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Supplementary Material for ‘A Hypothesis Test for Detecting
Distance-Specific Clustering and Dispersion in Areal Data’

Stella Self, Anna Overby, Anja Zgodic, David White, Alexander C. McLain, and Caitlin
Dyckman.

Web Appendix A: Derivations of PAPF Properties.
This section contains proofs of various properties of the positive area proportion function
(PAPF) presented in Section 2 of the corresponding manuscript.

CLAIM 1. Let A be a stationary independent process with areal units a1, a2, ..., aN and
P (Yi = 1) = λ. Then

M0(r) =
1

N

N∑
i=1

M0i(r).

PROOF. Consider

M0(r) =E

[
1

nY

N∑
i=1

M0i(r)Yi|nY > 0

]

=

N∑
n=1

E

[
1

nY

N∑
i=1

M0i(r)Yi|nY = n,nY > 0

]
P (nY = n|nY > 0)

=

N∑
n=1

E

[
1

n

N∑
i=1

M0i(r)Yi|nY = n

]
P (nY = n|nY > 0)

=

N∑
n=1

(
1

n

N∑
i=1

E [M0i(r)Yi|nY = n]

)
P (nY = n|nY > 0)

=

N∑
n=1

(
1

n

N∑
i=1

E [M0i(r)Yi|Yi = 1, nY = n]P (Yi = 1|nY = n)

)
P (nY = n|nY > 0)

=

N∑
n=1

(
1

n

N∑
i=1

E [M0i(r)|Yi = 1, nY = n]
n

N

)
P (nY = n|nY > 0)

Recalling that M0i is a constant:

=

N∑
n=1

(
1

N

N∑
i=1

M0i(r)

)
P (nY = n|nY > 0)

=
1

N

N∑
i=1

M0i(r)

N∑
n=1

P (nY = n|nY > 0)

=
1

N

N∑
i=1

M0i(r)

CLAIM 2. For a stationary, independent areal process A with areal units a1, a2, ..., aN

E[M̂(r,Y )|nY > 0] =M0(r).
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PROOF. Consider

E[M̂(r,Y )|nY > 0] =E

[
1

nY

N∑
i=1

M̂i(r,Y )Yi|nY > 0

]

=

N∑
n=1

E

[
1

nY

N∑
i=1

M̂i(r,Y )Yi|nY = n,nY > 0

]
P (nY = n|nY > 0)

=

N∑
n=1

1

n

N∑
i=1

E
[
M̂i(r,Y )Yi|nY = n

]
P (nY = n|nY > 0)

=

N∑
n=1

1

n

N∑
i=1

E
[
M̂i(r,Y )Yi|Yi = 1, nY = n

]
P (Yi = 1|nY = n)P (nY = n|nY > 0)

=

N∑
n=1

1

n

N∑
i=1

E
[
M̂i(r,Y )|Yi = 1, nY = n

]
P (Yi = 1|nY = n)P (nY = n|nY > 0)

Noting Yi is independent from Y −i and M̂i(r,Y ) does not depend on Yi :

=

N∑
n=1

1

n

N∑
i=1

E
[
M̂i(r,Y )|nY = n

]
P (Yi = 1|nY = n)P (nY = n|nY > 0)

=

N∑
n=1

1

n

N∑
i=1

E
[
M̂i(r,Y )|nY = n

] n
N
P (nY = n|nY > 0)

=
1

N

N∑
n=1

N∑
i=1

E
[
M̂i(r,Y )|nY = n,nY > 0

]
P (nY = n|nY > 0)

=
1

N
E

[
N∑
i=1

M̂i(r,Y )|nY > 0

]

=
1

N

N∑
i=1

Mi0(r)

Invoking Claim 1, we have:

=M0(r)

Web Appendix B: Additional Simulation Results.

A simulation study was conducted to assess the sensitivity of the PAPF method to it’s
dependence on areal unit centroids. In this simulation study, an alternate version of the PAPF
and the corresponding test statistics were defined, in which each areal unit centroid was
replaced by a randomly selected point from each area unit. Specifically, we define

M∗
i (r) =E

{
N [c(`∗i , r)∩ aci ] +A[c(`∗i , r)∩ ai]

A[c(`∗i , r)∩A )]
·
(

N (A )

A(A )

)−1 ∣∣∣∣nY > 0

}
.
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where `∗i is any point in ai and the expectation is taken over Y and all possible choices of
`∗i . We then define

M(r) =E

[
1

nY

N∑
i=1

M∗
i (r)Yi|nY > 0

]
and M∗

0i(r,n) and M∗
0 (r,n) to be M∗

i (r) and M∗(r) (respectively) for a stationary, indepen-
dent process conditional on nY = n. Given a realization of an areal process with Y = y and
ny > 0 and a set of `is chosen, we define the estimator

M̂∗
i (r,y) =

N [c(`∗i , r)∩ aci ] +A[c(`∗i , r)∩ ai]
A[c(`∗i , r)∩A ]

(
N (A )

A(A )

)−1

and

M̂∗(r,y) =
1

ny

∑
i:yi=1

M̂∗
i (r,y)

We then define the test statistic T ∗
n(r,y) = M̂∗(r,y)−M∗

0 (r,n) and estimate its null distri-
bution using Monte Carlo simulations.
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WEB FIG. 1. Examples of observed units generated under each scenario for study area A2. The first row displays
examples of data generated under the null hypothesis of equal probability sampling without replacement (left to
right: I1, I2, I3). Rows 2-3 display examples of data generated with a single cluster (top left to bottom right C1,
C2, C3, C4, C5, C6). Rows 4-5 display examples of data generated with multiple clusters (top left to bottom
right C7, C8, C9, C10, C11, C12). Rows 6-7 display examples of data generated with dispersion or a mix of
clustering and dispersion (top left to bottom right D1, D2, D3, D4, M1, M2).

WEB FIG. 1. Examples of observed units generated under each scenario for study area A2. The first row displays
examples of data generated under the null hypothesis of equal probability sampling without replacement (left to
right: I1, I2, I3). Rows 2-3 display examples of data generated with a single cluster (top left to bottom right C1,
C2, C3, C4, C5, C6). Rows 4-5 display examples of data generated with multiple clusters (top left to bottom
right C7, C8, C9, C10, C11, C12). Rows 6-7 display examples of data generated with dispersion or a mix of
clustering and dispersion (top left to bottom right D1, D2, D3, D4, M1, M2).
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