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EVALUATION OF STRUCTURES FOR ROOF-FALL AREAS 

By Richard A. Allwes1 and C. P. MangelsdorP 

ABSTRACT 

This U.S. Bureau of Mines report presents the results of structural analyses and full-scale physical 
tests conducted on a steel-set arch and tri-set. The purpose of the analyses and tests was to evaluate 
the suitability of these structures for use in roof-fall prone areas. The arch canopy test and design 
procedures previously developed by the Bureau were utilized in this evaluation. 

Theoretical resistance functions were established for the steel-set arch and tri-set and were rep
resentative of the experimental behavior of the structures. The resistance functions were used to 
determine the energy absorption capacity of the structures and to predict their dynamic response to 
impact loading. The dynamic tests demonstrated that the arch canopy design procedure is appropriate 
for tri-sets and yields conservative designs for both steel-set arches and tri-sets. 

As a result of this work, it is recommended that these two structures may be considered for use in 
roof-fall prone areas and for rehabilitation work, provided the arch canopy design procedure is utilized 
for each application and the principles underlying the design procedure are understood. 

ICivil engineer, Pittsburgh Research Center, U.S. Bureau of Mines, Pittsburgh, PA. 
2Civil engineer, Pittsburgh Research Center; Professor Emeritus, University of Pittsburgh, Pittsburgh, PA. 
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INTRODUCTION 

Two methods are currently practiced by mining industry 
to rehabilitate caved mine entries and to protect mine 
personnel in roof-fall prone areas. The first is to support 
and stabilize the mine entries with massive crib and/or 
steel structures [conventional method of resupport (fig. 1)]. 
This particular method creates numerous hazards for mine 
personnel and is accounted with 56 fatalities for the years 
1966 to 1986 (1-2).3 The second method involves installing 
a structural system (usually an arch canopy or arch 
canopy-backfill system) that will shield mine personnel 
from any recurring roof falls (fig. 2). Although for this 
application the structural system does not support or 
stabilize the mine entry, it is acceptable by regulation as a 
type of roof support because it controls the mine roof by 
preventing roof falls from striking mine personnel (3). 
Since their first installation in 1977, arch canopies have 
gained the reputation of being significantly safer and more 
economical to install than the conventional methods of 
resupport. Furthermore, no fatal rehabilitation accidents 
have occurred since their introduction for restoration of 
caved mine entries. 

3ltalic numbers in parentheses refer to items in the list of references 
preceding the appendixes at the end of this report. 

The introduction and novel use of arch canopies for 
protection against roof falls created a need for loading 
criteria and a design procedure. In 1987, the u.S. Bureau 
of Mines developed a design procedure for arch canopies 
and also established static and dynamic loading criteria 
from a study of rehabilitation roof-fall accidents that 
occurred from 1966 to 1986 (1, pp. 23-29; 4). Verification 
tests were conducted by the Bureau from 1987 to 1989 on 
arch canopies constructed of liner plate (4). The purpose 
of the verification tests was to demonstrate the use of the 
arch canopy design and test procedures developed by the 
Bureau and to establish the validity and conservativeness 
of the design procedure. 

The Labor Department's Mine Safety and Health Ad
ministration (MSHA) requested the Bureau's assistance 
in the evaluation of tri-sets, as an alternative to arch 
canopies, for use in unsupported and roof-fall prone areas 
(fig. 3). The Bureau conducted this work since it would 
benefit the mining industry by providing a safer working 
environment during rehabilitation work. 

The proposal of utilizing tri-sets for protection against 
roof falls immediately raised a concern for safety. This 
concern is justified when the load-carrying and energy ab
sorption capacities of tri-sets and steel-set arches of the 

Figure 1.-Conventlonal method of resupport-multlple stories of cribbing. 
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Figure 2.--1natallatlon of arch canopy for rehabilitation of hlgh-roof-fall area. (Courtesy Camber Corp.) 

Figure 3.-Ylelding tri-set. (Courtesy Dosco Corp.) 
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same cross section are compared. Tri-sets are generally 
less stiff and possess less energy absorption capacity than 
steel-set arches due to their geometry. 

MSHA's request provided an opportunity for the Bu
reau to reaffIrm the validity of the arch canopy design 
procedure for steel-set arches [reported previously (1, 

p. 48; 4, p. 10)]. The steel-set arch also served as a basis 
for evaluating the performance of the tri-set. Further
more, the tri-set dynamic test demonstrated that the arch 
canopy design procedure is appropriate for this type of 
structure. 

TEST ARTICLES 

The two-piece steel-set arch statically and dynamically 
tested was a two-hinged straight-leg circular arch (fig. 4A). 
A single arch was used for the static test (out-of-plane 
buckling and in-plane sidesway were prevented). The dy
namic test utilized five arches and four courses of lagging. 
Lagging consisted of wood (3 by 5 by 60 in) and steel 
channel (C-Iagging) and was nested for increased strength 
(118 members per course). The central courses of the 
arch structure were completely lagged to prevent each 
steel-set arch from buckling out of its plane. The outer 
courses were lagged at the base, crown, and tie rod loca
tions. The dimensions of the wood and steel lagging are 
presented in table 1. The straight-leg portion (L) of each 
arch member measured 60 in and the radius (r) of the 
arch with respect to its centroidal axis was 92.5 in. The 
arch section was a rolled steel joist (RSJ) 5 in deep by 
4.5 in wide and weighed (W) 18 lbf/ft. The dimensional 

and material properties of the arch are also provided in 
table 1. The steel-set arches were set on 5-ft centers. 

The three-piece set statically and dynamically tested 
was a yielding tri-set (fig. 4B). The yielding legs were 
7.5 ft long and were comprised of a nest able U-section 
[Toussaint-Heintzmann Profile (TH) 58] that weighed 
14.1 lbf/ft (5). The bolts of the U-c1amps were torqued to 
the manufacturer's specification of 180 fHbf. The speci
fied leg load at onset of convergence was 24 kips (11). 
The crossbar consisted of a W8x31 cross section and was 
16 ft in length. Both static and dynamic test articles were 
comprised of four tri-sets and three courses of lagging. 
The tri-sets were set on 5-ft centers. The crossbars were 
completely lagged (50 members per course) with nested C
and wood lagging to prevent lateral-torsional buckling. 
The dimensional and material properties of the tri-set and 
wood and steel lagging are also provided in table 1. 

Table 1.-Dlmenslons and properties of test articles 

Dimensions 
and 

properties 

A ..•............. in2 •• 

L ................. in .. 
r •................ in .. 
W .....•....... Ibf/ft .. 
I"" ............... in4 .. 
S"" ............... in3 .• 

Zxx ............... in3 

uY' ksi: 
Specified ............ . 
Actual ............... . 

NA Not available. 
NAp Not applicable. 
lFrom reference 5. 
2From reference 6. 
3From reference 7. 
4Straight-leg section. 
5From reference 8. 
6From reference 9. 
7From reference 10. 

2-Hinged straight-leg circular arch 

Steel-set arch Lagging 

RSJ 5x4.5x181 Wood Steel2 

5.28 15 2.18 
460 60 60 

92.5 NAp NAp 
18 6.11 7 

22.69 11.2 2.69 
9.08 7.5 1.06 

10.49 NAp NA 

60 NAp 36-42 
560 NAp NA 

Yielding trl-set 

Cross bar Leg Lagging 

W8x31 TH 583 
Wood Steel2 

9.13 4.15 36 2.18 
192 90 60 60 

NAp NAp NAp NAp 
31 14.11 14.66 7 

110 8.07 108 2.69 
27.5 3.6 36 1.06 
30.4 NA NAp NA 

36 60 NAp 36-42 
642 764 NAp NA 
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Figure 4.-Test art/cles. A, Two-hinged straight-leg circular steel-set arch; B, yielding trl-set 

STATIC TEST PROCEDURES 

Static tests were performed to determine the elastic
plastic structural behavior of the steel-set arch and tri-set 
and to establish their experimental resistance functions 
(load-displacement curves). Experimental resistance func
tions were needed so that the accuracy of the derived 
theoretical resistance functions could be evaluated. These 
tests also provided a detailed understanding of the failure 
processes the two structures underwent. 

For both static tests (steel-set arch and tri-set), the test 
conduct proceeded as follows. Each structure was cycled 
several times by applying a light load with a hydraulic 
actuator. This was done to takeup any play in the system 
and to provide a stable starting position. The pull force 
was applied at a slow rate until the maximum load
carrying capacity of the structure was reached. The static 
test was then continued using displacement control until 
the desired vertical deflection [deflection of the structure 
must be less than the difference between the height of the 
structure and the protection height (~) (4, p. 7)] was 
reached or failure (uncontrolled yielding of tri-set or 
fracturing of a joint) of the structure occurred. At this 
point, the load was slowly released and the static test was 
terminated. 

