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S-1 Branching Process with Poisson-Lognormal Distribution

We use a classical Galton-Watson branching process, where the offspring distribution, Z is taken to be
the number of secondary infections resulting from an individual in the next generation. We modeled this
distribution as a Poisson process conditional on an observed value ν of the individual reproduction number:
Z|ν ∼ Poisson(ν). The probability mass function of this distribution is given by following expression:

P (Z = z|ν) = νz e−ν

z! . Using convention described previously [1], we take ν to be the observed value of
a random variable X describing the individual reproductive number. It follows that E[Z] = E[E[Z|X]] =
E[X] = R0, which is the reproductive number of the transmission described by the branching process Z.

For Poisson lognormal model, we take X to follow a lognormal distribution, i.e., X ∼ lognormal(µ, σ), such
that the resulting mixture distribution Z is a Poisson-lognormal distribution. Consequently, the probability
mass function of Z is given by the following expression:

P (Z = z) =
(2π σ2)−1/2

z!

∫ ∞
0

νz−1 e−ν e−
(ln ν−µ)2

2 σ2 dν

The mean of this distribution is reproductive number R0, and is given by E[Z] = R0 = eµ+
σ2

2 [2].

The expression for the variance of this distribution can be derived by using Law of Total Variance,
which states that V ar(Z) = E(V ar(Z|X)) + V ar(E(Z|X)). So, if Z|X = ν ∼ Poisson(ν), and
X ∼ lognormal(µ, σ2), then, V ar(Z) = E(V ar(Z|X)) + V ar(E(Z|X)) = E[X] + V ar[X] = exp(µ +
σ2/2) + (exp(σ2)− 1) exp(2µ+ σ2) = R0(1 +R0(exp(σ

2)− 1)).

While there is no closed form expression for the probability mass function, prior works have contributed to
several numerical approximations of this function [2–5]. We use a mixture of these approximations in our
model.

For P (Z = 0), we approximate the following integral transformed on the interval (−∞,∞) as proposed by
Grundy [4].

P (Z = 0) =
1

σ
√
2π

∫ ∞
−∞

exp

[
−eν − (ν − µ)2

2σ2

]
dν

For 1 ≤ z < 60 we approximate the following integral transformed on the interval (0, 1) as proposed by
Izsak [5].

P (Z = z) =
1

σ
√
2π

1

z!

[∫ 1

0

F1(ν)dν +

∫ 1

0

F2(ν)dν

]
, where,

F1 = νz−1 e−ν e−
(ln x−µ)2

2σ2

F2 = ν−z−1 e−
1
ν e
−(ln 1

ν
−µ)2

2σ2

For 60 ≤ z ≤ 100 we use the following approximation proposed by Bulmer [2].

P (Z = z) =
1

σ z
√
2π

e−
(ln z−µ)2

2σ2

[
1 +

1

2 zσ2

[
(ln z − µ)2

σ2
+ ln z − µ− 1

]]

For z > 100 we approximate the following integral transformed back on the interval (−∞,∞), and use the
saddle point method to approximate the integral [5].
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P (Z = z) =
1

σ
√
2π

∫ ∞
−∞

e−f(x)dx , where,

f(x) = ex + ln z! +
(x− µ)2

2σ2
− z x

Let I =
∫∞
−∞ e−f(x)dx. Taylor expansion of f(x) around xmin is:

f(x) = f(xmin) + (x− xmin) f ′(xmin) +
1

2
(x− xmin)2 f ′′(xmin) + . . .

f ′(xmin) = 0, since f(x) has minimum at xmin. Hence,

I ≈ e−f(xmin)
∫ ∞
−∞

e−
1
2 f
′′(xmin) (x−xmin)2dx

Since, the above is Gaussian integral,

I ≈ e−f(xmin)
√

2π

f ′′(xmin)
.

