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MAGNETOHYDRODYNAMICS IN ELECTRIC ARC 
FURNACE STEELMAKING 

By Paul E. King 1 

ABSTRACT 

The U.S. Bureau of Mines is conducting an ongoing research project to better understand the 
phenomena involved within electric arcs utilized in electric furnace steelmaking. With a better 
understanding of the physical and electrical characteristics involved, dynamic or predictive control of 
electric arc furnaces may be possible. A mathematical model is presented, but not solved, and the 
system of coupled equations is analyzed. Characteristic parameters are used to determine relative 
importance. In this manner, significant quantities are dermed. The parameters found to contribute little 
to the system of equations of motion are ignored. A resultant simplified system is identified, and 
directions for further study are indicated toward control of electric arc furnaces. 

lMathematician, Albany Research Center, u.s. Bureau of Mines, Albany, OR. 
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INTRODUCTION 

The electric arc furnace (EAF) has been used since the 
early 1900's for the efficient conversion of scrap steel to 
molten metal. The power of these furnaces is used to melt 
scrap quickly for the production of a wide variety of steels. 
This method is particularly well suited for steelmaking 
owing to the temperatures reached and the widespread 
availability of scrap. The electric furnace scrap process is 
more economical than other standard methods of reducing 
scrap. 

Since the introduction of the EAF, little has been done 
to improve the basic design. Because of competition from 
foreign industrial nations, the u.s. steel industry needs to 
improve existing technology to increase production effi­
ciency and steel quality. With this in mind, the u.s. 
Bureau of Mines is investigating the physical phenomena 
of electric arcs used in EAFs. A goal of this project is to 
determine how today's furnaces can become more efficient 
and less noisy through a fundamental understanding of the 
physical processes in the arc. This research is directed 
toward a better understanding of arc behavior in the hope 
that improved understanding will lend itself to dynamic 
control of EAF's. 

Research by the Bureau has been geared toward diag­
nostics of a single-phase ac furnace. The experimental 
furnace (X-furnace) has been modified to allow the 
acquisition of reliable data (1)2 as well as to be able to 
control several parameters including atmosphere and gas 
flow. Typical atmospheres used are 95 pet He, and 5 pct 
Ar at 1 atm. Data acquisition includes current and voltage 
measurements, power measurements, high-speed photog­
raphy (44,000 frames per second), and calorimetry. The 
high-speed photography is correlated with the waveforms 
to allow visual identification of individual events seen as 
voltage or current spikes in the waveforms. Quantities 
such as resistance, power loss, and energy transfer are 
calculated. 

With the information gained by the X-furnace, funda­
mental understanding of some of the phenomena involved 
in arc furnaces has been achieved. The ability to take 
large amounts of high-speed data (1) and correlate these 
data with high-speed photography has allowed Bureau 

investigators to recognize discrete fluctuations in the arcs 
and to identify electrical signatures corresponding to these 
fluctuations (2). It also became apparent to Bureau 
investigators that rapid motion of the arc and rapid change 
in attachment points (at the cathode and anode) are 
intimately coupled. These attachment points are thus 
viewed as a series of discrete boundary conditions. This 
information has allowed researchers to identify the arc as 
being deterministic in nature (where the current state and 
past history uniquely determine future evolution of the 
physical system), discarding the idea that the electric arc 
is random and unpredictable (1). 

To better understand the phenomena involved, re­
searchers have begun to develop a mathematical model of 
the physical system. As the basis of this model, a system 
of coupled, nonlinear, partial differential equations has 
been derived. This system was then analyzed to determine 
the predominant forces acting on and within the electric 
arc in the X-furnace. Particular attention was paid to the 
interactions of the gas flow in the arc column with the 
magnetic fields produced by the high currents (3). This 
analysis took into account such limiting factors as He at­
mosphere, low power, and low temperatures (T ~15,000 K) 
found in the X-furnace. In so doing, it was found that the 
system of equations cannot be decoupled. This is 
unfortunate from a computational standpoint, but logical 
from a physical standpoint. 

Together with the system of equations and physical data 
gathered, it has become apparent that electric arcs are not 
random in nature as previously thought. It is believed that 
arc motion is chaotic in nature, exhibiting random-seeming 
motion subject to strict deterministic laws. Several key 
ingredients for chaos in the arc system have been 
identified, and investigations continue in this area. With 
the emerging realization that electric arcs are chaotic in 
nature comes the hope that this system can be controlled 
dynamically. Since the arc system is deterministic in 
nature, the ability to predict arc motion over short periods 
of time is possible. This ability leads researchers to the 
conclusion that control may be possible over this time 
interval. Further research into this area has begun. 

MAGNETO HYDRODYNAMICS 

The mathematical model consists of (1) the equa­
tions of motion of the fluids, (2) the equations governing 
the electromagnetic fields, (3) the equations of state 
relating physical quantities such as density and 
pressnre, and (4) the constitutive equations. A brief 

2Italic numbers in parentheses refer to items in the list of references 
preceding the appendixes at the end of this report. 

explanation of these equations is in order. The equations 
of motion are given by-

Equation of Continuity: 

8p 
- + 'V • (pu) = 0, at (1) 



Navier-Stokes Equation: 

du 
P dt -Vp + V[:\(V • U)] + V . (2J-1D) 

e' 
- pg + P iii(E + u x B), 

e 

Energy Equation: 

and 
de 

I(,lle + ve . VI(, + T. 

(2) 

(3) 

The equations governing the electromagnetic effects are 
given by the Maxwell equations for slowly moving, non­
magnetizable media: 

Gauss'Law: 

Faraday's Law: 

Ampere's Law: 

V . D = PC! 

V . B = 0, 

aB 
V x E = - at ' 

(4) 

(5) 

(6) 

aD 
V x B = J-Io [Jr + Peu + at + V x (P xu)]. (7) 

The equations of state include 

Gas Law: 

Saha's Equation: 

;c Dc [1 + ::) 

The constitutive equations, 

and 

3:\ + 2J-1;;:: 0 and J-I ;;:: 0, 

D = €oE + P, 

H = k B - M, 

F ::: q(E + v x B). 
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(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

together with equations 1 through 9 and appropriate 
boundary and initial conditions, complete the mathematical 
model of magnetohydrodynamics governing electric arcs at 
low temperatures and monatomic atmospheres found in 
the Bureau's X-furnace. 

DISCUSSION OF EQUATIONS 

EQUATION OF CONTINUITY, 

The continuity equation (equation 1) states that the rate 
of change of mass in an arbitrary volume of fluid is just 
exactly equal to the mass flow out through the boundary of 
this arbitrary volume. In essence, mass is neither created 
nor destroyed within the volume, but flows through it in a 
continuous manner. 

NAVIER~STOKES EQUATION 

The fundamental principle of the dynamics of fluid 
motion is realized as the principle of conservation of linear 
momentum. The conservation of linear momentum states 
that the time rate of change of linear momentum of a 
material volume equals the resultant force on that volume. 
If it is realized that the stress forces are in local 
equilibrium and that the Cauchy stress tensor is symmetric 
(appendix A), then conservation of angular momentum 
holds, and the arbitrary instantaneous flow is, at each 
point, a superposition of a uniform velocity of translation, 
a dilation along the axes of strain, and a rigid rotation 
about these axes. Thus, the stress tensor governs the 
dynamic response of the medium. 

The Stokes postulate (appendix A) suggests that there 
is a linear relationship between the stress tensor and the 
deformation tensor, with the constants of proportionality 
being the shear and bulk viscosities and the fluid pressure 
(Cauchy-Poisson law). When the conservation of linear 
momentum is applied and this linear relationship is rep­
resented as the internal resultant forces, the well-known 
Navier-Stokes equation (equation 2) is yielded. The 
Navier-Stokes equation states that the time rate of change 
of the velocity field of a fluid element equals the rate 
at which the pressure changes across the element, plus 
the rate at which the velocity field is changing along the 
field lines (governed by the shear viscosity), plus the 
rate at which the fluid element is being deformed (gov­
erned by the bulk viscosity), plus the effects of the external 
'forces. 

The external forces within the arc system are those 
given by the force on a fluid element due to gravity and 
by the force due to the electromagnetic effects. This 
last force is realized as the Lorentz force, which gives 
the force on a volume element due to the combination of 
both the electric field and the magnetic field. As is evi­
dent, the fluids are intimately coupled to the electromag­
netic fields. 
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ENERGY EQUATION 

The energy equation (equation 3) is a combination of 
the thermodynamic equations of state and heat conduction. 
The energy equation states that the time rate of change of 
temperature within an arbitrary fluid volume element is 
equal to the heat flow out through the boundary of the 
volume (Newton-Fourier law of cooling), plus the rate at 
which heat is generated within the volume by deformation. 
This heat generation is a direct consequence of energy loss 
due to the mechanical interactions of particles within the 
volume element. I.e., mechanical energy lost to the phys­
ical system by the deformation of the fluid element is 
equal to the energy gained within the system as heat, 
where the heat is generated by the deformation? This 
states that energy is being conserved within the system. 

