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FROTH FLOTATION COLLISION EFFICIENCIES
IN STRONG FORCE FIELDS

By C. L. Karr,! L. M. Freeman,? and D. E. Goldberg®

ABSTRACT

The U.S. Bureau of Mines is optimizing the design of an air-sparged hydrocyclone. This report
summarizes the initial stage of the project—the prediction of collision efficiencies for use in a
comprehensive air-sparged hydrocyclone model. The equations of motion are presented in nondimen-
sional form and solved numerically for a small spherical particle passing around a larger bubble in an
infinite fluid under the influence of a strong force field, Collision efficiencies ar¢ determined from the
calculated particle trajectories for values of Stokes’ number, K, between 0.01 and 100 and for values of
the nondimensional force, W, between 0,0 and 100. These large values of K and W are needed to model
high-performance flotation devices like the air-sparged hydrocyclone; solutions for the required K and
W values have not appeared in the literature prior to this study. Effects of changes in particle-to-bubble
radius ratio are considered for both viscous and potential flows. The results help predict the improved
recovery of fine particles when flotation is performed in a strong force field.

"Mechanical engineer, Tuscaloosa Research Center, U.S, Bureau of Mines, Tuscaloosa, AL.
2Assistant professor of aerospace engineering, University of Alabama, Tuscaloosa, AL,
3Associate professor of engineering mechanics, University of Alabamma, Tuscaloosa, AL



INTRODUCTION

A wide range of physical problems from diverse
practical sciences involves the collision of small par-
ticles in a fluid field. The U.S. Bureau of Mines is
interested in this area because of its relevance to the
production of a mathematical model of a mineral-
separating device, the air-sparged hydrocyclone (ASHC),
The purpose of this study is to investigate the collision
efficiency of a particle and a bubble under the influence of
a strong external force. The equations of motion for the
particles are presented in nondimensional form and solved
numerically for the initial position of the particle that
causes it to just graze the bubble. Results demonstrate
to what degree an increasing force field improves collision
efficiency.

Flotation has generally been modeled probabilistically.
The probability of floating a particle has been taken as the
product of several individual probabilities. Using Gaudin’s
bubble interaction hypothesis (9),* Schuhmann (22)
considered flotation to be a function of the following
three probabilities:

1. P, = probability of a successful bubble-particle
collision;

2. P, = probability of a collided particle adhering to
a bubble;

3. P, = probability of a particle being retained by a
bubble.

Then by elementary probability, assuming independence,
Pﬂotation =P cPaP re

These three values are generally considered sufficient to
accurately describe flotation. However, some have treated
the last probability, P, , as the product of two separate
values (27): P,, the probability of a particle being retained
and lifted through the liquid, and P, the probability of a
particle being retained in the froth.

The probability P, is related to E, the collision effi-
ciency of a particle. The collision efficiency is defined as
the number of particles striking the bubble divided by the
number of particles that would strike the bubble if the
streamlines were not diverted, The focus of this work is
the estimation of E, when flotation is performed under the
influence of a strong force field. A reasonable estimation
is needed to accurately model an ASHC.

The estimation of E, for conventional flotation has
been well addressed in the literature. Sutherland (25)
considered potential flow around a sphere to calculate the

“Italic numbers in parentheses refer to items in the list of references
preceding the appendix at the end of this report,

probability of collision. This study has been criticized for
neglecting the inertial effects of the particles, but many
others have found the same basic correlations (11, 14, 19,
26). Vasseur (28) calculated trajectories for four different-
size particles, but the results are not general since the
work was done with equations in dimensional form,
Das (4) presented trajectories calculated in a potential
flow pattern around a sphere and then extended his work
to include particle trajectories whose nearest approaches
to the sphere are 0.1, 0.2, and 0.3 of the sphere radius.

Fonda and Herne (8) estimated E, for potential and
Stokes’ flows around a target sphere. Asymptotic formuy-
laes describing particle trajectories at large distances from
the target sphere were developed and used to describe a
complete particle trajectory. Derjaguin and Dukhin (5)
wrote the equations of motion of a particle relative to a
bubble incorrectly in their study of fine-particle flotation.
Thus, they were led to the incorrect conclusion that fine
particles follow the liquid streamlines exactly. Flint and
Howarth (7) considered the effects of increasing the force
field in bubble-particle interactions. Research described
in this report relies heavily on their work and includes
extensions and amplifications needed to accurately model
flotation under the influence of a strong force field.