STEEL-SET ARCH 

The arch was statically tested in a horizontal position in 
the Bureau's mine roof simulator (MRS) (figs. 5-6). A 

hydraulic actuator was used to apply a pull force to the 
crown of the arch. Crown displacements were monitored 
with a wire-pull displacement transducer. The platens of 
the mine roof simulator were used to restrain the arch 
from out-of-plane buckling and in-plane sidesway.4 Out
of-plane buckling was prevented to simulate the out-of
plane restraint provided by the lagging and adjoining steel
set arches in actual installations. In-plane sidesway, due 
to the formation of asymmetrical plastic hinges,S was 
prevented since arches of these proportions do not exhibit 
this type of behavior when subjected to impact loading 
at their crown. The arch base supports were restrained 
against translation, but were free to rotate (fig. 7). This 
was done to simulate the support reactions in the field. 
Five sets of rollers (two rollers per set) supported the arch 
against each platen and were located at angles of 0°, 33°, 
and 66° (with respect to the crown). The two rollers 
located at the crown traveled in channels that were bolted 
to the upper and lower platens (figs. 6 and 8). This was 
the mechanical guidance system that prevented in-plane 

4In-plane buckling of the steel-set arch was not a considel'ation. A 
nonlinear static analysis was conducted using finite element analysis (12) 
and it was determined that the critical in-plane buckling load for the 
structure is 94.1 kips. This critical buckling load is 241 pct greater than 
the load required for onset of yield in the structure. . 

sWhen the cross section of a steel member totally yields due to the 
effect of bending with or without axial load, it is termed a plastic hinge. 
Additional bending deformation can occur without an increase in stress 
and therefore without an increase in bending resistance. 
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sidesway of the arch. Out-of-plane buckling was resisted 
by all 10 rollers. 

The rolling resistance of the rollers is 5 pct of the 
applied normal load (13) and the coefficient of static 
friction between the rollers and platen is 0.22 (obtained 
experimentally). Since out-of-plane buckling was initially 
resisted, the anticipated normal load experienced by the 

MRS Platen 
Displacement transducer 

Roller and guidance system 

Hydraulic 
actuator 

Figure 5.-Plan view of static test configuration for steel-set 
arch. 

rollers would be small in comparison to the static load 
applied to the arch. As a result, it was concluded that the 
rolling and sliding resistance of the rollers could be 
ignored and would not adversely affect the static test 
results. 

YIELDING TRI-SET 

The static testing of the yielding tri-set was conducted 
in the Bureau's impact test structure (figs. 9-10). The pull 
force was applied to the central course of the tri-set struc
ture at midspan with a hydraulic actuator. A 4-ft load 
beam was used to distribute the point load to the wood 
and steel lagging. The vertical and horizontal displace
ments of the tri-set's crossbar at midspan were monitored 
with redundant sets of displacement transducers. 

The base supports of the tri-sets were restrained against 
translation, but were free to rotate. This was done to 
simulate the support reactions in the field. Each tri-set 
was fully lagged (nested C- and wood lagging) to resist 
lateral-torsional buckling of the crossbars. Two outer legs 
of the tri-set structure were braced to prevent the struc
ture from drifting and racking out of its plane. The 
potential out-of-plane movement is attributed to the test 
structure's limited longitudinal size and subsequent 
stiffness. Since in all likelihood the tri-sets would not be 
blocked against the mine ribs in the field, the test structure 
was free to drift in its lateral direction. 

Figure 6.-Steel-set arch static test Installation In mine roof simulator (rollers at angles of 33· from crown not shown). 
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Figure 7.-8teel-set arch base-support restraint 

Center beam 

Load beam 

Load cell 

Hydraulic 
actuator 
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Figure 8.-In-plane sldesway restraint and load transfer 
assembly. 

B 
Load beam 

Cross 

Figure 9.-Yleldlng trl-set static test configuration. A, Front elevation view; B, side elevation view. 

Figure 10.-Yleldlng trl-set static test Installation in impact test structure. 
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DYNAMIC TEST PROCEDURES 

Dynamic tests were conducted on the steel-set arch and 
tri-set to determine their structural response to impact 
loading. The arch dynamic test provided an opportunity to 
reafflrm the validity of the design procedure for steel-set 
arches and served as a basis for evaluating the perform
ance of the tri-set. Since the design procedure was never 
previously used for tri-sets, the dynamic test also served to 
judge the validity of the design procedure for tri-sets. 

The tups6 fabricated for previous dynamic tests were 
utilized for these dynamic tests to control costs. The tups 
used for the arch and tri-set dynamic tests weighed 3.75 
and 4.05 kips, respectively [the magnitude of their weights 
is of no significance (fig. 11)]. As a result, the tups were 
significantly shorter than the length of the test articles. 

6An object that is dropped from above a test article to create an 
impact load. 

This resulted in not all of the structural members of a test 
article contributing to the overall energy absorption capac
ity for the structure. Therefore, all engineering properties 
for the structures and applied loadings were lumped in
stead of expressing their values in terms of their unit 
length [as specified in earlier reports (1, p. 23; 4, p. 3)]. 

The resistance function is fundamental to the dynamic 
design of a structure and represents the load-carrying ca
pacity of a structure as a function of vertical crown or mid
span deflection. The resistance function allows the strain 
energy absorption capacity (E.) of a structure to be deter
mined for specific deflections. The area under a resistance 
function for a given deflection represents the amount of 
strain energy a structure is capable of absorbing. 

For each test article, a theoretical resistance function 
was established and was used in the design of the dynamic 
test. Only the theoretical resistance functions were utilized 
in the dynamic designs; since, in actual design situations, 

Figure 11.-Tups. A, Steel-set arch dynamic test-3.75 kips; B, yielding trl-set dynamic test-4.05 kips. 



these curves will be the only ones available to the design 
engineer. The accuracy of the theoretical resistance func
tions in predicting the experimental behavior of the test 
articles was evaluated and documented. Any adjustments 
introduced in the structural analysis to improve the ac
curacy of the theoretical resistance functions were also 
documented. This will provide the design engineer with 
insight when faced with the problem of developing theo
retical resistance functions for other structures. 

Another important parameter in the design procedure 
is the effective mass (M.) of a structure, which was 
calculated using the Rayleigh Method (14). The effective 
mass is defmed as the mass required to represent a 
structure as a single spring-mass system in simple har
monic motion (4, pp. 6-7). It is used in the calculation of 
the transmission ratio (rt). The transmission ratio relates 
the transfer of kinetic energy of an impacting weight to a 
structure and is based upon the conservation of momen
tum (1, p. 25). The transmission ratio is calculated from 
the masses of a structure and tup. Based upon the energy 
absorption capacity of a structure, the weight (Wt) of 
the tup, the transmission ratio, and an allowable deflec
tion, the drop height (dJ of the tup was determined. 
Therefore, the design of the dynamic test involved deter
mining the actual drop height and predicting the maximum 
deflection of a structure. The evaluation of the validity 
and conservativeness of the design procedure was based 
upon a comparison of the theoretical and experimental 
deflections and energy absorption values. 

Both dynamic tests were conducted in the impact 
test structure. The dynamic tests involved dropping a tup 
from specified heights above the structures and measuring 
their dynamic response (resultant vertical and horizontal 
deflections) to impact loading. The measurement of the 
maximum vertical deflection is critical because it is used to 
determine the actual energy absorbed during the impact 
test. 

The impact site for the tri-set was the midspan of 
the central course (fig. 12). The impact load was distrib
uted over an area that measured 35 by 37 in. Since the 
4.05-kip tup was dropped on the lagging, the kinetic 

9 

Figure 12.-Yleldlng trl-set dynamic test Installation. 

energy of the tup was transferred to two tri-sets. There
fore, in addition to testing the energy absorption capacity 
of two tri-sets, this test also demonstrated the ability of 
the lagging to transfer its load to the adjoining crossbeams. 
The impact site for the steel-set arch was the middle arch 
(fig. 13). The 3.75-kip tup was dropped such that its 
longitudinal axis was parallel to the plane of the arch. As 
a result, the kinetic energy of the tup was transferred to a 
single arch. 
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Figure 13.-Steel-set arch dynamic test installation. 

STATIC TEST RESULTS 

STEEL-SET ARCH 

Figure 14 presents the results of the static pull-test 
conducted on the two-hinged straight-leg circular arch. 
The resistance of the structure is plotted as a function of 
crown displacement. The peak of the curve represents the 
maximum resistance (35.1 kips) that the steel-set arch can 
mobilize against loading. It also represents the point at 
which a sufficient number of plastic hinges have developed 
in the structure to form a collapse mechanism. At a 
crown deflection of 24 in, the steel-set arch was cycled. 
This was done to determine the new stiffness of the arch 
as a result of the large geometric changes that had oc
curred in the structure. The change in slope of the elastic 
rebound section of the resistance function is evidence that 
the stiffness of the structure decreased. The loads de
creased significantly at a crown deflection of 29 in and was 
caused by the fracturing and subsequent failure of the web 
of the RSJ section at the crown joint (fig. 15). 

Despite the lateral bracing provided to the steel-set 
arch, the structure buckled slightly out of plane at the 
plastic hinge locations during the static test (fig. 16). 
Local buckling of the flanges also occurred at the plastic 
hinge locations and was caused by the resultant large 
plastic deformations (fig. 17). 

The maximum resistance attained by the steel-set arch 
(35.1 kips) was less than the theoretical value of 40.3 kips 
(assuming that the joint at the crown possesses the same 
bending resistance as the RSJ section) obtained from an 
elastic-plastic structural analysis. The predominant reason 
for this difference is that the joint located at the crown 
possesses less bending resistance than the RSJ section. In 
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Figure 14.-Steel-set arch resistance function. 



Figure 1S.-Joint failure. A, Assembled; B, disassembled. 

Figure 16.-lateral-torslonal buckling of steel-set arch and site 
of plastic hinge. 

effect, it is a semi-rigid joint. Since the effective bending 
strength of the joint is unknown, an estimate of the maxi
mum bending resistance of the joint must be made. 

One possible solution to improving the accuracy of the 
theoretical resistance function is to assume that the 

11 

Figure 17.-Plastlc hinge formation. A, Right side; B, left side. 

material properties of the cross section of the arch are 
continuous throughout the structure and that the maximum 
moment resistance (Mp = ay·z,;y of the joint at the 
crown is only 50 to 70 pct of the maximum moment resist
ance of the cross section. The disadvantage of this ap
proach is that the stiffness and energy absorption capacity 
of the structure in its elastic range will be overestimated. 
The advantage is that the structural analysis is simplified. 

Another solution is to assume that the material prop
erties of the arch are discontinuous at the joint. For the 
joint, an effective length and material properties must be 
established. (Owing to the uncertainty of the strength of 
the joint, setting the values of its material properties to 50 
to 70 pct of those of the arch cross section appears appro
priate.) Although this method could potentially produce 
a more accurate resistance function, the amount of compu
tational effort is significant. Since there is no guarantee 
that the second approach will produce a more accurate 
theoretical resistance function (and ultimately an energy 
absorption curve) than the first method, the simpler 
method was utilized in the structural analysis of the steel
set arch. 

Figure 18 presents the experimental and theoretical 
resistance functions. The maximum moment resistance of 
the joint was assumed to be equal to 60 pct of the maxi
mum moment resistance of the RSJ section (appendix B). 
A comparison of the curves shows that the structural anal
ysis overestimates the elastic stiffness of the structure. 
The reason for this is that the stiffness of the arch is based 
upon its undeformed configuration. For a more accurate 
representation of the stiffness of the structure, a nonlinear 
analysis would have to be conducted. However, the plastic 
response, not the elastic response is of primary importance 
in the design of steel-set arches for roof-fall prone areas. 
In the plastic range, the theoretical resistance values are 
within 18 pct of the actual values. Although the curves are 
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not identical, the theoretical curve reasonably represents 
the actual elastic-plastic behavior of the structure, con
sidering the assumptions made and the unknown proper
ties of the joint. 

During the progress of the static test, plastic hinges 
formed at the crown and at angles of 64° from the crown 
(fig. 17). The theoretical plastic hinge locations for two
and three-hinged straight-leg circular arches are 68.1° and 
56.6° from the crown, respectively. This further reinforces 
the notion that the joint at the crown is a semi-rigid joint. 
The theoretical plastic hinge location for a steel-set arch 
with its joint moment resistance reduced by 40 pct of the 
cross section's moment resistance is 65.3°. The error be
tween the theoretical and actual hinge locations is less 
than 3 pct. 

Once a resistance function is established for a steel-set 
arch, the resistance and strain energy absorption capacity 
(E.) can be established for the structure for specific crown 
deflections. The experimental and theoretical energy ab
sorption curves are provided in figure 19. The two energy 
absorption curves are essentially the same and the theoret
ical curve may be confidently used for design. 

Since the joint failed (due to fracturing and tearing of 
the web) at a crown deflection of 29 in, it is recommended 
that the allowable dynamic deflection for this particular 
steel-set arch (utilizing the in-flange fishplate at the crown) 
be limited to 20 in. Other types of joints are commercially 
available, but the performance of those joints when sub
jected to large plastic deformations is unknown. Further
more, the strength of the other joints in comparison to the 
fish plate joint is also unknown. Vntil tests or research 
prove otherwise, it is recommended that the dynamic an
gular rotation of in-flange fish plate joints be limited to 
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Figure 18.-Steel-set arch experimental and theoretical re
sistance functions. 

0.45 rad (for RSJ 5x4.5xI8). This recommended lim
itation on dynamic angular rotation was based on the cal
culated rotation of the joint for a crown deflection of 
20 in. For other joints, no limitation on dynamic angular 
rotation can be recommended. However, the design engi
neer should limit the dynamic angular rotation to some 
degree for safety. 

YIELDING TRI-SET 

All the steel material received for the construction of 
the yielding tri-sets was exposed to the elements at a mine 
stock yard for 6 months and was in a rusted state. The 
decision was made to use the material in its delivered state 
for this is typically what would occur at a mine. Further
more, the V-bolts received to assemble the V-bolt clamps 
(fig. 20) of the yielding tri-sets were not the proper size. 
Since the V-bolts were too short, the V-bolt clamps and 
struts could not be assembled properly. The V-bolts were 
torqued to 180 fHbf with the struts inserted between the 
clamp bars and nuts. Normally, the V-bolts are of suf
ficient length such that the nut bears on the surface of the 
clamp bar and then a strut is position behind the nut and 
held in place with an additional nut. 

Although it could not be quantified, it was known that 
the clamping force of the V-bolt clamps was compromised 
by the rust and altered installation. The rust increased the 
friction between the nut and V-bolt threads; the soft steel 
increased the friction (in comparison to hard steel) be
tween the nut-joint bearing surface (15). Both of these 
factors contributed to decreasing the preload of the bolts 
and the overall clamping force of the V-bolt clamps. 
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Figure 19.-Steel-set arch experimental and theoretical strain 
energy curves. 
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During the early stage of the static test, two legs yielded 
at a pull force of 14 kips. The resultant yield load of the 
legs was 3.5 kips, 85 pct less than the specified yield load 
of 24 kips. The legs yielded until the struts went into 
tension. The displacement of the legs was approximately 
2.5 ft.7 The premature yielding of the legs confirmed the 
belief that the rust and the altered assembly of the V-bolt 
clamps would reduce the clamping force of the V-bolts. 
This test should emphasize the importance of quality con
trol during the installation of yielding tri-sets. The V-bolt 
clamps must be assembled properly and the threads of the 
V-bolts and nuts should be clean. It is also recommended 
that stops be welded onto the legs to prevent uncontrolled 
yielding. 

Because the leg yielded, all of the V-bolt clamps were 
disassembled and the rust was removed from the threads 

7The results of this test would suggest that if yielding tri-sets are 
used for roof support where they may be subjected to dead weight 
loading, the legs should be permanently welded together after in
stallation or stops should be welded onto their legs to prevent uncon
trolled yielding. One location where yielding tri-sets may be subjected 
to dead weight loading is in the outcrop barrier zone of drift mines (16). 

Figure 20.-U-bolt clamp assembly. (Courtesy Dosco Corp.) 
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of the V-bolts and nuts. AlI the threads of the V-bolts 
and nuts were lubricated. The legs of the tri-sets were re
aligned and the V-bolt clamps and struts were installed 
properly according to the manufacturer's specifications 
(struts were marginally fastened). 

The static test was resumed once all the adjustments 
to the structure were completed. Figure 21 (curve B) 
presents the results of the static test conducted on the 
yielding tri-sets. Since the pulI force was distributed to the 
lagging, two tri-sets were actualIy involved in the static test 
(figs. 22-23). The experimental resistance function for the 
two tri-sets was simply reduced by 50 pct to obtain the 
resistance function for one tri-set. 

During the progress of the static test the ends of the 
crossbars rotated about the edge of the yielding legs 
(fig. 24A). This is because the corner clamps offer vir
tually no resistance to bending and are used to hold the 
ends of the crossbar in place. In effect, the crossbar is 
simply supported. Local buckling of the flanges occurred 
at the midspan of the crossbars (fig. 24B) where the plastic 
hinge formed and large plastic deformations occurred. 
Also, although the crossbar was braced with lagging and its 
section is compact (17), the crossbar underwent inelastic 
lateral-torsional buckling. An explanation for the observed 
buckling is that when the crossbar deflected vertically, the 
lagging lost full contact with the web of the crossbar and 
this allowed the crossbar to rotate out of its plane. 

Figure 21 presents the experimental (curve B) and 
theoretical [curves A and C (appendix C)] resistance func
tions for the tri-set. The differences between the experi
mental and theoretical curves are due to how the static 
load is applied to the tri-set. For the static test, the ap
plied load was distributed over a 48-in section of lagging 
centrally located with respect to the midspan of the cross
bars. The flexural rigidity of the load beam was such that 
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Figure 22.-Oeformed configuration of yielding trl-set. 