MAXWELL'S EQUATIONS 

The equations governing the electric and magnetic fields 
are the well-documented Maxwell's equations for a slowly 
moving,4 nonmagnetizable media. This is a set of four 
vector equations relating the divergences and curls of the 
electric and magnetic fields. 

The first of these equations is Gauss' law (equation 4). 
Gauss' law states that the flux due to the electric field 
through an arbitrary surface is proportional to the field 
lines passing through that surface. 

Conversely, the second of Maxwell's equations 
(equation 5), which incidently is nameless, states that the 
flux of the magnetic field through an arbitrary surface is 
zero. This is evident from the fact that the magnetic field 
lines close upon themselves, while the electric field lines 
connect positively charged areas to negatively charged 
areas. The reason for this phenomenon of the field lines 
is that there exist no magnetic monopoles, while discrete 
electric charges or electric monopoles (i.e., an electron) 
exist. 

The third of Maxwell's equations is Faraday's law 
(equation 6). Faraday's law states that a changing 
magnetic field induces an electric field. Conversely, when 
an electric field is placed into motion (by some external 
means), then it induces a magnetic field. These are two 
different phenomena that manifest themselves as the same 
mathematical result. In the first case, it is the changing 
magnetic field that induces an electrical force, while in the 
second case, the changing electric field induces an 
electromotive force via the Lorentz force law. The 
Lorentz force, in turn, generates a magnetic flux change, 
causing the changing magnetic field. 

The final equation due to Maxwell is Ampere's law 
(equation 7). Ampere's law states that the motion of 
magnetic field lines within an arbitrary volume is caused by 
the free current enclosed within the volume, plus the rate 

:>:rhe heat generation due to the mechanical interactions is called the 
dissipation function (4). 

4SIowly moving implies motion much slower than the specd of light. 

of change of the electric field across the volume, plus a 
current induced by the bulk motion of the volume, plus a 
current due to the internal motions of the volume 
constituents (i.e., the motion of the polarized molecules 
within the volume). Since the arc column is in motion, 
there exist currents induced into the arc system because of 
this motion, coupling to the fluid equations again. 

Maxwell's equations bring to light an interesting and 
important fact regarding plasmas and plasma arcs. If there 
exist any external potentials in the arc system caused by 
induced or introduced electromagnetic fields, these 
potentials are shielded out of the plasma by a phenomenon 
called plasma shielding. Thus, the bulk of the plasma 
column is in a state of electric neutrality, and the system 
is called quasineutral. Quasineutrality implies that the 
number of ions and free electrons are approximately the 
same, defining a plasma density. This becomes important 
when there exist large external magnetic fields introduced 
into the system (i.e., by the current-carrying electrodes, 
etc.). These magnetic fields are able to interact only with 
the plasma sheath (outer surface). Within the plasma 
column itself, the ionized molecules feel very few effects of 
the external field. 

EQUATIONS OF STATE 

The equations of state, relating the fluid density, pres­
sure, temperature, and ionization rates, are given by the 
gas law (equation 8) and the Saha equation (equation 9). 
The gas law is simply a proportionality relationship of 
pressure, temperature, and density and can be obtained by 
realizing that since the fluid in this case is an ionized gas, 
one can use the physical laws given for an ideal gas. As a 
first approximation, this is an adequate assumption, but as 
the arc system is studied in much greater detail and in a 
more realistic setting, the gas law will need to be modified. 
Saha's equation gives the percent of each fluid constituent 
that is ionized with respect to temperature (5). 

BOUNDARY CONDITIONS 

To conclude this part of the modeling, boundary condi­
tion must be defined. For this, the arc attachment points, 
at the cathode and anode, were used (fig. 1). It has been 
seen experimentally that the cathode plasma jet dominates 
the anode jet. It also has been seen that the cathode and 
anode jets leave the attachment points on orthogonal 
trajectories. This is most likely due to thermal and mag­
netic pinch effects in the fall region (fig. 2) (6). The 
cathode attachment point depends directly on the ability of 
the cathode to emit electrons. Two means of liberating 
the. electrons have been identified: (1) thermionic emis­
siOIi, which is temperature dependent, and (2) field effects, 
including magnetic pressures. Hence, the attachment point 
tends to be in areas with a high tem perature gradient or 
extreme field strengths. The heat generally comes from 
two sources: resistive heating at the surface of the 
electrode due to the physical composition of the electrode 



Anode 
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-Cathode 
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Figure 1.-Arc attachment pOints. 