Some of the prior work concerning E, has dealt with
the gencral problem of estimating the probability of a
sphere colliding with a particle in a fluid field, as opposed
to this study’s concentration on flotation. Langmuir and
Blodgett (15) considered the flow of a particle around a
sphere in 'viscous flow as it related to raindrop
coalescence. Raindrop coalescence was also the focus of
E, estimations by Hocking (12), Pearcey and McHugh
(18), and Shafrir and Neiburger (23). Stairmand (24)
considered the same basic problem in connection with
filtration.

Regardless of the particular area of interest, the equa-
tions of motion for particle-bubble interaction have been
adopted as the starting point for analyses of E.. The
equations of motion are nonlinear and can be solved ana-
Iytically only for a limited number of cases. They have
been approximated using numerical integration tech-
niques (7) and trigonometric series expansions (16).

This research represents an extension of the work of
Flint and Howarth (7) in two ways. First, it considers the
effects of force fields larger in magnitude than those used
by Flint and Howarth. Second, it considers the effects of
changing particle-to-bubble radius ratios (R). The first
extension is needed because of the increasing popularity of
the ASHC (17), a device in which flotation is performed
in a centrifugal field. The second extension is needed to
predict the recovery of particles of varying size in flotation.
The focus of interest in the ASHC is the migration of



bubbles and particles in the radial direction. For this
reason, the.equations of motion presented in this report
for a bubble-particle system consider only accelerations in
the radial direction (centrifugal acceleration).

In this report, the physical problem is described, the
nondimensional equations of motion are presented, the
method of solution is discussed, and results are presented

showing the potential for improved recovery of fine parti-
cles when flotation is performed under the influence of a
strong force field. Both potential and Stokes’ flow solu-
tions are presented. This work is in support of the
Bureau’s program to study more efficient methods for
extraction and beneficiation of the Nation's minerals.

PHYSICAL PROBLEM

The complexity of froth flotation may be reduced by
considering the relative motion of a single bubble and
a single particle as shown in figure 1. The reduction
of the system to two particles is of course a simplifica-
tion, but it is also a practical and convenient place to
start an analysis of the complex hydrodynamic process of
flotation. The initial position of the particle, y,, that
allows the particle to just graze the bubble must be found
to calculate the collision efficiency—an example of a
shooting problem, Position y, may be found by varying
the initial conditions in a root-finding problem. In this
section, the physical problem is discussed in detail—
including simplifying assumptions—and two limiting cases
are considered.

SYSTEM MODEL

The motion studied is the relative two-dimensional
motion of a spherical particle and bubble (fig. 1). The
particle of radius r, passes around the bubble of radius ry,
which is held stationary at the origin of the coordinate
system. Determination is made of the initial position of
the particle, y,, that allows the particle to just graze the
bubble. Nondimensional equations of motion for the
particle passing around the bubble are presented (8) and
solved numerically to predict these positions, Variations

Yo

in the particle-to-bubble radius ratio (R), the size of the
force acting on the system (g), and the mass of the particle
(m) are considered,

PARTICLE SIZE

The particle is assumed to be small relative to the
bubble, and the bubble is assumed to be approximately
spherical in shape. Bubbles up to 3 mm in diameter have
been observed to be approximately spherical when
travelling in water (10), although Saffman and Turner (27)
place the limit at 1 mm. Either bubble diameter will be
within the range used in the ASHC.

Since the bubble is much larger than the particle, the
fluid flow pattern is characterized by the flow around the
bubble. The problem is simplified by choosing a coordin-
ate system moving with the terminal velocity of the bubble
and having its origin at the center of the bubble. ,In this
simplified system, the flow is assumed to be undisturbed
by the particle, and the bubble is fixed with respect to the
coordinate system.