Figure 23.-Load transfer assembly. A, Top view; B, underside view. 
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Figure 24.-Crossbar. A, Rotation of ends; B, local buckling of flange. 

as the crossbars deflected, the central portion of the load 
beam lost contact with the lagging. As a result, the static 
load applied to the tri-set changed from a distributed load 
to a two-point load. Curve A is the resistance of the tri
set for a two-point load applied to the crossbar. Each 
point load was located approximately 21 in from the cross
bar's midspan. Curve A reasonably represents the experi
mental behavior of the tri-set. For curve C, the static load 
was applied at the crossbar's midspan and represents the 
worst load condition. 

These curves demonstrate that the configuration of the 
applied load will have a significant impact on the resist
ance function obtained for a structure. The worst load 
configuration is a midspan-point load. A tri-set loaded in 
this manner exhibits the lowest load-carrying capacity and 
subsequently, the lowest energy absorption capacity. 

It is for this reason that a theoretical resistance func
tion for a midspan line-loaded tri-set should only be used 
in the design of these structures for dynamic loading situa
tions. This eliminates the need to consider the width of 
the roof fall in the development of a resistance function 
for a structure. As a result, curve C was used for design 
purposes. 
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Figure 25.- Yleldlng trl-set theoretical strain energy curve. 

The theoretical strain energy absorption curve (fig. 25) 
was used in the design of the dynamic test for the yielding 
tri-set. The energy absorption curve was derived from the 
theoretical resistance function. 
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DYNAMIC TEST RESULTS 

It is important to remember that the engineering prop
erties, applied loadings, resistance functions, and energy 
absorption curves are expressed in their usual units and 
are not expressed in terms of the unit length of the 
structure. This deviates from previous reports (1, p. 23; 4, 
p. 3) and was required since the tups were too short for 
the test articles. However, for the design of structures for 
roof-fall prone areas, all engineering properties and 
loadings should be expressed in terms of their unit length. 

STEEL-SET ARCH 

Table 2 provides all the design and test data and test 
results for the dynamic test conducted on the steel-set 
arch. The lumped effective mass Was determined with the 
use of tables 1 and A-l and was based upon the weight of 
one steel-set arch and one course of lagging. The tup uti
lized for the dynamic test weighed 3.75 kips. The height 
of the steel-set arch limited the maximum drop height to 
12 ft. Since the arch structure possessed a higher energy 
absorption capacity than could be delivered to the struc
tural system, the problem of designing the dynamic test 
was reduced to determining the dynamic response of the 
steel-set arch to impact loading and checking to see if it 
was less than the recommended limit of 20 in. The result
ant maximum crown deflection was determined by setting 
Ea equal to rt·Eg, where Eg is the gross energy available 
to deform the steel-set arch. The predicted crown deflec
tion was 16.8 in and the strain energy absorbed by the 
steel-set arch was calculated to be 37.6 ft· kips (fig. 19). 

Table 2.-Dynamlc tests-<leslgn data, test data, 
and test results 

Test article. . . . . . . . • . . . . Steel-set arch' 

DESIGN DATA 

Tup •...•..•.•.. kips.. 3.75 
Drop height •....... ft. . 12 
Ma . . . . . . . • . . • . . slug . . 45.25 
rt ••••••••••••••••• ~ • • 0.72 
rt'Eg . . . . . . . . •• ft·klps.. 37.6 
Ea .....•....• ft·kips.. 37.6 
Ymax •.•.•••••••••• in . . 16.8 

TEST DATA 

Ymax •••••••••••••• In . . 14.2 
TEST RESULTS 

Yielding tri-set2 

4.05 
14 

95.72 
0.57 

34.87 
34.87 

7.9 

6.5 

Eg ...•....•.. ft·klps.. 51.14 60.56 
Ea .........•. ft·kips.. 31.5 28.16 
ra . . . . . . . . . . . . . . . • . . . . 0.62 0,46 

'All properties based upon single steel-set arch and one course 
of lagging. 

2All properties based upon two trl-sets and two courses of 
lagging. 

The resultant maximum crown deflection was 14.6 in 
(fig. 26) and the amount of strain energy absorbed by the 
structure was determined from figure 19. The test showed 
that the predicted deflection exceeded the actual deflection 
by 15 pct and that the arch possessed more energy absorp
tion capacity than the design procedure allocates. In fact, 
using the transmission ratio to estimate the energy absorp
tion ratio (ra = EalES> resulted in overestimating ra by 
16 pct. The test demonstrated that the design procedure 
yields conservative results, as did previous verification tests 
(4). 

During the dynamic response of the structure to impact 
loading, the directly loaded arch buckled out of its plane 
and lagging were dislodged from the crown and sides of 
the arch. Eight crown lagging members fell to the ground. 
This occurred although the arch was completely lagged, 
the outer arches were braced, and additional 10-in-square 
plates were welded to the 8-in square plates already in
stalled at the joint connection. (The purpose of the plates 
is to provide additional support to the ends of the lagging 
at the joint since the fish plates occupy a majority of the 
space available between the flanges of the RSJ section.) 
Therefore, in addition to the installation of plates, it is 
recommended that tie rods be installed at the crown of 
the steel-set arch. It is believed that this will provide the 
necessary reinforcement to prevent the lagging from dis
lodging from the crown and sides of the arch. 

YIELDING TRI-SET 

The results of the dynamic test conducted on the 
yielding tri-set and the design data are also presented in 
table 2. Since the impact site for the tup was the middle 
course of lagging, the effective mass for two courses of 
lagging and two yielding tri-sets were lumped together. 
The lumped effective mass was calculated with the use of 
table 1 and appendix A. The allowable midspan deflection 
of the crossbar was set at 1.5 ft. A deflection of 1.5 ft was 
selected because this would permit enough clearance for 
a person 6 ft in height to walk underneath the structure 
without injury. The problem of designing the dynamic 
test, as was the case for the steel-set arch, involved pre
dicting the dynamic midspan deflection and comparing this 
value to the allowable limit of 1.5 ft. The energy absorp
tion capacity (fig. 25) of the yielding tri-set at a deflection 
of 1.5 ft was greater than the amount of energy that could 
be delivered to the structure (the maximum drop height 
for the impact tests structure is only 14 ft with the tri-set 
installed). The maximum midspan deflection of the tri-set 
was calculated to be 7.8 in for a drop height of 14 ft and 
a tup weight of 4.05 kips. 
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Figure 26.-Deformed configuration of steel-set arch. 

During the dynamic test, one ofthe legs yielded. None 
of the legs should have yielded since the required load 
for yield (2 legs-48 kips) exceeded the maximum load
carrying capacity of the crossbar (36 kips). To alleviate 
the problem of premature yielding of the legs, they were 
welded together (fig. 27) after the structure was realigned. 

Measurements showed that the resultant permanent 
plastic deflection in the crossbar at midspan was 2 in. The 
resistance function was adjusted to consider the plastic 
deformation and the new drop height for the next dynamic 
test was reevaluated. 

The dynamic test was repeated and the tup was drop
ped again from a height of 14 ft. The maximum midspan 
deflection of the crossbar was 6.5 in. The predicted de
flection was 7.9 in. The actual energy absorbed by the 
yielding tri-set was 28.16 ft·kips. The actual deflection 
was less than the predicted deflection by almost 22 pct and 
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this shows that the structure possessed more energy ab- Figure 27.-Welded U-bolt clamp assembly. A, Front view; a, 
sorption capacity than the design procedure allocates. Part rear view. 
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of the error in predicting the deflection is attributed to 
estimating the energy transfer ratio by the transmission 
ratio, as was the case for the steel-set arch. 

During the response of the structure to impact loading, 
no members of the lagging became dislodged. However, 
lateral-torsional buckling of the crossbar occurred despite 
the full out-of-plane restraint provided by the lagging and 

adjoining yielding tri-sets. The crossbars buckled because 
of a partial loss in restraint; the ends of the lagging lost 
full contact with the webs of the crossbars when they de
flected vertically. This allowed the crossbars to rotate and 
undergo lateral-torsional buckling. This behavior was also 
observed in the steel-set arches, as previously discussed. 

EVALUATION OF STRUCTURES FOR REHABILITATION OF HIGH-ROOF-FALL AREAS 

Theoretical resistance and energy absorption curves are 
provided in figures 28 and 29 for the tri-set (legs welded) 
and steel-set arch. These are the same theoretical curves 
presented in figures 18-19, 21, and 25, except that the 
theoretical values are divided by the standard on center 
distances for the structures. This was done so that the re
sistance and energy absorption capacities of the structures 
would be expressed in terms of their unit length. These 
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Figure 28.-Steel-set arch. A, Theoretical resistance functions; 
8, theoretical energy absorption curves. 

curves are used in evaluating the structures for the re
habilitation of high-roof-fall areas. 

Table 3 presents the results of the tri-set and steel-set 
arch structures evaluated for roof-fall prone areas utilizing 
the loading criteria developed by the Bureau. The anal
yses conducted mirrored the dynamic analyses presented 
in appendixes Band C. The study shows that for the tri
sets placed on 5-ft centers and the dynamic midspan 
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deflection limited to 1.5 ft, the maximum permissible void 
height [H (roof-to-floor height)] is 12.6 ft. Tri-sets placed 
on 4-ft centers may be used for void height up to 19.5 ft. 
Finally, the void height is unbounded for tri-sets placed on 
3-ft centers. 

The void height for the steel-set arches is unbounded 
when they are placed on 3- and 4-ft centers. For the steel
set arches placed on 5-ft centers, the maximum void height 
is 29 ft. 

Although the results presented in table 3 may suggest 
that the steel-set arch is superior to the tri-set in terms 
of resistances and energy absorption capacities, a compar
ison of the graphs will show that this is not the case. In 
general, both structures possess equal resistances and 
energy absorption capacities. The difference lies in the 
fact that the heights of the two structures are significantly 
different. In all cases, the height of the steel-set arch 
limits the vertical distance a roof fall (as prescribed by the 
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Bureau loading criteria) will travel and hence its kinetic 
energy. 

Table 3.-Evaluatlon of structures for rehabilitation of hlgh
roof-fall areas 

Evaluation Steel-set arch Tri-sat 

data 3-ft 4-ft 5-ft 3-ft 4-ft 5-ft 

q ...... Ibf/ft2 •• 28.6 27.1 26.2 46.44 43.86 42.31 
Ma .... slug/ft .. 9.88 9.36 9.06 10.51 9.92 9.57 
H ......... ft .. >13 >13 29 >8.5 19.5 12.6 
dh .•.••••• ft .. >0 >0 16.1 >0 11.3 4.4 
W/ .... kips/ft .. <1.54 <1.54 0.69 NO 1.03 1.59 
rt ............. NO NO 0.70 NO 0.76 0.84 
r(Eg .. ft·kips/ft .. NO NO 8.95 ND 10.4 8.32 
Ea ... ft·kips/ft .. NO NO 8.95 NO 10.4 8.32 
Ymax ••••••• in .. <20 <20 20 <18 18 18 

NO Not determined. 
lBureau's loading crlteria-Wr = 20/H (unlts-kips/ft). 

CONCLUSIONS AND RECOMMENDATIONS 

Static and dynamic tests were conducted on steel-set 
arches and yielding tri-sets. Resistance functions were 
developed for the structures using elastic-plastic structural 
analysis. The theoretical resistance functions predicted the 
experimental behavior of the structures. The dynamic 
tests demonstrated the validity of the arch canopy design 
procedure for steel-set arches. The tri-set structural anal
yses and dynamic test revealed that the arch canopy design 
procedure is appropriate for nonyielding tri-sets and will 
produce conservative designs. 

As a result of this work, it is recommended that these 
two structural types may be considered for use in roof-fall 
prone areas and for rehabilitation work, provided the arch 
canopy design procedure is utilized for each application 
and the principles underlying the design procedure are 
understood. 

The following recommendations are based upon the re
sults of the static and dynamic tests and structural analyses 
conducted: 

• Use the actual yield stress as determined by a stand
ard tensile test for the development of a resistance func
tion for a structure. The experimental yield stress may be 
used if all the material is from the same production run or 
if the yield stress is the minimum of the material from 
more than one production run. When the actual yield 
stress is questioned or unavailable, the minimum specified 
by the manufacturer should be used. 

• Divide all engineering properties, effective mass, 
and resistance and energy absorption curves by the spac
ing of the steel-set arches or tri-sets. This reduces a 
three-dimensional structure to one of two dimensions, 

simplifies the structural analyses, and yields conservative 
results. 

• Utilize the loading criteria developed by the Bureau 
unless other loading criteria for a particular minesite can 
be established. For loading criteria developed for a partic
ular minesite, it should be expressed in terms of its unit 
length (line load). 

• Assume that the base supports of a structure in the 
field are restrained only from translation. 

• Assume that the maximum moment resistance of in
flange fish-plate joints (for RSJ 5x4.5x18) is only 50 to 
70 pct of the maximum moment resistance (Mp = (1y'Zx,) 
of the structure's cross section. 

• Limit the maximum dynamic angular rotation of all 
in-flange fish-plate joints in a steel-set arch to 0.45 rad (for 
RSJ 5x4.5X18), unless research or tests prove otherwise. 
Rotations of other joints should undoubtedly be restricted, 
but to what degree is presently unknown. 

• Install tie rods at the crown of two-piece steel-set 
arches to resist lagging from dislodging during the struc
ture's response to impact loading. Consider installing tie 
rods at the calculated plastic hinge locations to. resist 
lateral-torsional buckling and dislodging of lagging. In
crease the number of tie rods arOlmd the circumference of 
the steel-set arch when the mine floor is not level. 

• Install bearing plates at connections where the joints 
reduce the available bearing surface to the lagging. 

• Retrofit the legs of yielding tri-sets with stops prior 
to installation or permanently weld the legs together after 
installation when they are used in roof-fall prone areas and 
for potential dead-weight load applications (such as out
crop barrier zones of drift mines). 
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APPENDIX A . .:....EFFECTIVE MASS OF STRUCTURES 

The effective mass (Ms) of a structure is the mass re
quired to represent the structure as a single spring-mass 
system in simple harmonic motion. The Rayleigh Method 
(14)1 was utilized in the determination of effective mass 
for the following structures (fig. A-I): (1) two-hinged 
semicircular arch, (2) three-hinged semicircular arch, 
(3) two-hinged single-radius arch turning 2(3°, (4) two
hinged straight-leg circular arch, (5) three-hinged straight
leg circular arch, (6) two-hinged double-radius arch turn
ing (30, and (7) tri-set. The effective mass is determined 
from an estimate of the stiffness and frequency of vibra
tion for symmetric deformations of a structure. 

The Rayleigh Method is based on the conservation of 
energy and relates the potential energy of a structure at 
maximum displacement to its kinetic energy when it is at 
its equilibrium position. Since the deflections of a struc
ture are mainly attributed to flexural and not axial defor
mations, the maximum potential energy is equal to the 
flexural strain energy stored in the structure. As a result, 
the structure is assumed to be incompressible. To calcu
late the maximum potential and kinetic energies of a struc
ture, an assumption is made concerning the shape of the 
structure at maximum deformation during vibration. It is 
assumed that the deflected shape of a structure can be 
represented by the static deflection of a structure due to 

1Italic numbers in parentheses refer to items in the list of references 
preceding the appendixes. 
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a line load applied to a structure's midspan (tri-set) or 
crown (arch). 

A detailed example of calculating the effective mass 
of an incompressible two-hinged circular arch is provided 
in an earlier Bureau report (4). Only the results will be 
presented in this report. 

The effective mass (slug/ft) for semicircular and single
and double-radius arches is governed by the equation 

where 

and 

q 

_ qr 
M a --, 

~g 
(A-I) 

weight of arch per unit surface area, 
Ibf/ft2

, 

l' = radius of the arch, ft, 

g acceleration due to gravity, 32.2 ft/s2, 

effective mass parameter. 

The effective mass parameters for the two- and three
hinged semicircular arches are 1.171 and 2.114, respec
tively. The values of ~ for two-hinged single- and double
radius arches are given in tables A-I and A-2. The 

G 

I<IIII ... .----L 

Figure A-1.-Conflguratlon of structures. A, Two-hinged semicircular arch; B, two-hinged single-radius arch; C, three-hinged 
semicircular arch; D, two-hinged double-radius arch; E, two-hinged straight-leg circular arch; F, three-hinged straight-leg circular arch; 
G, non-yielding trl-set. 
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equation for the' effective mass for straight-leg circular tables A-3 and A-4. For a tri-set, the equation for the 
arches is effective mass is 

M =: '7q 
a -, 

g 
(A-2) 

where '7 = effective mal;iS parameter. The values of '7 for where 
two- and three-hinged straight-leg arches are presented in 

_ qL 
Ma - 0.4857_, 

g 

L ::: length of crossbar, ft. 

Table A-1.-Two-hlnged single-radius arch turning 
2,8°-effectlve mass parameter (e) 

Table A-2.-Two-hlnged double-radius arch turning 
,8. -effective mass parameter (e) 

,8, deg e ,8,deg e ,8,deg 

,8, deg e ,8,deg e ,8,deg e 
80 .... . 1.325 89 ..... 1.185 98 ..... 1.071 
81 .... . 1.308 90 . .... 1.171 99 ..... 1.059 
82 .... . 1.291 91 ..... 1.157 100 . ... 1.048 
83 , .... 1.275 92 ..... 1.145 101 . ... 1.037 

58 .... . 0.560 69 ..... 0.828 80 . .... 
59 .... . .583 70 .... . .852 81 ... , . 
60 .... . .607 71 ••• I • .876 82 . .... 
61 . , ... .631 72 .... . .900 83 . .... 
62 , .... .655 73 . .... .923 84 . .... 
63 ..... .680 74 . .... ,945 85 •• I. I 

84 .... . 1.259 93 ..... 1.131 102 . ... 1.026 64 .... . .705 75 . .. I. .967 86 . .... 
85 .... . 1.243 94 ..... 1.119 103 I •• I 1.015 65 .... . .729 76 ,., .. .988 87 ., I •• 

86 .... . 1.228 95 ••• I • 1.106 104 I •• , 1.005 66 .... . .754 77 ..... 1.008 88 . .... 
87 ..... 1.214 96 •••• I 1.094 105 . ... 0.995 67 •• I" .779 78 .... . 1.028 89 "" . 
88 ... " 1.199 97 ..... 1.082 106 .... NO 68 . .... .804 79 .. , .. 1.040 90 . .... 
NO Not determined. 