Electrode 
tip 

(cathode) Fall 
~ region 
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Figure 2.-Fall region at cathode attachment point (exaggerated). 

and skin effect,S and heat generated by thermionic 
emission at positions corresponding to previous attachment 
points. As the cathode ablates, the attachment point 
necessarily moves owing to the changing geometry. 
Moreover, because the plasma jet leaves the cathode and 
anode on orthogonal trajectories and because the normal 
to the surface is changing owing to loss of mass via 

srhe skin effect is an electromagnetic phenomenon ~rrespond­
ing to the depth that an electromagnetic wave penetrates the conducting 
medium. In a good conductor, such as graphite, the skin depth is small, 
but finite; thus the conduction takes place as a surface current (7). 
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ablation, etc., the attachment points are in a state of 
motion viewed as discrete jumps. The discrete fluctuations 
caused by this motion necessitate viewing the arc motion 
itself as a series of discrete movements, each with a 
different set of boundary and initial conditions. 

Viewing arc motion in this manner allows researchers 
to define what boundary conditions should be. In general, 
the boundary conditions can be broken up into at least two 
components (8): a purely deterministic component that 
depends on measurable or determined quantities and a 
purely random component that depends on quantities in 
which no physical data can be obtained. It has been seen 
that the attachment points depend on previous attachment 
points in the form of "hot spots," which can be defined by 
the temperature and temperature gradients. Thus, the 
deterministic component of the boundary conditions 
depends on temperature and temperature gradients, as 
well as on the instantaneous current and voltage, position 
and time, and actual geometry of the electrode (Le., the 
unit normal to the surface). The random component of 
the boundary conditions embodies such intrinsic quantities 
as electrode composition, pitting, spalling, and erratic 
release of electrode material in the form of particulate 
matter of varying sizes. It may be found that the random 
component also depends on the rapidly varying 
electromagnetic fields. The pitting, spalling, etc. affect the 
actual surface geometry of the electrodes in one manner 
or another. Thus, the random component is defined by 
those quantities that force a random shift of the unit 
normal (either a directional shift and/or a spatial 
translation). 

To embody these phenomena in a single set of equa­
tions would be rather difficult. As a first attempt, consider 
a function (r) that maps the state of the system just prior 
to the fluctuation to a set of new boundary and initial con­
ditions. This function is then a composition of deter­
ministic quantities, (for example, r o(V,I,9,Y9;fl), where V 
is the instantaneous voltage, I is the instantaneous current 
of the system, 9 is the temperature distribution, 'V9 is the 
temperature gradient) and a purely random component (,., 
(x;fl». Because of its nature, the deterministic part of the 
function depends implicitly on position and thus on the 
outward unit normal (fl) to the surface of the electrode, so 
this fact is shown here explicitly, while the random 
component depends on position as well as on the outward 
unit normal. The random component must take into 
account those factors that cause the instantaneous 
movement of attachment points, whether it is a translation 
or a reorientation of the unit normal. I.e., the random 
com ponent gives a means of modeling the random -seeming 
positional changes of the attachment points owing to the 
surface effects pointed out earlier. These assumptions lead 
to a vector equation of the form 

r = r o(V,I,9,V'9;A) + ,.,(x;A), (14) 
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where the parameters depend on the instantaneous condi­
tion of the system. From a combination of physical 
measurements and calculated results, this system of 
conditions can be represented with relative ease. 

It must be remembered that at this point the random 
component is not well understood and implementation 
may cause unrealistic or transient computational motion. 

DISCUSSION OF RESULTS 

Equations 1 through 13 make up the model of mag­
netohydrodynamics. This is a system of 13 coupled, 
nonlinear, partial differential equations and 13 unknowns, 
the unknowns being pressure, density, charge density, 
temperature, velocity field (3 equations), magnetic field 
(3 equations), and electric field (3 equations). The 
coupling of the fluids to the electromagnetic fields appears 
in the form of a Lorentz force, while the coupling of the 
magnetic fields to the fluids appears as an induced 
polarization current owing to the motion of the current­
carrying fluid. 

To gain insight into the relative contributions of each of 
the terms, a nondimensionalization technique was applied 
to the mathematical system, and the resultant magnitudes 
of the terms were investigated to determine their im­
portance to the system. To do this, the following defi­
nitions are used: x = Lx' and u Vou', where x is the 
coordinate space, u is the velocity field, L is a char­
acteristic length, and Do is a characteristic fluid velocity. 
Then l' == L/Vo is a characteristic time. Similar para­
meters are defined for the electric field (E == EoE'), 
magnetic field (B = BoB'), temperature (S = TS'), 
pressure (TI == pI pDo2), polarization (P == PoP), and 
charge velocity (v Vov') to give dimensionless variables. 
In this manner, the equations of motion are transformed 
into a set of dimensionless equations with terms of order 
1 on the left-hand side and constants of proportionality on 
the right-hand side. These constants, which include such 
parameters as the Reynolds numbers, indicate which of the 
terms in the set of equations are predominant and which 
set can be neglected. These equations are-

Equation of Continuity: 

U + V'· (pu') == 0, (15) 

Navier-Stokes Equation: 

8u' (' - + U 
8t' 

V')u' = -V'TI + .!..!.. '1'('1' 
3 Re 

1 
u') + - Ll'U' 

Re 

2 T d,u 'IS' (V'. ') 2T d,u V'S' 
3 pVoL de' u + pVoL dS' 

L L e - (E E' VB' B') -~ + V 2 m 0 + 0 ou x , 
o 0 e 

(16) 

Energy Equation: 

Gauss'Law: 

Faraday's Law: 

Ampere's Law: 

V' x B' = ,uo 

V' . D' = 
L 
D Pc, 

o 

V' . B' = 0, 

VoBo 8B', 
V' x E' = 

Eo 8t' 

+ v P 1 -.SLS!..V' x (P' xu') , 
Bo 

Gas Law: 

Saha's Equation: 

and 

p Tc pS' g , 

(18) 

(19) 

(20) 

(21) 

(22) 

(23) 

Physical characteristic data of the fluid properties gathered 
by the Idaho National Engineering Laboratories and data 



on arc motion gathered by the Bureau were used to define 
the characteristic parameters. The figures used apply to 
the electric arcs produced in an experimental furnace used 
by Bureau researchers. A list of the parameter values 
appears in table 1. 

Table 1.-Characterlstlc parameters 

Parameter 

Length (L) ....••...••.........••..••... m •• 
Fluid velocity (Uo) . • • • . . • • . . . . . . . . . • . . .. llJ/s .. 
Time (1' = L/U"j ...•• , • • • • . . . . . . • • • • •• 10- s .. 
Temperature (ro) .....•..••...•...•...... K .. 
Max magnitude electric field (Ell) ••........ V /m .. 
Max magnitude of magnetic field (Bo) ....• V-s/m .. 
Reynolds number (Re = pUoL/IL) •..........•..... 

Value 

0.005 
900 

5.56 
15,000 
10,000 

11.1 
225 

It was found that the Lorentz force is a major con­
tributor to the fluid dynamics in the arc region (see ta­
ble 2 for constant values and explanations of the con­
stants). It was also found that only the gravitational term 
can be neglected in the Navier-Stokes equation. This is 
unfortunate from a mathematical standpoint in that the 
fluid equations cannot be decoupled from the electro­
magnetic equations, thus elevating the degree of difficulty 
in solving the system of coupled equations. This is logical 
though, since the fluid is the medium by which the electric 
current is transferred across the arc gap. It is reasonable 
to expect that the fluid equations and the electro magnetics 
remain coupled. The magnetic component of the Lorentz 
force causes the arc to be pushed away from an external 
magnetic field, thus illustrating the electromagnetic 
coupling to the fluid flow. 

Table 2.-$callng constants 

Constant Parameterization Value 
NAVIER-STOKES EQUATION 

Electric field component 
of Lorentz force. . . . • • • • . .. LEoe'/Uo

2mc ..••. 1.084 x 107 

Magnetic field component 
of Lorentz force ..••....•.. LBo/Uomc ....... 1.083 x 107 

Temperature gradient term. . .. 2To/3UopL dlL/dS' . 5.93 x 1011 

00. .................... 2To/UopL dlL/dS' .. 1.78x 1012 

Gravitational term . . . . . . . . . •. L/Uog .......... 6.06 x 10,g 
ENERGY EQUATION 

Multiplies laplacian of 
temperature ....•••....... !<;/pcpUoL ........ 5.14X 10,3 

Multiplies square of gradient 
of temperature ..•.....•... /I;[To/pcpUoL ...... 4.74>< 10,3 

Deformation term from 
diSSipation function ..•..•.. 2UqIL/ pcp ToL ..... 6.4 >< 10,5 

Square of divergence of fluid ve· 
locity from dissipation function 2UqIL/3pop T oL .... 2.13>< 10,5 

It was found that the dissipation function can be ne­
glected in the energy equation because the amount of heat 
transferred to a control volume by deformation is orders 
of magnitude less than the amount of heat generated by 
the ionization process. Since the temperature range is 
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high and the energy put into the system is high, this is 
expected. 

In the case of the experimental apparatus used at the 
Bureau, the polarization, and hence the magnetic dis­
placement current, can be neglected. Also, because the 
charge velocity is so much higher than the bulk gas 
velocity, the two velocities can be combined into an 
effective free current In this manner, the bulk gas velocity 
can be neglected since it will not affect the charge carriers 
enough to be noticeable. These reductions lead to the fact 
that the Maxwell's equations do not depend explicitly on 
the fluid motion, but only on the gas density. 

A closer look at the Saha equation reveals that, in the 
path of conduction (i.e., in the center of the arc column), 
the extent of ionization of the gases used by the Bureau is 
approximately 2 pct (in an He atmosphere at 15,000 K) 
(fig. 3); this level was maintained across the conduction 
path (7). With this fact, the charge density reduces to a 
constant multiple of the gas density. This realization 
permits the omission of the charge density in lieu of a 
constant mUltiple (a) of the gas density. 

The reduced system is given by-

Equation of Continllity: 

ap " - + v at 

Navier-Stokes Eqllation: 

. (pu) = 0, 

du 
Pdt = -Vp + V['\(V . u)] + V . (2/JD) 

e' 
+ Pm(E + u x B), 

e 

...... 
u 
0.. 

4.0 

~ 3.0 
z 
o 
J= « 2.0 
N 
Z 
o 1.0 
Q) 

I 

o 
1.4 1.5 

TEMPERA TURE, 10 4 K 

(24) 

(25) 

1.6 

Figure 3.-Extent of Ionization of He over temperature range 
considered. 
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Energy Equation: 

d9 
pCp dt = K,/::,S + 'V9 • 'VK, + T, 

Gauss'Law: 

Faraday's Law: 

Ampere's Law: 

Gas Law: 

'V . E = ap, 

'V • B =: 0, 

8B 
'VxE=--' 

8t 

Pc ap, 

Constitutive Equations: 

3.x + 2JJ ;::: 0 and JJ ;::: 0, 

F ::; q(E + v x B), 

Boundary Conditions: 

(26) 

(27) 

(28) 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

(35) 

As has been mentioned, the arc system undergoes rapid 
attachment point fluctuations due to a combination of 
random perturbations and deterministic forces. A 
consequence of this is sensitivity to the initial conditions 
(SIC) (9). I.e., a small difference in initial conditions 
causes a large difference in the final outcome. Viewing 
the system as a series of discrete motions with different 
initial and boundary conditions has allowed researchers to 
identify SIC in the arc furnace. With the aid of the high­
speed photography and correlated waveforms, evidence 
indicates that this phenomenon is prevalent. 

The frequency and the power spectrums have been 
studied to identify precursors to catastrophic motions. In 
so doing, several interesting facts have been noticed. 
When the fundamental driving frequency and dc com­
ponent are subtracted from the power signal (fig. 4), the 
noise introduced by various means into the system can be 
studied. The autocorrelation (fig. 5) of this resultant signal 
was found to approach zero. This means that the tem­
poral similarity of the signal with itself vanishes and 
prediction becomes increasingly harder as time progresses. 
This, together with a study of the PSD (fig. 6), reveals that 

Lf) 

o 

ci' 
~ 
o 
0.. 

1.0 ...----------,-----------, 

.5 

-1'.0 '----------'---------' 
0.00 0.05 

TIME, S 

0.10 

Figure 4.-Power signal with fundamental driving frequency 
and dc component removed to highlight electrical noise. 

2.0 

~. 0 1-\t-1rf-h...--J-l.,+----\-I~~~'=:7""<"=_:I"'<;_j~"_I 
o 
0.. - 2. 0 I-----'_--'-_--'-_---'-_~ _ _L_ _ _"_---' 

0.00 0.04 0.08 
TIME, s 

0.12 0.16 

Figure 5.-Autocorrelatlon function of power signal taken from 
Bureau of Mines experimental furnace. 

12.0 r----,----,.---,---,----,----, 

?; 8.0 
'0 

ci 
(/) 

Il. 

0, 0 L.:_-L~!:::::::::::1:::::::==::l:==::±:::==:::l=__~ 
o 120 240 360 480 

FREQUENCY, Hz 
600 720 

Figure 6.-Power spectral density (PSD) of power signal 
taken from Bureau of Mines experimental furnace. 

the noise is aperiodic in nature. The PSD is becoming 
continuous, asymptotically approaching zero, implying that 
the signal is not random, but chaotic. 

As defined in reference 11, a chaotic process is one that 
has the following properties: (1) determinism, (2) random 
initial conditions, (3) SIC, (4) correlation function vanishes 
as the lag approaches infinity, and (5) time series that is 
almost always nonperiodic. I.e., there is order within the 
arc system, yet an apparent unpredictability. Information 
of past history is lost through evolution and rarely does 



there exist any periodicity to these systems. (In rare cases, 
certain systems have periodic cycles, but only under very 
special circumstances.) Researchers have identified prop­
erties 4 and 5 in the X-furnace. High-speed photography 
and correlated waveforms indicate property 3, while 
properties 1 and 2 are tacitly assumed as presented in this 
report. Because of this, researchers are viewing the system 
as a chaotic system. 
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This being so, researchers feel that dynamic control of 
,the arc system can be obtained through computer-aided 
adjustments of the operating system, fast data acquisition, 
appropriate identification of precursors to catastrophic 
events, and high-speed computers. Hence, predictive 
control may be possible over short time periods. Thus, a 
control scheme could make decisions to dynamically 
control the furnace for optimal energy transfer. 

CONCLUSIONS 

A mathematical model for the magnetic fluid flow in an 
electric arc was presented. The system of equations was 
examined to determine the relative importance of the 
constituent forces and a reduced system was defmed. The 
new system provides a model for a low-power, single-phase 
experimental furnace used at the Bureau. 

The study showed that the fluid equations and the 
electromagnetic equations cannot be decoupled. This 
suggests that arc fluctuations are due to a combination of 
the interactions of the fluid and the electromagnetics, as 
well as the rapid change of the boundary conditions. 
Because the arc system is nonlinear, SIC is expected and 
is found to be true experimentally. The rapid change in 
arc attachment position and the collapse of magnetic fields 
make predicting column motion difficult. Without 

knowledge of the arc motion, little can be done to control 
future fluctuations for increased efficiency. 

Because the arc system is deterministic in nature, there 
exists the ability to predict the arc motion over short 
periods of time. The arc has exhibited SIC. The arc also 
demonstrates repetitive patterns manifesting themselves as 
discrete events. For these reasons, it is apparent that the 
system is chaotic6 in nature and a basin of attraction is 
expected (appendix B). This sheds light on the nature of 
the system and gives hope that dynamic control is possible. 

An extensive search for a basin of attraction is currently 
under way, while future directions include research into 
methods of dynamic control of the arc fluctuations by real­
time adjustments of the voltage and current and numerical 
solutions to the reduced set of differential equations. 
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APPENDIX A.-STOKES POSTULATE AND 
NAVIER-STOKES EQUATION 

When the dynamics of fluid motion are discussed, both 
the external and internal forces acting upon an arbitrary 
volume element must be addressed. The bulk of this re­
port has been dedicated to a presentation of these forces, 
yet several important items toward a better understanding 
of the dynamics have been omitted. For brevity in the 
text, a more indepth discussion of some of the internal 
forces has been included in these appendixes. 

The Cauchy stress principle states that "upon any 
imagined closed surface S there exists a distribution of 
stress vectors, t, whose resultant and moment are 
equivalent to those of the actual forces of material 
continuity exerted by the material outside S upon that 
inside" (4).1 It is assumed that the stress vectors depend 
instantaneously only on the position and the orientation of 
the surface element. Thus, t depends not only on position 
and time, but also directly on the outward unit normal to 
the surface element. The stress vectors give a means of 
measuring the forces on an arbitrary volume element by 
considering an equivalent system of stresses concentrated 
on the surface of that volume element. 

It can be shown that the stress forces are ill local 
equilibrium; i.e., in the limit as the arbitrary volume tends 
to zero, the stress forces vanish as the volume decreases. 
This implies that the stress vectors can, be represented as 
a linear function of the outward unit normal vector and, 
hence, defines a stress tensor by the coefficients of this 
linear relationship. This tensor is the so-called Cauchy 
stress tensor. 

Ludwig Boltzmann recognized as an axiom that the 
Cauchy stress tensor is symmetric. This is true if there 
exist no extraneous couples within the fluid (4). These 

lItalic numbers in parentheses refer to items in the list of references 
preceding this appendix. 

couples may arise in the case of polarized media, such as 
here. Because of this, physical extraneous forces that 
cancel the couplings must be found. The author is 
unaware of any such forces at this time, hence Boltzmann's 
postulate is adopted. With this, conservation of angular 
momentum holds, and it is found that an arbitrary in­
stantaneous flow is, at each point, a superposition of a 
uniform velocity, a dilation along the axis of strain, and a 
rigid rotation about these axes. 

The axes of strain are mutually perpendicular directions 
in which no instantaneous rotation exists. The rates of 
expansion of the fluid along these axes are given by the 
characteristic values (eigenvalues) of the deformation 
tensor, while the axes of strain are found to be the 
eigenvectors of the deformation tensor. 

Sir George Stokes postulated that (1) the Cauchy stress 
tensor is a continuous function of the deformation tensor 
and is independent of all other kinematic quantities, 
(2) the stress tensor does not depend explicitly on the 
position (spatial homogeneity), (3) there is no preferred 
direction in space (isotropy), and (4) when there exists no 
deformation, then the stress tensor is a symmetric tensor 
with pressure along its main diagonal and zero's elsewhere. 
It can be shown that the Stokes' postulate leads to the 
stress tensor being a quadratic function of the deformation 
tensor. It is reasonable to assume that since the deforma­
tion tensor is small with respect to the ratio of some ref­
erence speed and reference length, then there exists a 
linear relationship between the stress and deformation 
tensors. This hypothesis leads to the Cauchy-Poisson law: 
T = (-p + >.nI + 2p,D, where>. is the shear viscosity and 
p, is the bulk viscosity, r = \I • H, and I is a principle 
invariant of the deformation tensor, D. Placing the 
Cauchy-Poisson law into the force equation thus yields the 
Navier-Stokes equation. 
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APPENDIX B.-CHAOS AND STRANGE ATTRACTORS 

Chaos has become known as the geometrical study of 
turbulent or noisy behavior of deterministic systems 
(9_12).1 With the discovery of underlying order within 
nonlinear systems comes the hope of being able to predict 
certain properties of this noisy behavior (12). Figure B-1 
shows the nonlinear time history of a model chaotic 
system, while figures B-2 and B-3 exhibit the underlying 
order within this system. Chaotic systems are those 
systems that exhibit a time history that has SIC. Poincare 
(12, p. 4) wrote about sensitivity to the initial conditions 
(SIC) in an essay on "Science and Method": lilt may 
happen that small differences in the initial conditions 
produce very great ones in the final phenomena. A small 
error in the former will produce an enormous error in the 
latter. Prediction becomes impossible." 

The electric arc has exhibited SIC. It has also exhibited 
underlying order masked by discrete fluctuations and rapid 
arc motion. It is believed, at least in part, that these 

IHalie numbers in parentheses refer to items in the list of references 
preceding appendix A. 

x 

discrete fluctuations are due to the rapid changes in 
attachment point geometry. As particles are sheared away 
from the cathode and anode, they ablate, and the cathode 
melts; the geometry of the cathode and anode undergoes 
rapid transformations. With this changing geometry comes 
uncertainty in attachment points. It is the attachment 
points that define the initial and boundary conditions of 
the system, hence predictability is lost. 

Because the system is chaotic, a basin of attraction is 
expected. Put simply, a basin of attraction is the set of 
initial conditions in phase space that leads to a particular 
long-time motion or attractor (12). It is believed that the 
basin of attraction for this system leads to a strange 
attractor in some higher dimensional phase or parameter 
space. A strange attractor refers to the attracting set in 
phase space in which chaotic orbits move (figs. B-2 and 
B-3). If such an attractor exists, it may be possible to 
force this attractor to be at a minimum energy level, thus 
controlling arc fluctuations through real-time adjustments 
of the input parameters while maintaining a minimum 
operating energy. 

Figure B-l,-Time history (T) of first variable (X) in Lorentz strange attractor. 
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Figure B-2.-X-Z projection of Lorentz strange attractor. 
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APPENDIX C.-LIST OF SYMBOLS USED IN THIS REPORT 

Constants: 

cg gas constant (assumed constant for these 
calculations) 

cp heat capacity at constant pressure 

e elementary charge of an electron 

g acceleration due to gravity 

gi ground state degeneracy of species i 

gl'i degeneracy of species i at first energy level 

h Planck's constant 

k Boltzmann's constant 

me electron mass 

Da ath energy level particle density (i.e., particle density 
at the alh energy level) 

De electron particle density 

q charge 

a proportionality constant between fluid density and 
charge density 

Ii 0 permittivity of free space 

1-'0 magnetic permeability of free space 

State Quantities: 

I current (ampere) 

fi outward unit normal 

p p(x,y,z,t) = pressure 

time 

u u(x,y,z,t) = fluid velocity 

V voltage (volt) 

v v(x,y,z,t) = charge velocity 

9 9(x,y,z,t) := temperature 

'" Newton-Fourier coefficient 

fl. ionization energy 

). shear viscosity 

I-' bulk viscosity 

P p(x,y,z,t) = fluid density 

Pc charge density 

T dissipation function 

Field Quantities: 

B magnetic field 

D electric displacement 

D deformation tensor 

E electric field 

F Lorentz force 

H magnetic field intensity 

Je effective current density 

Jf free current density 

M magnetization 

p polarization 

Differentials: 

d/dt = 8/8t + (u • V) = convective derivative 

V (8/8x,8/8y,8/8z) gradient operator 

t:. 82/8r: + 8 2/8y2 + 82/8z? = Laplacian operator 

Scaler t~psor product defined by A:B = aijbij 
where alJ , b jj are the components of A and B, 
respectively 
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