The basic problem becomes that of estimating the tra-
jectory of the smaller particle relative to the larger bubble
when external inertial and fluid forces act on the particle,
In conventional flotation cells the external force is gravity,
in the ASHC it is centrifugal force due to hydrocyclonic

by

Figure 1.—Geometry of a single-bubble, single-particle system, whete g is the force acting on the system, v Is the velocity of the
particle, y, s the Initial position of the particle, and ry Is the radius of the bubble.



swirl. In any given physical problem, the particle is in-
fluenced by both inertial and fluid forces, and the prob-
ability of the particle striking the bubble is between zero
and unity,

The flow patterns considered assume the bubble is im-
mersed in a homogeneous fluid. When the particle is
present it will disturb the flow pattern in its immediate
vicinity, but this effect is ignored since the particle is small.
The computations are therefore strictly applicable only to
a particle of infinitesimal size. The results presented as-
sume the particle can reach a size of one-tenth that of the
bubble, producing a particle volume of one one-thousandth
of the bubble volume, The radius of the particle affects
not only the fluid flow but also the criterion for deciding
whether the particle and bubble collide. If the particle
passes within one particle radius of the bubble then a colli-
sion is said to have occurred. Thus, the initial position of
the particle that causes it to pass within one particle radius
of the bubble is sought.

TWO LIMITING CASES

Flow around a sphere is characterized by the Reynolds
number for the sphere, defined by the product of the
sphere diameter and the fluid velocity divided by the kine-
matic viscosity of the fluid. For very small values of the
Reynolds number the flow pattern is well described by the
Stokes’ flow solution (termed "viscous flow" in this study),
Likewise, for very high Reynolds numbers the flow pattern
is described by a potential flow solution. In this study,
consideration is made only of these two extreme cases,
viscous and potential flow, because of the lack of details
for flow patterns at intermediate Reynolds numbers.

FACTORS AFFECTING COLLISION EFFICIENCY

As stated previously, the problem becomes that of
determining the value of y, for which the particle will just

graze the bubble, The collision efficiency is proportional
to the square of the particle’s maximum displacement from
the x-axis for which a collision still occurs.

Whether a collision occurs depends not only on the
initial position of the particle but also on the balance of
viscous and inertial forces acting on the particle. If only
inertial forces were considered, the particle and bubble
would collide when an infinitesimal particle was initially
within a distance y, equal to the bubble radius, so that the
collision efficiency would be unity, If only viscous forces
were considered, the collision efficiency would be zero for
an infinitesimal particle because the potential flow pattern
would never contact the bubble. The collision efficiencies
in this study fall between these two extremes because both
inertial and viscous forces are considered.

The focus of this study is the effect of increasing the
force, g. In the ASHC the force is increased when the
centrifugal acceleration is increased, which is accomplished
by increasing the angular velocity of the fluid. When g is
increased the trajectory of the particle flattens out, thus
increasing the collision efficiency. This effect is illustrated
in figure 2, where trajectories are shown for increasing
values of the force.

ASSUMPTIONS

The following seven assumptions are inherent to this
study: (1) the bubble is large relative to the particle
so the flow is around the bubble, (2) the particle is small
enough not to disturb the flow field, (3) both the particle
and the bubble remain approximately spherical, (4) Stokes’
law may be used to describe the drag force on the particle,
(5) the particle and bubble interact in a homogeneous
fluid, (6) the phenomenon of flotation is bounded by the
two extreme cases of viscous and potential flows for low
and high Reynolds numbers, and (7) only centrifugal
accelerations (x-direction accelerations) are considered.

g=0.
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Figure 2.~Effects of increasing force on particle trajectory, whete g Is the force acting on the system, y, is the Initial position of

the particle, and ry Is the radius of the bubble,



MATHEMATICAL PROBLEM

In this section the governing equations of motion and
boundary conditions are discussed. Solutions are shown to
depend on two key nondimensional parameters. Analytical
solutions for the limiting cases of viscous and potential
flow are considered.

EQUATIONS OF MOTION

In considering the equations of motion for the system,
one should recall that the bubble is held stationary by the
velocity of the fluid, which is equal to the terminal velocity
of the bubble; i.e., the bubble is at rest with respect to the
coordinate system. A force balance on the particle in the
x-direction produces the following equation:

dv

m —d—tf =g - Fp» M
where  m = mass of particle,
v, = velocity of particle in x-direction,
g = external force,
and Fp = drag force.

The drag force in a given direction is considered
proportional to the velocity of the particle and takes the
form:

Fp = Cp(U-v), 2
where Cp = coefficient of drag,
v = velocity of particle in the given direction,
and U = velocity of fluid in the given direction,

Similarly, a force balance in the y-direction yields

dv
m _,&t,y, = Cp(Uy - v,): ©)

When the mass of the particle is represented by the
product of the volume¢ and the mass density, o, Cp is

taken as the Stokes’ drag coefficient, and u is the viscosity
of the fluid, equations 1 and 3 become

4 dvy 4
gwrpappqdif gﬂrp3(pp—-pf)rw2
- 6m 1y g (Uy - V) @

where r, = radius of particle,
Py and p; = mass densities of particle and fluid,
respectively,
vy and v, = velocity components of particle in
respective directions,
r = radial distance from center of

centrifuge,
w = angular velocity of fluid in cen-
trifugal field,

U, and Uy = velocities that would exist in fluid if
no particle were present (presented
for both viscous and potential
flows),

viscosity of fluid.

i

and K¢

Equations 4 and 5 are the gquations of motion of the
particle around the sphere in the x- and y-direction,
respectively.

Coefficient Cyp, is a dimensional drag coefficient for the
particle. For a spherical particle, this cogfficient will be
the same in all directions. Stokes’ drag is assumed in this
study and is defined as 67 r, y, for a spherical particle,
Although variation of drag coefficient with Reynalds
number is well known, a constant drag coefficient is
assumed in this study,

Force g is the external force acting on the bubble-
particle system, For conventional flotatjon cells, this term
is due to the acceleration of gravity, For ASHC's, it is due
to a centrifugal acceleration of the form g = r &%

NONDIMENSIONAL EQUATIONS

Equations 4 and 5 may be written in nondimensional
form so the motion can be studied in general terms.



Fonda and Herne (8) give the nondimensional ¢quations
as

dv,”
KL = U - v (6)
de”
d w
and K> =W+ U’ -v* Y,
dat*
2r.2p U
where = -—-é—’—-H and is termed the "Stokes’
K number,”
Ug = fluid velocity relative to the sphere far
from the sphere,
* v , , .
Vo= L the nondimensional y-velocity
~B  component of particle,
* VX % s o
i TOo the nondimensional x-velocity
B component of particle,
® B . . v
t = —, nondimensional time,
o
x U S .
U, = —Ul, the nondimensional y-velocity of
B fluid,
« Uy
U, = fj"" the nondimensional x-velocity of
B fluid,
2, %(pp - p .
and w M an indication of strength

On; Up of the force acting on
the  bubble-particle

system,
BASIC PARAMETERS

The two basic parameters considered in this study are
K and W, The parameter K is a measure of the ratio of
inertial to viscous effects, Thus, it .can be thought of as a
dimensionless mass. The greater the value of X, the less
the particle is deflected by the flow. The parameter W
represents the terminal settling velocity of the particle in

an undisturbed fluid when g is the external force due to
grawty, in the ASHC, W represents the terminal radial
migration velocity of the particle. As W is increased (in-
creased g), the trajectory of the particle is flattened, thus
increasing the collision efficiency,

VISCOUS FLOW SOLUTION

The equations of motion, 6 and 7, become uniquely
specified once a particular flow pattern around the bubble
has been specified. One of the limiting cases considered
in this study is that of viscous flow. The viscous flow solu-
tion may be obtained from standard references (13). The
velocity components are defined as

3
Ty 1

U =Ug1l- | o

X B { 2 (xz " y2)1/2
R ) R ) ®)

4(}(2 + yZ )5;’2

and y 3Ug0? + ¥ - Dy’ ©)

4(}( + yZ)S;’Z

The above equations can be put into the following nondi-
mensional form:

(% vy - pex -y (10) .
4(><"’2 -y
and Uy = - i :xmz :2)15)/}; x, )
where x = -r%
and y* = gg

POTENTIAL FLOW SOLUTION

A second limiting case is that of potential flow, The
potential flow solution is developed from the velocity



F=1

potential, ¢, which for flow around a sphere (13) may be
written as

UBrB3x

262 + v ' (12)

¢=‘"“UBX"

The velocity components are obtained from the velocity
potential by using the relations

U, =9 (13)

and U, =2, (14)

Performing the differentiation yields the velocity com-
ponents for the fluid. field:

3
U oeougdro [ el a
x B Z |+ )

3U Bm }33 . (16)

and U & o
Y 2()(2 + y2)5/2

The above equations can be put into nondimensional form:

3x*y*

and Ut=we 27 .

y 2Ax *2 + y-.z)s/z (18)
With the fluid field velocities defined, the equations of

motion have been completely specified,

INITIAL CONDITIONS

To complete the definition of the mathematical prob-
lem, initial conditions must be specified. The initial
conditions for this problem are such that the particle is a
large distance away from the bubble, At this location, the
following conditions exist:

¢ v Y =1 the particle is in the free stream and has
a velocit(if in the x-direction equal to that of the fluid,

. Vyo‘ = 0; the particle velocity is zero in the
y-direction,

+ x, = ~o; the particle is a large distance from the
bubble. (To integrate the equations of motion, this con-
dition must be approximated, Details are included in the
next section,)

. yQ* = unknown; the particle is given an injtial
displacement in the y-direction, This value will be

Ur =1 - (2x* - v a7 calculated such that the particle just grazes the bubble,
X 2()( *2 + y*Z)sz
NUMERICAL. SOLUTION

The differential equations specifying the trajectory of
the particle are nonlinear and can be solved analytically
only for very special cases. This section describes a
procedure for numerically integrating the equations of
motion, the transformation of the initial conditions into a
form that can be handled in the numerical integration, and
the formulation of a root-finding procedure to determine
the collision efficiency.

NUMERICAL METHOD

A predictor-corrector linear-multistep (LMS) method
was utilized to numerically integrate the differential
equations of motion; specifics of the third-order
Adams-Moulton and Adams-Bashforth LMS may be found
in Burden, Faires, and Reynolds (3).

A Fortran program was written to integrate the
equations using LMS algorithm. The parameters K and W
were trcated as constant values in each individual
integration and were varied systematically to illustrate their
effects on the collision efficiency.

The step-by-step integration calculates the position
of the particle at each subsequent time step. This cal-
culation proceeds until the particle collides with the bubble

r
(when x'? + y? < 1+ -1.:1’. ) or until the particle reaches
B

the vertical centerline, in which case no collision has
occurred. To control computational error, the time step
was reduced until the particle trajectories differed by less
than 0,001; this value was on the order of 0,01 s,

EQUATIONS OF MOTION IN CONVENIENT FORM

To solve the equations of motion with an LMS method,
the equations are put into the following form:

X = F’ (19)
a”
dx* *
"E: i V}; ? (20)



=G, 21
de*
dy* *
and .%; = v, (22)

where F and G are functions defined by the equations of
motion. Thus, equations 6 and 7 were rewritten as the
following set of differential equations:

‘:;": (W +U"-v") /K, (23)

v (24)

%‘«"T‘ = (U, -y /K, (25)

and 35;: = Vy*» (26)

where U,’ and U," are defined by either equations 10 and
11 or equations 17 and 18, depending on the flow field
considered. Both F and G were written as functions in the
Fortran program to allow for easy switching between
viscous and potential flow,

NUMERICAL INITIAL CONDITIONS

The numerical integration cannot begin at x = -, An
initial value of x* was selected, and corresponding values
of v," and v’ were calculated by the method of Fonda
and Herne (8). This method is more accurate than that
of Flint and Howarth (7), who began with V, ' = 1,
vyo' = 0, and x,' = C, where C was calculated to give
agreement with the results of Fonda and Herne.

Researchers have observed effects from bodies in the
flow ficld as far as 10 diameters upstream. In this study,
these effects are considered in the calculations of the
initial velocity conditions so the initial value chosen for x’
did not affect the results, The value of x," was chosen to
be 10 radii upstream of the bubble. A check was made by

initiating integrations 20 radii from the bubble, and no
appreciable differences in the results were observed.