Table A-3.-Two-hlnged straight-leg arch-effectlve mass parameter (11) 

Straight-leg Radius (r), ft 
section (L), ft 6 6.5 7 7.5 8 8.5 g 9.5 10 10.5 11 

0 ......... 5.12 5.55 5.98 6.40 6.83 7.26 7.69 8.11 8.54 8.97 9.39 
0.5 ........ 5.43 5.8.6 6.23 6.71 7.14 7.56 7.99 8.41 8.84 9.27 9.69 
1 ......... 5.79 6.21 6.63 7.06 7.48 7.90 8.23 8.75 9.17 9.60 10.02 
1.5 ........ 6.19 6.60 7.02 7.43 7.85 8.27 8.69 9.11 9.53 9.95 10.37 
2 .. " .. ". 6.63 7.03 7.44 7.84 8.25 8.67 9.08 9.50 9.91 10.33 10.75 
2.5 .•...... 7.11 7.50 7.89 8.29 8.69 9.09 9.50 9.91 10.32 10.73 11.14 
3 ......... 7.63 8.00 8.38 8.76 9.15 9.55 9.94 10.35 10.75 11.15 11.56 
3.5 ........ 8.19 8.54 8,90 9.27 9.64 10,03 10.42 10.81 11.20 11.60 12.00 
4 ......... 8.79 9.11 9.45 9.81 10.17 10.54 10.91 11.29 11.68 12.07 12.46 
4.5 ........ 9.44 9.74 10.05 10.38 10,72 11.08 11.44 11.81 12.18 12.56 12.95 
5, ........ 10.14 10.40 10.68 10.99 11.31 11.65 11.99 12.35 12.71 13.08 13.45 
5.5 ..... , .. 10.89 11.11 11.36 11.64 11.93 12.25 12.57 12.91 13.22 13.62 13.98 
6 ........ , 11.70 11.86 12.08 12.32 12.59 12.89 13.19 13.51 13.84 14.18 14.53 

Tablo A-4.-Threo-hlngod straight-log arch-effectlve mass parameter (11) 

Straight-leg Radius (r), ft 
section (L), ft 6 6.5 7 7.5 8 8,5 9 9.5 10 10.5 11 

0 ......... 2.84 3.07 3.31 3.55 3.78 4.02 4.26 4.49 4.73 4.97 5.20 
0.5,.,., ... 3.02 3.25 3.49 3.73 3.96 4.20 4.43 4.67 4,91 5.14 5.38 
1 ......... 3.21 3.45 3.68 3.92 4.15 4.39 4,62 4.86 5.09 5.33 5.56 
1.5 ..... , .. 3.42 3.65 3.88 4.12 4.35 4.58 4.82 5.05 5.29 5.52 5,76 
2 ......... 3.64 3.87 4.10 4.33 4.56 4.79 5.02 5.27 5.49 5.72 5.96 
2.5., ...... 3.88 4.10 4.33 4.55 4.78 5.01 5.24 5.47 5.70 5.93 6.16 
3 .. , ...... 4.13 4.35 4.57 4.79 5.01 5.24 5.46 5.69 5.92 6.15 6,38 
3.5 ........ 4.40 4.61 4.82 5.04 5.25 5.48 5.70 5.92 6.15 6,38 6.60 
4 ......... 4.68 4.88 5.09 5.29 5.51 5.72 5,94 6.16 6.39 6.61 6.83 
4.5 ........ 4.98 5.17 5.37 5.57 5.88 5.98 6.20 6.42 6.63 6.85 7.07 
5 ......... 5.30 5.48 5.66 5.85 6.05 6.25 6.46 6.67 6.88 7.10 7.32 
5.5 ....... , . 5.64 5.80 5.97 6.15 6.34 6,54 6.74 6.94 7.15 7.36 7.57 
6 ...... , .. 6.00 6.41 6.30 6.47 6.64 6.83 7.02 7.22 7.42 7.63 7.84 

(A-3) 

e 
1.063 
1.079 
1,094 
1.108 
1.121 
1.132 
1.142 
1.151 
1.159 
1.166 
1.171 
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APPENDIX B.-TWO-HINGED STRAIGHT-LEG CIRCULAR STEEL-SET ARCH 

ELASTIC-PLASTIC ANALYSIS 

To evaluate the suitability of a structure for use in the 
rehabilitation of high-roof-fall areas, a resistance function 
for the structure is required. A resistance function for a 
structure may be generated from an elastic-plastic analysis. 
This section presents an elastic-plastic analysis conducted 
for a two-piece steel-set arch. 

The first task is to calculate the vertical and horizontal 
reactions of the arch (fig. B-lA). Owing to symmetry of 
the loading and the structure, the vertical reactions are 
equal and the horizontal reactions are equal and opposite 
in direction. The magnitude of the vertical reactions, ob
tained from static equilibrium, is P /2. The horizontal 
reaction (H) cannot be determined from static equilibrium, 
since the structure is indeterminate to 1°. However, it can 
be determined from Castigliano's Second Theorem (18), 
which states that for an unyielding support 

au = 0 
aH ' (B-1) 

H~ 

Figure B-1.-Notatlon for elastic-plastic' analysis of steel-set 
arch. A, Elastic analysls-real structure; B, elastic analysis
virtual structure; C, plastic analysls-real structure; D, plastic 
analysls-vlrtual structure. 

where U = JL M2 L -- dx, the flexural strain 
o 2EI 

energy, ft·kip, 

H = horizontal reaction force, kips, 

and EI = flexural rigidity, kip·ft2• 

The moment variation in the left side of the arch is 

M(y) = -Hy for 0 ~ y ~ L 

and M(a:) = Pr (1 - cosa:) - H(L + r'sina:) 
2 

for 0 ~ a: ~ ~. 
2 

(B-2) 

(B-3) 

(B-4) 

Substituting equations B-3 and B-4 into B-2, differentiating 
with respect to H (eq. B-1), integrating, and solving for the 
horizontal reaction force yields 

(B-5) 

where 
c, • r' H; -1] + ~ 1 

2h' + r [~ (2L' + r') +2rL]} 
(B-6) 

The Principal of Virtual Work (18, p. 373) will be used 
to derive an expression for the deflection (Ll) of the arch 
at its crown. The virtual structure shown in figure B-lB 
will be utilized in the derivation of the crown deflection. 
The virtual moment variations in the structure are 

and 

M(Y) = 0 for 0 ~ y ~ L (B-7) 

M(a:) = i·r·(l -cosa:) for 0 ~ a: ~ ~. (B-8) 
2 

The crown deflection is obtained from the equation 

A 1f A 

i'Ll = f L M(y) M(y) d + fz M(a:) M(a:) rda:. (B-9) 
Jo EI Y Jo EI 

I' 
I' , ' 
: ! 
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Substituting equations B-3, B-4, B-7, and B-8 into B-9 and 
integrating yields 

/1;: ~:{r(3; -1)-C1 [L(; -1)+1]}.(B-10) 

The point load (P",P1), required for the first plastic hingel 

to form in the arch at the crown, is 

(B-ll) 

where C2 joint moment reduction factor 
(0 < C2 :S 1), 

Mp maximum section moment resistance 
(O'y'ZxJ, ft'kips, 

O'y == yield stress (tensile test), ksi, 

and Zxx '" plastic section modulus, in3. 

The values of O'y and z",. are provided in table 1 and the 
recommended value for C2 is 0.60.2 The radius (r) and 
straight-leg portion (L) of the arch are 92.5 and 60 in, 
respectively. Substituting the appropriate values into 
equation B-ll, the point load (PI) required for the plastic 
hinge to form at the crown is equal to 16.53 kips. Setting 
P equal to PH the resultant horizontal reaction [HI 
(eq. B-S)] and crown deflection [/1 (eq. B-I0)] are 
2.54 kips and 0.87 in, respectively. 