Hence,

P (Z = z) ≈ e−f(xmin)

1 + σ2exmin
.
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S-2 Recursion for outbreak size

Consider a branching process, where Z is the number of secondary infections resulting from an individual
in the next generation. We assume that the reproductive number associated with this branching process is
less than 1, such that the probability of extinction is 1. In such a case, we define S to be random variable
describing the final size of an outbreak resulting from a single case. Consider transmission chains starting
from n separate index cases. The cumulative final size of the outbreak that includes all n separate chains
starting from n index cases will be the sum of n i.i.d. random variables S1 +S2 + · · ·+Sn. We define this
sum to be Cn, where Cn = S1 + S2 + · · ·+ Sn, where Si’s are sizes of each individual outbreaks.

Then the probability mass function describing the size of the outbreak, S, can be written as follows:

P (S = n) =

n∑
i=1

P (Z = i|Ci = n− i)P (Ci = n− i)

=

n∑
i=1

P (Z = i)P (Cn−i = n− i)

=

n∑
i=1

pZ(i) pCn−i(n− i).

Here, pZ(z) is the probability mass function of Z, and pCk(z) is the probability mass function of Ck. In
other words, the probability of getting an outbreak of size n can be partitioned in to (i) probability of
getting i secondary cases in the first generation, where 1 ≤ i ≤ n, and (ii) probability that sum of outbreak
sizes of all chains starting with i cases results in the remaining n− i cases.

Furthermore, we can write pCk as a function of pS and pCk−1
:

P (Ck = j) =

k∑
i=1

P (S = i|Ck−1 = j − i)P (Ck−1 = j − i)

=

k∑
i=1

P (S = i)P (Ck−1 = j − i)

=

k∑
i=1

pS(i) pCk−1
(j − i)

Combining both, we get the following recursive relationship for S:

P (S = n) =

n∑
i=1

pZ(i)

n−i∑
j=1

pS(j) pCn−i−1
(n− i− j)

=

n∑
i=1

n−i∑
j=1

pZ(i) pS(j) pCn−i−1
(n− i− j)

P (S = 1) = pS(1) = pZ(0), i.e., the probability of outbreak of size 1 is extinction in the first generation,
thus only counting the index case.

S-3



TB transmission in the US Shrestha et al.

S-3 Branching Process with Negative Binomial Distribution

If the individual reproductive number follows a gamma distribution, i.e., ν ∼ Gamma(R0, k), where R0 is
the mean of the distribution, and k is the dispersion parameter, then the number of secondary infections
resulting from an individual follows a negative binomial distribution: Z ∼ negative binomial(R0, k). This
particular distribution has been used quite extensively to characterize individual-level heterogeneity for a
range of infectious processes including tuberculosis. [1, 6–10]

A particular quantity of interest is the final size of the outbreak, and a closed form expression has been
derived independently by Nishiura, et. al. [6], and Blumberg, et. al. [7]. We use the following expression
for final size distribution:

P (S = x) =

∏x−2
j=0 (j/k + x)

x!

(
k

R0 + k

)kx (
R0 k

R0 + k

)x−1
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S-4 Likelihood function and parameter estimation

We used a likelihood-based framework to ascertain model fits. The likelihood of observing a cluster distri-
bution in which there are nj clusters of size j, under a model with parameters x, is taken as the product of
probabilities of observing the number of clusters of each size j as seen in the empirical cluster distribution.
Hence, if P (S = s|x) is the probability of a cluster of size j under a given model with parameters x, the
likelihood function is given by the following equation:

L(x) =
∞∏
s=1

P (S = s|x)nj

Maximum likelihood estimates (MLEs), the parameters that yield the highest likelihood, and corresponding
95% confidence regions/intervals were estimated by conducting grid searches across parameter space. The
areas for the grid search were adjusted to ensure that the entire estimated 95% confidence regions were
included. The 95% confidence regions were taken to be χ2

2(0.95)/2 ≈ 3 log-likelihood units below the
maximum — bivariate confidence limits using the χ2 distribution.

S-5



TB transmission in the US Shrestha et al.

S-5 Simulation study for method validation

We conducted a simulation study to assess the ability of our likelihood based approach to infer model
parameters using cluster distribution data. We generated synthetic cluster distributions by simulating the
branching process models with either a negative binomial distribution or a Poisson lognormal distribution.
Synthetic clusters were generated with model parameters sampled using Latin Hypercube Sampling. For
the negative binomial model, R0 was sampled from a uniform distribution between 0.1 and 0.4, and k from
a uniform distribution between 0.01 and 0.25. For the Poisson lognormal model, R0 was sampled from a
uniform distribution between 0.15 and 0.45, and σ from a uniform distribution between 1.5 and 2.5. For
each of the models, we generated 10,000 synthetic cluster distributions, each with 10,000 clusters.

Using these synthetic cluster distributions, we attempted to estimate the model parameters using the
likelihood-based framework. For each synthetic cluster distribution, we maximized the likelihood function
using optim function in R. We compared the estimated parameter values against the true values in Fig. S-1
for the negative binomial models, and in Fig S-2 for the Poisson lognormal model. We find that about
95% of the estimates were within 15% of the true values.
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Figure S-1: Simulation Study: inferred parameter estimates for the negative binomial model. Shown are
percentage difference between the true and the estimated parameters – R0 on the y-axis and k on the x-axis.
Each dot indicates an inference based on a synthetic distribution; the regions enclosed by light and dark red
lines represent 90% and 95% regions, respectively.
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Figure S-2: Simulation Study: inferred parameter estimates for the Poisson lognormal model. Shown are
percentage difference between the true and the estimated parameters – R0 on the y-axis and σ on the x-axis.
Each dot indicates an inference based on a synthetic distribution; the regions enclosed by light and dark red
lines represent 90% and 95% regions, respectively.
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S-6 Under- and over- ascertainment

We assess how potential under- and over- ascertainment of clusters are likely to impact model-based
inferences, we conducted a simulation study in which we incorporated potential underreporting and over-
ascertainment of clusters. We assumed both under- and over- ascertainment to be binomially distributed.
In particular, if the distribution of true secondary cases, Z, is given by Z ∼ Poisson(ν), we assumed that
observed secondary cases Z̃ followed a binomial distribution, Z̃ ∼ Bin(Z, p), if cases were under-reported,
and 0 < p < 1 is the reporting ratio. For over-ascertainment, we assumed that the observed secondary
cases Z̃ = Z + Bin(Z, p− 1), where p− 1 > 0 is the rate of over-ascertainment.

Similar to the simulation study conducted for method validation, we generated synthetic cluster distribu-
tions by simulating the branching process models with either a negative binomial distribution or a Poisson
lognormal distribution. Synthetic clusters were generated with model parameters sampled through Latin
Hypercube Sampling. For the negative binomial model, R0 was sampled from a uniform distribution be-
tween 0.1 and 0.4, and k from a uniform distribution between 0.01 and 0.25. For the Poisson lognormal
model, R0 was sampled from a uniform distribution between 0.15 and 0.45, and σ from a uniform distribu-
tion between 1.5 and 2.5. For both models, we sampled p between 0.5 and 1.5, i.e., underreporting rates
and over- ascertainment rates of up to 50%, and generated 10,000 cluster distributions, each with 10,000
clusters.

We then estimated the model parameters using the likelihood-based framework. For each synthetic cluster
distribution, we maximized the likelihood function using optim function in R. The results for the Poisson
lognormal model are shown in Fig. S-3, and the results for the negative binomial model are shown in
Fig. S-4.

Under- and overascertainment of clusters had a predictable effect on the inference of R0, for both models.
When the observed clusters were affected by underreporting of cases, R0 was underestimated (bottom
left quadrant in Fig. S-3A or Fig. S-4A), and when the observed clusters included over-ascertainment,
R0 was overestimated (top right quadrant in Fig. S-3A, oFig. S-4A). In both instances, the degree of
under- or overestimation was linearly associated with the level of underreporting or overascertainment.
Estimates of individual-level heterogeneity in transmission in both models (σ and k) were unaffected by
underreporting. When the observed clusters included overascertainment, σ and level of heterogeneity were
slightly underestimated in Poisson lognormal model(Fig S-3B). In negative binomial model, inclusion of
overascertainment resulted in overestimate of k, which is underestimate of individual-level heterogeneity
(since heterogeneity increases with decreasing k).
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Figure S-3: Sensitivity of model inference to possible imperfections in reporting and cluster ascertain-
ment for Poisson lognormal model. Shown are comparisons between true and estimated values of (A) R0

and (B) σ (standard deviation of the underlying normal model) as a percentage difference between the true
and estimated values (y-axis), under different levels of the ratio between true cases and observed cases (plotted
on the x-axis). A ratio of 1 (dashed vertical) indicates perfect reporting of cases and cluster ascertainment
(or an equal balance of underreporting and overreporting), ratios < 1 (to the left of the vertical line) indicate
net underreporting, and ratios > 1 (to the right of the vertical line) indicate net overascertainment. In both
panels, each dot indicates inference result based on an individual cluster, the solid line indicates the median at
each y-value, and the dashed lines above and below enclose 95% of the simulation results for the y-value.
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Figure S-4: Sensitivity of model inference to possible imperfections in reporting and cluster ascertain-
ment for negative binomial model. Shown are comparisons between true and estimated values of (A) R0

and (B) k (dispersion) as a percentage difference between the true and estimated values (y-axis), when the
number of true transmission cases varied as a ratio of the number of observed genotyped cases (x-axis). Ratio
of 1 (dashed vertical) indicates perfect reporting of cases and cluster ascertainment, ratios < 1 (to the left of
the vertical line) indicate scenarios of underreporting, and ratios > 1 (to the right of the vertical line) indicate
scenarios of over ascertainment. In both panels, each dot indicates inference result based on an individual
cluster, the solid line indicates the median at each y-value, and the dashed lines above and below enclose 95%
of the simulation results at the y-value.
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S-7 Estimates using negative binomial model

We fit negative binomial model to four separate cluster distributions of TB in the US, where the clusters
were defined to be cases reported within: (i) state boundaries and occurring within 5-year time window
(Fig. S-5 green); (ii) state boundaries and occurring with 3-year time window (Fig. S-5 purple); (iii) county
boundaries and occurring with 5-year time window (Fig. S-5 blue); and (iv) county boundaries and occurring
with 3-year time window (Fig. S-5 red). In Fig. S-5, colored circles show the data and colored lines show
the predicted distribution using best-fit negative binomial models.

Likelihood surfaces corresponding to negative binomial model fits, including MLE estimates are shown in
Fig. S-6.
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Figure S-5: Comparison of model fits with negative binomial model to US cluster data. We fit negative
binomial model to four separate cluster distributions, each using different geographic boundary and time window
for cluster ascertainment. This includes clusters defined to be cases reported within (i) state boundaries and
occurring within 5-year time window (green); (ii) state boundaries and occurring with 3-year time window
(purple); (iii) county boundaries and occurring with 5-year time window (blue); and (iv) county boundaries and
occurring with 3-year time window (red). Shown are (top panel) frequency distributions and (bottom panel)
cumulative probability distributions corresponding to the best-fit models (shown by colored lines) against the
data (shown in colored dots). Cluster size and frequency distributions are plotted on a log-scale, and the
cumulative probability distribution on a logit scale.
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Figure S-6: Likelihood surfaces corresponding to negative binomial model fitting. Each panel shows the
likelihood surface (in log scale) corresponding to likelihood estimates using the negative binomial model, when
fit to clusters consisting of cases reported within (i) state boundaries and occurring within 5-year time window
(top-right); (ii) state boundaries and occurring with 3-year time window (bottom-right); (iii) county boundaries
and occurring with 5-year time window (top-left); and (iv) county boundaries and occurring with 3-year time
window (bottom-left). Two model parameters, the mean of the distribution, R0, and the dispersion parameter,
k, are plotted on the y- and the x-axis, respectively. In each panel, the red cross indicates the MLE estimate
(along with the log likelihood estimate in red), the hatched region around it shows the 95% confidence region,
and the countour lines show log likelihood surfaces at various levels of log likelihood values (and the numbers
indicate the difference in log likelihood values from the MLE).
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Table S-1: Maximum likelihood estimates and 95% confidence intervals for R0 and variance in the
United States based on various cluster definitions.

Cluster definitions
State, 2012-2016 State, 2014-2016 County, 2012-2016 County, 2014-2016

R0: MLE (95% CI) 0.29 (0.28-0.31) 0.25 (0.24-0.27) 0.19 (0.18-0.2) 0.16 (0.15-0.17)
Variance: MLE (95% CI) 3.8 (2.7-5.3) 3.2 (2.1-5.4) 2.3 (1.6-3.4) 1.9 (1.2-3.6)

S-8 Additional results with the Poisson lognormal model

Figures S-7 and S-8 show detailed results regarding Poisson lognormal model fits to US cluster data. In
Fig. S-7, colored circles show the data and colored lines show the predicted distribution using best-fit Poisson
lognormal model. Corresponding likelihood surfaces, including MLE estimates are shown in Fig. S-8, and
in Table S-1.

The distributions of the individual reproductive numbers for US cluster distributions using the four different
cluster definitions, and for the four states are shown in Fig. S-9 and Fig. S-10, respectively.
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Figure S-7: Comparison of model fits with Poisson lognormal model to US cluster data. We fit negative
binomial model to four separate cluster distributions, each using different geographic boundary and time window
for cluster ascertainment. This includes clusters defined to be cases reported within (i) state boundaries and
occurring within 5-year time window (green); (ii) state boundaries and occurring with 3-year time window
(purple); (iii) county boundaries and occurring with 5-year time window (blue); and (iv) county boundaries and
occurring with 3-year time window (red). Shown are (top panel) frequency distributions and (bottom panel)
cumulative probability distributions corresponding to the best-fit models (shown by colored lines) against the
data (shown in colored dots). Cluster size and frequency distributions are plotted on a log-scale, and the
cumulative probability distribution on a logit scale.
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Figure S-8: Likelihood surfaces corresponding to Poisson lognormal model fitting. Each panel shows the
likelihood surface (in log scale) corresponding to likelihood estimates using the Poisson lognormal model, when
fit to clusters consisting of cases reported within (i) state boundaries and occurring within 5-year time window
(top-right); (ii) state boundaries and occurring with 3-year time window (bottom-right); (iii) county boundaries
and occurring with 5-year time window (top-left); and (iv) county boundaries and occurring with 3-year time
window (bottom-left). Two model parameters, the mean of the underlying normal distribution, µ, and the
standard deviation of the underlying normal distribution, σ, are plotted on the x- and the y-axis, respectively.
In each panel, the red cross indicates the MLE estimate (along with the log likelihood estimate in red), the
hatched region around it shows the 95% confidence region, and the countour lines show log likelihood surfaces
at various levels of log likelihood values (and the numbers indicate the difference in log likelihood values from
the MLE).

S-17



TB transmission in the US Shrestha et al.

R0 = 0.29

95 % individuals with R0 < 1
38 % of secondary cases

0.24 % of individuals with R0 > 10
19 % of secondary cases

0 1 2 3 4 10 20 30 50 100 150

10−5

10−4

10−3

10−2

10−1

1

10

Individual reproductive number

P
ro

ba
bi

lit
y 

de
ns

ity
 fu

nc
tio

n

A
R0 = 0.25

96 % individuals with R0 < 1
40 % of secondary cases

0.2 % of individuals with R0 > 10
18 % of secondary cases

0 1 2 3 4 10 20 30 50 100 150

10−5

10−4

10−3

10−2

10−1

1

10

Individual reproductive number

P
ro

ba
bi

lit
y 

de
ns

ity
 fu

nc
tio

n

B

R0 = 0.18

97 % individuals with R0 < 1
43 % of secondary cases

0.14 % of individuals with R0 > 10
17 % of secondary cases

0 1 2 3 4 10 20 30 50 100 150

10−5

10−4

10−3

10−2

10−1

1

10

Individual reproductive number

P
ro

ba
bi

lit
y 

de
ns

ity
 fu

nc
tio

n

C
R0 = 0.16

97 % individuals with R0 < 1
45 % of secondary cases

0.11 % of individuals with R0 > 10
16 % of secondary cases

0 1 2 3 4 10 20 30 50 100 150

10−5

10−4

10−3

10−2

10−1

1

10

Individual reproductive number

P
ro

ba
bi

lit
y 

de
ns

ity
 fu

nc
tio

n

D

Figure S-9: Comparison of estimated heterogeneity with different various cluster ascertainments. (A)
State, 2012-2016; (B) State, 2014-2016; (C) County, 2012-2016; and (D) County, 2014-2016.
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Figure S-10: Estimated heterogeneity in California, Florida, New York, and Texas. (A) California; (B)
Florida; (C) New York; and (D) Texas.
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Table S-2: Maximum likelihood estimates and 95% confidence intervals for R0 and variance in California,
Florida, New York, and Texas.

States
California Florida New York Texas

R0: MLE (95% CI) 0.34 (0.3-0.4) 0.28 (0.24-0.36) 0.19 (0.15-0.27) 0.38 (0.33-0.46)
Variance: MLE (95% CI) 4.6 (2.2-12.8) 1.6 (0.8-8.4) 2 (0.6-22) 4 (2-14)

S-9 Comparing model fits for California, Florida, New York, and
Texas.

Figures S-11 and S-12 show likelihood surfaces corresponding to model fits in four states: California, Florida,
New York, and Texas using either the Poisson lognormal model (Fig. S-11 and Table S-2), or the negative
binomial model (Fig. S-12). The maximum likelihood values are indicated on the likelihood surface. For
California, Florida, and Texas, the maximum likelihood values corresponding to the Poisson lognormal model
are larger than those corresponding to the negative binomial model by more than 3 log units, indicating
that Poisson lognormal model is significantly better fit to the data that negative binomial model. For New
York, the maximum likelihood values corresponding to the two models were within 3 log units, indicating
that neither model was significantly better fit to NY data over the other.
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Figure S-11: Likelihood surfaces corresponding to Poisson lognormal model fitting for California, Florida,
New York, and Texas. Each panel shows the likelihood surface (in log scale) corresponding to likelihood
estimates using the Poisson lognormal model, when fit to clusters consisting of cases reported within state
boundaries and occurring within 3-year time window in: (i) California (top-right); (ii) Florida (bottom-right);
(iii) New York (top-left); and (iv) Texas (bottom-left). Two model parameters, the mean of the underlying
normal distribution, µ, and the standard deviation of the underlying normal distribution, σ, are plotted on the
x- and the y-axis, respectively. In each panel, the red cross indicates the MLE (along with the log likelihood
estimate in red), the hatched region around it shows the 95% confidence region, and the countour lines show
log likelihood surfaces at various levels of log likelihood values (and the numbers indicate the difference in log
likelihood values from the MLE).
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Figure S-12: Likelihood surfaces corresponding to negative binomial model fitting for California, Florida,
New York, and Texas. Each panel shows the likelihood surface (in log scale) corresponding to likelihood
estimates using the negative binomial model, when fit to clusters consisting of cases reported within state
boundaries and occurring within 3-year time window in: (i) California (top-right); (ii) Florida (bottom-right);
(iii) New York (top-left); and (iv) Texas (bottom-left). Two model parameters, the reproductive number R0,
and the dispersion parameter, k, are plotted on the y- and the x-axis, respectively. In each panel, the red cross
indicates the MLE (along with the log likelihood estimate in red), the hatched region around it shows the 95%
confidence region, and the countour lines show log likelihood surfaces at various levels of log likelihood values
(and the numbers indicate the difference in log likelihood values from the MLE).
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S-10 Comparing model fits in the Netherlands and the United
Kingdom.

Using similar data on cluster size distribution of TB cases from the Netherlands and the United Kingdom,
made available by Brooks-Pollock et al [3], we compared the models fits using Poisson lognormal model
and the negative binomial model. Data and model fits using the Poisson lognormal model are shown in
Figure S-13, and model fits using the negative binomial model are shown in Figure S-14. Our results confirm
the authors’ finding that Poisson lognormal models better fit to these cluster size distributions: likelihood
estimates are larger for Poisson lognormal models for dataset, and the models fits better capture the tail
of the cluster size distributions.
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Figure S-13: Poisson lognormal model fits for the data from the Netherlands and the United Kingdom.
[Top-left] Shown in colored dots are cluster size distribution for the United Kingdom (purple) and the Nether-
lands (yellow); and the colored lines indicate distributions corresponding to the best model fits using the Poisson
lognormal model. [Bottom-left] Shown are the same data and model fits with the vertical axis presented as a
cumulative probability distribution. [Top-right] Shown in contour lines are likelihood surfaces (in log scale) for
models fits on the UK data: two model parameters, the mean of the underlying normal distribution, µ, and the
standard deviation of the underlying normal distribution, σ, are plotted on the x- and the y-axis, respectively.
[Bottom-right] Shown in contour lines are likelihood surfaces (in log scale) for models fits on the Netherlands
data: two model parameters, the mean of the underlying normal distribution, µ, and the standard deviation of
the underlying normal distribution, σ, are plotted on the x- and the y-axis, respectively. In each panel, the red
cross indicates the MLE (along with the log likelihood estimate in red), the hatched region around it shows the
95% confidence region, and the countour lines show log likelihood surfaces at various levels of log likelihood
values (and the numbers indicate the difference in log likelihood values from the MLE). Data presented from
the Netherlands and the United Kingdom are taken from Brooks-Pollock et al [3].
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Figure S-14: Negative binomial model fits for the data from the Netherlands and the United King-
dom. [Top-left] Shown in colored dots are cluster size distribution for the United Kingdom (purple) and the
Netherlands (yellow); and the colored lines indicate distributions corresponding to the best model fits using
the negative binomial model. [Bottom-left] Shown are the same data and model fits with the vertical axis
presented as a cumulative probability distribution. [Top-right] Shown in contour lines are likelihood surfaces
(in log scale) for models fits on the UK data: two model parameters, the reproductive number R0, and the
dispersion parameter, k, are plotted on the y- and the x-axis, respectively. [Bottom-right] Shown in contour
lines are likelihood surfaces (in log scale) for models fits on the Netherlands data: two model parameters, the
reproductive number R0, and the dispersion parameter, k, are plotted on the y- and the x-axis, respectively. In
each panel, the red cross indicates the MLE (along with the log likelihood estimate in red), the hatched region
around it shows the 95% confidence region, and the countour lines show log likelihood surfaces at various levels
of log likelihood values (and the numbers indicate the difference in log likelihood values from the MLE). Data
presented from the Netherlands and the United Kingdom are taken from Brooks-Pollock et al [3].
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