ROOT FINDING

The equations of motion have been presented, initial
conditions defined, and a method of solution outlined.
Therefore, the problem of determining the collision ef-
ficiency becomes one of determining the maximum ini-
tial displacement of the particle, y,", that allows the
particle to just graze the bubble: a simple root-finding
problem,

Interest is in the final values of y' and X', for if

x?+y? < 1+ ;L the particle collides with the bubble.
B

These final values are functions of K, W, and y,". But in
each integration K and W are constant, predetermined
values, Thus,

x" final = 1Yo " @7

and V" tnat = £5o")- (28)

Therefore, determination must be made of the value of y,*
that drives the function

2 *2 ¥
H(YQ*) =x" final *Y finat [1 + r_P_ ] (29)
B

to zero, Ify,’ is too small, the function H(y,") is negative;
if v, is too large, the function H(y,") is positive; the
function is thus well behaved. In this study the bisection
method was used and converged to within 0,001 in
approximately eight iterations,

COLLISION EFFICIENCY

Consider a situation where there exist N particles per
cubic centimeter, When the streamlines are diverted the
number of particles striking the bubble per unit length
is the product of the particle density and the area of
a circle of a radius y, as shown in figure 3. Nny? par-
ticles strike the bubble when the streamlines are diverted
for every centimeter an individual particle moves in the
x dircction. When the streamlines are not diverted the
number of particles striking the bubble per unit length is
equal to the product of the particle density and the area of
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Figure 3.—Particles striking bubble when streamlines are
diverted, where ry is the radius of the bubble, ¥, Is the radius of
the particle, and yo° is the nondimenslional inltial position of the
particle,

a circle of radius (r, + rp), as shown in figure 4.
Nrm(r, + 1y)* particles per centimeter strike the bubble
when the streamlines are not diverted. The collision
efficiency becomes

o2

E, =%

r
1+ 2

s

(30)

If the particle is small relative to the bubble, the
collision efficiency may be written as

Figure 4.—Particles striking bubble when streamlines are not
diverted, where ry; is the radius of the bubble and r, s the radius
of the particle.

o2 ;
E, =y, » (31)
and most rescarchers have made this simplification, How-
gver, in this study, the particle is allowed to reach a
radius one-tenth as large as that of the bubble. This ratio

r
of R = -?'-J— = 0.1 produces differences of up to 17 pet in

B
the results of equations 30 and 31, Thus, in this study the
complete definition of collision efficiency, equation 30, has
been used.

RESULTS

There are several case studies basic to this work.
Previous research has considered variations in R, and
some research has considered variations in W, In this
study, collision efficients were calculated for vicious and
potential flow around the bubble for values of K between
0,01 and 100.0 and for values of W between 0.0 and 100.0.
These limits were selected to ensure the inclusion of
values apparent in the ASHC. Calculations were also

made for two values of R, namely R = 0.0 (particle of
infinitesimal size) and R = 0.1. The results are presented
in figures 5-8.

COMPARISON WITH OTHER WORK

Results of this study are compared with results of Flint
and Howarth (7) in figure 9. Flint and Howarth have
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Figure 5.—Collision efficiency as a function of Stokes’ number and nondimensional force for
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Figure 6.~Collision efficloncy as a function of Stokes’ number and nondimensional force for
viscous fiow with particie-to-bubble radius ratio (R) of 0.0.



W= 30, 70, loo
1.0 T e e e e

/?) 9 W= 10 ’ ]
Lod
N~ B w=3 —
S
O T ov=l 7
prd
bl 6 F .
E—i W= <);7
L Rol I
Ld

Ao -
prd
_O_ Bk w=0.3 ~
v
j 2 - We=0 =
@)
Q- -

0 ! Lot nal TSR N VO SOUEN I AU SNV R T NI WA | b dd A Lt

1072 107" 10° 10 102

STOKES’ NUMBER (K)
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Figure 9.—Collision efficiency as a function of Stokes’ number and nondimensional force com-

pared with results of Flint and Howarth.

compiled the most complete results to date, and their work
is representative of other works in this area (2, 4, 8,
14, 28). They presented results for variation in the basic
parameter W. These results are compared with those of
the current study for W = 0.0 and W = 0.3, the upper and
Jower limits on W in the work of Flint and Howarth. Flint
and Howarth also presented experimental results that
agreed well with their numerical solutions.

DISCUSSION OF RESULTS

First, when K is increased the collision efficiency
increases for a constant value of W, This is expected
because K is a nondimensional mass and as the mass is
increased, the trajectory of the particle will flatten out,
thus increasing the collision efficiency. Second, the same
general trend is seen for W as W increases, the collision
efficiency increases. This result is expected because as W
increases the particle is carried by inertia more strongly
toward the bubble, its trajectory flattens out, and thus the
collision efficiency is increased. Finally, as R is increased,
the collision efficiency increases. This is logical because
for a constant bubble size an increase in R represents an
increase in particle size, and thus the particle center does

not have to come as close to the bubble for a collision to
oceur.

Closer examination of figures 5 and 6 reveal two
distinct regions of particle-bubble behavior. The first is
for values of K above 1.0 and the second is for values of
K less than 0.1. In the first region collision efficiency
depends most strongly on inertial forces. Consequently, in
this region characterized by particles having large K~
collision efficiency is increased as K is increased. In the
second region, characterized by particles having small K,
the collision efficiency is independent of K but strongly
dependent on W.

Flint and Howarth (7) showed that for the region with
values of K less than about 0.1, inertial effects of the
particle could be neglected and collision efficiencies could

be calculated from E, = for ¢ither viscous or

_Ww__
1+W
potential flow. The preceding figures verify this fact for
the upper limits on W for both potential and viscous flow.
It is known that the recovery of fine particles in flotation
can be improved by using smaller bubbles (I, 6, 20). This
seems to be an anomaly at first, but the results presented
in this study are consistent with this observation, When R
was increased from 0.0 to 0.1 the collision efficiency also



increased (figs. 5, 7-8). An increase in R represents an
increase in particle size for a constant bubble radius, as
was the case earlier in this report, but it can also be
considered a decrease in bubble size for constant particle
size. Thus, this decrease in bubble size (R increasing)
produces higher collision efficiencies, especially in the fine-
particle region.

The idea of increasing the collision
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efficiency with smaller bubbles is also apparent when the
effects of varying W and K are considered. The parameter
W decreases with increasing bubble size because an
increase in bubble size causes an increase in bubble
velocity. Likewise, K decreases with increasing bubble
size. Thus a decrease in bubble size causes an increase in
W and K, and therefore a higher collision efficiency.

SUMMARY AND CONCLUSIONS

Collision efficiencies have been calculated using a two-
particle model in a strong force field. The nondimensional
equations of motion have been solved numerically, showing
the effects of changes in K, W, and particle-to-bubble
radius ratio R for both viscous and potential flow.

The results of Flint and Howarth (7) have been
extended to include higher values of W. The values
considered are much higher than those exhibited in
conventional flotation machines but are representative of

the forces experienced in ASHC’s, in which the bubble-
particle system is subjected to strong force fields. Higher
collision efficiencies experienced at high W-values point to
better recovery rates in the ASHC,

The values presented in this study are especially useful
in modeling ASHC’s. The results support the observation
of better flotation recovery rates in strong force fields.
Also, the results help explain the improved recovery in
flotation of fine particles using smaller bubbles.
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APPENDIX.—ABBREVIATIONS AND SYMBOLS USED IN THIS REPORT

coefficient of drag

collision efficiency

drag force

external force acting on particle

Stokes’ number

mass of particle

number of particles per cubic centimeter

probability of a particle adhering to a bubble after
collision

probability of a bubble-particle collision

probability of a particle being retained and lifted
through the liquid

probability of a particle being retajned in the froth
probability of a bubble retaining an attached particle

particle-to-bubble radius ratio

- radial distance from center of centrifuge

radius of bubble

radius of particle

time needed for separation
nondimensional time

velocity of fluid

bubble velocity

x-velocity of fluid when particle not present

nondimensional x-velocity of fluid when particle not
present

Yo

Yo

Ky

Pt

y-velocity of fluid when particle not present

nondimensional y-velocity of fluid when particle not
present

velocity of particle

x-velocity

nondimensional particle x-velocity
nondimensional initial particle x-velocity
y-velocity

nondimensional particle y-velocity
nondimensional initial particle y-velocity
nondimensional force

x-coordinate

nondimensional x-coordinate
nondimensional initial x-coordinate
y-coordinate

nondimensional y-coordinate

initial position of particle
nondimensional initial position of particle
viscosity of fluid

density of fluid

density of particle

velocity potential

angular velocity within ASHC
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