The next task is to fmd the point load (P 2) required for 
the second set of plastic hinges to form in the structure 
and their location. The first step is to fmd the location of 
the maximum moment in the arch. The notation for the 
moment variation, reactions, and loading is provided in 
figure B-le. The maximum moment will occur in the 

IFor bending about the strong axis of a wide-flange section, the 
influence of the axial force (N) on the maximum bending moment may 
be neglected when N < 0.15 Np (19). (Np is the required axial force for 
yielding of the entire cross section.) When this condition is satisfied, M 
is equal to Mp' The value of N (determined where second set of plastic 
hinges form - 24.7" from Cl'own), calculated for the applied load P2 was 
21.33 kips. Np for the arch is 316.8 kips. Therefore, the axial force at 
the hinge point was only 6.7 pet of the load required for yield. In 
addition, although the section (RSJ) was not a wide flange, it was felt 
that this recommendation was still applicable. 

2As was previously discussed, the joint present at the crown (two
piece steel-set arch) did not possess the same moment resistance as the 
arch's cross section. Therefore, the joint's maximum moment resistance 
was made equivalent to 60 pet of the maximum moment resistance of the 
arch's cross section. This provided a reasonable theoretical resistance 
CUlVe for the structure. For full moment resistance at the joint, Cz is 
equal to 1. 

curved portion of the arch and the moment variation for 
this section is 

where 

Pr 
M(O!) = _2_(1_ cosO!) - H2(L + r'sina), (B-12) 

2 

H _ P2r - 2C2Mp 
2 - -2"""'(L=--+"""'r)--=- (B-13) 

Taking the partial derivative of equation B-12 with respect 
to a, the location of the second set of plastic hinges (aJ 
is 

M 
r -2C22 

P2 
tana2 = --::---

L + r 
(B-14) 

However, an expression for a z needs to be established that 
is independent of P z and ~ before its value can be 
determined. The value of M(a) at a equal to az is -~. 
The plastic moment is negative due to the sign convention 
used (designer's sign convention). Substituting the value 
of M(az) into equation B-12 and utilizing equations B-13 
and B-14, the following equation for az is obtained 

r[ 1 + C2(1 - COSct2)] 
tana2 = -,......!:--,-:...!...,..---_.!..:!........,.. 

L (1 + C2) + r (1 + ~sin(2) 
(B-1S) 

Unfortunately, this equation cannot be directly solved; it 
must be solved by an iteration process. Values for a z are 
changed incrementally until the numeric values of both 
sides of the equation converge. The solution for this 
particular problem is 24.74°. 

Pz may now be solved for with the use of equation B-14 
and is equal to 33.98 kips. The horizontal reaction can be 
solved from static equilibrium since the formation of the 
first plastic hinge at the crown made the arch a deter
minate structure. The resultant horizontal reaction (Hz) 
at the base support is 7.83 kips (eq. B-13). 

The moment variations in the structure (fig. B-IC), 
after the formation of the first plastic binge at the crown, 
are 

for O:s y:S L 

P2r 
and M(a) = "2' ( - cosa) - H2(L + r'sina) 

for 0 :S a :S ~ . 
2 

(B-16) 

(B-17) 
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The crown deflection (i12) can be derived using the 
Principal of Virtual Work. The virtual structure shown in 
figure B-W will be utilized in the derivation. The virtual 
moment variations in the structure are 

M(y) = -h·y for 0 :S y:S L 
2(L + r) 

(B-18) 

A i·r i·r and M(o:) = _(l-coso:) - (L+r'sino:) 
2 2(L + r) 

for 0 :S 0: ~ ~. 
2 

(B-19) 

The crown deflection (i12) is obtained from the equation 

A n A 

i . .L\2 = rL M(y) M(y) dy + r2' M(o:) M(o:) rdo:. (B-20) 
Jo EI Jo EI 

Substituting the appropriate expressions (eqs. B-16-B-19) 
into equation B-20, the crown deflection when the second 
set of plastic hinges forms is given by equation (B-2l) 
below. The crown deflection (i12) is found to be equal 
to 4.4 in after appropriate substitutions are made into 
equation B-21. 

At this stage in loading, a collapse mechanism has 
formed in the arch and if P2 were applied to the structure 
it would collapse. The remainder of the resistance func
tion in the plastic range of the arch can be found from 
static equilibrium (fig. B-2). The procedure is to incre
mentally deflect the crown of the arch (i1) and calculate 
the load required for static equilibrium. The expressions 
for the chord lengths a and bare 

a2 = r2(1 - COSO:2)2 + (L + r'sinO:2)2 (B-22) 

and (B-23) 

Solving the equations, the chord lengths a and b are equal 
to 99.1 and 99.75 in, respectively. The angles -y; and 0' 
cannot be solved for each crown deflection (i1) directly; 
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an iteration process must be used. The equations used to 
solve for -y' and 0; are 

a'cosO' + b·sin-y' '" r 

and a'sinO' + b'sin-y' = r + L + i1. 

(B-24) 

(B-25) 

The results are presented in table B-1. The point load (P) 
and reactions (H) are obtained from static equilibrium and 
the equations of static equilibrium in matrix form are 

(B-26) 

The solutions to theses equations of equilibrium for 
specific Crown deflections are presented in table B-l. The 
theoretical resistance function for the arch is presented in 
figure 18. 

Table B-1.-Steel-set arch-crown deflections, equilibrium 
loads, and strain energy 

A,l l' , (!' , H,l p,l Ea, 

in deg deg kips kips ft-klps 

0 ............ NAp NAp 0 0 0 
0.87 ., ........ NAp NAp 2.54 16.53 .60 
4.40 .......... 29.44 86.74 7.83 33.98 8.03 
5.00 •......... 29.14 86.89 7.20 31.10 9.66 
6.00 .........• 28.46 87.22 7.09 30.62 12.23 
8.00 ....•....• 27.13 87.85 6.91 29.73 17.26 
10.00 .••....•. 25.83 88.42 6.74 28.93 22.14 
12.00 ......... 24.55 88.98 6.60 28.19 26.90 
14.00 .••...... 23.28 89.50 6.46 27.51 31.55 
16.00 ......... 22.03 89.98 6.35 26.88 36.08 
18.00 ......... 20.80 90.43 6.24 26.31 40.51 
20.00 •... '" .. 19.58 90.85 6.15 25.77 44.85 
22.00 ......... 18.38 91.25 6.07 25.28 49.11 
24.00 ......... 17.18 91.62 5.99 24.81 53.28 

NAp Not applicable. 
lTheoretical values based upon maximum moment resistance 

of joint equal to 60 pct of section's maximum moment resistance. 

(B-2l) 

I . . 

,i: 
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Figure B-2.-Notatlon for plastic analysis of steel-set arch. A, Plastic analyslsj B, equilibrium. 

DYNAMIC TEST DESIGN 

The dynamic test was designed by limiting the dynamic 
strain energy absorbed by the arch so that the resultant 
crown deflection was less than 20 in. The crown deflection 
was calculated by balancing the energies involved in the 
test-the loss in potential energy of the tup and effective 
mass of the arch and the elastic and plastic strain energy 
absorbed by the structure. 

In the proceeding calculations, the engineering proper
ties and loadings for the arch will be lumped instead of 
expressing their values in terms of their linear length. This 
was necessary since the tup's length was less that the 
length of the arch. In the evaluations of all structures for 
dynamic loading situations, the loadings and engineering 
properties must be expressed in terms of their linear 
length. This ensures a conservative design, as discussed in 
previous Bureau reports (1,4). Moreover, the methodol
ogy of the design presented may be used for evaluating 
other structures, if the loadings and engineering properties 
are expressed in terms of their linear length. 

The gross energy available for deforming the arch is the 
loss in potential energy of both the tup and the effective 
mass of the arch, namely, 

The strain energy [Ea (fig. 19)] absorbed by the structure 
is obtained by calculating the area under the resistance 
function (fig. 18) that corresponds to the crown deflection 
Ymax' The transmission ratio (rt) is used to estimate the 
actual energy absorption ratio (r.) for the structure and is 
governed by the equation 

(B-28) 

The energy absorption ratio relates Ea and Eg by the 
inequality 

(B-29) 

where rt is used to estimate ra' 
The effective mass for the arch can be obtained from 

table A-3 and equation A-2. The arch's radius and leg 
length are 92.5 and 60 in, respectively. Since an effective 
mass coefficient (,.,) is not provided for an arch of these 
dimensions, linear interpolation must be used. The value 
for,., is 11.12. 

For the dynamic test, the decision was made to drop 
the tup sllch that its longitudinal axis was parallel to the 
plane of the arch. This would ensure that the energy of 
the tup would be transferred to a single arch at its crown 
(the central steel-set arch). Therefore, the test would 
involve only one steel-set arch and one course of lagging. 
As a result, the design would be based on the strength of 
a single arch and the lumped effective mass would be 
based upon the weight of a single arch and one course of 
lagging. 

The expression for the weight of the arch per unit area 
(q), using the data provided in table 1, is 

(L + 11'r) 'lS
lbf 

+ 595ft 6.11 lbf + 7 lbf 

q := ____ ft-.."...::-='''-lt--_ft __ ft-L.I. (B-30) 
5ft(L +11'r) 
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Substituting the appropriate values for L (length of 
straight-leg section of arch-60 in) and r (radius of arch-
92.5 in), q is equal to 26.21 Ibf/ft2• Therefore, the ef
fective mass for the arch is 9.05 slug/ft (eq. A-2) and the 
lumped effective mass is equal to 45.25 slug (steel-set 
arches were placed on 5-ft centers). 

The transmission ratio was calculated once the lumped 
effective mass for the structure was established. The 
weight of the tup was 3.75 kips, so rt is equal to 0.723 
(eq. B-28). The dynamic crown deflection is found when 
E. equals rt·Eg• The values for E. and rt'Eg are pre
sented in table B-2 and figure 19, for specific crown de
flections. Eg is based upon a drop height (dJ of 12 ft. 
The values for E. = rt'Eg and Ymax' obtained from linear 
interpolation of table B-2, are 37.6 ft· kips and 16.8 in, 
respectively. 

Based upon this analysis, the decision was made to con
duct the dynamic test with the 3.75-kip tup dropped from 
a height above the arch of 12 ft. The calculated dynamic 
crown deflection was 16.8 in, which is less than the rec
ommended limit of 20 in for this structure. 

Table B-2.-Steel-set arch-energy 
balance 

o 

t:., 
in 

0.84 .... . 
4.40 .... . 
5.00 .... . 
6.00 •.... 
8.00 .... . 
10.00 ... . 
12.00 ... . 
14.00 ... . 
16.00 ... . 
18.00 ... . 
20.00 ... . 
22.00 ... . 
24.00 ... . 

R,l 
kips 

o 
16.53 
33.98 
31.10 
30.62 
29.73 
28.93 
28.19 
27.51 
26.88 
26.31 
25.77 
25.28 
24.81 

o 
.60 

8.03 
9.66 

12.23 
17.26 
22.14 
26.90 
31.55 
36.08 
40.51 
44.85 
49.11 
53.28 

32.96 
33.24 
34.35 
34.54 
34.86 
35.49 
36.13 
36.76 
37.39 
38.03 
38.66 
39.29 
39.93 
40.56 

lTheoretical values based upon maxi
mum moment resistance of joint equal to 
60 pct of section's maximum moment. 
resistance. 
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APPENDIX C.-TRIMSET 

ELASTIC"PLASTIC ANALYSIS 

The elastic-plastic analysis of the tri-set is relatively 
straight forward and· mirrors the structural analysis con
ducted on the steel-set arch. The loadings and engineering 
properties of the tri-set were lumped, instead of being 
expressed in terms of their linear length. This was be
cause the tup's length was less than the length of the 
tri-set. 

Since the corner brackets of the tri-set offer virtually 
no resistance to bending, the ends of the crossbar can be 
considered to be simply supported (fig. ColA). For a 
point load applied to the midspan of a beam, the de
flection at midspan is 

PL3 
A =--

48'EI' 
(C-l) 

where L is the length of the beam. The point load (Pl ) 

required to form a plastic hinge at midspan (and also a 
collapse mechanism) is 

(C-2) 

Substituting the appropriate values from table 1 into equa
tions C-l and C-2, the plastic load (PI) and deflection (AI) 
are 28.43 kips and 1.12 in, respectively (table Col). 

p 
! 

t~o('--.b-I-
p 2 

!2 
y 

Table C-1.-Theoretical design data for trl-set 

A, 
In 

o .... .. 
1.12 .. .. 
2.00 ... . 
3.00 ... . 
4.00 ... . 
5.00 ... . 
6.00 ... . 
7.00 ... . 
8.00 ... . 
9.00 ... . 
10.00 .. . 
12.00 .. . 
14.00 .. . 
16.00 .. . 
18.00 ..• 

R,l 
kips 

o 
28.43 
28.44 
28.44 
28.46 
28.47 
28.49 
28.51 
28.54 
28.57 
28.60 
28.68 
28.77 
28.87 
28.99 

R,2 
kips 

o 
56.87 
56.87 
56.89 
56.91 
56.94 
56.98 
57.02 
57.07 
57.13 
57.20 
57.35 
57.53 
57.74 
57.98 

IBased upon one trl·set. 
2Based upon two trlosets. 

o 
2.66 
6.81 

11.55 
16.30 
21.04 
25.79 
30.54 
35.29 
40.05 
44.81 
54.36 
63.93 
73.54 
83.18 

32.20 
32.58 
32.87 
33.21 
33.55 
33.89 
34.22 
34.56 
34.90 
35.24 
35.57 
36.25 
36.92 
37.60 
38.27 

The plastic portion of the resistance function for the 
crossbar can be found from static equilibrium (fig. ColE). 
The procedure is to incrementally deflect the crossbar (A) 
and calculate the load required for static equilibrium. The 
moment arm (x) is 

L ~. -1 (2A)] x = lCOS LIU L' (C-3) 

Figure C·1.-Notatlon for elastic-plastic analysis of tri-set crossbar. A, Elastic analysis; B, plastic analysis. 
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where L is the length of the crossbar. The actual length 
of the crossbar was 16 ft. However, the ends of the cross
bars rotated on top of the TH 58 sections. Therefore, the 
length (L) of the crossbar used for design was 15 ft. The 
load required (P) for static equilibrium is 

2Mp 
P=

x 
(C-4) 

The solutions to equation C-4 for specific midspan deflec
tions are provided in table C-l. The theoretical resistance 
function for the tri-set is shown in figure 25. 

DYNAMIC TEST DESIGN 

Since it was decided to drop the tup on the central 
course of lagging, the design of the dynamic test would be 
based upon the resistance and energy absorption capacity 
of two tri-sets. Furthermore, the lumped effective mass 
would be based upon the weights of two crossbars and two 
courses of lagging. 

The weight of the tri-set per unit surface area is 

L'31
1bf 

+ 25 
ft q = ___ ---'-~~_--..L.J. (C-5) 
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The tri-sets were set on 5-ft centers and the length (L) 
of the crossbar was 15 ft, as previously explained. Sub
stituting the value of L into equation C-5, q is equal to 
42.31Ibf/ft2• The effective mass for the tri-set is governed 
by equation A-3 and is equal to 9.57 slug/ft. Therefore, 
the lumped effective mass is 95.7 slug (10 ft·9.57 slug/ft). 
Once the lumped effective mass is established, the trans
mission ratio (rt) can be calculated (eq. B-28). Substitut
ing the mass of the tup (4,050 lbf / 32.2 ft/s2 = 125.78 
slug) and the lumped mass of the tri-set into equation 
B-28, rt is calculated to be 0.568. The dynamic mid
span deflection is determined when Ea is equivalent to 
rt·Eg• Eg is based upon a drop height of 14 ft and a tup 
weight of 4.05 kips. Ea and rt'Eg are tabulated in table 
C-l and Ea is plotted as a function of midspan deflection 
in figure 26. The theoretical values for Ea and Ymax' 
obtained from linear interpolation, are 34.87 ft·kips and 
7.9 in, respectively. The analysis shows that the tri-set can 
adequately absorb the energy of the impacting tup, if the 
legs of the tri-set are prevented from yielding. 

I, 
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APPENDIX D.-5YMBOLS AND ABBREVIATIONS USED IN THIS REPORT 

A cross sectional area L length 

a chord length between pin reaction and plastic t virtual unit force 
hinge 

M moment 
Q moment location in curved portion of arch 

M. effective mass of structure 
Q 2 plastic hinge location (second set) 

~ plastic moment-maximum moment resistance 
b chord length between two plastic hinges 

M t mass oftup 
(3 angle the radius of an arch sweeps 

M virtual moment 
C1 horizontal reaction parameter 

N axial force 
C2 moment reduction factor 

Np axial force required for entire cross section to 
dh drop height yield 

!J. deflection of a structure P point load applied to structure 

!J.i deflection of a structure when ftrst plastic hinge Pi point load required for plastic hinge to form 
forms 

P2 point load required for second set of plastic 
!J.2 deflection of a structure when second set of hinges to form 

plastic hinges form 
1\' pi 

E modulus of elasticity 
q weight of structure per unit surface area 

tJ effective mass parameter 
R resistance of a structure at specific deflection 

E. strain energy absorption capacity for a structure 
r radius 

Eg gross energy available to deform a structure 
r. energy absorption ratio 

g acceleration due to gravity (32.2 ft/s2) 
rt transmission ratio 

"(' upper chord location for plastic analysis 

S"" elastic section modulus about strong axis 
H horizontal base reaction of a structure or void 

height u y yield stress 

Hi horizontal reaction when first plastic hinge 0' lower chord location for plastic analysis 
forms 

U flexoral strain energy 
H2 horizontal reaction when second set of plastic 

hinges form W weight 

~ protection height W t weight of tup 

I"" moment of inertia about strong axis Wr weight of roof fall 
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x moment arm effective mass parameter 

Y moment location in straight leg portion of arch z"" plastic section modulus about strong axis 

Ymax maximum dynamic deflection 

INT.BU.OF MINES,PGH.,PA 29544 

* USGPO: 1992--611-007/60054 
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