical proofs
	References
	Figure 1:
	Figure 2:
	Figure 3:
	Table 1:
	Table 2:
	Table 3:
	Table 4:
	Table 5:
	Table 6:

