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Abstract

Modeling time-since-last-infection (TSLI) provides a means of formulating epidemiological
models with fewer state variables (or epidemiological classes) and more flexible descriptions of
infectivity after infection and susceptibility after recovery than usual. The model considered here
has two time variables: chronological time (4 and the TSLI (z), and it has only two classes: never
infected (.#) and infected at least once (7). Unlike most age-structured epidemiological models,

in which the 7equation is formulated using (% + %)i(r, 1), ours uses a more general differential
operator. This allows weaker conditions for the infectivity and susceptibility functions, and thus,
is more generally applicable. We reformulate the model as an age dependent population problem
for analysis, so that published results for these types of problems can be applied, including the

existence and regularity of model solutions. We also show how other coupled models having two
types of time variables can be stated as age dependent population problems.
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1. Introduction

In many diseases with temporary immunity to reinfection, the infectivity of infected
individuals and the susceptibility of recovered ones depends on their times since last
infection. Ordinary differential equation systems can model such diseases by adding
multiple state variables. Models structured by time-since-last-infection, considered in [1,2],
can instead reduce the number of variables (or compartments) by using a single time
variable for everyone who has been infected at least once. This approach differs from
models structured by age or age-of-infection (see, e.g., [3-14]. See also the review in [2]).
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The TSLI model considered by Alfaro-Murillo, et al. [2] is a two-dimensional system
including only two variables: .#(r) for the number of never infected people at time ¢ and £z,
7 for the density of those who have been infected at least once, with z representing their
times since last infection. Let D denote the differentiation operator defined as:

£(t+h,t+h)— 7 (z,1)

h—ot

for any function Ahat is defined on a subset of R, x R,. (where R, is the set of non-negative
real numbers) and has its range defined in a Banach space. We show in Section 2.1 how

the operator D{z, 1) is a generalization of the partial derivatives (% + %)f('r, t). The model
reads:

d _ i(v,1) i

E/V(t) = /T(U) 20 do| N (@) — N (1) + pP (1),

0
Di(r.f) = — f T(u)igét’))du k(2)i(z, 1) — pi(z, 1),
S ‘ e (2)
i0.1) = f T(v) ’gj&t’)) || /@) + / k(o)i(r, d|,
0 0

[oe]

N(O0) =Ny, i(r,0) = io(z), P(t)=N(t)+ f i(r,t)dr .
0

There are two time variables in System (2). The first is £ representing chronological time (or
simply time), whereas the second is z, representing the amount of time that has elapsed since
a person’s most recent infection, referred to as time since last infection (TSLI). .#(r) denotes
the total number of individuals in the never-infected class at time tand Az, f) denotes the
density of individuals who have been infected at least once and have TSLI zat time ¢

Thus, the quantity /:121'(1, t)dr is the number of individuals at time fwhose last infection was

between ¢4 and b units of time ago, and 2(¢) denotes the total population at time ¢ The only
parameters considered in the model are the per capita natural death rate (1) and those for

the transmission rate ( 7{z)) and infectivity (k(z)) functions, the latter of which represents a
factor of reduction in the probability of being infected as a function of TSLI.

A solution: of System (2) is a pair of function, (., i) with #:R, — R, being differentiable
and i:R, — L}L([R) being continuous (where L}L is the space of non-negative Lebesgue

integrable functions, see Definition 3), that solve the equations in System (2) for all £= 0 and
almost everywhere (a.e.) for z € (0, o0).

The analysis presented in [2] is for the case when the parameter functions 7{z) and A(z)
satisfy stronger conditions than here so that Az, £ has continuous partial derivatives and
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satisfies a partial differential equation. Specifically, the following system is considered in

[2]:
%/V(t) S / T(u)@du N (@) = uN (@) + uP,
0 o (32)
(a% + %)i(f, = — f T(u)@du k(2)i(r. 1) — pi(r. 1),
0
with conditions:
i(0,1) = f T(u)[(“T;’)du N(@) + / k(2)i(z, dr|,
0 0 N (3)
N(O0) = Ng, i(z,0) = ig(z), where P = J(1) + f i(z,dr .

0

In this paper, we present an analysis of the general model (System (2)) with weaker
conditions on 7and &, under which the solution Az, § may not be have continuous partial
derivatives (see Theorem 4). This may allow the model to have broader applications. The
approach used to study the general model is to formulate the system as an age dependent
population (ADP) problem. We use the term “ADP problem” to refer to a particular model
formulation for age-dependent populations (specified in Section 2), for which theoretical
results are available, including the existence, uniqueness, positivity, and regularity of
solutions. We first introduce another formulation of general model, termed a coupled model,
or a model with two time variables (see Section 2.2). We illustrate how coupled models can
be stated as ADP problems in general, so that all theory developed for ADP problems can be
applied to coupled models.

The paper is organized as follows. In Section 2, we demonstrate the link between ADP
problems and models with two time variables (or coupled models). Properties of solutions
to the generic ADP problem are also discussed in this section, and the results are applied to
the reformulation of the general model as a coupled model. Example reformulations of other

models as coupled models, as well as the relation between D{z, #) and (a—i + %) ¢ (,1),
are also presented. Application of results in Section 2 to the general model is presented in

Section 3, including the existence and regularity of model solutions. Section 4 includes a
discussion of the results.

2. Links between ADP problems and coupled models

In this section, we present solutions to a generic ADP problem and formulate a coupled
model as an ADP problem. Then solution properties of the coupled model are discussed
by applying results for ADP problems. Example reformulations of other models as coupled
models are also presented.
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2.1. The operator D and its relation to a transport equation

Many age-structured epidemic models are stated in terms of a transport partial differential
equation of the form

7] d
(52 + 5] ¢ =102, @
where fis a given function. The 7equation in System (3) is also in this form. Next we
explain why we state the coupled problem in Section 2.3 with the operator D instead.

Classical solutions of a partial differential equation such as Equation (4) are Ct functions
(i.e., have continuous partial derivatives). If Z& Ct, we can show that D{z, § exists and
satisfies

0

Df(r,z)=(g

d
+E)x”(r,t).

Indeed, suppose that # : R, x [0,7) — RZ is a ¢t function in a neighborhood of (z, 3. Let €>
0. There exists 6> 0 such that if 0 < #< &then
‘% ¢t - 2 L”(r,t)‘ <&

£(t+h)— (@t 0

€
7 En ? (z, l)‘ < 3

and a—"r ¢ (z.t + h) exists. Given any such /> 0, there exists #” > 0 such that

|[£ c+ht+h) £(c+h',14+h)]
h

<£
i

|[£(z+h,t+h)= £ (z,t+h) 0
%

€
Ef(‘r,t+h) <3

|f('r,t+h)_f(r,t+h)|<£
| n h | =5

Therefore,
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|€ (t+h,t+h) = £ (z,1)

(if( t)+%f(r,t))‘

h
;K(T+Zt+h) f(r+h’t+h)| If(r,t+h)—f(r,t)_gf(m)‘
f(r+h’t+h)—f(rz+h) af(1t+h)‘ |£(rr+h) f(r,;l+h)|

Ef(r,t+h)—ﬁf(r,t)‘
<€,

for any 0 < /1< 6. It follows that D{z, #) exists and is equal to (— + ) ¢ (z,1). Therefore,

any solution to a transport equation such as Equation (4) will also be a solution to the same
equation with the operator D.

The solution function Az, 4 can be C! if adequate conditions are imposed on 7and k (see
Theorem 4). However under weaker conditions on 7 and & we can obtain solutions for /
that are not Ct and still get information about the number of infected individuals with TSLI

between ¢4 and w, as ﬁ?i(r, f)dr does not change if the 7 function has different values on a
set with measure zero in z. As we do not want to impose extra conditions for 7and kto
leave the application of the general model as broad as possible, we will consider the general

operator D and solution functions /to be a continuous Z1-valued function with domain in [0,
o), that is, for each non-negative tthe function A, 3 defined as ¢+ Az, #) is L1.

2.2. The generic ADP problem

We define an ADP problem as described in [15, Chapter 1]. An ADP problem is described
by the following three equations:

D?Z(z,t) =G(Z (-,1)(7), (5a)
£0,6)=F(Z(-,1), (5b)
2 (7,0) = ¢(1), (5¢)

with G: 11— (1 F:L' — R" and ¢ € L. In ADP problems Equations (5a), (5b) and (5c)
are termed the Balance Law, the Birth Law, and the initial condition, respectively.

For ease of presentation, we introduce the following definition:

Definition 1. For 7 > 0, let L; = %([0, 71; Ll) be the Banach space of continuous £1-valued
functions on [0, 7] with the norm:

I Ny =0<81;p<t_|| o,

where 7 € L;.
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In a natural way, an element of L; can be identified with an element of Ll((O, ) X (0,7); R")
[15, Lemma 2.1], which allows us to use the same symbol for both; i.e.,

()= (-, )= ¢ (1,1),

where0 <r<f,and a.e. > 0.

Definition 2. Let7 > 0. Let F: L' = R", G: L1 — 1, and ¢ € L1. We say that a function
¢ € Ly is a solution of the ADP problem for the initial distribution ¢ on [0, 7] provided that /

satisfies the equations in System (5) for all ¢ € [0,7] and a.e. for 7 € (0, 00).

If we assume that 4s a solution of the ADP problem on [0, 7] and ¢ € R, then we can define
a “cohort function”:

we(t)y= ¢ (t+c,t)

for every t. <t <, where .= max{—c¢, 0}. Using Equation (5a), we can show that the right
derivative of this function exists and satisfies

we(t + h) — w(1)

wit+)= lim A =G(Z (-, D))t +0) (6)

h—0T
a.e. for t € (1..7). If Gis Lipschitz on norm-balls of £1, the function G(£-, §)(z) is integrable
as a function from (0, o) x (0,7) to R” [15, Lemma 2.2], and so w(t + ) is also integrable in
[0, 7]. Therefore, we have that any function of the form,

t
t— C+ /wé(s+)ds,

I

has a derivative equal to w( +) a.e. t € (¢, 7) [16, Chapter 5, Theorem 10]. So, we can
integrate Equation (6) and obtain

t
wc(t—f)+/ G(Z(-,9))(s+c)ds a.e. 7€ (0,1),
WC(T)Z t—1

1
wC(O)+AG(f(-,s))(s+c)ds a.e. 7€ (t,00).

Substituting ¢= £ - ¢ and using Equation (5b), we obtain the integral equation:
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t
F(f(-,t—r))+f G(¢(-,s)s+T1—ndsa.e.7e(0,0),
t—71

Z(z,t) = . U]
¢(r—t)+/G(f(-,s))(s+r—t)ds a.e. 7€ (t,0).
0

In conclusion, if Gis Lipschitz on norm-balls of L1, every solution of the ADP problem
satisfies Equation (7). Clearly, not every solution of Equation (7) is a solution of the ADP
problem, because the function An Equation (7) need not be differentiable in the sense of
the operator D. The converse is true under certain conditions (see Theorem 2.9 in [15] and
Theorem 2.3 in [17]), a fact that we will use later.

If both functions Fand G are Lipschitz on norm-balls of £1, then a function Aatisfies
Equation (7), for ¢ € [0,7], if and only if As a mild solution of the ADP problem (See
Theorem 2.2 in [15]) according to Definitions 4-6 in the Appendix.

We define an equilibrium solution for the ADP problem in Definition 7 of the Appendix. A
very important result in the theory of ADP problems is that, if F: L} — R and G: L} — L!

are Lipschitz on norm-balls of L1 and there exists a function ¢; that satisfies (ii) in the proof
of part (c) for Proposition 2, then ¢ is an equilibrium solution of the ADP problem if and
only if ¢ is absolutely continuous with the properties that ¢" € L1, ¢" = G(¢), and #(0) =
H¢) [15, Proposition 4.1]. We will make use of this result later.

2.3. General formulation of coupled models

In this section, we focus on models consisting of both equations that depend only on time
tand variables that depend on both time #and z (System (2) is an example). For ease of
reference, we refer to this type of model as a coupled model. Several other examples are
provided in Section 2.6. A general formulation for such a system is given below.

Let X(9 denote the vector of functions that depend only on ¢ and let )(z, £ denote the vector
of functions that depend on both fand z. The general coupled model has the following form:

BED = FuX 0,7, 0) + MyX O, (-, )X ), o
Dy(z,1) = G(X(®), y(-,1))(7),
with boundary and initial conditions
y(oat) :Fy(X(t)9y(st))s X(O) :XO, y(,o):d)y, (Sb)

where Fy:R” x L'(R¥) - R™, M:R" x L'(R¥) — B(R",R"), G,:R" x L'(R") - L!(R"),
Fy:R™x L'(R¥) - R¥, Xg € R" and ¢, € L'(R¥). The operator D is defined in Equation

).
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A solution to System (8) is a set of functions X(# and [z, §) that satisfy the equations for
time 7 € [0,7] for some 7 > 0 and a.e. for ¢ € (0, ©0). An equilibrium of the system is a
solution that is constant on time £

2.4. From coupled models to ADP problems and solution properties

We can reformulate the coupled model (System (8)) as an ADP problem described in System
(5) by defining the functions F:L'(R™**) - R™**and G: L'(R" *¥) — L'(R" * ¥} as

Fx(/ood)x(f)dfs d)y)
Lo
g Fy( A dr(2)dr, ¢y)
® Mx(/ ¢x(v)do, ¢y)¢x(7)
G( x)(r)— 0 (9b)
by

Gy(A dx(v)dv, d’y)(f)

) with ¢, € Ll(Rm) and /y° dx(2)dz = X.

bx

where ¢ =
’ (¢y

Let 70 and 7(-A) denote the projection functions in Definition 8 of the Appendix. Then the
following result holds:

Theorem 1. Consider System (8) as an ADP problem (System (5)) with F and G being
defined as in System (9). Assume that F and G are Lipschitz on norm-balls of LL. If the ADP
problem has a solution ¢ € L; for the functions F and G and the initial condition ¢, then

System (8) has a solution X(9), \(z, §) fort € [0,7] and a.e. for ¢ € (0, ), given by

o0

/

0

X =2M| | ¢@, t)dr) and y(-, =20, 1).

Proof. Let 7 > 0 such that # e Ly is a solution of the ADP problem on [0, 7] for the functions
£, Gand the initial condition ¢. Define

(o]
X(t) = ;z(’")( / ¢ (z, t)dr] and y(-,0 ="Kz ,n).
0

Applying 7{™ to Equation (5c), we have

M (2,0)) = dy(2);
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integrating, we obtain Equation (8b). Applying {4 to Equation (5a) and using the
definition of G in Equation (9b), we obtain the )z, § in Equation (8a). In the same way,
from Equation (5b) and the definition of ~in Equation (9a), we obtain the }(0, # in Equation
(8b). Also, applying ("% to Equation (5c) yields the (-, 0) in Equation (8b).

It remains to show that X satisfies Equation (8a). Notice that

[ee]

F(K’(-,t))+/G(f(~,t))(r)dr
0

a(m) = Fx(X(0),¥(-,0)) + Mx(X(1), (- ,0)X(1).

Thus, it suffices to show that

% X(t) = 2m)

©
F(f(~,t))+/G(L”(~,I))(T)dr).
0

Recall from Section 2.2 that, if Fand G are Lipschitz on norm-balls of £1, a solution of the
ADP problem is also a mild solution of the ADP problem. Hence, if /> 0, then

=YX @+ h) = X)) = (M)

[
F(f(-,t))+/G(f(-,t))(r)d‘r]
0

o0 o0 o0
= |p~ Lz(m) f ¢ (z,t + hydr — / f(‘r,t)d‘r]—zr(m) F(Z(-,0)— / G(f(-,t))(f)d‘r]
0 0 0
h
< h_ln(m)/f(r,t+h)—F(f(-,t))dr]
0
o0
+ n(m)(/h_l[f(r+h,t+h)— f(r,t)]—G(f(~,t))(r)dr]
0

h
sh_1/|f(r,t+h)—F(f(~,t))|dr+Aw|h_l[f(r+h,t+h)— £ (2,0 - G(£ (- .0)0)|dz,
f

which tends to zero as #— 0% by the limit equations in Definition 4 of the Appendix. This
shows that the right derivative of Xexists and is equal to

e

F(f(',t))+/G(f(-,t))(r)df) fort € [0,7].
0

7(m)

For the left derivative, let #> 0. Using similar estimates as for the right derivative, we obtain
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X - Xt = b)) - 2m

o
F(f(-,t))+/G(f(«,t))(T)dT]

0
h
< h_lf ¢ (0, 0dr - F(£ (- ,1)
b
(o] [e0] o0
+ |1 f f(r,t)dr—f ¢ (0,1 — hydr —‘/‘G(f(gt))(r)drA
/4 b 0

The first factor in the last sum goes to zero as #— 0 by the Fundamental Theorem of
Calculus and the fact that 4s a solution of the ADP problem (in particular Equation (5b)):

h

lim h_lff(r,t)drz 20,0 =F(¢(-,1).
h—0t §

For the second factor, recall that, if Fand G are Lipschitz on norm-balls of £1, then 4s

a mild solution of the ADP problem if and only if it satisfies the integral equation of the
problem, Equation (7) [15, Theorem 2.2]. Using Equation (7), forany 0 < A< min {z, &, we
have

£(t,0)— £ (t—ht—h)= f G(¢(-,9))(s + 1 —1)ds,
t=h

and for < ¢t
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o0 o0 o0
pl / f(T,t)dT—f ¢ (r,t — h)dr —/G(f(»,t))(r)dr
h 0 0
o0 o0
=|n~! / £ (nt)— f(r—h,t—h)dr\—/G(f(-,t))(r)dr
4 0
(o] t (o]
=[] / /G(f(~,s))(s+r—t)dsdf —fG(f(~,t))(r)dr
hotZn 0
00 t
=| [ n! /G(f(~,s))(s+r+h—t)—G(zf’(‘,t))(r)dsdr
t=h

t
1 /(G(f(-,s))(s+r+h—t)—G(f(~,t))(‘r))ds

h™ dr

IN

/
[

—h

t (o]
<h" -1 //|G(f(~,s))(s+‘r+h—t)—G(f(-,t))(s+r+h—t)|drds

—-h0

t oo
+h™ - /f|G(f('J))(S+T+h—f)—G(f(-,l))(r)|drds

-h0
< sup NGz ,sN-GC,n)l + sup fIG(f(-,t))(S+T+h—t)—G(f(-,t))(f)ldf
t—h<s<t t—hSSSTO

In the last inequality, the first factor in the sum tends to zero as #— 0* because the
function t— G(£, ) is continuous [15, Lemma 2.2]. The second factor tends to zero by the
continuity of the translation in £1. 0

2.5. Equilibrium solutions of the coupled model and ADP problem

For any coupled model where Theorem 1 can be applied, an equilibrium solution of the
respective ADP problem translates into an equilibrium solution of the coupled model by
applying the projection 7{ and integrating to obtain the equilibrium for X or applying
the projection 7{~4) to obtain the equilibrium for y. In some cases, those are the only
equilibrium solutions of the coupled model, as stated in the following theorem.

Theorem 2. Consider System (8) as an ADP problem (System (5)) by letting F and G be as
defined in System (9). Assume that F and G are Lipschitz on norm-balls of L1. If the ADP
problem has an equilibrium solution ¢, then

o]
/ P(r)dz|,
0

Xg = 2(m py(0) = 2L~ Bg(r))

is an equilibrium solution of the System (8).

Conversely, suppose that Xo, ¢, Is an equilibrium solution of System (8) such that
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i ¢y is absolutely continuous,
i.  gpeLl and
iii.  all eigenvalues of M( Xy, ¢,) have negative real parts.

Then,

Mx(Xo, ‘f’y)TFx(Xo, dy)
by(1)

é(1) =

is an equilibrium solution of the ADP problem.

Proof. Under the assumptions of the theorem, if the ADP problem has an equilibrium
solution ¢, then we can apply Theorem 1 to obtain a solution of the coupled model (System
(8)). Because the equilibrium solution of the ADP problem does not depend on ¢ neither will
the solution of the coupled model.

On the other hand, let (X, ¢,) be an equilibrium solution of the coupled model (System (8))
that satisfies (i), (ii) and (iii). Define

#(x) = (¢x(r)] = (eMX(XO’ ¢y)TFx(XO, y) .

by(?) b)(7)
Then

7
/ bx(D)dr = (My(X0, ¢y)) LeMy(Xo. dy)7 Fy(X0, by) = (Mx(X0. by))~ ! Fy(X0. ¢y)-
0

The inverse (M (X, ¢y))_1 exists because we are assuming that all eigenvalues of the matrix
M\ (X, ¢,) have negative real parts. Moreover, if all eigenvalues of a square matrix A have
negative real parts, then lim, _, ,,e4%xy = 0 for any vector xy of the same dimension as A [18,

Chapter 1, Theorem 2]. Thus,

o0
f bx(v)dr = — (Mx(X0, by))~ : Fx(Xo, by).
0

By Equation (8a) and the fact that, if (X, ¢)) is an equilibrium solution of the coupled
model, then it satisfies X (# = 0, we have

~(M(X0. )™ Fx(X0.8) = Xo.

Hence, /5~ dx(2)dz = X.
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From the definition of g and the fact that ¢, is absolutely continuous, ¢ is absolutely
continuous. Moreover,

dx(x) = Mx(X0, by)x(v),

s0 ¢ € L'. Also, from the assumption that g, € L1, we have that ¢ € L.

Now we can show that ¢ is indeed a solution of the ADP problem:

Fy(X0, ¢ Fy(Xo. ¢
gy < |08 _[FxX0dy))
¢y(0) Fy(X0. ¢y)
and
M(X0, )by (D)
D¢(r)=¢’<f>=( A ; IO _ G,
d)y(T)

where Fand Gare as in System (9). O

Other examples of coupled models

Example 1. Brauer, et al. [4] studied a model of cholera that has three epidemiological
classes: susceptible individuals (S(), only dependent on time), infected individuals (/¢ ),
structured by time since infection), and contaminated water (o(Z, -), structured by the time
that the pathogen has been in the water). Let

X0 = S() (-z)—(i("’))
T U= )

Then the functions corresponding to those in System (8) are:

Fx(X(®),y(-,0) = A,

o0
My(X(®),y(-, )= —pu— / (Bak(z)  Pig(m)y( -, tdx,
0

o(r) 0

0 5(7)))/( 1),

Gy(X(®),y(-,0)0) = = (
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Pak(t) Piq(r)

dr,
&) 0 )y(T N

oo
Fy(X(@,y(-,0) = X(t)/(
0

with the initial conditions:

io
X0=350, ¢y= )

Example 2. Bhattacharya and Adler [19] describe an SIRS model in which the susceptible
S() and infected /(9 classes depend only on time, whereas the recovered class A(, 9 is
structured by time since recovery. Their model can be formulated in the form of System (8).
Let

S@)

0=

), ye-. ) =R(-,1).

The corresponding functions are

(e o]

,Hd
Fy(X®),y(-.10) = ()//’(T)Y(T )T’

0

—Bmy(X(®) 0
My(X(@®),y(-.0) = :

Pmy(X (@) —v
Gy(X(@), y(-,0)(z) = — p(D)y(z, 1),

Fy(X@®), y(- 1) = ym(X(1)),

where r, is the projection defined as {(x1, X, ..., X;) = X;, with the initial conditions

S0

Xo= ,
0 Io

by=0.

Example 3. Magal and McCluskey [20] describe a two-group SIR model in which there are
two susceptible classes (S; and S,) and two recovered classes (/7 and /%) that depend only
on time, and two infected classes (/1(-, §) and (-, §) that are structured by the time since
infection. Their model can be formulated in the form of System (8) by letting
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The corresponding functions are

(o]
A—12(x1) e f B(0)y(z, ydr
0
Fy(X(@®), y(-,1) =

)
/ M(7)y(z, t)dr
0

DO]

My (X(@0),y(- 1) = —(0 D

Gy(X(@0),y(-.D)(z) = — (M(7) + D)y(z,1),

e (e

Fy(X,y(- 1) = 2O (X(0) » / B@y(r,ndz / M@y, ndr,
0 0

where « represents the dot product of vectors, 7(?) is the projection defined as

alM(xq, x7, +++, Xp) = (X1, X2, . Xy

with 0 < m < n, and with the notation

e 4 e 0 p)
=l P75 e o )
mi(r) 0 d; 0
M(T)_( 0 mz(f)) =(0 dz)'
The initial conditions are
S0
X0 = A ¢ =
0 Ry y = iQ

J Differ Equ. Author manuscript; available in PMC 2022 August 02.

Page 15



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnuep Joyiny

Alfaro-Murillo et al. Page 16

3. Solution properties of the general model

We first simplify the general model (System (2)) by showing that the total population size
2(t) remains constant for all £= 0 and then analyze it by reformulating it as a coupled
model.

3.1. Simplification of the general model

Let Nge Ry and ip L}F(R) be such that N+ /5 io(z)dz > 0. A solution of the
general model (System (2)) is a pair of functions, #(1): R, — R, differentiable and

i(+,1):Ry — L}r([R) continuous, that solve the equations in System (8a) for all >0 and
a.e. for € (0, 00).

o0
Assumption 1. Let 7, k:R; — R, be bounded functions such that [/ T(z)dr > 0 and
0

o]

i /T(T)d‘t’ < 00 or

0 (10)

iilk(r)=0a.efort>0.

Proposition 1. Let T, k satisfy Assumption 1. For any solution (/' (), [z, 9)) of System (2),
the total population remains constant; i.e., (t) = P, where

(e ]

P= Ny+ /io(T)dT. (11)
0

Proof. Suppose that (., /) is a solution of System (2). To simplify the notation, define

[e0]

_ i(v,1)
B(t) = /T(U) @) dv
0

and w{) = {t+ ¢, 1 forany c € R and ¢= ¢, where f.= max {-¢, 0}. Note that

o welt + ) = we() . it+e+ht+h) —it+c1)
im ———— = lim

" h . h
h—0 h—0
=Di(t+c,1)
= — BOK( + Owt) — prog(r) .
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Thus, the right derivative of wj(r + ) exists a.e. From Assumption 1, we know that
[o0]

BOk(t + ¢ is either bounded by [ T(r)dr x sup,{k(r)} or is zero a.e. Therefore, wy(r +) is
0

integrable in [0, 7] for any 7 > 0, whenever w(2) is integral in [0, 7]. Because i:R; — L}L(R)
is continuous, this is the case for any 7 > 0. so, we can integrate w(z + ) to obtain that w,
satisfies a.e. the integral equation:

t
wet) = — /[gé’(s)k(s + Qwe(s) + pwe(s)]ds + welte);

I

that is,

t

we(0) — f[%(s)k(s + wels) + pwe(s)lds  ifc >0,
0
we(t) = ,
we( —¢) — /[%(s)k(s + Qwe(s) + pwe(s)]ds if ¢ < 0.
0

Letting == £+ cand using the /0, & and Az, 0) equations in System (2), we obtain:

t
i(z,t) =ig(r —1) — f[&?(s)k(r —t+98)i(t—t+s,5)+ pi(r—t+s,s)ds,
0

a.e. for t< t and

00
N —-71)+ f k(v)i(v,t — t)dv
0

i(t,t) = Bt —1)

t
- f [B(Hk(t —t+ 8)i(t—t+s,5)+ pi(t —t + s, 5)]ds,

t—1

a.e. for > ¢ Integrating, we have
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o] o]

t
/i(r, tydr = f%(t — )Nt —1)+ /k(v)i(v, t—1)dvldr
0

0 0
t

t
- / f [B(s)k(r —t+ s5)i(tr —t+s,5)+ ui(t —t + s,5)]dsdr
t—7

0
+ /io(r— tdr
t
o f
- / [B(s)k(z—t+s)i(r—t+s,5)+ ui(t —t+s,s)]dsdr.
t 0

Page 18

(12)

Changing the limits of integration and making the change of variable v = z - ¢+ syields

t t

/ / [B(s)k(z —t+ s)i(z—t+s,5)+ ui(r —t + s, 5)]dsdr
0 t—1

t s
= //[%’(v)k(v)i(v, s) + ui(v, s)ldv ds,
0 o
and
oo 1
/ ‘/[%(s)k(r —t+98)i(t—t+s,5)+ pi(zr—t+s,s)]dsdr
t 0

tr o
= // [B(v)k(v)i(v, s) + pi(v, s)]dv ds .
0

N

Using s= ¢- tand v = t - tin the other two integrals of Equation (12), we get

0o t t 00
/i(r, tydr = /%(s)/l/(s)ds - u/ [l iC-,8) || ds + /i()(l.))dl).
0 0 0 0

Integrating the .4 equation in System (2), we obtain
t t
N()= — /%(s)./V(s)ds+u/ [liC-,s) || ds+ Ng.
0 0

Finally, adding Equation (13) and Equation (14), we complete the proof. 0
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3.2. The general model as an ADP problem

Proposition 1 allows us to reduce System (2) to the following simpler system (i.e., replacing
the function 9(r) by the constant A):

%./V(t) - - / T(u)@du HE) — uN (&) + P,
0 3
Di(zr,t) = — /T(U)@dv k(7)i(z,t) — ui(z, 1),
0 |
o0 . © (15)
i(0,1) = /T(U)@du N+ /k(r)i(r, tydr|,
0 0
H(0) = No, i(7,0) = iy(7),
P = Ny+ /iO(T)dT.
0

We can then rewrite System (15) as a coupled model as in System (8), which can be studied
as an ADP problem. Let

F (X ¢y) = ,uX+,uf Py(r)dr,

0
M(X, ¢y) = fT — U,
0

o (16)
G\(X. ¢y) = f T(z )d’( D g t|k(2)y(z, 1) — pupy(o),
0
r ¢y<) r
F\(X.py) = | [ T@)=5=dz||[X + [ k(Dy(D)d7|,
0 0

with Xp = A, ¢y = Iy
For ease of presentation, we introduce the following notation and functions:

i. F0r0<t_500andd)€Ll((O,t_),Rz), let

Pt =rio0, P =mod,

where my, mp are the projections to the first and second entries as in Definition 8.
Thus, ¢7and ¢/ are the never-infected part of ¢ and the infected-at-least-once part
of ¢, respectively.

ii. Let #: L' — R denote the function
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F(p) = / T(T)@dr. a7
0

iii.  Letw:L!' - R denote the weighted function

[o0]

W ($) = f [¢"(@) + k(D' ()] dz (18)
0
iv. Let %: L' — R denote the non-weighted function

[o0]

W ($) = f |¢"@ + ¢'(D)]dz. (19)
0

Notice that 7'(¢) = || ¢ || if ¢ € L1.

Let
p f [¢"(@) + ¢'()|d=
n
A
@' -~ i r . (20a)
/ T(u)@du f [¢"(1)+k(1)¢‘(1)]dr
0 0
=( W () )
FOW )
- f ()P dv|¢" () - " (0)
d? =] "
¢1 o0 [ . .
- f T &2 do|k()¢' () ~ ' (2) o
0

_ ( ~F($)¢"(@) - ug" (@) )

—F(P)S()P'(r) — ug'(2)
Using the Fand G functions defined in System (20), we can translate System (15) into
an ADP problem (see System (5) and System (9)). Thus, to apply the results in Section

2 to describe solution properties of System (15), we focus in the following section on the
properties of the functions Fand G given in System (20).
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3.3. Basic results for the ADP version of the general model

For ease of presentation, we state in this section some preliminary results that we will use in
the next section to obtain our main results.

Proposition 2. Let P> 0, u=0, and T, k:R . — R, be bounded. The following results hold:

a. The functions &, W and W defined in Equations (17)—(19) are bounded linear
operators. Moreover,

sup,T(7)}

17 llop <—

Il 7 ||0p < sup
T

k(T)], (/4 ||0p =1

b. If$ € L1, then there exists0 < 7 < oo and ¢ € L; such that /is the unigue mild
solution of the ADP problem on [0, t] for the functions F, G given in System
(20) and the initial distribution §.

c. Ifp L}L then the mild solution £of the ADP problem on [0, ] for the function
F, G given in System(20), the initial distribution ¢ and't y Is as in Definition 5,
has the property that ¢ (- ,1) € L} foro <t < iy,

The proof can be found in Appendix B.1.

Proposition 3. Let P> 0, =0, and let T, k:R, — R be bounded, and ¢ € L. Let lbe
the mild solution of the ADP problem on [0, 1) for the functions F, G given in System (20)
and the initial condition ¢, wheret g is as in Definition 5. Thenw (¢ (- ,v)) Is constant for all

0 <t <ty Additionally, if$ € L}r, then\l&-, o I = gl forallo <t < 1 -
The proof can be found in Appendix B.2.

Proposition 4. Let P> 0, 4> 0, T, k:R, — R, be bounded, and ¢ € L} Let /be the mild
solution of the ADP problem on [0, 1 ) for the functions F, G given in System (20) and the
initial condition ¢, wheret y Is as in Definition 5. Thent y = .

The proof can be found in Appendix B.3.

3.4. Existence and regularity of the model solution

Based on the results stated in the previous section, we describe the properties of the
solutions to the general model (System (15)). Definitions for some of the terms can be
found in Appendix A. For example, a function being globally Lipschitz (Definition 9) and
F-differentiable (Definition 10).

Proposition 5. Let P> 0, u=0. Let T:R, — R, be a bounded function, and letk: R, — R,
be a bounded globally Lipschitz function. Let ¢ € L}r be a continuous function such that

#(0) = A$). Then there exists a unique continuous function ¢ :R,. — L. that is the solution
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of the ADP problem for the functions F and G given in System (20) and the initial condition
é.

The proof can be found in Appendix B.4.

The results described in Proposition 5 can be translated back to our original problem to
obtain the first theorem of existence (and regularity) of solutions:

Theorem 3. Letu=0. LetT:R, — R, be a function and k:R, — R, a globally Lipschitz
function satisfying Assumption 1. Let No > 0 and letiy: R — R, be a continuous function

such thatiy e LY and
[o4]

ig(0) = /T(U)%dv N0+/k(r)i0(r)d1 . (21)
4 N0+f0 ip(7)dt 4

Then there exists a differentiable function v : R, — R, and a continuous function

i:R, — LL(R) that solve System(15).

Proof. Let ¢" be any continuous function from R, to R, such that

(o0
¢™(0) = uP, f ¢"(z)dr = No.
0

Because we showed in Proposition 2 that ~#and G given in System (20) are Lipschitz on
norm-balls of L1, we can use Theorem 1 to translate results of a solution of the ADP
problem for the functions Fand G and initial condition

¢n
i

to results for solutions of the System (15), and by Proposition 1, of the general model
(System (2)).

=

The first result is existence of a solution. We know that ¢ € LJ‘r is continuous, and by the
definition of ¢ and Equation (21), we have

uP
3" 0)
in(0)

$(0) =( =F(¢).

9(¢)[N0+'/O‘ook(r)i0(1)dr]

So, given the hypothesis of Proposition 5, we can conclude that there is a solution for
System (15). Moreover, this solution is defined for all r € R, and satisfies
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00
N(t) = n][/ 7 (t, t)dr),

0
i(r,0) = m( £ (z,1))

where 4s the solution of the ADP problem. O

By Part (c) of Proposition 2, # (-, e LL forallr e Ry, so #(t) > 0and i(-.1) € L} as

required. O

This result is not very restrictive in the conditions imposed on the initial distribution.
We only require it to be continuous, £ and to satisfy the non-local boundary condition.

However, we are imposing an additional restriction on the susceptibility function, & namely
for it to be globally Lipschitz. We can dispense with this so long as we impose a stronger

condition on the initial distribution. Our regularity results will then be stronger for the

solution of the ADP problem. For this, we first need to show that our functions Fand G are

continuously F-differentiable.

Proposition 6. Let P> 0, u=0. Let T, k:Ry — R, be bounded functions. Then

1.

Proposition 7. Let P> 0, 4= 0, and let T, k:R, — R, be bounded. Let ¢ € L. be absolutely
continuous such that ¢’ € L and ¢(0) = Rg) Then there exists a unique solution, £ of the

The function F: L' — R* defined by Equation (20a) is a continuously F-
differentiable function relative to L1. Its F-derivative is given by

/ u(b)
F'(¢0)(¢) = (g(d)O)W(qa) +F (¢)"W(¢o)] ’

The function G : LY — L Ldefined by Equation (20b) is a continuously F-
differentiable function relative to L . Its F-derivative is given by

F(p0)p" (@) + F(D)p) (@) + up™ ()

G' (o)1) = — . . .
F(d0)k(D)p' (1) + F(Gk(D)P)(7) + udp*(v)

The proof can be found in Appendix B.5.

ADP problem for the F, G given in System (20) and the initial condition ¢, such that

a.

b.

&, b is absolutely continuous for any't € R,

Foreveryt e R, the function tv— £, ) is differentiable and its derivative is in

ELl.

The function t— £-, 1) is continuously differentiable from R, to L1,
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d. lalso satisﬁes(a% + %) ¢ (z,1)=G( ¢ (-,0)x) foreveryt e Ry and a.e. for t €
(0, o).
The proof can be found in Appendix B.6.

Finally, we can translate this into a result for the general model (System (2)), as stated
below:

Theorem 4. Letu=0. Let T, k:R — R, be functions that satisfy Assumption 1. Let Ny >

0, and let iy: R, — R an absolutely continuous function such thatiy € L., iy e L' and

(e o]

io(v)
/ T(U)Tdv
h No+ Jo io(r)dr

(e o]

in(0) = No+ / k(Dig(r)dr
0

Then there exist a continuously differentiable function v R — R, and a continuous
function i:R,. — LY(R) that solve System (2). Moreover,K-, b is absolutely continuous for
anyt € Ry and

D(i(r, 1) = (a—a‘r + %)i(r, 1)

foreveryt e Ry and a.e. for T € (0, o)

Proof. Let ¢, € L}L be any the absolutely continuous function such that ¢, € L', #0)=uP
and /y° ¢y(z)dr = Ny. As in the proof of Theorem 3, the result follows by applying Theorem
1 and Proposition 7. O

4. Discussion

We present a novel approach for epidemiological models by using two time variables,
chronological time ¢and time-since-last infection (TSLI). One advantage of this approach

is that fewer state variables are needed; in the general model (System (2)) considered, there
are only two: #(¢), the number of never infected people at time ¢ and Az, 9, the density of
people at time fwho were infected at least once with their last infections occurring z units of
time ago.

In most models with age-of-infection z, the infected state variable, such as fz, £, denotes

the density of those who are either latently infected or infectious, and the equation is written
0
ot

parameter functions (e.g., 7{7), A(z) and Jjo( 7)) for the solution Az, # to be in CL. In our
model, individuals in the £z, §) class include not only latently infected and infectious, but
also recovered, who may or may not have immunity; i.e., everyone except those who have
never been infected. In addition, the equation for Az, ) is described using the differential

using partial derivatives, ( + %)i(r, 7). This requires stronger conditions on the model
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operator D, which allows weaker conditions on the parameter functions. We show that if /€
. a ., 9\,
C! then Di(z, 1) = (E + E)I(T, 1.

To analyze the existence and regularity of solutions to the general model (System (2)), we
apply published results for ADP problems, a term that refers to age-dependent populations
as specified in Section 2.2 (see, e.g., [15,17]). For ease of framing the general model
(System (2)) as an ADP problem, we first reformulate it as a coupled model as shown

in Section 2.3. We also reformulate several published models to illustrate how readily age-
structured models can be formulated as coupled models (see Section 2.6). In turn, coupled
models can be formulated as ADP problems (System (5)), in which case results for those
problems can be applied.

The general model (System (2)) can be used to study the dynamics of transmission and
control of many infectious diseases. The special feature of the class Az, 7, together

with the parameter functions 7{z) and ( z) for infectivity and susceptibility based on

TSLI, permits multiple scenarios, including: (i) complete immunity from natural infections
(k(7) = 0); (ii) partial or temporary immunity from infections (0 < A(z) < 1); and (iii)
enhanced susceptibility due to infections (sup A(z) > 1). For example, one might make the
following assumptions on 7-and &: (i) there exists a finite period during which individuals
are infectious; (ii) immunity eventually wanes (i.e., kincreases); and (iii) once-infected
individuals become as susceptible as they ever would be. In other words, there exists 7y and
7y With 0 < 1y < 71 such that 7{z) = 0 for 7> g, k(7) = 0 for < 7y, and A(z) = sup kfor z>
7. Applications of the general model (System (2)) under these conditions to study diseases
such as tuberculosis and influenza will be presented elsewhere.
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Appendix A.: Definitions

This appendix includes definitions and terminology mentioned in the main text.
Definition 3. L} = Li(R") = {¢ € L':¢(r) e R} a.c. 7> 0}.
Definition 4. Leti > 0,¢ € L;, F:L' > R", G: L1 — [1 and ¢ € L1 We say that 4s a mild

solution of the ADP problem on [0, 7] for the initial distribution ¢ provided that atisfies:

lim f |h_1[ £(c+ht+h)— £ (2,0 -G£ (- ,t))(r)\dr =0, (A1)
h—0tY

h

lim h‘1/|f(r,t+h)—F(zf’(-,t))|dr=0, (A2)
h—ot ¥

J Differ Equ. Author manuscript; available in PMC 2022 August 02.



1duosnue Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Alfaro-Murillo et al.

Page 26

and

(-,00=¢, 0<r<r. (A3)
Definition 5. For 0 < 7 < o0, we say that 4s the solution (respectively mild solution) of the
ADP problem on [0, 7) for the initial distribution ¢, provided that, for all 7 < 7, /estricted to

[0, 7] is the solution (respectively mild solution) of the ADP problem on [0, 7] for the initial
condition ¢ restricted to [0, 7].

Definition 6. If there exists a mild solution of the ADP problem on [0, 7] for some 7 > 0, we
denote by 74, the maximal 7 > 0, such that there exists a mild solution of the ADP problem

in [0, 7).

Definition 7. Given ¢ € L1, F: L'(R") —» R" and G: L(R") — L'(R"), we define an
equilibrium solution of the ADP problem for the functions £~ G and initial condition ¢

as a solution of the ADP problem for the same functions on [0, o) such that £, 1) = ¢ for all
t=0.

Definition 8. We define the projection function to the /th entry z;:R" — R as

Ti(X 15 ey Xp) = X3

for m e N, 0 < m< n, the projection to the first mentries z(m:R" — R™ as

21, x) = (X e X

and, for k € N, 0 < k< n, the projection to the last kentries z(~%):R" — R¥ as

S CSTE A E Y C NS R B

Definition 9. Let X'and Ybe normed spaces with norms II-Il yyand II-1l y; respectively, and let
Z:X — Y. We say that & is Lipschitz on norm-balls of Xif, for all r> 0, there exists (/) >
0 such that

17 (x1) = Z()lly < ct||x1 = x2| x
for all xq, o € X'such that llxll x, Xl x < r. If ((£) can be chosen to be the same constant for
all r>0, then 2 is said to be globally Lipschitz.

Definition 10. Let X'and Y be normed spaces with norms II-ll yyand II-ll'y; respectively, and
let DC X We say that #: D — Y is F-differentiable relative to D at xy € Dif there exists
' (xp) € B(X,Y), such that, given any e > 0, there exists 6> 0 such that, if x€ Dand llx—

Xoll x < 6, then
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1 (x) = 7 (x0) — #'(x0)(x — x0)ly < €]|x = X0 x -

7 is said to be continuously F-differentiable relative to Don A C Dif it is F-differentiable
relative to D at each x € A and if the map x — #'(x) is continuous from Ato B( X, Y). #'(x)
is called the F-derivative of 7 at x.

Appendix B.: Proofs

B.1.

Proof of Proposition 2
Proof. To simplify notation, let 7 = sup,{T(r)} and k = sup,{k(r)}

Part (a). The linearity follows by the definition of the functions and fact that integration is a
linear operator.

For ¢ € L, we have IF(®)| < [5°T@|¢°@)|/Pdz <T || ¢ || /P,

@) < f5°[|¢" @]+ k@|p'@|Jar <k 1l ¢ Il and @)1 < [57[|o" @] + [p'@)||e = 1o 1l In
addition, 1%/ (¢)l = || ¢ || if p € LL.

Part (b). Existence and uniqueness of the mild solution of the ADP problem is guaranteed

if Fand G are Lipschitz on norm-balls of £ [15, Theorem 2.1]. In other words, we need to
show that there exist functions ¢y, ¢;: R, — R, such that |H ¢r) — Ago)| < ci(n) ¢1— ol and

1G(g1) — G(ga)I < (DIl ¢y — goll For all gy, ¢ € LLwith Il gyll, gl < 7.

If Il g1ll, Ilgoll < r., using Part (a), we have

|F(#1) = F(¢2)l = [ (d1) — uW ()| +|F(d1)W (1) = F(62)W ()]
= HZ(p1 = D) +|F (@)W (D1) — F(SVV ($2) + F (1) (¢2) — F(¢2) W ($2)]
< ullg1 = dall +1F(@DI7 (61 = ¢ + 7 (D)7 (b1 = $2)]

< ullér — dall + Slorllw (@1 - bl + Rl F (@1 - )
< ulléy — doll + Slibr 11— dall + Kl d2ll o1 — ol

T~
< ullpr = g2l +2rpklldr = 2|l -

Thus, we can choose

+u.

2kT.
e1(r) = =5~

Similarly, if lgll, gl < r, then
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(o]
Il G(¢1) - G(ep) Il = f |-F(p1)e1' @ + F(d2)p™ (D) — u]'(7) + gy (V]d=
0

(&
+ f FF@DS@10) + F @K@ @) - bk (@) + uph(oar
0
(&) (o)

< f |F(¢1)81' () - F(¢2)¢2 (@)]dr + u f 6" - ¢"(D)|dr
0

+ [ [F@prmsie - F@k@ebo

o0
dr+ / [ - p'@|dz
0
<

|F(¢D81 () - F($1)$2 () + |F(b1)d7 (1) = F ()3 (0) | d

+ | F( S @)

+

0\38 0\8 0\8 (el

[F@DkO6} 0 - F@rDhE

- g(qf)z)k(r)d)'ﬁ(’r) |dr+u

‘m -¢

<IF@DIkllg1 = dall +1F(d1 = eIk b2]l + w1 - b
T ~
< 25krllg1 — ol + llér — 2]l

Thus, we can also take

2T
c(r) = P gy

Part (c). We can guarantee that # (-, ) € L} if we have the following two conditions [15,
Theorem 2.4]:

i. F(L}L) Cc RZ, and

ii. there exists an increasing function ¢3: R — R such that

G(@) + 3N e LL

whenever 7>0, ¢ € L}, and ligl < r.

Clearly F(L}r) c Ri, so we only need to show that there exists a suitable function ¢;.
If Il < r, using Part (a), we have

F( )" (@) + up"(2)
F(@k@)P'(x) + ud'(7)
< (12% g1l + ﬂ)d)(f) < (k%r + o).

—G(p)(z) = < (kF() + Wb(r)
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Therefore, we can take

O

B.2. Proof of Proposition 3

Proof. For 0 <t <74 and />0, we have

(o]
h_lf[f(r,t+h)— ¢ (z,0)]dr
0

h o) 0
=h‘1/ f(r,t+h)dr+h_1f f(r,t+h)dr—h_1/ ¢ (z,ndr
0 h 0
h )

=h_1f f(r,z+h)dr+fh_l[f(r+h,z+h)— ¢ (r,1)]dr,

which converges F( 7 (-,1) + f0°°G( ¢ (-,0)(r)dr as h— 0% because of Equations (A.1) and
(A.2).

Adding the entries of vectors nt 0" ¢ (.t +h)— ¢ (z,1)dr and

F(£(-,0)+ [y°G(¢ (-,0)(x)dr, we obtain

—0

VASACRE2)) iy / ACACH))
h

as 71— 0*. In other words, t — %/( ¢ (-, 1) is differentiable from the right in (0, 14), and its
right derivative is 0.

Given0 <17 <14, £ € Ly so the restriction of the solution is a continuous Ao [0, 7]isa
continuous function of #from [0, 7] to L1; therefore, 7' ( ¢ (-, 1) is also continuous in [0,
t]. Any continuous function in [0, 7] that has non-negative right derivative everywhere in
(0, 7) is non-decreasing in [0, 7] [16, Chapter 5, Proposition 2]. Because both #'( ¢ (-, 1))
and —-7/( ¢ (- ,1)) have non-negative right derivatives, we can conclude that #'( ¢ (- ,1)) is
constant in [0, 7] forany 0 <7 < 7.

Finally, if ¢ € L, because of Equation(A.3),

o]

%(f(~,0>>=%<¢)=/[¢"(r>+¢‘<r> de= 1ol
0
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sow (¢ (-,0) = | ¢| forall 0 <r <7y Additionally, from Part (c) of Proposition 2, we
know that, if g € L}, ¢ (-.ne LL thenw (¢ (-,n= || ¢ (-0l forallo <t <iy O

B.3. Proof of Proposition 4

Proof. If 74 < oo, then lim supll{:, HIl = co Theorem 2.3]. By Proposition 3, we know

that 1£, )l remains bounded (actually it is constant) for all r € [0,7) if ¢ € LL So, we can

conclude that 74 = co. [J

B.4. Proof of Proposition 5

Proof. The existence and uniqueness of a mild solution Zof the ADP problem is guaranteed
by Part (b) of Proposition 2. Also £; = oo because of Proposition 4 and 7 (-, € L}, for
every t € R, because of Part (c) of Proposition 2.

Note that

G(p)(z) = — M(z, $)¢

for all >0, where M: R, x L' — B(R? R?)is defined as

F(P)+u 0

M(T’d’):( 0 k@OF @) +u)

For G of this form, the mild solution of the ADP problem in [0, 7,4) is a continuous solution
of the ADP problem in [0, 74) [15, Theorem 2.9] if

i. ¢ € L1is continuous and ¢(0) = A ),

ii. Fis Lipschitz on norm-balls of £, and

iii.  there exist increasing functions ¢, ¢s, cg: R — R such that, for all ¢, ¢, € L1,

71, 7o 20:
a. Mz, 1) - M7z, $1)llop < Ca(llgall)| 71 — ol
b, Mz, $)llop < Cs(lighl)
. WMz, $1) - Mz, 2)llop < Co(Aigy — ol if gyl gl < 1.

(i) is part of the hypothesis and we already showed (ii) in the proof of Proposition 2, so we
proceed to prove (iii).

Define 7 = sup,{T(r)} and k = sup,{k(s)}. Let g1, ¢ € L, 71, 7,2 0. Using the fact that kis
globally Lipschitz, let Kbe a constant such that

|k(r) — k(z')| < K|z — 7|
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forall T, t” = 0. We have

1M (71, 1) = M(z2, $1)llop = Ik(71) = k(z)IIF (d1)]

KT
< 5 l¢1llle1 - =2l

and can take c4(r) = %
On the other hand,
IM(z1.¢Dllop= sup  {|F(d1)x1 + pxq| + |k(z1)F(P1)x2 + uxal}
[x1] + |x2| =
< sup  {|F(@Dlx1] + ulx1] + k(e DIF (D DlIx2l + plx2l}
[x1] +Ixp = 1

< s {kIF (@) +
b1l +Ixaf = 1

kT
<5 leill +w

and we can take c5(r) = % + u.

Finally,
|M(z1, 1) — M(z1. $2)llop = sup  {|F (b1 — d2)x1| + |k(z1)F(d1 — 2)x2|}
A 1]+ ol = 1
< sup o {kF (b1 - dl(x1] + X2
NEE
< o1 - gl

and we can take cg(r) = %T. O

B.5. Proof of Proposition 6

Proof. Let ¢y € L*. Define T = sup.{T(z)} and k = sup{k(z)}. Note that both F’(gp) and

G’ (gy) defined above are linear operators from £ to R? and from £1 to £1, respectively.
They are bounded linear operators because
[F'(¢0)(@)| =

HI(D)| +|F(D0) 7 ($) + F(D)W (do)|

ek a0 + 500l 191,

<

and
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oo
IG (¢l = f |Z(b0)d™ (2) + F (D)) () + g™ ()]

T

(8]
+ / |9 $0) k(D)) + F (¢)k(f)¢0(f) + ugto)|d
0

(|9 #o + LRigol + | 101,

forany ¢ € L1,
Now, let >0 and ¢ € L1. We have
|F(@#) = F(do) = F'(¢0)( — o)l
=|F( QW ($) - F(d0) W (d0) — F(0)W (b — b0) — F (b — $0) 7 (¢0)

= lF @ (8- 90) ~ F )W (8 - do)
= |56 - )7 (6 - o)

T/\
< 5klié - goll?
< ellé - doll

if 7 =0,k =0,orif ||¢—¢0||<5=min[1,%]whenf;éOand/?;eo.

Likewise, we have
|G (o) — G(¢) — G'(dp) (@ — d0)|

= / |7(® - P0)8" () = F(¢ - do)bg (7)|d=
0

[o0]

+ f |76 - o)k (0) - (6 - okDIsi(o]dr
0

(e}
< k|F (¢ - ¢p)| / 6" (@) = 6™ (@) + [$°0) — diy(0) | dr

= k|7 (- d0) |||¢> ¢oll
< kLo - ol

which again is smaller than e if 7 =0, k =0, or if | — goll <6 = min[l, %} when T # 0 and

k #0.

Now, let ¢, ¢, € LL. We have
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I1F'(¢1) = F'(d2)llop = | ¢S|l|1p_ 1I5/7(d>1 - )W (D) + F (&)W (P1 — )|

< i o= adE 161 + 5161 R0 -

TA
= 2L R1e1 - 02l

Thus, ¢— F (¢) is a continuous function from L1 to B(LL, R?).

On the other hand,

16°(¢1) = G'(d2llop =~ sup
Toll =1

[S0]
/ |7(81 - $2)8" (@) + F(@)(¢] (7) - ¢7(®))|d=
0

o0
+ / | F(1 — k@D (@) + FBk(e($](0) - $5(0)) | de
0

< S 1{|f7(¢1 — @Ik o1l +F@Dkl|d1 - b}

T A
< zﬁk”(ﬁl -]

Thus, ¢+ G'(¢) is also continuous as a function from L1 to B(£1, £1). O

B.6. Proof of Proposition 7

Proof. A mild solution of the ADP problem on [0, 74) is a solution of the ADP problem and
satisfies conditions (a)—(d) for any r € [0,7,) as long as the following conditions hold [17,
Theorem 2.3]:

i. The functions Fand G are Lipschitz on norm-balls of L1,
ii. There exists a function ¢ that satisfies (ii) in the proof of Proposition 2, Part (c).

ili.  The functions Fand Gare continuously F-differentiable relative to L}

iv. The initial condition ¢ has the properties: ¢ € L}, and is absolutely continuous,
¢ € L1, and ¢0) = A g).

The existence and uniqueness of the mild solution of the ADP problem can be guaranteed
by Proposition 2. Conditions (i) and (ii) are shown in the proofs of Parts (b) and (c) of
Proposition 2, respectively. Condition (iii) is Proposition 6, whereas (iv) is part of the
hypothesis. Finally, the fact that 74 = co was the result of Proposition 4. [
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